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PRISMA+ Cluster of Excellence & Mainz Institute for Theoretical Physics

Johannes Gutenberg-Universität Mainz

55099 Mainz, Germany

Gauging isometries of four-dimensional N = 2 supergravity theories yields an N = 2 super-
symmetric theory with a scalar potential. In this note, we study the well-known constraints for
four-dimensional N = 2 Minkowski vacua of such theories. We propose that classically a projective
special Kähler submanifold of the projective Kähler target space of the ungauged theory describes
the moduli space of the complex scalar fields of massless vector multiplets for N = 2 Minkowski
vacua configurations, which then receives quantum corrections from integrating out massive fields.
Subloci of projective special Kähler manifolds appear as supersymmetric flux vacua in the context
of type IIB Calabi–Yau threefold compactifications with background fluxes as well. While these
flux vacua equations arise from the critical locus of an N = 1 superpotential, we show that these
equations can also be obtained from the N = 2 supersymmetric Minkowski vacuum equations of
gauged N = 2 supergravity theories upon gauging suitable isometries in the semi-classical universal
hypermultiplet sector of type IIB string Calabi–Yau threefold compactifications. Thus, we give an
intrinsic N = 2 supersymmetric interpretation to the flux vacua equations.

I. INTRODUCTION

It is well-established that the low-energy effective ac-
tion of type IIB string theory compactified on a smooth
Calabi–Yau threefold is an ungauged four-dimensional
N = 2 supergravity theory with a moduli space of N = 2
supersymmetric Minkowski vacua [1, 2]. Such ungauged
N = 2 supergravity theories consist of a single grav-
ity multiplet, nv vector multiplets, and nh hypermulti-
plets [3, 4]. The scalar fields of the vector multiplets
and the hypermultiplets parametrize a projective Kähler
manifold MK of complex dimension nv and a quater-
nionic Kähler manifold MQ of real dimension 4nh, re-
spectively. In the context of Calabi–Yau compactifica-
tions the projective Kähler target space manifold MK

is identified with the complex structure moduli space of
the Calabi–Yau threefold [5–7], whereas a semi-classical
approximation of the quaternion Kähler manifold MQ

is obtained from the universal hypermultiplet and the
complexified quantum Kähler moduli space of complex
dimension (nh − 1) of the Calabi–Yau threefold via the
c-map [8–10].
In this work, we want to study for Calabi–Yau three-

folds with higher-dimensional complex structure mod-
uli spaces MK that possess lower-dimensional projective
Kähler submoduli spaces SK ⊂ MK . Such projective
Kähler submoduli spaces SK furnish again suitable tar-
get spaces of ungauged four-dimensional N = 2 super-
gravity theories with dimC SK vector multiplets. Instead
of considering a N = 2 supergravity theory with the vec-
tor multiplet target space SK directly, we want to realize
the target space SK as the space of N = 2 supersymmet-
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ric Minkowski vacua of a scalar potential in the vector
multiplet sector arising from a gauged four-dimensional
N = 2 supergravity theory [3, 4].
Examples of projective special Kähler submani-

folds SK are extremal transition loci in the complex
structure moduli space of Calabi–Yau threefolds [11–13].
Other examples appear for families of Calabi–Yau three-
folds with enhanced discrete symmetries, such as the
complex structure moduli space SK of the one-parameter
Dwork family of quintic Calabi–Yau threefolds with the
(Z5)

3 Greene–Plesser symmetry [14], which is embedded
in the complex structure moduli space MK of the 101-
parameter family of generic quintic Calabi–Yau three-
folds.
The motivation for studying projective special Kähler

submanifolds from the N = 2 supergravity perspective
is two-fold. Firstly, we suggest a physical mechanism
that allows us to localize in the infrared to a projective
Kähler target submanifold SK ⊂ MK of the large vec-
tor multiplet target space manifold MK . Secondly, such
a construction is motivated by string compactifications
on Calabi–Yau threefolds with background fluxes. Flux
vacua of string compactifications on Calabi–Yau three-
folds — as for instance recently studied with modern
arithmetic methods in refs. [15–18] — are expected either
to be truncated N = 1 Calabi–Yau orientifold compacti-
fications [19, 20] or to correspond to N = 2 gauged super-
gravity theories [21–25]. It is the latter scenario that we
want to entertain here from the supergravity perspective.
The conditions for supersymmetric flux vacua in

Calabi–Yau threefolds are typically formulated as the
critical locus of a flux induced superpotential, which
per se is a notion of N = 1 supersymmetric theories
[20, 21, 26]. These flux vacua are also closely related to
the supersymmetric attractors in the context of super-
symmetric black hole solutions [27, 28], which can be
given a Hodge-theoretic formulation in the context of

http://arxiv.org/abs/2404.11655v1
mailto:jockers@uni-mainz.de
mailto:soeren-kotlewski@t-online.de


2

complex structure moduli spaces of Calabi–Yau three-
folds. The main result of this work is that the flux
vacua equations — which arise from the critical locus
of an N = 1 superpotential — can also be obtained from
gauging a pair of isometries in the universal hypermul-
tiplet sector of N = 2 supergravity theories of type IIB
Calabi–Yau threefold compactifications, which is a man-
ifest N = 2 supersymmetric construction.

II. SUBLOCI OF PROJECTIVE SPECIAL

KÄHLER MANIFOLDS

To describe the projective special Kähler target space
manifold MK of an ungauged N = 2 supergravity the-
ory with nv vector multiplets, we consider the 2(nv +1)-
dimensional (complex) vector space V with the real sym-
plectic basis (αI , β

J), I, J = 0, . . . , nv, and the symplec-
tic skew-symmetric pairing 〈αI , β

J〉 = δJI , 〈αI , αJ〉 = 0,
〈βI , βJ〉 = 0. Locally, the projective special Kähler man-
ifold MK is then characterized by the complex vector

Ω(X0, . . . , Xnv) = XIαI − FJβ
J . (1)

Here XI , I = 0, . . . , nv, are the complex projective coor-
dinates and FJ , J = 0, . . . , nv, are the derivatives of the
holomorphic prepotential F (X0, . . . , Xnv) given by

FI =
∂F

∂XI
. (2)

The holomorphic prepotential F (X0, . . . , Xnv) is of ho-
mogeneous degree two, i.e.,

F (λX0, . . . , λXnv ) = λ2 F (X0, . . . , Xnv) . (3)

The imaginary part of the complex symmetric matrix

FIJ = ∂2F
∂XI∂XJ has signature (nv, 1) [29]. Furthermore,

the real and positive Kähler potential K of the projective
special Kähler manifold MK reads

K = − log i〈Ω,Ω〉 , (4)

which gives rise to a positive definite Hermitian Kähler
metric

Gi̄(z, z̄) =
∂2K

∂zi∂z̄ ̄
, i, j = 1, . . . , nv , (5)

in terms of a choice of affine local coordinates

zi =
X i

X0
, i = 1, . . . , nv . (6)

We consider now a projective special Kähler submani-
fold SK of complex dimension s, 1 ≤ s < nv. Let S ⊂ V
be a 2(s + 1)-dimensional symplectic subvector space of
the symplectic vector space V , which we assume with-
out loss of generality to be spanned by the basis vectors

(αA, β
B), A,B = 0, . . . , s. Furthermore, the affine coor-

dinates zi = (xa, ym), a = 1, . . . , s, m = 1, . . . , nv − s,
are given by

xa =
Xa

X0
, ym =

Xs+m

X0
. (7)

Then we define a projective special Kähler submanifold
SK as the sublocus ym = 0, if for all xa

FAJ |ym=0 = 0 , A = 0, . . . , s , J = s+ 1, . . . , nv , (8)

and the imaginary parts of the (s + 1) × (s + 1)-matrix
Fab|ym=0, a, b = 0, . . . , nv, and the (nv − s) × (nv − s)-

matrix Fs+m,s+n|ym=0, m,n = 1, . . . , nv − s, are non-

degenerate with signatures (s, 1) and (nv − s, 0), respec-
tively. Then the complex vector Ω restricted to ym = 0
yields the Kähler potential KSK

KSK (x1, . . . , xs) = − log i〈Ω,Ω〉
∣

∣

ym=0
, (9)

which is the local Kähler potential of the projective spe-
cial Kähler submanifold SK . Note that the conditions (8)
are equivalent to

Xs+m = 0 , Fs+m(X0, . . . , Xs, 0, . . . , 0) = 0 , (10)

for all m = 1, . . . , nv−s. This means that the symplectic
pairs consisting of the homogeneous coordinates Xs+m

and derivatives of the prepotential Fs+m have to vanish
along the submanifold SK .
In the context of compactifications of type IIB string

theory on a Calabi–Yau threefold the projective spe-
cial Kähler manifold MK is the complex structure mod-
uli space of the Calabi–Yau threefold. The symplec-
tic basis (αI , β

J ) is identified with a basis of three-
form cohomology classes generating H3(X,R) and its
symplectic structure arises from the skew-symmetric
intersection pairing on H3(X,R). The complex vec-
tor Ω becomes the nowhere vanishing holomorphic
(3, 0)-form generating the one-dimensional Dolbeault co-
homology class H(3,0)(X), and — as a consequence
of Griffiths’ transversality [30–32] — the derivatives
∂I1 · · ·∂IkΩ(X

0, . . . , Xnv) of Ω(X0, . . . , Xnv) with re-
spect to the projective coordinates XI , I = 0, . . . , nv,
for arbitrary but finitely many I1, . . . , Ik span the com-
plex cohomology group H3(X,C) = H3(X,R)⊗ C, i.e.,

H3(X,C) = 〈〈 ∂I1 · · · ∂IkΩ(X
0, . . . , Xnv) 〉〉 . (11)

A projective special Kähler subspace SK of the entire
complex structure moduli space MK is now character-
ized in terms of Griffiths’ transversality by the property
that the space of cohomology classes S is given by

S = 〈〈 ∂A1
· · · ∂Ak

Ω(X0, . . . , Xnv) 〉〉
∣

∣

ym=0
⊂ H3(X,C) .

(12)
Here the derivatives ∂Ai

are taken with respect to the
first (s + 1) projective coordinates XAi, 0, . . . , s, only.
If dimC S < dimC H3(X,C), S furnishes a sub-Hodge
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structure of H3(X,C). Note that this is a highly
non-generic condition, because taking success deriva-
tives of Ω along an arbitary coordinate direction zi

at any random point in the complex structure mod-
uli space generically generates the entire three-form co-
homology. Namely, generically we have H3(X,C) ≃
〈〈Ω, ∂ziΩ, ∂2

ziΩ, ∂3
ziΩ, ∂4

ziΩ, . . .〉〉.
Note that the arithmetic attractor loci introduced in

refs. [27, 28] realize non-trivial zero-dimensional subloci
in the vector multiplet target space, which in our setup
can be viewed as zero-dimensional projective special
Kähler submanifolds. These attractor loci enjoy a phys-
ical interpretation in the context of the attractor mech-
anism, which describes black hole solutions of N = 2
supergravity [33].

III. 4D N = 2 SUPERGRAVITY THEORIES

Our aim is now to construct a four-dimensional N = 2
supergravity theory with the projective special Kähler
manifold MK as its target space in the vector multiplet
sector together with a scalar potential V that dynam-
ically constrains the flat directions of the scalar fields
in the vector multiplet sector to the projective special
Kähler submanifold SK ⊂ MK . In other words, we want
to construct an N = 2 supergravity theory with tar-
get space MK , whose moduli space of supersymmetric
N = 2 Minkowski vacua is parametrized in the vector
multiplet sector by the submanifold SK .
As opposed to four-dimensional ungauged N = 1 su-

pergravity theories, which admit a holomorphic superpo-
tential of the N = 1 chiral multiplets resulting in a scalar
potential, the four-dimensional ungauged N = 2 super-
gravity theories cannot have a scalar potential for any
of their scalar fields. As a consequence, all scalar fields
of ungauged N = 2 supergravity theories parametrize
flat directions of a real (2nv + 4nh)-dimensional moduli
space of four-dimensional N = 2 Minkowski vacua. This
moduli space factors into MK ×MQ [3, 4], where MK

is the projective special Kähler moduli space of complex
dimension nv of the vector multiplet sector, and MQ

is the quaternionic Kähler moduli space of the hyper-
multiplet sector. As a consequence, it is not possible to
lift the flat directions of the scalar degrees of freedom
within the framework of ungauged N = 2 supergrav-
ity theories. In particular, it is impossible to constrain
with effective ungauged N = 2 supergravity theories the
projective special Kähler target space MK of the vector
multiplet scalar fields to a submanifold SK .
However, a scalar potential is generated in gauged

N = 2 supergravity theories [3, 4, 21, 34, 35]. Let zi,
i = 1, . . . , nv, be the complex scalar fields of the vector
multiplets, qu, u = 1, . . . , 4nH , the real scalar fields of
the hypermultiplets, and AI

µ, I = 0, . . . , nv, the (nv +1)-
electric gauge fields of the graviphoton in the gravity mul-
tiplet and of the gauge fields in the nv vector multiplet.
In order to describe gaugings of magnetic gauge fields

as well, we follow refs. [34, 35] and consider in addition to
the electric vector fields their dual magnetic gauge fields
Bµ,J [35], as proposed in ref. [21]. For ease of notation,
we combine the electric and the magnetic vector fields
into the 2(nv + 1) vector fields (CΛ

µ ) = (AI
µ, Bµ,J ), Λ =

1, . . . , 2(nv +1). Similarly, we pair the projective special
Kähler coordinates XI with their derivatives of the pre-
potential FJ into (ZΛ) = (XI , FJ ), Λ = 1, . . . , 2(nv +1).
We call the quantities ZΛ — which are all of homoege-
nous degree one with respect to the projective coordi-
nates XI — the periods of the projective special Kähler
target space MK .
Let us now assume that the target spaces MK and

MQ of the scalar fields in the vector and hypermultiplet
sectors possess continuous symmetries, which in turn give
rise to Killing vector fields kiλ(z)∂i in MK and k̃u

λ̃
(q)∂u

in MQ. Here the indices λ and λ̃ label the symmetries
of MK and MQ, respectively. We arrive at an N = 2
gauged supergravity theory upon gauging (some of) these
isometries by introducing the gauge covariant derivatives
for the vector multiplet scalar fields [3, 4, 34, 35]

Dµz
i = ∂µz

i − CΛ
µ k

i
Λ(z) , kiΛ(z) = Θλ

Λk
i
λ(z) , (13)

and for the hypermultiplet scalar fields

Dµq
u = ∂µq

u − CΛ
µ k̃

u
Λ(q) , k̃uΛ(q)(q) = Θ̃λ̃

Λk̃
u
λ̃
(q) . (14)

In these gauge covariant derivatives the constants Θλ
Λ

and Θ̃λ̃
Λ denote the embedding tensor to the gauge fields

[35], which represents the choice of representation for the
gauge group of the vector- and hypermultiplets, respec-
tively. The vector fields kiΛ(z)∂i and k̃uΛ(q) with index
Λ = 1, . . . , 2(nv + 1), denote the Killing vectors that ap-
pear in the covariant derivatives as governed by their
embedding tensors.
Since the scalar fields zi reside in the vector multi-

plet, they must transform in the adjoint representation
with respect to the gauge symmetry [34, 35]. This im-
poses strong constraints on the vector multiplet embed-
ding tensor Θλ

Λ, which also implies that the scalar fields
zi can never be gauged for Abelian vector multiplets.
In order for the resulting theory to be N = 2 su-

persymmetric, additional terms appear in the gauged
N = 2 supergravity Lagrangian. In particular, the
gauged N = 2 supergravity theory possesses the scalar
potential [3, 4, 21, 34, 35]

V (z, q) = eK(z)

[

2
∣

∣

∣

∣

∣

∣
Z

Λ
(z)kiΛ(z)

∣

∣

∣

∣

∣

∣

2

MK

+ 4
∣

∣

∣

∣

∣

∣
Z

Λ
(z)k̃uΛ(q)

∣

∣

∣

∣

∣

∣

2

MQ

+tr
∣

∣

∣

∣

∣

∣
∇iZ

Λ
(z)PΛ(q)

∣

∣

∣

∣

∣

∣

2

MK

−
3

2
tr
∣

∣

∣
Z

Λ
(z)PΛ(q)

∣

∣

∣

2
]

. (15)

Here || · ||MK
and || · ||MQ

are the norms of the special

Kähler metric gi̄(z) = ∂i∂̄K(z) of MK and the quater-
nionic Kähler metric guv(q) of MQ, ∇i = ∂i + Ki(z)
is the Kähler covariant derivative of MK , and PΛ(q) =
(Pa

Λ(q)), a = 1, 2, 3, is the triplet of su(2) Lie algebra
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valued Killing prepotentials and the trace tr( · ) refers to
the positive definite bilinear Killing form of the su(2) Lie
algebra acting on the Lie-algebra valued Killing prepo-
tentials PΛ. The Killing prepotentials PΛ(q) obey

−2k̃uΛ(q)K
a
uv(q) = ∇vP

a
Λ(q) , a = 1, 2, 3 . (16)

Here ∇vPa
Λ = ∂vPa

Λ + ǫabcωb
vP

c
Λ is the SU(2)-covariant

derivative with respect to the subgroup SU(2) ≃ Sp(1)
of the holonomy Sp(n)·Sp(1) of the quanternionic Kähler
manifold MQ, and Ka = dωa+ 1

2ǫ
abcωb∧ωc is the curva-

ture of the connection ωa
v . For more details on the scalar

potential V (z, q), see for instance refs. [3, 4, 21, 34, 35].
As the cosmological constant vanishes in a Minkowski

vacuum, it is necessary that the scalar potential vanishes
as well. Except for the last term in the scalar poten-
tial (15), all remaining contributions are non-negative.
It is further shown in refs. [34, 35] that for an N = 2 su-
persymmetric Minkowski vacuum, the non-positive term
in the scalar potential V (z, q) must also vanish by itself.
Therefore, altogether we have that for an N = 2 super-
symmetric Minkowski vacua the conditions

0 = Z
Λ
(z)PΛ(q) , 0 = ∇̄Z̄

Λ(z)PΛ(q) ,

0 = Z
Λ
(z) k̃uΛ(q) , 0 = Z

Λ
(z) kiΛ(z)

(17)

need to be obeyed. The constraint 0 = Z
Λ
(z) kiΛ(z)

gives a relation only among the vector multiplet scalars,
whereas the constraints from the gauging of the isome-
tries on the quaternionic Kähler manifold realize inter-
actions between the vector multiplets and the hypermul-
tiplets. Upon inserting the differential equation (16) for

the Killing vectors k̃uΛ(q), these three relations can be
equivalently formulated as

0 = ZΛ(z)PΛ(q) , 0 = ZΛ(z) ∂vPΛ(q)

0 = ∂iZ
Λ(z)PΛ(q) .

(18)

These conditions are indeed equivalent since the triplet of
curvature two-form Ka

uv are invertible for any a = 1, 2, 3.
This can be seen by noting that Ka

uv(q) can be expressed
in terms of the quaternionic Kähler metric guw(q) and the
triplet of almost complex structures Ja(q), a = 1, 2, 3, on
MQ as Ka

uv(q) = guw(q)(J
a(q))wv [4].

IV. SPACE OF N = 2 MINKOWSKI VACUA

Given a solution to the N = 2 Minkowski vacuum
equations (17) in terms of expectation values of the scalar
fields zi and q, the deformations to these expectation
values preserving eqs. (17) correspond to flat directions
of the scalar potential (15) and give rise to N = 2
massless multiplets. The remaining obstructed deforma-
tions of the scalar fields — not in accordance with the
N = 2 Minkowski vacuum equations (17) — generically
assemble themselves into massive N = 2 multiplets [35].
The obtained low energy effective theory of the massless

N = 2 multiplets furnishes anN = 2 supergravity theory
of massless fields with a projective special Kähler and a
quanternionic Kähler target space for the vector multi-
plets and the hypermultiplets, respectively. We propose
that semi-classically the vector multiplet target space is
a projective special Kähler submanifold SK of the target
space MK of the ungauged supergravity theory. At the
quantum level the geometry SK receives one-loop pertur-
bative and non-perturbative quantum corrections from
integrating out the massive N = 2 multiplets [36, 37].

More specifically, let us now discuss the possible dif-
ferent gaugings and their resulting N = 2 Minkowski
vacuum structure. We distinguish between gaugings of
isometries in the projective special Kähler target space
manifold MK and of isometries in the quanternionic
Kähler target space manifold MQ.

As discussed in refs. [34, 35], gauging isometries of
the projective special Kähler manifold are constrained
such that the scalar field zi can only transform non-
trivially in the adjoint representation of a non-Abelian
compact gauge group. For generic loci, where the in-

duced non-negative term
∣

∣

∣

∣

∣

∣
Z

Λ
(z)kiΛ(z)

∣

∣

∣

∣

∣

∣

2

MK

in the scalar

potential (15) vanishes, the non-Abelian gauge group is
broken to its maximal torus and the moduli space of the
N = 2 supersymmetric Minkowski vacuum realizes the
Coulomb branch of the non-Abelian N = 2 gauge theory
coupled to gravity. For non-generic N = 2 supersym-
metric Minkowski vacua there can still be an unbroken
non-Abelian gauge subgroup. For the various strata in
the Coulomb branch the Higgs mechanism generates a
mass for the broken gauge fields, which combine with the
massive scalar fields into short massive BPS vector mul-
tiplets [35]. Assuming that integrating out these massive
BPS vector multiplets yields again an effective N = 2
supersymmetric supergravity theory in terms of a La-
grangian description, the massless N = 2 vector multi-
plets are again governed by a projective special Kähler
target space manifold of smaller dimension than MK .
The obtained effective prepotential F is not simply a clas-
sical reduction of the prepotential of the original target
space MK , but in addition it receives a one-loop correc-
tion and further non-perturbative instanton corrections
from integrating out the massive multiplets [36].

The remaining terms in the scalar potential (15) of
gauged N = 2 supergravity theories stem from gaugings
of isometries of the quanternionic Kähler manifold MQ.
For N = 2 supersymmetric Minkowski vacua these gaug-
ings impose the remaining three types of constraints (18),
which involve both the scalar fields from the vector and
the hypermultiplet sector of the N = 2 gauged super-
gravity theory. As a consequence, constraining the pro-
jective special Kähler manifold MK to a submanifold SK

in this way requires a quaternionic special Kähler mani-
fold with suitable isometries. We discuss these gaugings
and their resultingN = 2Minkowski vacua in the context
of N = 2 supergravity theories arising form Calabi–Yau
threefold compactifications in the next section.
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V. GAUGED TYPE IIB CALABI–YAU

THREEFOLD COMPACTIFICATIONS

The low energy effective action of type IIB string the-
ory compactified on a Calabi–Yau threefold yields an
ungauged four-dimensional N = 2 supergravity theory
[1, 2]. In such compactifications, the complex structure
moduli of the Calabi–Yau threefold realize the nV vector
multiplets, and the Calabi–Yau Kähler moduli give rise
to nH − 1 hypermultiplets that combine with the uni-
versal hypermultiplet (containing the dilaton) to the nH

hypermultiplets of the N = 2 supergravity theory.
To discuss gaugings of such a hypermultiplet sector, we

need to have a handle on the quaternionic Kähler man-
ifold MQ for such compactifications. The structure of
the quaternionic Kähler manifold from Calabi–Yau com-
pactifications is of a very special type and can be con-
structed semi-classically via the c-map from the complex
structure moduli space of the mirror Calabi–Yau man-
ifold [8–10]. For any Calabi–Yau threefold compactifi-
cation of type IIB string theory, the resulting quater-
nionic Kähler manifolds always contain the universal hy-
permultipet sector, whose scalar fields correspond to the
complex axio-dilaton and (the duals of) the complex two-
dimensional two-from tensor field arising from the B-field
and the Ramond–Ramond two-form field. The remaining
nH−1 hypermultiplets are comprised of the complexified
Kähler moduli of the Calabi–Yau threefold and the inter-
nal B-field and the Ramond–Ramond two-form fields of
the compactification Calabi–Yau threefold. The semi-
classical quaternionic target spaces MQ contstructed via
the c-map exhibit a rich structure of isometries [9], which
can be gauged. On the quantum level, the semi-classical
quaternionic target space geometry receives intricate cor-
rections that are challenging to compute, see for instance
the reviews [38, 39].
In this note, we focus on gaugings of the semiclassi-

cal universal hypermultiplet, and leave the discussion for
other gaugings to future work. Our motivation for con-
sidering gaugings in the universal hypermultiplet sector
is two-fold: On the one hand, the universal hypermul-
tiplet does not depend on the geometry of the specific
Calabi–Yau threefold. Hence, the gaugings of the univer-
sal hypermultiplet sector are applicable to any Calabi–
Yau threefold compactification of type IIB string theory.
On the other hand and more importantly for us, gaug-
ings of the universal hypermultiplet sector are closely re-
lated to the flux vacua equations of Calabi–Yau geome-
tries recently analyzed in refs. [15–18] by modern arith-
metic techniques. Thus, the goal of the remainder of
this section is to exhibit a connection between such flux
vacua and the universal hypermultiplet gaugings of four-
dimensional N = 2 gauged supergravity theories.
The N = 2 flux vacuum equations arise from the crit-

ical locus of the flux generated N = 1 superpotential W
of the form [26, 40]

W (z, τ) =

∫

(F − τH) ∧ Ω(z) , (19)

where H and F are the Neveu–Schwarz and Ramond–
Ramond background three-form fluxes, τ is the complex
axio-dilaton, and Ω is the holomorphic (3, 0) form of the
Calabi–Yau threefold. This superpotential is given by a
semi-classical analysis and receives perturbative and non-
perturbative quantum corrections [40–44]. Spelled out in
refs. [15–18, 21] the critical locus of flux vacua yield the
constraints

ZΛ(z)fΛ = 0 , ZΛ(z)hΛ = 0 ,

(∂iZ
Λ(z))(fΛ − τhΛ) = 0 .

(20)

Here the (in suitable units) rational coefficients fΛ and
hΛ are the flux quanta of the three-form background
fluxes F and H , respectively. The first two equations
arise from the requirement that the superpotential and
the derivative with respect to the axio-dilaton vanish in a
flux vacuum, whereas the last equation is obtained from
the requirement that the gradient of the superpotential
W with respect to the complex structure moduli zi ought
to vanish as well. In the context of N = 2 supergravity
theories, the flux-induced superpotential (19) relates to
a complex linear combination of two real components of
the triplet of the Killing prepotentials PΛ [21, 43]. Due
to the prominent appearance of the axio-dilaton in the
flux vacuum equations (20), it is natural to consider the
Killing prepotentials attributed to the universal hyper-
multiplet.
The quanernionic geometry of the universal hyper-

multiplet is well-studied, see for instance refs. [45–48],
and it can be described in terms of the coset space
SU(2, 1)/U(2). As opposed to a generic quaternionic
Kähler manifold, which is not Kähler, the semi-classical
universal quaternionic Kähler manifold is actually a
Kähler manifold, whose complex local coordinates are the
complex coordinate C associated to the two-form tensors
of the universal hypermultiplet and the complex coordi-
nate S, which reads

S = e−φ + iσ + CC . (21)

Here φ and σ are the real dilaton and the real axion of
the universal hypermultiplet. In terms of the complex
coordiantes the Kähler potential KQ of the universal hy-
permultiplet then takes the form

KQ = − log
[

S + S − 2CC
]

, (22)

which results in the Kähler metric

ds2 = eKQ
(

dSdS − 2CdSdC − 2CdSdC

+2(S + S)dCdC
)

. (23)

The continuous isometries of the quaternionic Kähler
manifold of the universal hypermultiplet constitute of the
real shift symmetry σ → σ+s, s ∈ R, the U(1) rotation of
the complex variable C, and the symmetry C → C + ǫ,
S → S + 2Cǭ + ǫ2, ǫ ∈ C. Altogether, these four real
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isometries yield the respective four real Killing vectors

k̃1 = i (∂S − ∂S) ,

k̃2 = i
2

(

C∂C − C∂C
)

,

k̃3 = 1
2 (∂C + ∂C)−

i
2 ImC (∂S − ∂S) ,

k̃4 = − i
2 (∂C − ∂C) +

i
2 ReC (∂S − ∂S) .

(24)

Solving the Killing vector equation (16), we arrive at the
associated real su(2)-valued Killing prepotentials

P1 = 1
2e

φiσ3 ,

P2 = −eφ/2
(

ReCiσ1 + ImCiσ2
)

+ 1
2 (1− eφCC)iσ3 ,

P3 = eφ/2iσ2 + eφ ImCiσ3 ,

P4 = eφ/2iσ1 + eφReCiσ3 , (25)

where the Lie algebra su(2) is generated by iσa, a =
1, 2, 3, with the Pauli matrices σa.
Let us now construct a gauged N = 2 supergravity

theory that makes contact with the flux vacua equa-
tions (20). We pick two independent isometries of the
universal hypermultiplet sector that correspond to two
Killing prepotentials P(1)(S,C) and P(2)(S,C), which are
functions of the complex fields S and C. With respect to
these two isometries we gauge the vector multiplets by

choosing the embedding tensor Θ̃λ̃
Λ such that the Killing

prepotentials contracted with the embedding tensor be-
come

PΛ(S,C) = fΛP(1)(S,C)− hΛP(2)(S,C) , (26)

in terms of the flux quanta fΛ and hΛ. Recall that the
Killing prepotentials P(1)(S,C) and P(2)(S,C) take val-
ues in the Lie algebra su(2). As a result for independent
isometries and for generic expectation values of the scalar
fields S and C, these two Killing prepotentials realize lin-
early independent su(2) Lie algebra elements. As a con-
sequence, the N = 2 Minkowski vacuum constraints (18)
yield, for generic expectation values of S and C, the equa-
tions

ZΛ(z)fΛ = 0 , ZΛ(z)hΛ = 0 ,

∂iZ
Λ(z)fΛ = 0 , ∂iZ

Λ(z)hΛ = 0 .
(27)

These constraints are more restrictive than the flux
vacuum equation (20) because — due to the linearly-
independent prepotentials P(1)(S,C) and P(2)(S,C) —

the gradients of the periods ZΛ(z)fΛ and ZΛ(z)hΛ are
forced to vanish separately. However, for the flux vacua
equations (20) only the linear combination of the gra-
dients — as governed by the expectation value of the
axio-dilaton — must be zero.
However, the comparison of the generic vacua condi-

tions (27) with the flux vacua equations (20) does not in-
volve the same number of degrees of freedom because the
N = 2 universal hypermultiplet depends on the expecta-
tion value of four real scalar fields, whereas the N = 1

complex axio-dilaton τ consists only of two real scalar
fields. Therefore, we impose the condition that the ex-
pectation values of the scalar fields S and C are restricted
such that Lie algebra valued prepotentials P(1)(S,C) and
P(2)(S,C) become linearly dependent. That is to say the
Lie algebra valued Killing prepotentials P(1)(S,C) and
P(2)(S,C) viewed as three-dimensional real vectors be-
come parallel in the Lie algebra su(2), i.e.,

(S,C) ∈ T , T =
{

(S,C)
∣

∣P(1) ‖ P(2)

}

. (28)

We expect that the space T of such expectation values is
of real dimension two because the alignment of two three-
dimensional vectors requires two real degrees of freedom
out of the four real degrees of freedom of the universal
hypermultiplet. Thus this condition matches the two real
degrees of freedom of the axio-dilaton τ in the flux vacua
equations (20). Therefore, we call this condition the axio-
dilaton non-genericity constraint. It implies that eq. (26)
restricted to the expectation values of T becomes

PΛ(S,C)|T = (fΛ − τT hΛ) P(1)(S,C)
∣

∣

T
, (29)

where τT is a function of the non-generic expectation val-
ues (S,C) in the set T of the axio-dilaton non-genericity
constraint. Note, however, the gradient of eq. (26) with
respect to the universal hypermultiplet fields S and C
restricted to T still remains a sum of two linearly inde-
pendent Lie algebra valued quantities because the Killing
prepotentials P(1) and P(2) are by assumption associated
to two independent isometries. As a result, by imposing
the axio-dilaton non-genericity constraint, we arrive at
the N = 2 Minkowski vacua equations

ZΛ(z)fΛ = 0 , ZΛ(z)hΛ = 0 ,

∂iZ
Λ(z) (fΛ − τT hΛ) = 0 for (S,C) ∈ T .

(30)

These equations agree with the flux vacua equations (20)
upon identifying the N = 1 axio-dilaton field τ with
the constrained hypermultiplet function τT for the non-
generic expectation values of (S,C) ∈ T .
Let us illustrate this class of gauging with an explicit

choice of universal hypermultiplet isometries that is given
in terms of the Killing prepotentials of eq. (25) by

P(1) = P1 , P(2) = P2 . (31)

Hence, we can read off directly that P(1) ‖ P(2) if and
only if Re(C) = Im(C) = 0 and we we conclude that

T = {(S, 0) | S ∈ C} . (32)

As proposed in the general discussion, this implies that
only two real degrees of freedom of the universal hyper-
multiplet remain unconstrained along the axio-dilaton
non-genericity locus T . Moreover, on this space of non-
generic expectation values, we find

P2|T = e−φ P1|T , (33)
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such that eq. (29) reduces to

PΛ(S,C)|T =
(

fΛ + e−φ hΛ

)

P(1)(S,C)
∣

∣

T
. (34)

Thus, for this choice of gauging and the non-generic
choice of expectation values (S,C) ∈ T , the N = 2
Minkowski vacuum constraints eq. (18) are realized by

ZΛ(z)fΛ = 0 , ZΛ(z)hΛ = 0 ,

∂iZ
Λ(z)

(

fΛ − e−φhΛ

)

= 0 .
(35)

In contrast to the previous discussion we obtain that the
constrained hypermultiplet function τT = e−φ does not
encode both remaining degrees of freedom of the uni-
versal hypermultiplet, but only the real dilation φ. The
axion σ is unconstrained by these vacuum conditions.
The property that the constrained hypermultiplet

function τT is independent of the real axion σ is not
specific to the considered choices of Killing prepotentials
P(1) and P(2) in this explicit example. Instead, it is a
consequence of the shift symmetry of σ, which at the
classical level prohibits a functional dependence of τT on
the real axion σ — also for any other two choices of a pair
of isometries. However, upon truncating to the N = 1
setting, the field dependent function τT must always be-
come a holomorphic function of two real scalar degrees
of freedom because the N = 1 superpotential is a holo-
morphic function of N = 1 chiral fields. We expect that
the non-generic dependence of the function τT on a sin-
gle real degree of freedom does not occur once quantum
corrections are taken into account.

VI. DISCUSSION AND CONCLUSIONS

In this note, we consider the interplay between gauged
isometries of the target spaces of N = 2 gauged super-
gravities and the resulting semi-classical spaces of N = 2
Minkowski vacua, which are the critical loci of the gauged
N = 2 supergravity theories. We propose that — after
integrating out all massive degrees of freedom in such
N = 2 Minkowski vacua and under the assumption that
the remaining massless degrees of freedom enjoy a La-
grangian description — the scalar fields of the massless
N = 2 vector multiplets parametrize a projective special
Kähler target space, which arises as a quantum defor-
mation of a submanifold of the projective special Kähler
manifold that is assoicated to the ungauged N = 2 su-
pergravity theory.
We focus on those four-dimensional N = 2 supergrav-

ity theories which are obtained as low energy effective
theories of type IIB string compactifications. Such super-
gravity theories possess a universal hypermultiplet sector,
and we study explicitly gauging isometries of this sector.
We show that the critical locus of the N = 1 flux-induced
superpotential of Calabi–Yau threefolds arises also from
the N = 2 vacuum equations of the supergravity theory
by gauging two independent isometries in the universal
hypermultiplet sector.

Our motivation for studying the gauged N = 2 su-
pergravity theories obtained from the isometries of the
universal hypermultiplet sector is that such gaugings do
not depend on the specific details of the chosen Calabi–
Yau threefold compactification space. Nevertheless, we
believe that gauging more general quaternionic isome-
tries is an interesting research direction to pursue. In
particular, we expect that extremal transitions between
topologically distinct Calabi–Yau threefolds in the con-
text of type IIB string compactifications are realized in
terms of gauged N = 2 supergravity theories, in which
both projective special Kähler and quaternionic Kähler
isometries beyond the universal hypermultiplet sector are
gauged. For such gauged supergravity theories the space
of N = 2 Minkowski vacua realizes in the Higgs branch
the projective special Kähler submanifold, which is a sub-
manifold of the projective special Kähler manifold of the
Coulomb branch. In the field theory limit, the interest-
ing works [11–13] discuss in detail the connection between
the geometric Calabi–Yau extremal transitions and their
realization in terms of type IIB string theory compacti-
fications. Formulating these extremal transitions in the
context of an effective gauged N = 2 supergravity de-
scription promises an interesting interplay between the
projective special Kähler and the quanternionic Kähler
manifolds of the vector- and hypermultiplet sectors be-
yond the field theory limit discussed in refs. [11–13].

Finally, let us remark that stringy quantum corrections
to the low-energy effective N = 2 theories of Calabi–Yau
compactifications are expected to break the target space
isometries of the ungauged N = 2 supergravity theories.
We believe that there is an interplay between such quan-
tum corrections and the gauging of isometries along the
lines of ref. [49], where the gauging of isometries mod-
ifies the zero mode structure of symmetry breaking in-
stantons. A detailed understanding of the relationship
between non-perturbatively broken target space isome-
tries and gauged N = 2 supergravity theories possibly
reveals a non-trivial interplay between quantum effects
in the vector multiplet and in the hypermultiplet sector,
which may, for instance, have geometric implications in
enumerative geometry for pairs of Calabi–Yau threefolds
that are connected via extremal transitions.
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