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Abstract

We study the geometry of Calabi—Yau conifold transitions. This deformation process is
known to possibly connect a K&hler threefold to a non-Kéhler threefold. We use balanced
and Hermitian—Yang—Mills metrics to geometrize the conifold transition and show that the
whole operation is continuous in the Gromov—Hausdorff topology.

1 Introduction

Our discussion begins with the Kahler Calabi—Yau threefold. Our broad goal is to understand
the geometric properties of these complex manifolds as they undergo deformation. Various
mechanisms for the degeneration and resolution of Calabi—Yau structures exist, and in this
work we focus on the conifold transition.

A conifold transition is a process where a birational contraction of holomorphic curves is
followed by a deformation of complex structure. We denote a conifold transition by

X 5 X v X;.

In this process, holomorphic curves in X are mapped to singular points in the analytic space Xy,
and the singularities are locally modeled by 0 € {3 2? = 0} ¢ C*. The smoothings X; deform
the complex structure of Xy in a way which is locally modeled by {>] zl.Q =t} c CL

As the initial threefold X is deformed into Xy, its Hodge numbers undergo jumps. This implies
that distinct threefolds with varying topologies can be interconnected through this deformation
process. It is conjectured that all Kéhler Calabi-Yau threefolds can be linked by conifold
transitions [CGH90, Rei87, GH88, Fri91], and for an introduction to conifold transitions, we
refer readers to [Ros06].

The goal of this work is to identify a suitable sense in which conifold transitions are continuous,
even though the Hodge numbers change discretely. This is a well-studied phenomenon in
string theory, and there are various string theoretic interpretations [GMS95, Str95, CdlO90,
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ABG23] of the smooth interpolation of string theory through topological change of Calabi-
Yau threefolds. From our perspective as differential geometers, we endow the Calabi—Yau
threefolds with special Riemannian metrics and study their degenerations through conifold
transitions.

Kaéhler metrics are not suitable for this purpose, as a conifold transition may connect a pro-
jective threefold to a non-Kéhler complex manifold. A simple example is given by letting X
be a smooth quintic threefold. In this case, bg()A( ) = 1, and so once holomorphic curves are
contracted, the resulting manifolds X; have b2(X;) = 0. For a more in-depth discussion of this
example, readers are directed to [Fri91].

There are nevertheless many examples where the resulting manifold X; does admit a Ké&hler
structure, and in this case there exists a significant body of literature dedicated to understand-
ing the degeneration and resolution process via Kahler Ricci-flat metrics. For the local model
of the conifold transition, families of Calabi—Yau metrics were constructed by Candelas—de la
Ossa [CdIO90]. On compact Kéhler threefolds, Kéhler Ricci-flat metrics exist by Yau’s theorem
[Yau78], and the challenge is to carry these metrics through a conifold transition. The work of
Ruan—Zhang [RZ11b], Rong-Zhang [RZ11a] and J. Song [Sonl4, Sonl5] give the existence of
a sequence R
(X, 9a) = (Xo,do) < (Xt,9t)

where the metrics g, g; are smooth Ké&hler Ricci-flat metrics converging in the Gromov—
Hausdorff topology. The limiting length space (X, dp) is the metric completion of (Xieg, go),
where g is a singular Calabi—Yau metric constructed by Eyssidieux—Guedj—Zeriahi [EGZ09].
The metrics g, on the small resolution converge smoothly uniformly on compact sets away from
the exceptional curves by work of Tosatti [Tos09], and the metrics g; on the smoothings con-
verge smoothly uniformly on compact sets away from the singularities by work of Ruan-Zhang
[RZ11b] and Rong-Zhang [RZ11a).

For a survey on degenerations of Calabi—Yau metrics, we refer to [Tos18], and for recent work
on understanding Calabi—Yau metrics near isolated singularities we refer to e.g. [DS17, HS17,
NGG22, Fu23, CS23] and references therein.

The current work takes initial data to be a Kéahler threefold X and investigates conifold tran-
sitions emanating from X without imposing a priori assumptions on the resulting space X;.
This setup has the implication that X; may or may not be Kéahler. Instead of relying on Kéahler
Ricci-flat metrics, the idea in [FLY12, CPY24] is to geometrize the conifold transition by a
pair of metrics: R R

(Xa G Ha) — (Xo, dgys dHo) A (Xt7 gt, Hy).

Here (g, H) is a pair of metrics on 719X solving
dw? =0, Fy Aw?=0, (1)

where w = igj,;dzj A dzF. The balanced metrics g, and g; were constructed by Fu-Li-Yau

[FLY12]. The Hermitian-Yang-Mills metrics H, and H; were constructed by Collins, Yau and
the second named author [CPY24]. These non-Kéhler equations are suggested by string the-
ory [Str86], and proposed by S.-T. Yau and collaborators to geometrize conifold transitions
[LY05, FLY12, CPY24, CGPY23]. Near the ordinary double points, both metrics are close
to the Candelas—de la Ossa [CdIO90] Ké&hler Ricci-flat local models, but there are also global



non-Kéhler corrections. In other words, ¢ = H solves (1) when they are both equal to a
Kahler Ricci-flat metric, and although the global geometry is necessarily non-Kéhler, the so-
lution of [FLY12, CPY24] approximately returns to the Kéhler Ricci-flat solution on the local
model.

Remark 1.1. There is a third equation constraining (g, H) which appears in heterotic string
theory. This additional equation, named the anomaly cancellation equation, is conjectured to
be solvable through conifold transitions [LY05, YN10, FLY12] (see also e.g. [dlOS14, GF18,
GFM23, TY12, Pic24] for a mathematical introduction to these equations). It is further
conjectured that the pair (g, H) can be rigidified in a suitable notion of cohomology class by
a uniqueness property once this additional equation is imposed [GFRST22].

Remark 1.2. Another approach to geometrizing conifold transitions via Chern-Ricci flat bal-
anced metrics is proposed in [Tos15, TW17, FWW10] with recent progress by Giusti-Spotti
[GS23]. We also remark that the anomaly flow [PPZ18a, PPZ18b] is another mechanism for
creating a canonical path of balanced metrics which has not yet been understood in the context
of conifold transitions.

Our main result is:

Theorem 1.3. Let X be a compact Kdhler Calabi—Yau threefold with finite fundamental
group. Let X — Xo v Xy be a conifold transition. There exists a family of smooth met-
rics (X, ga, Ha) for 0 < a <1 and (X¢, g¢, Hy) for 0 < |t| < € solving

dw? =0, Fygarw?=0

such that as the parameters a and t are varied, the geometries (X, ga, f]a) and (Xy, g¢, Hy) vary
continuously in the Gromov-Hausdorff sense and

(X, 3a) = (X0, dgy) — (X, 9:)
(X7Ha) I (X[)udHo) <~ (Xt7Ht)

as a,t — 0 in the Gromov-Hausdorff topology. The length spaces (Xo,dg,) and (Xo,dn,) are
induced by a limiting Hermitian—Yang—Mills structure on ((Xo)reg,wo, Ho).

Our proof begins by analyzing the local models, which are Kéhler Ricci-flat metrics on the
small resolution and smoothing of the affine cone {3 22 = 0} = C*. Once the local models are
understood, we move on to the global balanced and Hermitian-Yang-Mills structures (g, H).
These global metrics add non-Ké&hler corrections to the Kéhler Ricci-flat local models by solving
a PDE on the global compact manifold: for the balanced metrics w, the PDE involves the 4th
order Kodaira—Spencer operator, while for the metric H, the PDE is the Hermitian—Yang—Mills
equation. Our analysis relies on suitable estimates for these equations along degenerations. To
obtain continuity at a = ¢ = 0, the main step is to obtain diameter bounds tending to zero near
the singular points, and the general approach is in the style of Song-Weinkove [SW13, SW14],
where exceptional sets are contracted along a sequence of metrics.
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2 Preliminaries

2.1 The Gromov—Hausdorff Topology

The Gromov—Hausdorff topology was introduced in 1975 by Edwards [Edw75], and was then
independently rediscovered by Gromov in the 1980’s. Since then, it has been an indispensable
tool in geometry. There has been growing interest in applications of the Gromov—Hausdorff
topology to Calabi—Yau manifolds starting with the work of Gross—Wilson [GWO00], and we
note in particular the use of this topology in studying the continuity of conifold transitions of
Calabi-Yau threefolds (see [RZ11a, RZ11b, Sonl5]).

We will now introduce certain definitions and notions pertaining to Gromov-Hausdorff conver-
gence of compact metric spaces. Other sources for this material include e.g. [BBIO1, Gro07,
GWO00, EdwT75, Pet06]. We will implicitly assume that all our metric spaces in this section
are compact, though generalizations exist for the non-compact case (c.f. pointed Gromov—
Hausdorff convergence).

Let (X, d) be a compact metric space. For A € X and € > 0, we set

B.(A) = | | Bc(w),

€A

where Be(z) = {2’ € X | d(2',z) < €} is the ball of radius € around z.

Definition 2.1. Let (X, dx) and (Y, dy) be compact metric spaces and € > 0. A map f: X —
Y is called an e-isometry if

1) |dx(z,2") —dy (f(x), f(2'))] <€ for all z,2’ € X, and
i) Y € B(f(X)).
In general, e-isometries need not be injective or even continuous.
Definition 2.2. The Gromov—Hausdorff distance dgy between two compact metric spaces

(X,dx) and (Y, dy) is

deu(X,Y) = inf{e > 0 | There exist e-isometries fi: X - Y, fo: ¥ — X}

The Gromov-Hausdorff distance dgp defines a metric, and hence a topology, on the set M of
isometry classes of compact metric spaces.

Remark 2.3. We note that only one of the e-isometries in the previous definition is required
as given an e-isometry fi: X — Y, one can construct a 3e-isometry fo: Y — X. This in
essence scales the Gromov—Hausdorff metric dgyr by a factor of 3, but both generate the same
topology on M.

2.2 Conifold Transitions

Conifold transitions describe an process wherein one Calabi—Yau threefold is gradually de-
formed into another, passing through an intermediate space having cone singularities (i.e. a
conifold).



We briefly review certain facts about the geometry of conifold transitions. The exposition here
will follow [CPY24, FLY12, Fri91]. We begin with some definitions to fix the set-up of this
document.

Definition 2.4. A Kihler Calabi-Yau threefold X is a compact complex manifold of complex
dimension 3 with finite fundamental group, trivial canonical bundle, and admitting a Kéahler
metric.

Definition 2.5. A (—1,—1)-curve F € X is a smooth rational curve E ~ P! such that the
normal bundle Ny, ¢ ~ O(—-1)®O(-1).

Around a (—1, —1)-curve E, there exists an open neighbourhood U which is biholomorphic to
a neighbourhood of the zero section in the total space of the bundle

V=0(-1)®0(-1) - P.

Given a collection of disjoint (—1,—1) curves {F;} c X , we may contract them to points by
a blowdown map w: X — X, where Xy is a singular space with isolated singular points at
S; =T (El)

In more detail, we identify a neighborhood of E; with the model space V and the blowdown
map 7 sends the complement of the zero section biholomorphically to the complement of the

origin in the conifold
Voz{ze(C4|Z 22=0}.

This map 7 can be holomorphically extended to all of v by sending the zero section to the
origin in V. The map 7 near F; can be made explicit and we give the expression later in
(5). The result is that X has isolated ordinary double point (ODP) singularities s; with local
neighborhoods biholomorphic to 0 € Vj.

We next discuss how to smooth the singular space Xy by deforming its holomorphic structure.
The local model is a singular variety Vi which can be smoothed by considering the space

V={(z,t)e(C4x(C\Zzi2=t}.

The fiber over ¢ is denoted V; (considered as a subset of C*) and is smooth for all ¢ # 0.
Vi = {ze(C4|Zzi2=t}.

This is the local model which we would like to achieve globally on Xj. A result of R. Friedman
[Fri86] gives a condition describing the existence of a smoothing.

Theorem 2.6 (R. Friedman [Fri86, Fri9l]). Suppose X is a Kihler Calabi-Yau threefold and
let Ey, ..., Ey be disjoint (—1,—1)-curves. Let 7 be the blowdown map that contracts each E;,
resulting in the singular space Xo with ODP singularities s; = w(E;). There exists a first order
deformation of Xy smoothing each s; if and only if there exists a relation

YIN[E] =0 in H*(X,R)

with each \; # 0.



~

D
LN =

Figure 1: Local model of a conifold transition.

It has been shown that the first order deformations from the above theorem integrate to genuine
smoothings; see [Kaw92, Ran92, Tia92]. Thus assuming the condition of Theorem 2.6 holds,
we get a holomorphic familily

u: X — A

where A = C denotes the unit complex disk such that the fibers X; = p~!(t) are smooth
complex manifolds for ¢ # 0 and X = p~%(0). A result of Kas—Schlessinger [KS72] shows that
the family X is locally biholomorphic to the model V near each ODP. It can be shown that
the complex manifolds X; have trivial canonical bundle; see [Fri86] for an algebraic proof or
[CGPY23] for a differential geometric proof.

Definition 2.7. Let X be a Kihler Calabi-Yau threefold. A conifold transition starting
from X, denoted X — Xy v~ X;, consists of a holomorphic map 7: X — X and a family
p: X — A with Xo = 1~ 1(0) such that

i) tkle map T: X - X contracts a collection of disjoint (—1,—1)-curves Fy,...,E; <
X to isolated ODP singularities s1,...,s; € Xp, and 7 is a biholomorphism between
X\(E1 v ...E) and Xo\{s1,...,sk}; and

ii) the total space X is a smooth complex fourfold with a proper flat map u: X — A, where
Xo = p~1(0) and X; = p~1(¢) are smooth complex manifolds for ¢ # 0.

It is known that the Kéahler condition is not necessarily preserved along a conifold transition.
For a concrete example, suppose Xisa quintic threefold and choose a pair of disjoint (—1, —1)-
curves Ey, By (for the existence of such curves, see e.g. [C1e83]). Since by(X) = 1, these satisfy
Friedman’s condition. Thus a conifold transition exists, and since the generator of second
homology has been sent to a point, we have ba(X¢) = 0. We see that X; may not support any
Kahler metric, even if the initial X is a projective threefold. For further examples of Kéhler to
non-Kéhler conifold transitions we refer to [Fri91, LT94], and for the study of Hodge structures
through such a process, see [Fril9].

To geometrize the parameter space of Calabi—Yau threefolds connected by conifold transitions,
we must therefore look for special non-Kéahler metrics. This program was initiated by Fu—
Li-Yau [FLY12]. The inspiration comes from supersymmetric constraints in string theory.



Kahler Calabi—Yau metrics satisfy the system of supersymmetric constraints when the H-flux
is taken to be zero [CHSW&5]. As pointed out in e.g. [Rei87], Chapter 4 of [Hub92], or Section
6 of [CAIOGPI1], a degeneration and resolution may connect a Kéhler threefold to a non-
Kaéhler space, and so it is necessary to look for more general solutions to the supersymmetric
constraints with non-zero H-flux. These constraints were worked out by Strominger [Str&6]
and imply the following two equations:

e X admits a balanced metric w. A Hermitian metric g on T5°X over a complex manifold
X of dimension n is balanced if
dw"t = 0. (2)

Here w is the (1,1)-form associated to g via w = \/—1gj,-€dzj A dZF. Various properties
of balanced metrics were explored by Michelsohn [Mic82].

e X admits a Hermitian—Yang-Mills metric. A Hermitian metric H on T1°X is Hermitian—
Yang—Mills with respect to a balanced metric w if

FAawv bt =0. (3)

The Chern curvature of a metric H is denoted by F € AM(EndT%°X), and is given
by F = 0(0HH™!). The criterion for the solvability of this equation over a general
holomorphic bundle is given by the Donaldson—Uhlenbeck—Yau theorem [Don&85, UY&6]
in the Kéhler case, with an extension by Li—Yau [LY87] for non-Kéhler metrics.

When X is a Kéhler threefold, Yau’s theorem [Yau78] gives the existence of a Kéhler Ricci-flat
metric goy. The above equations are then solved with ¢ = H = gcy. More generally, let X, be
a complex manifold connected to a Kéahler threefold via a conifold transition X - Xo v X
The main results of [FLY12] and [CPY24] give the existence of a pair (g, H) solving the
supersymmetric equations (2) and (3).

Remark 2.8. The Hermitian—Yang—Mills equation may in principle also be solved over an
auxiliary gauge bundle F, but the mechanism under which a conifold transition creates a
stable holomorphic vector bundle E; — X; is not understood except for the case at hand,
which is when E; = T%°X,. There is a proposal by Anderson-Brodie-Gray [ABG23] in the
string theory literature on how such general bundles may appear on the other side. There
is also work of Chuan [Chul2] on the Hermitian—Yang—Mills equation on a gauge bundle E
with the additional assumption that E is locally a trivial bundle through the singularities of a
conifold transition.

In the remainder of this preliminary section, we recall various metrics which can be defined
both globally and on the local models, and state the main results of this paper, which state
that conifold transitions, when bestowed with these metrics, describe a continuous path in M
with respect to the Gromov—Hausdorff topology.

2.3 DMetrics on Small Resolutions

2.3.1 Candelas—de la Ossa Metrics on the Local Model

Consider the space 17, which is the total space of the bundle

~

V=0-1)@0(-1) - P.



On this space, we have two trivializations
(U, (A, u,v)) and (U, (N, u',0")),
with transition functions given by
N =21 =, v = .
Note that A is the coordinate on the base space P!, while u, v are fibre coordinates.
It will be convenient to define the well-defined radius function r : V — [0,00) given by
rhu,v) = (L4 AP)3 (Jul® + [of)s.

Without the power of %, this function measures the distance from a point to the zero section
E ~ P! along the fibers using the Fubini-Study metric @pg. The power is introduced so that
this radius function coincides with the radius of the Calabi—Yau cone metric on the blowdown,
and this will be discussed later.

The space (f/, I) is iﬂso equipped with a family of scaling maps. Namely, for R > 0, we have
the map S : V — V given by

Sr(u,v,\) = (A,R%U,R%’U).
The radius behaves as it should under the scaling, as we have
roSp=R-r.
In [CdlIO90], Candelas—de la Ossa look for a Kahler Ricci-flat metric &eo,1 on V of the form
Beor = V=100 (1) + 4ds,

where Ops is the Fubini-Study metric on P!, and f(z) = f(r3) is a smooth function. They
show that imposing the condition of Kéhler—Ricci flatness yields the following first order ODE
for f:

2(f'(2))* + 6(f'(2))* = 1.

The solution admits an expansion [CPY24] for x » 1 given in terms of r = 3 by

f=cor’+cilogr+cor 2 +car 4.
for constants cg, ¢1, ¢z, - --. Thus, after rescaling Weo 1 such that ¢y = %, we have the following
expansion for large radius r » 1:
~ 1 = = = _ = _
Weo,1 — 5\/—18(97"2 = c_wrs 4+ c1V/—100log T + can/—100r"2 + c38/—1d0r 14 (4)

Next, we note that the space V can be regarded as a small blow-up of the space

Voz{zecﬂzz?:o}.



There is a (scaled) blow-down map 7 : V — V{ such that 7~ 1(0) is the zero section E = {r = 0},
and the restriction R
m: V\E — Vp\{0}

is biholomorphic. The map 7w has the explicit expression

7T()\’u’v):(x\v—i-u’_\/_—l./\v—u _\/_—1.1)—1—)\11, _v—)\u) (5)

V2 V2 V2 T V2

Likewise, away from the singularity at the origin, we can see that

R e (C R R C ﬁ,a)

-1
T (21,22, 23, 24) = e
( 1, <2, <3, 4) < \/5 ) \/5 Zl—\/?].ZQ
The function r on V becomes HzH% on Vj via the identification 7, in the sense that r(\, u,v) =
|7 (A, u, v)H% For this reason, we will also denote

r= 2|3, r:Vp—[0,0).

The space Vj admits a Calabi—Yau cone metric
1 _
Weo,0 = 5\/—1807"2.

We briefly discuss the cone metric geometry on (Vp,weo,0). Observe that Vj is closed under
scalar multiplication and addition, so that Vj is a cone. The metric we, o is well-known [CdIO90]
to be Kahler Ricci-flat and is a cone metric over the link

L={zeVy|r(z) =1},

and we may write
geo0 = dr @ dr + 1% - gr, (6)

where gy, is the pullback of a metric on L.

The link L is S2 x S2. To see this, we express the defining condition D 22 = 0 of Vp in real
coordinates z;,y; such that z; = x; + +/—1y; for each i € {1,2,3,4}. We obtain

0= [lz]* = [lyll* + 2v~ 1z, ),

where © = (21,72,23,24) € R* and y = (y1,¥2,v3,v4) € R*. Expressed in these terms,
Vo is the set of all (z,y) € R® = R* ® R* on which ||z| = |jy| and {(z,y) = 0. Fixing
r3 = ||lz||?> + |ly||> = 2 implies that ||z|| = |ly|| = 1. In particular, we have z € S® = R*.
Then for each such choice of z, the conditions (x,y) = 0 and ||y|| = 1 imply that y is in the
unit 2-sphere centered at 0 in the tangent space T,S3. Thus, the set {z € Vj | r(z) = 2%} is
diffeomorphic to the unit sphere bundle contained in the tangent bundle 7S, which is trivial.
Thus {z € Vo | r(z) = 2§} ~ $3 x §%) and by rescaling we have L =~ $3 x 52 as well.

Returning to (‘A/,ﬁco,l), we can rescale the area of the zero section E ~ P! to obtain a 1-
parameter family of metrics. We will refer to this family of metrics as the Candelas—de la
Ossa metrics geo, on the small resolution. The metrics geo o satisfy the following important
properties:



(CO SR I) Normalization: For a > 0, we have

./q\co,a = CL2 : S}1(§c0,1)-

(CO SR II) Asymptotically Conical Decay: There exists C' > 0 independent of a such that for

all a > 0,
|(7T_1)*(§co,a) - gco70’gCD70 < CCL2T'_2.

The asymptotic decay can be derived from (4) for a = 1. Pulling-back the estimate when
a =1 by S¥ gives the estimate for general a. The estimate implies that the Candelas—de
la Ossa metrics geo,q converge uniformly to the cone metric geo0 on compact sets away
from the zero section F.

For R > 0, we will denote by T (R) the “tube”
T(R):={r<R}cV
around the zero section E ~ P!. On the cone Vj, we will analogously refer to the “disc”
Dy(R) :={r < R} = W.

of radius R around 0.

Let c?co,a and d¢,0 denote the induced distance functions on X and Xo by Geoa and geo,0
respectively. As warm-up for our proof of the convergence of metrics on the compact threefold,
we will present a proof of convergence of the local models.

Theorem 2.9. The spaces (T(1), c?co’a) converge in the Gromov—Hausdorff topology as a — 0
to the space (Do(1),dco)-

A proof of this fact also follows from the PDE estimates in [CGT22] for general asymptotically
conical Calabi—Yau metrics on small resolutions.
2.3.2 Balanced Metrics on the Small Resolution

Next, we state the properties that we will need from the Fu-Li-Yau metrics on the compact
Calabi-Yau threefold X. Let & wcy be a Kahler metric on the Kéhler threefold X. The Fu Li-
Yau [FLY12] gluing construction (see also [CPY24], [Chul2] for further details on &pry 4 for
a # 0) produces a sequence of metrics Wpry o for 0 < a < 1 such that

2 ~2 40
didfry . = 0, [Dfry.q] = [@8y] € HY(X,R).
For the purposes of this paper, we will mainly make use of the two following properties:

(FLY SR I) Local Model: there exists 6 > 0 and R > 1 such that for all 0 < a < 1, we have
&}FLY,a|{r<6} =R- aco,w

Here the function r : X - [0, 0) extends the local functions r defined on a neighborhood
of the curves E; < V to the whole compact manifold X such that the set {r < 4} consists
of small disjoint open neighborhoods containing the (—1,—1)-curves Fj, ..., Fj.

10



(FLY SR II) Uniform Convergence: For any compact set K < )?\(El U---u E}), the sequence
&\)FLY,Q converges uniformly to (,DFLY’O asa — 0on K.

For each E; ~ P!, these metrics satisfy
j Oriya — 0, a— 0. (7)
Pl
The limiting metric @pry o is singular on the curves Ej,...Ey, and only defines a genuine

metric on )A(\(El U U By

Let 7 : X — X be the contraction of the curves, and let s; = w(F;) be the singular points of
Xo. We will write (Xo)reg = Xo\{s1,...,5}. Since X\(E; U -+ U E) = (X0)reg, the limiting
metric Wpry o defines a Riemannian structure ((Xo)reg, wrry,0) with conical singularities. This
induces a distance function dpry,o on Xp.

This brings us to one of our main theorems:

Theorem 2.10. The compact metric spaces ()A(, C?FLY,G) converge to (Xo, drrLy 0) in the Gromov
Hausdorff topology as a — 0.

2.3.3 Hermitian—Yang—Mills Metrics on the Small Resolution

We review the relevant properties of the sequence of Hermitian—Yang—Mills metrics from
[CPY24]. Recall that our initial threefold X is Kéhler Calabi-Yau and simply connected. By
dimensional considerations, an application of the de Rham Decomposition Theorem [Yau93]
implies that ()2 ,Wey) satisfies the stability condition

1
rank I

J/‘ CI(F) /\&\)%Y <0
X

for all torsion-free coherent proper subsheaves FF < T 10X The Fu-Li-Yau metric WrLY,q and
the Calabi—Yau metric oy have the same squared cohomology class and so

1
rank F'

f’\ Cl(F) 7a\ @%LY,G < O
X

It follows that 719X is stable with respect to each of the Fu-Li—Yau metrics. The Li—Yau
[LY87] generalization of the Donaldson—Uhlenbeck—Yau Theorem [Don85, UY86] to Gauduchon
metrics yields a family of metrics H, satisfying

~ det H.
Fﬁ[a A W%LY,a =0, JA log — 9FLY,a 0. (8)

% detgrry,a

This sequence fIa satisfies the following estimates:

Proposition 2.11 (Collins-Picard-Yau [CPY24]). There ezists constants C,Cy, > 0 such that
the Hermitian—Yang—Mills metrics H, satisfy

1~ 5 ~
C™ grLy,a < Hy < Cgrry a,

|V’“Ha|§FLY7a < Cpr ",
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The metric Hy on (Xo)reg can be constructed as the limit of these metrics .FAIa. This was
done in [CPY24] by taking a subsequence of {ﬁa} In Appendix A, we will show that these
estimates imply that the full sequence converges on compact sets. Therefore there exists a
Hermitian—Yang—Mills metric Hy over the singular space Xy such that

2 -1
Fry A wpry o =0, C grLy,o < Ho < Cgrry o

and for any compact set K X \(E1 U -+ U E}), the sequence H, converges uniformly to Hy
on K as a — 0. Going beyond compact subsets, we will prove:

Theorem 2.12. The compact metric spaces ()’(\"Jf]a) converge to (Xo,dp,) in the Gromov—
Hausdorff topology as a — 0.

2.4 Metrics on Smoothings

2.4.1 Candelas—de la Ossa Metrics on the Local Model

Next, for t > 0, we consider the smooth submanifolds V; < C* defined by
Vi = {ZEC4|ZZZ-2=t}.
i

We have the usual norm |z||? on V; induced from C* given by

4

217 = 3zl

i=1

Candelas—de la Ossa also constructed metrics weo on the smoothings V; [CdlO90]. The metrics
are obtained by looking for potentials of the form

Weo,t = \/—71(959% Yt = ft(HzHQ),

and imposing the Ricci-flat condition which reduces to solving a differential equation for f;.
These metrics weo,+ are asymptotic to the cone geometry (Vp, weo0), and we will make this more
precise below.

As we did in the previous section, we define a radius function r : V; — (0,00) by

Note that the condition S+ , 22 = ¢ implies that r(z) = |t|% for all z € V;.

=1~

When R > 0, we may also define scaling maps Si: C* — C* by
Sr(z) = R? -z
The scaling map Sg sends V), to Vzs., and satisfies

roSg=R-r and Sk(weo) = R? - Weo,0-

12



Unlike the case of the small resolutions, the metrics weot and weo o all lie on different spaces.
In order to compare them (and obtain an analog of Property (CO SR II)), we use the map
®: C*\{0} — C* given by

z
P(2) =2+ .

2|22
Routine computations show that ® maps V(\{0} into V;. This map is not injective in general,

but is a diffeomorphism when restricted to the set {z € V| r(2) > (%)%} with image {z € V1 |
r(z) > 1}. In the sequel, ® will refer to this restricted map and we will use results involving
the map ® as required. More details regarding them can be found in Appendix B.

By composing ® with S for appropriate choices of R, we get a map from V\{0} to V;. More
precisely, let
&, =S10P0S ;. (9)
t3 t73

It follows that )
@) = ()P + ),
A(r(2))?
As such, for convenience, we define

i — (o + 1)

We also can check that ®; is a diffeomorphism from {z € Vj | r(2) > (%)%} to{zeVi|r(z) >

Wl

|t|%} We use @, to refer to the restricted map.

Using the maps Sr and ®;, we have the analogous properties of the Candelas—de la Ossa
metrics geot ON the smoothings:

(CO SM I) Normalization: For t # 0, we have

2
Geo,t = ‘t’g . S*

- (gco,l)'

1

3

(CO SM II) Asymptotically Conical Decay: There exists C' > 0 independent of ¢ such that for
all t # 0,

|((I)t)*(.gco,t) — Jco,0 < C|7f|’l“_3.

A consequence of this is that the metrics g, + approach ge, 0 on compact sets away from
the cone singularity as t — 0.

Y9co,0

The proof of the asymptotically conical decay estimate can be found in e.g. [CH13], where the
estimate is given on (Vi, geo,1):
|(I)*QCO,1 - gC070|9c0,0 < Crigv (10)

and the estimate for (V4, geo,t) follows by pulling-back via St
Let

1
3

Di(R) :={r < R} < V..
be “discs” of radius R in V;.
As warm-up to our result on continuity of the global non-Kéahler geometry, we will present the

following well-known convergence of the local models:
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Theorem 2.13. The spaces (Dt(ﬁm),dco,t) converge in the Gromov—Hausdorff topology as
t — 0 to the space (Do(l),dco’o).

2.4.2 Balanced Metrics on the Smoothings

We return to the global setting, where we have a holomorphic family p : X — A with smooth
fibers X; = u~1(t) for t # 0 and central fiber X, with singularities {s1, ..., sz} which are locally
of the form 0 € V{. If Xy comes from holomorphic contraction  : X — Xg of (=1, —1)-curves,
the compact complex manifolds X; may not support any Kéahler metric. Fu-Li—Yau [FLY12]
prove that X; admits balanced metrics.

In order to define metrics on the smoothings X;, we first need to extend the local maps r and
®; from the previous section to global objects.

For this, we note that there are disjoint open sets f; = X containing each singular point s;
such that U; is identified with

OGUC{(Z,t)E(C4X(C|EZi2=t}.

We can then extend the local functions r = HzH% on C* to a global function 7 : X — [0, )
with 771(0) = {s1,..., sk}

Next, we can extend the local maps ®; to global diffeomorphisms.

4

®,: Xo N {r(z) > <2>§} — Xy {r(z) > W%}

such that ®; is the model smoothing (9) on the local sets ;. This can be done by taking a
horizontal lift £ of the vector field % on A which agrees with the vector field generating the
model smoothing. Then flowing by the lifted vector field £ on X gives ®;.

The Fu-Li-Yau construction [FLY12] leads to a sequence wpry; of hermitian metrics on X
solving
d‘*)l%LY,t =0.

These are obtained by: 1) a pullback and gluing construction, followed by 2) a perturbation
step to ensure the balanced condition. The metric in step 1 is denoted g; and the metric in
step 2 is denoted grry ;.

e Step 1. The expression for w; from [FLY12] is

wf = pr}? [(@;U* (B0 = V=100(p0 - fo(l212) - V=102o(12I)))
(11)
+ V=100 (pr fill1?) ﬁaaftuzr?))]

where prf 2 denotes the projection onto the (2,2) component with respect to the complex struc-
ture J; on X; and pg and p; are smooth cutoff functions. In the above, f; is the function

[2\ 1 peosh i@/l .
o= (%) [ (snh(2y) — 29) .
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These functions are from the Calabi-Yau local model weo; = /=100 f;, so that in a neighbor-
hood {r < &} where the cutoff functions p = 1 there holds w? = wfqt. We take a square-root
of (11) to obtain the metric w;.

e Step 2. The Fu-Li—Yau metrics correct w; by
w%‘LY,t = w} + 000"y, — datoly, (12)
where v; € A%3(X;) solves )
Ei(w) = 0w, dy =0

and E; is the Kodaira—Spencer operator [KS60], which is a 4th order elliptic operator which
acts on (2, 3)-forms by B B
E; = 0000" + oTado + o'e.

The adjoints here are with respect to w;. The construction is such that dw%LY’t = 0, and the
main part of the argument in [FLY12] is to prove that wpry; > 0 for small enough ¢.

We will need the following two properties of the Fu—Li—Yau metrics. These properties can be
extracted from the estimates in [FLY12], and we refer to [CPY?24] for further discussion.

(FLY SM I) Local Model: Near each singular point s; € X', there exists constants ¢, C,e,d > 0
and such that for all t € A, we have

wno

Sup |gFLY,t —C gCOyt|gco,t < C‘t‘7 (13)

{r<d}
Here A, = {t e C : |t| < €}.

(FLY SM II) Uniform Convergence: For any compact set K < (X¢)reg, the sequence ®f grry
converges uniformly to grry,o as ¢ — 0 on K.

Our main theorem on the smoothings takes the form:

Theorem 2.14. The compact metric spaces (Xy, drry +) converge to (Xo, drry o) in the Gromov—
Hausdorff topology as t — 0.

2.4.3 Hermitian—Yang—Mills Metrics on the Smoothing

In order to get approximate Hermitian—Yang—Mills solutions on the smoothings, Collins—
Picard—Yau glued the pullback of the metric Hy to the Candelas—de la Ossa metrics [CPY24].
These approximate metrics were perturbed to obtain true solutions H; to the Hermitian—Yang—
Mills equations. The resulting metrics H; on X; solve

dvol

det H,
FHt/\wI%LY’tzo, L(lget = 0.
t

O
JFLY
det grrLy ¢

The construction of [CPY24] is such that
Ht = Ht’ref€u7 ’u|Ht,ref + T|vu|Ht,ref < C(|t|(1/3)|ﬁ‘

for |B] € (0,1), and
Ht,ref = XYco,t t (1 - X)[((I)t_l)*HO]LI
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and x(z) = C(|t|®|z||?) for 0 < a < 1 and ¢ : [0,00) — [0,1] with ¢ =1 on [0,1] and ¢ = 0 on
[2,0).

The metrics H; are uniformly equivalent to grry ¢, so that
C™'gryy < Hy < C- grry (14)

Furthermore, for any compact set K < (Xg)reg, the sequence ®; H; converges uniformly to
Hy ast — 0 on K. We will show the Gromov-Hausdorff convergence of the Yang-Mills
metrics.

Theorem 2.15. The compact metric spaces (X, dp,) converge to (Xo,dm,) in the Gromov—
Hausdorff topology as t — 0.

2.5 Notation and conventions

Before we continue with our study of conifold transitions, we establish a general notational
guideline due to the sheer number of metrics involved:

When working with quantities related to metrics on small resolutions ()A( and ‘A/), we will
include a hat and a subscript to denote the metric being used. We will also use the parameters
a and b for families of metrics on these spaces.

In a similar vein, analogous quantities on the smoothings (X; and V;) and singular spaces (Xo
and Vp) will not have a hat, but will include an appropriate subscript. The parameters used
for families of metrics here will be s and t.

At times we will present lemmas and results that can be applied in more general settings
encompassing both the small resolution and the smoothings. In this setting, we will not
include the hat, but we will use the Greek letters o and § as parameters.

For example:

Jco,1 Candelas—de la Ossa metric on the small resolution V at a = 1.
Jeo,1 Candelas—de la Ossa metric on the smoothing V; at t = 1.
cZFLY,a Distance w.r.t the Fu-Li-Yau metric grry,, on the small resolution X.
drry ¢ Distance w.r.t the Fu-Li-Yau metric grry, on the smoothing X;.

A

Ly (7) | Length of a curve vy w.r.t. the HYM metric H, on the small resolution X.
)

Ly, (v Length of a curve v w.r.t. the HYM metric H; on the smoothing X;.

diam, (S) Diameter of a set S w.r.t a metric g, on a manifold X.

In addition, we adopt the convention that C' denotes a generic positive constant that may
change from line to line but do not depend on a or ¢.

3 Gromov—Hausdorff Continuity in the Regular Case

In this section, we show Gromov—Hausdorff continuity of the geometries ()/(\' ,JFLY@) and
(X,dg ) for a > 0, as well as (Xy,dpry,) and (Xy,dp,) for t # 0. That is, we show that
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the variations of geometry induced by a conifold transition is a continuous process in M away
from the singular conifold. Namely, we have the following theorem:

Theorem 3.1. The following paths (0,1] — M are continuous in the Gromov-Hausdorff
topology:

(i) a— (X, drry.q),
(i) a— (X,dm,).

Furthermore, the following maps A\{0} — M are continuous in the Gromov-Hausdorff topol-
0gy:

(iii) t — (X, drry,e),
(v) t — (X, dm,).

Extending this continuity to the singular spaces obtained when a = ¢t = 0 is a more difficult
task, which we will describe in Section 4. Our final result will be that the maps [0,1] — M
and A, — M are continuous, but in this current section we only consider the geometries away
from Xj.

3.1 Gromov—Hausdorff vs Uniform Convergence

Since Riemannian manifolds exhibit more structure than that of a metric space, there is con-
siderably more flexibility when defining notions of continuity of the geometry of a family of
Riemannian manifolds than that of continuity in the Gromov—Hausdorff topology. In particu-
lar, a very natural way to define continuity of the geometry is through some continuity condi-
tion on a family of metrics. As the following well-known lemma shows, the Gromov—Hausdorff
topology is weaker than the topology of uniform convergence of Riemannian metrics. Many
similar results can be found in the literature, c.f. Example 7.4.4 of [BBIO1], and we include
the proof as a warm-up.

Proposition 3.2. Let g, be a family of metrics on a connected, compact manifold X of
dimension n, where the parameter o € U lies in an open set which we take to be either real or
complex: U c R or U c C. Fizing a parameter 3 € U, suppose that o — g, is continuous at
a = (3 in the L* norm with respect to gg. Then o — (X,dg,) is continuous at o = [ in the
Gromov—Hausdorff topology.

Remark 3.3. Since X is compact, all metrics on X are uniformly equivalent. That is, given
two metrics g, g on X, there is some C > 1 such that

clyg<g<C.g

Thus, the continuity assumption in Proposition 3.2 could be replaced by continuity of the
family of metrics g, in the L* norm with respect to any metric on X.

Proof. Let 0 < e < 1 and fix a parameter 3. Consider the identity map (X,dg,) — (X, dg,).
This map is surjective, so it suffices to show that it is an (Ce)-isometry when | — | is small,
for some constant C' independent of a.
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The L® continuity of the metrics g, at o = [ implies that we may choose § > 0 sufficiently
small so that if o — 8] < §, then supy [ga — gslgs < € It follows that there exists some
¢ = €'(9) € R such that for all |a — | < 4, we have

(1—€)-gs<ga<(1+¢€)-gs
Thus any o with | — 3] < 6, the length of a curve v satisfies Lo(v) < (1 +€') - Lg(y). It
follows that D := (1 4 €') - diamg(X) > diam,(X) for all o with | — 3] < 6.

Pick points p,q € X and choose minimizing geodesics 7q,73 : [0,1] — X from p to ¢ in the
ga and gg metrics, respectively. We have that v,(0) = v5(0) = p and 7,(1) = y5(1) = ¢, and
furthermore L (vq) = da(p, q) and Lg(ys) = dg(p, q). Comparing the lengths of v, and 4 in
the metrics g, and gg, we note that

1
|La('7a) - Lﬁ('Ya)‘ < J;] |goc - gﬂ|ga : |’Y.oz|ga ds

1
< (Sup |9a _95|ga> f Valga ds
X 0

< De.

Similarly, we have |Lo(vg) — Lg(vs)| < De. Then we see that for | — 3| < J, we have

da(p;q) < La(vs) < Lg(vp) + De
= dg(p,q) + De.

Similarly, dg(p,q) < da(p,q) + De, so that |da(p,q) — dg(p,q)| < De if |a — 3| < §. Since
this choice of § does not depend on the choice of p,q € X, the identity map is a De-isometry,
completing the proof. O

When applying this statement to the geometry of the smoothings X;, we will use the following
variant:

Corollary 3.4. Let {(Xqa,9q)} be a family of compact Riemannian manifolds parametrized by
aeUcC. Fiz 8eU, and suppose that for each « there is a diffeomorphism F, : Xg — X,.
Suppose Fjga — gg in the L* norm with respect to gg as @ — B. Then (Xa,dy,) — (Xp, dg,)
in the Gromov—Hausdorff topology as a — 5.

Proof. This follows by applying the proposition above to the family of metrics F¥g, on the
fixed manifold Xg. Thus (Xg, Figa) — (X3, 93) in the Gromov-Hausdorff topology as o« — f.
Since (X3, Fga) is isometric to (Xa, ga), the result follows. O

3.2 Small Resolution Metrics grry .

In order to prove Theorem 3.1, it suffices by Proposition 3.2 to show that each of the families
of metrics is continuous in the L* norm. To that end, we will show in this subsection that the
family grry q is continuous in the L® norm.

Lemma 3.5. The Fu-Li-Yau metrics {grry o | a € (0,1]} on X satisfy the continuity condition
of Proposition 3.2.
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Proof. Let b e (0,1]. Recall that the Fu—Li—Yau metrics are obtained via a gluing construction
which interpolates between a multiple of the Candelas—de la Ossa metrics (near the (—1,—1)-
curves) and the ambient Calabi—Yau metric (away from the (—1, —1)-curves) [CPY24, FLY12].
The gluing region is independent of the parameter a, and @%LY7 — C&%LY’b is supported on open
sets around each (—1,—1) curve, and in particular we have the following expression on the
local models with |z? < 1:

. ~ 2R™1 —/ (2R? _ .
Oy = Dby = O——V=100(x (S5 fall21?) ) (V=100 fa(2?) + 8a*n*wps) )

-1 2
2 V108 (x (25 A1) (VTOAeI) + rtwrs) ),

(15)
-C

where C' and R are constants, y is a smooth function, and f; are a family of smooth functions
such that f(z) = s*f1(%) and

(2f1)° + 6(xf1)? = 2.
(see [CPY24]). It follows that the map |&}%LY7G - &\)FLY,I)|§FLY,I; is smooth in a and p.

Since b # 0, we can pick some h > 0 such that [ = [b—h,b+h] = (0,1] (or I = [1-h, 1] < (0,1]
in the case where b = 1). One can check that in coordinates around a point p € X, each

component in (15) is smooth in a and p. In particular, differentiating the function f,(]z[?)
[
a3

involves uniform bounds since we have the expression f,(|z]?) = a?f1(25) and also because

2
a > 0 in our interval so that % lies in a compact set.

. . . ~9 ~9 2 . . g
It follows that the covariant derivative of |wFLY, I WFLY,b| grLy,p 18 continuous on I x X. By
compactness, we obtain uniform boundedness of the covariant derivative on I. By a corollary
N . . 5 . /\2 . /\2
of the Arzela—Ascoli theorem, the pointwise convergence of the function ]wFLY7 o~ WFLY b
is actually uniform.

2
JFLY,b

A positive (n—1,n—1)-form has a unique (n—1)-th root and this is determined in a continuous
fashion (see e.g. [Mic82]). It follows that sup |Geo,q — Geob| Geos aDProaches 0 as a — b. d

We can now apply Proposition 3.2 to this path of spaces to obtain the desired Gromov—
Hausdorff continuity.

3.3 Smoothing Metrics grry 4
We prove the analogous results of Section 3.2 for the smoothings.

Let 4 : X — A be a holomorphic smoothing of Xy and let X; = p~!(¢). Fix s # 0 and
consider the smoothings X; nearby Xg. As this is a smooth family of complex manifolds, by
Ehresmann’s lemma there exists a smoothly varying family of diffeomorphisms F; : X; — X;
such that Fj is the identity map.

Recall that the Fu—Li—Yau [FLY12] metrics on the smoothings are obtained by: 1) pullback
and a gluing construction leading to a pre-perturbed metric g; followed by 2) a perturbation
to a balanced metric grry ;-

We see that the expression (11) for w? is smooth in the parameter ¢ and can employ the
method in the proof of Lemma 3.5. The metric g; on X; is extracted from w; via a square root
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construction (see e.g. [Mic82]), and since the dependence on t is explicit here and F; : Xg — X,
varies smoothly with Fs = id, we can see that

lim sup | F* gt — gslg, = 0.
t—s X,

Corollary 3.4 applies to (X¢, g¢), however these are not the Fu-Li—Yau metrics as these do not
satisfy dw? = 0. For this we need to estimate the correction term 7; appearing in (12). As this
term ; comes from solving Fy () = dw?, we need to deduce from the fact that the right-hand
sides dw? vary smoothly for ¢ # 0 that the solutions 7; vary smoothly. We first need to study
some properties of the Kodaira—Spencer operator E; (which in this case is determined with
respect to the auxiliary metric wy).

Lemma 3.6. Let X — Xo v X; be a conifold transition from an initial Kdahler Calabi—Yau
threefold with finite fundamental group. Endow X; with the auxiliary Hermitian metric wy
from the Fu-Li-Yau construction. Then E; : A*>3(X;) — A?3(X;) satisfies ker E; = {0} for all
0<|t] «1.

Proof. Let x € A*>3(X;) be such that y € ker ;. Integrating by parts over the identity
(Ex, x) = 0 implies )
ox=0, dotxy=o.

Next, we note that 07y € AM3(X;) and so 0(6Tx) = 0 by type consideration. It is noticed in
[FLY12] that
HY3(X;,C) = H(X;, TX;) =0

by using H 1’3()2' ,C) = 0 on the small resolution together with Hartog’s lemma; we refer to
[FLY12] for the proof. Therefore

and so
', oty = (@'o"x, By = 0.

We conclude that if x € A>3  ker Ey, then dx = 0y = 0. Tt follows that ¢ = y € A>2(X;)
solves

Azp =0, Az= oot + ofe.

By the Hodge theorem, this defines an element in Dolbeault cohomology, and since X; has
trivial canonical bundle then H*?(X,,C) = H*(X,;,0%,) = H*(X;, Ox,). Lemma 8.2 in [Fri91]
states that if HQ()A(,(’))?) = 0 then H?(X;,Ox,) = 0. Since

H*(X,04) = H*¥(X,C) = H*(X,C) =0

on the initial Kéhler Calabi—Yau threefold with finite fundamental group, we conclude that
H32(X;,C) =0 and so ¢ = 0. O

We will also need some uniform estimates as ¢ — s. This is a standard argument given that
the kernel of F is trivial and X, is smooth.
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Lemma 3.7. Fiz s > 0. There exists ¢ > 0 and C > 1 such that

Vtllcsax,) < ClE(w)loa(x,) (16)

for all v € A*>3(X;) with |t — s| < e. Here each norm on X; is taken with respect to the
auxiliary Hermitian metrics wy from the Fu—Li—Yau construction.

Proof. Since the compact manifolds X; deform smoothly to the compact manifold X, the
Schauder estimates

1Vt caex,) < Clvllcocx,) + 1B () caxi) (17)

hold uniformly for all ¢ close to s where the norms on X; are taken with respect to w;. We
would like to upgrade this estimate to (16).

Suppose (16) is false, so that there exists a sequence t; — s and constants C; — o0 with
|‘/YtiHC4’a(Xti) = CZHEtz (fyti)HCO‘(Xti)'
Consider 4; = v, /|t ||C4,a(Xti). As
[Filcrecx,) =1 1Eu(G)leax,) < Gt

we may apply the Arzela—Ascoli theorem to extract a convergent subsequence to a limit 7y
solving

ES (7@) = O.
By the previous lemma, v, = 0. This contradicts estimate (17), which implies
1< C(|Fillcoxyy + 1E:(Fi) lco(x,)

and so 55 < Fillco(x,,) for all t; close to s and thus [|veco(x,) > 0. O

Returning to the construction of the metrics wrry ¢, we claim Fy*y; — 7, in C4(X5) ast — s.
Suppose not, so that there exists € > 0 with

1Ef v — vslloax,) = € (18)

along a subsequence ¢; — s. The uniform elliptic estimate (16) implies |y¢[|c4.a(x,) < C, and so
F}*~ is also bounded on (X, gs). Applying the Arzela—Ascoli theorem, there is a subsequence
converging to a limit vy, on X, solving

Es(Yeo) = éwg.

It follows that
Es (’YOO - ’75) =0

and since ker E5 = {0}, we conclude 7o, = 75, which contradicts (18).

Using that Fj*y — 75, taking a square root of (12) gives a family of metrics wpry, varying
continuously as t — s, and so

. *
lim sup | F{ grry,t — grLY,slgs = 0.
t—s X

By Remark 3.3, this convergence also holds with respect to the Fu-Li—Yau metrics grry,s and
thus Corollary 3.4 applies to (X¢, grry,+). This proves that (X, drry ) — (X5, drry,s) in the
Gromov—Hausdorff sense as t — s.
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3.4 Small Resolution Metrics ﬁ[a

We return to the small resolution X — Xo, where there is a family of metrics ﬁa satisfying
the Hermitian—Yang—Mills equation

FIA{& AN &\}%LY,G, = 0.
We will show that for b > 0 fixed, then

lim sup | H, — I;Tb”ﬁ — 0. (19)
a—=b ¢ b

Suppose this is false. Then there exists € > 0 and a sequence a; — b such that

Fz =0

WFLY,a; " Hq,

|Ho, — Hyll g, > e, A
for all a;. By the estimates in Proposition 2.11, we have
C ' Gy s < Ha < Clrry s
Standard estimates for the Hermitian—Yang—Mills equations then give
[V Halg, + |V*Halg, < C. (20)

For a proof of these standard estimates, see e.g. Proposition 3.9 with » =1 in [CGPY23] and
the higher order estimates which follow after, or in the Kahler case Appendix C of [JW18]. By
the Arzela—Ascoli theorem, we may extract a subsequence Haik converging to a limit Ho, such
that

|Ho = Hyll g, =€, iBgpyy,Fr, = 0. (21)

WFLY b
This uses that @FLY,aik — WrLy,p as a;, — b, which holds by properties of the Fu-Li-Yau

metrics. We now have two Hermitian—Yang—Mills metrics Hy, and ﬁb with respect to Wrry .
By uniqueness of Hermitian—Yang—Mills metrics (see e.g. [Don&5], or (55) below), we have
that these must be multiples of each other: H,, = AHp. By the normalization condition (8),
it follows that A = 1. This contradicts (21), and thus (19) is proved, and we conclude that
()A(, dg ) — ()A(, dflb) in the Gromov—Hausdorff sense as a — b.

3.5 Smoothing Metrics H;

Fix s # 0 and consider the smoothings X; near the smooth fiber Xy with smoothly varying
family of diffecomorphisms F; : Xy — X; with Fy the identity. The metrics H; also satisfy
continuity of the form

lim | Hy — Hal i, = 0. (22)

The proof is similar to the arguments given before: suppose F;*H; does not converge to Hy as
t — s and extract a converging subsequence via the estimates (14) and (20). The limit solves
the Hermitian—Yang—Mills equation, and by uniqueness and normalization then this limit must
be H,, which is a contradiction.
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4 Gromov—Hausdorff Convergence in the Singular Case

In this section, we extend Theorem 3.1, and show that conifold transitions with the Fu-Li—
Yau metrics and the Hermitian—Yang—Mills metrics are continuous in the Gromov—Hausdorff
topology through the singular conifold at ¢ = a = 0. That is, we show that:

Theorem 4.1. The following four convergences hold in the Gromov—Hausdorff topology:

Asa — 0: Ast —0:
()?,C/Z\FLY,a) — (Xo,drry,0), (X, drry,) = (Xo,drry o)
(ch’l\[fja) - (XOvdHo)v (Xt)dHt) - (XOvdHo)'

Therefore the maps [0,1] — M given by
(i) a— (X, drry.a),
(i) ar> (X, dm,),
and the maps A, — M given by
(iti) t — (X¢, dpry ),
(v) t — (X, dm,),
are continuous and agree at a =t = 0.

Before starting the proofs, we discuss how to interpret the limiting spaces (Xo,drry,0) and
(XOa dHO)

Remark 4.2. Given a cone Vj, and a cone metric gg on (Vj)reg, one can define a distance
function dg on all of V by extending go to all of Vj, taking go|s = dr? at the singularity s. This
extension gg is continuous, but fails to be positive-definite. However, since the singularity is a
point, this will have no effect on the lengths of curves, so one can define dy in the usual way
without a fuss.

This idea can be extended to a conifold Xy equipped with a smooth metric go on (Xo)reg
satisfying go < C(dr? + r? - g1) in a neighborhood of each isolated singularity s; (recall the
notation in (6)). We first extend go arbitrarily to all of Xy, e.g. by setting go = 0 at each
singular point s;. The distance function dy on Xy is then defined by integration of curves, and
the distance between two points in X is finite. The result of this construction is that Xj is a
compact length space, whose admissible curves are exactly the piecewise differentiable curves
on Xo. A similar construction is done in [SW13, SW14].

In our case, we can apply this to Xy endowed with either the Fu-Li-Yau metric grry o or the
Hermitian—Yang—Mills metric Hy to obtain two distance functions on Xj.

We will make use of the following theorem (Theorem 2.5.23 of [BBIO1]):

Theorem 4.3. Let X be a complete, locally compact length space. Then given any p,q € X,
there ezists an admissible curve y : [0,1] — X such that v(0) = p and v(q), with L(v) = d(p, q).

Lastly, we adopt the convention that the diameter of a set () is understood to mean the
intrinsic diameter, as we explain in the following definition:
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Definition 4.4. Let () be a bounded, path connected set in a length space X. Given two
points p, g € @, the intrinsic distance from p to ¢ is defined as diy(p, ¢) := inf L(~y), where
the infimum is taken over all admissible curves v from p to ¢ contained in ). The diameter
of @) is defined by

diam(Q) := sup dint(p, q).
P,qeQ

Note that this is a non-standard definition of diameter, since many authors take the diameter
of @ to be the supremum of the distance (in X') between pairs of points in Q.

4.1 Reduction of a Curve

In order to prove our main lemma (Lemma 4.6), we will first need the following curve reduction
lemma:

Lemma 4.5. Suppose Q1,...,Q are disjoint, closed, path-connected, bounded sets in a com-
plete, locally compact length space X, and let v : [0,1] — X be an admissible curve. Then
there exists an admissible curve p : [0,1] — X such that

(1) 1(0) = ~(0) and pu(1) = ~(1),

(ii) Forallie {1,... k}, the set u=1(Q;) < [0, 1] is either empty or a single closed subinterval
of [0,1], and:

(i1i) We have the estimate (noting Definition 4./)
k
L(p) < L(y) + ) diam(Qy).
=1

Proof. We will construct the curve p in the following way:

Define a; € [0, 1] as a; := inf {s € [0,1] | v(s) € uf:IQi}. Relabeling the sets Q; if necessary,

we can say that v(a1) € Q1. Now, define a time by € [0,1] by by :=sup {s € [0,1] | v(s) € Q1}.
Using Theorem 4.3, take |[a17b1] to be any admissible curve such that ([al, bl]) c @1, the
endpoints satisfy p(a1) = v(a1) and wu(b1) = v(b1), and furthermore

L (M |[a1,b1]) < diam(Qn).

Now, for ¢ > 1 define a; to be a; := inf{s € (bi—1,1] | y(s) € uleQi}, and relabel the sets

so that y(a;) € Q; # Q1,...,Qi—1. Take b; to be the time b; := sup {s e [0,1] | v(s) € Ql}
Once again, choose p ][%bi] to be an admissible curve where u ([ai, bz]) < Q;, the endpoints
are u(a;) = v(a;) and p(b;) = v(b;), and the length satisfies

L (1 Jfa, ) < diam(Qy):

Eventually, after ¢ < k iterations, there will not exist an apy .

At this point, we have constructed the curve p on the set A = Ule[ai,bi]. For s € A" :=
[0, 1]\ A, set u(s) = ~(s).
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Since the class of admissible curves is closed under restrictions and concatenations (see Defi-
nition 2.1.1 of [BBI01]), we see by construction that yu is admissible. Furthermore p=1(Q;) =
[a;,b;] for 1 <i < ¥, and p~1(Q;) = @ otherwise. Finally, note that

Lip) = L (4 |a) ZL(ulaH) L(y|a) Zdlamczz

L(v) + Z diam(Q;),

i=1

completing the proof. O

4.2 The Main Lemma

Gromov—Hausdorff convergence of the various metrics on both the small resolution and the
smoothing will follow by applying the following general lemma. A similar strategy is used in
[SW13]. With this lemma in place, it will remain to verify its hypothesis in our geometric
setups.

Lemma 4.6. Let X, be a family of connected compact smooth manifolds where the parameter
a lies in either a € (0,1] or a € A\{0} = C. Let Xy be a compact analytic space with
Xo = (X0)reg U (X0)sing where (Xo)reg 15 @ connected smooth manifold and there are finitely
many ODP singular points (Xo)sing = {51, .., 5k}, meaning that each s; € X is contained in
a neighborhood U; © Xo which can be identified with a neighborhood of the origin in Vi < C*.

For each a, let K; o © Xo and C;o S X, be disjoint compact sets with s; € K; o, for i €
{1,...,k}. Suppose further that we have a family of maps Fy: X, — Xo such that

o The restriction Fo: Xo\|J; Ci,a = Xo\U; Kio is a diffeomorphism, and
e Foreachie {l,...,k}, we have F(Ciq) € Kjq.

Let g, be a Riemannian metric on X, for each . Let gy be a smooth Riemannian metric on
(Xo)reg satisfying the bound go < C(dr® +r? - gr) in a neighborhood U; of the singular points
s;. Let dy be the distance function induced by go on X (see Remark /.2).

Now, let € > 0, and suppose that there exist disjoint open sets Gi,...,Gr < Xo and ag > 0
such that each G; satisfies

(1) Kio < G for all |a| < ag,

(ii) (Fy1)*ga converges uniformly to go on the compact set Xo\|J; Gi as o — 0,
(117) diamg(G;) < €, and

(iv) diam,(F;1(G;)) < € whenever |a| < ag.
Then there exists o > 0 and a constant C > 0 independent of a such that

Fy: (Xomda) - (XOadO)

is a Ce-isometry for all |a| < a;.
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Proof. Let € > 0. We first prove that the image of each F, is e-dense in Xy. By our assumptions,
the only points in Xy not in F,(X,) must lie in some K;,. For each i, we can choose some
p € G;\K; o which is in the image of F,,. Since diamg,(G;) < €, we have that F,,(X,) is e-dense
in X with respect to dy for sufficiently small .

It remains to prove that there exists some C,a; > 0 such that for all |a| < a; then

|da(pa Q) - dO(Fa(p)v Fa(q))| < Ce (23)
for each p,q € X,.

Let p,q € X,. Using Theorem 4.3, pick a curve ~v: [0,1] — Xj such that v(0) = F,(p) and
v(1) = Fa(q) and

Lo(v) = do(Fa(p), Falq)). (24)
We will replace this curve v with a curve u on X, passing through the bad sets G; at most
k times using Lemma 4.5. The new curve pu is piecewise differentiable with ©(0) = F,(p),

n(1) = Fu(q),
k
Lo(p) < Lo(v) + Y diamg(G;) < Lo(y) + ke, (25)
i=1
and the construction of Lemma 4.5 provides an integer ¢ < k and a sequence

O0<a1 <b<...<ap<b <1,
such that (by relabelling s; if necessary) we have u=*(G;) = [a;, b;] for 1 <i < £and p=1(G;) =
@ for £ +1<i<k. Set A; = [a;,b;] and A" = [0,1]\ U, As.

Over the closed time intervals A/, the curve p does not enter any Kj 4, and can be identified
with a curve on X, by the diffeomorphism F,. Define a curve p, : A’ - X, on X, by

pa(s) = Fgtopu(s).
By the triangle inequality and the diameter estimate diam, (F; !(G;)) < €, we have that

l l

do(p, @) < d(p, pa(@1)) + Y da(Ha(@s), (b)) + Y, da(pa(bic1), ta(a:) + dala(be, )
1=1 =2

< La(ptalioa) + X Lalta pr.a) + Lot p,1) + ke (26)
=2
< [ Vi)l ds 4 ke = [ 10 i)y, ds + e
A’ A’

The set A" is defined such that p|a € Xo\|J; Gi- The uniform convergence of the metrics
(F71)*ga to go on this region gives that

| I i) ds < (4 8) [ 1)l ds < (14 Lot

and 0 can be made arbitrarily small for sufficiently small o. We can next apply (24), (25) to
obtain

L, (F ) wit(s)],, ds < Lo(u) + 8 (diamo(Xo) + ke). (27)
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Note that diamo(X0L< o0 since it is a union of a smooth geometry on a compact manifold
Xo\ U; Gi with sets G; of bounded diameter that have non-trivial intersection with Xo\ |, G;.
Combining (26) and (27) and choosing ¢ small enough gives

do(p,q) < Lo(p) + (k + 1)e.
Applying (24) and (25), we then have
da(p,q) < do(F(p), F(q)) + (2k + 1)e. (28)

We now need to obtain the other side of the desired inequality (23), and the argument is
similar. Let ny: [0,1] — X, be a curve such that 1,(0) = p and 7,(1) = ¢, and

La(Ma) = do(p, q)-

As before, we use Lemma 4.5 to replace 1, with a curve v, passing through the bad sets

FY(G;) at most k-times. The replacement curve 7, : [0,1] — X, has the same endpoints v,

with v4(0) = p, va(1) = g and satisfies the length estimate
k J—
La(Va) < La(na) + Y diama(Fy '(Gh)) < La(na) + ke. (29)
i=1
The time interval can be broken into [0, 1] = Ay U A, as before where vq|ar € Xo\U Fy H(Gi).
We now move onto the space (Xo,do). Define a curve v : A, — Xg by v(s) = Fy 0 v4(s), and

apply the triangle inequality as in (26) to obtain

do(F(p), F(q)) < JA |U]gods + ke = L‘ Vol g g, ds + ke. (30)

(o3 «

The convergence of the metrics (Fy')*ga to go on Xo\|J; Gi and the fact that vy|a; stays
within X,\|J F;1(G;) implies that

J

where 0 is small for sufficiently small «. We can bound uniformly in « the diameter

!/ I
o o

ll)a(s)|F§gO ds < J (1 +|F%90 — 9alga)Palgads < La(va) + 0 (diama (Xq) + 1),  (31)

diam, (X,) < C.

For this, note that (Xo\UJ; Fy'(Gi),ga) is isometric to (Xo\J; Gi, (Fy')*gs) which has
bounded diameter since (F;!)*g, — go smoothly uniformly on this region. The remaining
piece of the geometry (Xa, ga), namely the sets | J; Fi; 1 (G;), also have bounded diameter.

From here, we can combine (30), (31) and (29) and choose ¢ small enough to establish

do(F(p), F(q)) < da(p,q) + (2k + 1)e.

Combining this together with (28), we obtain (23) and the lemma holds for the uniform constant
C=2k+1. O
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4.3 Estimates on the Small Resolution

In this subsection, we will show how Lemma 4.6 gives convergence of the families of metrics
on the small resolution. In the small resolution case, the maps F, are simply the blowdown
map F' : X - Xo, while the sets C;, < X are the (—1,—1)-curves E; ~ P!, and the sets
K; o © Xy are the singletons K;, = {s;} containing the conifold singularities. At this point,
we must check that the diameter estimates (ii) and (iii) appearing in Lemma 4.6 apply for
the small resolution metrics. Since these are local estimates around the (—1, —1)-curves and
around the singularities, we work on the local model (17,57(;07&). In order to get a handle on
bounds pertaining to the “tube” T(1) = {r < 1}, we split it up into a smaller “tube” T(aK)
and an “annulus” T(1)\ T(aK).

4.3.1 Tubular Bounds

Recall the Asymptotically Conical Decay Property (CO SR IT). We may fix a constant K such
that

N | =

|(7T?1)*(§co,a) - 90070|gco,0 <

~

when r > aK. We start with uniform bounds on the spaces (T'(aK), Geo,q). These will be ob-
tained using the Scaling Property (CO SR I) and the compactness of the set (T'(K), eo,1)-

To estimate the diameter, we consider a curve v: [0,1] — f(aK ). The length of this curve
with respect to the metric geo 4 is given by

Leoa() = L 1 \/ Geo.a(3(),3(5)) ds
:J: \/a2.5;“_1(§1)<’y(s),»‘y(3)) ds

= [ s (50300, (5003000 s

=aqa- _/[:COJ(SG—I o),

where we have used (CO SR I). Since there is a one-to-one correspondence between curves in
T(aK) and curves in T'(K) given by composition with S,-1, it follows that

—_ P ~

diamc o (T'(aK)) = a - diameo 1 (T(K)). (32)
To obtain a volume bound, we note that

Voleo o (T(aK)) = J 8%, = f a® - S (@2,1).
T(aK) T(aK)

Using the change of variables formula, this becomes

Voleo o(T(aK)) = af - f B, =db f o2, 1.
Su_l(T(aK)) T(K)
Therefore - R /\ R
Voleo o(T(aK)) = a® - Voleo 1 (T(K)). (33)
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4.3.2 Annular Bounds

Let § > 0. We will obtain diameter and volume bounds on the annular region T'(6)\T(aK)
for 0 < a < %. These are derived using the Asymptotically Conical Decay Property (CO SR
10).

Fix a point p = (, ug,v0) € T(6)\T(aK), and denote p = r(p). Then p € (aK, 5].

Consider the curve 7 : [%K 1] — JA’(; given by

A~ 3 3

~(s) = (Ao, s2ug, S2v9). (34)
This path begins in f(aK ) and moves along the fiber over \g to arrive at p = 7(1).

Using the blowdown map 7 : VoV (5), it can be directly checked that this curve is sent to
the curve v = m o7 in Vj given by:

3
2

v(s) = s2 - (Ao, up, Vo).

It follows that
r(s) = 5

Lemma 4.7. The path v(s) on Vy given above has speed |¥|g.,, = p, and length Leoo(y) =
p—akK.

Proof. The cone metric can be written as geo0 = dar? +r2%. prigr, where gz, is a metric on the
link L = {r = 1} and pr; : Vo — L is the projection to the link pr(z) = ﬁ We can then
compute

dr(3) = 2 (rom) =p,
and
_ d
(pry)sy = - (p1o7) =0.
Therefore
gco,O(;Yv;Y) = P2-
This gives the speed of 7, and integration gives the length. O

We now compare the length of the curve (7, geo,q) to the length of the curve (v, geo)-

|Lco,a(;}\/> coO ‘ J h/|gcoa ‘7|gcoo

e

1 .
< J |;;/’/g\co,a - ’;y,gco,o ds
2K

)

Il
5 ,_.’
=

|’y,(ﬂ' 1 gcoa |;y,9co,0 ds

)

12
A w(Geoa) ~ Veoo

ds.
|r>/|(7'|'_1 #(gco,a) + |7‘g<:00

I
5 ,_.’
=

A~
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We then obtain the estimate

1

~

|L007a("?) - LCO,O(7)| < f

‘(ﬂ- ) gcoa gCOO’gcoo ‘7‘9000 d
%K |/->/|(7T_1 #(Jco,a) + |7‘gcoO

1
< f ‘(Wﬁl)*gco,a - 90070|gco,o ‘;}/|gc0,0 ds.
2K

P

We now use ||, = 0, 7(7(5)) = s- p, and (CO SR II) to obtain

~ 1 2 2l
Leoa(7) = Leop(7)] < Capdszci‘ 1d5—Ca i—g
’ ’ K

2 2
oKk T p 2K S p

Therefore

~ ~ 1 a

Lco,a(:}\/) < |Lco,a(ﬁ) - Lco,o(’7>| + |LC0,0(’7)| < CCL . (? — ;) + (p — (IK)

For fixed 0 < a < %, this is maximized when p = 4, giving

Eco,a@)gc-(;_éﬂ) (6 —aK) < C- (5 — akK)

As such, we get

~

dco,a(pvf(aK)) <C- ((5 - CLK).
In tandem with our diameter bound for T'(aK) (32), we get

dlamcoa(T(;) a - diame, 1(T( ) +2C - (0 —aK),

which for fixed é and K, is uniformly bounded for 0 < a < %.

For the volume estimate, have

Voleo o (T(S)\T(aK)) f dvoly,,
T(E\T (aK)

J dvolgco "
aK<'r<5

< f dvolg,, , + J (Wfl)*dvolgw’a — dvoly,, |-
aK<r<d aK<r<d

We can write

1 1

_ d 1 _

(ﬂ- 1)*dV01gco,a - dVOlgco,O = f d dVOIQS =5 f ﬂgs (gC0,0 - (ﬂ- 1)*gco,a) dVOlgs
0 ds 2 Jo

where g, = s(ﬂ_l)*gcoya — (1 = 8)Gco,0-
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Our choice of K was such that [(771)*geo.a — geo,0/ge00 < 3 On when 7 > aK and as such we
have C'_lgCO,O < gs < Cgeo,o for all 0 < s <1 on that region. Therefore

Voleoo(T(O\T(aK)) < j (14 C - [(T)* Geora — Geo.0lgen.o) dVOlge,
aK<r<é
1)
<C- [f (r5 + a2r3)dr]
aK

<C- [(56 —aSK%) +a?- (6% - a4K4)].
Combining this with (33), it follows that
Voleo.o(T(8)) < a® - Voleo 1 (T(K)) + C - [(56 — aPKS) +a?- (6% - a4K4)].

As a consequence, we conclude

Lemma 4.8. For § > 0, we have

diameo o(7(8)) < a - diameo 1 (T(K)) + C - (5 — aK), (35)
and
Volooo(T(8)) < a8 - Voleo 1 (T(K)) + C - [(56 — aSK®) + a2 (5% - a4K4)]. (36)

forany0<a<%.

4.3.3 Applying the Main Lemma

Our diameter estimates will enable us to prove the following useful lemma akin to that of
Song—Weinkove [SW13]:

Lemma 4.9. For 0 < e < 1, there exists 6 > 0 and 0 < ag such that for 0 < a < ag

i) diameo 0(Do(0)) < €, and
ii) diameeq(71(Do(6))) < €.

Proof. We have that Dy(9) is a closed disc of radius § with respect to a cone metric geo 0 =
dr? + r? - g. Standard arguments from Riemannian geometry give the diameter of Dg(§) to
be 20. We can then take § < § to satisfy the first condition.

Next, we consider the second condition, and note 7~1(Dy(d)) = T (6). Using (35), we can see
that for all 0 < a < %, we can estimate

diameo o (T(8)) < C4,
for a uniform constant C > 0.

As such, we choose § small enough such that § < C7le, § < 5, and ap = % and the result

follows. O

We can now apply Lemma 4.6 to prove convergence of the three classes of metrics on the small
resolution:
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e Theorem 2.9 - Convergence of the local models (ff’(l), c?co,a) — (Do(1),dcoy):

In this case, we have only one ODP singularity s. By the diameter estimate of gco.q
(Lemma 4.9), we see that for each € > 0, we can pick the set G = Dy(6) for an appropri-
ately small § > 0 such that Lemma 4.6 applies.

e Theorem 2.10 - Convergence of the global balanced metrics ()2', JFLY,CL) — (Xo,drry,0):

Here we use the fact that the Fu—Li—Yau metrics are, up to scaling, just the Candelas—de
la Ossa metrics in a compact set around the (—1,—1)-curves F; and the ODP singu-
larities s;. For € > 0, we can pick G; = Dq(9;) for appropriately small §; around each
singular point s;. Coupling this with the smooth convergence of the Fu-Li—Yau metrics
on compact sets away from the (—1, —1)-curves, we may apply Lemma 4.6.

e Theorem 2.15 - Convergence of the global HYM metrics ()A(, c/i\ﬁa) — (Xo,dm,):

By Proposition 2.11, we have the estimate
C_lgco,a < Ha < Cgco,a

on the local sets Dy(d;) around each singularity s; where the Fu-Li—Yau metrics are a
scaling of the Candelas—de la Ossa metrics. Lemma 4.9 implies that for € > 0, there
exists 9; > 0 and ag > 0 such that for all 0 < a < ag then

J——

diampg, (Do(0;)) < €, diamﬁa(ﬂ_l(Do(di))) <e.

We may therefore apply Lemma 4.6.

4.4 Estimates on the Smoothing

We now prove the analogous statements on the smoothings. We will derive diameter bounds on
Dy(Bts) = Vi with respect to geot. Volume bounds can also be obtained in a similar way as for
the small resolution, and we omit the details as they are not needed in the current work.

We recall that 3; , is defined by

(o I3
o= (0" + 33)

and the role of f;, is so that the set {r = f;,} < V; on the smoothing is identified with the
set {r = p} < Vj on the cone via the map ;.

The method we will use is analogous to that of the small resolutions. First, we use the
Asymptotically Conical Decay Property (CO SM II) to set K > 0 such that

|((I)t)*(gco,t) - gco,0| <

N =

when r > |t|%K

We will then split our region of interest Dy(5; ) into a “disc” Dt(ﬂt e
D (Be5) \ De (8

) and an “annulus”

t,|t|%K)'
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4.4.1 Bounds on the Disc

We start by estimating the geometry of the disc Dt(ﬂt,ml/s x)- For this, we note that

t

2
S*% : <Dt(ﬁt,t|§K)’gco’t> - (Dl(ﬁl,K)) |t|3gco,1>

*

is an isometry. This is due to the scaling property geo = [t|*/2S * 1/3(geo,1)- It follows that

diameo (D (B ) = |t]3

1
t]t3 K

. diamco’l(Dl(BLK)). (37)

4.4.2 Annular Bounds

Let § > 0. We now compute diameter bounds on the “annular” region
Dy(Br5) \Dt(ﬁt |t|%K) when 0 < [t] < (%)3. As before, this relies on (CO SM II).

Let g € Dy(Bis) \ Di(S

curve 74 from Dt(ﬁt -

setup back to the cone Vj and use a radial ray.

el K) be an arbitrary point in the annular region. We will construct a

) to ¢ and estimate its length Lc, (7). To do this, we will bring the

Since @, is a diffeomorphism on the annular region, we can write ¢ = ®,(p) for p € V. We

note that [ is defined such that |t|%K < r(p) < 0 and we define p > 0 by r(p) = p. Hence
[t3K < p <.

We can define a path ~: [|t|%%, 1] - Vp by

. (38)

This path is chosen such that it begins in D0(|t|%K ) and moves outward along a ray emanating
from 0 to reach (1) = p. It can be checked that

§(5) = p- o and r(3(s) = p- 5.

The corresponding path in V; is ¥ = ®; o v, and our goal is to estimate its length. We start
with

’ﬁ/‘(q’t)*(gco,t) - |;Y’gco,0 dS

1
Leot() — Leoo(7)] < fl

K
t|1/37

1
< j |(<Dt)*gco,t - gCC,O’gco,o |’y|gco,0 dS.

t|l/3%

Using |Y|geo0 = p, 7(5) = s+ p, and (CO SR II), we get

Lens(3) — L <>|<cf tr-3(s)pds < of 12 1
co,t\Y co,0\ V)| = |t‘1/3% S)pas x K2 p2 .

We can also check that .

Leoo(y) = f pds = p— |t|"*K.

|t\1/35
P
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By the triangle inequality and the above estimates, we conclude
Leot(7) < Clp + [tPK72).

Since [t| < 63K 3 and p < 6, we conclude that

deot (0. DB, 3, 0)) < C8. (39)
Combining this with our diameter bound (37) for Dt(ﬁt M%K), we get
. 5
diameo, (Dy(Brs)) < €0, 0< [t} < . (40)

which is the desired diameter bound for the Calabi-Yau metrics on the local model (V4, geo.t)-

4.4.3 Bounds for the Fu—Li—Yau Metrics

On the smoothings, the Fu-Li—Yau metrics are only close to scaled Candelas—de la Ossa metrics
instead of being exactly equal to them. Due to this, we require a version of the diameter bound
(40) for the Fu-Li-Yau metric. This will follow by virtue of the estimate (13).

Consider a curve « on the disc Dy(5:5). We compare the length of this path v with respect to
the Fu-Li—Yau metric and to a scaled Candelas—de la Ossa metric.

1 (! .
|LFLY,t('7) - \/E : LCO,t(7)| < % J |9FLY,t —C- gCO,t|gco,t : |’7|gco,z ds.
0

Using (13), and recognizing that the 0 < § < 1 and K » 1 appearing here can be chosen such
that ;s is smaller than the & appearing in (13) for all 0 < |¢| < (£)3, we have

2
|Lery ¢ () — V¢ Leot ()| < CJt]3 Lot (7)-

Thus ,
Lrvy +(7) < C([t[3 + 1) Leo ()

It then follows that
. 2 .
diampry.(Dy(B15)) < C(H]F + 1)diameo (Di(Bis) ).

Combining this with (40), we have

Lemma 4.10. For § > 0, we have
: 2
diampry ¢ (Di(Bts)) < Co([t]5 + 1), (41)

for all 0 < |t| < (%)3.

34



4.4.4 Applying the Main Lemma

Using the diameter estimates, we prove an analog of Lemma 4.9 in the case of the smoothings
for the Candelas—de la Ossa and Fu—-Li—Yau metrics.

Lemma 4.11. For 0 < e < 1, there exists 6 > 0 and 0 < to such that for 0 < |t| < to,
i) diameo 0(Do(0)) < €, and
ii) diameo(Di(Brs5)) < €.
The result also holds when taking diameters with respect to the Fu-Li—Yau metrics grry,o and

grry ¢ instead of the Candelas—de la Ossa metrics geo,0 and geo,t-

Proof. As was the case in Lemma 4.9, the first condition holds as long as § < 5. Using (40)
or (41), we see that for all 0 < [t| < (£)3, we have the estimate

diameo (Dt(ﬁm)) < 06 (42)
for some uniform constant C > 0. The result follows. O

Applying our lemma then gives convergence of our metrics on the smoothings:
e Convergence of the local models (D¢(54,1), dcot) — (Do(1), deo,0):
We have only one ODP singularity s for this case. Using our diameter estimate (40),
we have that for € > 0, we can pick G = Dy(6), K; = Do((%‘)%), and Cy = Dt(|t|%) for
sufficiently small § > 0 and ¢ such that Lemma 4.6 applies with the maps ®;.
e Convergence of the global balanced metrics (X, drry +) — (Xo, dFLY,o)i
Here, we use the diameter estimate (41) instead. For ¢ > 0, we can again pick G; =

Dy(6;), Kis = DO((%‘)%), and Cj; = Dt(|t|%) for sufficiently small §; > 0 and ¢ around

each singularity s;. As such, we can apply the lemma with the maps ®;.
e Convergence of the global HYM metrics (X, dm,) — (Xo,dm,):

Similarly to the case of the small resolutions, we use estimate (14), which is,
C™ gLy < Hy < Cgrry ¢ (43)

on the local sets Dy(d;) around the singularities s;. Set Kj; = Do((%‘)%) and C;; =
Dt(|t\%). Lemma 4.11 then gives that for € > 0, there exists §; > 0 and ¢y > 0 such that
for all 0 < |t] < o,

diamp, (Do(0;)) <€, diamp,(Di(Brs,)) <e. (44)

Applying Lemma 4.6 using the maps ®; proves the result.

Combining these results with the analogous results for the small resolution found at the end
of section 4.3.2, we obtain Theorem 4.1.
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A Hermitian—Yang—Mills Metrics on the Resolution

The presentation in [CPY24] only uses convergence of Hermitian—Yang—Mills metrics along a
subsequence of the Fu-Li-Yau metrics &rry q4, as ar — 0. Convergence along the full sequence
a — 0 also follows from the estimates in [CPY24], and in this section we provide the full
details.

We start by establishing notation. We denote the components of a Hermitian metric H on
TWX by H, o3+ and this convention is such that the associated inner product on THOX is given
by o

{u,v) = u*Hyz0°  w,ve N(TYX).

The components of the inverse of H are denoted H* so that H,; H"* = §,". The Chern
connection associated to H will be denoted V, so that

Viu® = Opu® + uﬁ(angﬁH%‘), Vkua = 3]‘cua.
The Chern curvature of H will be denoted by F € AV} (End 710 X) with conventions
Fy®, = —0(0;Hay H®).

We often omit the endomorphism indices and write F;; = —0j(d;HH ~1). Given two metrics

H and H , the difference in curvature tensors is
(Fr)ji — (Fg)ji = —05(V;hh™"), h=HH', (45)

where Vh = oh + [h, 0JHH '] is the induced connection on End 710X

Let wg = i(g4) j,;dzj A dzF be the sequence of Fu-Li-Yau balanced metrics on the resolution X.
To ease notation, in this section we write w, instead of Wpry . We will use the notation

iNF = g7FF .
From [CPY24], there is a sequence H, of Hermitian—Yang—Mills metrics on T*°X solving
iAy, Fr, =0,

along with estimates
C'g, < Hy < Cgoy, 7|VH,, <C, (46)

where the constants are uniform in a. Furthermore, for each K < X\E there are esti-
mates

sup [V7 g, < C (K, j).
K
We first normalize the sequence {H,}. We define

det H,
a ‘= 1 ’
/ it det g4

and after replacing H, with e~ H,, we can fix the normalization

J ' fudvol, = 0. (47)
X
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Since C~1g, < H, < Cg,, the constants e % are uniformly bounded, and so the normalized
sequence {H,} still satisfies the estimates (46).

We now move on to showing that H, — Hy uniformly on compact sets. By the Arzela—Ascoli
theorem, for each K < X\E there is a subsequence H;, — Hp converging uniformly. Taking
an exhaustion of compact sets and identifying X \E with (X)reg, we obtain a subsequence
Hy, — Hy which converges pointwise on (Xg)reg and uniformly on compact subsets.

We next want to upgrade the subsequential convergence to convergence of the full sequence
{H,} uniformly on compact subsets of (Xg)reg. We proceed by contradiction. Suppose not,
so that there exists an € > 0, a compact subset Ky < (Xo)reg, and a subsequence a; — 0
with
sup |Hq, — Holg, = € (48)
Ko

for all a;. We can apply the estimates (46) and the Arzela—Ascoli theorem to the {H,,} to
extract a further subsequence {Hazk} converging uniformly to a limit Hy on compact subsets
Of (XO)reg'

We now have two limiting metrics Hy and Hy on (X0)reg, each satisfying
wi AFp =0, Clgg<H<Cgy, r|VH|y <C. (49)

From (49) and the normalization condition, our goal will be to show that Hy = Hy. Taking
the limit of (48) along the subsequence a;, gives

sup | Ho — Holg, > e,
Ko

which is the desired contradiction.
To show Hy = I:Io, we consider e¥ = ﬁoHO_l and show that u = 0.

Lemma A.1.
j(X : (Tru) dvoly, = 0. (50)
0)reg

Proof. We have two subsequences {b;} and {a;} such that f,, — fo and f,, — fo pointwise on
X\E and uniformly on compact sets. Taking the logarithm of

det H, det H,
¢ O=(dete“)e 0

det gg det gg

we have fo = Tru + fo. Thus if we can show that

f fodvoly, =0, J fodvoly, =0
(XO)rcg (XO)rcg

we will have established (50). The calculation of both these integrals is the same, so we only
calculate for the sequence {b;}. We split the integral as

f fodvoly, = J fo dvoly, +f fo dvoly,
(X0)res {r<s} {r=0}
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The first integral can be estimated by using |fo| < C (49), so that

‘ J fodvolg,
{r<é}

The second integral can be estimated by passing the limit under the integral over compact sets
and using {, f; dvolg, = 0.

‘ f fo dvoly,
{r=6}

<C dvoly, < C3°.
{r<é}

= lim
b;—0

J fo,dvoly,
{r=5} '

f fo;dvolg,
{r<é} !

A~

< Climsup Voleo p, (T5)
b;—0

lim
b;—0

Here we used C~1g, < H, < Cg, implies |f,| < C. We use the volume estimate (36) to
conclude

lim sup Vol p, (T5) < C6°.
b;—0

We can now send § — 0 to complete the proof of the lemma. ]
Taking the trace of (45) and using the Hermitian—Yang—Mills equation gives the following

identity for h = fIOHal. .
(90) o (V) ;hh™1) = 0. (51)

The following key identity was observed by Uhlenbeck—Yau [UY86]. We will use a version from
Jacob—Walpuski [JW18] and give the proof for completeness.

Lemma A.2. Let H = ¢“H be a pair of Hermitian metrics on a holomorphic bundle E — X
over a Hermitian manifold (X, g). Write h = €*. Then we have the identity

Aglul?, = 2gM 0 (Vihh ™Y, w) g + 26" (VT Viu) . (52)

If we assume |u|z < R then there exists a constant C(R) > 0 such that the following estimate
holds:

R B 1 -
Aglul}, = 2™ o (Vihh ™),y + 5|VUI§;- (53)
Proof. We start by recalling the definition of u. Let {e,} be a local smooth frame for T10X
such that
R 3 3
H:Zea®67, h=2)\aea®ea.
a=1 a=1

Then u is defined by

3
u = Z (log \y) €4 ® €.
a=1

In this frame, the adjoint { with respect to His just the conjugate-transpose of the components,
and so A = h and v = u.
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The connection coefficients are V;e, = Ao e, and metric compatibility implies A;,° = —Az9.
We can then compute

(Vi) = aj\/\a 8a” + (log Mg — log Xp) Asg
a
and 2
(Vihh ™1, = A 82" + 2 (e — o) A

The inner product on endomorphisms is {u,v), = Tr uv}l, and to ease notation we drop the
subscript H. We have

dilul? = (Viu,uy + {u, Viuy = 2(Viu, u),
since uf = u and (V;u)' = V;u. Furthermore, we notice that the expressions above imply
(Viu,uy = (Vibh ™' u),
since the inner product only picks up the diagonal part. Therefore
g1 0505 |ul? = 29" 6, (Vihh Tt u)
— 2" 05(Vjhh™Y), u) + 20" (Vihh Y, V).
This proves identity (52). For the estimate, it remains to show
= A ~ 1 7. « ~
gE IV jhh Y V) = 59k9<vju, V). (54)
We compute X X X R
(V;hh ™1, Viuy = (Vhh ™) (Vi)
which gives
~ ~ )\a _
(V;hh™ Vyuy = Y05 log Aedy log Aq + log T YO — Aa)AjaP Ag,®
a,b b
and so

P . A
k —1 _ 2 ay—1 b2
g IV ihh™  Viuy = Ea |0log Aa|” + agb log " Ay (Mg — M) As’|%.

On the other hand,

o . A 2
2 _ 2 a b2
gV u, Viuy = ;\(ﬂog Aal —i—azl; log/\—b |A|
To show (54), it suffices to prove
A 1 Aal?
log Z2A (e — X)) = = |log T2 .

Let e* = A\,/A\p, and recall that by assumption there holds |x| < R. We are seeking an
inequality of the form

1
z(l—e ™) > —2* |z|<R.

c
This inequality indeed holds since z7(1 — e~*) > 0 for all z € R, so a constant C' > 1 exists
such that 27!(1 — e™*) = C~! on the compact region |z| < R. O
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We now apply this lemma and combine it with (51) to obtain
2 -1 2
Ago ‘u’H() 2 C ‘vu’go,H() (55)

on (Xo)reg. Let 1 : [0,00) — [0,00) be a cutoff function such that n =0 on 0 < r < 1 and
n=1onr>2 Letns(r)=mn(r/d),sothat ns vanishes on {r < ¢}. Identifying (X¢)reg with
X\E, we have

J ns|Vul? dvol,, < C’J nsAlul? dvoly, .
X X

Integrating by parts, we can estimate

jA nsAlul? dvoly, < J |Vns||Vul|u| dvolg,
X X

<06t r~Ldvoly,
{6<r<26}

< O,

by using |[Vu| < Cr~1 (49) and |Vn;] < C6~1. Sending § — 0, we conclude

J |Vul2dvoly, = 0.
X\E

We conclude that |[Vu| = 0 on X\E, and since V is the Chern connection this implies

ou=20

on X \E. Since u is bounded, by Hartog’s theorem we may extend u to all of X. Thus u is
a holomorphic endomorphism of the tangent bundle T10X. Since X is a simply-connected
Calabi—Yau threefold, its tangent bundle is stable and so u must be a multiple of the identity:
u = Aid. From (50), we conclude that A = 0 and so v = 0. This completes the proof that
Hy = Hy.

B The (Local) Map ¢

We collect several results regarding the map ® : V5\{0} — V5. We recall that ® was defined
by

z
D) =2+ .
2| 2|2

We will show that ® is a diffeomorphism from {z € Vy | |[2[? > 1/2} to {z € V1 | ||z]* > 1}.

We start by taking the norm:

1
2@ = 1217 (1+ g

Let x = |z|?, and remark that the function

f(x)zx(l%—i), x>0

42

40



is strictly increasing on (4, 00). From this, we see that ® is injective on Vp\{|z|? < 3}. Indeed,

suppose that ®(z) = ®(2/) with |2|?> > 3 and [2/|®> > 3. Then the restriction of the domain
implies that |z|? = |2/|?. From here, we can split the equation ®(z) = ®(z’) into real and
imaginary parts and a straightforward calculation shows z = 2/.

Our next step is to find an inverse for ®. First, we note that
1
g(x)zi(ac—i—\/xQ—l), x>1

is an inverse of f : (3,00) — (1, 00).

Now, let w € Vi, with |w|? = B > 1. Tt can be checked by direct calculation that
s <292(?35)BJ)r 1) Re(wi) = v/-1- (292&5)32 1> Im(ws),

satisfies:

e 2z €V,

o |22 = g(B) > L,

e O(2) =w.

It follows that ® is a bijection from {z € Vq | [2|? > £} to {z € V4 | |2|> > 1}. The coordinate
expressions for ® and the ones appearing in the previous computations show that ¢ and its
inverse are smooth, hence ® is a diffeomorphism between these sets. Written in terms of
r(z) = HzH%, we get:

Proposition B.1. The map ®: Vo\{z € Vy | r(2) > 27%} - {ze Vi |r(z) > 1} isa
diffeomorphism.
We recall that we can compose the map ® with scaling maps Sj. In particular, we defined
P, = St 10 do St_ 1 One can check that in coordinates, this map takes the form

tz

@t(z) =2z+ .
22|

Smoothness of the scaling maps gives us the following corollary:

Corollary B.2. The map ®;: Vo\{z € Vo | r(2) > 275 t%} - {ze WV |r(z) > t%} are
diffeomorphisms for t > 0.
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