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Meta-analysis allows rigorous aggregation of estimates and
uncertainty across multiple studies. When a given study
reports multiple estimates, such as log odds ratios (ORs)
or log relative risks (RRs) across exposure groups, account-
ing for within-study correlations improves accuracy and ef-
ficiency of meta-analytic results. Canonical approaches of
Greenland-Longnecker [6] and Hamling [8] estimate pseudo
cases and non-cases for exposure groups to obtain within-
study correlations. However, currently available implemen-
tations for both methods fail on simple examples.

We review both GL and Hamling methods through the
lens of optimization. For ORs, we provide modifications of
each approach that ensure convergence for any feasible in-
puts. For GL, this is achieved through a new connection to
entropic minimization. For Hamling, a modification leads to
a provably solvable equivalent set of equations given a spe-
cific initialization. For each, we provide implementations ¢
guaranteed to work for any feasible input.

For RRs, we show the new GL approach is always guar-
anteed to succeed, but any Hamling approach may fail: we
give counter-examples where no solutions exist. We derive
a sufficient condition on reported RRs that guarantees suc-
cess when reported variances are all equal.

Keywords — meta-analysis, correlated observations, con-

vex optimization, nonlinear equations
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1 | INTRODUCTION

Meta-analysis combines results of multiple reported studies to obtain aggregate results across studies as well as esti-
mate between-study heterogeneity [7]. This understanding in turn informs public health recommendations, underscor-
ing the importance of accuracy in meta-analytic methods. Understanding dose-response relationships across different
ranges of exposure poses particular challenges [17]. Dose-response meta-analysis seeks to quantify the impact of a
continuous risk, e.g. systolic blood pressure [11], pack-years for smoking [3], amount of meat [9] or vegetables [14]
consumed, on the risk of an outcome, e.g. lung cancer or heart disease, by aggregating available estimates for dif-
ferent exposure groups across many studies. Two of the most common types of estimates are adjusted odds-ratios
and relative risks [13], and these estimates share a common reference, such as a baseline comparison group, which
induces correlation between the estimates reported for each study. In their the groundbreaking work [6], Greenland
and Longnecker showed that it is possible to estimate within-study correlations, and accounting for these correla-
tions improves accuracy and efficiency of the meta-analytic estimators. In fact, ignoring the within-study correlation
leads one to systematically under-estimate the variance [6, Appendix (1)]. Moreover, in their breast cancer and alco-
hol example, the mean effect estimated under an independence assumption had 25% relative error compared to the
estimate obtained using the estimated within-study covariance matrix.

The approach of Greenland and Longnecker (GL approach) requires the modeler to provide the total number of
subjects at each exposure level (both treatment and control), the total number of cases, and adjusted treatment effects
at each exposure level, such as log odds ratios or log relative risk. Using this information, the GL approach uses a root-
finding algorithm to obtain pseudo case counts for every exposure that match reported estimates, and then uses the
pseudo counts to estimate asymptotic within-study correlations. These correlations inform downstream analyses,
accounting for the impact of a common reference group explicitly before estimating study-specific random effects
through mixed-effects modeling. The original paper [6] has great examples illustrating the impact of the correlations
on final estimates, which substantially change both the inferred overall effect and its uncertainty.

Following the work of [6], Hamling et al. [8] also use reported estimates to get pseudo-counts of cases versus
non-cases. However, [8] directly use the standard errors of the reported estimates rather than requiring modelers to
obtain subject counts (cases + non-cases) at each exposure level, as in [6]. The Hamling et al. approach requires just
two additional pieces of information beyond the estimates and their variances: the ratio of unexposed controls to
total exposed controls, and the ratio of all controls to all cases. Hamling et al. also use root-finding to get pseudo cell
counts, and once these are obtained, the correlation estimators are identical between Hamling et al. and GL. These
two methods are widely used in the community; for example, the popular meta-analysis R package dosresmeta [2]
implements both correlation estimators in their Covariance function that creates the within-study covariance matrix.
Previous work comparing the approaches has found them to obtain very similar results on simple examples in the
literature [10].

Despite the wide use of both methods, past research stopped short of providing guarantees of success given
feasible inputs. In fact, both [6] and [8] discussed numerical instability, citing occasional failures and the need to
re-initialize as needed. As originally presented, and as currently implemented in [2], both methods fail on simple
modifications to the input data from working examples. In dosresmeta, failure for GL yields in an error, while Hamling
fails quietly, returning negative pseudo-counts and a wrong correlation matrix. Both methods focus on OR in their
study, and treat RR as a nearly identical problem.

We fill the current gap, providing robust GL and Hamling methods guaranteed to work for all feasible inputs
on the OR problem, including all generated failure modes used as examples to break [2]. To do this, we study each

approach using an optimization perspective. For GL, we show the root-finding problem of [6] is equivalent to a convex
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minimization problem for both OR and RR settings. Convexity yields strong guarantees, allowing us to prove existence
and uniqueness of results. Moreover, using a disciplined convex programming (DCP) takes away any concerns about
initialization, and we provide an implementation using cvxpy that is guaranteed to return the unique solution. For
Hamling [8], in the case of OR, we develop an alternative equivalent set of nonlinear equations, and prove that these
equivalent formulations are always solvable. We provide a Python implementation that provably converges for all
inputs. For RR, we show that in fact the Hamling approach may fail, provide a counter-example where there is no
solution, and provide a sufficient condition for reported RR’s in the case where reported variances are all equal. Our
implementation also covers the RR case but provides an informative warning to the modeler should the model fail to
find a root.

In what follows, we briefly review the works of [6] and [8], introducing key notation and implementations. We
then develop the necessary innovations to robustify each method and provide theoretical guarantees. Finally, we
present numerical illustrations showing our methods provide identical results to those of [6] and [8] when the original
methods converge, and provide correct results for inputs that break currently available implementation. We also

present a counter-example in the OR regime that has no solution for the Hamling approach.

2 | METHODS OF GL AND HAMLING

In this section, we present the approaches of GL [6] and Hamling et al [8]. In this review section, we focus on log-odds
ratios (log ORs) to vastly simplify presentation; however our robust methods in Sections 3 and 4 cover both log ORs
and log-relative risks (log RRs). Special challenges and counter-examples for the Hamling approach in the RR case are
also presented in Section 4.

We start by defining key variables following original notation, see Table 1. M; is the sum of all elements of A
and ag. For both GL and Hamling, the goal is to estimate A, ag, B, and by. Following [6] and [8], we refer to the first
element in the vector N as ng and the remaining elements as N.. We always have that A+ B = N, and ag + by = no.
With notation established, we summarize the main goal of the GL and Hamling methods.

2.1 | Correlation and Covariance

The main goal of both GL and Hamling methods is to obtain a variance-covariance matrix, replacing a diagonal matrix
of reported variances with an updated variance-covariance matrix with the same variances and estimated correlations.

In particular, both methods estimate the correlation for two log-odds ratios at two different exposures x; and x; by

B 1/ap +1/bg
\1/ag+1/bg +1/a; +1/bi\[T]ag + 1/bg +1/a; + 1/b;

rx,',xj-

where b; represent controls, and the correlation for two log relative risks at these exposures by

_ 1/a0 —1/bo
V1/ao —1/bg+1/a; — 1/bj\[T]ag — 1/bo + 1/a; — 1/b;

rx,-,xj-

where b; represent totals. The final variance-covariance matrix is obtained by appropriately scaling these correlations
using the reported variances.
There is a degree of freedom in the pseudo-counts that factors out of the correlation formulas: all pseudo-counts

can be multiplied by a constant value and the correlations would not change in either the OR or the RR case.
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TABLE 1 Notation table.

Variable = Dimension Definition

n 1 number of alternative exposure levels

X n alternative exposure levels

N n+1 total subjects at all exposures
M 1 total cases

L n estimates of log-odds

v n reported variances for log-odds

R n estimates of log-risks
VR n reported variances for log-risks

A n cases for alternative exposures

ap 1 cases for reference exposure

B n non-cases for alternative exposures

bg 1 non-cases for reference exposure

P 1 ratio of unexposed controls to total number of controls
z 1 ratio of total number of controls to total number of cases

Finally it may help to alert the reader to the key difference between the Hamling and GL approaches by observing
that by construction of the Hamling approach, the pseudo-counts successfully obtained by that method (for either
RRs or ORs) satisfy

_ 1/ao+1/b0

Ix: x: =

where V;, V; are the variances reported for the estimates. This equality need not hold for the pseudo-counts inferred
by the GL approach, which uses group counts in place of reported variances. This difference is discussed explicitly in

the following sections.

2.2 | GL Newton Method

The GL approach uses reported estimates, total counts, and the total number of cases to find pseudo-counts in
each category. It does so using an iterative root-finding method given in Algorithm 1. Once A, B, ag, by are returned,
[6] then use these values to calculate the correlation coefficient r;; on log-odds ratio estimates L; and L;:
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Algorithm 1 Greenland and Longnecker Algorithm
Require: My, N, L, Initialize A
1: difference « 1

2: while difference > 1e — 4 do
3 Ay « sum(A)
ap < M] - A+

b0<—no—ao

ce—1t+3 {Element-wise inverse}

Y ® N o v oA

e — L+log(ag) +log(B) — log(A) — log(bg) {Element-wise log}
10:  H « matrix of size n x n whose diagonal elements are ¢ + ¢y and whose off-diagonal elements are cg

11: A« A+H e

12:  difference — ||[H "¢,

13: end while

for exposure levels x; and x; with / # j, and where

sz_1+1+1+1
"7 A B a b

These correlation estimates are used explicitly construct the covariance matrix C for downstream processing:

cy = ri(viv)) 2.

Algorithm 1 is exactly Newton's method for root-finding. For an arbitrary multi-variable function f : R" — R”,
the Newton iteration is given by

Xt = Xk = [Jr (xi) 17 F (xe) (1)

where Jr is defined to be the Jacobian matrix of £, comprising partial derivatives [4]. Newton’s method is locally
convergent; meaning that when the initial iterate xq is “close enough" to a root, (1) will eventually find it; however,
getting close enough can be tricky [15]. Global convergence refers to be ability of the algorithm to converge regardless
of initialization. [6] do not prove global convergence guarantees; and in fact as given in [6] and summarized in

Algorithm 1, the method can break depending on initialization.

The function g : R” — R"” whose zero we are searching for appears in line 11 of Algorithm 1 and is given by
g(A) = —L —log(ap(A))1 — log(B(A)) +log(A) +log(bo(A))1. (2)

where 1 € R” is the vector of ones of the right dimension, copying the values of the scalar quantity to all coordinates.
By construction, ag, B, and bg are all functions of A. The Jacobian matrix H is contains all the partial derivatives of
g(A) and is computed in Algorithm 1. Greenland and Longnecker [6] suggest using crude estimates to initialize A

if available, and otherwise using the null expected value: M, surﬁ’ﬁ A priori, convergence is not guaranteed. In
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Section 5, we explore failure modes of existing implementations.

To develop a robust GL, in Section (3) we show the gradient function g in (2) corresponds to solving a convex
optimization problem. This leads to a plethora of algorithms with global convergence guarantees, and more simply to

a DCP approach that does not need user-specified initialization; we make this available to the community.

2.3 | Hamling Method

Hamling et al. [8] extended the work of [6], and also construct pseudo-counts A, B, by, and ag using an iterative root-
finding method. Once the pseudo-counts are obtained, the correlations across treatment effect exposures and overall
covariance matrix are calculated exactly as by [6]. The main difference is that [8] only requires estimates and their

variances, along with p and z from Table (1), discussed in detail below.

The two pieces of information that Hamling requires in addition to estimates and variances are p and z, which
correspond to the ratio of unexposed controls to total number of controls, and the ratio of total number of controls
to total number of cases, respectively. These quantities can be obtained by using crude reported estimates from the

study, or from another pathway (e.g. literature) if the study did not report the quantities.

Hamling et al [8, Appendix A] solve for A, B, p’, z’ in terms of ag and by:

aol; 14 20
+ n B
aglL; bo = i
A = : . Bi= 10’1, P == , =2t 3
Vi~ 25 T Bo Vi~ 25 T Bo i Bi Lis Ai

The quantities p’ and z’ are functions of (ag, bp), and the main idea of the Hamling method is to match p’ z’ to the

p, z values provided by the study, minimizing the squared differences:

-p\ (z-2)?
557) () @
p z
The iteration of Hamling et al., summarized in Algorithm 2, update ag and b, through the equations (3). Once (ag, bg)

are found, equations (3) yield all needed pseudo-counts. It is not obvious from [8], but a consequence of our work

here is equivalent to showing that (4) can always be brought to 0, for all feasible inputs.

Algorithm 2 Hamling Algorithm

Require: p, z, L, v, Initialize ag, by
1: error — 1.0
2: while error > 1e — 4 do

3 Ar(ao,bo) — (1+25) /(vi- L - L)

4 Bi(ao.bo) — (1+ %) /(vi- £ - &)

5 p’(ao0. bo) < bo/ (X} Bi(ao. bo))

6:  z'(ap, bo) — (X7, Bi(ao, bo)) / (X, Ai(ao, bo))

7. error « (”"Tf’/)2+(z’71')2

8:  ap, bp — Update {Black Box Optimization routine to shrink error, e.g. Excel or Stata}
9: end while

The seminal work of [8] suggests using the Excel Solve function. However, the solution method turns out to be
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less important than the choice of equations and their initialization. In Section 4, we show that a modified equivalent
system of nonlinear equations always for OR has a solution. In contrast, the original formulation does not have these
guarantees, and [8] discuss the need to use different starting points to ensure converge in specific instances. In
Section 5, we give specific, simple examples where the method as given in Algorithm (2) fail to converge to a solution
for ag and bg (returning negative counts A or B), while the method of Section 4 succeeds. In the RR case, we show
that it is in fact possible for Hamling to fail, and this is also discussed in detail in Section 4.

3 | CONVEX OPTIMIZATION FORMULATION OF GL

In this section, we develop a robust GL approach by establishing g(A) used in the root-finding Newton method of
Algorithm (1) as the gradient of a convex optimization problem. We show that the convex model of interest is a sum
of entropic distance functions for both log-odds ratios (log ORs) and log-relative risks (log-RRs). We begin with log
ORs.

3.1 | GL:Odds Ratios

Recall the function g (A) that is the focus of the Newton's root finding method proposed by [6]:
g(A) = —L —log(ag(A))1 - log(B(A)) +log(A) +log(bo(A))1.

We can find the anti-derivative of g and obtain an objective that corresponds to this gradient:

G(A) = —LTA+(a0(A)log(ao(A)) — a0(A)) +Z (Bi(A)log(B;(A)) - Bj(A))
i=

, (5)
+ > (Ailog(A7) = A;) + (bo(A) log(bo(A)) = bo(A)).

i=1

Recall that a convex function G satisfies [1]

G(AA1 + (1 = D Ay) <AG(A1) + (1 —A)G(A) forall 0<A<1, and A Ay e R". (6)
A closely related property called strict convexity requires strict inequality in (6) for A; # A,. For a function with contin-
uous derivative, as in our case, the convex property and first-order Taylor series expansion of G yield the differential
characterization of convexity

G(A2) = G(A1) + (Ay — A))TVG(Ay) forall A, A € R". 7)

The characterization (7) means that if VG(A;) = 0, then necessarily

G(Ay) 2 G(Ay) forall A, e R",

that is, g(A1) = 0 guarantees A; must be the global minimizer of G. Moreover, a strictly convex function G cannot

have more than one global minimum; otherwise, given two such minima, we can use the strict version of (6) to get a
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point with a lower value for e.g. A = 1/2.

Finally, for a function with second continuous derivative, non-negative eigenvalues of the Hessian for any A in
the domain is a sufficient condition for convexity. As already discussed in Section 2.2, the Jacobian matrix H of g,
which is exactly the Hessian of G, is symmetric positive definite, meaning all eigenvalues are actually positive, which
means G must be strictly convex [1].

Putting these facts together, the root-finding problem for g (2) is equivalent to minimizing a strictly convex mini-
mization problem with objective G (5). This perspective reveals that the original GL method can be strengthened by
using additional structure and safeguards provided by G. For example, the simplest safeguard for Newton's method
when minimizing G is a step size search that moves in the Newton direction just enough to guarantee a proportional
decrease G, and adding this element to Algorithm 1 would already provide global convergence guarantees. The opti-
mization problem is given by

min  G(A) (8)
0<A<N
where G(A) is given in (5). This formulation implicitly maintains domain constraints, that is, non-negativity of A, N — A,
as well as non-negativity of ag and by, since the logarithm is only defined on R,. The key element in (5) is the entropic
distance function 7 : [0,00)™ — R:

f(x) = xlog(x) - x. (9)

As we approach 0, x log(x) goes to 0, as can be easily seen by using L'Hopital’s rule. As x grows large, x log(x) grows

faster than x, so f(x) — oo as x — oo. Finally the entropic function has positive second derivative on its domain
f7(x)=1/x

so it is strictly convex. Since the sum of convex and strictly convex functions are strictly convex by definition, the
entire objective G (5) is strictly convex. This implies that any minimizer of G (5) must be unique, and it remains to

show only that a minimizer exists for G.

Theorem 1 Suppose Ny > A,M; > 1T A, and ng > ag according to the variables defined in Table (1). Let L represent
log-odds ratios for the necessary exposure levels and take the elements of L to be finite. Then the function G(A) (5) always
has a unique global minimizer.

For the proof, please see the Appendix 7. From Theorem 1, G always has a unique minimizer for feasible inputs,
undergirding the approach of [6]. A unique global minimum exists under simple assumptions about problem data,
and standard optimization solvers (including gradient, Gauss-Newton, quasi-Newton, and Newton) when properly
safeguarded by trust region or line search will converge to the unique global minimum of G for any feasible initialization
of Ag. In particular, we use disciplined convex programming [5] to solve the problem. In Section 5, we show that the

root-finding scheme of [6] is fragile with respect to initialization, but the new approach is guaranteed to work.

3.2 | GL: Relative Risk

We now discuss the changes to apply the approach to log-RR scores. The overall approach and notation ( see Table (1))

largely follow the development in the preceding section. R, the log-relative risk score, is a function of problem data
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as given by [6]:

An,
exp(R) = 7 —. R =log(A) ~log(N) ~ log(ao) +log(no).
+40
Here, N, and ng are treated as known quantities, again following [6]. To recover the pseudo-counts, we look for A, ag

that are roots of
h(A) = =R +log(A) - log(N,) - log(ao(A)) +log(no). (10)

Greenland and Longnecker [6] suggest an algorithm similar to Algorithm (1) to construct cell counts for A and ag. Just
as in Section 3.1, we cast this root-finding method as a way to solve a convex optimization program based on entropic
distance, analogous to (5). Integrating Equation (10), we obtain

H(A) = AT (~Lg - log(Ny) +1log(no)) + Z Ajlog(Aj) — Ai +ao(A) log(ao(A)) — a0 (A). (11)
i=1

The function H is strictly convex, since it is the sum of three linear terms, and n+1 entropic distance functions (see the
discussion in Section 3.1). We prove a theorem analogous to Theorem 1, showing the existence of a solution under

simple assumptions; uniqueness follows from strict convexity.

Theorem 2 Suppose M; > 1T A. Let L represent log-relative risk ratios for the necessary exposure levels such that Lg is
finite. Then the function H(A) (11) always has a unique minimizer.

The proof for Theorem 2 is in the appendix. In this way, we may construct the optimization problem
min  H(A) (12)
AeR]

where H(A) isgivenin (11). By Theorem 2, problem (12) must have a minimizer. A solution to the optimization problem
(12) may be found by using any number of optimization methods, and in particular, we can also use disciplined convex
programming [5] to solve (12), just as in Section 3.1.

It may seem a natural fact that root finding here corresponds to a convex objective, but in our experience this
is an exception rather than the rule. To be clear, while minimizing a smooth convex function is often solved by a
root-finding procedure on the gradient, the converse rarely holds, that is, a typical root finding problem rarely turns
out to correspond to the gradient of a convex model. Case in point: when we consider the Hamling method, we do
not have a convex interpretation, and as a result have to essentially use brute force to derive theoretical convergence
guarantees. It is also quite fortunate that the convex reformulation works in a very similar way for the GL approach
for both RR and OR. Again returning to Hamling, in the case of OR, we can find a counter-example guaranteed to
fail. The contrast of GL with Hamling here underscores the rarity of the discovered relationship of the GL approach

to convex minimization.

4 | SOLVABILILTY OF HAMLING METHOD

In Section 2.3, we gave a brief overview of the method of [8], which involved formulating and solving nonlinear

equations (3) for A; and B,. The approach relies on the reported variances rather than group totals to infer pseudo-
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counts. Besides the estimates and variances, the Hamling approach needs only p and z, see Table 1. However, the

parametrization using variances make the nonlinear equations of Hamling far more difficult to analyze than the GL

approach. The original work [8] did not provide any guarantees, and in fact the authors’ numerical examples suggest

initialization may be quite important [8]. In this section, we prove that for the OR case, the equations always have a

unique positive solution, and when properly initialized, the solution can always be found. In the RR case, the situation

is more difficult; we present a counter-example where a solution to the Hamling equations cannot exist, and a partial

theoretical result by deriving a sufficient condition for the existence of a solution to Hamling RR in the equivariant

case.

4.1 | Hamling: Odds Ratios
The quantities that [8] use, as functions of the underlying pseudo-counts, are given by:

Aib T 1 1 b ToBi
Ri=Z22 Vis—4—4—t—, p=— =200
i=0 Bi =0 Ai

agB;’ apg by A B’

Using the substitution B; = :{)i? [8] obtains B; and A; in terms of ag, bg, R; and V;:
1

Bi(ag, bo) = (1 + abo )/(vj _1 L)

oRi a bo

a0R; 11
Ai(ao. bo) = [1+ 250 /v - — - —
i (a0, bo) (+ bo )/(/ P bO)

We now define

B, =ZH:B,, A, = Zn:A,-.
i=1 i=1

Summing across each set of equations for A; and B; we get

B—Zn:1+ o ) fy, o L1
T aoR; " a  bo

i=1

n
aoR; 1 1
A+:Z(]+ Zol)/(%_%_%)

i=1

From the definitions of p and z we have

1

1-p
By=—" by, Ai=—— B, -
+ p 0 + Z(1—p)+

1
ap = 7[)0 — ap.
zp

Combining these equations together, we get a system of two explicit equations for unknowns ag and bq:

1;'01,_2”:14_ bo /v._l_l
p 0" aoR; " a  bo

i=1

1 4 aoR; 1 1
o= (1) 5

(13)

(14)
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The approach developed here is similar in nature to that of [8], but equations (14) are not derived in [8]. The
explicit form of (14) is used to prove the results below, namely that equations (14) always have a solution.

First, we show that a unique positive solution to (14) exists when all the variances are identical, that is, all V; = v.
The theorem for this case serves as a base case for the induction in the general result, and also is of interest since the
proof technique is direct; we actually find the closed form of the solution.

Theorem 3 Suppose all of the V; are equal to the scalar v > 0. Then there is a unique positive solution of the equations (14)
for any value p € (0, 1) and any value of z > 0, and any set of positive estimates R;.

letc = Z—g. letry =37, Ri,, and r, = 37, R;. Then the positive solution to Hamling is given by

npz—nz+n —pr1z+\/5
2z(np+ (1= p)rz)

where

2 2,22

D= nzpzz2 - 2n2pz2 + 2n2pz +n%z% - 2%z +n? - 2np2r1 22+ 2npry 22+ 2npriz + pr{z® —4priraz +4rrz.

Once we have c, the solutions to (14) are given by

1 1
b=t (125 (e )41+ 1) ao=ctn
vil-p c c

We provide a proof in Section 7.3 in the Appendix. The crux of the proof is to show that D is always positive, for
any feasible inputs (n, p, z, r1, r). An interesting consequence of the proof is that in addition to the unique positive
solution for ¢ (and hence ag), there is also a unique negative solution for ¢ and ag, obtained by taking the negative
branch in the quadratic formula. From our numerical experience with Hamling, both our implementation and the one
in dosresmeta can find the negative ag solution, leading to infeasible pseudo-counts, when incorrectly initialized.

We now show by induction that equations (14) always have a unique feasible solution in the general case.

Theorem 4 For any set of positive V;, positive R;, p € (0,1) and z > 0, the equations (14) have a positive solution with
ap > 0and bg > 0.

See the Appendix, Section 7.4 for a proof of Theorem (4). The proof proceeds by induction, as it is impossible to
find a closed form solution in the general case. This result ensures convergence to a tuple (ag, bg) that can be used to
construct the cell counts A and B according to equations (3). Our presentation of the nonlinear system in the form of
equations (14) provides robustness to the method of [8], guaranteeing solutions for any choice of positive {V;}. The
inductive step of the theorem shown in Section (7.4) of the Appendix uses the structure of the equations to show the
existence of the solution.

To find the solution in practice, we minimize the squared norm of the equations (14), similar to the approach shown
1
a9
This guides our initialization strategy to ensure that ag and bg are large enough that positivity holds for the smallest

in Algorithm 2. The construction of the proof assumes the positivity of the denominators V; — -- — bio throughout.
reported variance,

Vinin = min V;.
!
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From a theoretical standpoint, the nonlinear constraint
ag+ by < €aobovmin

may be needed (or maintained by line search), in practice the method always converges as long as the constraint holds
at initialization. This is a markedly different strategy than the one suggested by [8], who focus on p’ and z’ computed
from total counts in the data. Their strategy, as implemented by [2], fails for cases where the reported variances are
small, and is discussed in Section 5.

4.2 | Hamling: Relative Risk

We now consider the log-relative risk scores. We use the exact same notation as what has been described in the

current section, except we now use Lg to imply the log-relative risk instead of log-odds ratios. We have

R = Ajbg

aoB;

where by now indicates unexposed at risk and B; indicates exposed at risk, with Ag unexposed diseased and B; exposed
diseased. Thus we have by > ag and B; > A;. Moreover, from classic results we have

1 1 1 1

= b —.
"Ta by A B

This becomes the key difference that underlies the construction of our new equations. Indeed, we obtain

1 _ R
A=
'_V,_L_'.L
" a " by
15
. (15)
agR;
Bi= .
Vitate

The constraint that B; > A; doesn't give any new information, since it is equivalent to

b R;
0 i aokj
aoR; bo

> 2.

The sum of any positive quantity and reciprocal is always greater than or equal to 2, with the minimum attained when
the quantity is exactly 1. We do however know something about z. Recall the formulas

bg 7:0 B

, Z= .
ZioBi ZioAi

p:

For the relative risk case, by definition we have z > 1.

Using equations (15) and formulas for p and z, we construct the two nonlinear equations that are analogous to



Alex Johnson 13

equations (14):

(16)

We now give analogous results to Theorems (3) and (4), which are proved in the Appendix.

Theorem 5 Suppose all of the V; are equal to the scalar v > 0. Then there is a unique positive solution of the equations (16)

for any value p € (0, 1) and any value of z > 0, and any set of positive estimates R;, provided

2
(1-p)z> (1%”) 4y, (1—p)z>1.

Using the notation of Theorem 3, when the conditions above are satisfied the positive solution ¢ = Z—g is given by

_ n(z—-pz+1)+prnz+VD
2z(np+(1-p)rz)

where

D=(n(pz-—z-1)-n zp)2 —4ri(nzp+ryz — npz).

Once c is found, we have

_ (>
“vel1-p

bo (rn—cn)+(1-c)|, ap=cbo.
A simple counter-example that violates the two inequalities required by Therorem 5, and for which there is no solution,
is given by

R; =0.9328,R, =0.062,p = 0.1,z = 1.1.

These values have no solution in the relative risk example for any equal variance values V; = V, = v. In Section 5,
we show that available implementations return nonsensical results, and in fact cannot solve the defining equations,
which makes sense, given that D < 0in this case. In contrast to the previous section, there is no way to fix this issue, a
solution simply cannot exist. The best we can do in such a case is to suggest the modeler check their inputs R;, V;, p, z

or consider using the GL approach, which is always guaranteed to work.

5 | NUMERICAL EXAMPLES

In this section, we review detailed examples of the implementation and results of our proposed methods as described
in Sections 3 and 4. First, we show that the corrected methods we proposed reproduce the results of [6] and [8] for

the canonical examples in these papers. Second, we show failure modes for [6] and [8] and correct estimates from
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the robust implementations using the results in this work. For GL, we leverage the connection to convex optimization
to provide software using disciplined convex programming libraries CVXPY for our modification of the approach of [6].
For Hamling, we use SciPy optimization routines with a theoretically justified initialization to solve the root finding
problem. To demonstrate the failure modes, we use the R library dosresmeta [2], which implements both GL and
Hamling methods.

5.1 | Results Comparison to GL and Hamling: Canonical Examples

We use the data from [6, Table 1] as a simple example showing that the optimized GL reproduces the same results as

regular [6] and [8] for simple problems. In the example given by [6], the authors fit of the linear-logistic model
A(x,z) = a + Bx.

In this case, the model is giving the log-odds of a subject being a case, and we want to estimate 8. The data x
represent alcohol intake as exposure levels. We present a summary of the adjusted estimates we obtain using our
convex formulation for the objective of [6] and solutions to the modified system of equations originally in [8], and
showing the coefficient value 4 estimate along with the variance estimate for each method.

In Table 2 we present the least-squares estimates generated from the four different types of pseud-count fitting
techniques described in this study. Denote by “Unadjusted" as using reported variances ith the independence assump-
tion. Denote by “GL" the least-squares and variance estimates obtained by the cell-fitting procedure of [6]. Denote
by “Hamling" the estimates produced from the method of [8]. Denote by “Convex GL" as the estimates obtained from
our fitting procedure that modifies the method of [6] as described in Section 3. Denote by “Solved Hamling" as the
estimates obtained from our fitting procedure that modifies the method of [8] as described in Section 4.

TABLE 2 Estimates and variances table-log-odds ratios.

Method A Variance
Unadjusted 0.0334 0.000349

GL 0.0454  0.000427
Convex GL 0.0454  0.000427
Hamling 0.04588  0.000421

Solved Hamling = 0.04588 @ 0.000421

The Convex GL method produces the same results as the original GL approach [6] when the latter succeeds.
Additionally, our Solved Hamling method produces the same results as the standard Hamling method when the latter
succeeds. There are numerical differences in variance results for corresponding methods; for the Convex GL approach
that uses DCP, we use a high degree of precision in the solver, so these results correspond to solving the equations to
a greater degree of precision. The estimates obtained by Hamling vs. GL differ, but this is to be expected, as discussed

in Section 2.1.

We next include a summary of the pseudo-counts only of cases generated by each method in Table 3. We follow
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the same notation used in Table 1 for cases. On this simple example, the pseudo-counts for cases generated by our

TABLE 3 Pseudo-count table-log-odds ratios.

Method ao A A Az
GL 160.4702 = 70.2046 954696 @ 124.8556
Convex GL 160.5064 70.3304 954857 124.6776
Hamling 96.2699 50.9684  57.2220 @ 67.7043
Solved Hamling ~ 96.2653 50.9654 57.2180  67.6989

methods match closely those generated by the original methods. Again counts generated by GL methods differ from
those generated by Hamling methods, since the GL relies on group counts, whereas Hamling uses reported variances.
The pseudo-counts are an intermediate result whose main purpose is to obtain the covariance matrix, and we compare

the covariance matrices obtained by these methods in Figure 1.

-0.0300 -0.0300
_ -0.0275 _ 0.0275
3 3
-0.0250 0.0250
-0.0225 -0.0225
o | 00188 -0.0200 o -0.0200
2 2
-0.0175 -0.0175
-0.0150 -0.0150
© | 00194 ©
3 -0.0125 3 -0.0125
-0.0100 -0.0100
it Lvi2 L3 Lvi1 Lvi2 Lvi3

FIGURE 1 Estimated covariance matrices for OR. Left: Covariance matrix generated from the Convex GL
pseudo-counts; Right: Covariance matrix generated from the Solved Hamling pseudo-counts.

There are small differences between the individual entries in Figure 1. These differences are in fact what cause
the estimates in Table 2 to vary slightly between the GL and Hamling-based methods. An interesting artifact here
is that the Convex GL covariance matrix has different entries, whereas the entries of the Solved Hamling covariance
matrix are identical (to the 10th digit or so). This curiosity is due to the fact that Hamling uses reported variances
to create the pseudo-counts (see Section 2.1), and in this example, the data report very similar variance values of
log-odds estimates.

Next, we run a similar test on relative risks, using the alcohol and colorectal cancer data and results in [10]. We
present a summary of the adjusted estimates obtained by our methods and by the methods of GL and Hamling. We
use data directly from dosresmeta, specifically the alcohol_crc dataframe, and analyze the subset id author atm. In

Table (4) we present the least-squares estimates, similar to what was shown above.

Once again we see small numerical differences in variance estimates, with our estimates using high precision on

the equation solves. We also see a larger difference between the estimates obtained by GL vs. Hamling, a direct
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TABLE 4 Estimates and variances table-log-relative risks.

Method B Variance
Unadjusted -0.00294  1.5865e-05
GL 0.0071 1.5176e-05
Convex GL 0.0071 1.5166e-05
Hamling 0.0063 1.5490e-05

Solved Hamling 0.0063 1.5436e-05

consequence of the different parametrizations.

We provide a summary of case pseudo-counts generated by each method in Table 5.The pseudo-count estimates
within method families are close; while counts between GL and Hamling methods match in some groups but differ in

others, causing the differences observed in estimate values in Table 4.

TABLE 5 Pseudo-count table-log-relative risk.

Method ao A Ay Az Ay As
GL 26.5957 34.0061 42.8532 33.3584 17.9492  29.2359
Convex GL 26.5973 34.0061 42.8532 33.3583 17.9492  29.2359
Hamling 264495  39.5129 442940 31.6140 15.3332 @ 22.6277
Solved Hamling  26.4087  39.4526 44.2234 315706 15.3105 22.5738
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Lvi1

0.042 0.042

Lvi2

0.040 0.040

0.038 0.038

LvI3

-0.036 -0.036

0.0378 0.0378 0.0378

-0.034 -0.034

Lvi4

-0.032 -0.032

0.0378 0.0378 0.0378 0.0378

Lvi5

-0.030
Lvi1 Lvi2  Lvi3 Lvi4 LvI5 Lvit  Lvi2  Lvi3  Lvi4 Lvis

-0.030

FIGURE 2 Estimated covariance matrices for RR. Left: Covariance matrix generated from the Convex GL
pseudo-counts; Right: Covariance matrix generated from the Solved Hamling pseudo-counts. Both cases are with
respect to the relative risk regime.
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Covariance matrices obtained from pseudo-counts generated by our Convex GL and Solved Hamling methods are
shown in Figure 2. We again see identical entries in the covariance matrix produced from Hamling. The differences
in covariance values between the matrices explain the differences in estimates values in Table 4.

We now continue to the avoidable failure modes, providing simple OR examples where the original GL and Ham-

ling methods fail but our Convex GL and Solved Hamling methods succeed.

5.2 | Original method failure and Corrected success

In this section we produce simple failure modes for original GL and Hamling methods, and show that new methods
work on these cases, as expected from the theoretical results. This is reassuring to practitioners running large numbers
of analyses; the need to re-initialize current methods and potential quiet failures of the Hamling method can both be
avoided with straightforward modifications. To demonstrate the failure modes, we perturb the alcohol_cvd data

from dosresmeta.

5.2.1 | GL method failure

Using the method of GL first, we change the number of subjects at each exposure level in the alcohol_cvd dataset
to be a function of the number of cases in the same dataset at the corresponding exposure levels. Namely, we modify

the number of subjects to be
N=A+t

forinteger values ¢t = {1,...,20}. The lower the ¢, the more extreme the situation, corresponding to very few controls
in each group. We use each N as input data to the standard GL routine to construct pseudo-counts using the GL
method. For ¢t < 13, the original GL method in dosresmeta fails.

In the cases of failure, even though the initial A is feasible, GL iterations run afoul of the logarithmic terms in the
dosresmeta implementation for low ¢t. For ¢t > 14, this issue disappears. The entire problem is avoided when we use

the convex GL approach, which succeeds in all cases. We give a visualization in Figure 3.

Converged |- e © o o o o o

Didnotconverge¢ © © o o e o o o o o o o =

N N I N A AN NN N N N N
N NN 2N I N BN A SN RN B

7
o
CRE
<
o
& I
>
<4

t

FIGURE 3 Convergence plot of GL for different values of ¢.
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The new Convex GL method succeeds even in the extreme case when t = 1. We compare the covariance matrix
for N' = A+ 1 compared to the covariance matrix GL obtains on the original data in Figure 4. We see that the
covariance matrices returned for the original and perturbed data are fairly close, suggesting that correlations are well-
behaved in such cases and underscoring the need for a robust method. In other words, results for the GL will likely
be useful even for small studies when we have very few controls.

-0.020 0.020
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0.016 0.016
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Lvi2

0.0178 -0.014 0.0161  0.0152 -0.014
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Lvi4
Lvi4
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Lvi1 LvI2 LvI3 Lvi4 Lvi1 Lvi2 LvI3 Lvi4

-0.010

FIGURE 4 Comparison of GL covariance matrices for original data vs. perturbed data. Left: Covariance matrix
generated from the Convex GL pseudo-counts on original data for alcohol; Right: Covariance matrix generated from
the Convex GL pseudo-counts on N' = A + 1, a hypothetical where there is only one control in every group. The
original GL method [6] fails on the hypothetical example shown on the right.

5.2.2 | Hamling method failure

The Hamling method fails when default initialization fails to guarantee positivity of all denominators V; — ;70 - bio. For

example, the Hamling initialization used by dosresmeeta can be broken by feeding small V; as the data. In this case,

the dosresmeta Hamling approach returns negative pseudo-counts, and correlations computed using these counts.

To show this failure mode, we alter the alcohol_cvd dataset in dosresmeta by changing the reported variances
to be

V = (NA,0.001,0.01,0.2,0.9)

where the NA is a placeholder for the reference exposure level. Passing this data into the hamling method in
dosresmeta, we obtain negative values in the estimated counts for cases and non-cases at the first level of expo-

sure, as shown in Table 6.

TABLE 6 Pseudo-count table-broken Hamling Example.
Method ao A A; A3 Aq

Hamling 189.7 -207.5 5142 8.6 2.2

Solved Hamling  2897.8 2976.1 157.2 315706 9.2
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The method of Hamling fails silently, since it then uses the negative values to compute the covariance matrix.
To study the downstream effects, we compare the covariance matrices constructed by dosresmeta from the wrong
pseudo-counts generated by the original Hamling method with those generated by the solved Hamling method in
Figure 5. The solved Hamling method obtains an order of magnitude smaller correlation across the subgroups. This
means that when Hamling fails quietly, it will provide estimates that deviate further from the uncorrected estimates
compared to the correctly solved formulation.

-0.008 -0.008
3 -0.007 3 -0.007
-0.006 -0.006
[} -0.005 o 0.0005 -0.005
3 3
-0.004 -0.004
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-0.002 -0.002
0.0005 0.0005 0.0005

0.0073 0.0073 0.0073

Lvi4
Lvi4

-0.001 -0.001

Lvi1 Lvi2 Lvi3 Lvi4 Lvi1 Lvi2 Lvi3 Lvi4

FIGURE 5 Comparison between covariance matrices generated by Hamling from wrong pseudo-counts and
correct pseudo-counts. Left: Covariance matrix generated from the negative Hamling pseudo-counts; Right:
Covariance matrix generated from the Solved Hamling pseudo-counts. The correct values result in a much smaller
between-level covariance than the incorrect values in this example.

In Figure 6 we extend this example to study the range of the failure mode as a function of the scale of variance
values. For simplicity we vary only the first element of V. We then assess whether there are any negative values in the
constructed pseudo-counts for cases A by the Hamling method. As can easily be verified, the variance values below
1073 in the first numerical coordinate produce negative values in A. Obviously for smaller estimates the method still
fails, but such small variances correspond to huge sample sizes that are unlikely to occur in practice. The variance
values greater than 103 produce only positive values, even beyond 1. This shows clearly how the Hamling method
fails for small enough variance values given default initialization in dosresmeta, and can be fixed easily by using the

startegy discussed in Section 4.

TTTTTT T T T T T T T T T T T T T T 1T T T TTTTTT
Only positive values |- = = 1
Has negative value¢——0——0——@ -
Ll L L Ll L LI

1076 1073 107 1073 1072 01 1

Variance

FIGURE 6 Negative value generation in pseudo-cases for different values of variance in the first exposure level.

To fix the problem we use the initialization suggested by the theoretical analysis. Specifically, we construct the
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initialization parameters aq, bg as

(a0, bo) =

10 10
min(v)’ min(v))'

The underlying idea is that the large initialization ensures the denominators of A; and B; in equations (3) remain
positive, ensuring all counts are positive. This works well numerically, and does not break regardless of the v; values.
This provides empirical support for the proof technique given in Theorem 4.

In the next section, we study the unavoidable failure mode of Hamling for relative risks.

5.3 | Hamling Failure for OR

We review the counter-example presented in Section 4
R; =0.9328,R, =0.062,p = 0.1,z = 1.1.

This example was obtained by violating the conditions presented in Theorem 5 for the equivariant case. The failure

corresponds to obtaining a negative discriminant in the quadratic formula for the ratio ¢ = Z—g, and means that a

solution cannot exist, regardless of reported (equal) variances. To see this bear out in practice we make a simple

choice
vi=vp =1.0.

Running dosresmeta on this example gives us results in Table 7. We see negative values for A and N, a problem

TABLE 7 Hamling Results for RR Counter-Example.

A N
1.4 1.3
-1.1x107°  -1.1x107°

0.88 13.3

for any situation, and ag > bg, which is impossible for RR. These issues still can still occur for a candidate solution
to the equations (16). However, the claim we made is stronger, that is, a solution that satisfies the six equations
corresponding to p, z, Ry, Ry, vq, vo cannot exist. When we review the dosresmeta result with respect to these six

equations, we find that in fact, two of the six are not satisfied:

Ri1(AN) =093, Ry(AN)=0062 v(AN)=10, p(AN)=0.1;
vi(AN) = -0.05 z(AN) =6.33.

In contrast to the previous examples, there is no way to fix this; we know from the proof of Theorem 5 that no

solutions can exist to this example.
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6 | CONCLUSION

In this paper we have taken a closer look at the methods of GL [6] and Hamling [8].

We have shown that the GL approach lends itself to a reformulation to minimizing a convex model, for both ORs
and RRs. In both cases we can avoid all numerical difficulty and guarantee convergence to the unique optimal point
for any feasible data inputs. This was a rather surprising finding that initially motivated us to write the paper. The
convex loss that emerged when we integrated the optimality conditions is the entropic distance function, an object
that appears in other areas of mathematics and statistics; in particular is heavily used in optimal transport [16]. An
unexplored consequence of the connection to convex models is that it is now easy to include side information (if
such information is available to modelers) through the use of linear equality and inequality constraints on the pseudo-
counts A. As long as there is a feasible A, the proof theory in this paper guarantees a unique solution, and modifying
the formulation is straightforward in cvxpy. We leave further exploration of this idea to future work.

For the Hamling method, the story is more complicated. In the case of OR, we were able to show that the
Hamling equations always have a solution. In fact we obtained a closed form solution for the equivariant case (all
reported variances equal) and provided a proof by induction for the general case. This means that literally for any
observed ORs, variances, p, and z, we can always find a solution.

In contrast, for RR, there is no guarantee that Hamling will work. We presented a counter-example when there are
only two alternative groups. Counter-examples are by nature odd, but nonetheless there is a fundamental difference
between RR and OR for Hamling stemming from relying on reported variances. This is curious. Between the methods
of GL and Hamling, when faced with many meta-analyses we find the Hamling approach more appealing, since it only
needs p and z in addition to reported estimates and variances. Based on the RR failure, we should keep the GL method
available should an unavoidable failure mode arise.

We have done our best to make the results as interpretable and clear as possible. We have an implementation for
GL and Hamling methods publicly available!; and we have shown simple cases where we can break the widely used
dosresmeta package using simple examples. Using the insights in this paper, safeguarding estimate available in other
packages is a straightforward task. For GL, it is a matter of providing standard optimization guardrails, such as a line

search. For Hamling, it is a change in the initialization strategy based on the minimum reported variance.

1 https:/github.com/ihmeuw-msca/CorrelationCorrection
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7 | APPENDIX

In this section, we provide proofs of theorems presented throughout this work.

7.1 | Proof of Theorem 1

Take G defined as in equation (5). G is continuous on its domain [0, )". First, we show that G is proper, i.e., for
some positive values of A, ag, B, by, G(A) # +oo and that for any X € [0,0)", G(X) > —oo. For this fact, we need
the hypothesis in the statement of the theorem. Let A is the vector of ones of length n, i.e,, A = [1,...,1]T. Since,
by hypothesis, N. > A and ng > ag, G(A) < o inspection. Also by inspection, G is not equal to —oco for any A in its
domain.

Next, G is optimized over the compact set 0 < A < N. Since, by hypothesis, N, > A and ng > ag, G(A) < o
inspection. Also by inspection, G is not equal to —co for any A in its domain. Since G is continuous on the compact
domain 0 < A < N, it attains its minimum and maximum values. Since G is strictly convex, this minimizer must be
unique. This completes the proof.

7.2 | Proof of Theorem 2

Take H as defined in equation (11). This proof will follow the same structure as the proof for Theorem 1. We need
only show H is proper and that it has compact sublevel sets since H is clearly continuous on the domain [0, «)". To
show that H is proper, similar to the proof of Theorem (1), consider the case when A is the vector of ones of length
n. By the hypothesis in the statement of Theorem 2, ng > ag, so that H is finite by inspection. Also by inspection, H
is never equal to —co on any point in its domain.

Next, we show that H has compact sublevel sets, that is,
Ag ={A:H(A) < a}

are closed and bounded. The closed prpoerty follows immediately by continuity. Next, for a sequence of X € [0, )",
H(X) — o as || X|| — oo since H is a sum of affine functions and entropic distance functions in all coordinates, see
equation (9). As || X|| — oo, the xlog x terms in H increase faster than linear terms. This implies directly that any
sublevel set of H must have an upper bound. Thus, H has compact sublevel sets. In particular, H attains its minimum
and maximum for any choice of sublevel set, so in particular we can consider a = H (1), the vector of all ones discussed
in the previous paragraph. Once we know H attains its minimum, we also know that the minimum is unique by strict

convexity of the entropic distance.

7.3 | Proof of Theorem 3

To prove the result, we simplify and rewrite the equations
(V ! 1)1_pb Zn:(1+ bo) n+bOZn:1 n+b0r
- 0 = = = — = =n
ap bo) p p aoR; a0 & R; ao

T 1\ (1 z aoR; a0 1 a0
Vo———||—bo-a| = [1+2%)=n+ 2N Rj=n+ 2
( % bo) (Zp 0 20) Z ( + bo n+ bo ; i n+ bo r

i=1




24

Alex Johnson

Dividing the equations we obtain

Defining now ¢ = Z—g we have

n+cry 1177_0

Multiplying by ¢ we have

n+nc (1-p)zc
n+rc 1-pzc

The solution is given by

_ npz —nz+n-priz+\VD
- 2z(np — pry+1ry)

where

D= nzpzz2 - 2n2pz2 + 2n2pz +n?

=n? (p222 —2pzz+2pz+z2 —z+1)
+n (—2p2r1 22+ 2pry 22+ 2pry z)

+ pzrfz2 —4prirnz+4rrz
We want to show that each piece is > 0. In fact we have
p?z2 —2pZ2 +2pz+ 22—z 41 = z((p— N2z+2p - 1)+1
The minimum with respect to p of the inside expression occursat p — 1 = ‘71 Plugging in, that gives us
z(l+1 - g)+1 =z,
z V4

so as a result we have

n? (p222 - 2pz2 +2pz +z22-z+ 1) > n’z.
Next, we have

n (—2p2r| 22+ 2o 2% + 2pr1z) =n(2rz) ((1 - p)pz+p) = 2nrzp.

22— 2n%z+n* - 2np2r1 22+ 2npry 22+ 2npriz + p2r1222 —4prirnz+4rrz
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Finally, we have

p2r1222 —4prirpz+4rirnz = p2r1222 +4(1 - p)rirz > p2r1zz2

Putting everything together, we get

2

D > n22+2nr1zp+p2r z —z(n +2nr1p+p r1z) > 0.

Thus a solution always exists.

To see that only one solution is positive, recall the form of the solution:

npz —nz+n—priz+\VD
2z(np — pra+1ry)

c=
We can observe that
n? (p222 —2pzz+2pz+z2 - z+1) - (n(z(p - 1)+1))2 =n’z
and as a result
VD - (npz —nz+n-priz) > 0.

That means we have

npz —nz+n-priz—-\ND npz —nz+n-priz+VD
pz z priz \/»<0<c1: pz z priz VD

2T T 2z (p+ (1 - p)ra) 22(np+ (1 - p)r2)

Plugging c; in to the first equation, we have

1 1
by = — P (n+r—1)+1+—, ag = c1 bp.
Vilt-p c c1

and we have found the unique positive solution. This completes the proof.

7.4 | Proof of Theorem 4

We prove this theorem by induction. For the base case, when n = 1, the existence of a unique positive solution
follows immediately from Theorem 3. For the inductive hypothesis, suppose that for a given n for the dimension of
our vectors V and L, we have the positive solution pair aj, b{ that simultaneously satisfy the system (14). Thus, we
have that

by 1 1
Z( a"Rf)/(”‘as‘bs)
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If we continue to the step n + 1, we add strictly positive terms to the right hand side, and hence we have strict
inequalities

1-p n+1 bg 1 1
T pn o — o —
P b0<2(1+anR_)/(v, al b")

i=1 o 0
LIV "Z”(1 aSR,-)/(V 1 1) )
——by—ay < + i~ — T
zp ,_:1 by ag b

and without loss of generality, we may assume that V,,.; > min; V; so that V,,;1 > ﬁ + ;7' Otherwise, we can suitably
0 0
reorder the terms and apply the inductive hypothesis.

Define the functions f;, , by

aoR;

n+1
fl(ao,bo)=1%pbo—2(1+ bo )/(Vj_l_l)

i=1

1 jas a0R; 11
5(30,170):5170—20—2 1+b70 /‘/i_;o_FO .

i=1

The remaining work is focused on finding the aJ*', b7*! such that f (aJ*', 67*") = f(af*!,67*") = 0, and is

separated into two steps:

Step 1 Show that we can find points (2], b)), (a2, b3), (23, b3) with

fi(ag, b3) >0, fr(a,by) >0,

fi(a2,62) >0, fr(a, b) <0,
and
fi(a3,b3) <0, FH(ad,b3) > 0.

These points, along with (a,, b,) from the inductive hypothesis, are shown in Figure 7 and the four points set up
continuation arguments used in Step 2.
Step 2 Show that, by continuity of the solution maps, either case above leads to the existence of (ag”, b(’)’” ) simul-

taneously satisfying 1 = £, = 0.

Step 1 proof:
First, we observe that
n+1

. 1-p
lim £ (ao, bo) = bo - .
agTeo p ; Vi- 5

1
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As long as we take bé > 2max (V, %2 Z;’:ﬂ %) where V = max; V;, we can then find a large enough value aé
satisfying f; (2}, b)) > 0. Next, we have

lim f,(ag, by) = —c0

agToeo
for any by, so in particular we can select a large enough a} with £, (). b)) < 0and (). b}) > 0. This gives us a point
in the lower-right quadrant of Figure 7.

Now we observe that

Jg?go f2(ao, bg) = o

along the path ag = 17b0. Along this same path, we have
lim f1(ag, bg) =
Jim i (a0, bo) = o0
1 2

as well. We can thus select a large enough value b2 and a2 = ;b2 for which £ (a2, b2) > 0 and f,(a2,b3) > 0. This

gives us the point in the upper-right quadrant of Figure 7.

Next, consider 0 < € << 1 and take

With these definitions, we have

f(e) > !
zp

1-p Vigin — € — €2\ 1
fi(e) < . —Z(1+7Z - <0

for small €. Thus for 0 < e << 1 we get a point (ag, bg) with , > 0 and ; < 0. This gives us a point in the upper left
quadrant of Figure 7.
Finally, by the inductive hypothesis, we have f; (a, b]) < 0and f(af, b{) < 0, which gives us a point in the lower

left quadrant of Figure 7.

Step 2 Proof:
To show that there is a point (ag“, bg”) such that the inequalities (17) become equalities, we create separate inter-

polations relying on the intermediate value theorem (IVT) [12].

Consider the points (ag, b7) and (aé, bg)) and the convex combination

pa = A(ag, bg) + (1 = A)(a]. b))

We have f1(p1) <0, fi(pp) > 0, so by the IVT thereisa A € (0,1) with f;(py) = 0.
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2
(83 b3) (32 bZ)

1 1
(ag*', bg*")
} ! o ! >

{ T+ [ J
(2.60) (a].6)

FIGURE 7 Note the generic form (ag, bg) is shorthand for (f; (ag, bg), f2(ag, by) ). The point (ag“, bg”) serves as
desired solution point to complete the proof.

If ,(py) > 0, we proceed to Case 1 below. If f,(py) < O, we have a point of intersection below the f; axis, as
shown in Figure 8. We then apply IVT to (a3, 53) and (a2, b2). If the crossing point obtained from the IVT is above
the f; axis, we proceed to Case 2 below, and if it is below the f; axis, we proceed to Case 1 below.

Case 1: fy(py) > 0 or IVT applied to (a3, b3) and (a3, b3) vields a point below the £ axis. In either case, applying
the IVT twice, we obtain two points along the f; axis, as shown in Figure 9, with opposite signs along f;. The
constraint £, = 0 is easily incorporated into f;, which becomes

fi(a0.bo) = (1~ p)z a +Zi( "’°R’)/(v-—l—l) —§(1+aORi)/(V-—l—l)
319070 0 p bo " a bo bo " a bo

i=1

Clearly f3 has opposite signs for the two points of intersection in Figure 9, and applying IVT again we find the
point (aJ*!, b3*1).

Case 3: In this case, we have successfully found two points with f; = 0, and opposite signs with respect to £,. Just as
in the previous case, we can explicitly incorporate the constraint f; = 0 into %, to obtain

a0, o) = "z”( ) (v ) s 31w ) - L L
ST (= p) aoR; ap  bo 0 = bo " as  bo

Clearly £ has opposite signs now for the two crossing points shown on the £, axis of Figure 8, and by IVT, we

have existence of (aJ*!, b7*").
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2
(23.63) (a2, 62)
®
(a0, bo) (a0, bo)
(an+1 bn+l)
o % fi
} - @ - >
e ®
(af.b7) (a0, bo) (a),6))

FIGURE 8 The points and their associated continuous deformations (the colored lines) according to Case 1.
Note the generic form (ag, bg) is shorthand for (£ (aq, bo), (a0, bo) ).

f

(25.69) (@), b))

FIGURE 9 The points and their associated continuous deformations (the colored lines) according to Case 2 in
the f; — £, plane. Note the generic form (ag, bg) is shorthand for (f (ao, bg), 2 (a0, bg) ).

7.5 | Proof of Theorem 5

To prove the result, we simplify and rewrite the equations
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Dividing the equations we obtain

Defining now ¢ = Z—g we have

no_ 1-p
- n_ p

n—cn 117_6

with the inherited constraint that ¢ < 1, since ag < by by definition. Multiplying by ¢ we have

rn-nc _(1-p)zc
n—rc 1-pzc

The solution is given by

n(z—-pz+1)+prz+VD
2z(np+(1-p)rz)

c=
where
D=(n(pz-z-1)—-n zp)2 —4ri(nzp+rz —rnpz).
By inspection the coefficient for n? is given by
(pz-z-1)%
which is always positive. The coefficient for n is given by
(-2(pz—-z-1)—-4)zpry =2zpri(z —pz—1)

This term is non-negative exactly when (1 — p)z > 1. Finally, the constant term is given by

r1222p2 +4rrpz(p-1).
The condition for when this term is non-negative can also be written in terms of (1 — p)z:

1-p 2

(1-p)z > (T) 4ry.

It is easy to find a counter-example when these conditions are violated, and where D < 0.

n=2, p=01, z=11 rn=319 nrn=1
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2
This yields D = —33.4, so there is no solution. In this case, (1 — p)z = 0.99, while %4@ = 324, so both inequalities
are violated, the latter significantly. The result is easily achievable, since we just want to find a with

2
1-a

2

+— =31.9.
o

This gives us

Ry =.9328, Ry = .0672.
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