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Abstract: We propose precise effective field theory criteria to obtain a four-dimensional
de Sitter space within M-theory. To this effect, starting with the state space described by
the action of metric perturbations, fluxes etc over the supersymmetric Minkowski vacuum in
eleven-dimensions, we discuss the most general low energy effective action in terms of the eleven-
dimensional fields including non-perturbative and non-local terms. Given this, our criteria to
obtain a valid four-dimensional de Sitter solution at far IR involve satisfying the Schwinger-
Dyson equations of the associated path integral, as well as obeying positivity constraints on
the dual IIA string coupling and its time derivative. For excited states, the Schwinger-Dyson
equations imply an effective emergent potential different from the original potential. We show
that while vacuum solutions and arbitrary coherent states fail to satisfy these criteria, a specific
class of excited states called the Glauber-Sudarshan states obey them. Using the resurgent
structure of observables computed using the path integral over the Glauber-Sudarshan states,
four-dimensional de Sitter in the flat slicing can be constructed using a Glauber-Sudarshan
state in M-theory.

Among other novel results, we discuss the smallness of the positive cosmological constant,
including the curious case where the cosmological constant is very slowly varying with time. We
also discuss the resolution of identity with the Glauber-Sudarshan states, generation and the
convergence properties of the non-perturbative and the non-local effects, the problems with the
static patch and other related topics. We analyze briefly the issues related to the compatibility
of the Wilsonian effective action with Borel resummations and discuss how they influence the
effective field theory description in a four-dimensional de Sitter space.
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1 Introduction

An important question in theoretical physics is to understand whether our four dimensional
observable universe can be described using a UV complete description. Over the last few decades
string theory/M-theory has provided penetrating insights into important questions in quantum
gravity. The theory is consistent in ten/eleven dimensions, and we obtain a four dimensional
universe upon compactification. In this light, we can ask whether upon string compactification,
is it possible to obtain a four dimensional universe with a positive cosmological constant or not.

The Gibbons-Maldacena-Nunez no-go theorem [1] has played a guiding light in searching for
such solutions. By circumventing the no-go theorem, various works have provided a seemingly
positive answer to the above question by constructing meta-stable de Sitter like vacua in string
theory which involve lifting from a scale-separated AdS space [2]. However it has been pointed
out that there can be various issues with such meta-stable realization of de Sitter vacua [3–6].

In our work, we attempt to address the topic by focussing on a rather simple question: can
the issues associated with the construction of a vacuum de Sitter solution be circumvented if
we search for a de Sitter excited state instead? Regarding this, a very conservative criterion
would be to reproduce the quantum analogue of the equations of motion such as the Einstein
equations, i.e. the Schwinger-Dyson equations, for the on-shell degrees of freedom describing
four-dimensional de Sitter spacetime.

The goal of our present work is two-fold. The first objective is to lay down precise effective
field theory criteria to obtain four dimensional de Sitter spacetime in type IIB string theory
starting with M-theory, and compactifying over an internal eight-manifold. We lay down our
criteria in terms of the Schwinger-Dyson equations from the associated path integral description.
As we show, the criteria are readily satisfied by a certain class of excited states called Glauber-
Sudarshan states, but not by the vacuum or by arbitrary excited states. The second objective
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is to precisely understand the implications of the observables computed over the Glauber-
Sudarshan states. In order to overcome the Gibbons-Maldacena-Nunez no-go theorem we need
to take non-perturbative contributions to such observables, which requires an analysis of the
resurgent structure of the associated path integral.

A reading guide: For the readers’ convenience, the key results of the paper are summarized
in §1.1 as well as in Table 1. Following that a partial list of new results derived in this paper
is listed in §1.2. The outline of the paper appears in section 1.3 with appropriate links. We
pedagogically discuss the Glauber-Sudarshan state in M-theory in §3.2 and §3.3. The rest of
the work deals with understanding the consequences, building upto the EFT analysis in §7. In
the conclusion section 8.1, we have a slightly non-technical longer discussion in a question and
answer format which summarizes the results from this paper exhaustively without going into
technical details.

1.1 Brief summary of the key results
To pose the effective field theory (EFT) criteria, we work with M-theory on a supersymmetric
background with the topology R2,1 ×M6 × T2

G , where M6 denotes a six-dimensional internal
manifold while G is an orbifold action without a fixed point. Here as conventional, one direction
of T2 denotes the M-theory circle, while a T-duality along the other direction combined with
R2,1 gives a four dimensional universe upon compactification in type IIB theory. Alternatively,
using this setup, we can simply attempt to lift a four-dimensional de Sitter space in type IIB
in the flat slicing to a eleven-dimensional configuration. To systematically do this, we need to
carefully specify the dependence of the eleven-dimensional metric on the dual type IIA string
coupling gs, which is a function of the flat-slicing (conformal) temporal coordinate as does the
volume ofM6.

We write down the most general perturbative action Qpert(Ξ) in (7.22) at far IR using
the set of on-shell fields {Ξ}, where the set goes over the G-flux GABCD and the metric gAB

components with (A,B) ∈ R2,1×M6× T2

G . (We will leave the fermionic degrees of freedom for
later work.) Here Qpert(Ξ) incorporates all possible higher derivative terms corresponding to the
bosonic fields. The coefficients of the higher derivative terms systematically carry information
about the full UV theory in the sense of an exact renormalization group (ERG) approach.

However, from the Gibbons-Maldacena-Nunez theorem, a simple scaling analysis tells us
that accounting solely from perturbative corrections does not allow us to create a de Sitter
solution. Consequently, we must take into account the full action Ŝtot(Ξ), in (7.55) which
incorporates the perturbative series Qpert(Ξ) from (7.22) in the full non-perturbative and non-
local interactions. An example of a non-perturbative contribution is given by wrapping five-
brane instantons on the manifoldM6.

The generic interacting theory on the supersymmetric backgound on R2,1×M6×T2

G provides
us with an interacting vacuum state |Ω⟩. A state in our theory, called the Glauber-Sudarshan
state and denoted by |σ⟩, is obtained by acting with operator insertions over the interacting
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Four-dimensional de Sitter in flat slicing
within the framework of M-theory

Metric ds2 = g
−8/3
s (−dt2 + dx21 + dx22) + g

−2/3
s H2(y)gmn(y)dy

mdyn + g
4/3
s δabdw

adwb,

(M-theory) on R2,1 ×M6 ×
T2

G
(see (7.29))

gs is the Type IIA string coupling.
Compactification to 4d dS: Take gs → 0, and T-duality along x3.

Path Integral Total action Ŝtot (gAB,CABD) includes all possible perturbative terms,
with specific non-perturbative and non-local contributions, as given in (7.55).

Path integral description utilizes the action Ŝtot (gAB,CABD) from (6.33)

with the supersymmetric vacuum |Ω⟩ defined over R2,1 ×M6 ×
T2

G
(see (6.32)).

EFT Criteria 1. Restriction of time dependence of Type IIA string coupling:

on action gs(t)≪ 1, and
∂gs(t)

∂t
∝ gks (k > 0), (see (7.1))

for four-dim dS 2. Satisfying the Schwinger Dyson equation for 11-dim fields:
δŜtot (⟨gAB⟩σ, ⟨CABD⟩σ)

δ⟨gAB⟩σ
=
δŜtot (⟨gAB⟩σ, ⟨CABD⟩σ)

δ⟨CABD⟩σ
= 0, (see (7.25))

Solutions The vacuum |Ω⟩ itself does not satisfy EFT criteria.
Glauber-Sudarshan states satisfy the above EFT criteria, defined as

|σ⟩ = D (σ,gAB,CABD) |Ω⟩
where D(σ,gAB,CABD) is a displacement operator for the GS state given in (3.5).

The metric ⟨gµν⟩σ = ⟨σ|gµν |σ⟩/⟨σ|σ⟩ is given by ds2 = (Λt2)
−8/3

(−dt2 + dx2).

Table 1: An overview of the EFT criteria. Here, in our EFT criteria, for representation
purposes we have only included the bosonic sector.

vacuuum. More precisely, |σ⟩ = Dσ(Ξ) |Ω⟩, where Dσ(Ξ) denotes the displacement operator
with a specific insertions of the on-shell fields from the set {Ξ} as in (3.5).

With all this in place, we now outline the key results related to the first objective, which are
also summarized in Table 1. In order to obtain a consistent four-dimensional description, the
EFT criteria involve satisfying the Schwinger-Dyson equations for the on-shell fields, along with
imposing positivity conditions on Type IIA string coupling gs. The EFT criteria are not satisfied
by the vacuum state or by a generic coherent state. However we show that a very specific class
of excited states labelled by Glauber-Sudarshan (GS) states satisfy the aforementioned criteria.

We now describe some key results obtained within our second objective, i.e. implications
of the Glauber-Sudarshan states. Over a Glauber-Sudarshan state, we show that the series
expansion of perturbative action leads to an asymptotic series with a specific factorial growth.
In literature, this specific form of the asymptotic series is known as the Gevrey series. A
Borel resummation of the Gevrey series leads to a resurgent trans-series from where one could
predict the non-perturbative terms in the effective action. For the Glauber-Sudarshan states,
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the non-perturbative term in Ŝtot(Ξ) can be thus be recovered this way leading us to the final
form as given in (7.55). This allows us to determine the complete non-perturbative, as well as
the non-local, contributions to the Schwinger-Dyson equations as shown in (7.57). The non-
local terms, which appear from integrating out the massless off-shell degrees of freedom are
also shown to take a trans-series form. Lastly, the Borel resummation of the Gevrey series
can be used to understand the smallness of the positive cosmological constant, including the
curious case of a very slowly varying cosmological constant. The latter also leads to a consistent
Glauber-Sudarshan state which we illustrate here in some details.

1.2 What are the new results in this paper?
Apart from the key results discussed above, we now provide a quick glance at the other results
in our work. These are important towards concretely establishing the central results in Table
1 as well as opening up avenues for further research.

• A new form for the displacement operator which is taken here to be complex instead of real.

• Resolution of identity with the Glauber-Sudarshan states.

• The factorial growths of the nodal diagrams and the corresponding amplitudes.

• Possible reasons for the Gevrey growth, and subsequent Borel resummation.

• Generation of non-local quantum terms by integrating out the massless off-shell states.

• Generation of the non-perturbative quantum effects by summing over the instanton saddles.

• Convergence properties of all the quantum terms in the Borel resummed effective action.

• Elucidating the differences between the Glauber-Sudarshan states and the coherent states.

• Reason for the smallness of the positive cosmological constant.

• Constructing a Glauber-Sudarshan state associated to a slowly varying cosmological constant.

• Proof and the derivation of the equations of motion as Schwinger-Dyson equations.

• Computing the emergent potential and satisfying the Effective Field Theory (EFT) criteria.

• The problems and the deceptive dynamics with the usage of the de Sitter static patch.

• Studying the compatibility of the Wilsonian effective action with Borel resummed action.

1.3 Organization of the paper and summary
The paper is organized in the following way. In §2 we analyze the reasons why would a four-
dimensional de Sitter spacetime cannot exist as a vacuum solution in string theory. Our analysis
is in type IIB but the problems are generic. In §2.1 we study this from a M-theory uplift, with
special emphasis on the vacuum EOMs in §2.2 and including the quantum corrections in §2.3.
In §2.4 we discuss how narrowly a de Sitter spacetime misses being a vacuum solution. This
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section partially constitutes a review of the failure of a de Sitter vacua in string theory as a
follow-up to [3], but put in a different light.

Having discussed the failure, our aim in §3 is to realize this as a Glauber-Sudarshan state in
string theory. We start in section 3.1 by pointing out issues in the static patch, where one might
have thought of realizing a de Sitter spacetime, by including the problems and the subtleties
coming from the Wilsonian integrating-out procedure itself. The way out is to realize de Sitter
spacetime as an excited states, and in §3.2 we point out why we couldn’t realize it as a coherent
state, but only as a Glauber-Sudarshan state. In §3.3 we quantify the displacement operator
and using this show how the de Sitter metric appears from a path-integral formulation as an
emergent quantity.

The path-integral formulation has its own set of subtleties which we point out in §4. In §4.1
we argue that the path-integral (3.7) can be rewritten as a binomial expansion, using which we
show in §4.2 how one may determine the nested structure and how one may actually compute
it. The binomial expansion form also helps us to see the factorial growth much more clearly
which we discuss in §4.3. In fact using this we can compute the one-point functions much
more efficiently. The special asymptotic behavior appearing from the path-integral leads to the
so-called Gevrey series on which we can do the Borel resummation. This is detailed in §4.4,
wherein we also discuss the origin of the non-perturbative effects.

The Borel resummation actually leads, for a certain well-defined toy set-up with scalar
degrees of freedom, to an actual determination of the cosmological constant. This and other
details are the subject of §5. In §5.1 we combine the ideas from the binomial expansion and
the Borel resummation to provide a closed form expression for the four-dimensional cosmo-
logical constant in (5.3). This was already argued in [7] to be positive definite, but it wasn’t
clear from there that it could be made small. In §5.2 we discuss procedures how to make the
four-dimensional cosmological constant small. Our procedures include introducing new compu-
tational tools called the Borel Boxes, as well as finding ways to allow for convergent summing
over the Borel Boxes, which we describe in some details in §5.2. The final expression after sum-
ming over a subset of Borel Boxes is given by (5.19), which does show considerable decrease if
we carefully take the degeneracies into account. However the analysis is technically challenging
and is not clear whether the decrease could be as small as 10−120M2

p. We leave a detailed study
on this for an upcoming work [8]. Finally in §5.3 we study the curious case of the cosmological
constant slowly varying with time. In the limit where the variation is very slow, we argue that
this may be easily accommodated in our set-up by constructing a new Glauber-Sudarshan state.
It is possible that this might have some connection to the recent DESI BAO result [10], but we
do not make any detailed elaboration here and leave this for future work.

The path-integral formulation in §4 provides an emergent metric configuration, but doesn’t
provide a detailed connection to other emergent degrees of freedom like fluxes and fermionic
condensates. Such a connection appears from the Schwinger-Dyson equations which may also
be derived from the path-integral. Our aim in §6 is the derivation of the Schwinger-Dyson
equations and study the consequences. These equations are specifically designed to provide
the dynamics of the emergent degrees of freedom, but are in general harder to implement in
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real practice. This improves drastically once we determine the resolution of identity for the
Glauber-Sudarshan states as we show in §6.1. The resolution of identity allows us to rewrite
the Schwinger-Dyson equations in a more efficient way which, in turn, leads us to determine the
exact reason for the failure of the vacuum solution from §2. In addition to that, it provides a way
to incorporate the non-local and the non-perturbative effects much more clearly. We discuss
this in §6.2.2 wherein we show two things: one, how the Borel resummation of the Gevrey series
introduces the non-perturbative effects and two, how by integrating out the massless off-shell
states introduces the non-local effects. For the latter, to get a convergent form, one needs a
more detailed mathematical analysis which we elaborate in §6.2.1. The final convergent forms
for both the non-perturbative and the non-local effects are useful but raises a different question
related to the compatibility of the Wilsonian effective action with Borel resummation. We
discuss this briefly in §6.2, but leave a more detailed study for future work. Finally in §6.3
we show that the Schwinger-Dyson equations lead to two set of equations in the presence of
Faddeev-Popov ghosts and gauge fixing terms. One set of equation, given by the first equation
in (6.46), is somewhat similar to the EOMs that we studied in §2 in the sense that they are
almost the same EOMs except the fields are replaced by their expectation values. However
the second set of equations are new. These set of equations, coming from the second equation
in (6.46) and the two other equations from (6.50), signify the deviations from the vacuum
configuration.

One consequence of our study of path-integrals, Borel resummations and the Schwinger-
Dyson equations is the construction of the two EFT criteria given by (7.1), that we discuss
in §7. Another consequence of our analysis, and especially from the study of the Schwinger-
Dyson equations, is the construction of an emergent potential which is different from the vacuum
potential. We study this in §7.1 and show that, using this emergent potential, the EOMs for the
expectation values of the on-shell degrees of freedom take a simpler form as in (7.12). Moreover,
since the expectation values are never at the minima of the potential − plus the potential being
an emergent one − they are not subjected to the EFT criteria of [6]. The first EFT criterion
of (7.1) then restricts the dynamics to lie within the temporal domain of (2.5), and in §7.2
we argue that this criterion is violated in the static patch leading to non-convergence of the
instanton series. The second criterion of (7.1) is deeply rooted in the quantum series expressed
using (7.22), and is determined from actual computations of wrapped five-brane instantons.
§7.3 is dedicated to the study of these instantonic effects. We specifically take only five-brane
instantons to illustrate this, dedicating §7.3.1 and §7.3.2 to the BBS instanons [11] and §7.3.3
for the KKLT instantons [2]. The study of the BBS instantons in §7.3.1 however reveals the
incompleteness of the non-local interactions that we had derived in §6.2.2, which we rectify in
§7.3.2. Once all corrections are made, the effective low energy action takes the form as in (7.55),
and the corresponding Schwinger-Dyson equations become (7.57). In §7.3.3 we study the KKLT
instantons and discuss the special case of a temporally varying cosmological constant − that
we studied in §5.3 − and show how our Schwinger-Dyson equations may easily accommodate
such a scenario.

We provide our conclusions in §8 where in §8.1 we take the opportunity to give a detailed
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summary of our work in a non-technical question-and-answer format. There is a dual mo-
tive for such a format: not only is our aim to answer questions justifying the validity of the
Glauber-Sudarshan states in providing a positive cosmological constant background, but to
also summarize some of the earlier related works that are sometimes difficult to access due to
their overly technical natures. We dedicate §8.2 in pointing out some of the future directions
and open questions. In Appendix A we list various coordinates patches that one puts to study
four-dimensional de Sitter spacetime.

2 de Sitter space as a vacuum solution in string theory?
To see why we would like to view four-dimensional de Sitter space-time as a coherent state,
or more appropriately as a Glauber-Sudarshan state1, we need to take a step back and start
by asking some basic questions. With this in mind, let us take the following four-dimensional
action:

S =

∫
d4x
√
−g4

[
1

16πGN

(
R4 −

Λ

2

)
+

1

4g2YM

F ∧ ∗F+ ....

]
, (2.1)

whereGN is the four-dimensional Newton’s constant, gYM is the gauge coupling for gauge field F,
Λ is the positive cosmological constant, and the dotted terms denote higher order interactions.

If (2.1) is considered, then there is nothing to show! The theory admits, in four-dimension,
a positive cosmological constant solution which we can identify with the de Sitter space-time.
The issue here is the middle term that is proportional to

√
−g4Λ: string theory or M-theory

does not come equipped with a term like this! The question then is the following: Can we show
that this term comes out from dimensional reduction of a ten or eleven dimensional action? In
other words, can the following action in (say) eleven-dimensions:

S = M9
p

∫
d11x
√
−g11 (R11 +G4 ∧ ∗G4) + M9

p

∫
C3 ∧G4 ∧G4 +M3

p

∫
C3 ∧ X8 + ..., (2.2)

reproduce the action (2.1) by some dimensional reduction to four-dimensions? Here we denote
the three-form flux as C3 with G4 = dC3 + ..., and X8 is a fourth order curvature polynomial.
Note that (2.2) has no scale other than Mp and the size of the internal manifold; and therefore
both GN and g2YM in (2.1) should come only from the two aforementioned scales.

The challenge is to reproduce the four-dimensional cosmological constant term. Clearly
since Λ does not explicitly show up in (2.2), it must appear from the flux and the dotted terms
in (2.2) which we, for our purpose, package them as the energy-momentum tensor TMN. The
condition to get a positive cosmological constant solution is simply the statement that [1]:

Tµµ >
4

5
Tmm, (2.3)

where xµ is the coordinate of four-dimensional space-time and ym is the coordinate of the
internal seven-dimensional compact manifold. If (2.3) is satisfied then we can get a four-
dimensional de Sitter space-time. Unfortunately, as shown in [1], this simple condition cannot

1The distinction between coherent states and Glauber-Sudarshan states will be spelled out in section 3.2.
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be satisfied by any combination of fluxes, branes, anti-branes, and orientifold planes. Somewhat
surprisingly, even perturbative quantum correction (to any order) fails to satisfy (2.3) [1]. Why
is this the case? Where do all the energies from fluxes, branes, planes etc. go, and why do
they fail to give positive energy to the space-time? A more puzzling question is regarding the
perturbative corrections. Why aren’t they effective in lifting the energy of space-time to some
positive value? However even if perturbative corrections were effective, why is the cosmological
constant, which measures the amount of positive energy, so small?

We have already raised too many questions, so in the following we will try to answer at
least a subset of them. The first one, related to the energies of the classical sources like fluxes,
branes and planes, is relatively easy. The answer lies in the strange property of gravity itself: the
back-reactions of the classical sources not only curve the background, but also create negative
potentials. Thus all the positive energies from the classical sources are basically nullified by the
negative potentials created by the back-reactions of them on space-time. This is also the reason
why negative cosmological constant solutions are so ubiquitous in string theory: it doesn’t
require much effort to create an effective negative potential using classical sources.

This means, to create an effective positive energy we require some kind of sources that do
not back-react so strongly on the space-time and yet still provide enough positive energies to
make the net effect positive. Clearly since classical sources cannot do this, the sole burden now
falls on quantum corrections. Herein, and as alluded to earlier, lies a surprise: the perturbative
quantum corrections fail to do this. Why is this the case? Could non-perturbative corrections
save the day? If yes, does this mean that de Sitter space can exist as a vacuum solution in the
presence of non-perturbative corrections?

To start answering the aforementioned questions, let us first quantify some details. Instead
of finding a four-dimensional de Sitter space in M-theory, we will look for such a space-time in
type IIB. One specific ansätze for the metric configuration is the following:

ds2 =
1

H2(y)Λ|t|2
(−dt2 + dx21 + dx22 + dx23) + H2(y)gmn(y)dy

mdyn, (2.4)

which would give us a four-dimensional de Sitter space-time in a flat-slicing with the conformal
time t ranging as −∞ < t < 0 as shown in figure 1; and where H(y) is the warp-factor with
gmn(y) being the metric on the six-dimensional internal space that is generically a non-Kähler
manifold (which may or may not be complex). One could however raise a question on the form
of the metric (2.4) itself: could we even express the background metric in the above form? The
answer is more clear from a M-theory uplift, where we will show that a description like (2.4) is
only valid in a limited temporal domain.

2.1 The M-theory uplift of the IIB background
As mentioned above, somewhat surprisingly such a configuration is dual to M-theory on a
compact eight-manifold2, which is a torus fibered over a six-dimensional base, implying that

2And not a compact seven-manifold!
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we can continue using the action (2.2) [12]. The step to reach M-theory is to first T-dualize
along the spatial x3 direction of (2.4), and then uplift the resulting configuration to eleven-
dimensions. T-dualizing along x3 leads to a time-dependent type IIA coupling gs ≡ H(y)

√
Λ|t|.

The coupling gs
H(y)

remains smaller than 1, i.e. gs
H(y)

< 1, in the interval:

− 1√
Λ

< t < 0, (2.5)

which is surprisingly the trans-Planckian bound advocated in [13]! Thus the de Sitter space-
time is automatically defined within the allowed temporal domain governed by the so-called
TCC (see also figure 1). One might however ask why is this the case. For example, lifting to
M-theory means we are automatically going to strong type IIA coupling, so shouldn’t this be
an issue here?

t = 0

tc = − 1√
Λ

t = constant

t =
−∞

Figure 1: Flat slicing, with a constant Poincare time slice denoted in blue and t being the
conformal time. Here tc denotes the TCC cutoff.

The answer is actually no because of the contributions from the non-perturbative and the
non-local counter-terms. In fact, and as mentioned earlier, it is the non-perturbative and the
non-local quantum terms that are actually responsible in generating the kind of background
we want. (The perturbative terms are just red-herrings in the problem.) Both these quantum
terms go as exp

(
−M2

p

g2s

)
and therefore if we keep gs strong then it will be difficult to allow for

a convergent series of these quantum effects. This means, while M-theory is defined at strong
type IIA coupling, we want to be in the opposite limit, i.e. in the limit when gs

H(y)
< 1. (A more

elaborate analysis of the aforementioned statement has appeared in [14–16] which the readers
may look up for more details.)

Before moving further, let us quickly clarify one question that may arise at this stage: why
go to M-theory? Can we not do the analysis directly in the type IIB set-up? The answer
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is unfortunately no because the type IIB background with the metric (2.4) is actually at the
constant coupling limit of F-theory [17] and therefore the IIB coupling g

(b)
s = 1 where even

S-duality does not help. Going away from this point would switch on time-dependent dilaton
and axion (because of the dynamical seven-branes) making the analysis even harder to track.
(Additionally, we really do not have a well defined Lagrangian description for the type IIB case.)
In fact we will soon see that keeping the internal manifold and the fluxes time-independent will
become problematic. There will also more severe problems associated with the very existence
of the vacuum solution (2.4) itself that we will encounter soon. Such a conclusion will be borne
out from a careful analysis of the system, but for the time-being we shall suffice with the metric
ansätze (2.4).

Assuming this to be the case, we can now lift3 the metric (2.4) to eleven dimensions by
using the type IIA string coupling gs ≡ H(y)

√
Λ|t| in the following way:

ds2 = g−8/3s

(
−dt2 + dx21 + dx22

)
+ g−2/3s H2(y)gmn(y)dy

mdyn + g4/3s δabdw
adwb, (2.6)

where (wa, wb) = (x3, x11) ∈ T2

G with G being an orbifold action without a fixed point; and
(ym, yn) ∈M6 such that the internal eight-manifold is locallyM6 × T2

G . The warp-factor H(y)
is assumed to be smooth over the six-manifoldM6. Question is whether (7.23), or (2.4), solves
the background EOMs?

When we talk of EOMs in supergravity we assume that we are at low energies where
all massive stringy and KK degrees of freedom have been integrated away, and the theory is
completely specified by a small subset of known low energy degrees of freedom. In other words
we want the EOMs of a low energy Wilsonian effective action whose solution is (7.23). Note
that we have made at least two crucial assumptions:

• Existence of a well-defined Wilsonian effective action for the finite set of low energy degrees
of freedom, and

• Existence of a supergravity limit where we can consistently truncate any quantum series to a
finite subset.

2.2 Analysis of the EOMs and consistency conditions
We shall see below that both the above assumptions are problematic, and in particular it looks
unlikely for the second assumption to be true. The reasoning is simple: even if we are at weak
type IIA coupling, the curvature tensors can become very strong in the temporal domain (2.5)
and specifically when we approach late time where gs → 0. There is fortunately a resolution to
the above conundrum of strong curvature [9], but even then the first problem could actually rule
out our whole procedure itself! Unfortunately however these are not the only issues. There are

3The lifting from type IIB involves at least one T-duality, so one needs to take into account all the α′

corrections to the Buscher’s T-duality rules. This is surprisingly tractable as shown in the upcoming work [9],
but we will avoid these subtle nuances here.
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other difficulties that we will face soon when we start writing the EOMs themselves, assuming
of course that it is allowed to do so.

We will then start with a narrow minded approach wherein we will assume that the afore-
mentioned two points are true: namely, there exists a Wilsonian effective action that allows
for a well-defined truncated supergravity limit. Can (7.23), or (2.4), be a solution to such a
system?

To see this we will have to write all possible EOMs allowed by the system from say eleven-
dimensional point of view. This is a formidable exercise, but can be done with some efforts.
We have already proposed a metric ansätze in (7.23) with dominant gs behavior, and we take
the following ansätze for the G-flux components:

GMNPQ(x, y; gs) =
∞∑
k=0

G(k)MNPQ(x, y)

(
gs

H(y)

) 2k
3

, (2.7)

where k ∈ Z
2
, (M,N,P,Q) ∈ R2,1 ×M6 × T2

G , x ∈ R2, y ∈ M6 and t = t(gs) is the conformal
time. Notice that, according to (2.7), k = 0 constitute the time-independent components of
the G-flux, and k > 0 are the sub-dominant contributions that control the temporal behavior
of the G-flux components4. Plugging (7.23) and (2.7) in the EOMs lead to a complicated set of
coupled equations as shown in [14–16] which can nevertheless be combined together to extract
the following consistency condition:

12Λ

∫
d6y
√

g6(y) H
8(y) +

5

8

∫
d6y
√

g6(y) G(3/2)mnab(y)G
(3/2)mnab(y)

+ 2κ2T2 (nb + nb) +
1

2

∫
d6y
√

g6(y) H
4(y)

(
[Ca

a(y)]
(0) + [Cm

m(y)]
(0) − 2H4(y)

[
Ci
i(y)
](0) )

= 0,

(2.8)

where Λ is the four-dimensional cosmological constant, T2 is the tension of the 2-brane and the
anti-2-brane (their number being nb and nb respectively), κ is a constant, H(y) is the smooth
warp-factor appearing in (7.23),

[
CM

M(y)
](k) is the trace of the quantum term5 (see (2.10)), and

the indices are raised or lowered by the unwarped metric components (i.e. the gs independent
parts of the metric components).

The first term in (2.8) is a consequence of the backreactions from fluxes, branes and O-
planes and is positive definite. The second and the third terms, which are also positive-definite,
are from the G-fluxes and from branes and anti-branes (both integer and fractional) respectively,
and the last term is from the quantum effects. Some of the results mentioned above can now
be easily quantified from (2.8).

4The actual ansätze that works for all string theories descending from M-theory is a bit more involved as
discussed in [9]. But for the present exposition, these technicalities are not needed and therefore may be avoided.
Interested readers may look up our upcoming paper [9].

5The notation differs a bit from [14] because we will define the quantum series in a slightly different way to
avoid repeating details from [14].
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• In the absence of quantum terms, there is no solution in the system for Λ > 0. If Λ < 0,
solutions can easily exist. This shows that branes, anti-branes, O-planes and fluxes are simply
red-herrings in the problem, i.e. they cannot give rise to positive Λ.

• The time-independent part of the G-flux, namely G(0)MNPQ, does not enter (2.8). In fact one
can easily argue that the time-independent part of the G-flux components cannot solve the
background EOMs. This issue does not go away if the use static-patch because of other factors
plaguing the physics in a static-patch as we shall discuss later.

• Solution with Λ > 0 would appear to exist only in the presence of quantum terms and in
particular only if the quantum terms satisfy the following inequality:∫

d6y
√

g6(y) H
8(y)

[
Ci
i(y)
](0)

>
1

2

∫
d6y
√

g6(y) H
4(y)

(
[Ca

a(y)]
(0) + [Cm

m(y)]
(0)
)
, (2.9)

where xi ∈ R2, wa ∈ T2

G and ym ∈M6. The condition (2.9), while encouragingly reminiscent of
the bound (2.3) (but now completely in the language of quantum terms), actually creates more
puzzles than resolving them. The first is the issue of hierarchy, which amounts to saying as
to how many quantum terms should we take to justify (2.9); and second is the unclear nature
of (2.9), which amounts to asking whether only perturbative, non-perturbative or non-local
quantum terms, or a combination of all of them, would be required to maintain the inequality
in the temporal domain − 1√

Λ
< t < 0.

The last few points raised above are important and therefore let us clarify them in the
following. From the discussion it is clear that only the quantum terms can possibly allow
a Λ > 0 solution to exist in the system, but this immediately raises the following subtlety in
(2.8): the first three set of terms therein are classical, whereas the last set of terms are quantum.
Thus somehow we are balancing the classical terms with the quantum terms, so we have to
carefully specify what (2.8) entails. The quantum terms QT are typically classified as a series
in gas

Mb
p

perturbatively, or as a series in exp
(
−Mb

p

gas

)
non-perturbatively, so the contributions that

actually enter (2.8) are the traces of the corresponding energy-momentum tensors i.e.

CP
M(y, gs) = gPN(y)

∂QT(y, [gs])

∂gMN(y, gs)
≡
∞∑
k=0

∑
{li},{nj}

[
CP

M(y)
](k,{li},{nj})

(
gs

H(y)

)θ({li},{nj})−āPM+ 2k
3

, (2.10)

where gMN(y, gs) is the warped and gMN(y) is the un-warped (i.e. gs independent part of the)
metric components from (7.23); θ({li}, {nj}) is the quantum scaling to be defined momentarily,
and āPM ∈ Z

3
such that: (

ā00, ā
i
i, ā

m
m, ā

a
a

)
=

(
8

3
,
8

3
,
2

3
, − 4

3

)
, (2.11)

which are clearly related to the gs exponents in (7.23). This is not surprising because the
definition (2.10) involves derivative with respect to the warped metric. Putting everything
together, this means that the only way (2.8) would make sense is if the gs and Mp scalings
of all terms match with each other. The gs and Mp scalings of the classical terms are easy to
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compute using (7.23) and (2.7), so the whole burden now lies in matching them to the gs and Mp

scalings of the quantum pieces. The question now is following. How do we express the quantum
series QT succinctly to accomplish the aforementioned job? In the following sub-section we will
analyze this in some details, but due to the technical nature of the content the readers, who
would like to see the final answers, could skip it on their first reading.

2.3 Analysis of the quantum series and the Exact RG constraints
The quantum series QT that we want to write should be expressed in terms of the on-shell
degrees of freedom so as to appear in the EOMs, and therefore consequently in the constraint
(2.8). This means all the massless off-shell degrees of freedom will have to be integrated out
giving rise to the non-local quantum terms. These are exactly the non-local counter-terms
discussed in details in [14–16]. (For a simpler derivation of this the readers may refer to section
6.2 and our upcoming paper [9].) In fact, when we talk of the on-shell degrees of freedom,
we have inherently assumed that we have some knowledge of the allowed degrees of freedom
(DOFs) in M-theory. Since the UV behavior of M-theory is completely unknown, all we can
say with certainty are the DOFs at the energy scale much below the KK scale µ̂. The various
energy scales are shown in figure 2.

kIR IR cutoff

µ LHC cutoff

µ̂ KK scale

Ms String scale

Mp Planck scale

Figure 2: Energy scales in the problem.

This means, as long as kIR < k < µ << µ̂, where kIR is the IR cut-off, we can confidently
ascertain the DOFs. Such a scenario calls for a Wilsonian effective action (or more appropri-
ately an action constructed from an Exact Renormalization Group procedure), wherein all the
massive, massless off-shell, as well as the KK DOFs have been integrated away, including the
massive, as well as the massless off-shell, DOFs on the branes. To provide a finer reiteration of
the aforementioned claims: our analysis with the quantum series relies on two very important
conditions.

1. Knowledge of the precise set of degrees of freedom in the energy scale k where kIR < k <

µ << µ̂ with µ being the typical energy scale in a scattering experiment and µ̂ being the KK
scale, and
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2. Existence of an Exact Renormalization Group effective action constructed from integrating
out all the massive, as well as the massless off-shell, degrees of freedom.

Once the aforementioned two conditions are satisfied we can easily quantify the quantum series
QT. The Exact Renormalization Group procedure now instructs us to keep all possible powers
of the curvatures and the G-flux components, including all possible derivatives, to construct the
perturbative series. The non-perturbative and the non-local terms may then be constructed
by exponentiating these terms in appropriate ways as shown in [14–16]. Putting everything
together it is not too hard to see that generically there can at most be 60 on-shell curvature
tensors and at most 40 on-shell G-flux components. (The fermionic extension can be easily
inserted in, but we will not do so here. Interested readers may look up [9, 18].) This would
mean that a typical quantum series may be presented succinctly using these on-shell tensors as
the following series:

QT(x, y, w, [gs]) =
∑

{li},{nj}

C{li},{nj}

M
σnl
p

[
g−1

] 3∏
j=0

[∂]nj

60∏
k=1

(
RAkBkCkDk

)lk 100∏
p=61

(
GApBpCpDp

)lp +O
(
exp(−Mσ′

p )
)
, (2.12)

where C{li},{nj} are constants for a given values in the set ({li}, {nj}); (li, nj) ∈ (+Z,+Z);
(n0, n1, n2, n3) are the number of derivatives along temporal, R2,M6 and T2

G respectively; and

σnl ≡
3∑
j=0

nj + 2
60∑
k=1

lk +
100∑
p=61

lp with σ′ being the scaling of a similar series [14–16]. All the

curvature and the flux tensors, including the inverse metric components are expressed in terms
of their warped form, and therefore include the gs factors. The presence of [gs] in QT(x, y, w, [gs])

signifies this, including (x, y, w) ∈ (R2,M6,
T2

G ) dependence generically.
Despite the complicated nature of (2.12) one can, with some effort, work out the precise gs

scalings at any orders in ({li}, {nj}). This have been demonstrated in [14] for simpler cases and
in [15, 16] for more complicated cases. We will not repeat any of the details here − the readers
may look up [14–16] − and only present the form of the gs scalings of (2.12) in the following
way:

QT(x, y, w, [gs]) =
∞∑
k=0

∑
{li},{nj}

C{li},{nj}

Mσnl
p

(
gs

H(y)Ho(x)

)θ({li},{nj})+ 2k
3

+O
(
exp(−Mσ′

p )
)
, (2.13)

where Ho(x) is a new warp-factor that only appears if we demand a dependence on the spatial
coordinate x ∈ R2. The gs scaling of the non-perturbative and the non-local terms, shown
here simply as O

(
exp(−Mσ′

p )
)

is quite non-trivial and has been worked out in [15, 16]. Taking
derivatives of this term with respect to the warped metric components, and then making it
traceless using the unwarped metric components, introduce the factors āPM from (2.11) in (2.10).
The EOM constraint then tells us that at the lowest order, i.e. for k = 0 in (2.13), the following
identification may be done:

θ({li}, {nj})− āMM = ζMM , σnl = σclassical,
[
CM

M(y)
](0) ≡ ∑

{li},{nj}

[
CP

M(y)
](0,{li},{nj})

, (2.14)
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where the repeated indices are not summed over and σclassical is the Mp scaling of the classical
pieces (we are ignoring σ′ to maintain the simplicity of the ensuing analysis). The set ({li}, {nj})
is then the number of integer solutions to θ({li}, {nj})− āMM = ζMM , with ζMM taking the following
values:

ζMM ≡ (ζ00 , ζ
i
i , ζ

m
m , ζ

a
a ) = (−2, − 2, 0, + 2), (2.15)

which reproduces the following two choices for θ({li}m{nj}), namely, θ({li}, {nj}) = 2
3

pertur-
batvely and θ({li}, {nj}) = 8

3
non-perturbatively. One may then combine (2.14) with (2.15) to

see whether they may provide possible ways to realize the consistency conditions in (2.8) and
(2.9).

2.4 An almost possible way of attaining a de Sitter vacuum
The readers who have skipped section 2.3 may note that the identifications (2.14) and (2.15) are
the only results we need to resolve the classical-quantum issue that we raised in the paragraph
above (2.10). The classical terms, which are the Einstein tensors Gµν ≡ Rµν − 1

2
gµνR for

(µ, ν) ∈ R2,1, scale in the following way:(
gs

H(y)Ho(x)

)−2
× 1

Mσclassical
p

, (2.16)

and therefore, from (2.14) and (2.15), we look for θ({li}, {nj}) in the quantum terms that
would scale in exactly the same way. To facilitate the discussion, let us take two case: one,
with time-independent G-fluxes and the other with time-dependent G-fluxes. With the first
case, the gs scalings of various terms entering the EOMs along R2,1 directions are given in the
second column of Table 2. We see that all other ingredients would scale as (2.16) except the
fluxes. Unfortunately however the three set of quantum terms: perturbative, non-perturbative
and the non-local ones, the scaling behavior imply:

θ1 − θ2 =
2

3
, and θ1 − θ2 =

8

3
(2.17)

where with θi, for i = 1, 2, the former denote the gs scalings of the perturbative quantum series
in (2.12) and the latter for the non-perturbative and the non-local quantum series (which we
don’t discuss here. See [15] and [16] for details). The precise values of θi, while can be seen
from [14–16] or easily worked out directly from (2.12), are not important. What is important
is the relative minus sign, which implies an infinite number of solutions with no gs hierarchy.
Due to the subtlety with localized fluxes, the Mp hierarchy is also removed (see [14]), meaning
that to order g−2

s

M
σclassical
p

, there are an infinite number of quantum terms with no apparent gs or
Mp hierarchies, signalling a breakdown of EFT. Similar breakdown happens for both the non-
perturbative and the non-local terms, the latter appearing from integrating out the massless
off-shell states.

This is a serious problem, but what if we try to ignore the quantum terms altogether and
solve the space-time EOMs using only the branes and the anti-branes? From the second column,
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since these states scale exactly as (2.16), it appears that we should be able to make use of this.
Plugging it in the EOMs, the result we get is the following:

Λ = − 1

6V6

T2κ
2(nb + n̄b), (2.18)

where (κ2,T2) are the data related to the branes; V6 is the volume of the six-dimensional base
of the internal eight-manifold; and (nb, n̄b) are the number of the − integer and fractional −
M2 and the M2 branes respectively. The cosmological constant Λ from (2.18) is negative! This
means in the dual type IIB side, we are dealing with the following configuration:

1

Λt2
(
−dt2 + dx21 + dx22 + dx23

) t→iz−−−→
x3→iη

1

|Λ|z2
(
−dη2 + dx21 + dx22 + dz2

)
, (2.19)

which would generically be a non-supersymmetric AdS4 space-time in the Poincare patch.
Including the internal space, we expect the configuration to be of the form AdS4 ×M6, with
V6 giving the volume of M6. Because of this volume factor, it is a scale-separated AdS space.
Unfortunately due to the ill-behaved quantum terms, such a configuration is most likely in the
swampland. (See [19] for more details on the scale-separated AdS spaces using the language of
(2.12).) This means branes or the anti-branes, including the IIB O-planes6, can at best give a
non-supersymmetric AdS4 spacetime but never a de Sitter space.

The story appears to improve rather dramatically once we take time-dependent G-fluxes
and slowly moving branes. (The latter is not important, at least for solving the EOMs, but is
crucial for flux quantizations and anomaly cancellations. We will however avoid these discussion
for the time being.) The gs scalings of various contributing factors are shown in the third column
of Table 2. The crucial change from (2.17) is that θ1 → θ′1 and θ2 → −θ′2, such that:

θ′1 + θ′2 ≡ θ({li}, {nj}) =
2

3
, and θ′1 + θ′2 ≡ θ({li}, {nj}) =

8

3
, (2.20)

for the perturbative and the non-perturbative (as well as the non-local) quantum series respec-
tively; and θ({li}, {nj}) is defined earlier in section 2.3. Unfortunately however the perturbative
solution with θ({li}, {nj}) = 2

3
does not satisfy either (2.8) or (2.9), which amounts to saying

that the perturbative quantum terms, just like the classical terms, are red herrings in the prob-
lem. This however doesn’t mean that the perturbative terms are completely useless. They do
contribute at higher orders in gs, a fact that may be verified by working out the EOMs in the
presence of (2.12). At the lowest order in gs, it is only the non-perturbative and non-local
quantum terms that can save the day. These terms come from the BBS-like instanton effects
[11], which are basically instantonic five-branes wrapped around the six-manifold M6. These
non-perturbative (and non-local) effects are slightly more complicated to compute because of
the temporal behavior of the six-manifoldM6 as seen from (7.23), but they can be done (see de-
tails in [15, 16]). The result precisely gives θ({li}, {nj}) = 8

3
, and plugging the values of (li, nj)

in (2.12) provides us with quantum terms that are quartic in curvature tensors (amongst other
6The information of O-planes is encoded in the geometry of the eight-manifold in M-theory [12].
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higher order mixed terms). The back-reaction of these quartic terms shows that (7.23) solves
the EOMs provided we modify the internal metric g−2/3s gmn(y) ofM6 by adding sub-dominant

contributions as g−2/3s gmn(y) →
∞∑
k=0

g
(k)
mn(y)g

−2/3+2k/3
s with k ∈ Z

2
, which in-turn will make the

internal metric (2.4) in the IIB side time-dependent7. The inclusion of quartic corrections was
anticipated for sometime (see [4]), and here we see why this may be the case. Four further
encouraging results appear simultaneously:

1. The non-locality factors in the non-local quantum terms are integrated away to give rise to
local interactions which contribute to θ({li}, {nj}) = 8

3
, thus behaving very similar to the BBS

instantons.

2. The fermionic terms, coming from the Rarita-Schwinger fermions in M-theory, contribute
only as polynomial powers of the condensates of lower dimensional Dirac fermions thus creating
the anticipated non-perturbative effects.

3. The expression for the four-dimensional cosmological constant changes from being purely
negative in (2.18), to now taking the following form:

Λ =
1

12V6

|T|[NP,NL] − 1

6V6

T2κ
2(nb + n̄b)−

5

384V6

|G|2, (2.21)

where |T|[NP,NL] involve integrals of the traces of the unwarped, i.e. gs independent, non-
perturbative and non-local energy-momentum tensors along the R2,1 directions. |G|2 is also
defined in a similar vein. For both cases, the integrals are carried over the unwarped six-
dimensional base (meaning that they involve the unwarped six-dimensional metric components).

4. The order by order study in gs is important. To the lowest order in gs the expression for
cosmological constant is (2.21). At the next order in gs, new flux components (recall the 2k

3

factor in (2.7)), as well as new quantum terms et cetera appear. They are all balanced against
each other at every order in gs in such a way that the lowest order result, for example (2.21),
does not change.

The last two points confirm what we have been saying all along: the branes, anti-branes, O-
planes and the perturbative quantum corrections are all red-herrings in the problem. Positive
cosmological constant can only come from the non-perturbative and the non-local quantum
terms, and only if they have the requisite gs and Mp hierarchies. However (2.21) is more
delicate: it appears to balance the quantum terms, i.e. the non-perturbative and the non-local
quantum terms, against the classical terms, i.e. the branes, fluxes and the O-planes. This
would have been impossible if the quantum terms were vanishing for small gs. Fortunately,
while the usual instanton like effects go as exp

(
− 1
g2s

)
, thus vanishing for gs → 0, here the

7To keep the four-dimensional Newton’s constant time-independent in type IIB, a simple way would be
to split M6 to M4 × M2 and define the sub-dominant temporal dependence as multiplicative factors, say
for example F1(t) and F2(t) respectively. Making F2

1(t)F2(t) = 1 would keep the four-dimensional Newton’s
constant time-independent. Happily, such a choice also solves the EOMs as demonstrated in [14].
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Contributions to the EOMs ĝs ≡ gs
H(y)Ho(x)

scaling

Gµν =
1

4πGN

6∑
i=1

T[i]
µν Time-independent fluxes Time-dependent fluxes

Gµν ≡ Rµν − 1
2
gµνR

1
ĝ2s

1
ĝ2s

T[1]
µν = T[fluxes]

µν
1
ĝ4s

1
ĝ2s

T[2]
µν = T[M2(i+f)]

µν
1
ĝ2s

1
ĝ2s

T[3]
µν = T[M2(i+f)]

µν
1
ĝ2s

1
ĝ2s

T[4]
µν = T[perturbative]

µν ĝ
θ1−θ2− 8

3
s ĝ

θ′1+θ
′
2−

8
3

s

T[5]
µν = T[non−perturbative]

µν
ĝ
θ1−θ2−

8
3

s

ĝ2s
exp

(
− ĝ

θ1−θ2
s

ĝ2s

)
ĝ
θ′1+θ′2−

8
3

s

ĝ2s
exp

(
− ĝ

θ′1+θ′2
s

ĝ2s

)
T[6]
µν = T[non−local]

µν
ĝ
θ1−θ2−

8
3

s

ĝ2s
exp

(
− ĝ

θ1−θ2
s

ĝ2s

)
ĝ
θ′1+θ′2−

8
3

s

ĝ2s
exp

(
− ĝ

θ′1+θ′2
s

ĝ2s

)

Table 2: The gs scalings of various terms appearing the EOMs along the 2 + 1 space-time
directions. The second column depicts the scalings with time-independent fluxes and the third
column depicts the same with time-dependent fluxes. M2(i+f) denotes both integer and fractional
M2 branes. θi and θ′i, for i = 1, 2, denote the gs scaling for the quantum series (2.12) for the
time-independent and time-dependent fluxes respectively. Details about what these gs scalings
imply are described in the text.

effects go as exp

(
−g

θ′1+θ′2
s

g2s

)
= exp

(
−g2/3s

)
, which do not vanish for gs → 0. This may be

easily confirmed by plugging in the second relation from (2.20) in the non-perturbative and the
non-local results from the third column of Table 2. Interestingly, using the first relation from
(2.20), the instanton like effects would have vanished for small gs, thus confirming once again
that the first relation in (2.20) cannot help in constructing a positive cosmological constant
solution in the type IIB side.

Despite this, the temporal − albeit sub-dominant − dependence of the internal metric in
the type IIB side is a slight matter of concern now. Questions can be raised regarding Bianchi
identities, flux quantizations and anomaly cancellation. However it has been shown in [14–16]
that all the three criteria can be satisfied order-by-order in gs. For example, taking derivatives
of (2.12) with respect to the CMNP fields provide corrections to the EOMs of the three-form
fields in the presence of all order quantum terms. Once we restrict the flux components along
the internal directions and integrate the equations over the eight-manifold, we get the anomaly
cancellation formula to any order in gs. Similarly taking the derivatives of (2.12) with respect
to the dual six-form fields (not field strengths!), provide the Bianchi identities to any order in
gs. Restricting over four-cycles (considered as boundaries of five-cycles), provide the necessary
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flux quantization conditions, again to any order in gs. These have been discussed in [14–16] for
type IIB theory and to some extent in the upcoming work [9] for the SO(32) and the E8 × E8

theories suggesting the possibility of almost attaining a de Sitter vacuum solution. What goes
wrong, or more appropriately, where is the error in the above analysis?

3 Glauber-Sudarshan states and the failure of vacuum so-
lutions

Our above analysis may provide a false hope to the readers that a four-dimensional de Sitter
space-time can exist as a vacuum solution in string theory. Unfortunately this is not the case,
despite all the apparent successes mentioned in the previous section. Where did we go wrong?
The mistake lies in the two assumptions that we made earlier, namely the existence of an Exact
Renormalization Group effective action, and the existence of a supergravity description at the
energy scale kIR < k < µ << µ̂. Let us clarify this by first recalling some, often misunderstood,
facts about supergravity and string theory.

• String theory is not supergravity, not even approximately. When a string is quantized over
a flat time-independent background, the spectrum consists of massless states and a tower of
massive states appearing from the scale Ms and above (as depicted in figure 2).

• Supergravity generically8 provides a Lagrangian description of these massless states and are
represented by some consistent truncation procedure that keeps the marginal and relevant
interactions between these states. Most irrelevant interactions (with respect to the string or
the Planck scale) take us away from the supergravity description.

• The energy scale is very important, as we have no idea how string theory behaves in the far
UV (i.e. at very short distances) and what degrees of freedom control the far UV dynamics,
although it is presumed that the UV behavior is well-defined without any pathologies. The
point is that, no matter what degrees of freedom exist in the far UV, an Exact Renormalization
Group (ERG) procedure will tell us that once we integrate from ΛUV till µ (see figure 2) all
the information of the UV can be encoded in the coefficients of the infinite towers of marginal,
relevant and irrelevant interactions of the massless states!

• Over a curved but still time-independent background, although we do not know how to
quantize a string, it is believed that the supergravity interactions involving the same massless
states continue to provide the dynamics of the theory. Unfortunately the irrelevant interactions
are not well known and are difficult to derive in general. Even going to the energy scale µ̂
that introduces the KK states (see figure 2) becomes hard to deal within the supergravity
approximation. Thus the safest energy scale is the one where kIR < k < µ << µ̂ wherein we
could take all order perturbative interactions involving only the massless states and venture
beyond the supergravity approximation consistently.

8But not always! Type IIB string theory is an example.
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• String perturbation theory is not convergent but is rather asymptotic, which is good because
it tells us how to introduce non-perturbative effects, like D-branes, instantons, world-sheet
instantons et cetera in a natural and consistent way. The original discovery of the D-branes
successfully used this asymptotic behavior to argue for the existence of states whose mass go
as inverse the string coupling instead of inverse square of the string coupling [20]. These states
themselves carry towers of massless and massive degrees of freedom on their world-volumes
and within the energy range kIR < k < µ << µ̂ one could express the complete UV dynamics
from an infinite towers of interactions involving the world-volume massless states following
ERG. This perturbative series is again not convergent but is asymptotic which tells us what
the non-perturbative contributions are in the aforementioned energy range.

• Supersymmetry is also important. The world-sheet GSO projection typically eliminates the
tachyon and preserves certain amount of space-time supersymmetry. However there is a miscon-
ception that breaking supersymmetry, spontaneously or explicitly, always guarantees a positive
energy. This is definitely untrue. For example anti-brane breaks supersymmetry spontaneously,
but does not change the cosmological constant of the theory. Similarly non self-dual four-form
flux in M-theory breaks supersymmetry but keeps the cosmological constant unchanged. In
fact no classical sources can break suspersymmetry and create positive cosmological constant
without violating the no-go theorems [1]. The connection between supersymmetry breaking
and the sign of the cosmological constant is more subtle. For example zero and negative cos-
mological constant spacetimes may or may not be supersymmetric, but a positive cosmological
constant spacetime is always non-supersymmetric9. Our problem here is with the latter: can we
generate a four-dimensional positive cosmological constant, and therefore non-supersymmetric,
space-time as a vacuum solution from string theory? The answer will turn out to be no.

3.1 Why doesn’t de Sitter spacetime exist as a vacuum solution?
Our little discussion above concluded with the claim that four-dimensional de Sitter spacetime
cannot exist as a vacuum solution in string theory. Why is this the case? The reason is that
all of the above facts change when we have a time-dependent background: an example being
four-dimensional de Sitter space-time in the flat-slicing as shown in figure 1. The reasoning is
simple, and can be illustrated directly in four-dimensional QFT. Consider a QFT defined over
a four-dimensional de Sitter background in a flat-slicing. (The slicing will not be important
in the ensuing discussion and we will make this clear soon. Meanwhile we will continue with
the flat-slicing because of its technical simplicity.) From our modern understanding of QFT,
we know that there is no distinction between renormalizable or non-renormalizable theories:
“non-renormalizable” theory simply means that, beyond some scale, the theory would need new
degrees of freedom for it to make sense. An example is Einstein gravity itself. Traditionally it

9As an example taking AdS4 in the Poincare patch and changing the coordinates z → it and t→ iz, where
t is the conformal time, would appear to give a supersymmetric dS4. (This is sometime also termed as a dS
slicing of an AdS space.) However a careful study of the fluxes supporting AdS4 will tell us that the fluxes now
become imaginary, thus ruling out this oft-used trick to generate dS4.

– 20 –



was classified as a “non-renormalizable” theory, but now we know that beyond the string scale,
the theory gets a tower of increasingly massive degrees of freedom which would render all UV
amplitudes finite. Alternatively, a theory at a given scale may be defined by integrating out
exactly those massive degrees of freedom. Once we do that, we should not think of extending
the theory beyond that specific scale. Failing to maintain this would result in all kind of wrong
conclusions and nomenclatures10.

The above conclusion relies on an important fact: our ability to integrate out the UV
degrees of freedom. What if we could not do this? Such a scenario could arise if there is no
well-defined UV description, or if the frequencies of the fluctuations are changing with respect
to time. The former could be ruled out because, despite our ignorance of the UV degrees
of freedom and the UV dynamics, the short-distance behavior in string theory is well-defined
with no pathologies whatsoever as mentioned earlier. This means, the only way a Wilsonian
integrating out procedure would fail if the frequencies are themselves changing with respect
to time. Unfortunately this is exactly what happens when we study fluctuations over a de
Sitter background: the frequencies, and therefore the corresponding energies, are constantly
red-shifted. This immediately implies a failure of the integrating-out procedure because if the
energies of the modes are changing with respect to time, there is no meaning of integrating
out the high energy modes. A common misconception at this point is to view the de Sitter
space-time in a static patch and declare it as a way out of this problem. Unfortunately this
argument doesn’t work. Part of the reason being the highly misleading dynamics in a static
patch. To see this, consider the two scenarios presented in the middle and right of figure 3,
the first one corresponds to the behavior of a mode inside a static patch, and the second one
corresponds to the behavior of the same mode when seen outside the static patch.

The regions inside the black lines in both the figures correspond to the static patch. An
observer inside the static patch would see the UV frequencies (drawn in blue). From UV to
IR, the frequencies would appear to not change with respect to time − using the temporal
coordinate of the flat-slicing − and therefore the observer would attempt to integrate them out
to write an EFT in the IR. However from figure 3 we see that this would be a mistake because
the frequencies do change outside the static patch, so at any given energy scale the frequencies
are actually constantly changing even inside the static patch! Going to other coordinate patches
related to the static patch would fail to alleviate the problem. This and other related issues
fall under the so-called trans-Planckian problems in de Sitter space-time [13].

Our above argument should convince the readers that allowing a de Sitter as a vacuum
solution in string theory spoils the two essential properties that we need to allow for a low
energy description, namely the integrating out mechanism following ERG, and the existence of
a supergravity description. In addition to that, since the fluctuations are related to the zero
modes of the closed string, the quantization of the string becomes a problem and it is not clear

10Despite the simplicity of the above argument, it has unfortunately been constantly misused and mis-
interpreted in the literature. We want to affirm the readers early on that we will always be in the energy
range kIR < k < µ << µ̂ where no massive degrees of freedom will enter and the dynamics will be completely
governed by the massless degrees of freedom, albeit beyond the supergravity description.
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Figure 3: Left: Penrose diagram for a static patch of a four-dimensional de Sitter space-time.
Middle: The region inside the black lines indicate the static patch, where a mode can possess
the same frequency. Right: Similar configuration as the middle where, inside a static patch,
a mode can possess the same frequency, while it changes outside the static patch. The colour
scheme outside the static patch indicates slow red-shifting of the modes as we go from the UV
to the IR. The underlying temporal coordinate used here is the one from the flat-slicing.

how the spectra of the string would look like. This issue would extend to the open string quan-
tization also, leading to the same issue with the world-volume spectra on branes. Non-existence
of supersymmetry is another problem: the bulk zero point energies do not cancel, and therefore
lead to the cosmological constant problem that we barely avoided using supergravity descrip-
tions with time-independent backgrounds. Question is, are there ways out of this conundrum?
In the following we tabulate three possible ways.

1. Discard completely the possibility of de Sitter as a vacuum solution and replace it by
quintessence, or string gas cosmology or other alternatives.

2. Allow the existence of a de Sitter vacuum solution but replace Wilsonian Effective Field
Theories by Open Quantum Field Theories.

3. Discard completely a de Sitter vacuum solution and replace it by an excited state in the
theory over a supersymmetric Minkowski vacuum.

The first one is an interesting alternative. While quintessence has it’s own share of problems
(see for example [21]), string gas cosmology [22] can serve as a viable alternative: it is based on
string theory and there are recent developments connecting it to M(atrix) models [23] which
appear to be very promising. It will be interesting to see how ERG ideas play out in this setting
and how EFTs are constructed. We will have more to say on this a little later.

The second one is more subtle. Open QFTs [24] are traditionally described by isolating
relevant degrees of freedom from an “environment” which allows them to gain or lose energies
to the environment. Since neither energy is conserved, nor an EFT description exists, the
dynamics of the theory typically follow some Markovian process which may be quantified in
certain settings (see for example [25] and references therein). The problem with this picture
appears when we try to use it in string theory: in a UV complete theory, like string theory or
M-theory, there appears to be no clear demarcation between the relevant degrees of freedom and
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the environment, and therefore a concrete realization over a temporally varying background is
equally hard. So far there has not been much progress implementing this idea in string theory,
although some recent works in field theories have shed some interesting light on the de Sitter
problem [26].

This brings us to the third one: realizing a de Sitter space-time as an excited state over
a supersymmetric Minkowski background. Our bet is on this. Three immediate encouraging
results are as follows.

1. Being supersymmetric Minkowski, or more appropriately being a warped supersymmetric
Minkowski with a compact non-Kähler internal space, the zero point energies automatically
cancel, and so does the Dine-Seiberg runaway [27] problem. The latter being due to the stabi-
lized moduli.

2. Being time-independent background, a Wilsonian EFT can be constructed. The fluctuations
over such a vacuum are time-independent and, although our knowledge of the short-distance
physics is negligible, ERG techniques can be implemented leading to a well-defined EFT in the
energy scale kIR < k < µ << µ̂, where µ̂ is quantified by the KK modes from the non-Kähler
internal space.

3. Being an excited state over a supersymmetric Minkowski, the supersymmetry breaking re-
quired for a de Sitter space can be realized spontaneously, meaning that the state breaks su-
persymmetry whereas the vacuum doesn’t. Since the zero point energies continue to cancel,
the positive cosmological constant would come from those quantum corrections responsible for
violating the no-go theorems [1].

3.2 Coherent states versus the Glauber-Sudarshan states
With the aforementioned encouragements, we now ask what kind of excited state over a
Minkowski minimum11 should we look for to reproduce a de Sitter space-time once we take
an expectation value of the metric operator over this state. Since the space-time is almost
“classical”, as a first trial we should look for a quantum state that is closest to classical trajec-
tories12. An immediate answer would be a coherent state which is the closest analog to a classical
trajectory from quantum theory. Coherent states are usually described as displacement oper-
ators acting on free Gaussian vacua, which may alternatively be represented by specific linear
combinations of the number operators associated with the quantization of harmonic oscillators.
These harmonic oscillators clearly arise from quantizing a free field theory over a Minkowski
minima. Once we have multiple minima (with identical values), as shown in figure 4, the
coherent states are not as simple as the one known for a single minimum and are typically
represented in quantum mechanics by the so-called Gazeau-Klauder coherent states [28]:

|σ⟩ ≡ |J, γ⟩ = 1√
N(J)

∑
n≥0

Jn/2
√
ρn

e−iEnγ|n⟩, (3.1)

11By this we mean local minima unless mentioned otherwise.
12Such a line of thought will eventually lead us to a dead-end, but we will push on.
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where En are the eigenvalues of a Hamiltonian H, such that H|n⟩ = ωEn|n⟩, γ ∈ R, 0 ≤ J ∈ R, ρn
is an arbitrary function of n with ρ0 = 1, such that when En = n and ρn = n!, we reproduce
the well-known coherent states for the case with a single minimum. Additionally demanding
⟨σ|σ⟩ = 1 implies that N(J) ≡

∑
n≥0

Jn

ρn
be a convergent series within an appropriate radius of

convergence. Within this radius of convergence if the moment problem allows a positive solution
for the moment, then there exists a resolution of the identity (see [28] for details).

−→

−→

Figure 4: Top diagrams indicate the lowest two states for the quartic potential, i.e. |0⟩S and
|0⟩A, with the true vacuum being the symmetric wavefunction |0⟩S. Bottom diagrams indicate
that for a multi-valley potential the energy levels split into different bands, with the bottom
of the brown energy band being the true vacuum |0⟩S corresponding to the most symmetric
wavefunction.

The coherent states for the multiple minima case, or more appropriately − since they have
the same values − multiple wells’ case, are not necessarily the mimimum uncertainity states
although their temporal evolutions follow quantum approximations to classical motions. As an
example consider the double well case as depicted by the first figure in figure 4, or by a more
elaborate version in figure 5. The symmetric wave-function will have the lowest energy, with
the energy of the anti-symmmetric one being slightly more than the symmetric one. One can
construct a coherent state following (3.1) and its temporal evolution follows the sequence of
graphs plotted in figure 6 of [29]. From the figure one may see the appearance of Schrödinger
cat-like states. For more complicated wells, the system forms energy bands with the lowest
energy states at the bottom of the grey band as depicted in figure 4. Coherent states are
difficult to construct for such cases, although some numerical works have been done.

Few issues prohibit us from using the aforementioned coherent states as representations
of the excited states over a Minkowski vacuum in string theory. First, the coherent state
construction in (3.1) is mostly in quantum mechanics and its extension to quantum field theory is
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Figure 5: Left: excitations over the left potential well in the example a quartic potential.
Right: The symmetric and the antisymmetric wavefunctions corresponding to the true ground
state and first excitation of the double well problem.

non-trivial. Secondly, interacting field theories are an infinite collection of interacting harmonic
oscillators which would make the construction of coherent states pretty hard. One might think
of alleviating the second problem by going to weakly coupled scenarios where typically we would
expect almost decoupled oscillators. Unfortunately, this is exactly what we cannot do. Thus
the three main issues that actually prohibit us from using the standard notion of the coherent
states in the low energy effective field theory description of string or M-theory are as follows.

1. Type IIB theory in which we want to realize a coherent state over a supersymmetric
Minkowski vacuum is at a constant coupling point of F-theory [17]. This means that the
IIB coupling g

(b)
s ≡ 1, with the moduli stabilized at vanishing axio-dilaton. Zero type IIB

coupling would correspond to infinitely negative value of the background dilaton. We would
however like to maintain g(b)s ≡ 1 even for the emergent de Sitter background to avoid dynamical
seven-branes et cetera (the latter also being states in the theory [30]).

2. Once we have a non-trivial coupling, there are no free vacua {|0⟩} and one has to replace them
by an interacting vacuum |Ω⟩. However now we have no idea how to construct the equivalent of
higher states {|n⟩} in the interacting system! In QFT we avoid this delicate problem by using
an iϵ prescription and by computing the correlation functions by tilting the temporal intervals
along the slightly imaginary direction, i.e. using T→ ±∞(1− iϵ) prescription.

3. Coherent states are supposed to mimic classical trajectories or classical configurations. How-
ever de Sitter space-time is not actually a classical configuration as non-perturbative effects
are needed to stabilize it within the temporal domain (2.5). Thus whatever excited states we
construct should have the relevant set of quantum terms somehow embedded in them.

The second and the third problems raised above are fatal: they clearly tell us that we cannot
use the standard notion of coherent state from say (3.1). What can we use, now that we only
have the interacting vacuum |Ω⟩ to our disposal? Our proposal is to use the Glauber-Sudarshan
state − named after [31] − which is constructed by displacing the interacting vacuum in the
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following way [14–16]:

|σ⟩ = D(σ)|Ω⟩ ∝ D(σ) lim
T→∞(1−iϵ)

exp (−iHT) |0⟩min, (3.2)

where D(σ) is the displacement operator that is not unitary; |0⟩min is the free vacuum associated
to any chosen Minkowski minimum13; and H is the total Hamiltonian that contains the full
non-perturbative and non-local contributions. The latter will be described in details in section
4.2. By construction it is not a coherent state per se, but mimics somewhat the construction
of a coherent state for a single well which is a displacement of the free vacuum. (As an
example, a coherent state |σ⟩c can be described as |σ⟩c = Dc(σ)|0⟩min, where Dc(σ) is the
displacement operator, or more appropriately as in (3.1).) However the definition (3.2) remains
unchanged even if we have multiple minima: the first equality in (3.2) is universal, whereas the
second equality depends on which Minkowski minimum we choose. As an example consider the
two potentials depicted in figure 6. The Glauber-Sudarshan state is the displacement of the
interacting vacua associated with the minimum energy state for the full interacting potential.
For computational purpose we could, using (3.2), describe it as localized around a Minkowski
minimum in each of the two configurations respectively by choosing |0⟩min appropriately. For
the potential on the left of figure 6 the states could be localized around any one of the two
minima. For the potential on the right of figure 6, the second minima associated with the
positive potential should be removed by quantum corrections in the theory, and therefore only
the Minkowski (and AdS) minima remain. Glauber-Sudarshan states are then defined, using
(3.2), over the Minkowski − and not the AdS − minima. Such states clearly answer all the
objections raised above.

1. By construction (3.2) is not classical as |Ω⟩ is far from classical. Because of this non-classical
nature, |σ⟩ somehow contains all order quantum corrections which are in fact necessary to
overcome the no-go theorems.

2. Since the Glauber-Sudarshan states can be localized around the Minkowski minimum of the
potential, but are not related to free vacuum associated with the potential, they cannot be
generated by simple Bogoliubov transformations. The corresponding EOMs satisfied by these
states will consequently be more involved, albeit tractable quantitatively.

13To see the second equality, express |0⟩min in terms of the linear combination of the eigenstates of the total
Hamiltonian H, in the following way:

|0⟩min = co|Ω⟩+
∞∑
n=1

cn|n⟩,

where co = ⟨Ω|0⟩min. Acting with e−iHT on |0⟩min, with the assumption that there is an energy gap between
the interacting vacuum |Ω⟩ and the higher states |n⟩, and then taking the limit of T→∞(1− iϵ), decouples all
the higher states |n⟩ and gives us:

|Ω⟩ = lim
T→∞(1−iϵ)

e−iHT|0⟩min

⟨Ω|0⟩min
,

implying that the proportionality constant in (3.2) is e−iEoT

⟨Ω|0⟩min
. Plugging the second equality in the definition of

⟨φ⟩σ = ⟨σ|φ|σ⟩
⟨σ|σ⟩ then restricts the path integral over the Minkowski minimum.
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3. The definition of the Glauber-Sudarshan state is universal and works for all types of po-
tentials irrespective of their natures. All we need are the interacting vacua expressed using
the Minkowski minima (as in (3.2)) for each cases, and by appropriately displacing them we
can construct the required states. Even if the potential has, in addition, a lowest energy AdS
minimum (or a set of AdS minima), the Glauber-Sudarshan states are still constructed only
over the Minkowski minimum14.

Figure 6: Left: Out of the two wave-functions for the double-well potential the symmetric
one (drawn in red) represents the lowest energy state |0⟩. The Glauber-Sudarshan state will be
related to the interacting vacuum for the full potential and not the lowest energy state |0⟩, i.e.
|0⟩ → |Ω⟩. However using (3.2) we could express it around any one of the (Minkowski) minima
in the full double well potential. Right: For more general potential with unequal minima, the
Glauber-Sudarshan state will again be related to the interacting vacuum |Ω⟩ associated with the
full potential. Again for computational purpose using (3.2) one could use the localized wave-
function near the lowest energy, i.e. the Minkowski minimum, to realize the state. However the
second minimum, associated with positive energy, should be removed by quantum corrections so
that only the Minkowski minimum survives with no potential conflict with EFT considerations.

The above arguments suggest that the Glauber-Sudarshan states, and not the coherent states,
are responsible in creating a four-dimension de Sitter space-time with positive cosmological
constant (see also [32]). However one could raise the following questions. How do we quantify
the displacement operator D(σ), and especially the value of σ? How do the EOMs show up in

14This raises two questions. One, what if the potential only has AdS minima? And two, how far the AdS
minima should be from the Minkowski minima in a given potential? The answer to the first question, albeit an
unlikely scenario in string theory, is that for such cases construction of the Glauber-Sudarshan states would be
difficult. These states are not constructed over the AdS minimum as the boundary condition would not match.
One possibility from our earlier discussion would be that the quantum corrections uplift some of the AdS minima
to Minkowski minima (and nothing beyond that to avoid the aforementioned EFT issues!). Glauber-Sudarshan
states may then be constructed over any one of such Minkowski vacuum using (3.2). However if the potential also
has Minkowski minima this uplift might be harder because the Minkowski minima cannot be uplifted further.
For the second question, we expect the AdS minima to be far away in the field space, or be separated by a large
potential wall, from the Minkowski minima to reduce the tunnelling effects.
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this new viewpoint? How is the positive energy realized, or how are the no-go theorems avoided
using the Glauber-Sudarshan states? How are the other constraints like anomaly cancellation,
flux quantizations et cetera in M-theory are taken care of now? How do these states satisfy the
Effective Field Theory criteria? In the following sections we will answer most of these questions
but leave the details of the EFT criteria, and how these states satisfy them, for section 7.

3.3 Quantifying the displacement operator and the emergent metric
Our first attempt would be to quantify the displacement operator D(σ). For the standard
coherent state, the displacement operator is unitary and may be expressed by exponentiating the
creation operator a†k associated with the momentum k (typically in 3 + 1 dimensions, although
this definition could be extended to higher dimensions). Going beyond the single minumum
to the multiple minima case, the coherent state takes the form (3.1), which may not have a
simple representation using a displacement operator. Additionally, and as emphasized earlier,
the low energy effective field theory in type IIB theory is at order 1 coupling, so clearly the
theory is interacting. For such a case, as mentioned earlier, we talk about Glauber-Sudarshan
state (3.2) (instead of the coherent state) where the displacement operator isn’t necessarily
unitary, nor it may be represented by exponentiating a creation operator because defining a
creation operator itself is complicated in an interacting theory. Nevertheless one could define an
effective annihilation operator aeff(k), constructed from mixing the creation and the annihilation
operators for all k as described in [15], that would annihilate these states:

aeff(k)|σ(k)⟩ = 0, (3.3)

where |σ(k)⟩ is the Glauber-Sudarshan state for a given mode k over the supersymmetric
Minkowski background. Unfortunately this definition is not very illuminating, partly because
of the non c-number nature of the commutator of aeff(k) and a†eff(k), and partly because of the
absence of a simple description of D(σ), where σ = {σ(k)} ∀ k, in terms of aeff(k) and a†eff(k).
How do we then quantify D(σ)?

The answer actually appears from a slightly different consideration. To see this let us
restrict ourselves to only a set of scalar fields φ1, φ2, φ3 and φ4 which form the representative
samples of the spacetime metric in R2,1, the internal metric in M4 × M2 × T2

G , the three-
form flux components and the fermionic condensates respectively. Such a choice has a hidden
agenda: we can avoid inserting ghosts in the effective action, although we will show a way to
insert them in the generic case. One might however get worried about representing tensor and
scalar components by purely scalar fields φi. Notwithstanding the fact that this is just a toy
model, in string field theory we do use something like a scalar field Φ to represent the level of
the string field (see for example the recent work [33]). We are not using string field theory, so
the choice of scalar fields should be viewed as an exercise in simplicity15. The quantity σ, that

15Our work, as discussed in [7, 8] has other parallels to string field theory, but we will not dwell on this aspect
here anymore.
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enters in the definition of the displacement operator D(σ), then may be quantified as:

σ = {σi} = (α1µν , α2mn, βABC, γ) → (α1, α2, β, γ) , (3.4)

where (µ, ν) ∈ R2,1, (m,n) ∈ M4 ×M2 × T2

G , (A,B) ∈ R2,1 ×M4 ×M2 × T2

G with γ related
to the condensate Ψ

A
ΨA. Since we are taking scalar degrees of freedom, the tensor indices are

not important and therefore σi may be related directly to (α1, α2, β, γ) as shown on the right
of (3.4). A possible choice of the displacement operator then takes the following form:

log D(σ) =
∫ µ

kIR

4∏
j=1

d11kj
∑

{ni},{mi},{pi}

zn1m1p1...n4m4p4

4∏
i=1

k2ni
i σ

(mi,pi)
i (ki)φ̃

∗mi
i (ki), (3.5)

which is expressed completely in the language of the Fourier components of the fields, and
zn1m1p1...n4m4p4 are dimensionful16 constants with ni ≥ 0,mi ≥ 1, pi ≥ 1. The eleven-dimension
integral is henceforth done over the Minkowski spacetime, unless mentioned otherwise, with a
metric (ηµν , δmn, δab) for (µ, ν) ∈ R2,1, (m,n) ∈ M6, (a, b) ∈ T2

G . The form of the displacement
operator (3.5) differs from the one we considered in [7] in the sense that it is complex and more
elaborate, although one could make it even more generic by viewing φ̃mi (ki) to be the first term
in the binomial expansion of φmi (x, y) in Fourier modes. However no matter how generic the
displacement operator is, it is clear that we need to impose the following constraints on the
zn1m1p1...n4m4p4 coefficients:

zn12p10..0 = z0..n22p20..0 = z0..n32p3000 = z0..n41p4 = 0, (3.6)

to avoid generating massive states in the theory17. The other quantity defined in (3.5) is σ(mi,pi)
i

such that σ(1,1)
i (ki) ≡ σi(ki). Without loss of generality we can keep z0110..0 = z0000110..0 = .. =

1
2
. Note that for mi > 2, (3.5) introduces polynomial interactions in the theory whereas

for (m1,m2,m3,m4) taking values (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0) and (0, 0, 0, 1), (3.5) simply
shifts the kinetic terms once we insert D(σ) inside a path-integral. To see how this works out
precisely, let us consider an example where we want to compute the expectation value of φ1

over the Glauber-Sudarshan state |σ⟩ in the following way:

⟨φ̂1⟩σ ≡
⟨σ|φ̂1|σ⟩
⟨σ|σ⟩

=

∫ 4∏
i=1

Dφi e−Stot φ1(x, y) D†(σ)D(σ)∫ 4∏
i=1

Dφi e−Stot D†(σ)D(σ)
, (3.7)

where φ̂1 is the operator associated to the field φ1, and Stot is the total action that involves
the kinetic terms of the four fields as well as their all-order perturbative interactions. Other

16All quantities are measured with respect to Mp, although we could also choose the KK scale µ̂. For the
latter there would be additional suppression factors proportional to powers of µ̂

Mp
. See [7] for more details.

17There could be potential ghosts for ni > 0 and mi = 2, ∀pi ≥ 1, which will require more careful analysis.
The constraint (3.6) eliminates them here, but generically ghosts could in principle appear once we take the
actual tensors into account. We will discuss this later.
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possible ingredients in Stot, as well as the reason for choosing only the perturbative interactions,
will be elaborated soon18. Note that the integrations are done over the “on-shell” degrees of
freedom, which means that we have given small masses to the “off-shell” degrees of freedom
to avoid generating non-local interactions. As such they do not appear in the energy range
kIR < k < µ. A more careful analysis will be presented in section 4.2, wherein we will analyze
the consequence of the non-local interactions. Coming back, the form of D(σ) in (3.5) implies
that it is complex, but D†(σ) ̸= D−1(σ), and therefore inserting this in the path integral (3.7)
and imposing (3.6), gives us the following three results.

1. The kinetic terms of the scalar fields, namely k2i |φ̃i(ki)|2, shift by the σi(ki) factors from the
mi = pi = 1, ni = 0 terms of (3.5) in the following way:

k2i |φ̃i(ki)|2 → k2i

∣∣∣φ̃i(ki)− σi(ki)

k2i

∣∣∣2, (3.8)

which is exactly what we require to keep the one-point functions in (3.7) non-zero. This is then
the meaning of the displacement in the displacement operator D(σ). For mi = 1 but pi > 1 and
ni > 0, there will be additional contribution to (3.8) which may be related to the α′ corrections
to the T-duality rules that we alluded to in footnote 3 (see the upcoming paper [9] for more
details on this).

2. The displacement operator presented in (3.5) is complex, which implies that the any other
Glauber-Sudarshan state |σ′⟩ is not orthogonal19 to |σ⟩, i.e. ⟨σ′|σ⟩ is non-zero even for large
difference between σ′ and σ. Because of this the resolution of identity is harder to find here.
Nevertheless let us define the following operator:

O =
∑
σ,σ∗

⊗
k

|σ(k)⟩⟨σ(k)|∏
k

⟨σ(k)|σ(k)⟩
, (3.9)

where the operation
⊗
k

collects all the kets with different momenta on one side and the bras,

again with different momenta, on the other side without contractions; and
∏
k

is the usual

product over k. For any arbitrary state |σ′⟩, one can see that O|σ′⟩ ∝ |σ′⟩, because when
Re σ ̸= Re σ′, the exponential factors in D(σ) make sure that the corresponding path-integral
is suppressed by:

exp

(
−|σ(k)− σ

′(k)|2

4k2
+
|σ(k) + σ′(k)|2

4k2
− |σ(k)|

2

k2
+
σ∗(k)σ′(k)− σ(k)σ′∗(k)

2k2

)
, (3.10)

where for both Re σ(k) > Re σ′(k) and Re σ(k) < Re σ′(k) this becomes arbitrarily small
provided Im σ > Im σ′; and for σ(k) = σ′(k) this becomes identity20. Thus it is the closest

18The iϵ prescription appears in the usual way from the path integral (3.7) over the Minkowski background.
19Unfortunately even for a real choice of D(σ), as in [7], orthogonality cannot be guaranteed.
20Alternatively one could think of transforming σ(k)→ −σ(k) ≡ σ̂(k), Then ∀ Re σ′(k) > 0 and Re σ′(k) ̸=

Re σ̂(k) orthogonality can be ensured. Unfortunately, when σ′(k) = +σ̂(k), (3.10) is non-zero but not an
identity anymore.
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we can come to decoupling these states despite the absence of a clear notion of orthogonality.
Therefore O does almost behave like an identity operator for all practical purposes. (We will
provide a better construction in section 6.1 where we will see that we need to add another
operator to (3.9) to convert it into an identity.)

3. The remaining terms in the displacement operator (3.5) for mi ≥ 3 only changes the coeffi-
cients of the interaction terms in the total action Stot ≡ Skin+Sint. If we denote the interaction
term Sint as a function of the four fields φi and the coefficients {gl} of the irrelevant perturbative
interactions, then in the presence of (3.5), we expect:

Sint(φ1, .., φ4; {gl}) → Sint(φ1, .., φ4; {gl}+ {z}), (3.11)

where {z} denotes the set of the coefficients zn1m1...m4p4 , ∀(ni,mi, pi). Thus in the presence of
(3.5), the action that appears in the path-integral (3.7) could become slightly different from
the expected Wilsonian effective action, or more appropriately, the action after the ERG oper-
ation. Note that we have only considered perturbative pieces in both Sint and the displacement
operator D(σ) from (3.5). An alternative choice of the displacement operator that shifts φi in
the interaction term Sint as:

Sint(φ1, ..., φ4; {gl}) → Sint(φ1 − σ1, ..., φ4 − σ4; {gl}), (3.12)

i.e. not as in (3.11) but as global change like (3.8), does not help because taking an expectation
value (3.7) only gives the tree-level result that reduces σi to 0. This is a self-consistency test
otherwise the result would have been in tension with the no-go theorems [1].

With the above inputs we are ready to interpret (3.7) as a way to extract the form of the
background using path-integrals. The background data, like metric and flux components as
well as the fermionic condensates, may now be viewed as expectation values or as emergent
quantities. As an example, the space-time metric (albeit from M-theory point of view) now
takes the form:

⟨ĝµν⟩σ ≡
⟨σ|ĝµν |σ⟩
⟨σ|σ⟩

=

∫
{DgAB}{DCABD}{DΨA}{DΨA} e−Stot D†(σ)gµν(x, y)D(σ)∫
{DgAB}{DCABD}{DΨA}{DΨA} e−Stot D†(σ)D(σ)

, (3.13)

where D(σ) now differs from (3.5) by the replacement of the scalar fields with the tensor fields
related to metric and flux components and with the fermionic condensates (the latter is to
avoid Grassmanian integrals). The total action is also different because now it involves, in
addition to Skin and Sint, the topological interactions Stop, gauge fixing terms Sgf , as well as
ghost interactions Sghost. Two immediate questions arise:

1. What equations of motion do the expectation values satisfy? Can they be derived in the
generic set-up?

2. Is it possible to compute explicitly the path-integrals in say (3.7) or (3.13) even if we don’t
know the exact coefficients of the irrelevant operators?
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In the following sections we will argue that both the above questions can be answered satis-
factorily at least in the toy model with scalar fields. With tensors and fermions, complications
as well as subtleties arise due to the formidable nature of Stot from the presence of ghosts and
gauge-fixing terms. In this paper we will spare the readers, as well as ourselves, from these
challenges and only consider the theory with four scalar fields. This is because, once we know
how to tackle the path integral in (3.7), the generic case (3.13) will not be very hard. There-
fore, in the following, we will start by answering the second question first and then derive the
corresponding EOMs in section 6.

4 Path integral, factorial growth and Borel resumming a
Gevrey series

The path integral in (3.7) basically computes the one-point function of the scalar field φ1. In
the absence of the displacement operator D(σ) from (3.5), one point functions would typically
vanish, and the only non-zero answer from (3.7) would be the background value (which is
the warped Minkowski background here). Thus to get a non-zero answer we need (3.8), but
also the full perturbative interactions Sint. Why is that, and what about the non-perturbative
interactions? These and other questions will be discussed in this section, and in particular we
will be able to quantify precisely how the path-integral computation leads to a Gevrey growth.
Previously such a claim was presented without a formal proof in [7]. Here we will fill in the
gaps. In the process we will also show that the path integral computation follows a simple
binomial expansion.

4.1 Organizing the path integral (3.7) using binomial expansions
Let us start with the perturbative interactions. The presence of these interactions is easy to see:
it appears directly from the presence of the interacting vacua |Ω⟩ in the definition of the Glauber-
Sudarshan state (3.2). The shift in (3.8) appears from the non-unitary nature of the displace-
ment operator when we define D(σ)D†(σ), or more appropriately D(σ, φi(x, y))D†(σ, φi(x, y)),
at a coincident point. Clearly this is very different from what we would have expected using
coherent states, and therefore this gives yet another motivation to use the Glauber-Sudarshan
states instead of the coherent states21. Using the Glauber-Sudarshan states, somewhat surpris-
ingly, the non-perturbative effects are not that hard to see because they depend on factorial
growths of the amplitudes at a given order. The factorial growths are of the Gevrey kind
[7, 34–38], so what we want here is to Borel resum a Gevrey series. The net result of such a

21One could however ask the following question: what would happen if we take a unitary D(σ, φi) but define
the product D(σ, φi(x1, y1))D†(σ, φi(x2, y2)) at two different points? The answer could be provided in multiple
ways, but the simplest one is as follows. Because of the presence of a free vacuum in the definition of the
displacement operator for a coherent state, the path integral structure, if any, will unfortunately only have the
tree-level pieces but no interaction terms. This will clash with the no-go theorems [1], plus when we make
x1 → x2, the system will have no solution other than the Minkowski one.
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summation is the appearance of a condensed form for the expression of ⟨φi⟩σ. From here the
non-perturbative effects could be discerned.

The aforementioned story is non-trivial, so we need to carefully address the path integral
in (3.7). Fortunately this has already been done in great details in [7], so we will present and
elaborate on some salient features that were not discussed in [7]. One of the key question is
of course the reason behind the Gevrey growth, and how to perform the Borel resummation
of a Gevrey series. To answer this, we need to address an even more basic question: how to
compute the path integral in (3.7) efficiently?

Before starting the path integral computation we should note that, because of the shift in
the kinetic term from (3.8), one-point functions would be non-zero and therefore this cannot
be the usual analysis that we perform for the Feynman path integral. Two key differences are:

1. The path integral in (3.7) can be represented by the so-called nodal diagrams that form a
bigger class of diagrams than the Feynman diagrams.

2. Feynman diagrams require the presence of complex fields otherwise certain non-trivial (and
necessary) cancellations cannot be performed. Nodal diagrams work for both real and complex
fields. With the latter, certain restrictions appear, but they do not alter much of the physics.

Both the above points have been described in [7], which the readers may look up for details.
Here we want to emphasize the fact that the easiest way to do the path integral in (3.7) is
to break up the momenta from kIR < k < µ into small and equal pieces so as to convert any
integrals into summation via the standard formula:∫ b

a

dx f(x) = lim
N→∞

b− a
N

N∑
j=0

f

(
a+ j

(
b− a
N

))
. (4.1)

Since our integrals will be over eleven-dimensional momenta, that factor of b−a
N

may be converted
to the inverse volume, i.e. 1

V
, of the eleven-dimensional space. This is related to the IR cut-off

kIR that we continue to impose here. With all these in places, the path integral structure in
(3.7) may be represented by eq. (3.4) in [7]. The path integral has the following structural
breakdown.

1. The measures of all the fields in terms of their real and complex Fourier components. In [7]
we took only three scalar fields, but here we take four.

2. The displacement operator D†(σ)D(σ). In [7] we took a real displacement operator. Here we
take a complex one (3.5) although D†(σ)D(σ) doesn’t change from what we had in [7].

3. The kinetic terms of all the fields written in terms of their Fourier components. In [7] we
took a Lorentzian formalism, here we take an Euclidean approach.

4. The interactions terms in terms of powers and derivatives of the four fields. Here we take
one specific set of interactions, and we will discuss the generic case a bit later.
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5. Momentum conservation directly imposed on the Fourier components of the fields. As in [7],
we can impose momentum conservation on one Fourier component of the φ4 field.

The important parts in the above breakdown of the path integral structure are in points 2, 3
and 4. Combining 2 and 3, gives us (3.8), which is what we term as the shift in the vacua. This
shift, as mentioned earlier, is one of the important aspects of our construction as it keeps the
one-point functions non-zero. Point 3 is the interaction term, which may be given the following
binomial expansion:

∂nφp1(x, y) → Zφ1 ≡
1

Vpp!

( p∑
i=1

k′i

)n ⊙
k′i→ki

(
φ̃1(k1) + φ̃1(k2) + φ̃1(k3) + .....+ φ̃1(kNµ)

)p
, (4.2)

with n > 0 because we chose to integrate out the off-shell degrees of freedom by giving them
a small mass (see discussion after (3.7)). The operation

⊙
k′i→ki

chooses the appropriate set of

(i.e. p number of) k′i momenta that would tally with the p product of the Fourier components;
and Nµ is the number of division of the momenta k between kIR ≡ k1 and µ << µ̂. This is
most clearly presented as products of the Fourier components, as we did in eq. (3.4) of [7], but
the binomial form is easier to handle. The most dominant terms in the binomial expansion
go as products of p number of Fourier components with all momenta unequal. They all scale
as p!, which are cancelled by the 1

p!
factor in (4.2). If we denote the dominant contribution as

A(ki, ki+1, .., ki+p) via an ordered set of p momenta, then (4.2) may be rewritten as:

VpZφ1 = A(k1, k2, .., kp)
( p∑
i=1

ki

)n
+A(kp+1, kp+2, .., k2p)

( 2p∑
i=p+1

ki

)n
+ .....

+
1

(p− 1)!
A(k′′1 , k′′1 , .., k′′1 , k′′2) ((p− 1)k′′1 + k′′2)

n
+

1

p!
A(k′1, k′1, .., k′1) (pk′1)

n
,

(4.3)

where we see that the sub-dominant contributions are being suppressed by (p−n)! with n being
the order of the binomial expansion. The total number of terms would depend on Nµ, i.e. on
how many finer pieces are we dividing the momenta kIR < k < µ. For the present case it should
be Np

µ, and clearly Nµ >> 1. This means that the number of interaction terms from the φ1

sector may be simply be arranged as the following series:

Zφ1 =
1

Vp

(
A1 +A2 +A3 +A4 + .....+ANp

µ−1 +ANp
µ

)
, (4.4)

where A1 = A(k1, .., kp)(k1 + .. + kp)
n = φ̃1(k1)..φ̃1(kp)(k1 + .. + kp)

n, and so on in the same
order as in (4.3). The above is of course only the φ1 sector as mentioned, so we will have similar
binomial series for φ2, φ3 and φ4. However momentum conservation will put some restrictions in
the φ4 sector22 because (a) not all terms of the Fourier components for φ4 are independent, and
(b) the total momentum expansion for the φ4 sector would now simply be a linear combination

22The analysis is independent of how we assign the momentum conservation rule, as is shown in [7] and [8].
This is also quite easy to see from our above analysis, so will leave it for our diligent readers as an exercise.
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of the momenta for the other three sectors. These subtleties need to be carefully taken care of,
which we did in [7], but here we will not discuss this further. Instead, we just rearrange the
path integral in (3.7), using the aforementioned information, in the following suggestive way:

Num ⟨φ̂1⟩σ =

∫ 4∏
i=1

[Dφ̃i] e−Skin+log[D†(σ)D(σ)]
(
1 + gZφ1Zφ2Zφ3Ẑφ4 + .....

)
· 1
V

Nµ∑
j=1

φ̃1(k̂j)ψk̂j(z)

(4.5)
where Num denotes the numerator of the path integral (3.7), the over-bracket denotes the
contraction of the φ̃1(k̂j) field with one of the field in Zφ1 , and ψk̂j(z) for z ≡ (x, y) denotes
the wave-function over the Minkowski background. The momentum conservation condition is
imposed on the φ4 field components and it is reflected by Ẑφ4 in (4.5). D(σ) is the displacement
operator from (3.5), g is the coupling constant expressed in inverse powers of Mp, and the dotted
terms are the higher order interactions. Two questions arise:

1. Can we compute the over-bracket contraction explicitly?

2. Can we go to all orders in the perturbative expansion and compute the over-bracket con-
traction explicitly?

The answer to both the questions are in the affirmative, but we will have to develop the story
a little bit more before we can get to the final answer. This is what we turn to next.

4.2 Computing the path integral (3.7) and nested integrals
The numerator of the path integral (3.7) is as shown in (4.5), and the denominator will be
similar but without the source term. The shift in the vacuum is denoted by the log

[
D†(σ)D(σ)

]
term, and this results to at least (3.8), but could in-principle also shift the coupling constant g
(see earlier discussion). The computation of the over-bracket contraction is quite a challenging
exercise, as evident from the diagramatic study in [7], so we will not pursue this here. Instead
we will give a toy computation to motivate the actual analysis. Let us then start with the
following interacting part of the path integral:

Wϕ =
1

p!Vp

∫
dϕ1dϕ2dϕ3....e

−b1
(
ϕ1− β1

b1

)2

e
−b2

(
ϕ2− β2

b2

)2

e
−b3

(
ϕ3− β3

b3

)2

...(k′′1+k
′′
2+..+k

′′
p )
n
⊙
k′′→k′

(ϕ1′ + ϕ2′ + ....)
p
,

(4.6)

where ϕi = ϕ(ki), ϕi′ = ϕ(k′i), bi = b(ki), βi = β(ki) and the operation
⊙

k′′i→k′i

, as in (4.2), chooses

the appropriate set (i.e. p number) of k′′i momenta that would tally with the p product of the
field components ϕ(k′i). In the end all set of momenta, ki, k′i and k′′i , needs to be matched
properly to extract the value of the path integral. For example if we consider p − 1 fields to
have the same momenta and one field with a different moments, we are looking at the following
interaction in the path integral (4.6):

1

(p− 1)!Vp
ϕp−1i′ ϕj′′

(
(p− 1)k′i + k′′j

)n
, (4.7)
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for all values of i and j. Looking at (4.7) one might get worried about a term linear in ϕ, but
due to the shifted vacua in (4.6), such a term is non-zero. A simple way to then perform the
path integral is to first fix a value of i, and then sum over all values of j. After which we repeat
the process with a different value of i, and then sum over all the corresponding j, and so on.
The result may be summarized in the following way:

W(1)
ϕ =

1

Vp

∑
r,l

A
(1)
rl

(
β1
b1

)p−1−r
kl1

(
β2
b2

kn−l2 +
β3
b3

kn−l3 +
β4
b4

kn−l4 +
β5
b5

kn−l5 +
β6
b6

kn−l6 + ...+
βNµ

bNµ

kn−lNµ

)

+
1

Vp

∑
r,l

A
(2)
rl

(
β2
b2

)p−1−r
kl2

(
β1
b1

kn−l1 +
β3
b3

kn−l3 +
β4
b4

kn−l4 +
β5
b5

kn−l5 +
β6
b6

kn−l6 + ...+
βNµ

bNµ

kn−lNµ

)

+
1

Vp

∑
r,l

A
(3)
rl

(
β3
b3

)p−1−r
kl3

(
β1
b1

kn−l1 +
β2
b2

kn−l2 +
β4
b4

kn−l4 +
β5
b5

kn−l5 +
β6
b6

kn−l6 + ...+
βNµ

bNµ

kn−lNµ

)

+
1

Vp

∑
r,l

A
(4)
rl

(
β4
b4

)p−1−r
kl4

(
β1
b1

kn−l1 +
β2
b2

kn−l2 +
β3
b3

kn−l3 +
β5
b5

kn−l5 +
β6
b6

kn−l6 + ...+
βNµ

bNµ

kn−lNµ

)
......... .........

+
1

Vp

∑
r,l

A
(m)
rl

(
βm
bm

)p−1−r
klm

(
β1
b1

kn−l1 +
β2
b2

kn−l2 +
β3
b3

kn−l3 +
β5
b5

kn−l5 +
β6
b6

kn−l6 + ...+
βq
bq

kn−lq

)
(4.8)

where m ≡ Nµ and q ≡ Nµ − 1, which are decided from the way we divided the momentum
k, lying between kIR and µ, into Nµ equal pieces. The other quantities, namely A

(i)
rl = A

(i)
rl [bi],

are defined in the following way:

A
(s)
rl [bs] =

(p− 1)l−1

(p− 2)!

(
p− 1

r

)(
n

l

)∫ ∞
0

dy e−bsy
2

yr, (4.9)

where the s dependence comes from bs in the Gaussian integrals, and we have integrated the
fields from 0 to ∞, instead of −∞ to +∞. Thus depending on even or odd r, the coefficients
will be slightly different, although powers of bi will remain unaltered. The set of terms in (4.8)
has a hidden nested structure which is easy to see. Moving diagonally and summing over the
terms in the upper triangle leads to one nested integral structure. In the lower triangle, if we
move from bottom to top we can see another nested integral structure. These may be combined
to give us:

W(1)
ϕ =

1

Vp−2

∑
r,l

∫ µ

kIR

d11k

(
β(k)

b(k)

)p−1−r
kl
∫ µ

k

d11k′ Arl[b(k), b(k
′)]

k
′(n−l)β(k′)

b(k′)

+
1

Vp−2

∑
r,l

∫ µ

kIR

d11k
k(n−l)β(k)

b(k)

∫ µ

k

d11k′ Arl[b(k), b(k
′)]

(
β(k′)

b(k′)

)p−1−r
k′l,

(4.10)

showing that the amplitude coming from an interaction like (4.7) is suppressed by Vp−2. But
there is more. Since two triangles can form a square, the two nested integrals may be combined
under one roof to give us the final amplitude:
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W(1)
ϕ ≡

1

Vp

∑
i,j

k (p− 1)k′
k′
k′

k′

k′
k′

=
1

Vp−2

∑
r,l

∫ µ

kIR

d11k
k(n−l)β(k)

b(k)

∫ µ

kIR

d11k′ Arl[b(k), b(k
′)]

(
β(k′)

b(k′)

)p−1−r
k′l,

(4.11)

which is a general result and continues to hold even if we have multiple distribution of the
momenta. The diagrammatic representation that we present in (4.11) is an example of a nodal
diagram, and is a very convenient computational tool for the one-point functions in a path
integral like (3.7). The suppression factor of Vp−2 tells us that the most dominant diagram is
for the case when all the p field components in (4.6) have different momenta. The amplitude
for this case will simply be products of integrals with integrands proportional to β(k)

b(k)
along with

powers of momenta coming from the n-th power of the momentum sum in (4.6). All integrals
are computed from kIR to µ since all nested pieces add up to this.

The readers may have easily guessed that the above computation is related to the φ2 or φ3

fields. For φ4 additional complications come from momentum conservation which we will not
discuss here. (The factor b(k) appearing here and in (4.11) is precisely the massless propagator
with β being the shift for the φ3 field in (3.4).) For the φ1 fields, as evident from (4.5), the
analysis is slightly different due to the presence of a source. The most dominant diagram with
the source is clearly given by the following contraction:

φ̃1(k1) φ̃1(k2) φ̃1(k3) ... φ̃1(kp−1) φ̃1(k) φ̃1︸ ︷︷ ︸
p fields + 1 source

(k), (4.12)

which is suppressed by V. The completely un-suppressed diagram will be when the source itself
has a different momentum compared to the p fields. Unfortunately such a diagram is projected
out by the denominator of the path integral (3.7). The story is similar to the vacuum bubble
case in field theory, which we shall leave it for our diligent readers to work out. The amplitude
for the contraction in (4.12) is now easy to work out and it takes the form:

Ap ≡
∑
{ri}

p−1∏
j=1

∫ µ

kIR

d11kj k
rj
j

α(kj)

a(kj)
· 1
V

∫ µ

kIR

d11k Ar1r2...rp−1rp [{a(kj)}, a(k)] krp
(
α2(k)

a2(k)
+

1

2a(k)

)
ψk(x, y),

(4.13)

where Ar1r2...rp−1rp [{a(kj)}, a(k)] is similar to the structure in (4.9) but involve multiple Gaus-
sian integrals and more complicated permutation factors. The explicit form is not important, so
we will not work it out here. The integrands are defined in terms of the propagators a(kj), a(k)
as well as the shift parameters α(kj), α(k) which may be related to α1 or α2 factors from (3.4).
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Note also the presence of the volume suppression factor for the integral involving source wave-
function ψk(x, y). This is a consequence of the contraction in (4.12) with the source term.
Since both α(k) and a(k) have hidden volume factors, the α2(k)

a2(k)
term becomes sub-dominant

compared to the 1
2a(k)

term. The latter is related to the Feynman propagator (but since we are
taking real fields, it is not exactly a two-point function).

All these that we said above is interesting, but is only the result to first order in g. Our
aim is to extend it to all orders in g and see how the diagrams grow. We plan to answer the
following two questions.

1. Can we consistently argue that the nodal diagrams show factorial growths even if we don’t
know the exact coefficients of the higher order terms?

2. Is it possible to sum up all the dominant nodal diagrams to all perturbative orders in g in
a self-consistent way? Will such summation reveal the non-perturbative structure underlying
the system?

In the following section we will answer the first question, and leave the details of the second
question for the subsequent section.

4.3 Factorial growths of the nodal diagrams and 1-point functions
To study the growth of the dominant nodal diagrams we go back to the product structure in
the path integral (4.5). There are four key factors given by Zφi

with i = 1, .., 4. Let us start
with Zφ1 associated with the φ1 field components. This appears from the binomial expansion in
(4.2), and may be arranged as a series in (4.4). The most dominant terms, which are products
of p fields, appear when all the p momenta are different. Such terms scale as p!, but since
we have a 1

p!
, they scale as 1. When we raise the series in (4.4) to N-th power, the dominant

contributions, which are again terms with unequal momenta, would naturally scale as N!. Due
to the magic of the binomial expansion, the dominant scaling is always N! irrespective of the
number of terms in the expansion23. This should partially explain the N! growths at order N,
but the story is a bit more subtle because there are many − depending on what value we assign
to Nµ − terms with the dominant contributions. Does this effect the growth of the dominant
nodal diagrams as we are eventually adding up these contributions?

The answer actually appears from the nested structure that we discussed earlier. Here
however, since all fields have different momenta, the nested structure is pretty involved, but a
simple diagrammatic approach can shed some light on it. Recall that now we are looking at
contractions of the following form:

ZN−1
φ1

φ̃1(k(N−1)p+1) φ̃1(k(N−1)p+2) φ̃1(k(N−1)p+3) ... φ̃1(kNp−1) φ̃1(k1) φ̃1︸ ︷︷ ︸
Np fields + 1 source

(k1), (4.14)

23For example, if we have (a+ b+ c+ d)4, or (a+ b+ c+ d+ e)4, or (a+ b+ c+ d+ e+ ...)4, the dominant
terms, which are here with different alphabets, always scale as 4!.
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with Np− 1 fields having different momenta from the source, which in turn is taken to have a
momentum k1. The nested structure appears from choosing the momentum k1 and arranging
the remaining Np − 1 fields with different (and hence unequal) momenta. This is depicted by
the following diagram:

φ̃1 (k1) φ̃1(k1)

φ̃1(k3)

φ̃1(k2)

φ̃1(k4)

φ̃1(kNµ
)

φ̃1(k5)

φ̃1(k4)

φ̃1(k3)

φ̃1(kNµ
)

φ̃1(k5)

φ̃1(k3)

φ̃1(k2)

φ̃1(kNµ
)

φ̃1(k2)

φ̃1(k3)

φ̃1(kNµ−1)

φ̃1(k3)

φ̃1(k5)

φ̃1(kNµ)

φ̃1(k2)

φ̃1(k5)

φ̃1(kNµ
)

φ̃1(k2)

φ̃1(k4)

φ̃1(kNµ−1)

where we see that the first row has all momenta lying between k2 till kNµ . The second row is
more involved but the above diagrammatic representation clearly depicts the proliferation of
the chain. The latter continues till Np−1 steps (the above figure only shows the first three steps
in the chain). Tracing one such path, shown in red, we find the following string of operators:

φ̃1(k1) φ̃1(k1) φ̃1(k4) φ̃1(k3) φ̃1(k5) ... φ̃1(kNµ), (4.15)

which, from our binomial expansion, generically scale as p̂ where p̂ < N!. (In other words,

keeping φ̃1 (k1) φ̃1(k1) fixed, the total number of paths with the same set of field contents in
any arbitrary order scales as p̂ < N!.) In fact, there are infinite paths (labelled by l) connecting
the operators given in the Nµ rows in the above diagram − but differing from (4.15) − with
each scaling as pl < N!. The total amplitude is given by summing over all these infinite string of

operators, i.e. summing over φ̃1 (kj) φ̃1(kj) for 1 ≤ j ≤ Nµ with j ∈ Z, which would basically
appear as nested integrals. After the dust settles, the final answer of the total amplitude is not
very different from what we had in (4.13), albeit a bit more involved, and takes the form:
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ANp ≡
∑
{ri}

Np−1∏
j=1

∫ µ

kIR

d11kj k
rj
j

α(kj)

a(kj)
· 1
V

∫ µ

kIR

d11k Ar1r2...rNp−1rNp
[{a(kj)}, a(k)] krNp

(
α2(k)

a2(k)
+

1

2a(k)

)
ψk(x, y),

(4.16)

which, once carefully observed, reveals the full structure presented in the diagram above. The
coefficients Ar1r2...rNp−1rNp

[{a(ki)}, a(k)] are more complicated than (4.9) but, since their explicit
forms are not necessary here, we will not work them out and leave them again for our diligent
readers. From the arguments presented earlier, the whole amplitude scales as N!, which should
point towards the factorial growth of the one-point functions.

There are however couple of subtleties here that need clarification. First, if we compute
the magnitude of the amplitude (4.16), i.e. |ANp|, then the result may appear to scale as:

|ANp| = N!f(kIR, µ, p,N,V;x, y), (4.17)

where f(kIR, µ, p,N,V;x, y) is a function that can be worked out from (4.16). Note the ap-
pearance of N in two places, one as an overall factorial N!, and the other in the function
f(kIR, µ, p,N,V;x, y). The latter is typically in the polynomial form, whereas the former is in
the factorial form which is what we meant when we used the term “factorial growth". The
polynomial growth is also very important and we will discuss it’s consequence in the next
section.

Secondly, (4.17) cannot quite be the full answer because this ignores the power p of φp1 at
the tree-level. To see what exactly replaces the N! in (4.17), let us quantify the interactions in
our model with four fields (φ1, .., φ4):

Sint =

∫
d11x

co
Mn+m+l+h
p

∂nφp1 ∂
mφq2 ∂

lφr3 ∂
hφs4, (4.18)

where (n,m, l, h) ∈ +2Z, co is yet another unknown coefficient, and we will define g, the coupling
constant, as g ≡ co

Mn+m+l+h
p

. As usual, the fields are taken to be dimensionless, and the Minkowski

space has a metric (ηµν , δmn, δab) for (µ, ν) ∈ R2,1, (m,n) ∈ M6, (a, b) ∈ T2

G . The growth N! in
(4.17) should be replaced as:

N! → (pN)!(qN)!(rN)!((s− 1)N)!

(p!q!r!(s− 1)!)N

=

[
ppqqrr(s− 1)s−1

p!q!r!(s− 1)!

]N
(N!)p+q+r+s−1

∣∣∣∣
N>>1

≡ AN
1 (N!)αš(1+

1
α
− 1

αš) ,

(4.19)

where A1 =
ppqqrr(s−1)s−1

p!q!r!(s−1)! , α+1 is the total number of fields such that p+ q+ r+ s ≡ (α+1)š.
The s − 1 factor is taken to imply the momentum conservation in the φ4 sector where one of
the Fourier components of the s fields becomes redundant. And in going from first line to the
second one we have used (pN)! ∝ (N!)p, where the proportionality factor24 is ppN for N >> 1,
whereas for small N, the proportionality factor is again some polynomial in p.

24Let p̌ be the proportionality factor. Taking log on both sides shows that the RHS is log p̌+ pN log N− pN
for N >> 1. This equals LHS for p̌ = ppN.
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There are still a few details that need to be considered. First, due to 1
N!

suppression
coming from the exponential25, the growth that we saw above should get further modified to
(N!)αš(1+

1
α
− 2

αš). Secondly, there is a mixing between the fields. However considering the fact
that our theory has more than one fields, i.e. say α+1 fields, and since both α > 1 and š > 1, we
can ignore the 1

α
and 2

αš
in the factorial growth above. This means that, everything considered

including the fact that for every field components we can draw the nested interactions as in the
diagram above, the theory should have at least (N!)αš growth.

This is not exactly true because of yet another interesting subtlety. As an example consider
the two sectors φ2 and φ3 that do not directly interact with the source. For simplicity we will
take cubic interactions between the two set of fields, i.e. g3φ3

2(x, y)φ
3
3(x, y), which is basically

N = 3 with n = m = l = h = 0 and p = q = r = s = 1 in (4.18), but we shall ignore the φ1

and φ4 sectors for simplicity, as one can absorb the 1
N!

suppression and the other can absorb
the momentum conservation. In terms of Fourier modes this may be represented as:

g3

V6

 Nµ∑
i=1

φ̃2(ki)ψki(x, y)

3 Nµ∑
j=1

φ̃3(kj)ψkj (x, y)

3

→

φ̃2(k1) φ̃2(k1) φ̃2(k1) φ̃3(k1) φ̃3(k1) φ̃3(k1)

φ̃2(k2) φ̃2(k2) φ̃2(k2) φ̃3(k2) φ̃3(k2) φ̃3(k2)

φ̃2(k3) φ̃2(k3) φ̃2(k3) φ̃3(k3) φ̃3(k3) φ̃3(k3)

φ̃2(k4) φ̃2(k4) φ̃2(k4) φ̃3(k4) φ̃3(k4) φ̃3(k4)

φ̃2(k5) φ̃2(k5) φ̃2(k5) φ̃3(k5) φ̃3(k5) φ̃3(k5)

φ̃2(k6) φ̃2(k6) φ̃2(k6) φ̃3(k6) φ̃3(k6) φ̃3(k6)

.. .. .. ..

.. .. .. ..

φ̃2(kNµ) φ̃2(kNµ) φ̃2(kNµ) φ̃3(kNµ) φ̃3(kNµ) φ̃3(kNµ)
(4.20)

where ψki(x, y) are the wave-functions over the Minkowski vacuum, and on the RHS we repre-
sent the field components in six rows related to the N = 3 case. The wave-functions will simply
give momentum conservation in the φ4 sector so we ignore them on the RHS. Following two
paths, one in blue and the other in red, provides the two strings of operators:

B1 = φ̃2(k1) φ̃2(k2) φ̃2(k3) φ̃3(k4) φ̃3(k5) φ̃3(k6)

B2 = φ̃2(k5) φ̃2(k6) φ̃2(k4) φ̃3(k3) φ̃3(k2) φ̃3(k1)
(4.21)

which have the same distribution of momenta, albeit with different field contents. The dominant
terms that do not have volume suppressions grow as 3! for the blue line and 3! for the red line,
after we add up all the contributions. So the naive growth is (3!)2, appearing from binomial
product26. On the other, if we look at the distribution of momenta, then there are in fact

25Recall that the path integral has e−Sint , so expanding this gives us the 1
N! suppression at order N.

26From above, the general growth with everything considered is proportional to (N!)
αš(1+ 1

α−
2
αš ). Taking

N = 3, α = 3 and š = 1 we get (3!)2.
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(2.3)! = 6! = 720 terms contributing instead of (3!)2 = 36 terms. This enhancement is due
to mixing of momenta over the two set of field components. Once we take a more general
interaction of the form g

q!r!
φq2(x, y)φ

r
3(x, y), with a coupling g, then the amplitude to order N

becomes:

AN(q+r) ≡ gN
∑
{ri}

Nq∏
j=1

∫ µ

kIR

d11kj k
rj
j

α2(kj)

a(kj)

N(q+r)∏
l=Nq+1

∫ µ

kIR

d11kl k
rl
l

β(kl)

b(kl)
Ar1r2...rNq...rN(q+r)

[{a(kj)}, {b(kl)}],

(4.22)

where (α2, β) correspond to the notations given in (3.4). As expected, (4.22) is almost a
product of N(q + r) integrals with Nq integrals coming from the α2 Glauber-Sudarshan states
and Nr integrals coming from β Glauber-Sudarshan states. If f̂ 1/2

max(kIR, µ; q, r) denotes the
maximum value of one such integral piece, then the value of the amplitude |AN(q+r)| is bounded
from above by (see also (5.9) for a more correct way to implement the bound):

|AN(q+r)| ≤ (2N)! gN |f̂max(kIR, µ; q, r)|N, (4.23)

which may be compared to the (N!)2 growth for the amplitude (4.16) as depicted in (4.19).
(Note the absence of (x, y) in the definition of f̂max.) The power of 1/2 in f̂

1/2
max suggests that

the maximum value could also come from a geometric mean of the maximum values from the
(α2, β) sectors. Ultimately however, the precise value of f̂max is not very important for us here,
although what is important here is the upper bound in (4.23). Our above analysis suggests that,
given say α+ 1 set of interacting fields, the factorial growth of the amplitude of any one-point
function in the shifted vacua is generically bigger than (N!)αš, and it can enhance at most to:

p̌ · (N!)αš = (αšN)!, (4.24)

where p̌ is the possible number of permutations of fields and momenta and α >> 1(see for
example (4.21)). For small values of N, it is not too hard to show that p̌ ∈ +Z. When N is
large, one can use the Sterling’s approximation to show that p̌ = (αš)αšN ∈ +Z, as αš ∈ +Z
for α >> 1 (see footnote 24). The relation (4.24) then is a simpler way of understanding how
in a mixed system with α + 1 fields with α >> 1 the system could show the so-called Gevrey
growth of (αšN)!.

The above conclusion is not the end of the story, rather the beginning of a new direction
where the Gevrey growth should point towards the appearance of non-perturbative effects
hitherto ignored in our set-up. In fact the factorial growth provides a deeper reason why the
system has non-perturbative effects at all. Question is, can we quantify this by Borel resumming
the Gevrey series? This is what we turn to next.

4.4 Gevrey series, Borel resummation and non-perturbative effects
The (N!)αš growth that we discussed above for α + 1 fields with α >> 1 generically leads to
the so-called Gevrey series that has been discussed in the literature in much details [34]. We
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will not do the same here and instead refer the readers to section 4.3.1 of our recent work [7].
Interestingly, the following observation due to Écalle [38]:

The Gevrey order of the asymptotic series F(g) =
∞∑

N=0

(N!)lgN where l ∈ Z and g << 1, is

the same as that of another asymptotic series G(g) =
∞∑

N=0

(lN)!gN, thus reducing everything to

Gevrey-1.

which efficiently leads to the so-called Borel-Écalle resummation, is pretty useful for us because
of (4.24). In fact the in-built enhancement of (4.24) suggests that it is no longer necessary to
apply the acceleration operators of Écalle [38] to go from Gevrey-αš to Gevrey-1. All we need
is an upper bound of the form (4.23) − but now extended to α + 1 fields − to perform the
Borel resummation of a Gevrey series efficiently.

Unfortunately the actual computation is easier said than done, as evident from section 4.3.2
of our earlier work [7] and the upcoming work [8]. Some of the subtleties that we actually face
in our computations are as follows.

1. The Borel resummation arising from the path integral computation isn’t the only resumma-
tion. There are additional off-shell pieces, that remain invisible in the path integral, and arise
from the background time-independent Minkowski space-time. These additional contributions
are necessary to extract correct answers for the expectation values.

2. The singularities on the Borel plane lead to certain principal value computations that are
non-trivial to perform. In fact the exact values of these integrals are not known, but numerical
results can be found (see our upcoming paper [8] for details). Pin-pointing these numerical
values are important to get an estimate on the four-dimensional cosmological constant.

3. The Borel resummation presented in [7] considers only one specific type of interactions. In-
troducing other interactions in the theory lead to the so called Borel boxes27, whose convergence
properties are important for finiteness. This additional “resummation” of Borel resummed series
make the analysis highly non-trivial (see our upcoming paper [8] for further details).

4. The permutation factors Ar1r2...rNp−1rNp.. appearing in (4.16) and (4.22) create additional
hurdles because they not only mix up the momenta from various sectors in a non-trivial way, but
also sum over the various choices of permutations. The way out of this technical complication,
as analyzed in section 5.1 and in our upcoming work [8], is to impose bounds on the binomial
growths of the series in appropriate ways.

5. The integral (4.16) with the source term integrated in, and on which we base our Borel
resummations, works for N ≥ 1, but does not work for N = 0. This unfortunate hurdle leads

27They are useful technical machineries that help to Borel re-sum not only the dominant amplitudes, but also
all the sub-dominant ones. We will discuss this briefly in section 5.2. Unfortunately a detailed exposition of
this is beyond the scope of the paper and the readers may refer to our upcoming work [8].
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to further constraints in the system that has it’s root in the no-go condition [1]. This subtlety
does not show up in other sectors.

Clearly a detailed study of any of the aforementioned points is beyond the scope of this paper.
Fortunately, these subtleties will not impede our progress in understanding the underlying
picture, although we will take some time to elaborate the last point, namely the case for N ≥ 1

and N = 0. Taking the displacement operator to be (3.5), the expectation value ⟨φ1⟩σ from
(3.7) takes the following form at the N-th order with α >> 1 (see also (5.9) and (5.10)):

|AN| ≤ (αšN)!gN |f̌max(kIR, µ; p, q, r, s− 1)|N · 1
V

∫ µ

kIR

d11k kρ
∗(k)

(
α2
1(k)

a2(k)
+

1

2a(k)

)
ψk(x, y),

(4.25)
which is gathered from the two amplitudes (4.16) and (4.22) discussed earlier. To avoid clutter,
we can henceforth replace αš, or more appropriately αš

(
1 + 1

α
− 2

αš

)
by ᾱ. Both f̌max and kρ∗(k)

appear from imposing bounds on the permutations of the momenta (see section 5.1 as well as
[7] and [8] for more details). The parameter s− 1 signifies the momentum conservation as one
of the degrees of freedom becomes redundant. The inverse volume 1

V
is the consequence of the

contraction (4.14), and in fact this is the main cause of the disparity between N ≥ 1 and N = 0.
This disparity may be quantified by the following integral function:

T(kIR, µ; ρ,V;x, y) ≡
∫ µ

kIR

d11k

[
α1(k)

a(k)
− kρ

∗(k)

V

(
α2
1(k)

a2(k)
+

1

2a(k)

)
+O

(
1

V2

)]
ψk(x, y),

(4.26)
whose vanishing will imply no generation of de Sitter at the tree level. This is of course a
consequence of the no-go theorem [1], and here we see how it may be implemented in the
language of the Glauber-Sudarshan states. The equation T = 0 leads to the determination of
α1(k) in terms of ρ∗(k) as:

α1(k) =
1

2
kρ
∗(k) +O

(
1

V

)
, (4.27)

which appears from the fact that both α1(k) and a(k) have inverse volume suppressions from
imposing (4.1). Note that (4.27) does not fix the functional form for α1(k) because we haven’t
yet determined ρ∗(k). Question is, how to find the functional form for ρ∗(k)?

The answer is a bit non-trivial because of the appearance of additional off-shell pieces that
we mentioned as point 1 earlier. There is also the sum over N which we need to perform first
to conclude anything about these additional off-shell pieces. Fortunately, another advantage of
the vanishing of T is our ability to extend N in (4.25) to N ≥ 0 now. What does that buy us?

Extending N in (4.25) to include N = 0 means that we can perform the Borel-Écalle re-
summation of the series in (4.25). This summation will automatically provide the full functional
form for ⟨φ1⟩σ in (3.7) in the following way (henceforth we do not put hats to denote operators):

⟨φ1⟩σ =
∞∑

N=0

|AN| =
1

2g1/ᾱ

[∫ ∞
0

dS exp

(
− S

g1/ᾱ

)
1

1− f̌maxSᾱ

]
P.V

∫ µ

kIR

d11k kρ
∗(k)−2 ψk(x, y),

(4.28)
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where the subscript P.V means that we have to take the principal value of the integral over S,
and ψk(x, y) is the wave-function over the Minkowski space-time. The total number of fields is
α + 1, but what enters (4.28) is ᾱ which is defined earlier as:

ᾱ ≡ αš

(
1 +

1

α
− 2

αš

)
= p+ q + r + s− 2 ∈ Z, (4.29)

to avoid clutter. The result (4.28) is an exact answer got by summing over all perturbative orders
in N despite our ignorance of the value of co in (4.18), or of the functional form for f̌max. The
functional form for f̌max provides the necessary poles in the Borel plane, but the actual principal
value integral is quite non-trivial. We will not attempt this here but direct the readers to [7, 8]
for more details. In list 2 earlier we pointed out precisely this difficulty. Nevertheless looking
at the principal value integral the readers may easily notice the non-perturbative contributions
going as exp

(
− n
g1/ᾱ

)
. Two questions arise.

1. Where are these non-perturbative effects coming from? And what does the infinite sum of
the non-perturbative effects mean here? Can this be quantified?

2. Can we determine the functional value of ρ∗(k) now that we have performed the Borel-Écalle
resummation? How does the additional off-shell terms manifest from the functional form for
ρ∗(k)? Can this be quantified?

The answer to the first question is relatively easier: the form of the non-perturbative corrections
clearly signify the presence of instantons. There is however a difference appearing from the fact
that these instantons are both real and complex ones. To see how this comes about let us go
back to the two potentials in figure 6. We can make the following observations.

1. If we consider the symmetric wave-function on the left28, then the expectation value of φ1 will
only get contributions from the complex turning points, i.e. only from the complex instantons.

2. If we consider a wave-function that is localized over one minima, which is basically the linear
combination of the two wave-functions (shown in red and blue), then the contributions to the
expectation value will come from both real and the complex instantons.

3. For the potential shown on the right, if we consider the localized wave-function over the left
minimum29, then the expectation value of φ1 will get contributions from both real and complex
instantons. The main difficulty in this case is the explicit realization of the instantons (even
the real ones are harder to determine quantitatively).

Considering the aforementioned three points, and the result in (4.28), then justifies what we
said earlier, namely that the Glauber-Sudarshan state appears from the interacting vacuum
|Ω⟩ associated with the full potential in the system. Alternatively, restricting ourselves to

28We will always be extending the wave-function Ψ0 = exp
[∫
d11k log⟨fk|0⟩

]
to ΨΩ = exp

[∫
d11k log⟨fk|Ω⟩

]
,

where |fk⟩ are states in the configuration space in all the cases studied here unless mentioned otherwise.
29Recall from our earlier discussion that the positive energy minimum does not survive under quantum

corrections.
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Minkowski minimum (using (3.2)), the presence of the neighboring vacua manifest themselves
as the real and complex instantons in the computation of ⟨φ1⟩σ. The powerful resurgence
techniques, lending eventually to the Borel-Écalle resummations, succinctly capture this. More
so, if we compare the tree level result with the one coming from summing over all instantons,
we get:

⟨φ1⟩σ,tree =
∫ µ

kIR

d11k
α1(k)

a(k)
ψk(x, y)

⟨φ1⟩σ,inst =
1

g1/ᾱ

[∫ ∞
0

dS exp

(
− S

g1/ᾱ

)
1

1− f̌maxSᾱ

]
P.V

∫ µ

kIR

d11k
α1(k)

a(k)
ψk(x, y)

(4.30)

which are exactly the same upto an overall renormalization factor. This shows that the resurgent
sum over all instantons, both real and complex, simply provides an overall effect like a wave-
function renormalization!

Of course the above conclusion is based on (a) scalar field components, and (b) on a bound
like (4.25), but we expect that the presence of actual metric (or other M-theory) degrees of
the freedom should not change the main conclusion drastically. In the absence of a bound like
(4.25), the permutation factors Ar1r2...rNp

would make the analysis a bit non-trivial. We will
not discuss this here but leave it for [8]. Note that the overall renormalization factor cannot
be absorbed in the definition of α1(k) because doing so will ruin the delicate vanishing of T in
(4.26). Thus the overall factor in (4.30) is non-trivial and we will identify this with the inverse
of the dimensionless cosmological constant. Before that however we need to determine ρ∗(k) in
(4.27). These two points will be elaborated in the following section. Needless to say, due to the
technical natures of the following section, i.e. section 5, the readers not acquainted with Borel
resummation and Gevrey series may choose to skip it on their first reading and jump directly
to section 6.

5 Borel resummation and the smallness of the cosmological
constant

The asymptotic nature of the expectation value for φ1 is the key reason why such a series
may be Borel resummed to take the form as in the second relation in (4.30). From here one
may extract the form of the four-dimensional cosmological constant, as we shall show here in
details, but before that let us discuss a bit on the concept of the cosmological constant itself. We
will start by first ruling out a few oft-wrongly-introduced ingredients, namely, fluxes, branes,
anti-branes, O-planes and perturbative quantum effects. These have no effects on the four-
dimensional positive cosmological constant. Another popular view is that the four-dimensional
cosmological constant should come from summing up the zero point energies of the bosonic
and the fermionic degrees of freedom. This is not true despite the popularity of such an idea.
The reasoning is simple. Typically the sum of the zero point energies in a non-supersymmetric
theory blows up, but one can regularize it in a Lorentz invariant way (see for example [39]) and
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get a finite answer from it. The problem is − taking for example a massive scalar field of mass
m − that the result is typically 10120 times bigger than the expected answer (which is 70% of
the critical density ρc of the universe30). For massless scalar field the result vanishes31. Thus
in either case the vacuum energy doesn’t appear to provide the small cosmological constant
that we seek. It could be possible that once we take fermionic fields then the zero point
energies could be tuned to be arbitrarily small. Unfortunately this delicate balance has not
been demonstrated so far because it requires special choices for the masses of the bosonic and
the fermionic fields. We will avoid this line of investigation and for the analysis that we perform
here, we take a supersymmetric Minkowski background − where the vacuum energy vanishes −
and claim that the cosmological constant appears from the non-perturbative contributions via
Borel resumming a Gevrey series resulting from an expectation value over a Glauber-Sudarshan
state. An explicit demonstration of the above statement is the content of the following two
subsections.

5.1 Determining the cosmological constant using Borel resummation

The short discussion outlined above suggests that the concept of a four-dimensional positive
cosmological constant is a subtle one. However before we study the cosmological constant −
and here we will take the dimensionless one − we need to find the functional form for ρ∗(k)
appearing in (4.27) and (4.28). There is also another issue coming from the dependence of
ᾱ in (4.29) on the powers of the field contents (p, q, r, s). The worrisome feature, as evident
from figure 7, is that both the instanton terms: exp

(
− 1
g1/ᾱ

)
and 1

g1/ᾱ
exp

(
− 1
g1/ᾱ

)
increase

as ᾱ increases, and saturate to e−1 when ᾱ → ∞. Since ᾱ is related to the number, as well
as powers, of fields, the increase in figure 7 implies that we cannot consistently truncate the
interaction Lagrangian (4.18) to any finite order.

30ρc ≈ 4.3× 10−47 (GeV)4.
31To see the behavior for a massive and a massless scalar field, we have to resort to a Lorentz-invariant

framework. The zero point energy can be expressed completely in terms of a Lorentz invariant Euclidean
integral in the following way:

ρ ≡ 1

2

∫ Λ

0

d4kE
(2π)4

log

(
1 +

m2

k2E

)
≈ 1

64π2

[(
Λ4 +m4

)
log

m2

λ2
+m2Λ2

]
,

which is exactly the one-loop contribution to the effective potential of a scalar field of mass m (the tree level
contribution is the standard mass term 1

2m
2ϕ2), and shows quartic divergence. Unfortunately this result does

not satisfy ρ = −p, with p being the pressure in three dimensions. A more careful approach, outlined in [39]
shows that:

ρ =
1

64π2

[
m2Λ2 −m4 log

(
1 +

Λ2

m2

)]
,

and is therefore quadratically divergent. This divergence is unaffected by the space-time curvature. From the
absence of a quartic divergence it appears that a free massless scalar field will have zero contribution to the
vacuum energy [39].
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Figure 7: Plot of three functions f1(α) = 1
g1/α

in blue; f2(α) = exp
(
− 1
g1/α

)
in orange and

f3(α) =
1

g1/α
exp

(
− 1
g1/α

)
in green for g = 0.01 and α identified to ᾱ from (4.29). We see that

as α increases both the orange and the green curves increase and saturate to 1
e

as α→∞.

String theory saves this situation in a rather interesting way. The perturbative interactions
in the low energy effective action of string theory may be classified as a series in powers of cur-
vature, fluxes and Rarita-Schwinger fermions that involve at least one derivatives of the metric,

and the three-form fluxes. For fermions, we can allow interactions of the form
(
Ψ

M
ΨM

)s′+2

or

of the form
(
ΨMΓ

MPΨP

)s′+2 for s′ ≥ 0 alongwith multiple derivatives as ∂hφs4 in (4.18)32. So
far we have been taking φ4 dimensionless, but the right thing would be to give some dimen-
sion to φ4 but keep other φi dimensionless. Alternatively we can impose the constraint that
n ≥ p,m ≥ q, l ≥ r and h ≥ s in (4.18) to form a consistent picture from string theory. Taking
|co| ≡ 1 (or absorbing it in the definition of Mp), we get:

g1/ᾱ = M
− n+m+l+h

p+q+r+s−2
p ≡ M−α̌p ≡ ǧα̌, (5.1)

where α̌ = n+m+l+h
p+q+r+s−2 > 1 and ǧ = 1

Mp
. The scenario is plotted in figure 8. We see that the

behavior now is the exact opposite of what we had in figure 7: the non-perturbative effects
decrease as the number of fields or their powers are increased. This means that interactions like
(4.18) are amenable to truncations and the non-perturbative series coming from higher order
interactions could be made convergent. What does it buy us?

To see the advantage of the aforementioned scaling behavior, we should go back where we
left off, namely, determine the functional form for ρ∗(k). Our main aim is to reproduce a metric
configuration of the form (7.23), although we have so far only used scalar fields. The reasoning
is as described earlier: to avoid inserting Faddeev-Popov ghosts, gauge fixing terms et cetera.
On the other hand, if we know how to approach the problem with actual metric operators, then
at least we expect ⟨gµν⟩σ = g

−8/3
s from (7.23) in M-theory. With this in mind, one possibility

32Recall that φ4 is related to the Rarita-Schwinger fermionic condensate. See [9] for more details on the
fermionic Lagrangian.
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Figure 8: Plot of three functions f1(α) = 1
gα

in blue; f2(α) = exp
(
− 1
gα

)
in orange and

f3(α) =
1
gα
exp

(
− 1
gα

)
in green for g = 0.1 and α identified to α̌ from (5.1). We see that as α

increases both the orange and the green curves decrease and go to zero as α→∞.

is the following33:

ρ∗(k) = ρ∗(k, k0) =
11

3
− lim

ω→0

[
k2 + ω2 log (π|ω|)

ω2 log k

]
− log k9

log k
+

log 2

log k
, (5.2)

where k2 = k2 + k20 and we have taken all momenta to be dimensionless i.e. all momenta are
measured with respect to Mp. Since gs = H(y)

√
Λ|t|, and we are taking H(y) = 1 for simplicity,

the emergent metric along R2,1 becomes 1
Λ4/3|t|8/3 . Since we have identified the dimensionless

temporal coordinate (Mp|t|)−8/3 from ρ∗(k, k0) in (5.2), the four-dimensional cosmological con-
stant may then be identified from (4.28) as:

Λ =
M2
p

1
g3/4ᾱ

[∫∞
0
dS exp

(
− S
g1/ᾱ

)
1

1−f̌maxSᾱ

]3/4
P.V

, (5.3)

where ᾱ and f̌max are defined in (4.29) and (4.25) respectively; and P.V is the principal value of
the integral. Somewhat remarkably this is an exact closed form expression for the cosmological
constant, albeit in a set-up with scalar degrees of freedom. Looking at the integral structure of
the cosmological constant, let us make the following observations on it’s form.

1. The principal value integral appearing in (5.3) is positive definite no matter what sign of f̌max

we choose. A detailed proof of this statement appears in section 4.5 of [7] which the interested
readers may look up.

2. The principal value computation relies on the number of roots in the Borel plane (here it is a
line stretching from S = 0 to S =∞). The number of roots are the number of solutions to the
equation Sᾱ− 1

f̌max
= 0. Since ᾱ, defined in (4.29), can either be an even or an odd integer, there

33In deriving (5.2) we have swept a subtlety under the rug. The momentum integrals are bounded by
kIR < k < µ, and as such we have to use the Riemann-Lebesgue lemma to do the integrals. Implementing this
leads to equating certain series with Hermite polynomials, which eventually gives us to the result in (5.2). We
point the readers to section 4.2 of [7] for further details on this.
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can only be one pole on the positive real axis of the Borel plane for any choice of positive f̌max.
Computing the integral in the near neighborhood of this pole provides it’s principal value.

3. In the limit g → 0, or Mp → ∞, which would be in some sense the classical limit, the
principal value integral becomes 1. Thus Λ in (5.3) is still too big to be match up with the
actual four-dimensional cosmological constant which is supposedly 10−120M2

p.

4. The closed form expression of the cosmological constant in (5.3) is clearly constructed from
summing over all the real and the complex instantons in the system. Thus neither the zero
point energies − which are in fact cancelled here due to the underlying supersymmetry − nor
the perturbative and the classical terms have any contributions in the construction as alluded
to earlier.

Despite the success of the aforementioned analysis, and the appearance of an exact closed-form
expression for the four-dimensional cosmological constant, two questions arise.

1. The cosmological constant is derived from an expression like (4.28) by identifying the
Fourier integral to the dimensionless temporal coordinate (Mp|t|)−8/3, and the instanton sum

to
(

Λ
M2

p

)−4/3
. This clearly leads to an ambiguity for the choice of the cosmological constant.

How do we then justify an expression like (5.3)?

2. The instanton sum, or more appropriately the instanton integral, goes to 1 in the limit g → 0.
This leads to a value of the cosmological constant that is at least 10120 times bigger than the
actual answer. Even if we are not near g → 0 point, keeping g < 1 the instanton integral is
never big enough to compensate for such a large discrepancy. Why is the cosmological constant
so small, and how can our analysis reproduce such a small number?

The first question can be answered by matching the boundary conditions. Recall that the
Glauber-Sudarshan state description remains a valid one in the temporal domain (2.5). At
t = − 1√

Λ
, gs = 1, and the metric will resemble the Minkowski metric. This happens for the

following choice of ρ∗(k, k0):

ρ∗(k, k0) = 2− lim
ω,ω′→0

[
ω′2k2 + ω2k20 + (ωω′)2 log (π2|ω||ω′|)

(ωω′)2 log k

]
− log k9

log k
+

log 2Λ4/3

log k
, (5.4)

where in the presence of (5.2) we can make ω′ = ω. From (5.4), the only value of Λ that
satisfies the required boundary condition is (5.3), thus fixing the form for the four-dimensional
cosmological constant. Additionally, (5.4) provides precisely the extra off-shell contribution that
was alluded to earlier, and is required to get the background de Sitter configuration correctly.

The second question requires us to find the reason for the smallness of the four-dimensional
cosmological constant. This is what we turn to next.
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N 0 1 2 3 4 5 6 .. 10 .. 13 j

0 A0
eff,10k

ν10 A0
eff,11k

ν11 A0
eff,12k

ν12 A0
eff ,13k

ν13

1 A1
eff,10k

ν10 A1
eff,11k

ν11 A1
eff,12k

ν12 A1
eff,13k

ν13

2 A2
eff,10k

ν10 A2
eff,11k

ν11 A2
eff,12k

ν12 A2
eff,13k

ν13 A2
eff,14k

ν14 A2
eff,15k

ν15 A2
eff,16k

ν16

3 A3
eff,10k

ν10 A3
eff,11k

ν11 A3
eff,12k

ν12 A3
eff,13k

ν13 A3
eff,14k

ν14 A3
eff,15k

ν15 A3
eff,16k

ν16 .. A3
eff,1,10k

ν1,10

4 A4
eff,10k

ν10 A4
eff,11k

ν11 A4
eff,12k

ν12 A4
eff,13k

ν13 A4
eff,14k

ν14 A4
eff,15k

ν15 A4
eff,16k

ν16 .. A4
eff,1,10k

ν1,10 .. A4
eff,1,13k

ν1,13

.. .. .. .. .. .. .. .. .. .. .. .. ..

N AN
eff,10k

ν10 AN
eff,11k

ν11 AN
eff,12k

ν12 AN
eff,13k

ν13 AN
eff,14k

ν14 AN
eff,15k

ν15 AN
eff,16k

ν16 .. AN
eff,1,10k

ν1,10 .. AN
eff,1,13k

ν1,13 ..

Table 3: Proliferation of the terms (first four are explicitly shown) contributing to expectation
value of φ1 with p = 7. Notice the columns are completely filled till j = 3, beyond which there
are gaps in the representation of Aeff,1j for j > 3. To preserve the brevity, we have avoided
showing the factors AN

1 and ∆(j).

5.2 Why is the four-dimensional positive cosmological constant so
small?

Finding the reason for the smallness of the four-dimensional cosmological constant is more
complicated and we will provide a detailed answer in our upcoming paper [8]. Here we will
simply sketch the main points. As before we will continue with the scalar fields and start with
the action (4.18). Let us also concentrate only on the sector with φ1 field components. The
dominant contribution has already been given in (4.12), and we represent it here as:

[
1, 1, 1, 1, ...., 1︸ ︷︷ ︸

p−1 fields

, 2
]
φ1
≡ φ̃1(k1) φ̃1(k2) φ̃1(k3) ... φ̃1(kp−1) φ̃1(k) φ̃1︸ ︷︷ ︸

p fields + 1 source

(k), (5.5)

where such a term grows as p!, but since the suppression factor is also p!, the growth is 1. The
factor of “1” appearing within bracket on the LHS of (5.5) represents the number of fields with
a given momentum that is unequal to the other p − 1 choices of momenta. This means “2”
should correspond to two field components having the same momenta, and therefore contracted
according to the rules mentioned earlier. In this language, the amplitude coming from an action
like (4.18), at first order in g, can be expressed as:

A ≡
⌊ p−1

2
⌋∑

j=0

A1j =
g

p!

⌊ p−1
2
⌋∑

j=0

[
1, 1, 1, ..., 1, 2, 2, 2, ...., 2︸ ︷︷ ︸

j

, 2
]
φ1

+ permutations , (5.6)

which can be easily inferred from the binomial expansion discussed in section 4.1, with the
subscript j referring to the number and distributions of “2” in the amplitude, and ⌊x⌋ denoting
greatest integer less than or equal to x. Such an amplitude has a piece that is not suppressed by
the volume factor V and therefore is not subdominant and should contribute to the cosmological
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constant that we computed earlier with only A10, i.e. with j = 0 in (5.6), part of the amplitude.
How does this reduce the value of Λ in (5.3)?

To see, we will have to go to the N-th order in the amplitude. This is quite a non-trivial
exercise so, as mentioned earlier, we will only sketch the main points. Again, details may be
inferred from [8]. At the N-th order the amplitude becomes:

AN ≡
⌊Np−1

2
⌋∑

j=0

(
AN
)
1j
=

gN

(p!)N

⌊Np−1
2
⌋∑

j=0

[
1, 1, 1, ..., 1︸ ︷︷ ︸

Np−2j−1

, 2, 2, 2, ...., 2︸ ︷︷ ︸
j

, 2
]
φ1

+ permutations , (5.7)

which works well when j = 0 because
(
AN
)
10

= (A10)
N, and therefore Borel resummation over

N can be performed. This is of course what we did earlier to get (5.3). For j > 0, this is clearly
not the case, which is first of the many difficulties we face once we go to more complicated
nodal diagrams. There is also the denominator of the path-integral that should depend on j,
plus we haven’t shown the source momentum explicitly in (5.7). In fact now we expect:

Num

Den
≡
N
D

=

[
1
]
φ1

+
∫
d11k

∞∑
N=1

gN

(p!)N

⌊Np−1
2
⌋∑

j=0

∑
m1j(N)

[
1, 1, 1, ..., 1︸ ︷︷ ︸

Np−2j−1

, 2, 2, 2, ...., 2︸ ︷︷ ︸
j

, 2
]
φ1

⊙
km1j(N) + permutations

1 +
∞∑

N=1

gN

(p!)N

⌊Np
2
⌋∑

j=0

[
1, 1, 1, ..., 1︸ ︷︷ ︸

Np−2j

, 2, 2, 2, ...., 2︸ ︷︷ ︸
j

]
φ1

+ permutations

, (5.8)

showing clearly the difference between the integrals on the numerator and the denominator,
with

⊙
identifying the source momentum with k expressed using the permutation indices

m1j(N). One may then sum over the permutation indices m1j(N), and then integrate over the
source momentum over the IR regime kIR < k < µ. These momentum factors, stemming from
∂n in (4.18), complicate the source term integral as evident from the appearance of kρ∗(k) in
(4.25) for the case with j = 0. We can generalize this by imposing the following bound on the
N-th order amplitude:∑

m1j(N)

(
AN
)
1j
(mij(N))

km1j(N)

D
≤ (pN)!

2j′(p!)N
(Aeff,1j′)

N kν1j′ (k), (5.9)

for all values of N and D ≡ Den in (5.8). Here we have expressed the binomial factor at
N-th order by m1j(N) ∈ Z+, and therefore the sum is over m1j(N) with k being the source
momentum. Clearly j′ ≤ j, and for j = 0, j′ = 0 with ν10(k) ≡ ρ∗(k). (The inequality in (5.9)
is necessary because the denominator D is in general not normalized to identity.) We can see
that the bound (5.9) is useful in multiple ways.

1. It has managed to control the binomial growth in a specific way. We no longer have to worry
about the various binomial factors emerging from the powers of the derivatives or momenta, in
the language of the Fourier components.

2. The sector associated with φ2, .., φ4 can be thought of as been included in Aeff,1j′ , provided
we replace (pN)!

(p!)N
by the term replacing N! in the first line of (4.19). The bound (5.9) can then
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be rewritten to take the following form:

(
AN
)
1j
≡

∑
m1j(N)

(
AN
)
1j
(mij(N))

km1j(N)

D
≤ ∆(j′)AN

1 (ᾱN)! (Aeff,1j′)
N kν1j′ (k), (5.10)

where A1 is defined on the second line of (4.19), ∆(j′) is the degeneracy34 for a given value of
j′ (which is a generalization of 2−j′ degeneracy we saw in (5.9)), D is the denominator from
(5.8), and ᾱ is as in (4.29). For j = j′ = 0 this is exactly what gave us the required Gevrey
growth, and now we see that we can extend it to include j > 0 case too.

3. It has also resolved the conundrum associated with raising the amplitude (5.6) to N-th
power in (5.7). Now instead of looking for 1j-th component of AN, we can look at N-th power
of Aeff,1j. This is now in the same league as (A10)

N, implying that the Borel resummation of
the corresponding Gevrey series may be performed efficiently.

To proceed with the a bound like (5.10), it will be instructive to give one concrete example.
Let us consider p = 7 in (4.18), which would correspond to an interaction of the form ∂nφ7

1,
where from our earlier considerations, n ≥ 7. In the language of Aeff,1j we will have components
Aeff,10 till Aeff,13, so that the source can attach appropriately to the last node. In other words
the bound (5.10) may alternatively be expressed as:

3∑
j=0

(
A1
)
1j
≤ A1

1 (1ᾱ)!
(
∆(0)A1

eff,10k
ν10 +∆(1)A1

eff,11k
ν11 +∆(2)A1

eff,12k
ν12 +∆(3)A1

eff,13k
ν13
)

6∑
j=0

(
A2
)
1j
≤ A2

1 (2ᾱ)!
(
∆(0)A2

eff,10k
ν10 +∆(1)A2

eff,11k
ν11 +∆(2)A2

eff,12k
ν12 +∆(3)A2

eff,13k
ν13 + ...+∆(6)A2

eff,16k
ν16
)

10∑
j=0

(
A3
)
1j
≤ A3

1 (3ᾱ)!
(
∆(0)A3

eff,10k
ν10 +∆(1)A3

eff,11k
ν11 +∆(2)A3

eff,12k
ν12 +∆(3)A3

eff,13k
ν13 + ...+∆(10)A3

eff,1,10k
ν1,10

)
(5.11)

where we show the series upto N = 3. In writing (5.11) we have assumed j′ = j which, while
a little simplistic, works for the example here. (As mentioned earlier, typically j′ < j and
becomes equal for j = 0. We will however not dwell on these subtle nuances to avoid further
complicating the story. Detailed study of this will appear in [8], and we direct the readers to
that reference.) With this in mind, at N-th order, we expect:

⌊ pN−1
2
⌋∑

j=0

(
AN
)
1j
≤ AN

1 (Nᾱ)!∆(j′)
⊙
j′→j

(
AN

eff,10k
ν10 +AN

eff,11k
ν11 +AN

eff,12k
ν12 +AN

eff,13k
ν13 + ...+AN

eff,1,⌊ pN−1
2
⌋
k
ν
1,⌊ pN−1

2
⌋
)
,

(5.12)

with p = 7, which clearly depicts both the factorial and the polynomial growths. (The operation⊙
j′→j

, used earlier in (4.2), replaces the j′ in ∆(j′) with the corresponding value of j from ν1j.)

The situation is shown in Table 3, where we see that up to j = 3 the columns are all completely
filled. Beyond j = 3, the representation of Aeff,1j will have gaps coming from (5.11) and (5.12).

34We can generalize this to ∆(j′, p̄) for a given value of j′ and p̄ ≡ (p, q, r, s), but will not do so here.
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N 0 1 2 3 4 5 6 .. 10 .. 13 j

0 A0
eff,10k

ν10 A0
eff,11k

ν11 A0
eff,12k

ν12 A0
eff,13k

ν13 A0
eff,14k

ν14 A0
eff,15k

ν15 A0
eff,16k

ν16 .. A0
eff,1,10k

ν1,10 .. A0
eff,1,13k

ν1,13 ..

1 A1
eff,10k

ν10 A1
eff,11k

ν11 A1
eff,12k

ν12 A1
eff,13k

ν13 A1
eff,14k

ν14 A1
eff,15k

ν15 A1
eff,16k

ν16 .. A1
eff,1,10k

ν1,10 .. A1
eff,1,13k

ν1,13 ..

2 A2
eff,10k

ν10 A2
eff,11k

ν11 A2
eff,12k

ν12 A2
eff,13k

ν13 A2
eff,14k

ν14 A2
eff,15k

ν15 A2
eff,16k

ν16 .. A2
eff,1,10k

ν1,10 .. A2
eff,1,13k

ν1,13 ..

3 A3
eff,10k

ν10 A3
eff,11k

ν11 A3
eff,12k

ν12 A3
eff,13k

ν13 A3
eff,14k

ν14 A3
eff,15k

ν15 A3
eff,16k

ν16 .. A3
eff,1,10k

ν1,10 .. A3
eff,1,13k

ν1,13 ..

4 A4
eff,10k

ν10 A4
eff,11k

ν11 A4
eff,12k

ν12 A4
eff,13k

ν13 A4
eff,14k

ν14 A4
eff,15k

ν15 A4
eff,16k

ν16 .. A4
eff,1,10k

ν1,10 .. A4
eff,1,13k

ν1,13 ..

.. .. .. .. .. .. .. .. .. .. .. .. ..

N AN
eff,10k

ν10 AN
eff,11k

ν11 AN
eff,12k

ν12 AN
eff,13k

ν13 AN
eff,14k

ν14 AN
eff,15k

ν15 AN
eff,16k

ν16 .. AN
eff,1,10k

ν1,10 .. AN
eff,1,13k

ν1,13 ..

Table 4: We can add new terms to fill in the gaps left in Table 3. These are shown in red.
One may now Borel resum each of the series given in the columns, and then sum over the
Borel resummed values. The convergence property of the second summation, as well as how to
remove the added contributions, will be described in the text.

These gaps ruin the nice summations that we can have for all the columns beyond j = 3. The
summing over a column in Table 3, due to the corresponding factorial growth, is precisely the
Borel resummation. For the j = 0 column, the answer is what we had in (4.28), which led to
the expression for Λ in (5.3). Now that there are gaps in the columns in Table 3, summation
over all the columns ⌊p−1

2
⌋ < j <∞ with j ∈ Z+ cannot be done. How should we take care of

this subtlety?
The answer is as given in Table 4: we simply add the missing terms by hand! These are

represented in red. Now we can easily Borel resum over all the columns from 0 ≤ j <∞. The
final answer should be a summation over all the Borel resummed values. This double summation
procedure is what will effectively reduce the value of the cosmological constant. However, two
immediate questions arise.

1. How do we make sense of adding new terms to Table 4?

2. How do we know that the summation of the Borel resummed values is convergent?

Both the above questions are non-trivial, but can be answered by following a simple procedure.
The procedure is to remove the added contribution to any column after we Borel resum the
corresponding series. As an example consider the fourth column in Table 4. The first two
elements are added by hand, and they could contribute a small percentage to the Borel re-
summed series in that column. Similarly, the contribution in the tenth column would again be
a small percentage to the Borel resummed series from that column, but clearly the percentage
contribution is bigger than the percentage contribution in the fourth column. As j increases,
the percentage contribution also increases, but not linearly. Instead the contribution takes the
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following form:

∞∑
j=0

∞∑
N=0

AN
1 (ᾱN)! ∆(j) (Aeff,1j)

N kν1j(k) ≡

j = ⌊p−1
2
⌋

(5.13)

where the RHS is a symbolic way of representing the Borel resummed columns in Table 4.
The sum over N is the vertical Borel resummation of the columns, and the sum over j is the
second horizontal summation of the rows that we do after Borel resumming the columns. We
will denote the picture on the RHS as Borel box, a term alluded to earlier at the beginning of
section 4.4 and in footnote 27. The coloring scheme inside the box denotes the contributions
from the p = 7 interaction (in blue), and the contributions added by hand (in red).

The summation on the LHS of (5.13) does not show the full story. In particular it misses
the contribution from the Glauber-Sudarshan state, as well as the procedure to remove the
contributions in red appearing on the RHS of (5.13). Both of these may be accommodated in
the summation scheme in the following suggestive way:

⟨φ1⟩σ ≤ T+
1

V

∫ µ

kIR

d11k

(
1 +

⌊ p−1
2 ⌋∑
j=1

∆(j) +

∞∑
j=1+⌊ p−1

2 ⌋
exp (−|G(j, p)|) ∆(j)

)

× 1

g1/ᾱ

[∫ ∞
0

dS exp

(
− S

g1/ᾱ

)
kν1j

1− SᾱA1Aeff,1j

]
P.V

(
α2
1(k)

a2(k)
+

1

2a(k)

)
ψk(x, y) +O

(
1

V2

)
,

(5.14)

where ∆(j) is the degeneracy of various terms in the binomial expansion for a given value
of j and p from (5.10). These may be easily worked out by simply looking at the growth of
the terms (which are the ones accompanying the factorial and the polynomial growths). The
important term however is the exponentially decaying factor exp (−|G(j, p)|), controlled by a
monotonically increasing function G(j, p). For large j, G(j, p) would be large and consequently
it would reduce the contributions from Borel resummation in the column j. When j → ∞,
G(j, p)→∞, and therefore there would be no contribution35. This is of course what we expect
from the color scheme on the RHS of (5.13).

The result (5.14) is still not ready for synthesis. In particular we are lacking a precise
way to define T, the tree-level contribution. Such a definition should simplify the second line
involving k dependence to bring it in a more manageable form. This step however is more
non-trivial, because the tree-level result is a bit unwieldy and takes the following form:

T ≡
∫ µ

kIR

d11k

[
α1(k)

a(k)
−

(
1 +

⌊ p−1
2 ⌋∑
j=1

∆(j)

)
kν1j

V

(
α2
1(k)

a2(k)
+

1

2a(k)

)]
ψk(x, y), (5.15)

which may be compared to (4.26). Note that the summation over j in (5.15) does not extend
to j →∞. It is easy to see from Table 4 why this is the case. We need the quadratic pieces to

35We expect G(j, p) to be independent of p and only depend on the profile separating the blue and the red
regimes in the Borel box of (5.13). However we keep the p dependence for genericity.
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efficiently perform the Borel resummation only in the range 0 ≤ j ≤ ⌊p−1
2
⌋ and therefore they

appear with minus signs in the tree-level result (5.15). For 1+ ⌊p−1
2
⌋ ≤ j <∞, this is no longer

a requirement as we are anyway adding the N = 0 pieces by hand. While this helps us to write
T efficiently, it also implies that due to the j dependence in ∆(j) and ν1j, one cannot express
the quadratic piece of α1(k) in terms of the linear piece so efficiently. In (4.26) we managed
this by resorting to ρ∗(k) in (5.2). Can we do this here?

Unfortunately the story is more complicated and the simplification resulting from (4.26)
cannot be repeated here. But all is not lost, because we can adapt a different strategy. The
strategy would be to look for the maximum value of ν1j to get a bound on the quadratic piece
from the vanishing of T in (5.15). In other words, we define:

ν∗(k) ≡ max (ν1j,∀j) = max
(
ν10, ν11, ν12, ..., ν1⌊ p−1

2
⌋, ..., ν1∞

)
, (5.16)

which makes kν∗(k) the least dominant one because the dimensionless k satisfy k < 1 in the
range kIR < k < µ < 1 as they are all measured with respect to Mp (see [15], [16], [7] for a
discussion on the scales appearing in the problem). This means the bound coming from the
vanishing of T in (5.15) will be the following:

∫ µ

kIR

d11k
kν

∗(k)

V

(
α2
1(k)

a2(k)
+

1

2a(k)

)
ψk(x, y) ≤

(
1 +

⌊ p−1
2 ⌋∑
j=1

∆(j)

)−1 ∫ µ

kIR

d11k
α1(k)

a(k)
ψk(x, y), (5.17)

which works perfectly because of our choice of ν∗(k) from (5.16). The bound on the expectation
value, i.e. ⟨φ1⟩σ in (5.14), remains unaffected by the choice of ν∗(k), and therefore plugging
(5.17) in (5.14) leads to the following alternative expression:

⟨φ1⟩σ ≤

(
1 +

⌊ p−1
2 ⌋∑
j=1

∆(j) +

∞∑
j=1+⌊ p−1

2 ⌋
exp (−|G(j, p)|) ∆(j)

)(
1 +

⌊ p−1
2 ⌋∑
j=1

∆(j)

)−1

× 1

g1/ᾱ

[∫ ∞
0

dS exp

(
− S

g1/ᾱ

)
1

1− SᾱA1Aeff,1j

]
P.V

∫ µ

kIR

d11k
α1(k)

a(k)
ψk(x, y) +O

(
1

V2

)
,

(5.18)

which not only provides the bound for the expectation value, but also cleanly separates j
dependent summation from the k dependent integral. One should also compare (5.18) with
(4.28), the latter appearing from the j = 0 sector of full construction as seen from Table
4. Using similar arguments from the boundary condition − which led us to a closed form
expression for the four-dimensional cosmological constant in (5.3) − now leads to the following
modified expression for the cosmological constant:

Λ4/3 =

M
8/3
p

(
1 +

⌊
p−1
2

⌋∑
j=1

∆(j)

)

1
g1/ᾱ

(
1 +

⌊
p−1
2

⌋∑
j=1

∆(j) +
∞∑

j=1+
⌊
p−1
2

⌋ exp (−|G(j, p)|) ∆(j)

)[∫∞
0 dS exp

(
− S

g1/ᾱ

)
1

1−SᾱA1Aeff,1j

]
P.V

< M
8/3
p , (5.19)
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which is smaller than the value of the cosmological constant we got in (5.3)! This reduction
in the value appears from j > 0 contributions that were ignored in our earlier computations.
Note that if G(j, p) = 0, then the convergence of the series appearing in the denominator of
(5.19) may not be an issue. For example if ∆(j) = 1

2j
, and since:

1 +
⌊ p−1

2 ⌋∑
j=1

∆(j)

1 +
∞∑
j=1

∆(j)
= 1−

(
1

2

)1+⌊ p−1
2
⌋

< 1, (5.20)

the cosmological constant is effectively reduced by that factor. Of course, from the analysis that
we presented above, G(j, p) cannot vanish which could in fact be easily justified from Table
4 or from the coloring scheme of the Borel box in (5.13). But even with non-zero G(j, p), the
value of Λ would be smaller than what we got from (5.3). Despite the aforementioned success,
the closed form expression in (5.19) is still not the full answer as we have chosen a specific value
of p = 7 in (4.18). To get the full answer, we will have to add in the contributions coming from
all possible values of p − including all possible values for (q, r, s) that we have ignored so far −
in (4.18). This is a formidable exercise which will take us beyond the scope of this paper. We
will then suffice ourselves by making the following observations.

1. For p powers of the field with n derivatives, we have seen earlier that n ≥ p. To avoid
generating non-localities, we can choose a scheme to shut off infinite derivatives, or infinite
powers of the field. This will suggest that p, and in turn n, can be very large but not infinite.

2. Each of the p powers would generate a Borel box using the analysis that we presented earlier.
Including (q, r, s) will increase the number of Borel boxes considerably. Thus we will have a
large, but not infinite, collection of Borel boxes contributing to the path integral analysis for
the expectation value ⟨φ1⟩σ.

3. The expression for the four-dimensional cosmological constant Λ from all the Borel boxes will
take a form like (5.19), except that the denominator will be much bigger than the numerator
− but again not infinite. This will effectively lower the cosmological constant quite a bit from
what we have in (5.19).

Our above considerations provide a strong reason why the four-dimensional cosmological con-
stant Λ can be so small, despite using only scalar degrees of freedom to mimic gravitational
and other on-shell degrees of freedom. However the actual demonstration of the aforementioned
three points is a pretty non-trivial exercise, which we shall present in our upcoming work [8].

5.3 What if the four-dimensional cosmological constant slowly varies
with time?

Our analysis in the precious section shows the possibility that the four-dimensional cosmological
constant could in principle be made small. One could also entertain the following possibility:
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what if the small and positive cosmological constant also varies slowly with respect to time?
This is a curious scenario [10], but before we start we should point out that even with this
set-up we could not realize such a scenario as a vacuum solution. The reasoning remains the
same as before related to the problems with Wilsonian integration, quantization of strings over
a temporally varying background and other similar issues. In fact the situation may be more
severe now because of temporal variation of the cosmological constant Λ, albeit very slowly.
In literature, these kind of cosmologies are termed as the quintessence cosmologies and their
realization in string theory so far has not been very successful. In the following we will argue
that a class of such models may be realized from our Glauber-Sudarshan state construction.

We will start by first specifying the emergent metric components from the eleven-dimensional
set-up36 with the topology of the internal eight-manifold to beM4×M2×T2

G such that ym ∈M4

and yρ ∈M2. These metric components, as defined earlier in say (3.13), as well as the G-fluxes37

are expressed as expectation values over the Glauber-Sudarshan state and for the present case
we will specify them in the following way:

⟨g11,11⟩σ ≡ g11,11(x, y; gs) = g̃11,11(x, y)

(
gs

H(y)Ho(x)

) 4
3

⟨g33⟩σ ≡ g33(x, y; gs) =
∞∑
k=0

h̃kδ33

(
gs

H(y)Ho(x)

) 4
3
+

2k|f̃k(t)|
3

⟨gµν⟩σ ≡ gµν(x, y; gs) =
∞∑
k=0

hkηµν

(
gs

H(y)Ho(x)

)− 8
3
+

2k|fk(t)|
3

⟨gκρ⟩σ ≡ gκρ(x, y; gs) =
∞∑
k=0

g(k)
κρ (x, y)

(
gs

H(y)Ho(x)

)− 2
3
+β(t)+

2k|βk(t)|
3

⟨gmn⟩σ ≡ gmn(x, y; gs) =
∞∑
k=0

g(k)
mn(x, y)

(
gs

H(y)Ho(x)

)− 2
3
+α(t)+

2k|αk(t)|
3

⟨GABCD⟩σ ≡ GABCD(x, y; gs) =
∞∑
k=0

G
(k)
ABCD(x, y)

(
gs

H(y)Ho(x)

)lCD
AB+

2k|gk(t)|
3

(5.21)

where (A,B) ∈ R2,1×M4×M2× T2

G , lCD
AB is the dominant scaling for the emergent flux compo-

nents; and (f̃k(t), fk(t), α(t), αk(t), β(t), βk(t), gk(t)) are the set of functions that are arranged
so that they would solve the Schwinger-Dyson equations (7.57) as well as equations coming
from duality constraints. The latter would typically involve dualities from M-theory to type
IIB as well as the constraint to keep the four-dimensional Newton’s constant in the type IIB

36It might be useful for readers, who are not acquainted with the Schwinger-Dyson equations or their appli-
cations to the Glauber-Sudarshan states, to skip this section on their first reading and come back only after
learning the derivation in (7.57) from an effective action (7.55).

37We are ignoring the fermionic terms to keep the analysis simple. A more detailed study will be presented
in [9].
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side time-independent. Note that gs continues to be the dual type IIA coupling, as evidenced
from the form of ⟨g11,11⟩σ, but its connection to the conformal temporal coordinate t needs
to be determined. We will derive this soon, but before we do so we should point out that, to
maintain the isometry in the type IIB side, f̃k(t) and fk(t) cannot be independent of each other.
In fact they are related by the following polynomial equation:

∑
k,l

hkh̃l

(
gs

H(y)Ho(x)

) 2
3
(k|f̌k(t)|+l|f̂l(t)|)

= 1, (5.22)

where f̌k(t) = fk(t) +O(Mp, gs) and f̂l(t) = f̃l(t) +O(Mp, gs) with the corrections coming from
the duality rules. Note the presence of modulus signs on f̂l(t) in (5.22) and f̃k(t) in (5.21). This
ensures the sub-dominant behavior and subsequent duality to type IIB which are important to
solve (5.22) in the presence of the O(Mp, gs) corrections. (Detail of these corrections are not
necessary, so we will not elaborate anymore here and leave them for [9].) There is also another
subtlety now: the type IIB coupling is no longer at the constant coupling point of F-theory.
Due to choice of (5.21), and consequently (5.22), the IIB coupling g(b)s takes the form:

(
g(b)s
)2

=
∞∑
k=0

hk

(
gs

H(y)Ho(x)

) 2k|f̌k(t)|
3

, (5.23)

with h0 = 1, and is therefore slowly varying with time. Depending on the signs of hk, the
coupling could be vary with time slightly above or below the constant coupling point of F-
theory. This temporal variation, albeit small, is precisely due to the temporal variation of the
M-theory torus as one of the direction of the torus determines the dual IIA coupling and the
other direction fixes the dual IIB coupling. Once we know the IIB string coupling, and after
combining (5.21), (5.22) and (5.23) together, the emergent metric ⟨g(b)

AB⟩ω, with |ω⟩ being the
Glauber-Sudarshan state in the IIB side, now takes the following form:

ds2 ≡ ⟨g(b)
AB⟩ωdY

AdYB =

∞∑
k=0

hk

(
gs

H(y)Ho(x)

)−2+ 2k|f̌k(t)|
3

(
−dt2 +

3∑
i=1

dx2i

)

+

∞∑
k=0

g(k)
mn(x, y)

(
gs

H(y)Ho(x)

)α̌(t)+ 2k|α̌k(t)|
3

+

∞∑
k=0

g(k)
ρσ (x, y)

(
gs

H(y)Ho(x)

)β̌(t)+ 2k|β̌k(t)|
3

,

(5.24)

which is clearly different from what we had in (2.4). The split of the base M6 to M4 ×M2

is useful because we can easily make the volume of the internal manifold, and consequently
the emergent four-dimensional Newton’s constant, time-independent by relating α̌(t) with β̌(t)
and also with α̌k(t) and β̌k(t), although this may be relaxed now. (In any case any temporal
dependence will be sub-dominant as we shall see below.) A special case is when α̌(t) = β̌(t) = 0

with a certain relation between α̌k(t) and β̌k(t) to keep the volume time-independent.
The above emergent metric configuration (5.24) in type IIB would make sense if the original

metric components from (5.21) solve the Schwinger-Dyson equations (7.57). This is a non-trivial
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exercise and in section 7.3 we will argue that this is indeed possible. Assuming this to be the
case, the pertinent question is the following: how does our little exercise above show that the
four-dimensional cosmological constant is slowly varying with time? There are in fact two ways
to show this. The first one is relatively straightforward and may be easily ascertained by looking
at the form of the IIB metric (5.24). We demand:

∞∑
k=0

hk

(
gs

H(y)Ho(x)

)−2+ 2k|f̌k(t)|
3

=
1

Λ(t)|t|2
=

(
1 + Λ̌(t)

Λ

)−1
Λ|t|2

, (5.25)

where Λ(t) ≡ Λ+Λ̌(t), with Λ̌(t) is a very slowly varying function. (In fact because of this very
slow variation we could express the RHS of (5.25) in the way shown there as an almost flat-
slicing but with varying Λ(t).) It should be clear from (5.25) that, for f̌k(t) = 0, the correction
Λ̌(t) = 0 and

(
gs

H(y)Ho(x)

)
=
√
Λ|t|. Switching on f̌k(t) is equivalent to switching on Λ̌(t), and

since
(

gs
H(y)Ho(x)

)
< 1, this would make the effective cosmological constant to monotonically

decrease with time. An interesting solution to (5.25) is to take
(

gs
H(y)Ho(x)

)
=
√
Λ|t| and to

solve the following equation:

∞∑
k=0

hk

(√
Λ|t|

) 2k|f̌k(t)|
3

= 1 + h1

(√
Λ|t|

) 2|f̌1(t)|
3

+ h2

(√
Λ|t|

) 4|f̌2(t)|
3

+ ... =

(
1 +

Λ̌(t)

Λ

)−1

= 1− Λ̌(t)

Λ
+

(
Λ̌(t)

Λ

)2

−
(
Λ̌(t)

Λ

)3

+

(
Λ̌(t)

Λ

)4

+ ... =

∞∑
n=0

(−1)n
(
Λ̌(t)

Λ

)n (5.26)

where the Taylor expansion in the second line is only justified if Λ̌(t) << Λ within the temporal
domain (2.5). This is also the case where

(
gs

H(y)Ho(x)

)
< 1 with the aforementioned choice for

gs. The equation (5.26) is easily solved once we choose hk = (−1)k which fixes the following
functional form for f̌k(t) in terms of Λ̌(t):

|f̌k(t)| = |f̌1(t)| =
3

2

 log
(

Λ̌(t)
Λ

)
log
(√

Λ|t|
)
 , ∀k ≥ 1. (5.27)

Since the conformal time is bounded by (2.5) and Λ̌(t) << Λ within the bound (2.5), the
RHS is a positive definite quantity consistent with the modulus of f̌k(t). In retrospect, the

series
(

gs
H(y)Ho(x)

) 2|f̌1(t)|
3 got by imposing (5.27) shouldn’t appear that surprising in the light

of similar series, but with f̌1(t) = 1, studied in [14–16] for the internal manifold. The latter
was shown to be consistent with the Schwinger-Dyson equations so the present case, with slight
modification from the introduction of f̌1(t) along the space-time directions, should not pose any
insurmountable difficulties. A possible solution, directly from M-theory, would be to define:

fk(t) = f̃k(t) = αk(t) = βk(t) = gk = f1(t), α(t) = β(t) = 0, (5.28)
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in (5.21). Such a choice is clearly consistent with (5.27) and, since |f̌1(t)− f1(t)| = O(gs,Mp),
we expect f̌1(0) = f1(0) at late time as t→ 0 (or gs → 0). Comparing it with (5.27), Λ̂(t) also
needs to decrease monotonically for this limit to make sense so that the effective cosmological
constant varies from Λ+Λ̌

(
− 1√

Λ

)
to Λ in the temporal domain (2.5). This is clearly consistent

with what we predicted earlier, so now we need to figure out the limiting value on the RHS of
(5.27) at late time. This may be determined in the following way. At late time if the parameters
in (5.27) approach zero as

√
Λ|t| → ϵ and Λ̂(t) → Λϵa for ϵ → 0+ and a > 0, then f̌1(0) → 3a

2

implying f1(0) = 3a
2
. Additionally, to see whether (5.28) solves the Schwinger-Dyson equations,

we can first define an effective coupling ǧs ≡
(

gs
H(y)Ho(x)

)|f1(t)|
. Plugging this in (7.55), one

may check that every term of the equation there scales with respect to gs as a dominant and a
sub-dominant piece in the following way:

∞∑
k=0

ak(x, y)

(
gs

H(y)Ho(x)

)dominant

× ǧ
2k
3

+ log corrections, (5.29)

with a functional form ak(x, y) that may be easily specified for each term. There are also log
corrections that are a bit non-trivial to derive but are nevertheless tractable. These corrections
tend to be very small, so we won’t need them here, and the full derivation of them will be
presented in [9]. Therefore ignoring these corrections and equating the dominant scalings over
all the terms in (7.55) would specify the dominant quantum corrections needed to solve the
Schwinger-Dyson equation (7.55)38. After which one can equate the subdominant scalings over
all the terms to solve the system to all orders in ǧs. The strategy to solve the EOM with the
log corrections will be discussed in [9]. In fact in sections 7.3.1 and 7.3.2 we will take a slightly
simplified version with fk(t) = f̃k(t) = α(t) = β(t) = 0 and αk(t) = βk(t) = gk(t) = 1 to show
the consistency of the aforementioned construction.

One of the advantage of the solution (5.27) is that the both the definition of the dual IIA
coupling gs and the temporal domain of validity (2.5) do not change. One could envision a
different solution of gs in (5.25) that would depend on the conformal time t, as well as the
functional forms for Λ̌(t) and f̌k(t). One example would be to keep f1(t) = 1 in (5.28) where
we cannot always demand

(
gs

H(y)Ho(x)

)
=
√
Λ|t| to solve (5.25). Needless to say, this is a slightly

difficult exercise and is not clear whether a closed-form expression for gs exists. Such a solution
will also change the temporal domain (2.5), albeit to sub-leading order, but we will not address
this any further here.

The second way to justify the slow variation of the four-dimensional cosmological constant
is to go back to the derivation of the expectation value using the Borel-Ècalle resummation as
shown for the scalar field case in the second relation of (4.30). For our metric configuration

38There is a bit of a subtlety here because the dominant scalings may themselves be functions of t − and
consequently of gs − so this matching needs to be done carefully. We will discuss this briefly in section 7.3.3
and leave a more detailed study for [9].
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this will take the following form:

⟨gµν⟩σ =
1

g1/ᾱ

[∫ ∞
0

dS exp

(
− S

g1/ᾱ

)
1

1− f̌maxSᾱ

]
P.V

∫ µ

kIR

d11k
α(k)ηµν
a(k)

ψk(x, y)

=
∞∑
k=0

hkηµν

(
gs

H(y)Ho(x)

)− 8
3
+

2k|fk(t)|
3

=
∞∑
k=0

hkηµν

(√
Λt
)− 8

3
+

2k|f̌1(t)|
3

,

(5.30)

where all the parameters in the first line above have already been defined in section 4, and in
the second line we have used (5.27). It is not too hard to see that now Λ may continue to
appear from the Borel resummed integral as in (5.3), or the modified one with the introduction
of the Borel boxes from (5.19), and the Glauber-Sudarshan state may be determined from the
following Fourier integral:

∫ µ

kIR

d11k
α(k)ηµν
a(k)

ψk(x, y) = FT


(
1 + Λ̌(t)

Λ

)−1
(Mp|t|)

8
3


Riemann−Lebesgue

, (5.31)

where on the RHS we first take the Fourier transform, and then rewrite this using the Riemann-
Lebesgue lemma to express it within the energy domain kIR < k < µ. On the LHS, we can
express α(k) as a series in Hermite polynomials as done in [7]. One may then impose a delta
function constraint via α(k) or via the wave-function ψk(x, y) (y ∈ M4 ×M2), to restrict the
integral to be a function of t only thus matching with the series on the RHS. More details on
this will be presented elsewhere.

Therefore to summarize, it appears that we can easily accommodate small temporal vari-
ation of the cosmological constant in our model by slightly changing the Glauber-Sudarshan
state as per the prescription (5.25), (5.27) and (5.31). A discussion of how a simpler version of
(5.21) solves the Schwinger-Dyson equation (7.57) will be presented in section 7.3.

6 Schwinger-Dyson’s equations, EOMs and the excited states

The readers who have skipped section 5 would be pleased to know that one can define a small and
positive four-dimensional cosmological constant using the Glauber-Sudarshan states. However
two issues prohibit us to declare this as a solution to the cosmological constant problem.

1. The analysis is presented completely using four set of scalar degrees of freedom instead of
the actual gravitational, fluxes and other on-shell degrees of freedom.

2. Even with scalar degrees of freedom, it is not clear whether the procedure to reduce the value
of the cosmological constant by introducing multiple Borel boxes would produce a value small
enough to actually reproduce the oft-quoted 10−120M2

p result.
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Despite this our analysis, probably for the first time, has provided a reason for the smallness
of the positive cosmological constant that only relies on non-perturbative effects. We will not
elaborate further on this interesting direction − which we leave it for our upcoming work [8]
− instead we will answer a pertinent question related to how these Glauber-Sudarshan states
overcome the so-called swampland criteria [6]. Before that however we need to know the EOMs
governing these states which in turn requires us to determine the resolution of identity that we
briefly touched upon in section 3.3. These will be the contents of the following section.

6.1 Resolution of identity and EOMs for the Glauber-Sudarshan states

To study the EOM we will first go back to the form of the Glauber-Sudarshan state |σ⟩ that
we discussed in (3.2). These states are not normalized, so ⟨σ|σ⟩ ̸= 1. We can express this as
the following path-integral:

⟨σ|σ⟩
⟨Ω|Ω⟩

=
⟨Ω|D†D|Ω⟩
⟨Ω|Ω⟩

=

∫ 4∏
i=1

[Dφi] exp (−Stot(φ1, .., φ4))D†(σ, φ1, .., φ4)D(σ, φ1, .., φ4)

=

∫ 4∏
i=1

[Dφi] exp (−Stot(φ1 + ϵ(x, y), φ2, .., φ4))D†(σ, φ1 + ϵ(x, y), φ2, .., φ4)D(σ, φ1 + ϵ(x, y), φ2, .., φ4)

=

∫ 4∏
i=1

[Dφi] exp

(
−Stot(φ1, .., φ4)− ϵ(x, y)

δStot

δφ1

)
D†(σ, φ1, .., φ4)D(σ, φ1, .., φ4)

(
1 + ϵ(x, y)

δ

δφ1
log
(
D†D

))
(6.1)

where in the second line we have taken a dummy variable φ′1(x, y) ≡ φ1(x, y) + ϵ(x, y), and
in the third line we have Taylor expanded to first order in ϵ(x, y), where ϵ(x, y) is a function
satisfying 0 < ϵ(x, y) << 1 everywhere in eleven-dimensional space-time. It is also easy to see
that Dφ′1 = Dφ1. Now comparing the first line with the third line, we easily get the following
equation of motion for the on-shell field φ1:

ϵ(x, y)

∫ 4∏
i=1

[Dφi] exp (−Stot(φ1, .., φ4))D†(σ, φ1, .., φ4)D(σ, φ1, φ4)

(
δStot

δφ1
− δ

δφ1
log
(
D†D

))
= 0, (6.2)

which would imply the vanishing of the integral because ϵ(x, y) is a non-zero function every-
where. Note the relative minus sign between the two terms above coming entirely from the fact
that we took an Euclidean action. Had we taken a Lorentzian action, there would have been a
relative

√
−1 factor. We will avoid factors of

√
−1 in our analysis. The vanishing of (6.2) leads

to the following EOM: 〈
δStot

δφ1

〉
σ

=

〈
δ

δφ1

log
(
D†D

)〉
σ

, (6.3)

which is precisely the EOM satisfied by the Glauber-Sudarshan state. This is a Schwinger-
Dyson (SD) type EOM, but differs from the usual SD equation in at least two respects.

1. It is defined over the Glauber-Sudarshan state |σ⟩ instead over the interacting vacuum |Ω⟩.
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2. It differs from the expected EOM of the form
〈
δStot

δφ1

〉
σ
= 0, because of the presence of a

non-unitary39 D(σ, φ1, .., φ4).

The above EOM is important to solve first to get the form of ρ∗(k) in (5.2), which will eventually
fix the functional form for α1(k) in (4.27). Unfortunately the form of the EOM in (6.3) is pretty
unwieldy to yield the value (5.2) for ρ∗(k) so easily. Part of the difficulty of course lies in the
form of the EOM itself, but more importantly, since:

⟨φni ⟩σ ̸= ⟨φi⟩nσ, ⟨∂mφni ⟩σ ̸= ∂m⟨φi⟩nσ, (6.4)

the expectation values for φni , i.e. ⟨φni ⟩σ, or the ones with derivatives, i.e. ⟨∂mφni ⟩σ, need
to be computed for all values of (n,m) in (6.4). Recalling the fact that even for a simple
computation like ⟨φ1⟩σ involves Borel resummations of Gevrey series as well as summations
over Borel boxes, going to n > 1 in (6.4) will be a formidable exercise. Is there a way we can
simplify (6.3) to efficiently solve the EOMs and get the desired functional form for ρ∗k as in
(5.2)? The answer is yes provided we can have a well defined notion of the resolution of identity
using the Glauber-Sudarshan states. How does that help us?

Before going into the benefits of resolution of identity, let us discuss whether it is even
possible to have such resolution with Glauber-Sudarshan states. We already discussed one
possible way in (3.9) using the displacement operator (3.5). The suppression factor in the path-
integral using (3.9) is given by (3.10). However the aforementioned analysis only works well
when Im σ > Im σ′ in ⟨σ|σ′⟩. This is an unsatisfactory feature, although for many practical
purposes the choice of O in (3.9) suffices. Clearly for generic application, a better formalism
for the resolution of identity is called for. How can we derive this?

One possibility would be to use the complete set of states for the full interacting Hamil-
tonian H(t) ≡

∫
d2x d6y d2w Htot(x, y, w), where Htot may be determined from the full non-

perturbative completion of Stot (see section 4.2)40. We will make two assumptions to simplify
the ensuing analysis: one, the interacting vacuum |Ω⟩ will be assumed to be non-degenerate,
and two, there is an energy gap between the first excited state and the vacuum. Keeping these
in mind we express the completeness condition as:

1 = |Ω⟩⟨Ω|+
∞∑
n=1

cn|n⟩⟨n|, (6.5)

where cn is the degeneracy of the higher excited states |n⟩. |Ω⟩ is the interacting vacuum that
we have been using so far − which is an eigenstate of H − and whose properties may be easily
discerned from the non-perturbative (and non-local) completion of Stot in the path-integral
formalism. However the properties of |n⟩ are much harder because they are no longer harmonic
oscillator states. Is there a way to avoid this subtlety and get the completeness relation for the

39Had we chosen a unitary D(σ), then no EOM of the form (6.3) would have appeared because ⟨σ|σ⟩ =
⟨Ω|Ω⟩ = 1. This is another crucial way the Glauber-Sudarshan states differ from the coherent states.

40This is also the Hamiltonian that entered in (3.2).
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Glauber-Sudarshan states? The answer is surprisingly yes with the aid of a few notations. We
define an ordered operator ΣLR whose action on any operator O is:

ΣLRO ≡

[
D(σ;φi) exp

(
− iHT

)]
−→
L
⊗
[
D†(σ;φi)

]
←−
R
O = D(σ;φi) exp

(
− iHT

)
O D†(σ;φi), (6.6)

where the first equality provides the form of the operator. The ordering of the operator action
means the following: the subscript

−→
L denotes action from the left and the subscript

←−
R denotes

action from the right on the operator O (the arrows signify the directions of the operators
actions). The action of ΣLR on (6.5) then provides the following relation:

∑
σ,σ∗

[
D(σ;φi) exp

(
− i(H− E0)T

)]
−→
L
⊗
[
D†(σ;φi)

]
←−
R

⟨σ|σ⟩
=

∑
σ,σ∗

|σ⟩⟨σ|
⟨σ|σ⟩

+
∑
σ,σ∗

∞∑
n=1

cn exp
(
−i(En−E0)T

) D(σ;φi)|n⟩⟨n|D†(σ;φi)

⟨σ|σ⟩
,

(6.7)

where H measured over the Minkowski minimum is taken to be independent of time, and E0

and En denote the energies of the vacuum |Ω⟩ and the higher excited states |n⟩ respectively. It
should also be clear that En > E0, ∀n, which means |Ω⟩ to be the lowest energy state (i.e. the
vacuum). This also means that if we take T to infinity along slightly imaginary direction, we
can decouple all the higher excited states. This would immediately imply:

∑
σ,σ∗

|σ⟩⟨σ|
⟨σ|σ⟩

= lim
T→∞(1−iϵ)

∑
σ,σ∗

[
D(σ;φi) exp

(
− i(H− E0)T

)]
−→
L
⊗
[
D†(σ;φi)

]
←−
R

⟨σ|σ⟩
, (6.8)

with |σ⟩⟨σ| ≡
⊗
k

|σ(k)⟩⟨σ(k)|, where the operation
⊗
k

collects all the kets with different mo-

menta on one side and the bras, again with different momenta, on the other side without
contractions; and ⟨σ|σ⟩ =

∏
k

⟨σ(k)|σ(k)⟩, where
∏
k

is the usual product over the momenta. The

relation (6.8) produces something akin to a resolution of identity, but not quite. One immediate
issue is the choice of the ordered operator (6.6). This is a bit unsatisfactory, so the question
is whether the ordering is important or not. To see this, let us act the unordered operator on
(6.5). The result we get is:

D(σ;φi) exp
(
− iHT

)
D†(σ;φi) = D(σ;φi) exp

(
− iHT

)
D†(σ;φi) |Ω⟩⟨Ω|+ D(σ;φi) exp

(
− iHT

)
D†(σ;φi)

∞∑
n=1

cn|n⟩⟨n|

= D(σ;φi) exp
(
− iHT

)(
|Ω⟩⟨Ω|+

∞∑
n=1

cn|n⟩⟨n|︸ ︷︷ ︸
1

)
D†(σ;φi) |Ω⟩⟨Ω|

+ D(σ;φi) exp
(
− iHT

)(
|Ω⟩⟨Ω|+

∞∑
n=1

cn|n⟩⟨n|︸ ︷︷ ︸
1

)
D†(σ;φi)

∑
n

cn|n⟩⟨n|

= exp
(
− iE0T

)
|σ⟩⟨σ| +

∞∑
n=1

cn exp
(
− iEnT

)
D(σ;φi)|n⟩⟨n|D†(σ;φi)

(6.9)

which is exactly what we had on the RHS of (6.7), implying that the ordering of the operator
is not necessary, at least for the above case. Summing over σ and σ∗, and taking the limit
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T→∞(1− iϵ), then leads back to (6.8) but without any ordering. The RHS of (6.8) deviates
from the identity because both the operators D(σ)D†(σ) and exp

(
− i(H − E0)T

)
as well as

the expectation value ⟨σ|σ⟩ deviate from the identity (in fact this is exactly how the Glauber-
Sudarshan states differ from the coherent states). This means:

∑
σ,σ∗

|σ⟩⟨σ|
⟨σ|σ⟩

= lim
T→∞(1−iϵ)

∑
σ,σ∗

D(σ;φ1, .., φ4) exp
(
− i(H− E0)T

)
D†(σ;φ1, .., φ4)

⟨σ|σ⟩
= 1+Q(φ1, .., φ4), (6.10)

where Q(φ1, .., φ4), which is a function of only the on-shell fields, is another operator that may
be derived from expanding the middle operator in (6.10). The identity 1 should be understood
as the identity operator in the Hilbert space of the over-complete set of |σ⟩. This way no extra
normalization factor needs to be introduced in (6.10). After the dust settles, the resolution of
identity for the Glauber-Sudarshan states takes the following form:

1 =
∑
σ,σ∗

|σ⟩⟨σ|
⟨σ|σ⟩

− Q(φ1, .., φ4) =

∫
d2σ
|σ⟩⟨σ|
⟨σ|σ⟩

− Q(φ1, .., φ4), (6.11)

which elucidates the precise difference from the coherent states. For the latter Q(φ1, .., φ4)

vanishes and ⟨σ|σ⟩ = 1. In the second equality of (6.11) we have converted the sum to an
integral over the continuous parameters σ and σ∗. (The way we have presented (6.11), the
integral or the summation over the Glauber-Sudarshan states appearing therein do not involve
any extra function of σ and σ∗.) Looking at (6.10) however raises an immediate question:
in the limit T → ∞(1 − iϵ), the higher states |n⟩ decouple faster compared to the vacuum
state |Ω⟩, so shouldn’t this also decouple the Glauber-Sudarshan state |σ⟩ since it’s energy is
higher than the vacuum state? The answer may be presented in various ways. If the energy
of the Glauber-Sudarshan state is only very slightly above the vacuum state then these states
will not decouple. Such a consideration should be consistent with the fact that we expect the
cosmological constant, which is the energy associated with the Glauber-Sudarshan state, to be
very small. Note however that this is not a proof for the smallness of the cosmological constant
because the completeness condition (6.5) doesn’t exactly involve the |σ⟩ states directly, so the
energy argument is only an indirect one. More appropriately, the Glauber-Sudarshan states
are not eigenstates of the total Hamiltomian Htot, and therefore they do not appear in the
completeness condition (6.5). These states are only consistently described for a very short
temporal domain of − 1√

Λ
< t < 0, and as such are not decoupled by the asymptotic temporal

condition of T→∞(1− iϵ).
With this, the resolution of identity takes a consistent form that doesn’t depend upon any

constraints on Im σ. Any constraints that might have resulted earlier from using (3.9), are
removed by the inclusion of the operator Q(φ1, .., φ4). Two questions arise now.

1. Can we insert (6.11) inside the expectation-value form of the EOM (6.3) to bring it to a
more manageable form?

2. The expectation-value form (6.3) could in principle give rise to the expectation value of the
action itself, i.e. ⟨Stot⟩σ. Since the latter involves Borel resummation, is the Wilsonian effective
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action (WEA) compatible with Borel resummation?

These two questions may seem somewhat unrelated, but we will argue that they are not. This
is what we turn to next.

6.2 Compatibility of the Wilsonian action with Borel resummations
and EOMs

Let us start with a simple toy model to illustrate the underlying story. We will take a single
real scalar field φ, which we shall call the “on-shell” degree of freedom, and another scalar field
ϕ, that we shall denote as the “off-shell” degree of freedom. (As an example of this, consider
the metric (7.23). The on-shell degrees of freedom are the metric components gµν ,gmn and gab,
whereas the off-shell degrees of freedom are g0m,gmb et cetera. The former set is denoted by
φ and the latter set by ϕ.) We will also not worry about momentum conservation or about
other off-shell degrees of freedom. The latter will be very important once we take the actual
the metric components, the fluxes and the fermionic degrees of freedom. The action we shall
consider will be:

Stot(φ, ϕ) ≡ S1(φ) + S2(φ, ϕ) = M9
p

∫
d11x

−φ□φ− ϕ□ϕ+
1

M2k−2
p

∑
n,m,k

cnmk{∂2k}φmϕn
 , (6.12)

with c200 = c020 = 0 now41 and {∂k} is the distribution of the derivatives among the two
scalar fields42. Both the fields φ and ϕ are dimensionless, and so are the coupling constants
cnmk. The action is defined at the scale Mp, and between this and the IR scale kIR we will
assume no other degrees of freedom. The raising and lowering of the indices are done using
the flat eleven-dimensional metric, which is the Minkowski minimum that we alluded to earlier.
Supersymmetry however will not be important for the following discussion so we will ignore it.

Let us now find out how the off-shell degree of freedom influences the Schwinger-Dyson’s
equations for both the on-shell and the off-shell degrees of freedom. This may sound a bit
puzzling and counter-intuitive path to follow, but we shall see that such a procedure leads
to the EOM for the emergent on-shell degree of freedom ⟨φ⟩σ along-with another EOM from
varying ϕ even though ⟨ϕ⟩σ = 0. This criterion also justifies what we mean by the emergent
on-shell and off-shell degrees of freedom: the on-shell degree of freedom will have a non-zero
expectation value over the Glauber-Sudarshan state |σ⟩, whereas the off-shell degree of freedom
will have zero expecation value. The reason for the latter is simple. If we denote the on-shell
degrees of freedom using a set Ξ = {φ}, then the displacement operator is exclusively given
in terms of σ and Ξ, i.e. D = D(σ,Ξ). This means, even though we allow non-zero ϕ, the

41This should be compared to what we have been taking so far, namely c200 ̸= 0 (see discussion after (3.7)).
Now allowing the off-shell degrees of freedom to be massless will have important implications.

42For example cnm2{∂2}φmϕn ≡ cnm20∂
2φmϕn + cnm02φ

m∂2ϕn + cnm11∂µφ
m∂µϕn. We can make further

finer distribution with (n,m) but we don’t do so here to keep the story simple.
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one-point function ⟨ϕ⟩σ = 0. The EOM for φ from (6.3) now takes the following form:

0 =

∫
Dφ Dϕ e−S1(φ)−S2(φ,ϕ)

(
□φ+ f1(φ)−

δS2(φ, ϕ)

δφ

)
D†(σ, φ)D(σ, φ)

+

∫
Dφ Dϕ e−S1(φ)−S2(φ,ϕ)

δ

δφ

(
D†(σ, φ)D(σ, φ)

)
=

∫
Dφ e−S1(φ) (□φ+ f1(φ)) D†(σ, φ)D(σ, φ)

∫
Dϕ e−S2(φ,ϕ)

+

∫
Dφ e−S1(φ)D†(σ, φ)D(σ, φ)

δ

δφ

∫
Dϕ e−S2(φ,ϕ)

+

∫
Dφ e−S1(φ)

δ

δφ

(
logD†(σ, φ)D(σ, φ)

)
D†(σ, φ)D(σ, φ)

∫
Dϕ e−S2(φ,ϕ)

(6.13)

where f1(φ) depends only on φ (and it’s derivative) and may be derived from the part of the
action given by S1(φ). The splitting of the path integral in terms of φ and ϕ now instructs us
to integrate away the massless off-shell field ϕ leading to a non-local contribution of the form:∫

Dϕ e−S2(φ,ϕ) = e−Snloc(φ), (6.14)

which is expressed completely in terms of the on-shell field component φ. (Recall that at the
Minkowski minimum ⟨ϕ⟩0 = ⟨ϕ⟩σ = 0.) As the readers may have noticed, f1(φ) will be related
to the energy-momentum tensor once we replace φ with the on-shell metric components. The
integral result in (6.14) is now important: it tells us how the non-local energy-momentum tensor
could enter the EOM. Combining everything together, the result we get for the EOM is:

0 =

∫
Dφ e−S1(φ)−Snloc(φ)

(
□φ+ f1(φ)−

δSnloc(φ)

δφ
− δ

δφ

(
logD†(σ, φ)D(σ, φ)

)
+ ...

)
D†(σ, φ)D(σ, φ)

=

〈
□φ+ f1(φ)−

δSnloc(φ)

δφ
− δ

δφ

(
logD†(σ, φ)D(σ, φ)

)
+ ...

〉
σ

(6.15)

where the dotted terms would be related to the non-perturbative contributions (that we still
haven’t determined). A similar flow of arguments work for the off-shell field ϕ, whose EOM
now takes the following form:

0 =

∫
Dφ Dϕ e−S1(φ)−S2(φ,ϕ)

(
□ϕ+ f̃1(ϕ) + f̃2(φ) + f̃3(φ, ϕ)

)
D†(σ, φ)D(σ, φ)

=

∫
Dφ e−S1(φ)f̃2(φ)D†(σ, φ)D(σ, φ)

∫
Dϕ e−S2(φ,ϕ)

+

∫
Dφ e−S1(φ)D†(σ, φ)D(σ, φ)

∫
Dϕ e−S2(φ,ϕ)

(
□ϕ+ f̃1(ϕ) + f̃3(φ, ϕ)

) (6.16)

where all four functions, namely □ϕ, f̃1(ϕ), f̃2(φ) and f̃3(φ, ϕ) now appear from S2(φ, ϕ) with
no contributions from S1(φ). This is unlike the previous case wherein both parts of the total
action contributed to the EOM. To proceed, let us define:∫

Dϕ e−S2(φ,ϕ)
(
□ϕ+ f̃1(ϕ) + f̃3(φ, ϕ)

)
≡ e−Snloc(φ)Tnloc(φ), (6.17)
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which may be compared to (6.14), and more generally to the energy-momentum tensor appear-
ing from the non-local action once we take metric degrees of freedom despite the fact that they
are not directly related by a field derivative. Plugging (6.14) and (6.17) in (6.16), the EOM we
get is the following:

∫
Dφ e−S1(φ)−Snloc(φ)D†(σ, φ)D(σ, φ)

(
f̃2(φ) + Tnloc(φ) + ..

)
≡
〈
f̃2(φ) + Tnloc(φ) + ..

〉
σ

= 0, (6.18)

where the dotted terms are again the non-perturbative contributions that we will discuss soon.
Note that the EOM does not have any contribution from the log

(
D†(σ, φ)D(σ, φ)

)
term unlike

the previous case in (6.15).
Our analysis above has raised one subtlety regarding the expectation value computation

⟨φ1⟩σ itself once we consider only massless on-shell and off-shell degrees of freedom. The subtlety
has to do with the presence of the non-local action Snloc that would now appear to contribute
to, and therefore could influence, the factorial growth in ⟨φ1⟩σ that we computed earlier. This
should then affect the analysis for the cosmological constant. To quantify this let us consider a
generic non-local interaction of the form:

Snloc = M11
p

∫
d11x

√
−g11(x)

∞∑
n=0

dn

(
M6
p

∫
d6y
√

g6(y) F(x− y)Qpert(y, {li}, {nj})︸ ︷︷ ︸
Qnloc

)n
, (6.19)

where Qpert is the set of dimensionless perturbative quantum series expressed completely in
terms of the on-shell degrees of freedom as in (2.12)43, and F(x− y) is the dimensionless non-
locality factor. Such a factor would appear naturally when we take, for example, non-localities
of the form inverse derivatives et cetera. All the metric components are defined over a spacetime
with a topology R2,1×M4×M2× T2

G , with a flat metric over R2,1× T2

G and a non-Kähler metric
overM4×M2. For us, since we are only considering scalar fields φ and ϕ, the aforementioned
details are not important. However it suffices to say that, the Glauber-Sudarshan state would
change the metric appropriately (by introducing temporal dependence as in (7.23)) keeping the
topology unchanged44.

The non-local action presented in (6.19) is not useful because by itself it is not necessarily
convergent, which means expanding exp (−Snloc), would bring in a more complicated asymptotic
series. However we can rewrite the series (6.19) in a slightly different way by expressing dn itself
as the following series:

dn ≡
∞∑
p=1

cp(−p)n

n!
=
c1(−1)n

n!
+
c2(−2)n

n!
+
c3(−3)n

n!
+
c4(−4)n

n!
+ ....., (6.20)

43There is however a key difference between (2.12) and Qpert. The latter is perturbative and is defined over a
supersymmetric background (see details below), whereas the former is defined over the eleven-dimensional uplift
of a type IIB de Sitter vacuum. The matching points are that (a) both use the same set of curvature and flux
tensors, and (b) both are expressed over the same topology. The actual values of the corresponding tensors are
however quite different because in the former case there are temporal dependence with zero supersymmetries
whereas in the latter case there are no temporal dependence with non-zero supersymmetries.

44For simplicity here we will avoid discussing topology changing effects.
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without loss of generalities. If we define d =
(
d1 d2 d3 d4 ...

)T
and similarly c =

(
c1 c2 c3 c4 ...

)T
,

then (6.20) can be written as d = Mc, where M is now the following matrix:

M =



−1 −2 −3 −4 −5 −6 −7 ....

1
2

2 9
2

8 25
2

18 49
2

....

−1
6
−4

3
−9

2
−32

2
−125

2
−36 −343

6
....

1
24

2
3

27
8

32
3

625
24

54 2401
24

....

− 1
120
− 4

15
−81

40
−128

15
−625

24
−324

5
−16807

120
....

.... .... .... .... .... .... .... ....



, (6.21)

which, despite being infinite dimensional, has a finite determinant45 and an inverse (see section
6.2.1). This would imply that we can substitute (6.20) in (6.19), to express it alternatively as:

Snloc = M11
p

∫
d11x

√
−g11(x)

∞∑
p=1

cp

[
exp

(
−pM6

p

∫
d6y
√
g6(y)

∣∣F(x− y)Qpert(y, {li}, {nj})
∣∣)− 1

]
, (6.22)

defined over the supersymmetric warped Minkowski background (with an internal non-Kähler
space). The modulus sign in (6.22) is motivated from the fact that the series in (6.22) is always
convergent no matter what overall sign we assign to Qpert. This is borne out of our choice in
(6.20). For example if the overall sign of Qpert is negative then we can resort to positive p in
(6.20), or alternatively change p → −p in (6.20) (and consequently positive row elements in
(6.21)), which would again make the series in (6.22) convergent. The inverse of the matrix M
continues to exists for either signs of p in (6.20) because det M = +1 now. See figure 9 for
a diagrammatic view of the non-local interaction. In the following section we will provide a
mathematical proof of how to go from (6.19) to (6.22). Readers wanting to see the consequence
of (6.22) may skip this section on their first reading and go directly to section 6.2.2.

6.2.1 A mathematical proof to convert (6.19) to (6.22) and convergence

Let us take a short mathematical detour to explain some of the steps used to get (6.22) from
(6.19). Our aim would also be to show that the aforementioned transformations are not related
in any way to the Borel transformation. The latter will be used to further resum the series to
bring it in a trans-series form.

Our starting point would be (6.20) with the coefficients dn expressed using the coefficients
cp. The fact that we can define (6.20) may be verified to any order (although as we shall see,
there is no need to go beyond certain order in the series because of relative suppressions). Before

45Somewhat surprisingly, det M = ±1 depending on the dimension of the matrix M as we shall see in section
6.2.1 below.
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moving ahead, let us verify that (6.20) works to any order. It is easy to see that the coefficients
dn are related to the coefficients cp via the matrix (6.21) which we express in following by
showing more rows and columns:

d1

d2

d3

d4

d5

d6

d7

...



=



−1 −2 −3 −4 −5 −6 −7 ....

1
2 2 9

2 8 25
2 18 49

2 ....

− 1
6 − 4

3 − 9
2 − 32

2 − 125
6 −36 − 343

6 ....

1
24

2
3

27
8

32
3

625
24 54 2401

24 ....

− 1
120 −

4
15 −

81
40 −

128
15 − 625

24 − 324
5 − 16807

120 ....

1
720

4
45

81
80

256
45

3125
144

324
5

117649
720 ....

− 1
5040 −

8
315 −

243
560 −

1024
315 −

15625
1008 −

1944
35 −

117649
720 ...

.... .... .... .... .... .... .... ....





c1

c2

c3

c4

c5

c6

c7

...



, (6.23)

which we can write as dn = Mnlcl where M in general is a N× N matrix in the limit N→∞.
Solution would exist if the matrix M has an inverse. Since the matrix is infinite-dimensional,
one might worry that it will be very hard to compute the determinant and show that it is
non-zero. Somewhat surprisingly, taking N = 2, 3, ..., 7 tell us that the determinants of the
corresponding matrices are either +1 or −1 arranged in alternate ways. This is shown in Table
5 and thus implies:

det M2N×2N = cos Nπ, det M(2N+1)×(2N+1) = sin

(
N+

1

2

)
π, (6.24)

which would at least provide a chance that the inverse of matrix M could exist. To justify
whether the inverse really exists, we can take various dimensions of MN×N and determine the
inverses. This gives:

M−17×7 =



−7 − 223
10 −

638
15 −

111
2 − 295

6 −27 −7

21
2

879
20

3929
40 142 135 78 21

− 35
3 −

949
18 −

389
3 −

1219
6 − 1235

6 −125 −35

35
4 41 2545

24 176 565
3 120 35

− 21
5 −

201
10 −

268
5 − 185

2 − 207
2 −69 −21

7
6

1019
180

1849
120

82
3

95
3 22 7

− 1
7 −

7
10 −

29
15 − 7

2 − 25
6 −3 −1



, M−15×5 =



−5 − 77
6 −

71
4 −14 −5

5 107
6

59
2 26 10

− 10
3 −13 −

49
2 −24 −10

5
4

61
12

41
4 11 5

− 1
5 −

5
6 −

7
4 −2 −1


(6.25)
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for the two cases where we take 7 × 7 and 5 × 5 matrices. The good thing about (6.25) is
that the inverse matrices are non-singular, but we notice something more. There are certain
patterns to these inverses which we denote above in red. (There are also other pattens in the
last columns of the two inverse matrices, and maybe more if we go to higher rank.) This means
in the rank N case we at least expect:

M−1N×N =



−N ... ... ... ... −N

... ... ... ... ... ...

... ... ... ... ... ...

N
N−1 ... ... ... ... N

− 1
N
... ... ... ... −1


, (6.26)

implying that in the limit N → ∞ many of the terms of the matrix (6.26) blow up. This is
exactly what we would have expected if we try to express a perturbative series − for example
every terms of (6.19) − as an exponential series. An easy way to justify this would be to note
that exp (pX)− 1 vanishes when X→ 0, where X is the integral in (6.22). Thus the coefficients
have to be arbitrarily large for the exponential series to give the same finite answer as the
original perturbative series. This is of course the reason why we generally do not express a
perturbative series in terms of an exponential one. On the other hand if X >> 1, then the only
way a perturbative series would make sense if the coefficients are arbitrarily small. This means
dn → 0 in (6.19) and:

cl = M−1ln dn, (6.27)

which would give finite coefficients for the exponential series even if N → ∞ in (6.26). This
is a bit of a subtle issue so let us clarify a few points starting with the choice (6.20) itself.
First of all, despite certain similarities, (6.20) is not a Borel resummation. We will discuss
Borel resummation soon, but it is instructive here to point out the key differences. First, the
expansion in (6.20) is not a weak-coupling expansion and secondly, the coefficients dn will have
to have zero radii of convergences for the series (6.19) to make sense. Thus the procedure
here is simply a resummation but not of the Borel kind. The above statements need further
clarifications, so let us elaborate the story a bit more. The function in the exponential of (6.22)

typically scales as
(

gs
HHo

)−(2−θ)
where θ is the scaling of Qpert. For θ < 2 it is non-perturbative

in gs
HHo

and therefore the series (6.19) doesn’t make sense unless we can control every term.
On the other hand, for θ > 2 the series becomes perturbative in gs

HHo
. Also, and as we saw

above, (6.27) is possible if the coefficients dn can be made arbitrarily small. Let us then take
the following limits:

bn → ϵᾱ,
gs

HHo

→ ϵ1/β̄, N → ϵ−ᾱ, ϵ→ 0, (6.28)
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N 2 3 4 5 6 7 ...

det − + + − − + ...

Table 5: The determinants of MN×N which only take values ±1.

where β̄ >> 1 which would typically make gs
HHo
≤ 1 but not gs

HHo
→ 0, indicating early times.

Such a choice of gs
HHo

allows us to take any values of θ (meaning, larger the value of β̄, closer is
gs

HHo
to identity). On the other hand the choice of N in (6.28) would keep cl finite in (6.27) (whose

exact values may then be fixed by other means, like supersymmetry constraints et cetera). This
means the maximum value of ᾱ, for a given value of β̄, may be determined from the following
transcendental equation:

ᾱ log ϵ+ log ᾱ + log β̄ = 0, (6.29)

which could be solved using the Lambert W-function (sometimes also called the omega function
or the ProductLog function), and has real solutions as long as β̄ >> 1 consistent with the early-
time picture46. Of course if X is large then we are not required to write a perturbative series per
se, and we can simply express the series in terms of decaying exponential functions. However if
we want to go via the perturbative route, then the coefficients of the perturbative series have to
be arbitrarily small. Once the series (6.22) is resummed to the trans-series form, we can relax
all the aforementioned conditions and take finite values for cp for all gs

HHo
< 1. We will discuss

the second resummation process in section 7.3.2.

6.2.2 Non-local and non-perturbative terms and compatibility issues

Our little exercise above, and for the readers who have skipped section 6.2.1, suggests that we
can regard (6.22) to be the action for the non-local interactions (got from integrating out the
massless off-shell states) without worrying too much about the connection between cp and dn.
However we should keep in mind of the following three points.

1. The conversion of (6.19) to (6.22) is not a Borel resummation because the procedure of
resummation does not involve any factorial growths.

2. The relation c = M−1d makes sense for arbitrarily small dn, so one may simply view the
procedure of getting (6.22) as a trick to convert the non-local interactions into a convergent
series.

3. The action (6.22) is still not the full story, as there would be additional corrections to it. How
and why such corrections are necessary require more preparation than what we have developed
so far. This will be clarified in section 7.3.2.

46For example, if we take ϵ = 10−40, then ᾱ = 10 and β̄ = 10399 would consistently solve (6.29) for gs
HHo

=

0.9999, dn = 10−400 and N = 10400. Plugging this in (6.27) would provide O(1) values for cl exactly as we
wanted (whose precise values may be fixed by supersymmetry).
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With this, we can now answer the question raised earlier above (6.19) regarding Snloc: because
of it’s convergence property, it will no longer contribute additional factorial growth when we
compute ⟨φ⟩σ. All the factorial growth leading to a Gevrey series continues to come from S1(φ)

only, thus keeping our earlier conclusions unchanged. Despite this however it still doesn’t answer
the origin of the non-perturbative contributions. Where are the non-perturbative contributions
to the action coming from?

x

F(x− y′)
y′ ∈M6

Qpert (c ;φ (x; y′))

Figure 9: Diagrammatic representation of the non-local terms, with the circle denoting the
internal manifoldM6, and F(x− y′) denoting their associated weights in the action. The effect
of the quantum terms at a point x may be determined by integrating the perturbative series
Qpert(c, φ(x, y

′)) over all y′ ∈M6 as in (6.22).

The answer is not hard to see. Recall that non-perturbative effects enter the system through
Borel resummation of an asymptotic series. This means when we computed ⟨φ⟩σ the non-
perturbative effects entering the computation from Borel resummation should also dictate the
non-perturbative contribution to the action itself. To see this let us revisit the expectation value
computation by rewriting S1(φ) ≡ Skin(φ) + Spert(φ). The expectation value then becomes:

⟨φ⟩σ =

∫
Dφ e−Skin(φ)−Spert(φ)−Snloc(φ)+log D†(σ,φ)D(σ,φ) φ(x, y)∫
Dφ e−Skin(φ)−Spert(φ)−Snloc(φ)+log D†(σ,φ)D(σ,φ) , (6.30)

with Spert(φ) capturing the perturbative interactions, and the logarithmic piece with the dis-
placement operators would not only shift the kinetic term Skin(φ), but will also renormalize
the coefficients in the interacting perturbative action Spert(φ) (see (3.8) and (3.11) for details).
Now there is the two-step process:

1. The asymptotic nature of the perturbative series with and without the presence of a source
φ(x, y) leading to a Gevrey growth.

2. Subsequent Borel resumming the asympototic series and introducing the non-perturbative
contribution as in (4.28) or as in the second relation in (4.30).
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The non-pertubative contribution to the action would simply reduce the two-step process to just
one-step process! In other words, replacing the perturbative action by a non-perturbative one
would give us the same answer for ⟨φ⟩σ that we got by the aforementioned two-step process47.
To appreciate the last point, let us look again at the wave-function renormalization factor from
(4.28) which appears from the two-step process mentioned above. This takes the following form:

∫ ∞
0

dS
exp

(
−S/g1/ᾱ

)
1− f̌maxSᾱ

=

∞∑
N=0

exp

(
− N

g1/ᾱ

)
︸ ︷︷ ︸

instanton
saddle

[
1

1−Nᾱf̌max

+

∞∑
n=1

ᾱnf̌nmaxN
n(ᾱ−1)(

1−Nᾱf̌max

)n+1 (s−N)
n

︸ ︷︷ ︸
fluctuation determinant

]
, (6.31)

where f̌max and ᾱ may be read from (4.25) and (5.1) respectively; and s− N ≡ ∆sN is the
fluctuation over a given instanton specified by the instanton number N. From (6.31) we see
that the wave-function renormalization factor is exactly the sum over instanton saddles and
the corresponding fluctuations over them, confirming the fact that the two-step process may be
replaced by a one-step process if we incorporate the non-perturbative effects from the instanton
sums. Moreover, the non-perturbative action being convergent48 will not grow factorially, so
the path-integral computation will become much simpler. This means we can replace (6.30) by
the following:

⟨φ⟩σ =

∫
Dφ e−Skin(φ)−SNP(φ)−Snloc(φ)+log D†o(σ,φ)Do(σ,φ) φ(x, y)∫
Dφ e−Skin(φ)−SNP(φ)−Snloc(φ)+log D†o(σ,φ)Do(σ,φ)

, (6.32)

where SNP(φ) is the non-perturbative action which is by construction convergent, and Do(σ, φ)

is only the linear part of φ in say (3.5). Both Spert(φ) and the non-linear terms in (3.5) are
replaced by the non-perturbative action SNP(φ). Note that we make no changes to Snloc(φ)

because it is already resummed to take a convergent form as in (6.22). The above rewriting
justifies what we have been emphasizing all along: the perturbative interactions are red herrings
in the problem. In fact there are no perturbative interactions at all! The total action:

Ŝtot(φ) ≡ Skin(φ) + SNP(φ) + Snloc(φ), (6.33)

differs from Stot(φ) in (6.12) in many respects. It not only replaces the perturbative series
therein by non-perturbative and non-local actions, but also replaces the perturbative series from
the displacement operator (3.5). Question can be raised whether this action is compatible with
the Wilsonian Effective Action (WEA), which eventually hinges down to the deeper question
of whether WEA is compatible with Borel resummation. Our simple analysis presented above
suggests otherwise, although the opinion seems to be varied in the literature [40]. We will
however avoid taking any sides here, leaving this delicate topic for later works, and instead
concentrate on the consequence of the action (6.33) on the Schwinger-Dyson’s equations.

47Turning the argument around, we can ask what non-perturbative action we can add that gives us the same
answer as in say (4.28) or (6.31) below.

48This may be verified from (5.1). Since g1/ᾱ = ǧα̌ and ǧ = 1
Mp

<< 1 with α̌ > 1, the instanton series is
convergent even for increasing α̌. However once we take the fluctuation determinants into account, the series
becomes a resurgent trans-series where the convergence may be realized from the resurgence theory [43]. We
will elaborate more on this in section 7.1.
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6.3 Revisiting the Schwinger-Dyson’s equation (6.3) and background
EOMs

Our analysis above, wherein we integrate out the off-shell degree of freedom and replace the
perturbative interactions by non-perturbative effects, suggests that we should revisit the com-
putation leading to the Schwinger-Dyson’s equation (6.3) starting from (6.1) itself. We will
continue using the toy set-up with one massless on-shell field φ and one massless off-shell field
ϕ controlled by the perturbative action (6.12). The relation (6.1) gets replaced by:

⟨σ|σ⟩
⟨Ω|Ω⟩

=

∫
Dφ e−Skin(φ)−SNP(φ)−Snloc(φ)+log D†o(σ,φ)Do(σ,φ), (6.34)

where, as noted earlier, we only have D†o(σ, φ)Do(σ, φ) i.e. the linear terms in (3.5). These terms
are expressed in terms of four on-shell fields φi in (3.5), but here we only take one on-shell field
φ. For this specific case, (3.5) may be rewritten as:

log Do(σ, φ) =
∑
n,p

∫ µ

kIR

d11k zn1p k
2nσ(1,p) φ̃∗(k), (6.35)

where zn1p are dimensionful constants (i.e. suppressed by powers of Mp), and φ̃(k) is the Fourier
transform of the on-shell field φ(x, y). The series in zn1p is important, because it changes (3.8)
to the following transformation:

k2|φ̃(k)|2 −→ k2
∣∣∣φ̃(k)−∑

n,p

zn1p k
2n−2σ(1,p)

∣∣∣2, (6.36)

thus providing a series in (4.28) which is suppressed by an increasing powers of Mp. Such an
argument is important when we want to compare two theories that are related by T-dualities, as
is known that T-duality transformations include higher order α′ corrections. For example, going
from type IIB theory to M-theory include one T-duality. Such a duality will relate the metric
components of M-theory to various metric and flux components in the IIB side, expressed
by increasing powers of α′. Our simple toy model only takes a scalar field, so the duality
transformation is not relevant for the present discussion, but once we go to realistic metric and
flux degrees of freedom, we can in fact incorporate subtle nuances like the α′ corrections to the
duality rules. Even more so, we can incorporate gs corrections to the duality rules as evidenced
by our upcoming work [9].

After this small detour, let us get back to the question whose answer we seek here, namely,
what replaces the Schwinger-Dyson’s equation (6.3)? To answer this we will follow the same
set of manipulations on (6.34) that we performed starting with (6.1) to get to (6.3). After the
dust settles, the answer we get is:〈

δŜtot

δφ

〉
σ

=

〈
δ

δφ
log
(
D†oDo

)〉
σ

, (6.37)
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where Ŝtot is given by (6.33). If there are Faddeev-Popov ghosts, then the action Ŝtot will get
additional contribution (see (6.44) and also [9]), but the scalar field model that we take here
allows no such ghosts, so this subtlety does not enter here. For more realistic situations, ghosts
are essential, and the story will be elaborated in [9] (see also [15, 16]).

The EOM, as also noticed in (6.3), is not ready for synthesis yet. To make it closer to
something we know, we will have to use the resolution of identity that we derived in section 6.1
culminating in the formula (6.11). To see how this helps, we will go back to the action (6.12)
but take the sector with |c0mk| > 0 only to avoid incorporating the off-shell states. Let us now
use the following manipulations:

⟨φ2⟩σ =
⟨σ|φ2|σ⟩
⟨σ|σ⟩

=
1

⟨σ|σ⟩
⟨σ|φ

(∑
σ′

|σ′⟩⟨σ′|
⟨σ′|σ′⟩

−Q(φ)
)
φ|σ⟩

=
⟨σ|φ|σ⟩⟨σ|φ|σ⟩
⟨σ|σ⟩⟨σ|σ⟩

+
∑
σ′ ̸=σ

⟨σ|φ|σ′⟩⟨σ′|φ|σ⟩
⟨σ′|σ′⟩⟨σ|σ⟩

− ⟨σ|φQ(φ)φ|σ⟩
⟨σ|σ⟩

= ⟨φ⟩2σ +
∑
σ′ ̸=σ

⟨φ2⟩(σ′|σ) − ⟨φQ(φ)φ⟩σ

(6.38)

where Q(φ) is the operator appearing in (6.8) and in the resolution of identity (6.11). This
is a function of the on-shell field φ because the Hamiltonian H entering it’s definition may be
expressed completely in terms of the on-shell fields by incorporating the non-perturbative and
the non-local contributions. However H doesn’t exactly appear from Ŝtot because Ŝtot involves
the non-perturbative completion in the presence of D†(σ, φ)D(σ, φ), whereas H is defined over
the Minkowski minimum. However over the Glauber-Sudarshan state |σ⟩, it is easy to infer
that:

⟨φ Q(H(φ), φ) φ⟩σ = ⟨φ Q̂(Ĥ(φ), φ) φ⟩σ, (6.39)

where Ĥ(φ) can now be derived from Ŝtot(φ), and Q̂ involves Ŝtot(φ) and Ĥ(φ). The result
(6.39) can be easily justified by opening up the path integral and replacing all perturbative
terms by the non-perturbative terms in the same vein as (6.32). Once we go to N-th order, it
is not hard to justify the following decomposition:

⟨φN⟩σ = ⟨φ⟩Nσ +
∑
{σi}≠σ

⟨φN⟩(σ1,σ2,..,σN−1|σ) − ⟨φ Q̂ φ Q̂....Q̂︸ ︷︷ ︸
(N−1) Q̂ terms

φ⟩σ, (6.40)

where |σi⟩ are the intermediate Glauber-Sudarshan states which we are summing over. In fact
(6.40) extends to the derivatives of φN because ⟨∂2MφN⟩σ = ∂2M⟨φN⟩σ which in-turn could be
easily verified from the following path integral structure:

⟨∂2MφN⟩σ =

∫
Dφ e−Ŝtot(φ)+log D†o(σ,φ)Do(σ,φ) ∂2MφN(x, y)∫

Dφ e−Ŝtot(φ)+log D†o(σ,φ)Do(σ,φ)

= ∂2M

(∫
Dφ e−Ŝtot(φ)+log D†o(σ,φ)Do(σ,φ) φN(x, y)∫
Dφ e−Ŝtot(φ)+log D†o(σ,φ)Do(σ,φ)

)
= ∂2M⟨φN⟩σ,

(6.41)
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where Ŝtot(φ) is given by (6.33), and one may now plug in (6.40) to get the required decom-
position. Looking at (6.40) and (6.41), it is not too hard to convince oneself of the following
decomposition:

⟨f(φ)⟩σ = f(⟨φ⟩σ) +
∑
{σi}≠σ

⟨f(φ)⟩({σi}|σ) + ⟨f(φ)⟩(Q̂|σ), (6.42)

where f(φ) is a generic function of φ and it’s derivatives. The first term in (6.42) simply res-
onates the first term from (6.40), and the corresponding one with derivatives. More importantly
it suggests that we can replace the field φ in f(φ) by its expectation value ⟨φ⟩σ. The second
and the third terms are additional corrections, coming from the presence of the intermediate
Glauber-Sudarshan states |σi⟩ and the Q̂ operators respectively, needed to compute the full
expectation value ⟨f(φ)⟩σ. Taking cues from (6.40), (6.41) and (6.42), the EOM (6.37) can be
decomposed in the following way:〈

δŜtot(φ)

δφ

〉
σ

=
δŜtot(⟨φ⟩σ)
δ⟨φ⟩σ

+
∑
{σi}≠σ

〈
δŜtot(φ)

δφ

〉
({σi}|σ)

+

〈
δŜtot(φ)

δφ

〉
(Q̂|σ)

=

〈
δ

δφ
log
(
D†oDo

)〉
σ

,

(6.43)

where Ŝtot(φ) is given by (6.33) and Do(σ, φ) by (6.35). In the presence of Faddeev-Popov
ghosts we can replace Ŝtot(φ) by Ŝfull(φ) ≡ Ŝtot(φ) + S

(g)
1 (φ) + S

(g)
nloc(φ), and in this case (6.43)

gets replaced by the following EOM:〈
δŜfull(φ)

δφ

〉
σ

=
δŜtot(⟨φ⟩σ)
δ⟨φ⟩σ

+
∑
{σi}≠σ

〈
δŜtot(φ)

δφ

〉
({σi}|σ)

+

〈
δŜtot(φ)

δφ

〉
(Q̂|σ)

=

〈
δ

δφ
log
(
D†oDo

)〉
σ

−

〈
δS

(g)
1 (φ)

δφ

〉
σ

−

〈
δS

(g)
nloc(φ)

δφ

〉
σ

,

(6.44)

where the ghost contributions may be explained in the following way. Consider the original
action Stot(φ, ϕ) from (6.12). Add to it the ghost action Sghost(φ, ϕ, ψ), where ψ is the set
of ghost fields, and then split Sghost(φ, ϕ, ψ) as Sghost(φ, ϕ, ψ) = S

(1)
ghost(φ, ψ) + S

(2)
ghost(φ, ϕ, ψ).

Following the same strategy that dictated the non-local interactions from (6.14), we now claim:∫
DϕDψ e−S2(φ,ϕ)−S(1)

ghost(φ,ψ)−S
(2)
ghost(φ,ϕ,ψ) = e−Snloc(φ)−S

(g)
1 (φ)−S(g)

nloc(φ), (6.45)

which would keep the form of Ŝtot(φ) from (6.33) unchanged49, but introduce two new ghost
contributions: S(g)

1 (φ) and S
(g)
nloc(φ), both defined in terms of on-shell field component φ. These

changes (6.43) to (6.44). The EOM (6.44), while much more manageable than (6.37), still
requires some adjustments to bring it in a form where we can identify it to a more realistic

49It is clear that this is only possible if both S
(g)
1 (φ) and S

(g)
nloc(φ) are expressed using convergent series. Failure

to maintain this would result in changing SNP(φ).
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scenario. By realistic we mean a scenario close to the vacuum solution that we studied earlier
in section 2. Looking at Table 2, we see that the terms in the energy-momentum tensors
that would almost reproduce a de Sitter vacuum solution are the ones coming from the non-
perturbative and the non-local parts of the action as elucidated in section 2.4. Unfortunately,
and as discussed in section 3, the construction fails because of the absence of a well-defined
Wilsonian effective action over a temporally varying de Sitter vacuum among other issues. On
the other hand, if we demand that the equation in (6.44) splits into the following two equations:

δŜtot(⟨φ⟩σ)
δ⟨φ⟩σ

= 0

∑
{σi}≠σ

〈
δŜtot(φ)

δφ

〉
({σi}|σ)

+

〈
δŜtot(φ)

δφ

〉
(Q̂|σ)

+

〈
δS

(g)
1 (φ)

δφ

〉
σ

+

〈
δS

(g)
nloc(φ)

δφ

〉
σ

=

〈
δ

δφ
log
(
D†oDo

)〉
σ

(6.46)

then we are very close to the same scenario that we studied in section 2 and especially in
section 2.4! However now there are a few key differences.

1. The first EOM in (6.46) is now for the emergent on-shell degree of freedom ⟨φ⟩σ and not for
the vacuum configuration. Resorting to actual metric, flux and fermionic degrees of freedom,
an equivalent picture50 would lead to the EOMs for the emergent on-shell degrees of freedom
⟨gAB⟩σ, ⟨CABC⟩σ and ⟨ΨA⟩σ, where (A,B,C) ∈ R2,1 ×M4 ×M2 × T2

G .

2. The second equation in (6.46) is something that we did not encounter earlier. This equation
weaves the three crucial elements in the construction together: the intermediate Glauber-
Sudarshan states, the Faddeev-Popov ghosts (if any) and the linear term in the displacement
operator. Note that all the three contributions cannot be visible at the “classical” level, i.e. at
the level of the first equation in (6.46), thus explaining the natural split of the EOM (6.44) into
a set of two EOMs.

3. The issues which prohibited us to declare the results from Table 2 as evidence for the
existence of a de Sitter vacuum solution now no longer plagues us. In fact the first equation in
(6.46) clearly suggests that de Sitter space-time should be an emergent solution appearing from
the Glauber-Sudarshan state |σ⟩. The emergent background is now backed by a well defined
effective field theory description that is consistent with the trans-Planckian bound and other
constraints.

There is however a bit more to the above story. The second equation in (6.46) is not the only
non-classical equation that we encounter here. There is yet another set of equations that could
appear from the EOM associated from the off-shell field ϕ. This is (6.18), and as before we
have three possibilities.

1. Rewrite it using the non-perturbative completion that we did for the on-shell field φ in (6.37).

50For example if ⟨Ξ⟩σ = (⟨gAB⟩σ, ⟨CABC⟩σ, ⟨ΨA⟩σ, ⟨ΨA⟩σ), then we are effectively looking at EOMs of the
form δŜtot(⟨Ξ⟩σ)

δ⟨Ξ⟩σ = 0. This would lead to EOMs as in Table 2 but for the emergent on-shell degrees of freedom
⟨gAB⟩σ, ⟨CABC⟩σ and ⟨ΨA⟩σ.
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2. Add in the Faddeev-Popov ghosts and see how the EOM changes to compare with (6.44).

3. Try to see if the equation could be split into two equations as in (6.46) for the on-shell case.

All the three steps above are now more involved than their on-shell counterparts. To see this,
let us start by answering the first two points above, namely the non-perturbative completion
of the action and the insertion of the Faddeev-Popov ghosts. For that we can express the
Schwinger-Dyson’s equation for ϕ field in the following way:

∫
DφDϕDψ e−S1(φ)−S2(φ,ϕ)−S(1)

ghost(φ,ψ)−S
(2)
ghost(φ,ϕ,ψ) D†(σ, φ)D(σ, φ)

(
δS2(φ, ϕ)

δϕ
+
δS

(2)
ghost(φ, ϕ)

δϕ

)
= 0, (6.47)

where we have followed the same decomposition for Stot(φ, ϕ) and Sghost(φ, ϕ, ψ) as before.
One may compare this equation with the one we got earlier, namely (6.16), and it is clear
that all the f̃i functions appearing therein may be derived from δS2

δϕ
above. A more elaborate

comparison could be done, but we will leave this for our diligent readers to work them out. The
above equation has the following non-perturbative completion:∫

Dφ D†o(σ, φ)Do(σ, φ) e
−Skin(φ)−SNP(φ)−S

(g)
1 (φ)

∫
Dϕ δ

δϕ

(
e−S2(φ,ϕ)−S(g)

2 (φ,ϕ)
)
= 0, (6.48)

where S
(g)
1 (φ) and S

(g)
2 (φ, ϕ) appear from S

(1)
ghost(φ, ψ) and S

(2)
ghost(φ, ϕ, ψ) respectively by inte-

grating over the ghost field ψ, and Do(σ, φ) is from (6.35). S
(g)
1 (φ) as before is given by a

convergent series, so that it doesn’t effect the non-perturbative action. The second term in
(6.48) can be integrated over to give us the following EOM:

∫
Dφ e−Ŝtot(φ)−S(g)

1 (φ)−S(g)
nloc(φ)

(
Tnloc(φ) + T(g)

nloc(φ)
)

D†o(σ, φ)Do(σ, φ) = ⟨Tnloc(φ) + T(g)
nloc(φ)⟩σ = 0, (6.49)

where both Snloc(φ) and Tnloc(φ) are related and so are S
(g)
nloc(φ) and T(g)

nloc(φ). Moreover,
Tnloc(φ) = f̃2(φ) + Tnloc(φ) from (6.18), and Ŝtot(φ) is the same one that appeared in (6.33).
Using the resolution of identity now splits (6.49) into the following two equations:

Tnloc(⟨φ⟩σ) = 0

⟨Tnloc(φ)⟩({σi}|σ) + ⟨Tnloc(φ)⟩(Q̂|σ) + ⟨T
(g)
nloc(φ)⟩σ = 0

(6.50)

where combining the first equations from (6.46) and (6.50) respectively would provide the
necessary EOMs that would control the dynamics of the emergent de Sitter space-time from
the Glauber-Sudarshan state. These are the equations that would replace the vacuum EOMs
from Table 2. The remain two equations from (6.46) and (6.50) respectively would relate
the dynamics of ghosts and the intermediate Glauber-Sudarshan states with the displacement
operator Do(σ, φ) from (6.35).

The set of equations in (6.50) signal the non-classical nature of the system and would not
appear if we had taken coherent states. One may think of them as the first concrete sign of

– 80 –



four-dimensional de Sitter space being an excited state coming from an expectation value of the
graviton operator over a Glauber-Sudarshan state. A specific consequence of these equations
appear from the cross-term EOM of g0n where yn ∈M6 despite the fact that g0n is an off-shell
state. A more detailed discussion of this will appear elsewhere [9].

Finally, in the third point after (6.46), we argued that the Glauber-Sudarshan states are
well within the temporal bound advocated by the trans-Planckian censorship, and they always
satisfy the EFT criteria. In fact satisfying the trans-Planckian bound is enough to justify the
latter [41]. However we would like to dwell a bit on this topic with the aim to dispel any
doubts that reader might have regarding the existence of these states without violating any
EFT criteria. This will be the content of the following section.

7 Glauber-Sudarshan states and Effective Field Theory cri-
teria

After having got all the EOMs for the emergent on-shell degrees of freedom, it is time to ask
how the Glauber-Sudarshan states themselves satisfy the EFT criteria. Of course the way we
constructed these states over supersymmetric time-independent background clearly follow the
necessary EFT constraints − coming from the ERG procedure and from the restriction we im-
posed earlier to remain withing the energy range kIR < k < µ << µ̂ as depicted in figure 2 −
so it is necessary to explain what we mean by “satisfying the EFT criteria”. Somewhat surpris-
ingly, even after following the aforementioned procedure to construct the Glauber-Sudarshan
states, and from there determine the dynamics of the emergent on-shell degrees of freedom, it
is still necessary to satisfy the following two criteria [16]:

gs < 1,
∂gs
∂t
∝ g+ive

s (7.1)

where gs is the one that we encountered in (7.23), and is the dual type IIA coupling with t being
the conformal time. The first criterion leads to (2.5) which restricts the Glauber-Sudarshan
states to lie within the temporal domain (2.5). The second criterion boils down to the statement
that the Null Energy Condition (NEC) should not be violated: any violation of the NEC is a
violation of the underlying EFT [16]. One might wonder how do (7.1) appear from the two set
of equations (6.46) and (6.50). In the following sections we will first give a warm-up example
and then, in section 7.2 onwards, we will take a more realistic example and argue that many of
the EFT criteria alluded to earlier are in fact tied up to (7.1). Readers wishing to delve directly
to the application of (7.1) on an actual de Sitter background, may skip the following section
and go to section 7.2.

7.1 A warm-up example on the EFT criteria for the emergent states
The two sets of equations (6.46) and (6.50) contain all the necessary information to determine
not only the evolution of the emergent on-shell degrees of freedom, but also to determine ρ∗(k)
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in (4.27) necessary to construct the Glauber-Sudarshan states. Moreover, it is only the first
equations in each of the two sets, that are actually needed to fix the form of ρ∗(k). The other
two equations aren’t directly involved but are essential for the consistency of the underlying
picture. The two relevant equations from (6.46) and (6.50) are:

δŜtot(⟨φ⟩σ)
δ⟨φ⟩σ

= 0 = Tnloc(⟨φ⟩σ), (7.2)

with Ŝtot(φ) is given by (6.33). Despite appearance, (7.2) is not exactly related to the classical
EOM. Three key differences are as follows.

1. The equations are for the emergent on-shell degree of freedom ⟨φ⟩σ and not for the on-shell
field φ.

2. The action governing the emergent degree of freedom is not the classical action with field
φ replaced by ⟨φ⟩σ, but differs from it by having non-local and non-perturbative contributions
that are usually absent in a given classical action (or even with an action with perturbative
corrections).

3. The second equation with Tnloc is purely a consequence of having a Glauber-Sudarshan state,
and therefore completely invisible from either the vacuum or the coherent state point of view.
In a similar vein the other two equations, from the two sets (6.46) and (6.50) respectively, are
also invisible from either the vacuum or the coherent state point of view.

To see the effect of (7.2) on the EFT, it would be best to first start with a toy model and
then go to the original de Sitter space-time from the Glauber-Sudarshan state. For that let us
specify the perturbative action as:

Spert(c;φ) = M11
p

∫
d11x

(
−φ(x) □

M2
p

φ(x) + Qpert(c;φ(x))

)
= M11

p

∫
d11x

(
−φ(x, y) □

M2
p

φ(x, y) +
1

M2n
p

∑
n,p

cnp ∂
2n · φp(x)

)
,

(7.3)

where the action of the derivative follows the procedure outlined in footnote 42, and n ≥ 0, p > 2

to avoid generating mass term in the energy scale kIR < k < µ << µ̂. The relevant action51 is
Ŝtot, which doesn’t have any perturbative pieces, and from (6.33) it may be expressed as:

Ŝtot(φ) = M11
p V2

∫
d3x d6y

{
− φ(x, y)

□

M2
p

φ(x, y) +

∞∑
s=0

ds Qpert (c̄;φ(x, y)) exp

(
−sM6

p

∫ y

0
d6y′

∣∣Qpert(ĉ;φ(y
′, x))

∣∣)

+
∞∑
p=1

bp

[
exp

(
−pM6

p

∫
M6

d6y′
∣∣F(y − y′)Qpert(c̃;φ(y

′, x))
∣∣)− 1

]}
,

(7.4)

51This is an intermediate action because the actual action governing the evolution of the emergent state
⟨φ(x, y)⟩σ is Ŝtot(⟨φ⟩σ) which is clearly not a non-perturbative completion of Spert(c;φ) with φ replaced by
⟨φ⟩σ from (7.3) as cautioned earlier.
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where x ∈ R2,1, y ∈ M6, w ∈ T2

G and we have restricted the on-shell field to be independent
of the coordinates of the toroidal direction (whose volume is V2). In (7.4), the first term is the
kinetic term, the second and the third are the non-perturbative and the non-local contributions
respectively. Note that the latter two are expressed using Qpert, but the coefficients differ. The
non-perturbative term takes a trans-series form as one would have expected from the instanton
saddles and the fluctuation determinants of (6.31). This may also be justified from the growth
of the non-perturbative and the non-local terms in the path integral. Fixing a particular value
of p in (7.3), these two terms grow respectively as:

(pN)!

N!
exp(−N), 1

N!
exp(−N!), (7.5)

at O(N). It is easy to see from figure 10 that the first series is asymptotic52 while the
second one is convergent. The asymptotic nature shows that the perturbative series from the
fluctuation determinants knows about the next order non-perturbative effect. This is of course
the precise requirement to apply the resurgence theory [43], implying that the non-perturbative
trans-series from (7.4) itself may be studied using the resurgent trans-series when inserted in the
path integral. Additionally, the generic formulation53 of the two contributions is important as
it would specify the structure of these effects which, with appropriate choices of the (d, b, c̄, c̃, ĉ)

coefficients, may be tuned to any specific construction. In fact a more appropriate way of
representing the c-parameters would be to demand:

c̄ ≡ c̄(s), ĉ ≡ ĉ(s), c̃ ≡ c̃(p), (7.6)

this way the non-perturbative series would spell out exactly what we had in (6.31), namely,
for every instanton saddle, the corresponding fluctuation determinant would be expectedly
different. Similar story would resonate for the non-local terms too: at every order of the
expansion, the corresponding quantum terms would be distributed differently. On the other
hand, the absence of any fluctuation determinants in the non-local quantum series may strike
as odd, although so far we have seen no inconsistencies with it. However there is an issue that
remains invisible with scalar degrees of freedom till we study the EOMs with actual metric and
flux components. We will come back to it soon. Meanwhile the Schwinger-Dyson equation,
from the first equation in (7.2) in the scalar field set-up, becomes:

□⟨φ(x, y)⟩σ −
∞∑
s=0

ds
δQpert(c̄(s); ⟨φ(x, y)⟩σ)

δ⟨φ(x, y)⟩σ
exp

(
−sM6

p

∫ y

0
d6y′

∣∣Qpert(ĉ(s); ⟨φ(y′, x)⟩σ)
∣∣)

+ M6
p

∞∑
s=1

s ds

∫
M6

d6y′ Qpert(c̄(s); ⟨φ(y′, x)⟩σ)
δ
∣∣Qpert(ĉ(s); ⟨φ(y, x)⟩σ)

∣∣
δ⟨φ(y, x)⟩σ

Θ(y′ − y) exp

(
−sM6

p

∫ y′

0
d6y′′

∣∣Qpert(ĉ(s); ⟨φ(y′′, x)⟩σ)
∣∣)

+ M6
p

∞∑
p=1

p bp

∫
M6

d6y′
δ
∣∣F(y′ − y)Qpert(c̃(p); ⟨φ(x, y)⟩σ)

∣∣
δ⟨φ(x, y)⟩σ

exp

(
−pM6

p

∫
M6

d6y′′
∣∣F(y′ − y′′)Qpert(c̃(p); ⟨φ(x, y′′)⟩σ)

∣∣) = 0,

(7.7)

52Since p ≥ 3 in (7.3), we have lim
N→∞

(pN)!
N! exp(−N) = exp [N(p− 1)log N + pN(log p− 1)]N→∞ → ∞.

53We have avoided using eight-dimensional integral d8y because of the assumption that all fields are indepen-
dent of the toroidal direction T2

G in M-theory. Thus generic here is up to this assumption. We will relax this
condition when we study a more realistic scenario later.
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Figure 10: The growths of the non-perturbative series (in blue) and the non-local series
(orange) at O(N), with cnp = 0 except cn3 in (7.3). The first one is asymptotic while the
second one is convergent. The trans-series form in (7.4) leading to the asymptotic growth can
be precisely tackled by the resurgence theory.

where the perturbative series in (7.3) is expressed using ⟨φ(x, y)⟩σ. Note the conditional integral
over y′ in the first line governed by the Heaviside step-function Θ(y′ − y). The non-locality
factor F(y′− y) is a bit of a concern now as one might worry that the EOM becomes non-local
because of it’s presence. This is actually not the case because the non-locality factor integrates
out in the following way:

M6
p

∫
d6y′ F(y′−y) exp

(
−pM6

p

∫
d6y′′

∣∣F(y′ − y′′)Qpert(c̃(p); ⟨φ(x, y′′)⟩σ)
∣∣) ≡ Fp(x, y), (7.8)

thus leading to a local function! In doing the computation we have assumed that F(y1−y2) > 0

for simplicity. If F(y1 − y2) < 0, then we can simply take |F(y1 − y2)| or −F(y1 − y2) in
(7.8). Combining (7.8) with (7.7), then provides the evolution dynamics for the emergent state
⟨φ(x, y)⟩σ in a potential given by:

V(⟨φ(x, y)⟩σ) = ⟨φ(x, y)⟩σ
∇2

M2
p

⟨φ(x, y)⟩σ −
∞∑
s=0

ds Qpert(c̄(s); ⟨φ(x, y)⟩σ) exp

(
−sM6

p

∫ y

0
d6y′

∣∣Qpert(ĉ(s); ⟨φ(y′, x)⟩σ)
∣∣)

−
∞∑
p=1

bp

[
exp

(
−pM6

p

∫
M6

d6y′
∣∣F(y − y′)Qpert(c̃(p); ⟨φ(y′, x)⟩σ)

∣∣)− 1

]
,

(7.9)

where ∇2 = ηij∂i∂j with mostly plus signature, and the overall signs for second and the third
terms are controlled by the signs of ds and bp ∀ (s, b). In fact for large values of s and p, the
terms in the two exponential series die off, which is of course the reason for their convergence
properties (recall the trans-series structure discussed earlier). Taking a derivative with respect
to ⟨φ(x, y)⟩σ gives us the following functional form:

δV(⟨φ(x, y)⟩σ)
δ⟨φ(x, y)⟩σ

=
∇2

M2
p

⟨φ(x, y)⟩σ −
∞∑
s=0

ds
δQpert(c̄(s); ⟨φ(x, y)⟩σ)

δ⟨φ(x, y)⟩σ
exp

(
−sM6

p

∫ y

0
d6y′

∣∣Qpert(ĉ(s); ⟨φ(y′, x)⟩σ)
∣∣)

+ M6
p

∞∑
p=1

p bp

∫
M6

d6y′
δ
∣∣F(y′ − y)Qpert(c̃(p); ⟨φ(x, y)⟩σ)

∣∣
δ⟨φ(x, y)⟩σ

exp

(
−pM6

p

∫
M6

d6y′′
∣∣F(y′ − y′′)Qpert(c̃(p); ⟨φ(x, y′′)⟩σ)

∣∣) ,
+ M6

p

∞∑
s=1

s ds

∫
M6

d6y′ Qpert(c̄(s); ⟨φ(y′, x)⟩σ)
δ
∣∣Qpert(ĉ(s); ⟨φ(y, x)⟩σ)

∣∣
δ⟨φ(y, x)⟩σ

Θ(y′ − y) exp

(
−sM6

p

∫ y′

0
d6y′′

∣∣Qpert(ĉ(s); ⟨φ(y′′, x)⟩σ)
∣∣)

(7.10)
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where the overall sign of (7.10) now depends on the signs of bp and ds as well as the signs of
δ|Qpert(ĉ(s);⟨φ(y,x)⟩σ)|

δ⟨φ(y,x)⟩σ ,
δ

∣∣F(y′−y)Qpert(c̃(p);⟨φ(x,y)⟩σ)
∣∣

δ⟨φ(x,y)⟩σ and δQpert(c̄(s);⟨φ(y,x)⟩σ)
δ⟨φ(y,x)⟩σ ; and we have assumed that

F(y′ − y) > 0. In a more realistic case, which we are going to discuss soon, the signs of
δ|Qpert(ĉ(s);⟨φ(y,x)⟩σ)|

δ⟨φ(y,x)⟩σ ,
δ

∣∣F(y′−y)Qpert(c̃(p);⟨φ(x,y)⟩σ)
∣∣

δ⟨φ(x,y)⟩σ and δQpert(c̄(s);⟨φ(y,x)⟩σ)
δ⟨φ(y,x)⟩σ will depend on the specific

configurations of local and global fluxes as well as the warp-factor and curvature components.
Question is whether it is necessary for us to recover a condition like:

δV(⟨φ(x, y)⟩σ)
δ⟨φ(x, y)⟩σ

≥ c1V(⟨φ(x, y)⟩σ), (7.11)

for the effective emergent potential V(⟨φ(x, y)⟩σ). To answer this, first note that the vacuum
Minkowski space (or more appropriately a warped Minkowski spacetime with an internal com-
pact non-Kähler space) does not allow the potential to be “uplifted” beyond the Minkowski
minima. Secondly, the equation of motion from (7.7), that fixes a form of ⟨φ(x, y)⟩σ as well as
that of the Glauber-Sudarshan state |σ⟩ will always be:

δV(⟨φ(x, y)⟩σ)
δ⟨φ(x, y)⟩σ

=
∂2

∂t2
⟨φ(x, y)⟩σ, (7.12)

and never δV(⟨φ⟩σ)
δ⟨φ⟩σ = 0, implying that the emergent degrees of freedom − from metric, fluxes

and fermions − should always have temporal dependence. This fits well with the EFT criteria
analysed in [14–16], namely that if the emergent degrees of freedom become time-independent
then there is a loss of both gs and Mp hierarchies implying a breakdown of EFT54. This is
captured by the second criterion in (7.1).

The above discussion means that (7.11) is unnecessary. The derivative of the emergent
potential, i.e. δV(⟨φ⟩σ)

δ⟨φ⟩σ never hits zero, even at the so-called “classical” level because of (7.12).
Thus there appears to be no strong reason why the EFT criteria of [6] should hold for the
emergent potential (7.9) although (7.1) should continue to hold. The worry that de Sitter
space may not exist due to vanishing minima of the potential is now unfounded. For historical
reasons however we note that the coefficient c1 is positive, and it’s value may be easily extracted
from the integral form in (7.10), but we will not do so here. In the presence of multiple fields,
we can try to find the second derivative and again ask which of the following two conditions:

δV({⟨φl(x, y)⟩σ})
δ⟨φj(x, y)⟩σ

≥ c1V({⟨φl(x, y)⟩σ})

min

(
δ2V({⟨φl(x, y)⟩σ})

δ⟨φi(x, y)⟩σδ⟨φj(x, y)⟩σ

)
≤ − c2V({⟨φl(x, y)⟩σ}),

(7.13)

54One might question as to what happens in the static patch. First of course static patch doesn’t mean
that there are no temporal dynamics. As shown in figure 3 the hidden temporal behavior actually requires
us to keep the degrees of freedom with certain amount of temporal dependence. Moreover, the dual IIA string
coupling gs, albeit looks time independent in (7.19), has other issues that we will discuss in section 7.2. These
arguments confirm once again that (7.12) is the correct EOM for the emergent states. We will discuss more on
this as we go along.
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Figure 11: Plot of two functions V1 = e2ψ (in blue) and V2 = 10−10e−ψ6−ψ4−ψ2−1 (in orange),
with ψ ≡ ⟨φ⟩σ. V1 appears from the first equation in (7.13) with c1 = 2, and V2 appears from
(7.9) with ds = c̄(s) = 0, b1 = 10, ∇2ψ = ∂20ψ = 0 and bp = 0 for p > 1. Such a configuration
doesn’t satisfy (7.12), and therefore we expect the EFT criteria outlined in (7.1) to not be
satisfied either.

are necessary to capture the EFT criteria alluded to earlier for the set of emergent fields
{⟨φl(x, y)⟩σ}. Following [6] one might expect the answer to be the first of the two in (7.13),
because the Glauber-Sudarshan states are defined in the temporal domain (2.5)− which appears
from the first criterion in (7.1) − and so first condition in (7.13) should be automatically
satisfied. One might even take an emergent field that satisfies ∇2⟨φ(x, y)⟩σ = ∂20⟨φ(x, y)⟩σ = 0

(a plot of such a scenario is presented in figure 11) and compare the first equation in (7.13)
with the potential in (7.9).

Needless to say, since the emergent potential has a minimum, the condition (7.11), or the
first criterion in (7.13), is not satisfied. As mentioned earlier, this is of no concern because the
emergent potential is not required to satisfy either of the two conditions in (7.13). Additionally,
the derivative of the emergent potential in (7.10) cannot vanish. We do however need to satisfy
the EFT criteria outlined in (7.1). For this it is necessary to not only include the consequence
from the temporal derivative of the emergent field, but to also keep c̄(s) ̸= 0 in (7.10). The
latter would imply the inclusion of the fluctuation determinants over each instanton saddles.
As an example, let us consider a toy example motivated from the scalar field theory that we
discussed here. We will only consider the non-perturbative sector in the potential (7.9) coming
from the instanton saddles and their corresponding fluctuation determinants. To make this
precise, we can choose ĉ(s) and c̄(s) such that:

Qpert(c̄(s); ⟨φ(x, y)⟩σ) =
∞∑
q=0

csq√
2qq!

Hq (⟨φ(x, y)⟩σ)

M6
p

∫ y

0

d6y′
∣∣Qpert(ĉ(s); ⟨φ(y′, x)⟩σ)

∣∣ = 1

2s

∞∑
p=0

|hsp Hp(⟨φ(x, y)⟩σ)|√
2pp!

,

(7.14)

where Hq (⟨φ(x, y)⟩σ) are the dimensionless Hermite polynomials ∀q ∈ Z, and hsp, csq are con-
stants. The way we have expressed the above form of the perturbative corrections, one could

– 86 –



make this fit with any given theory by appropriately taking a linear combination of the Her-
mite polynomials using csq and hsp without compromising any generalities. Using these the
non-perturbative potential may be expressed in the following way:

VNP(⟨φ(x, y)⟩σ) = −
∞∑

s,q=0

dscsq√
2qq!

Hq (⟨φ(x, y)⟩σ) exp

(
−1

2

∞∑
p=0

|hsp Hp(⟨φ(x, y)⟩σ)|√
2pp!

)
, (7.15)

with ds appearing from the second term in (7.9). With appropriate choice of the coefficients ds,
the non-perturbative potential could either be a normalizable or a non-normalizable function
(or a combination thereof) in the field space governed by ⟨φ(x, y)⟩σ. (Demanding a potential
whose derivative is always bigger than the potential itself in the field space can be easily
constructed but, as mentioned earlier, is not necessary here.) The total package with the
fluctuation determinants inserted as in (7.15) contributes in the right way to precisely restore
the EFT criteria outlined in (7.1). This again justifies what we said earlier: the EFT criteria
are simply the ones from (7.1).

Therefore to summarize: The original motivation to impose (7.11) or (7.13) was to eliminate
four-dimensional de Sitter spacetime which would appear, for example, in the static patch as a
minimum of the potential. Unfortunately both these motivations are on the wrong footing: de
Sitter spacetime is never a vacuum solution, nor is the static patch a good coordinate choice
to study de Sitter. The correct picture is that the de Sitter spacetime is generated from a
Glauber-Sudarshan state with an emergent potential (7.9) satisfying (7.12), implying that even
in this language the de Sitter excited state is not a minimum of the emergent potential. This
makes the two criteria in (7.13) unnecessary but does lead to two other criteria (7.1) as the
necessary requirements for the validity of EFT.

7.2 Glauber-Sudarshan states and the first EFT criterion from (7.1)
The lessons that we learnt from the warm-up example in the previous section with one on-shell
field φ(x, y) − along-with the assumption that we have integrated out at least one off-shell field
ϕ(x, y) − are the following.

1. The action that controls the dynamics of the emergent field ⟨φ(x, y)⟩σ is neither Spert(c;φ)

from (7.3) nor Ŝtot(φ) from (7.4). Rather it is given by Ŝtot(⟨φ⟩σ).

2. The effective field theory criteria that control the dynamics of the emergent degree of freedom,
in the M-theory uplift of the type IIB scenario, are completely given in terms of the type IIA
dual string coupling gs as in (7.1).

3. The effective field theory criteria proposed in [6] are designed to rule out four-dimensional
de Sitter spacetime that is a minimum of a vacuum potential. Since the emergent de Sitter
spacetime that we get (from an equally emergent potential) is neither a minimum of a potential
nor controlled by a vacuum potential, the EFT criteria of [6] play no role here and may thus be
ignored. The only useful aspect that survives from the conjectures in [6] is the trans-Planckian
censorship conjecture which, here, appears from the first criterion of (7.1).
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The last point regarding (a) the trans-Planckian censorship conjecture, and (b) the de
Sitter spacetime not being the minimum of the emergent potential, deserves some discussion in
light of the EFT criteria proposed in (7.1). We will start with the trans-Planckian censorship
conjecture and then discuss the issues surrounding (7.12).

The idea behind the trans-Planckian censorship conjecture is simple. It states that a reverse
time evolution of excitations with O(1) energies living on a late time slice leads to trans-
Planckian energies for the same at a finite time in the past. In terms of future time evolution,
trans-Planckian modes in the past become increasingly long wavelength and subsequently freeze
upon exiting the Hubble horizon. Thus at late times, one can classically detect trans-Planckian
physics at O(1) scales, for instance, in the CMB data.

If we are only considering a generic higher-derivative gravity theory then these trans-
Planckian modes will be problematic because the short-distance behavior of such a theory
itself is problematic. The non-normalizability issue, appearing at a scale Mp and discussed
right at the start of section 3, is the root cause of the problem. Of course now we know that
this isn’t really an issue in string or M- theory because new degrees of freedom appear at that
scale to render all UV amplitudes finite. In the original formulation [13], where the theory was
restricted to obey Einstein gravity only, the trans-Planckian censorship conjecture prohibits the
existence of such a scenario by simply bounding the temporal domain for these UV modes to
not exit the Hubble horizon. More precisely, the conjecture states that any solution where we
can see a classical imprint of trans-Planckian features upon exiting the de Sitter horizon is not
possible since the time scale is bounded by:

af
ai

<
Mpl

H
, (7.16)

where the labels i, f denote the initial and final times, a is the expansion parameter, Mpl is the
four-dimensional Planck mass, and H is the Hubble parameter (not to be confused with the
warp-factor H(y) used earlier). If the Hubble parameter is constant over time, then the time
scale where the de Sitter state can be valid is given by:

∆tTCC =
1

H
log

(
Mpl

H

)
=

1√
Λ

log

(
Mpl√
Λ

)
, (7.17)

where Λ is the four-dimensional cosmological constant. Assuming Λ = 10−120M2
p, we see that

∆tTCC = 138.55√
Λ

log
(

Mpl

Mp

)
. In the flat-slicing, this temporal domain is precisely related to the

temporal domain (2.5) got by demanding the first EFT criterion from (7.1), namely gs < 1.
In light of what we said above, the similarity between the two temporal domain is a bit

surprising. The original trans-Planckian censorship conjecture deals with Einstein gravity (or
more appropriately, generic higher derivative gravity) only whereas our analysis is in full string
theory with the UV completeness inherently built in. (In fact the UV finiteness manifests as
finite Wilsonian coefficients of the interactions in the low energy EFT. These are exactly the
finite coefficients (ds, bp, c̄(s), ĉ(s), c̃(p)) that we encountered in the toy set-up of (7.4).) There
are no pathologies for the far UV modes in our set-up, so the natural question is why would
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the two temporal domain match-up so nicely. Moreover, nothing really bad happens if we go
beyond the temporal domain (2.5). We simply lose control of the non-perturbative and non-
local interactions that go as exp

(
− 1
gps

)
, for gs > 1 in the M-theory side, implying that the

system no longer has a Glauber-Sudarshan state beyond the temporal domain (2.5). Four-
dimensional de Sitter space would then exist only in this limited temporal domain and beyond
that the theory might simply go back to the warped-Minkowski description. This conclusion
matches somewhat with the quantum breaking time of [32] although the specifics of the detail
differ.

There is yet another matter of contention here. It can be shown that imposing the trans-
Planckian censorship conjecture for a scalar field with say, a monotonically increasing potential,
leads to satisfying the first EFT condition of (7.13) − which we will call as the “de Sitter
potential conjecture” [6, 41]. However in contrast to the de Sitter potential conjecture which
does not allow for a de Sitter vacuum solution, the trans-Planckian censorship conjecture does
allow for vacuum solution provided they satisfy the temporal bound (7.17). Our analysis has
ruled out any possibility of a de Sitter vacuum solution, so the trans-Planckian conjecture
should be re-interpreted appropriately for the case with Glauber-Sudarshan states. Putting
things together, it appears that there are at least three different computations that lead to
similar temporal domain of validity.

1. The weak coupling gs < 1 limit for the Glauber-Sudarshan states.

2. The quantum breaking time within the standard formulation of the coherent states [32].

3. The trans-Planckian censorship conjecture with Einstein, or higher derivative, gravity [22].

All three computations are different, and in particular the first and the second computations
differ because the Glauber-Sudarshan states by construction are different from the coherent
states. Why would then the temporal domain of validity match up in the aforementioned three
computations? First, of course this match-up is not precise. For example (2.5) doesn’t exactly
equate to say (7.17): there is some difference of factors, although if we construct de Sitter
Glauber-Sudarshan state in global coordinates we can come very close to matching with (7.17).
But this is besides the point, and it doesn’t answer the pertinent question of why is there any
equivalence at all?

The answer may lie on the fact that, a subset of these cases (especially the first and the
third ones), rely on a specific ingredient of the computation: the temporal variation of the
fluctuating frequencies. This temporal variation appears to source both the trans-Planckian
issue with Einstein, or higher derivative, gravity and the breakdown of a Wilsonian integrating-
out procedure within string theory. The latter of course led to the formulation of the Glauber-
Sudarshan states as discussed in much detail in section 3. While the ingredient is similar in
both cases, the consequences are quite different. In the third case, the UV finiteness becomes
the main issue, whereas in the first case, while the UV finiteness is no longer an issue, the
convergence property of the non-perturbative and the non-local quantum series now becomes
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problematic. (The second issue with quantum break time for the coherent states [32] should
also come under similar scrutiny but we will not discuss it here.) Question is whether there is
any quantity in string theory that can succinctly capture all the aforementioned issues. The
answer turns out to be the dual type IIA coupling gs. By definition it can be expressed in terms
of the Hubble parameter H − which appears from the T-duality rules − and therefore keeping
gs < 1 takes care of both the convergence property of the instanton and non-local series, and
the UV problems of Einstein gravity. Thus this is one of the main reason for choosing gs < 1

as our first EFT criterion in (7.1).
Another more subtle reason for choosing gs < 1 appears when we try to study a de Sitter

state in a static patch (see also footnote 54). If |α⟩ denotes the Glauber-Sudarshan state in
type IIB theory, then the emergent type IIB metric in a static patch takes the following form:

ds2 = ⟨gMN⟩αdYMdYN

=
1

H2(y)

[
−(1− Λr2s)dt

2
s +

dr2s
1− Λr2s

+ r2s
(
dθ2s + sin2 θs dφ

2
s

)]
+H2(y) gmn(y)dy

mdyn
(7.18)

where YM = (ts, rs, θs, φs, y
m) and ym ∈ M6, with H(y) and Λ being the warp-factor and

the four-dimensional cosmological constant. The radial coordinate rs is bounded by rs <
1√
Λ

as shown as the middle figure in figure 3. One would expect some emergent static flux
configuration to support a background like (7.18). Unfortunately problem lies when we try to
explore region rs > 1√

Λ
. The absence of a globally time-like Killing vector suggests that outside

the static patch the Killing vector could become space-like or/and even change orientations.
Interchanging the time-like and space-like coordinates would mean that outside the static patch
a static flux configuration would develop temporal dependence leading to fluctuating frequencies
shown on the extreme right of figure 3. The consequence of such a behavior has already been
pointed out in section 3.1, so we will not elaborate the story further and instead discuss yet
another problem that may be tied up to the first EFT criterion of (7.1). This appears when we
uplift (7.18) to M-theory by defining the type IIA dual coupling gs as:

gs =
1

rs
(gb H(y) cosec θs) , (7.19)

where gb is the type IIB coupling that may be kept fixed at the constant coupling point of
F-theory [17]. Since H(y) is a smooth function, and rs is bounded by 0 ≤ rs <

1√
Λ
, we see

that gs is typically bigger than 1 along specific paths, i.e. gs > 1, because 1 ≤ cosec θs ≤ ∞;
implying that the non-perturbative and the non-local series that go as exp

(
− 1
gps

)
with p > 0

cannot be made convergent (see also figure 12)55. Thus the behavior in a static patch appears
to be what we discussed earlier outside the trans-Planckian bound. Due to the UV completeness

55More appropriately, at any point in rs, there is at least one point in the angular direction θs for which
gs blows up. What really matters is not that gs < 1 at other points, but the fact that the instanton and
non-local corrections are not convergent along certain directions in R2,1 in M-theory. Since the action involves
an integral over space-time, this naturally becomes a problem. Alternatively, if we absorb the spatial factors in
the definition of Ho(x), then in the static patch gs

H(y)Ho(x)
= 1.
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Figure 12: Plot gs = gb H(y)
r

cosec θ for 0 ≤ r ≤ 1, and −8 ≤ θ ≤ 8. We have also taken
gb = H(y) ≡ 1. The former equality is to remain at the constant coupling point of F-theory,
and the latter is to simplify the analysis.

of string theory, one wouldn’t expect things to go bad in this regime, but we do expect the
Glauber-Sudarshan state to not exist in this regime.

One might however wonder why is this the case if we compare it to say the flat-slicing.
Going from type IIB to M-theory involves one T-duality, so in both flat-slicing and the static
patch should involve one T-duality in each case respectively. Why is then the physics different?
The answer has to do with the duality directions. For the case with a flat-slicing, the duality
direction is x3, whereas in the case with the static patch, the duality direction is φs. Comparing
the two set of coordinate systems, it is easy to convince oneself that φs is at least a function
of both x3 and the conformal time t of the flat-slicing coordinates. This means, while in the
flat-slicing case we are making a T-duality along x3 direction, in the static patch we are actually
making a T-duality along a combination of x3 and t directions. Since the duality directions are
different, we don’t expect the physics to be the same in the two cases. This should also explain
why we see the variation of the frequencies outside the static-patch in figure 3.

The above arguments should convince the readers that the static patch construction clashes
with the first criterion of (7.1), and therefore we expect only those patches of emergent de
Sitter space to exist that allow explicit temporal dependence of the underlying on-shell degrees
of freedom. This is consistent with the EOM (7.12), justifying what we said earlier: a de Sitter
emergent state is never a minimum of the emergent potential, rather it satisfies (7.12). To
summarize, it appears that:

1. The Minkowski minimum may not be uplifted further leading us to construct a four-
dimensional de Sitter spacetime in type IIB theory as an emergent excited state over the
Minkowski minimum.

2. The four-dimensional emergent de Sitter state may not be well defined using a static patch
leading us to consider only those patches that allow some inherent temporal dependence im-
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plying (7.12) as the correct EOM to study the dynamics of such a state.

Both the aforementioned results should also embody the second EFT criterion of (7.1). How
far this is realized in an actual set-up with metric and fluxes will be the topic of the following
section.

7.3 Glauber-Sudarshan states and the second EFT criterion from (7.1)

The second EFT criterion from (7.1) deals with the derivative of gs with respect to the conformal
time t. In [16] we have already connected this to the non-violation of the Null Energy Condition
(NEC), so we will not discuss this connection any further here. Instead we will see how, in a
more realistic case with metric and fluxes, the second criterion from (7.1) is embedded in the
EOMs from (7.2).

As mentioned earlier, the action governing the EOMs of the emergent space-time is nei-
ther the perturbative action (say (7.3)), nor the one with non-perturbative and the non-local
completion (say (7.4)), rather it is the second one with the metric and the fluxes replaced by
their expectation values over any arbitrary Glauber-Sudarshan state. Both the state and the
dynamics of the emergent space-time are fixed by the Schwinger-Dyson equations:

δŜtot(⟨Ξ⟩σ)
δ⟨Ξ⟩σ

= 0, (7.20)

where Ξ is the set of on-shell fields Ξ = (gAB,CABD,ΨA,ΨA) with (A,B,D) ∈ R2,1×M6× T2

G ;
and Ŝtot is from (6.33). There are also other equations accompanying (7.20), but we will not
consider them here. A more complete analysis of the EOMs, including additional EOMs from
the off-shell degrees of freedom (like the second constraint equation in (7.2)), will be dealt in
our upcoming work [9].

To get the form of Ŝtot we will follow the procedure as outlined earlier going from the
perturbative action (7.3) to the non-perturbative and the non-local completion as in (7.4), and
then finally replace the on-shell fields by their expectation value over any Glauber-Sudarshan
state. The perturbative action takes the form:

Spert(c;Ξ) = M9
p

∫
d11x

√
−g11 [R11 +G4 ∧ ∗11G4 +Qpert(c;Ξ)] + M9

p

∫
C3 ∧G4 ∧G4 +M3

p

∫
C3 ∧ X8, (7.21)

where we have included all the kinetic terms for the metric and the three-form field, the
topological terms, and the perturbative interactions. These have already been discussed earlier
after (2.2). What we have ignored are the fermionic Rarita-Schwinger terms and the M2 and
the M5-brane terms. (The latter should directly appear from the asymptotic nature of the
perturbative series itself, so we will not worry too much about them now.) These contributions,
and especially the fermionic and the world-volume perturbative terms, are pretty non-trivial
and we will discuss them in our upcoming paper [9]. This also means that henceforth the set
of on-shell fields will be Ξ = (gAB,CABD) without the fermionic fields. In addition to what we
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see from (2.2), we have allowed an exhaustive list of perturbative terms denoted by Qpert(c;Ξ).
This is similar to what we had in (2.12), but without the non-perturbative contributions. For
an easy access, we quote it again in the following way:

Qpert(c;Ξ(x, y, w)) =
∑
{li},{nj}

cnl
Mσnl
p

[
g−1
] 3∏
j=0

[∂]nj

60∏
k=1

(RAkBkCkDk
)lk

100∏
p=61

(
GApBpCpDp

)lp
, (7.22)

where cnl are dimensionless constants for a given values in the set (n, l) ≡ ({ni}, {lj}); (ni, lj) ∈
(+Z,+Z); (n0, n1, n2, n3) are the number of derivatives along temporal, R2,M6 and T2

G respec-

tively; and σnl ≡
3∑
j=0

nj + 2
60∑
k=1

lk +
100∑
p=61

lp fixes the Mp dimension of the operators for a given

choice of (n, l) [14–16]. All the curvature and the flux tensors, including the inverse metric
components are expressed in terms of their warped form, and therefore once we take their
expectation values over the appropriate Glauber-Sudarshan state they would include the gs
factors. This in particular implies that (7.23) may be re-expressed simply as:

ds2 = ⟨gAB⟩σdxAdxB

= g−8/3s

(
−dt2 + dx21 + dx22

)
+ g−2/3s H2(y)gmn(y)dy

mdyn + g4/3s ηabdw
adwb,

(7.23)

with gs ≡ H(y)
√
Λt, t being the conformal time, and H(y) being the smooth warp-factor. The

coordinate choice is as follows. (wa, wb) = (x3, x11) ∈ T2

G with G being an orbifold action without
a fixed point; and (ym, yn) ∈M6 such that the internal eight-manifold is locallyM6 × T2

G . We
have also generically taken the on-shell fields to depend on all the eleven-dimensional coordinates
which are distributed as above, i.e. (x, y, w) ∈ (R2,M6,

T2

G ). One may check that ∂gs
∂t
∝ g0s ,

consistent with the second EFT criterion from (7.1).
The quantum series Qpert(c;Ξ) from (7.22) doesn’t appear in the total effective action

Ŝtot(Ξ) directly as discussed earlier, but does appear in the construction of the non-perturbative
and the non-local quantum terms.

Ŝtot(Ξ) = Skin(Ξ) + SNP(Ξ) + Snloc(Ξ)

= M9
p

∫
d3x d6y d2w

√
−g11(X) [R11(X) +G4(X) ∧ ∗11G4(X)] +M9

p

∫
C3(X) ∧G4(X) ∧G4(X) +M3

p

∫
C3(X) ∧ X8(X)

+M11
p

∫
d3x d6y d2w

√
−g11(X)

∞∑
s=0

ds Qpert(c̄(s);Ξ(X)) exp

(
−sM8

p

∫ y

0

∫ w

0
d6y′ d2w′

√
g8(Y′, x)

∣∣Qpert(ĉ(s);Ξ(Y′, x))
∣∣)

+M11
p

∫
d3x d6y d2w

√
−g11(X)

∞∑
p=1

bp

[
exp

(
−pM8

p

∫
M8

d6y′ d2w′
√

g8(Y′, x)
∣∣F(y − y′;w − w′)Qpert(c̃(p);Ξ(Y′, x))

∣∣)− 1

]
,

(7.24)

where X ≡ (x, y, w), Y′ ≡ (y′, w′),M8 ≡M6× T2

G , and we have generically taken all the fields
to be functions of (x, y, w). The second line is the set of kinetic and the topological terms, the
third line is the non-perturbative series expressed using sum over all the instanton saddles and
their corresponding fluctuation determinants; and the last line is the non-local quantum series
expressed using the non-locality function F(y − y′, w − w′). Finally, all the quantum series are
expressed using (7.22), but with different values of the coefficients cnl.
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The action (7.24) is a more elaborate version of (7.4) because the former includes all the real
on-shell degrees of freedom like metric and fluxes. The non-perturbative term has the standard
form of instanton saddles accompanied by the corresponding fluctuation determinants, but the
non-local terms (as derived in (6.22)) appear with no such pre-factors. Are these pre-factors
necessary, or we can simply suffice with what we have now? Clearly it appears that such pre-
factors are not necessary at least in (7.4): the EOM in (7.7) shows no untoward pathologies. We
will however show that, in a more realistic case, the gs scaling forces us to introduce additional
fluctuation determinants around each of the non-local saddles. To show this we will have to
develop the story a bit more, and in the following we elaborate on this.

The action controlling the dynamics of the evolution of the Glauber-Sudarshan states is not
(7.24), rather it is Ŝtot(⟨Ξ⟩σ). The typical Schwinger-Dyson equations governing the evolutions
of the emergent on-shell states are now:

δŜtot(⟨Ξ⟩σ)
δ⟨gAB⟩σ

=
δŜtot(⟨Ξ⟩σ)
δ⟨CABD⟩σ

=
δŜtot(⟨Ξ⟩σ)
δ⟨ΨA⟩σ

= 0, (7.25)

where to derive the fermionic EOMs one will have to introduce the fermionic perturbative series
in (7.22). This will be discussed in [9]. There are also other equations coming from integrating
out the off-shell degrees of freedom. Those will also be discussed in [9].

With this we are ready to tackle the Schwinger-Dyson equations for the emergent on-shell
degrees of freedom. Here however we will only discuss the dynamics of the metric components
⟨gAB⟩σ and leave the discussion on other components for a future work (see also [9]). Using the
first equation in (7.25), the EOM takes the following form:

RAB(⟨Ξ(X)⟩σ)−
1

2
⟨gAB(X)⟩σR(⟨Ξ(X)⟩σ)

=
2√

g11(⟨Ξ(X)⟩σ)
δ

δ⟨gAB(X)⟩σ

(√
g11(⟨Ξ(X)⟩σ)G4(⟨Ξ(X)⟩σ) ∧ ∗11G4(⟨Ξ(X)⟩σ)

)
−

2M2
p√

g11(⟨Ξ(X)⟩σ)

∞∑
s=0

ds
δ

δ⟨gAB(X)⟩σ

[√
g11(⟨Ξ(X)⟩σ)Qpert(c̄(s); ⟨Ξ(X)⟩σ)

]
× exp

(
−sM8

p

∫ y

0

∫ w

0
d6y′ d2w′

√
g8(⟨Ξ(Y′, x)⟩σ)

∣∣Qpert(ĉ(s); ⟨Ξ(Y′, x)⟩σ)
∣∣)

+ M10
p

∫
d6y′ d2w′

√
g11(⟨Ξ(Y′, x)⟩σ)
g11(⟨Ξ(X)⟩σ)

∞∑
s=0

sds Qpert(c̄(s); ⟨Ξ(Y′, x)⟩σ)

×
δ

δ⟨gAB(X)⟩σ

[√
g8(⟨Ξ(X)⟩σ)Qpert(ĉ(s); ⟨Ξ(X)⟩σ)

]
Θ(y′ − y) Θ(w′ − z)

× exp

(
−sM8

p

∫ y′

0

∫ w′

0
d6y′′ d2w′′

√
g8(⟨Ξ(Y′′, x)⟩σ)

∣∣Qpert(ĉ(s); ⟨Ξ(Y′′, x)⟩σ)
∣∣)

− M2
p⟨gAB(X)⟩σ

∞∑
p=1

bp

[
exp

(
−pM8

p

∫
M8

d6y′ d2w′
√

g8(⟨Ξ(Y′, x)⟩σ)
∣∣F(Y −Y′)Qpert(c̃(p); ⟨Ξ(Y′, x)⟩σ)

∣∣)− 1

]

+ M10
p

∫
d6y′ d2w′

√
g11(⟨Ξ(Y′, x)⟩σ)
g11(⟨Ξ(X)⟩σ)

F(Y′ −Y)
∞∑
p=1

pbp
δ

δ⟨gAB(X)⟩σ

[√
g8(⟨Ξ(X)⟩σ)Qpert(c̃(p); ⟨Ξ(X)⟩σ)

]
× exp

(
−pM8

p

∫
M8

d6y′′ d2w′′
√

g8(⟨Ξ(Y′′, x)⟩σ)
∣∣F(y′ − y′′;w′ − w′′)Qpert(c̃(p);Ξ(Y′′, x))

∣∣)

(7.26)

where Y = (y, w),X = (x,Y) = (x, y, w), Y′ = (y′, w′) and F(Y′ − Y) ≡ F(y′ − y;w′ − w) > 0.
We will consider the EOM along the space-time direction so that (A,B) ≡ (µ, ν) ∈ R2,1 in
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Terms in the EOM (7.26) gs scalings

⟨gµν⟩σ g
− 8

3
s

Rµν(⟨Ξ⟩σ)− 1
2
⟨gµν⟩σR(⟨Ξ⟩σ) 1

g2s

1√
g11(⟨Ξ⟩σ)

δ
δ⟨gµν⟩σ

(√
g11(⟨Ξ⟩σ)G4(⟨Ξ⟩σ) ∧ ∗11G4(⟨Ξ⟩σ)

)
g
θclass− 8

3
s

1√
g11(⟨Ξ⟩σ)

δ
δ⟨gµν⟩σ

[√
g11(⟨Ξ⟩σ) Qpert(c̄; ⟨Ξ⟩σ)

]
g
θc̄− 8

3
s

exp
(
−M6

p

∫ y
0
d6y′

√
g6(⟨Ξ(y′)⟩σ)

∣∣Qpert(ĉ; ⟨Ξ(y′)⟩σ
∣∣) exp

(
−g

θĉ
s

g2s

)
Qpert(c̄; ⟨Ξ⟩σ) δ

δ⟨gµν⟩σ

[√
g6(⟨Ξ⟩σ)Qpert(ĉ; ⟨Ξ⟩σ)

]
g
θc̄+θĉ−

8
3

s

g2s

exp
(
−M6

p

∫
M6

d6y′
√

g6(⟨Ξ(y′)⟩σ)
∣∣F(y − y′)Qpert(c̃; ⟨Ξ(y′)⟩σ)

∣∣) exp
(
−g

θc̃
s

g2s

)
δ

δ⟨gµν⟩σ

[√
g6(⟨Ξ⟩σ)Qpert(c̃; ⟨Ξ⟩σ)

]
g
θc̃−

8
3

s

g2s

Table 6: The dominant gs scalings of various terms appearing the EOMs (7.26) in the presence
of BBS like M5-brane instantons. Details about how these gs scalings help us to solve EOM
are described in the text.

M-theory. As a warm-up let us consider the following metric ansätze:

⟨gµν⟩σ = g
− 8

3
s ηµν , ⟨gmn⟩σ = g

− 2
3

s gmn(y), ⟨gab⟩σ = g
4
3
s δab, (7.27)

which is similar to the scalings that we discussed in sections 2.2 and 2.3, with H(y) = Ho(x) ≡ 1

taken to simplify the ensuing analysis. A detailed analysis will be presented in our upcoming
paper [9].

7.3.1 Five-brane instantons wrapped on six-manifold M6

To proceed with (7.26), we need to quantify the non-perturbative and the non-local interactions
carefully right at the level of the action (7.24). We will start by dealing with BBS like instanton
effects which are related to M5-brane instantons wrapped on M6 [11]. For this, let us define
the perturbative series in the following way:

Qpert(c;Ξ(Y
′, x)) ≡ QBBS

pert (c;Ξ(y
′, x))

δ2(w′ − wo)
M2
p

√
g2(w′, x)

, (7.28)

where c = (ĉ(s), c̄(s), c̃(p)) and g8(Y
′, x) = g6(y

′, x)g2(w
′, x). The delta function localizes these

M5-brane instantons to be at a point wo on the toroidal manifold T2

G parametrized by w′ and
wrapped on M6. In the language of [15], these are the localized BBS instantons. (One could
also allow delocalized instantons, but we will not deal with them here to avoid complicating
the story.) Plugging (7.28) in (7.24), would convert all the terms in the EOM (7.26) in a way
shown on the LHS of Table 6.

– 95 –



There is still a couple more adjustments need to be done before we can use the EOM
(7.26). One is to make all the emergent degrees of freedom to be independent of the toroidal
direction w ∈ T2

G , and two, is to convert the metric ansätze (7.27) to a slightly more refined
form as in (5.21) but with α(t) = β(t) = fk(t) = f̃k(t) = 0, αk(t) = βk(t) = gk(t) = 1. This is
a simplified version that doesn’t take into account the temporal variation of the cosmological
constant. In section 5.3 we discussed how one might solve the EOMs order by order in ǧs. It
is quite straightforward to extend the present set-up to a more involved one from section 5.3
but we will not study this any further here. Instead we will take the following emergent metric
and flux components:

⟨gµν⟩σ = g
− 8

3
s ηµν , ⟨gmn⟩σ =

∞∑
k=0

g
(k)
mn(y) g

− 2
3
+ 2k

3
s , ⟨gab⟩σ = g

4
3
s δab, GABCD(⟨Ξ⟩σ) =

∞∑
k=0

G
(k)
ABCD(y) g

2k
3

+lCD
AB

s , (7.29)

where g
(k)
mn(y) are chosen such that the volume of the internal six-manifold M6 is time-

independent keeping, in turn, the four-dimensional Newton’s constant time independent56; and
(A,B) ∈ R2,1 ×M6 × T2

G . lAB
CD > 0 is the dominant scaling for the emergent G-flux degrees

of freedom, and is non-zero to keep in tune with the conditions studied in [14–16]. Thus the
emergent flux components are never time-independent. Note that we have kept the definition
of the emergent four-form flux, compared to (2.7), generic to include fermionic terms. This is
not important here but will become important once we study the full EOMs in [9].

With these at hand, we are ready to tackle the EOM (7.26) in the presence of M5-brane
instantons using (7.28). Because of the complexity of the form of (7.26), we will follow the
strategy of comparing the EOM order-by-order in gs. The dominant gs scalings of the various
terms of (7.26) is shown in Table 6. The first two set of terms are easy to quantify, and their
full gs scaling take the following form:

RAB(⟨Ξ(X)⟩σ)−
1

2
⟨gAB(X)⟩σR(⟨Ξ(X)⟩σ) =

1

g2s

∞∑
k=0

G
(k)
µν (y) g

2k
3

s

1√
g11(⟨Ξ(X)⟩σ)

δ

δ⟨gAB(X)⟩σ

(√
g11(⟨Ξ(X)⟩σ)G4(⟨Ξ(X)⟩σ) ∧ ∗11G4(⟨Ξ(X)⟩σ)

)
= g

θclass− 8
3

s

∞∑
k=0

H
(k)
µν (y)g

2k
3

s

(7.30)

where G
(k)
µν (y) appears from the higher order series in gs for the metric components ⟨gmn⟩σ,

that enter via the emergent Ricci scalar R(⟨Ξ⟩σ). In a similar vein we define the Hodge star
using the emergent metric components from (7.29) and use the flux definition from there to
construct the emergent energy-momentum tensor from the G-fluxes. All these information
appear in the tensor H

(k)
µν (y) with the gs scaling shown above. The dominant gs scaling from

the fluxes, coming from a combination of lAB
CD and the metric scalings, is given by θclass. For

k = 0, we can compare the gs scaling of the two set of terms above to get:

θclass =
2

3
, (7.31)

56Although this is not necessary if we want to realize the configuration with temporally varying cosmological
constant in section 5.3. For genericity, we will not impose this constraint in solving the Schwinger-Dyson
equations.
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which, while allowing the fluxes to contribute to the EOM, does not help in solving it. (The
contributing flux components at this order are only Gmnab(⟨Ξ⟩σ) with (m,n) ∈M6, (a, b) ∈ T2

G
and labmn = 1.) The underlying argument is similar to what we discussed in section 2.4, so we
will not repeat it here57.

The third set of terms is more non-trivial, because this is where the non-perturbative correc-
tions first enter. The non-perturbative corrections in (7.26) are given in terms of the instanton
saddles and their corresponding fluctuation determinants. Including them, the contribution to
the EOM may be quantified in the following way:

1√
g11(⟨Ξ(X)⟩σ)

∞∑
s=0

ds
δ

δ⟨gAB(X)⟩σ

[√
g11(⟨Ξ(X)⟩σ)Qpert(c̄(s); ⟨Ξ(X)⟩σ)

]
× exp

(
−sM8

p

∫ y

0

∫ w

0
d6y′ d2w′

√
g8(⟨Ξ(Y′, x)⟩σ)

∣∣Qpert(ĉ(s); ⟨Ξ(Y′, x)⟩σ)
∣∣)

=
∞∑
r=0

drg
θc̄(r)− 8

3
s

∞∑
k=0

I
(k)
µν (c̄(r); y)g

2k
3

s exp

(
−rM6

pg
θĉ(r)−2
s

∫ y

0
d6y′

∞∑
l=0

|I(l)1 (ĉ(r); y)|g
2l
3
s Θ(w1 − w2)

)
,

(7.32)

where Qpert(c; ⟨Ξ⟩σ) is from (7.22) and c = c̄(s) and c = ĉ(s) with appropriate choices for these
parameters. The LHS is over the full eight dimensional internal manifold M6 × T2

G , and the
RHS is over the six-dimensional base M6 where we used (7.28). The Heaviside step-function
Θ(w1 − w2) with wi ∈ T2

G is used here to localize the integrals over the six-dimensional base.
The gs scalings of the two aforementioned perturbative series appear as θc̄(r) and θĉ(r) for r ∈ Z
alongwith the corresponding functions I

(k)
µν (c̄(r); y) and I

(l)
1 (ĉ(r); y) respectively. As before, the

dominant scaling will appear when k = l = 0. Ignoring the functional dependence, there is now
a puzzle when we try to compare the gs scalings on the RHS of (7.32) with the dominant gs
scaling from the emergent Einstein tensor of (7.30). A naive comparison gives us the following:

θc̄(r) −
2

3
=
g
θĉ(r)−2
s

log gs
, (7.33)

∀r ∈ Z. There is already an issue here as seen from figure 13: there is no solution to the
system for gs < 1. (Only the orange curve intersects with the blue curve in figure 13.) If we
try to solve (7.33), we find the following solution for θc̄(r) = θĉ(r) ≡ θc(r):

θc(r) =
2

3
− W(−g−4/3s )

log gs
, (7.34)

where W(z) is the Lambert W-function (also known as the Product Log function). Generically
W(z) has both real and complex parts, and therefore θc(r) will have both real and complex
pieces as shown in figure 14. Solution would exist in the regime where the imaginary part
vanishes, and this happens for gs > 1 as shown in figure 14. Unfortunately, even in the regime
where solutions exist (ignoring the fact that gs > 1 there), this is unacceptable because θc(r) is
not a constant but is a function of gs. More so, it will also be a function of y ∈M6 because of
the functions I

(k)
µν (y) and I(l)(y) appearing in (7.32).

57Recall that we need a positive cosmological constant solution. The fluxes can only solve the EOM with
negative cosmological constant.
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Figure 13: Plot of the functions y = θ − 2
3

in blue and y = gθ−2
s

log gs
for gs = 5 in orange and

gs = 0.2 in green. We see that there are points of intersection between the blue curve and the
orange curve only when gs > 1. When gs < 1, there are no points of intersection between the
blue curve and the green curve.

All in all it appears that equating the gs scalings in the aforementioned way is not the
correct way to go. How should we then proceed to solve the EOM (7.26)? The hint appears
from the gs scaling itself: Since the gs dependence in the exponential factor is the main source
of contention, we cannot presume that θc̄(r) = θĉ(r) for k ≥ 0, l ≥ 0 in (7.32). Instead we can

equate 1
g2s

from the emergent Einstein tensor in (7.30) with the dominant scaling g
θc̄(r)− 8

3
s to

demand the following scaling of the quantum terms from the fluctuation determinants:

θc̄(r) =
2

3
, (7.35)

and take θĉ(r) ≥ 2
3
. Interestingly, for 2

3
≤ θĉ(r) < 2, and l = 0, the instanton contributions are

heavily suppressed (recall that Mp >> 1 from the point of view of the low energy scale that
we have been using). On the other hand, if gs and Mp go to zero and infinity respectively as
gs = ϵ and Mp = ϵ−b for b > 0, then the exponential part can be perturbatively expanded if the
quantum terms from the instanton saddles scale as:

θĉ(r) > 2 + 6b, (7.36)

implying that even in the range 2 ≤ θĉ(r) < 2 + 6b, we expect suppressions of the exponential
parts. Unfortunately, for θc̄(r) = 2

3
in (7.35), there are no quantum terms that could contribute!

In fact this is the same issue that we encountered with the perturbative quantum series, implying
that to this order there are no non-trivial contributions from (7.32).

What would then contribute? Contributions can come from the two set of quantum terms
with θc̄(r) > 2

3
and θĉ(r) > 2

3
which are not suppressed by the exponential terms. This is possible

for contributions to the EOM (7.26) that take the following form:
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Figure 14: Plot of the real and imaginary parts of the function y = 2
3
− W(−g−4/3)

log g
in blue and

orange respectively. Note that solution exists only for g > 2 here because Im y = 0. For g < 1,
both Im y and Re y are non-zero.

∫
d6y′ d2w′

√
g11(⟨Ξ(Y′, x)⟩σ)
g11(⟨Ξ(X)⟩σ)

∞∑
s=0

sds Qpert(c̄(s); ⟨Ξ(Y′, x)⟩σ)

× δ

δ⟨gAB(X)⟩σ

[√
g8(⟨Ξ(X)⟩σ)Qpert(ĉ(s); ⟨Ξ(X)⟩σ)

]
Θ(y′ − y) Θ(w′ − z)

× exp

(
−sM8

p

∫ y′

0

∫ w′

0

d6y′′ d2w′′
√
g8(⟨Ξ(Y′′, x)⟩σ)

∣∣Qpert(ĉ(s); ⟨Ξ(Y′′, x)⟩σ)
∣∣)

=

∞∑
r=0

rdr

∫
d6y′

∞∑
k=0

∞∑
l=0

I
(k)
2 (c̄(r); y′)J(l)

µν(ĉ(r); y)g
θc̄(r)+θĉ(r)− 14

3 + 2
3 (k+l)

s Θ(y′ − y)Θ(w1 − w2)

× exp

(
−rM6

pg
θĉ(r)−2
s

∫ y′

0

d6y′′
∞∑
n=0

|I(n)1 (ĉ(r); y′′)|g
2n
3
s Θ(w1 − w2)

)

(7.37)

where I
(k)
2 (c̄(r); y′) is similar to the quantum series I

(l)
1 (ĉ(r); y′′) but defined with different

coefficients c̄(r) and ĉ(r) respectively. (The latter is also similar to one in (7.32).) J
(l)
µν(ĉ(r); y)

appears from the instanton contributions, and as before the dominant contribution comes from
k = l = n = 0 in (7.37). Since now the gs scalings have changed, we can try to equate them with
the dominant 1

g2s
scaling of the emergent Einstein tensor from (7.30). As before we will assume

that θc̄(r) = θĉ(r) ≡ θc(r), and ignore the terms that depend on y ∈M6 in the exponential part.
Doing this leads to:

θc(r) =
4

3
−

W
(
− 1

2g
2/3
s

)
log gs

, (7.38)

showing that this cannot be the right answer because of the gs dependence. Worse, solutions
exist only for gs > 1; and W(z) is the Lambert W-function. The plots are very similar to figure
13 and figure 14. Of course now we know how to proceed. We start by not identifying θc̄(r) to
θĉ(r), and then by comparing the gs scaling with the emergent Einstein tensor from (7.30) we
get the following relation:

θc̄(r) + θĉ(r) =
8

3
, (7.39)

which is a significant improvement over (7.35) because solutions would now exist where none
existed before. For example consider θc̄(r) = 0, and θĉ(r) = 8

3
. Since the emergent Riemann
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θc̄(r) θĉ(r) θĉ(r) − 2

8
3

0 −2
5
3

1 −1
4
3

4
3

−2
3

1 5
3

−1
3

2
3

2 0

0 8
3

2
3

Table 7: The gs scalings θc̄(r) and θĉ(r) satisfying (7.39).

curvature tensors generically scale as g2/3s (see for example [14]), it would imply a quartic order
curvature contribution among other stuff. They are all coming from the instanton sectors and
interestingly it was predicted earlier [4] that such terms would be necessary to allow for a de
Sitter solution to exist. We now see that for a de Sitter excited state to occur, at least quartic
order curvature corrections are necessary. A similar conclusion can be made for the fluctuation
determinants if we take θc̄(r) = 8

3
, and θĉ(r) = 0. However now two questions arise.

1. What happens to the exponential pieces with the choice (7.39)?

2. How and where does the second EFT criterion from (7.1) fits inside (7.39)?

We will start with the first question and to answer this we refer the readers to Table 7 where
the various distributions of θc̄(r) and θĉ(r) satisfying (7.39) are laid out. Let Mp = ϵ−b and
gs = ϵa, for (a, b) > (0, 0) in the limit ϵ→ 0. The exponential piece in (7.37), behaves as:

lim
ϵ→0

exp
[
−rϵaθĉ(r)−2a−6b

]
, (7.40)

for r ∈ Z and n = k = l = 0. The choice of gs = ϵa with a > 0 is the late time, but we
can keep a → 0 to cover the whole range in the temporal domain − 1√

Λ
< t ≤ 0. Even with

this, the first four entries in Table 7 suggests that the exponential piece dies-off pretty fast,
implying that the contributions from the instanton sector may be made arbitrarily small. Note
that the choice θc̄(r) = 2

3
makes the exponential piece to be independent of gs. This is not a

classical contribution because θĉ(r) = 2 adds in the necessary quantum corrections both to the
fluctuation determinants and to the exponential factors. From (7.40), the exponential piece
would still appear to die-off, but if the value of the integral coming from I

(0)
1 (ĉ(r), y′′) is kept

small then we can have finite answers for small r. I(0)1 (ĉ(r), y′′) can have contributions from cubic
order curvature terms, but also from the emergent Rarita-Schwinger fermionic condensates.
Although we don’t discuss the fermionic story here (see [9] for details on this), it is known
for sometime now [2] that type IIB gaugino condensates on seven-branes play a crucial role
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in generating a positive cosmological constant solution. The series constructed out of them is
clearly convergent as one would have expected from it’s trans-series form, thus quantifying the
precise contributions from the instanton sectors for this scenario. For the choice θc̄(r) = 0, we
have θĉ(r) = 8

3
from (7.39). On the other hand from Table 7 and (7.40), we see that as long as

a > 9b − which is late time − the exponential piece may be perturbatively expanded, otherwise
it will die-off pretty fast. Finally the choice of θĉ(r) = 2

3
doesn’t produce anything quantum

so we will ignore it. Putting everything together would tell us how much do the instantons
contribute to the EOM (7.26).

This brings us to the final question: where does the second EFT criterion from (7.1) fits in
the aforementioned discussion? The answer lies in the form of the two scalings θc̄(r) and θĉ(r).
We can rewrite them in the following way:

θc̄(r) = θ
(1)
c̄(r) + |θ

(2)
c̄(r)| sign θ

(2)
c̄(r), θĉ(r) = θ

(1)
ĉ(r) + |θ

(2)
ĉ(r)| sign θ

(2)
ĉ(r), (7.41)

where θ(i)c(r) for i = 1, 2 are used to split the scaling θc(r) into two pieces with the second one
being sensitive to the second criterion of (7.1). This is captured by sign θc(r) defined in the
following way:

sign θc(r) ≡


+ 1 for ∂gs

∂t
∝ g+ive

s

− 1 for ∂gs
∂t
∝ g−ives

(7.42)

Plugging this in either (7.35) or (7.39) would create relative minus signs implying that there are
now infinite possible solutions for θ(i)c(r). This would clearly be a breakdown of the gs hierarchy.
The Mp hierarchy is also broken because of the presence of the emergent localized G-fluxes in a
similar vein as in [14, 16]. Thus if the second criterion of (7.1) is not satisfied then EFT would
break down because of the presence of an infinite number of operators at order gas

Mb
p
, ∀(a, b) with

(a, b) ∈ (Z,Z).
Therefore to summarize: the second criterion in (7.1) is absolutely essential for the consis-

tency of the computations presented in this section done by including the instanton corrections.
What about the non-local interactions? It turns out that the story is bit more subtle than what
we discussed earlier. In the following we elaborate on this.

7.3.2 Revisiting the non-local interactions from (6.22) and (7.24)

In the three points mentioned just below (6.22), we cautioned the readers that (6.22) may not be
the full answer, as there could exist the possibility of additional corrections to (6.22). However
the analysis that we performed to reach to (6.22) did not suggest any such possibilities, so
the question is how and why do we need additional corrections to (6.22). Note that a similar
form for the instanton terms did require additional contributions coming from the fluctuation
determinants around the instantons, so therein the corrected action did have a solid reasoning
for back up. On the other hand, the computation that we performed to convert (6.19) to (6.22)
was aimed to get a convergent form for the non-local interactions without losing any information
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Figure 15: Plot of the real and imaginary parts of the function θc̃(p) = 2+
log(− 2

3
log g)

log g
in blue

and orange respectively. Note that although solutions exist for g < 1, because Im θc̃(p) = 0,
they are functions of g. For g > 1, clearly both Im θc̃(p) and Re θc̃(p) are non-zero, so no
solutions exist.

contained in (6.19). This resulted in a specific choice for the coefficients in (6.22) related to
the ones from (6.19) via the matrix M in (6.21). The only way to relax this, yet still keeping
the convergence property intact, is to convert (6.22) to a trans-series much like what we had
for the instanton terms. However this begs the question as to why should we do this. Is there
anything in particular missing from (6.22) that requires us to change the format of (6.22)?

To see the short-comings of the non-local interactions (6.22) appearing in the action (7.24),
let us go back to the terms on the eighth line of (7.26). Our aim would be to check the gs
scalings of the various terms therein using the metric scalings (7.29). For simplicity, we can
restrict ourselves to the space-time directions only. The gs scaling then becomes:

⟨gAB(X)⟩σ
∞∑
p=1

bp

[
exp

(
−pM8

p

∫
M8

d6y′ d2w′
√

g8(⟨Ξ(Y′, x)⟩σ)
∣∣F(Y −Y′)Qpert(c̃(p); ⟨Ξ(Y′, x)⟩σ)

∣∣)− 1

]

= g
− 8

3
s

∞∑
p=1

bp

[
exp

(
−pM6

pg
θc̃(p)−2
s

∫
M6

d6y′
∞∑

n=0

|F(y − y′)I(n)
3 (c̃(p); y′)|g

2n
3

s

)
− 1

] (7.43)

where I
(n)
3 (c̃(p); y′) is similar to I

(n)
1 (ĉ(r); y′′) appearing in say (7.37) but expressed using dif-

ferent coefficients c̃(p) in (7.28). Comparing the gs scalings of this term with the ones from
(7.30), we already see an insurmountable issue: the gs scaling of the last term above can never
match with the gs scalings of (7.30)! However in the limit gs → 0 this terms is cancelled by the
exponential piece whenever θc̃(p) > 2, so doesn’t give enough reason to discard it yet. On the
other hand, comparing the gs scaling of the exponential piece with the ones from (7.30), we get
the following value for θc̃(p):

θc̃(p) = 2 +
log(2r log gs)− log 3

log gs
, (7.44)

with r = −1 and r = 3. For generic value of gs < 1 this is problematic because it will make
θc̃(p) to be gs dependent, which is unacceptable. In fact for r = −1 in (7.44), solutions for θc̃(p)
appear to exist for gs < 1 but they are still slowly varying functions of gs as shown in figure
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15. For r = 3 in (7.44), there are no solutions for gs < 1 as shown in figure 16. From this
figure one may see that solutions exist, albeit as functions of gs, only for gs ≥ [W(1)]−

1
2 ≈ 1.328.

(W(z) is the Lambert W-function.) This implies that θc̃(p) we got in (7.44) for either values of
r is unacceptable.

The above analysis suggests that the non-local interactions appearing in the fourth line of
(7.24) cannot be the complete answer. Note that this mismatch is only visible once we used
the Schwinger-Dyson equations. In fact the reason why we couldn’t match the gs scalings was
because of the absence of any operators accompanying the exponential piece. These operators
would be similar to the fluctuation determinants that appear in a similar setting with the
instanton terms, but now there is a difference: we can use both local and non-local operators as
the fluctuation determinants now. This means we can quantify the “fluctuation determinants”
by the following set of operators:

Qpert(č(p);Ξ(X)) +M8
p

∫
M8

d6y′′d2w′′
√
g8(Y′′, x) Qpert(c̀(p);Ξ(Y′′, x))F(y − y′′;w − w′′), (7.45)

where Qpert is defined as in (7.22) but now with coefficients č(p) ≡ čnl(p) and c̀(p) ≡ c̀nl(p).
The other notations are: X = (x, y, w), Y′′ = (y′′, w′′) and Ξ is the set of on-shell fields as
before. In the Schwinger-Dyson equations the latter has to be replaced by its expectation value
⟨Ξ⟩σ, but there is still one more subtlety remaining related to the piece −bp

√
−g11(X) that

appears on the fourth line of (7.24) without an exponential factor. This is also the piece that
led to an earlier mismatch with the gs scalings. In the presence of the operators (7.45), this
particular piece will lead to two set of operator series: a perturbative quantum series and a
non-local quantum series. The former is what we had as Spert in (6.30) and the latter as Snloc in
(6.19) before we converted them to SNP and Snloc in (6.32) and (6.22) respectively. The former
simply renormalizes the coefficient ds in the third line of (7.24), while the latter − taking the
form (6.22) − will again have the same issue as before because of the −1 factor. The correct
way out of this is to rewrite the fourth line of (7.24) in the following way:

Snloc(Ξ) = M11
p

∫
d3x d6y d2w

√
−g11(X)

×
∞∑
p=0

bp

[
Qpert(č(p);Ξ(X)) +M8

p

∫
M8

d6y′′d2w′′
√

g8(Y′′, x) Qpert(c̀(p);Ξ(Y′′, x))F(y − y′′;w − w′′)
]

× exp

(
−pM8

p

∫
M8

d6y′ d2w′
√

g8(Y′, x)
∣∣F(y − y′;w − w′)Qpert(c̃(p);Ξ(Y′, x))

∣∣)
(7.46)

where the second line above may be interpreted as the fluctuation determinants and the
third line as the saddles from the non-local effects. This will effect the EOM in (7.26), and
consequently the eighth, ninth and the tenth lines will get modified, including some of the
entries in Table 6. These changes are easy to quantify and in the following we will elaborate
on them.

Let us start with the simpler piece in (7.46) where the fluctuation determinant does not
depend on the non-locality factor. The Schwinger-Dyson equation corresponding to this term
may be expressed in the following way:
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Figure 16: Plot of the real and imaginary parts of the function θc̃(p) = 2 + log(2 log g)
log g

in blue
and orange respectively. Note that no solutions exist for g < 1 here because both Im θc̃(p) and
Re θc̃(p) are non-zero. For g ≥ 1.33 solutions exist, because Im θc̃(p) = 0, but they are functions
of g.

−
1√

g11(⟨Ξ(X)⟩σ)

∞∑
p=0

bp
δ

δ⟨gAB(X)⟩σ

(√
g11(⟨Ξ(X)⟩σ)Qpert(č(p); ⟨Ξ(X)⟩σ)

)
× exp

(
−pM8

p

∫
M8

d6y′ d2w′
√

g8(⟨Ξ(Y′, x)⟩σ)
∣∣F(y − y′;w − w′)Qpert(c̃(p); ⟨Ξ(Y′, x)⟩σ)

∣∣)

=
∞∑
p=0

bpg
θč(p)− 8

3
s

∞∑
r=0

K
(r)
µν (č(p); y)g

2r
3

s exp

(
−pM6

pg
θc̃(p)−2
s

∫
M6

d6y′
∞∑

n=0

|F(y − y′)I(n)
3 (c̃(p); y′)⟩σ)|g

2n
3

s

) (7.47)

where I
(n)
3 (c̃(p); y′) is the same operator that we encountered in (7.43), and K

(r)
µν (č(p); y) is

constructed from the first line above. The dominant gs scaling, for r = n = 0 and p = 1, when
compared to (7.30) satisfies:

θč(p) −
2

3
=
g
θc̃(p)−2
s

log gs
, (7.48)

which is similar to what we had in (7.33), and motivated from there, as well as from figures
13 and 14, we cannot make θč(p) = θc̃(p). One solution is that θč(p) = 2

3
, and for 2

3
≤ θc̃(p) < 2,

the non-local contributions are heavily suppressed. Additionally the absence of quantum terms
for the scaling θč(p) = 2

3
, along with similar arguments following (7.36), shows that (7.47) does

not contribute significantly to the Schwinger-Dyson equations.
The next contribution would appear from the non-local fluctuation determinants from

(7.45). It contains more complicated set of terms, so one might wonder if they can contribute
to the Schwinger-Dyson equations. To see this let us express the EOMs in the following way:

−M8
p

∞∑
p=0

⟨gAB(X)⟩σ
∫
M8

d6y′d2w′
√

g8(⟨Ξ(Y′, x)⟩σ) Qpert(c̀(p); ⟨Ξ(Y′, x)⟩σ)F(y − y′;w − w′)

× exp

(
−pM8

p

∫
M8

d6y′′ d2w′′
√

g8(⟨Ξ(Y′′, x)⟩σ)
∣∣F(y − y′′;w − w′′)Qpert(c̃(p); ⟨Ξ(Y′′, x)⟩σ)

∣∣)

= M6
p

∞∑
p=0

bpg
θc̀(p)− 14

3
s

∞∑
r=0

∫
M6

d6y′L
(r)
µν (c̀(p); y)F(y − y′)g

2r
3

s exp

(
−pM6

pg
θc̃(p)−2
s

∫
M6

d6y′
∞∑

n=0

|F(y − y′)I(n)
3 (c̃(p); y′)|g

2n
3

s

)
(7.49)
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where I(n)3 (c̃(p); y′) is the same operator that we encountered earlier, but L(r)
µν (c̀(p); y) is new and

is constructed from the first line above. A naive gs scaling of the dominant term for r = n = 0

and p = 1 with the gs scalings from (7.30) gives us:

θc̀(p) −
8

3
=
g
θc̃(p)−2
s

log gs
, (7.50)

which while doesn’t have the same problem that we faced with (7.43), doesn’t also provide a
gs independent solution for θc̀(p) = θc̃(p). This is of course expected, and therefore we can keep
θc̀(p) ̸= θc̃(p) and assume the following solution for θc̀(p):

θc̀(p) =
8

3
, (7.51)

implying that for 2
3
≤ θc̃(p) < 2 the exponential piece will continue to be suppressed for p ≥ 1 at

late time. For θc̃(p) ≥ 2, one may perturbatively expand the exponential piece in powers of gs.
They will then contribute to the higher order Schwinger-Dyson equations. Again, we see that
the contributing terms come typically from quartic order curvature terms satisfying (7.51). In
fact we expect similar contributions from another related term from the non-local action (7.46),
namely:

−M8
p

∫
d6y′d2w′

√
g11(⟨Ξ(Y′,x)⟩σ
g11(⟨Ξ(X)⟩σ

∞∑
p=0

δ

δ⟨gAB(X)⟩σ

(√
g8(⟨Ξ(X)⟩σ) Qpert(c̀(p); ⟨Ξ(X)⟩σ)

)
F(y′ − y;w′ − w)

× exp

(
−pM8

p

∫
M8

d6y′′ d2w′′
√

g8(⟨Ξ(Y′′, x)⟩σ)
∣∣F(y′ − y′′;w′ − w′′)Qpert(c̃(p); ⟨Ξ(Y′′, x)⟩σ)

∣∣)

= M6
p

∞∑
p=0

bpg
θc̀(p)− 14

3
s

∞∑
r=0

∫
M6

d6y′M
(r)
µν (c̀(p); y)F(y − y′)g

2r
3

s exp

(
−pM6

pg
θc̃(p)−2
s

∫
M6

d6y′′
∞∑

n=0

|F(y′ − y′′)I(n)
3 (c̃(p); y′′)|g

2n
3

s

)
(7.52)

which has similar behavior as (7.49) except with a different function M
(r)
µν (c̀(p); y) and a different

distribution of integrals in the exponential term. This also means that (7.51) continues to be
the quantum scaling here too, and the term could contribute non-trivially as long as θc̃(p) ≥ 2.
The dominant contribution would come from say a quartic order curvature piece from the
fluctuation determinants and a gs independent θc̃(p) = 2 piece from the exponential factor.

There is still one more contribution to the Schwinger-Dyson equation coming from a mixture
of the terms from the fluctuation determinants and the exponential factors. This may be
presented in the following way:

M8
p

∫
d6y′ d2w′

√
g11(⟨Ξ(Y′, x)⟩σ)
g11(⟨Ξ(X)⟩σ)

F(Y′ −Y)

∞∑
p=1

pbp
δ

δ⟨gAB(X)⟩σ

[√
g8(⟨Ξ(X)⟩σ)Qpert(c̃(p); ⟨Ξ(X)⟩σ)

]
×
[
Qpert(č(p); ⟨Ξ(Y′, x)⟩σ) +M8

p

∫
M8

d6y′′d2w′′
√

g8(⟨Ξ(Y′′, x)⟩σ) Qpert(c̀(p); ⟨Ξ(Y′′, x)⟩σ)F(y′ − y′′;w′ − w′′)
]

× exp

(
−pM8

p

∫
M8

d6y′′′ d2w′′′
√

g8(⟨Ξ(Y′′′, x)⟩σ)
∣∣F(y′ − y′′′;w′ − w′′′)Qpert(c̃(p); ⟨Ξ(Y′′′, x)⟩σ)

∣∣)

= M6
p

∞∑
p=1

pbp

∫
M6

d6y′g
θc̃(p)− 14

3
s exp

(
−pM6

pg
θc̃(p)−2
s

∫
M6

d6y′′′
∞∑

n=0

|F(y′ − y′′′)I(n)
3 (c̃(p); y′′′)|g

2n
3

s

)

×
[ ∞∑
k=0

P
(k)
µν (c̃(p), č(p); y′) g

θč(p)+
2k
3

s +M6
p

∫
M6

d6y′′
∞∑

k=0

Q
(k)
µν (c̃(p), c̀(p); y′′) F(y′ − y′′) g

θc̀(p)+
2k
3

s

]
F(y′ − y)

(7.53)
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where P(k)
µν (c̃(p), č(p); y′) and Q

(k)
µν (c̃(p), c̀(p); y′′) are two new functions appearing from the local

and non-local pieces from the fluctuation determinants; and I
(n)
3 (c̃(p); y′′′) is the same function

that appeared earlier. One may also easily see that the quantum scalings now satisfy the
following set of relations:

θc̃(p) + θč(p) =
8

3
, θc̃(p) + θc̀(p) =

8

3
, (7.54)

where each piece is similar to what we encountered in (7.39), and therefore would be classified
individually as in Table 7. To summarize: including the fluctuation determinants to modify
the non-local interactions as in (7.46), all ambiguities seem to go away and consistent matching
of the gs scalings may be easily performed.

7.3.3 Five-brane instantons wrapped on six-manifold M4 × T2

G

A detailed study done in the previous section instructed us how to deal with five-brane instan-
tons wrapped on the six-dimensional base M6 of the eight-manifold M8 =M6 × T2

G . We saw
the contributions from both the non-perturbative as well as the non-local terms in the action
(7.24), although a more careful study revealed that (7.24) needs to be modified because the
non-local interactions given in (6.22) are incomplete. The action that actually takes care of all
the aforementioned subtleties and from where the correct Schwinger-Dyson equations can be
derived is given by the following:

Ŝtot(Ξ) = Skin(Ξ) + SNP(Ξ) + Snloc(Ξ)

= M9
p

∫
d3x d6y d2w

√
−g11(X) [R11(X) +G4(X) ∧ ∗11G4(X)] +M9

p

∫
C3(X) ∧G4(X) ∧G4(X) +M3

p

∫
C3(X) ∧ X8(X)

+M11
p

∫
d3x d6y d2w

√
−g11(X)

∞∑
s=0

ds Qpert(c̄(s);Ξ(X)) exp

(
−sM8

p

∫ y

0

∫ w

0
d6y′ d2w′

√
g8(Y′, x)

∣∣Qpert(ĉ(s);Ξ(Y′, x))
∣∣)

+M11
p

∫
d3x d6y d2w

√
−g11(X)

∞∑
p=0

bp exp

(
−pM8

p

∫
M8

d6y′ d2w′
√

g8(Y′, x)
∣∣F(y − y′;w − w′)Qpert(c̃(p);Ξ(Y′, x))

∣∣)

×
[
Qpert(č(p);Ξ(X)) +M8

p

∫
M8

d6y′′d2w′′
√

g8(Y′′, x) Qpert(c̀(p);Ξ(Y′′, x))F(y − y′′;w − w′′)
]
,

(7.55)

where Qpert(c;Ξ(x, y, w)) is defined in terms of the on-shell degrees of freedom Ξ(x, y, w) in
(7.22) with c ≡ {cnl} forming the set of coefficients for the perturbative series in (7.22). These
set of coefficients may be used to differentiate between the various contributions from the
instanton and the non-local saddles and their corresponding fluctuation determinants as shown
in (7.55). For the five-brane instantons wrapped on the six-manifold base, the perturbative
series may be expressed as (7.28). On the other hand, to study the five-brane instantons
wrapped on the toroidal manifold and a four-cycle in the six-dimensional base one can take
M6 locally as M4 ×M2, and study the instantons wrapped on M4 × T2

G . These instantons
are related to the three-branes instantons in the type IIB side, which we can call as the KKLT
instantons [2]. For such a case the perturbative series may be defined as:

Qpert(c;Ξ(ym, yα, w, x)) ≡ QKKLT
pert (c;Ξ(ym, w, x))

δ2(yα − yαo )
M2
p

√
ḡ2(yα, x)

, (7.56)
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where ym ∈ M4, y
α ∈ M2, w ∈ T2

G and x ∈ R2,1. We have also assume that g8(y
m, yα, w, x) =

g4(y
m, x)ḡ2(y

α, x)g2(w, x), where the coordinate dependence specifies the corresponding sub-
manifold for which we take the metric determinant.

The analysis with the KKLT instantons is very similar to the ones we did with the BBS
instantons, except that the determinant of the metric forM4 × T2

G has zero scaling with gs, so
the quantum terms do not contribute much to the EOMs. Therefore we will not go in details
here and leave the analysis for the diligent readers. The procedure follows the strategy we
laid out in section 7.3.2, namely substitute (7.56) in the Schwinger-Dyson equations and then
compute the contributions from all the terms. The Schwinger-Dyson equation coming from the
action (7.55) may be succinctly presented as:

RAB(⟨Ξ(X)⟩σ)−
1

2
⟨gAB(X)⟩σR(⟨Ξ(X)⟩σ)

=
2√
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δ
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(7.57)

which modifies (7.26) appropriately. Therefore instead of taking the configuration (7.29), we
can take the configuration from (5.21) with the simplifying conditions from (5.28), except now
α(t) ̸= 0 and β(t) ̸= 0. Allowing a non-zero α(t) and β(t) could in principle lead to late time
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singularities, which we should avoid. Since we have chosen f1(t) as the defining function for all
the flux and the metric components, it will be useful to also define α(t) and β(t) in terms of
f1(t) in the following way:

α(t) =
∞∑
n=1

ln

(
f1(t)−

3a

2

)n
, β(t) =

∞∑
n=1

pn

(
f1(t)−

3a

2

)n
, (7.58)

with appropriate choice for the coefficients (ln, pn) such that (α(t), β(t)) <
(
2
3
, 2
3

)
. The latter

requirement is to ensure the correct limit of type IIB theory from M-theory. Note that as t→ 0,
both α(t) and β(t) vanishes as can be inferred from section 5.3. The Einstein term in (7.57)
scales in the following way:

RAB(⟨Ξ(X)⟩σ)−
1

2
⟨gAB(X)⟩σR(⟨Ξ(X)⟩σ) =

1

g2s

∞∑
k=0

G(k)
µν (y, w) ǧ

2k
3
L1(f1(t))+log corrections

s , (7.59)

which is significantly different from the scaling in (7.30) because of the presence of ĝs ≡ g
f1(t)
s ,

L1(f1(t)) and log corrections. They provide sub-dominant contributions in (7.59) because at
late time f1(t) approaches a constant value of 3a

2
, and log corrections are typically very small.

The explicit form for L1(f1(t)) can be derived but the analysis is quite technical and the readers
may get the derivation from [9]. One may now try to compare the gs scalings of the Einstein
term with all the other terms from (7.57). We will however not do the detailed analysis here,
but only discuss one such term and leave the others for future work. The term that we will like
to study is the following:
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(7.60)

where Y = (y, w) and M̃6 =M4 × T2

G . The matching of the gs scalings with the ones from
(7.59) is now more complicated because the quantum scaling θc of (7.22) is now a function of gs
itself because of its temporal dependence. In addition to that we now have three new functions
of f1(t), namely Li(f1(t)) for i = 2, 3, 4, plus the expected log corrections. The dominant
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scaling appears from n = k = 0 and, with the log corrections being very small, we have a
similar relation like (7.54):

θc̃(p)(gs) + θč(p)(gs) =
8

3
, θc̃(p)(gs) + θc̀(p)(gs) =

8

3
, (7.61)

except that the LHS are functions of gs. As it stands, (7.61) doesn’t make any sense because
the RHS are gs independent factors of 8

3
whereas the LHS are functions of gs, and therefore

functions of the conformal time t. On the other hand, if θc(gs) are very slowly varying functions
of time then (7.61) could still make sense and using it we can construct the required quantum
terms that would support a configuration like (5.21) with the simplifying conditions (5.28).
Recall that, one of the requirement on the temporally varying cosmological constant in section
5.3 is to take a very slow variation. We now see that this is a self-consistent assumption from
various angles. What this means with respect to the DESI BAO result [10] remains to be seen,
although issues pointed out in [21] may no longer persist. We will discuss more on this in future
publication.

8 Conclusion, summary and open questions

We conclude with a non-technical summary of our work on the construction and the consistency
of the de Sitter Glauber-Sudarshan (GS) states in a question-and-answer format. Afterwards,
we list some future directions stating some important open questions.

8.1 A non-technical summary on the construction of de Sitter GS
states

As unearthed58 by G. Moore and J. Harvey in [44] towards the end of last century, the discussion
between Filippo Salviati, a scholar and a close friend of Galileo Galilei, and Giovanni Francesco
Sagredo, an intelligent layman, helped us to understand some basic principles behind the mem-
brane instanton computations. Interestingly, unbeknownst to the general public, Salviati and
Sagredo also had a detailed discussion on the two chief stringy systems related to positive cos-
mological constant solution in four spacetime dimensions, namely, the vacuum solution versus
the excited “Glauber-Sudarshan” states. In the following we reproduce an unabridged version
of the dialogue59.

8.1.1 The prologue: On the basics of the construction

Sagredo: I heard from Simplicio that you reproduced our four-dimensional de Sitter spacetime
as a coherent state from M-theory...

58Also by G. Galilei and S. Coleman before.
59Needless to say, any errors in translation leading to any subsequent misinterpretations of the text are the

faults of the present authors of this paper.
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Salviati: Indeed but you got the details wrong: We reproduced four-dimensional de Sitter
spacetime in string theory as a Glauber-Sudarshan state, and not as a coherent state. The
difference between them is very important, but we are getting ahead of the story. And sorry, I
interrupted you midway in your question. Please proceed.

Sagredo: Yes, and of course that is one of my concern, but before I go into this I have some
even simpler set of questions related to your construction. I understand that you realized de
Sitter spacetime in type IIB theory, but I don’t see why you have to do this from M-theory.
Why not directly in type IIB theory?

Salviati: That’s a good question. You can of course do everything from type IIB, but the
construction that we’re looking at has vanishing axio-dilaton which is the constant coupling
point of F-theory [17]. This makes the type IIB string coupling to be exactly identity where
even S-duality doesn’t help. Plus the non-existence of a well-defined action in type IIB is yet
another concern, although in recent times this has been surmounted [42].

Sagredo: OK, but why do you need to be at a constant coupling point of F-theory? You can
surely always go away from that point to be somewhere in the moduli space of F-theory where
the coupling is weak..

Salviati: Sure you can be at a generic point in the moduli space of F-theory, but this will
make the axio-dilaton to become time-dependent which, in turn, will make the seven-branes
dynamical. The fluxes are already time-dependent, so the system will be highly non-trivial and
we’re not sure if it is easy to tackle the dynamics with the limited knowledge we have.

Sagredo: I’m still a bit confused. We could always be in the so-called static-patch of de Sitter
where there is no time-dependence. Couldn’t we just study the dynamics from this point of
view?

Salviati: You could in principle be any patch of a de Sitter space, but that doesn’t mean that
the system will be time-independent. Static patch in particular has a very deceptive dynamics.
Since you asked me the question, let me clarify by first pointing you to figure 3 in section 3.1.
Please look at the middle and the right-most figures. In the middle figure the frequencies are
not changing, however this doesn’t mean that there is no time-dependence. Outside the static
patch, the frequencies do change (the space-like vectors become time-like), and from Fourier
decomposition we know that the frequencies are also changing with respect to time despite the
metric appearing to be time-independent. (View this as though you are using global or Poincare
patch temporal coordinate.) The difference is that we don’t see these temporal variations from
inside the static patch. Additionally, the dual IIA coupling (7.19) as discussed in section 7.2
shows that it becomes strongly coupled along certain paths (see figure 12).

Sagredo: Thank you, but your answer has raised more questions for me. First, you said that
the dual type IIA coupling becomes strong. But, aren’t you supposed to allow strong IIA
coupling since you are going to M-theory?
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Salviati: Yes we are in M-theory, but we are in the opposite limit where the dual IIA coupling
gs < 1. Now you might ask: why is that? The reason is that we are not restricted to perturbative
computations only. In fact, as will become clear soon, we really do not have any perturbative
interactions at all. Due to an underlying resurgence structure (which I shall also clarify soon),
the action that actually controls the dynamics of the de Sitter space only has non-perturbative
and non-local interactions. Both these effects go as exp

(
− 1
gas

)
, and to allow for a convergent

series of such terms, we need gs < 1.

Sagredo: OK, this looks even more complicated than what I thought, as I do not understand
many of the points that you referred to related to resurgence, convergence and the system not
having any perturbative interactions at all. I also do not understand how and where are you
getting the non-local interactions from. But that’s for later. Meanwhile, even in field theory,
don’t we have perturbative interactions? For example λφ4 theory or even QED. They all have
perturbative interactions as far as I know.

Salviati: I see that you are going for even more basic questions. But I’m sorry to break it to you:
perturbative interactions which were long thought to be useful techniques to study quantum
field theory, are not very reliable as we go to higher orders in perturbation theory. This is in the
light of more recent developments in the subject [43]. One needs to tread carefully here. The
problem lies in the asymptotic nature of a perturbative series itself. The factorial growth of the
Feynman diagrams calls for Borel resumming a perturbative series. Such a summation actually
counts the number of instanton contributions to the system coming from both the real and the
complex instantons. The net effect of this is to convert a perturbative series to a trans-series, or
more appropriately to a resurgence trans-series. The meaning of such a trans-series should now
be clear: in a path-integral representation this corresponds to taking the instanton saddles and
the corresponding fluctuation determinants into account. This implies that your λφ4 theory
and QED should be expressed in terms of such a trans-series, and not as perturbative theories,
which is what Dyson [45] and other mathematical physicists [43] have been emphasizing for
some time now. Of course perturbation theory does give correct answer up to some order, for
example QED up to say three-hundredth loop, beyond which the series stops being convergent.

Sagredo: OK, I think I understand what you are saying, but what it has to do with your
construction of a de Sitter spacetime? However before you answer that, maybe I want to take
a few steps back and ask you an even more basic question. You are claiming to study de
Sitter space from M-theory. But we know nothing of M-theory, except maybe the low energy
dynamics. How are you going to tackle that?

Salviati: Yes we know nothing of the UV behavior of either string theory or M-theory, but we
do know one thing for sure. No matter how complicated the short distance behavior of these
theories are, or what degrees of freedom reside there, the far UV dynamics are well-defined
without any pathologies. This is important for the consistency of these theories. The point is
that, no matter what degrees of freedom exist in the far UV, an Exact Renormalization Group
(ERG) procedure [46] will tell us that once we integrate from ΛUV till µ (see figure 2) all the
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information of the UV can be encoded in the coefficients of the infinite towers of marginal,
relevant and irrelevant interactions of the massless states! Of course this means that we have to
keep track of all possible operators constructed from the massless degrees of freedom. This way
we lose no information of the UV, but the subtlety is that some of these massless states could
be off-shell. Question then is how to deal with the off-shell degrees of freedom? I’ll answer that
question after I have motivated the construction of the Glauber-Sudarshan states. Meanwhile
I’ll let you ask other basic questions you might have in mind.

Sagredo: Thank you, that discussion is useful, and I’ll ask about the off-shell states soon. As
I understood, the infinite interactions of the massless states are important and truncating the
series to only relevant and marginal operators is definitely not the right way to go. I suspected
something along that direction, but I don’t see why we cannot allow for de Sitter spacetime
to be a vacuum solution to the aforementioned system. Of course the actual analysis could
become technical, but is there a fundamental reason why such a solution cannot appear in
string theory?

Salviati: Well, I’m guessing that you may have already heard of the no-go theorem [1] that
forbids a de Sitter spacetime with only classical sources. If not, the reasoning therein is rather
simple and has to do with the strange behavior of gravity itself. Once we put matter or energy,
the spacetime gets curved due to the back-reactions from these sources, and the resulting cur-
vature creates a negative potential. This negative potential nullifies any positive energy that we
put in the system. This is why a negative or a zero cosmological constant solution is ubiquitous
in string theory (or in any theory of gravity), but a positive cosmological constant solution
is rare. In string theory the no-go theorem states that any kind of matter, including fluxes,
branes, anti-branes and orientifold planes, cannot give rise to a positive energy solution. We
need something that does not back-react so strongly − so that it is not nullified by the negative
gravitational potential − yet creates enough excess positive energy to give a positive cosmolog-
ical constant solution. This is where the quantum terms become immensely useful. One of the
surprise however is that the perturbative corrections fail to do this, so all responsibilities now
lie on the shoulders of the non-perturbative and the non-local quantum terms...

Sagredo: OK, so the non-perturbative and the non-local quantum terms can give rise to a de
Sitter vacuum solution. What prohibits us to use these corrections to get a de Sitter vacuum
solution here?

Salviati: Mi dispiace, questa è una conclusione affrettata. You are forgetting one thing that
I emphasized earlier, namely the existence of a low energy effective action coming from imple-
menting an Exact Renormalization Group procedure. What does such a procedure entail?

Sagredo: I’m guessing that this would entail integrating out the high frequency − and conse-
quently the high energy − modes as well as integrating out the massive states above a certain
energy scale.

Salviati: Indeed! But what if we couldn’t do such an integrating-out procedure? You may
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ask when and how could such a situation arise. Such a situation would appear if there is
no well-defined UV completion or if the frequencies themselves are changing with respect to
time. We can clearly rule out the former because, as I described a moment ago, no matter how
complicated the short-distance behavior of string or M-theory is, the far UV is by definition
a well-defined theory. However the latter is now an issue: one may easily check that the
fluctuating frequencies over a four-dimensional de Sitter spacetime do become time-dependent.
Such time-dependence would rule out the Wilsonian integrating-out procedure because − as the
frequencies are constantly red-shifted − there is no meaning of the integrating out process now!
You may immediately ask why we couldn’t do this over a static patch. I already answered that:
the dynamics over a static patch is highly deceptive. This should also be clear from figure
3: looking at the right-most diagram, the frequencies are actually changing even inside the
static patch although they may not look like to the static patch observer. It would clearly be
wrong to implement the ERG procedure and write an effective action at low energies. Moreover
quantization of strings now becomes rather complicated because of this time-dependence. It is
not at all clear that the same massless modes − that we got from quantizing a string over a flat
background − continues to provide the dynamics over the static patch. Plus of course having no
supersymmetry at the vacuum level simply adds more issues to an already problematic edifice.

Sagredo: But if we are inside the static patch, we are confined to be within the boundary of
the patch. Does it matter what happens outside the boundary as we have no access to it?

Salviati: This is a wrong conception of the dynamics in the static patch. You have chosen a
bad coordinate system that appears to disallow you to go outside, but that doesn’t mean you
have no access beyond the confines of the static patch. Outside the static patch what really
happens is that the relevant time-like vector becomes space-like and vice versa. Thus all degrees
of freedom that are not changing with respect to time inside the static patch will start having
temporal dependence outside the static patch. This is of course the content of figure 3 that I
referred to you earlier.

Sagredo: I’m still a bit puzzled by this. For the Schwarzschild black hole the static patch
argument still works, isn’t it? Since de Sitter spacetime is very similar to a Schwarzschild black
hole, shouldn’t the argument go through here too?

Salviati: Thank you for asking this, but it is a misconception that the physics for the two
cases are similar. I don’t want to go through the details of the black-hole physics here, but let
me just point out the following. A drawback of analysing the static patch alone is that the
cosmological horizon, and consequently the static patch, are both observer-dependent concepts.
What is typically assumed when one draws the Penrose diagram of a de Sitter space is that
there is a static observer sitting at the North Pole, and the static patch is the causal region
of the de Sitter space accessible to the observer since this is the region to which he can both
send and receive information from. However, for any two physical observers, their respective
static patches would be different. This is in contrast to the case of the Schwarzschild black
hole, whose exterior Schwarzschild patch is the same for all asymptotic observers.
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Sagredo: Thank you for the explanation. However I’ll need some time to digest what you said
as they are rather non-trivial concepts. Shall we break for lunch and we can resume after?

Salviati: Fare una pausa per il pranzo sembra un’ottima idea. Incontriamoci dopo.

8.1.2 The intermezzo: On the subtleties of the construction

Sagredo: I had some time to ponder over the lunch. I think I’m beginning to understand
the problem, but surely such a startling thing must have been noticed earlier? How did the
physicists deal with such an outcome?

Salviati: For a long time static patch was considered to be the way out by somehow restricting
the dynamics within the finite radius of the patch. However the study of de Sitter in string
theory is relatively new and with it new surprises are coming forth. For example, there are
various constraints that come with such a study that involve many things and not just repro-
ducing the metric. Moreover in string theory we simply cannot restrict the fields to lie within a
finite region of space and forget that there is something beyond the confines of the static patch!
Additionally, ignoring the fact that we have no spacetime supersymmetry anymore, a consistent
compactification would imply quantized fluxes over the internal compact non-Kähler manifold.
Outside the static patch, such a manifold itself will become time-dependent, implying subtleties
with flux quantization, anomaly cancellation, dynamical motion of the branes, e cos̀i via. All
these issues have to be solved simultaneously before we can claim that we have a consistent
solution. Putting it differently, in string theory there is no meaning of one or the other, rather
all have to be solved together especially when the background has time-dependence. Going to
other patches related to the static patch, like the Eddington-Finkelstein or the Kruskal slicings
or the so-called “nice-slices”, will unfortunately not alleviate the problem. They may hide it,
but cannot remove the problem.

Sagredo: Sorry, but I need to interrupt as I don’t understand how the branes enter the picture.
I thought you said that you have integrated out all massive degrees of freedom beyond some
energy scale. Aren’t branes included in those massive degrees of freedom?

Salviati: First let me explain where the branes enter the story. Remember, I mentioned the
asymptotic nature of the perturbative series, and how this is replaced by a resurgent trans-
series? A part of the contribution comes from the brane-instantons as was first discussed in
[20]. However in the low energy limit that we study here, we don’t see the branes, although
we do see the instantons. The effects of the branes come from their classical back-reactions
and from their massless world-volume interactions. The latter is again asymptotic and may be
rewritten in terms of a resurgent trans-series. This is what I emphasised earlier: there are no
perturbative interactions.

Sagredo: Thank you for the brane discussion, and I understand the seriousness of the problem
regarding the Wilsonian integrating out procedure. But you haven’t answered my previous
question: How did the physicists deal with such an outcome?
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Salviati: Yes, sorry I didn’t answer that. There are at least two ways I know by which this
problem was handled: one, using open quantum field theory, and two, using a certain censorship
criterion called the trans-Planckian censorship. The first one, namely the open QFT [24], is
traditionally described by isolating relevant degrees of freedom from an “environment” which
allows them to gain or lose energies to the environment. Since neither energy is conserved,
nor an EFT description exists, the dynamics of the theory typically follows some Markovian
process which may be quantified in certain settings [25]. The problem with this picture appears
when we try to use it in string theory: in a UV complete theory, like string theory or M-
theory, there appears to be no clear demarcation between the relevant degrees of freedom and
the environment, and therefore a concrete realization over a temporally varying background is
equally hard. So far there has not been much progress implementing this idea in string theory,
although some recent works in field theories have shed some interesting light on the de Sitter
problem [26].

Sagredo: This means, if I understood correctly, since we are dealing with only the low-energy
degrees of freedom in string or M-theory, there is no simple way to isolate the relevant degrees
of freedom from an “environment”. In fact ambiguities like whether we should view the massive
− or what fractions of the massless on-shell and off-shell − degrees of freedom to be the
“environment” now appear.

Salviati: Indeed that is the point. Because of these ambiguities there is no simple way to
implement the idea of an open QFT in string theory.

Sagredo: Thank you, although I still haven’t understood how you are dealing with the massless
off-shell degrees of freedom, and I’m guessing you’ll explain that soon. But before we go into
that, what about the trans-Planckian censorship criterion?

Salviati: Yes, first let me explain what this entails. The idea behind the trans-Planckian
censorship conjecture is simple. It states that a reverse time evolution of excitations with O(1)
energies living on a late time slice leads to trans-Planckian energies for the same at a finite
time in the past. In generic theories of higher derivative gravity, including Einstein gravity, this
is problematic because the short-distance behaviors are not well-defined. In terms of future
time evolution, trans-Planckian modes in the past become increasingly long wavelength and
subsequently freeze upon exiting the Hubble horizon. Thus at late times, one can classically
detect trans-Planckian physics at O(1) scales, for instance, in the CMB data. In the original
formulation [13], where the theory was restricted to obey Einstein gravity only, the trans-
Planckian censorship conjecture prohibits the existence of such a scenario by simply bounding
the temporal domain for these UV modes to not exit the Hubble horizon. More precisely,
the conjecture states that any solution where we can see a classical imprint of trans-Planckian
features upon exiting the de Sitter horizon is not possible since the time scale is bounded by
(7.16). Saying differently, as long as we are bounded by the temporal interval (7.17) we will
not see the trans-Planckian problems.
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Sagredo: Thank you, but I’m puzzled by your explanation. I thought you said earlier that
the short distance behaviors of string and M-theory have no pathologies. The UV dynamics
therein are all well-defined, so why should we worry about the trans-Planckian modes? The
new degrees of freedom that enter at scale Mp would render all UV amplitudes finite, so any
modes frozen at late time should show no trans-Planckian issues.

Salviati: I’m glad you asked this question. Indeed in string or M theories there are no such
trans-Planckian issues because of the UV finiteness, although one might be concerned that the
UV degrees of freedom are somehow getting classicalized due to the Hubble expansion. This
is not a worrisome point but more like a technical challenge, so imposing the trans-Planckian
bound here would simply amount to hiding it. However something else gets manifested here due
to the temporal variation of the fluctuating frequencies: the convergence of the non-perturbative
series. How do we see this? Remember I mentioned the fact that the dual IIA coupling has to
satisfy gs < 1? In a flat-slicing this actually leads to (2.5). Now compare (2.5) to (7.17): there
appears to be an amazing match despite the fact that the two ways of reaching the temporal
domain are quite different. This means, while for the generic higher derivative or Einstein
gravities going beyond the temporal domain (7.17) classicalizes the trans-Planckian issues, for
string or M theories it is the convergence of the non-perturbative series going as exp

(
− 1
gas

)
,

a > 0, that becomes an issue beyond the temporal domain (2.5).

Sagredo: I thought the instanton saddles go as exp
(
− n
gas

)
where n ∈ Z is the instanton

number. So even if gs = O(1) number, shouldn’t the series be always convergent for large n?

Salviati: Well, yes and no. If the instanton series were as simple as what you mentioned,
then yes, the convergence is guaranteed for large instanton numbers. However the actual
computation, with say M5-brane instantons wrapped on the six-dimensional non-Kähler base,
is far more complicated. For example if you look at the third line in (7.24), with Qpert therein
given by the series (7.22), it is not guaranteed that the series would converge even for large
s ∈ Z. However for gs << 1, convergence can actually happen as discussed in the analysis
presented in section 7.3.

Sagredo: I see that the quantum series Qpert appears in both the fluctuation determinants as
well as the instanton saddles, with different choices of the coefficients. This already looks pretty
complicated, and I was wondering how do we even go about using it in the EOMs? But I think
I’m getting ahead of myself. I need to first understand how and why you are constructing de
Sitter spacetime as a Glauber-Sudarshan state. Could you please start by clarifying that?

Salviati: Yes, it is high time we get into the main issue of de Sitter spacetime as a Glauber-
Sudarshan state. Let me ask you something before we start. Do you agree that the kind of
potentials we see in string or M theories only have Minkowski and AdS minima, but no minima
with positive energies? In other words, in string/M theory we can see potentials like the ones
in figure 4 − with possible additional AdS minima − but not a potential like the one on the
right of figure 6 with unequal minima?
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Sagredo: Not really. Why do you say that?

Salviati: Well, think of it in the following way. If the potential has a minimum like the
one on the right of figure 6, then we will have a positive energy solution in the static patch.
(Or generically in any other patch.) From our discussion above, such a solution cannot allow
a Wilsonian integrating out procedure resulting in an ill-defined EFT at low energies. Since
string or M theories cannot allow this, the only way this can happen is by modifying the
profile of the potential using the non-pertubative and the non-local quantum corrections so
that the minimum is removed or smoothened out. In other words, the low energy EFT that I
told you earlier must have come from potentials like the ones in figure 4 with additional AdS
minima, but not the one on the right of figure 6 with unequal minima. You see that demanding
Wilsonian integration procedure or an Exact Renormalization Group technique essentially rules
out a four-dimensional de Sitter vacuum solution in string theory.

Sagredo: This reminds be of the conjectures I read about in [3] and [6]. Your conclusion seems
to coincide with what those papers said, but as far as I see, your methods are quite different.
Is this correct?

Salviati: Yes, we do seem to agree with the final conclusion that a four-dimensional de Sitter
space cannot exist as a vacuum solution in string theory. And you are also correct to say that
the techniques we used to get to our conclusion are quite different from the ones used in the
aforementioned papers. To be honest, I do not understand how the EFT criteria mentioned
in [6] were derived. I understand that they were proposed to rule out accelerating solutions in
string theory, but I didn’t see any derivations there. Our analysis, which has its roots in the
ERG techniques, does not rule out de Sitter space in string theory. Instead, four-dimensional
de Sitter space can exist in string theory − and even within the temporal bound advocated by
the so-called trans-Planckian censorship conjecture − except not as a vacuum state but as an
excited state in the low energy effective action of string theory.

Sagredo: Actually I heard that the modified version of the criteria in [6], motivated from the
trans-Planckian censorship conjecture [13], does allow a four-dimensional de Sitter space to
exist.

Salviati: Yes, but there is a difference: nothing really bad happens in our set-up beyond
the temporal domain (2.5). The convergence issue of the instanton series does come under
scrutiny, but this simply means that the de Sitter excited state may no longer be sustained by
the non-perturbative effects and may just go back to the vacuum Minkowski configuration. On
the other hand, in the set-up of [6], the theory is strictly restricted to be within the temporal
domain (7.17) because beyond which there are short distance pathologies.

Sagredo: OK that explains things quite well. Now could you kindly explain how the de Sitter
excited state is constructed? Plus you said at the begining that it is different from a coherent
state. Could you elaborate on it?
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Salviati: Yes, after a long preparation I can finally explain to you our construction. However it
is getting late, and we have been talking for quite a while. How about we resume our discussion
tomorrow?

Sagredo: S̀i riprendiamo la discussione domani.

8.1.3 The dialogue: On the construction of the GS states

Sagredo: Yesterday before breaking off, you said that you’ll motivate the construction of four-
dimensional de Sitter space as an excited state in the low energy effective field theory of type
IIB string theory.

Salviati: Yes indeed. The fact that string or M theory appears to allow potentials that only
have Minkowski and AdS minima, like the ones in figure 4, but no potentials with unequal
minima, like the one in right of figure 6, convinced us to look for four-dimensional de Sitter
space as an excited state over a supersymmetric Minkowski minimum in string theory. Now if
you look around yourself, the surrounding spacetime is pretty classical in the sense that you can
measure distances and do other experiments classically. So whatever excited state we get from
the low energy effective action must be very close to the classical picture. Now what quantum
state is closest to classical physics? The answer is clearly a coherent state so naively one would
expect de Sitter space to be a coherent state.

Sagredo: Yes, that would also be my expectation. However you are going to say that it is
incorrect. Why is that?

Salviati: The reasoning is simple if you look at the definition of the coherent state in quantum
mechanics. Coherent state is constructed by shifting the free vacuum by a unitary displacement
operator. One immediate problem is that this definition is in quantum mechanics, but can be
extended to field theory because quantization of modes does lead to an infinite collection of
simple harmonic oscillators. However the issue with the low energy effective field theory is
that it is not a free theory. Recall our earlier discussion of the constant coupling limit of F-
theory where I emphasised that the type IIB coupling is fixed to 1 and going away from that
point entails complicated and possibly uncontrolled dynamics involving the seven-branes and
whatnot.

Sagredo: Which means, if I understood correctly, construction of a coherent state doesn’t
make any sense here and probably doesn’t even exist in a simple form that we usually see in
quantum mechanics. Is that the only reason to discard this idea?

Salviati: No, there are many other issues. Even if I grant you a weak coupling scenario, the
construction of coherent state cannot be simple because of the numerous tunnelling effects from
the nearby vacua in potentials like the ones from figure 4. These tunnelling effects do not just
come from the real instantons, but they have sizable contributions from the complex instantons
also. (These complex instantons come from the complex solutions of the turning points in an
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inverted potential.) Secondly, a coherent state over the lower minimum in (say) a potential
like the one on the right in figure 6 is simply a Bogoliubov transformation of the state over
the positive energy minimum. The second point is crucial. It simply says that a coherent
state construction is nothing but a fancy way of saying that a vacuum state exists in a nearby
minimum with positive energy. Plus the fact that the construction uses a unitary displacement
operator means that the resulting analysis is just the tree-level answer in a free field theory. de
Sitter space cannot appear from any tree-level computations, so coherent state cannot give rise
to the kind of quantum state we want which overcomes the no-go conditions of [1].

Sagredo: I see the issues with a coherent state. But what stops us to make simple modifications
of the coherent state by adding in quantum corrections by hand? Are there problems with these
kind of scenarios?

Salviati: Yes because adding in pertubative quantum corrections cannot help simply because
of the asymptotic nature of such quantum series. You may now say that we can allow only
the non-perturbative corrections. However an unambiguous set of non-perturbative corrections
could only appear once we fix the form of the perturbative correction unambiguously. The
latter is only possible if we know what kind of quantum state we are looking for..

Sagredo: I’m guessing that the state should be in the full interacting theory that produces a
potential like the ones in figure 4 with possible additional AdS minima.

Salviati: Yes, and in the full interacting theory we can choose the interacting vacuum |Ω⟩ and
shift this by a displacement operator D(σ) to create the so-called Glauber-Sudarshan state |σ⟩
associated to every on-shell degrees of freedom over a supersymmetric Minkowski minimum.
Such a state is far from the Gaussian approximation we use in perturbative field theories.

Sagredo: I understand the construction, but why shift the interacting vacuum? Why not just
take the interacting vacuum |Ω⟩ itself?

Salviati: This is simple to see once you realize that the emergent on-shell value would appear
from an expectation value over the Glauber-Sudarshan state. For example the emergent space-
time metric configuration would now be ⟨ĝµν⟩σ which takes the path-integral form as defined in
(3.7). This is just a one-point function and clearly vanishes if we only take |Ω⟩. The displace-
ment operators are responsible in shifting the vacuum, and now we see why we cannot allow
unitary operators: they would satisfy D†D = 1 and therefore be inconsequential when inserted
in the path-integral.

Sagredo: OK, but I could take any other state in the full theory and shift it by a displacement
operator. What’s so special about the interacting vacuum state |Ω⟩?

Salviati: First of all, the vacuum state is the lowest energy state in the full interacting theory
and it’s wave-function in the configuration space will most likely be localized around the origin
of the configuration space. A shift of the interacting vacuum does exactly what we want: it
localizes over certain set of Fourier modes within the energy scale of our low energy effective
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action. However this localization is not over the classical Fourier modes that any set of coherent
states would have done. This difference is crucial and the reason is because of what I emphasized
earlier: the asymptotic nature and the underlying resurgence structure of the system. Your
question is, why a preferential treatment to the interacting vacuum only? The answer is that
we have no idea how the higher excited looks like in an interacting theory. In fact generically we
don’t even know the exact wave-function of the interacting vacuum in the configuration space,
let alone the higher excited states!

Sagredo: Thank you, but I’m confused: how do we then construct the Glauber-Sudarshan
state |σ⟩ ≡ D(σ)|Ω⟩ if we don’t know the wave-function of the interacting vacuum state?

Salviati: Well, the key word I used above is generic. In fact generically we don’t know the wave-
functions in the Hilbert space of the full interacting theory, but there is one specific situation
where we can at least determine the wave-function of the interacting vacuum, provided the
following two conditions are met. One, the vacuum is non-degenerate, and two, there is an
energy gap between the vacuum state and the first excited state.

Sagredo: How do the two conditions help us to know the ground state wave-function? And
what is the specific situation?

Salviati: Interestingly, the method that I’m going to propose solves two problems at the
same time. To see this let us go back to the potentials appearing in figure 4, and we will
concentrate only on the Minkowski minima and not the AdS minima (if any). Choose any one
of the supersymmetric Minkowski minimum and let’s call it |0⟩min. This state can be expressed
as a linear combination of all the eigenstates of the full interacting potential by appropriately
choosing the coefficients. You may say that this is a fancy rewriting that is devoid of any
content because we generically do not know the wave-functions of the eigenstates in the full
Hilbert space of the interacting theory. This is of course what I emphasized earlier, but we can
play the following computation trick: hit both left and right side of the series by the operator
exp (−iHT) where H is the total interacting Hamiltonian, and T is the temporal coordinate
over the Minkowski minimum. Now take T to infinity along a slightly imaginary direction,
much like what is shown in footnote 13. Such a process will kill off the effects from all higher
excited states precisely because of the aforementioned two conditions. The net result is (3.2).
Plugging this in the formula for the expectation value, say ⟨ĝµν⟩σ, immediately converts it into
a path-integral form as shown in (3.7). Thus the two issues − the form of the wave-function for
the interacting vacuum and the choice of the Minkowski minimum around which we want to
study the theory − are resolved simultaneously by this technique. This is the specific situation
alluded to earlier.

Sagredo: Thank you, but I don’t see how expanding over a supersymmetric Minkowski saddle
answers all the questions related to the real and the complex instantons, non-local interactions,
and the resurgence trans-series that you were telling me earlier. Also how is the supersymmetry
broken now?
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Salviati: First, before I answer, I should tell you to be careful with terms like saddles and
minima. We are expanding over a supersymmetric Minkowski minimum, and the action therein
will have contributions from all the (real and the complex) instanton saddles, including their
fluctuation determinants; plus the non-local interactions and their corresponding fluctuation
determinants. The latter is quite tricky to see, but again I’m getting ahead of the story. I’ll
let you ask all the relevant questions here, and answer the supersymmery breaking scenario a
little later because it requires an ingredient that we haven’t discussed yet.

Sagredo: Yes sorry, it’s the instanton saddles over a given Minkowski minimum that captures
the dynamics. And now I understand how one may choose any one of the Minkowski minimum
in (say) figure 4, and the theory therein will manifest the various tunnellings by allowing the
instanton saddles plus their corresponding fluctuation determinants in the action as you showed
me earlier in the third line of (7.24). However I do not understand how you managed to get
this result. What type of computations will reveal this kind of behavior?

Salviati: Yes, now that we have reached the heart of the computation, let us fix some simple
model to discuss the details of the analysis. We could take a set four real scalar fields φi for
i = 1, .., 4 with an interaction given by products of some arbitrary powers of these fields with
arbitrary derivatives acting on them. We could also sum over all the powers, but we won’t do
it here just to keep the analysis simple. Our aim would be to use the path integral (3.7) to
determine the one-point function of the scalar fields, but we will concentrate only on one scalar
field to determine ⟨φ̂1⟩σ.

Sagredo: Is there a reason why you are taking only four scalar fields? Also I guess the final
goal would be to compute ⟨ĝµν⟩σ, and other related stuff. Is there an easy way to go from the
scalar field results to the one with actual metric components?

Salviati: You are right that the correct expectation value should be (3.13), but the actual
analysis is hindered by our lack of knowledge of the Faddeev-Popov ghosts and gauge fixing
terms. In the actual model there are four set of fields from M-theory point of view: the metric
components along the R2,1 directions, the metric components along the internal eight-manifold
(which is a toroidal fibration over a six-dimensional base), the G-flux components and the
components of the Rarita-Schwinger fermions. The four scalar fields form the representative
samples of the four set of the actual fields. (The last one being related to a condensate of the
fermions so as to avoid doing Grassmanian integrals, but these details are not important here.)
Once we use the scalar fields, we can define the displacement operator as in (3.5), and plug
everything in the path-integral (3.7).

Sagredo: And then?

Salviati: And then we compute the one-point function. The analysis is pretty non-trivial
as detailed in section 4 due to the non-trivial interaction and due to the fact that we cannot
use any approximation to terminate the perturbative series. The reason is because of what I
cautioned earlier: the asymptotic nature of the perturbative series coming from the factorial
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growth of the diagrams, which we termed as the nodal diagrams.

Sagredo: Are these nodal diagrams the same as the Feynman diagrams?

Salviati: Unfortunately not. These new set of diagrams form a much bigger class of diagrams
than the Feynman diagrams as recently studied in [7]. Typically one-point function in field
theory vanishes, but the story here is different. Due to the shifted vacuum from the displacement
operator (3.5), the analysis takes on a completely new direction. It doesn’t matter much whether
we take real or complex Fourier components of the fields, the answer remains non-zero for either
case. Recall that the complex parts of the Fourier components were absolutely essential to give
meanings to the correlation functions in the Feynman path-integral. Here the story is different
and consequently, richer.

Sagredo: OK I understand that the asymptotic nature of the perturbative series would make
our analysis harder. However is there a way to quantify the growth of the nodal diagrams?

Salviati: Fortunately it turns out that there is a way to count the diagrams to see how they
grow. This is discussed in section 4.3 where a careful counting of all the nodal diagrams is
presented. After the dust settles, a simple way to decipher the results therein is to notice that
the system shows a hidden binomial structure resulting in the so-called Gevrey growth of the
nodal diagrams.

Sagredo: I heard of the factorial growth, but what is a Gevrey growth?

Salviati: Gevrey growth is more generic then the simple factorial growth that we study within
the realm of the Feynman diagrams. A detailed discussion of this is unfortunately not possible
given the limited time we have, plus it will take us along a different trajectory which I’d prefer
not to venture right now. I’d suggest you look up some of the details in section 4.4, and in the
references suggested therein. The take-home message here is that we can quantify the growth
of the nodal diagrams.

Sagredo: Thank you, this is way more than what I thought can be achieved from the path-
integral (3.7). I’m OK with the explanation you provided and will look up the references you
suggested. My question is, once we know that the system has a Gevrey growth, how do we
proceed?

Salviati: Here is where something rather remarkable happens. The Gevrey growth of the
system implies that we can now sum over all the diagrams using the so-called Borel-Ècalle
summation procedure. This summation procedure is explained in [7, 36–38] and in section 4.4.
The net result of such a summation is that now we can provide a closed form expression for
the four-dimensional cosmological constant Λ as shown in (5.3).

Sagredo: Sorry, it was a bit too fast for me. How did you go from the Borel-Ècalle resummation
of a Gevrey series to a closed form expression of the cosmological constant? Plus how do you
know that the expression for Λ you got is small and positive definite? Could you explain this
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in simple terms?

Salviati: Sure I could, and sorry that I went too fast over the crucial details of our construction.
However I think, for your benefit, it might be better you have a quick look at the references I
suggested, and we can meet after lunch.

Sagredo: Penso che sia un’ottima idea. Mi darà anche un po’ di tempo per digerire quello che
hai detto.

8.1.4 The epilogue: On the consequences of the construction

Sagredo: I did manage to go through a sizable portion of the references you suggested, but
unfortunately I still don’t see how a Borel-Ècalle resummation could lead to a closed form
expression for four-dimensional cosmological constant Λ. But before you answer that, could
you explain how supersymmetry is broken here?

Salviati: Yes, of course I should now tell you about the supersymmetry breaking. The vac-
uum, which is Minkowski, is supersymmetric and therefore the supersymmetry is broken by
the Glauber-Sudarshan state. I’ll call this as spontaneously broken supersymmetry. The first
question is how is supersymmetry preserved at the Minkowski level in the presence of fluxes
et cetera? The answer is simple. If we allow a configuration of self-dual four-form fluxes then
supersymmetry remains unbroken [12]. This is simply because the mass of the gravitino can be
shown to be proportional to the difference between four-form flux and its Hodge-dual partner.
(The Hodge-duality is taken with respect to the internal eight-manifold in M-theory.) You
may now ask: how is supersymmetry broken? The answer is again simple. The action, or the
potential, that determines the dynamics of the expectation values is an emergent one in which
you basically replace all the on-shell fields by their expectation values. This in turn means that
the gravitino mass will be proportional to the difference between the four-form flux expectation
value and its Hodge-dual partner. Clearly there is no reason for the difference of the expecta-
tion values to vanish now! And indeed one may show that this is the case, implying that the
supersymmetry is spontaneously broken by the Glauber-Sudarshan state.

Sagredo: In other words, due to the Glauber-Sudarshan state, it would appear that the
fermionic partners, after dimensional reduction, are effectively massive compared to their bosonic
counterparts. I understand the idea, and it looks very much like Higgs mechanism, right?

Salviati: Almost, except that both the fluxes and the fermionic degrees of freedom are emergent
quantities here.

Sagredo: How do we then understand the fluctuations that give rise to quanta now?

Salviati: Well, the fluctuations are now controlled by yet another state called the Agarwal-Tara
state [15, 16, 47]. For example, graviton fluctuations over a de Sitter space would be replaced
here by another state which is like a “graviton-added” Glauber-Sudarshan state. Similarly
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fermionic quanta will be a “fermion-added” Glauber-Sudarshan state. Unfortunately I will not
have time to elaborate on this here anymore and I suggest you look up [15, 16] for more details.

Sagredo: Thank you for the clarification. I need to read up the references you suggested.
Could you now kindly explain the connection between Borel-Ècalle resummation and the four-
dimensional cosmological constant?

Salviati: The analysis leading to the aforementioned connection is a bit tricky so I’ll go in
small steps. We will also take the scalar field model to simplify the discussion. The path
integral (3.7), as I mentioned earlier, shows a Gevrey growth of the nodal diagrams which
may be quantified as detailed in section 4. However there is a subtlety. The most dominant
of the diagrams, in which the momenta of the nodes do not match with that of the source,
are eliminated. This is somewhat similar to the case in usual field theory where the external
legs that do not share momenta with the interaction vertices are being eliminated as vacuum
bubbles. In the case with nodal diagrams, somewhat similar story prevails with final answer
being just the tree-level one. Therefore non-trivial result appears when at least one of the node
has the same momentum as the source. This is a sub-dominant contribution and according to
the rules of the path-integral, such diagrams are suppressed by a volume factor. If more than
one nodes have the same momenta as the source, they are suppressed by even higher powers of
the volume factor, so they are truly sub-subdominant.

Sagredo: This means in the limit where the volume goes to infinity, all these diagrams are
eliminated. You already told me that the dominant diagrams are eliminated like the vacuum
bubbles, and now it seems that the sub-dominant ones may also be eliminated in the infinite
volume limit. I’m confused, how do you then get a non-zero answer here?

Salviati: Ancora una volta stai saltando alla conclusione troppo in fretta! The sub-dominant
diagrams are indeed suppressed by a volume factor, but there is a piece inside the subdominant
contribution that is proportional to the volume itself! Such a piece, which is in fact also
proportional to the inverse of the massless propagator, is responsible to provide a finite answer
once we divide by the volume factor.

Sagredo: I see, and sorry that I missed the fact. So now we sum over all the next-to-leading-
order (NLO) diagrams, right?

Salviati: Right, but the summation doesn’t go very smoothly as before because of the difference
between the tree-level and the higher order nodal diagrams. This was an unforeseen subtlety,
but turned out to be quite useful. To proceed we will only keep the first order sub-leading
diagrams (which are suppressed by one power of the volume factor). Because of this, the
Borel-Ècalle summation procedure leads to two pieces: one, the summed-up result over all the
quantum terms, and two, a tree-level piece.

Sagredo: That’s a bit surprising. Shouldn’t the tree-level piece be absent due to the no-go
theorem that you mentioned earlier?
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Salviati: Yes indeed! Identifying the tree-level piece to zero provides a relation between σi
appearing in the displacement operator (3.5), the massless propagator and the suppression
volume. This relation is in an integrated form so it is not directly useful in determining σi in
terms of the momenta, but it does become useful in a different way which I’ll come to soon.

Sagredo: OK, and what about the piece that you get by performing the Borel-Ècalle summa-
tion over the Gevrey series?

Salviati: Interestingly the result that we get after performing the Borel-Ècalle resummation,
goes in tandem with the result we get by imposing the vanishing of the tree-level contribution.
To see this recall that gs =

√
Λt with t being the conformal time in the flat-slicing of de Sitter.

Since the scalar field toy model represents the metric component gµν along R2,1 in M-theory,
we expect ⟨ĝµν⟩σ to be equal to g−8/3s so that it reproduces a de Sitter emergent metric in type
IIB theory. Now combining the result from the Borel-Ècalle resummation with the vanishing of
the tree-level result gives us the final answer which is just a wave-function renormalization of
the tree-level result as shown in (4.30)! This means the whole instanton series add up in such
a way as to give us the result that is exactly a renormalization of the tree-level answer. If we
now identify the Fourier factor with t−8/3, then the wave-function renormalization factor can
be identified with an inverse power of the four-dimensional cosmological constant as in (5.3)!

Sagredo: I understand that the whole resummation procedure could provide a closed form
expression for the four-dimensional cosmological constant, but let me be the devil’s advocate
here and ask you the following questions. How can we unambiguously fix the wave-function
renormalization factor to Λ? What if I absorb some of it in the definition of the conformal
temporal coordinate t? This would clearly lead to certain ambiguity here..

Salviati: Thank you, these are indeed pertinent questions. The unambiguous determination
of Λ relies on yet another subtlety of the summation process that I haven’t revealed to you
yet. Previously I told you that the Borel-Ècalle resummation produces two pieces, one classical
and the other quantum. This is not exactly right, because the quantum piece has a further
sub-division: one on-shell piece and another off-shell piece. This off-shell piece should not be
confused with the off-shell degrees of freedom whose consequences on the low energy effective
action I promised to explain soon. The off-shell piece comes from zero momentum and zero
frequency states and it is needed to counteract the Minkowski background so that we only
get a de Sitter emergent metric. Of course since the off-shell piece has a wave-function, the
counteraction should come from the highest amplitude of the wave-function. Alternatively
you may think of this as a matching of the boundary condition, with the boundary being the
Minkowski background, but the difference is that we are matching the modulus and not the sign.
In fact it is this matching that actually identifies the wave-function renormalization factor with
the inverse of the four-dimensional cosmological constant as given in (5.3). For more details on
the computation you may refer to section 5.1.

Sagredo: Thank you and it indeed clarifies a lot for me, but I’d still like to continue as the
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devil’s advocate and ask you a few other questions. The expression that you got in (5.3), how
do you know it is always positive definite? Also, how do you know that it is very small, i.e. as
small as 10−120M2

p?

Salviati: I’ll start by answering the first question which is easier. The expression for Λ given
in (5.3) involves a principal value integral expressed using a parameter f̌max defined via (4.23).
If f̌max is negative definite, then the principal value integral is always positive. Subtlety appears
when f̌max is positive. For this case, one may show that there is always one pole in the Borel
plane, and the question is to justify the positivity of the principal value integral over all possible
contours that go around that pole. For more on this I’ll refer you to section 4.5 of our work [7]
where a detailed mathematical proof of the positivity is demonstrated.

Sagredo: Thank you, and I agree that the expression for Λ in (5.3) is always positive definite,
but why is it small? Is that the denominator of the expression that gives us the small factor of
say 10−120?

Salviati: If this was the case then it would have been really nice, but one can show that in the
limit g → 0, where g is proportional the inverse of Mp, the denominator simply goes to identity
making Λ to be of order M2

p and not small. However there are many details that we did not
carefully incorporate in our computation, and one of the crucial one is the contributions from
those class of sub-leading diagrams that are still suppressed by one power of the volume but
with set of two nodes having identical momenta that are not necessarily same as the node whose
momentum match with that of the source. Again, these diagrams are not eliminated in the
infinite volume limit because of hidden volume factors inside them. A Borel-Ècalle resummation
of these diagrams can be done by introducing a new technical machinery called the Borel Boxes.
(An example of this is shown in Table 4 and (5.13).) Including these contributions lead to a
rather complicated structure as discussed in section 5.2 which seems to suggest a reduction of
the value of Λ. In section 5.2 we included a subset of these diagrams and showed the reduction
of the four-dimensional cosmological constant from the value quoted in (5.3). We believe an
exhaustive inclusion of all the aforementioned effects would sizably reduce Λ, but that is a work
in progress [8]. I hope to tell you more on this in a month or so.

Sagredo: I understand that it’s a work in progress, but why do you think incorporating these
diagrams would reduce Λ sizable?

Salviati: Remember when you asked me whether the denominator of an expression like (5.3)
is responsible in reducing Λ, I answered no for the case in question. This is true, but the actual
answer is yes once we include the aforementioned diagrams. To see this, note that incorporating
the effects of all the Borel Boxes actually contribute to the denominator thus reducing it. Since
there are infinite possible contributions, and they all contribute to the denominator of (5.3),
one would worry that this makes Λ arbitrarily small. Fortunately this is not the case because
the series sum of the Borel Boxes is a convergent one as discussed in section 5.2, implying that
the contribution to the denominator of (5.3) is very large but not infinite. (See for example
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(5.19).) Question is whether the reduction could be as small as 10−120M2
p. This is yet to be

worked out.

Sagredo: I think I now understand the computational scheme. Also, since you are taking a
supersymmetric Minkowski minimum, there are no contributions from the zero-point energies of
the bosonic and the fermionic degrees of freedom. The cosmological constant thus has its root in
the full non-perturbative corrections to the system. I have two related questions now. My first
question is, how do we see the non-perturbative and the non-local corrections in (7.24)? My
second question concerns the recent news I heard from [10]: what if the cosmological constant
is slowly varying with time?

Salviati: Thank you for your important questions, and I will address your query about the non-
perturbative and the non-local corrections first, and leave the second question for discussion a
bit later. To answer the first question, let me point out that getting the closed form expression
for the cosmological constant, and fixing the form of the low energy effective action, go hand in
hand. You may ask, why is that? Let me explain. The computation for the expectation value
of the metric (here we took a representative scalar field) generically includes an exhaustive
collection of the perturbative interactions. Needless to say, higher order nodal diagrams show
Gevrey growths, which led us to resum the series using the Borel-Ècalle procedure. From there
we got (5.3). We can turn this around, and ask the following question: what replacement
should we do to the perturbative terms that would produce the same effect in the path-integral
analysis as the one we got from the usage of the Borel-Ècalle resummation procedure? The
generic answer is what I showed you on the third line of (7.24): this is completely expressed
using the instanton saddles alongwith their corresponding fluctuation determinants. Both use
Qpert from (7.22) but with different set of coefficients {cnl}. Such a procedure then allows
us to replace the perturbative terms in the action by the non-perturbative series written as
a resurgent trans-series, thus getting rid of any asymptotic behavior and keeping the action
well-defined at all orders.

Sagredo: Thank you and that explains most of the terms in the action (7.24), but what about
the fourth line? I’m guessing that they are coming from the non-local interactions? How and
where are the non-localities appearing here? I thought the low energy limit of M-theory is a
local theory?

Salviati: Indeed, the low energy limit of M-theory is typically a local theory as any higher
order derivatives are suppressed by higher powers of Mp. But these are not the non-localities
that I was talking about earlier. The non-localities I alluded to earlier appear from integrating
out the massless off-shell degrees of freedom in the theory. To see where they are coming from,
let us go back to the path-integral analysis from (3.7) and (3.13). The analysis therein was done
by making one crucial assumption: the off-shell degrees of freedom are kept massive. In reality
this cannot be the case, so one has to revisit the computations. A careful computation of the
path-integral will incorporate both the on-shell and the off-shell degrees of freedom, both in the
measure and in the action. To proceed, we’ll take a simple model with one on-shell and one
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off-shell scalar fields like the one in (6.12). (In the language of metric, the metric components
along R2,1 will be the on-shell ones whereas the metric components, with one leg along R2.1

and the other leg along the internal eight-manifold, will be the off-shell ones.) An expectation
value of the on-shell degree of freedom, using the path-integral formalism with the displacement
operators will involve integrating over both the on-shell and the off-shell degrees of freedom.
We can integrate away the massless off-shell degrees of freedom to give rise to a non-local action
as shown in (6.14). The massless on-shell degrees of freedom are then integrated over a shifted
vacuum coming from the displacement operators using an action that now has both local and
non-local pieces expressed using on the on-shell degrees of freedom.

Sagredo: I see now how the off-shell piece in the action arises, but how do you know it will
not give rise to additional asymptotic series?

Salviati: That’s a good question and the answer is that if we choose an off-shell action of the
form (6.19), we are bound to get asymptotic divergence from factorial growths. However a little
mathematical manipulations can make us rewrite (6.19) in a more convergent form as in (6.22).

Sagredo: This rewriting of (6.19) as (6.22) is not a Borel-Ècalle resummation right?

Salviati: Correct, because we are not going to higher orders in the path-integral expansion.
You may view this as a mathematical trick to go from (6.19) to (6.22), and in the end we can
keep the coefficients cp in (6.22) unrelated to the coefficients dp in (6.19). This rewriting is
useful because it can convert the form of the expectation value of the on-shell field in (6.30) to
the final form (6.32) which has only the non-perturbative and the non-local terms. The relevant
action then is (6.33) which, when we incorporate the actual on-shell metric and flux degrees of
freedom, takes the form (7.24) that I showed you earlier.

Sagredo: Thank you, and now I see how all are falling into places. However I’m still a bit
confused about the fourth line in the action (7.24) that deals with the non-local interactions.
This doesn’t look like a trans-series because I don’t see any fluctuation determinants appearing
anywhere there.

Salviati: Thank you for noticing this because the story therein is more subtle. A naive
computation that converted (6.19) to (6.22) would suggest no such additional factors, but we
will soon see that this leads to problems. However to appreciate this subtlety, I’ll need to tell
you about the equations of motion first.

Sagredo: OK, in that case I’ll wait for the explanation. I understand that, because you have
an explicit form of the action, you can compute the equations of motion, right?

Salviati: Right, but the EOMs story has an additional layer of subtleties that I haven’t
told you earlier. It is high time to bring forth these details now. The EOMs are not the
usual EOMs, rather they take the form of the Schwinger-Dyson’s equations simply because
the on-shell degrees of freedom that we compute using the path-integral (with the displacement
operators and the action (7.24)) are in the form of expectation values and are therefore emergent
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quantities. Schwinger-Dyson’s equations are specifically designed to study the dynamics of the
expectation values and are therefore the perfect tools to study the temporal and the spatial
evolutions of these emergent on-shell degrees of freedom.

Sagredo: One question about terminology before you proceed. Since the on-shell degrees of
freedom appear as emergent quantities because of the path-integral analysis, they are actually
off-shell states but give rise to local interactions in the action (6.22). On the other hand, the
off-shell states that you integrate away are also off-shell and give rise to non-local interactions
in the action (6.22). Is this the correct way to think about the system?

Salviati: Indeed, everything is actually off-shell in this set-up. We simply distinguish between
the emergent on-shell and the truly off-shell states. The latter gives us the non-local interactions
in (6.22). Coming back to the EOM − the derivation of which is a little more non-trivial
because of the various ingredients and subtleties − is nevertheless easy to express in the form
of expectation value as in (6.37). Notice the appearance of action from (6.22) as well as the
linear terms in the displacement operator (3.5) in the Schwinger-Dyson’s equation (6.37).

Sagredo: Why only linear terms from the displacement operator (3.5)? This is a bit surprising.

Salviati: There is another layer of subtlety here that I don’t think will have time to explain
to you now. I’ll let you read up section 6 and especially section 4.2, because it opens up a
Pandora’s box of issues related to the compatibility of the Wilsonian effective action with Borel
resummation, et cetera.

Sagredo: This is fine by me and I’ll look up the sections that you mentioned. Please proceed
with the discussion about the Schwinger-Dyson’s equations.

Salviati: Yes, as I was saying that the EOM takes the form (6.37), but unfortunately it is not
very useful to extract the dynamics of the emergent quantities from it. We need to rewrite it
in a form where it can be more useful and for this we need something called the resolution of
the identity for the Glauber-Sudarshan states. This process turned out to be more complicated
because the Glauber-Sudarshan states are not coherent states. Nevertheless it can be worked
out with some effort − see details in section 6.1 − and after the dust settles the final answer
may be presented as (6.11) using an operator Q which may be easily quantified. You may ask:
why is this necessary? The answer may be ascertained from the series of manipulations starting
from (6.38) and culminating in (6.46). The first equation in (6.46) is the answer that we have
been looking for. This is exactly the EOM of the emergent on-shell metric and flux degrees
of freedom but with two differences: one, the action has only the non-perturbative and the
non-local terms as in (7.24) and two, all on-shell degrees of freedom in (7.24) are replaced by
their expectation values. On the other hand, the second equation in (6.46) is something that we
did not encounter earlier. This equation weaves the three crucial elements in the construction
together: the intermediate Glauber-Sudarshan states (that appear from (6.11)), the Faddeev-
Popov ghosts (if any) and the linear term in the displacement operator. Note that all the three
contributions cannot be visible at the “classical” level, i.e. at the level of the first equation in
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(6.46), thus explaining the natural split of the EOM (6.44) into a set of two EOMs.

Sagredo: This is fascinating! If I understood correctly, the issues which prohibited us to
declare the results from Table 2 as evidence for the existence of a de Sitter vacuum solution
now no longer plagues us. In fact the first equation in (6.46) clearly suggests that de Sitter
space-time should be an emergent solution appearing from the Glauber-Sudarshan state |σ⟩.
The emergent background is now backed by a well defined effective field theory description that
is consistent with the trans-Planckian bound and other constraints. Right?

Salviati: Right! There are also two more set of equations appearing from imposing non-
localities. They are (6.50) expressed using the local degrees of freedom. These set of equations
signal the non-classical nature of the system and would not appear if we had taken coherent
states. You may think of them as the first concrete sign of being a Glauber-Sudarshan state.
They all seem to fit well, so the question is, where do we see the problems with the non-local
terms in the fourth line of (7.24)? The answer appears rather surprisingly from analyzing
the Schwinger-Dyson equation (7.26) itself. Observe that the equation is complicated, so one
strategy to solve this equation would be to match the gs scalings of every term: start by
matching the dominant scalings over all the terms, and then match the subsequent sub-dominant
ones. This procedure works very well for the non-perturbative terms, as evident from the
analysis presented in section 7.3.1. Problem appears when we compare the gs scalings with the
eighth line of (7.26): it doesn’t match! The only way this matching would work correctly is if
we allow a fluctuation determinant of the form (7.45) accompanying the fourth line of (7.24).

Sagredo: Which means the action itself needs to be changed, right? This should also effect
the Schwinger-Dyson equation, if I’m not mistaken.

Salviati: Indeed, the action now becomes (7.55), which modifies the Schwinger-Dyson equation
to take the form (7.57). One needs to use this equation to compute the effects of the wrapped
instantons as we discussed in section 7.3.

Sagredo: Thank you and that answers most of my questions except the one on the temporally
varying cosmological constant. How are you dealing with that?

Salviati: It was a bit surprising that with a slight change in the emergent field configuration
from (7.29) to (5.21) allows us to construct a new Glauber-Sudarshan state that captures the
slow variation of the cosmological constant. The analysis is a bit technical and I direct you to
sections 5.3 and 7.3.3 for full details. Of course it is still a bit early to say what it all means
with respect to the recent results from [10], although the issues pointed out in say [21] may
no longer be worrisome. I can tell you more on this in near future. Meanwhile the take-home
message is that the Glauber-Sudarshan state may provide a consistent framework to study
positive cosmological constant solution whether or not it is constant or showing a very slow
temporal variation. For your convenience I have summarised the results in Table 8 where you
might get answers to other questions that we didn’t have time to discuss.
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Sagredo: Thank you, and this means the Glauber-Sudarshan states are capable of capturing
the late-time behavior of our universe. What about early times?

Salviati: Questo lo lascio calcolare a voi. In altre parole, stai zitto e calcola!

8.2 Future directions and open questions
In this paper we have hopefully convinced the readers that the Glauber-Sudarshan states cap-
ture the late-time dynamics of our universe in a consistent way. Our analysis is presented in the
M-theory uplift of type IIB background at far IR, and we have shown how one may compute
the cosmological constant and argue its positivity, smallness and possible temporal variation.

As mentioned, the consistency of such a state is important. This comes from variety of di-
rections, namely consistency with respect to the quantum corrections, the Wilsonian integrating
out method, the exact renormalization group procedure and other related effects. Somewhat
surprisingly all of these boil down to two simple effective field criteria, namely (7.1) imposed on
the dual type IIA coupling. Satisfying them is equivalent to satisfying all the aforementioned
list of consistency conditions.

In fact a careful study, keeping in mind the two criteria (7.1), led us to find a number of
interesting results which we listed in section 1.2. An interesting and somewhat surprising result
appeared from analyzing the low energy effective action (7.55) which is expressed using non-
perturbative and non-local interactions as a resurgent trans-series, but no perturbative terms −
beyond the fluctuation determinants over the zero-instanton sectors − appear. Although this
is consistent with the expectation from the underlying Borel resummations, it raises questions
related to the compatibility with Wilsonian integration. This is a subtle topic and it will be
interesting to pursue this further. Another interesting thing from (7.55) is the emergence of an
effective potential that is very different from the vacuum potential, leading to the study of the
dynamics of the emergent on-shell degrees of freedom as Schwinger-Dyson equations (see (7.12)
and (7.57)). These emergent on-shell degrees of freedom are ultimately responsible in realizing
the de Sitter background in our model as an excited state and as such are not restricted by the
EFT criteria of [6].

The emergent de Sitter space also raises an interesting question regarding the symmetry
algebra. The vacuum state, which is Minkowski, has the full super-Poincare symmetry, and we
expect the excited Glauber-Sudarshan state to break it down to a sub-algebra in tune with the
underlying supersymmetry breaking. How exactly the super-Poincare algebra (with appropriate
internal symmetry group) breaks down to the full de Sitter symmetry algebra remains to be
seen. Interestingly even for the case with slowly varying cosmological constant, it would be
interesting to work out the symmetry breaking pattern. We hope to return to these issues in
near future.

Among other intriguing result is the study of the smallness of the four-dimensional positive
cosmological constant, and its possible temporal variation. Concerning the smallness, we have
argued in section 5 how using new mathematical tools we can lower the value of the cosmological
constant. Whether the reduction is small enough to account for the expected answer is not clear
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yet. Moreover, the recent result from DESI [10] may suggest that this small value also has a
very slow temporal variation. In sections 5.3 and 7.3.3 we have argued quantitatively that such
a configuration may be easily accommodated in our set-up by modifying the Glauber-Sudarshan
state. However more work is needed to see whether this matches with the present dynamical
evolution of our universe, and in particular whether the DESI results increase or decrease in
statistical significance in the coming years (the last reference in [10] seems to suggest the latter).

Yet another important question is to extend the coherent state construction to describe
Nariai black holes in order to address the Festina-Lente (FL) bound [48]. Specifically, we want
to understand whether the FL bound constrains the most general low energy M-theory action
(7.55) or whether the bound arises as a natural implication of the coherent state picture taking
into account stringy principles. A related issue is to understand more on the behaviour of the
Glauber-Sudarshan state in the far IR. Specifically the question involves determining whether
the state takes the familiar form of the Hartle-Hawking state, or other states in the late time
canonical Hilbert space [49].

Due to the time dependence of gs, the early time state before the de Sitter description is
strongly coupled, i.e. gs ≫ 1, and is not well understood. At very early time, the Glauber-
Sudarshan state is expected to lose its coherent features. Since the Glauber-Sudarshan state
is an excited state over the Minkowski vacuum, the state possibly transitions quickly to the
Minkowski minimum or slowly to a thermal gas in Minkowski space. The latter can probably
be understood as an out of equilibrium system en route to attaining thermal equilibrium. More
on this will be presented elsewhere.
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Vacuum configuration Replaced by

Type II, I and Heterotic theories M-theory and duality sequences

de Sitter space-time Glauber-Sudarshan state |σ⟩ = D(σ)|Ω⟩,D†(σ) ̸= D−1(σ)

Fluctuations over de Sitter space-time Agarwal-Tara state

Trans-Planckian bound gs < 1 =⇒ − 1√
Λ
< t < 0

Black-hole in de Sitter space Another Glauber-Sudarshan state |σ′⟩

Equations of motion Schwinger-Dyson equations

On-shell states Off-shell states

Off-shell states Off-shell states and non-local quantum terms

Space-time metric gµν(x, y) ⟨gµν⟩σ =
∫
[DgMN][DCMNP][DΨM][DΨN] e−Stot D†(σ)gµν(x,y)D(σ)∫

[DgMN][DCMNP][DΨM][DΨN] e−Stot D†(σ)D(σ)

Conformal time t, −∞ < t < 0 − 1√
Λ
< t = t(gs) < 0

Internal metric gmn(y, t) ⟨gmn⟩σ =
∫
[DgMN][DCMNP][DΨM][DΨN] e−Stot D†(σ)gmn(y,t)D(σ)∫

[DgMN][DCMNP][DΨM][DΨN] e−Stot D†(σ)D(σ)

Positive cosmological constant Λ 0 < Λ = lim
c(s)→0

M2
p[∑

{s}

F(s)
c(s)

∫∞
0 du(s)

exp(−u(s)/c(s))
1−ul

(s)

]3/4
P.V

<< M2
p

Existence of EFT ∂gs
∂t

= g+ives =⇒ non-violation of NEC

Quantum tunneling Real and complex instantons

Non-perturbative effects Borel resummation of Gevrey series

Open quantum field theories Wilsonian EFT or Exact Renormalization Group

Contributions from zero-point energies Cancelled Zero-point energies

Non-susy vacuum configuration Spontaneously broken supersymmetry by GS state |σ⟩

Moduli stabilization Dynamical moduli stabilization

Possibility of Boltzmann brains No possibility of Boltzmann brains because − 1√
Λ
< t < 0

Background fluxes GMNPQ ⟨GMNPQ⟩σ =
∫
[DgMN][DCMNP][DΨM][DΨN] e−StotD†(σ)GMNPQ(x,y)D(σ)∫

[DgMN][DCMNP][DΨM][DΨN] e−Stot D†(σ)D(σ)

D7-branes Taub-NUT space as a Glauber-Sudarshan state |σTN⟩

Gauge fields on D7-branes Localized ⟨GMNPQ⟩σ at Taub-NUT singularities

Orientifold 7-planes Atiyah-Hitchin state |σAH⟩

Table 8: A comparison between the results from a vacuum configuration and an excited state.
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A Different coordinate patches of de Sitter

We briefly review coordinate patches of de Sitter spacetime which are used in our text. In four
dimensions, the metric covering the global de Sitter is given by:

ds2 = −dτ 2 + l2 cosh2 τ

l

(
dχ2 + sin2 χdΩ2

)
(A.1)

The global time lies in the range τ ∈ (−∞,∞) while dΩ2 denotes the standard two sphere
metric:

dΩ2 = dθ2 + sin2 θdϕ2. (A.2)

The global patch does not have any global timelike Killing vector. Plugging (A.1) into the
Einstein equations, the cosmological constant takes the form Λ = 3l−2. Defining60 H ≡ l−1,
the flat slicing, which covers half of the global patch, takes the form:

ds2 = −dt′2 + e2Ht
′
dx⃗2 (A.3)

where x⃗ denotes a three-vector, while the time t′ ranges from t′ ∈ (−∞,∞). Another impor-
tant coordinate system used in our work is the Poincare coordinates. We go to the Poincare
coordinates by shifting to a conformal time Ht = −e−t′H. For our purposes, it is convenient to
work with the de Sitter metric in the Poincare patch as shown in figure 1. The metric takes
the form:

ds2 =
1

H2t2
(
−dt2 + dx⃗2

)
. (A.4)

where the time t ranges from t ∈ (−∞, 0), with t → 0− describing the late time asymptotic
boundary. Note that the flat slicing and the Poincare denote the same patch, and our construc-
tion of the Glauber-Sudarshan state corresponds to the flat slicing. (We have absorbed a factor
of 3 in the definition of the warp-factor H(y) and the internal metric gmn(y) in (2.4) onwards.)

A single observer can only observe a part of the geometry. The metric inside this region is
the static patch and is given by:

ds2 = −f(r)dT 2 +
dr2

f(r)
+ r2dΩ2 (A.5)

where f(r) =
(
1− r2

l2

)
, such that r ∈ (0, l) and T ∈ (−∞,∞). The patch is visually indicated

in Regions R and L of figure 3. The patch has a local timelike Killing vector, and the generator
of time translations in the static patch is simply the boost operator.

All the aforementioned metric on the various patches can be studied in Type IIB by simply
replacing the flat-slicing four-dimensional metric by (A.1), (A.3) or (A.5) respectively keeping
the warp-factor and the internal metric unchanged. While the patches with temporal variations
in (A.1), (A.3) and (A.4) work well, the one with the static patch from (A.5) has many problems
as discussed in the text.

60A note on the notation: H is the Hubble constant and H(y) is the warp-factor.
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