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In this work, we have studied the 2νββ decay of 76Ge and 96Zr isotopes utilizing large-scale
shell-model calculations. The GWBXG effective interaction has been employed in the calculation of
2νββ-decay nuclear matrix elements (NMEs). We have tested the effective interaction by comparing
the predicted spectroscopic properties, such as energy spectra and transition probabilities, with the
available experimental data. The variation of cumulative NMEs with respect to the 1+ state energies
of the intermediate nucleus is also studied, corresponding to 0+g.s → 0+g.s, 0

+
g.s → 0+2 , and 0+g.s → 2+1

transitions between the parent and granddaughter nuclei. The extracted half-lives using the shell-
model predicted NMEs show good agreement with the recent experimental data. The comparison of
the shell-model predicted NMEs with previous NMEs available in the literature is discussed. Also,
the computed branching ratios for the 2νββ decay of 76Ge and both the 2νββ and single-β decay
of 96Zr are reported.

PACS numbers: 21.60.Cs, 23.20.-g, 23.20.Lv, 27.60.+j

I. INTRODUCTION

Double beta decay (DBD) is a rare second-order weak-
interaction process wherein a nucleus undergoes a simul-
taneous conversion of two neutrons into two protons, or
vice versa [1–6]. This phenomenon, first proposed by
Goeppert-Mayer in 1935 as a nuclear disintegration [7],
plays a significant role in nuclear and particle physics.
DBD occurs primarily in isotopes where single beta decay
is energetically forbidden or highly suppressed. This pro-
cess can occur through two decay modes: two-neutrino
double beta decay (2νββ) and neutrino-less double beta
decay (0νββ). In the realm of double beta decay studies,
2νββ decay offers a valuable assessment of the standard
model. It also confirms the validity of the weak nuclear
forces and the existence of neutrinos as weakly interact-
ing particles. The double-β-minus mode of this decay
process, relevant for the present studies, can be written
as: (A,Z) → (A,Z+2)+2e−+2ν̄e. In previous years, the
2νββ-decay process has been observed in different mass
regions of the nuclear chart for several nuclei. The study
of 2νββ decay mode also provides natural background
components in 0νββ measurements [8, 9]. In the case
of the 0νββ decay process, which is not observed yet,
neutrino emission does not occur, thus violating lepton-
number conservation [10, 11]. Determination of the half-
lives of 2νββ and 0νββ decaying nuclei imparts crucial
details about the decay rates and lifetimes of nuclei in-
volved in the nucleosynthesis phenomenon [12]. In the
present study, we consider only the 2νββ decay process.
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Several experiments have been performed for the accu-
rate half-life estimation of the 2νββ-decaying nuclei by
different groups in the last few decades. In the NEMO-3
experiment, Arnold et al. [13] measured the half-life for
2νββ decay of 48Ca to the ground state (g.s.) of 48Ti as

T 2ν
1/2 = [6.4+0.7

−0.6(stat)
+1.2
−0.9(syst)]×1019 yr. Recently, Agos-

tini et al. [3] extracted the half-life of 76Ge for 2νββ decay
to the g.s. of 76Se as (2.022±0.018stat±0.038syst)×1021 yr
from the GERmanium Detector Array (GERDA). From
another NEMO-3 experiment, Arnold et al. [14] studied
the 2νββ decay in 82Se to the g.s. of 82Kr; they have mea-
sured the half-life as [9.39±0.17(stat)±0.58(syst)]×1019

yr and extracted the corresponding nuclear matrix ele-
ment |M2ν | = 0.0498± 0.0016 using the value gA = 1.27
for the weak axial coupling. In the A = 90 mass region,
96Zr is a well-known candidate of 2νββ decay. Using the
NEMO-3 detector, the obtained half-life of 96Zr in 2νββ
decay to the g.s. of 96Mo is T 2ν

1/2 = [2.35 ± 0.14(stat) ±
0.16(syst)] × 1019 yr and the extracted NME using the
above half-life and gA = 1.25 is M2ν = 0.049±0.002 [15].
Another candidate of 2νββ decay, 100Mo has one of the
largest decay energies, Qββ = 3034.36(17) keV [16] and
the shortest half-life [17]. Recently, Armengaud et al. [18]
determined the g.s.-to-g.s. decay half-life of 100Mo very
precisely as T 2ν

1/2 = [7.12+0.18
−0.14(stat)± (syst)]× 1018 yr us-

ing the CUPID-Mo detection technology. In the Aurora
experiment, the half-life of the 2νββ transition of 116Cd
to the 0+g.s. of

116Sn was measured with the highest ac-

curacy as T 2ν
1/2 = (2.63+0.11

−0.12) × 1019 yr [19]. In another

work, the half-lives of two other 2νββ decaying candi-
dates, 128,130Te, were proposed as (2.41 ± 0.39) × 1024

and (9.0 ± 1.4) × 1020 yr, respectively, using geolog-
ical Te specimens [20]. In the NEXT Collaboration,
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Novella et al. [21] extracted the 2νββ half-life of 136Xe as
2.34+0.80

−0.46(stat)
+0.30
−0.17(syst)×1021 yr for the g.s. transition.

After the nucleus 48Ca, 150Nd has the second largest
Qββ value (3371.38 keV [16]), making it an intriguing
nucleus for studying both 2νββ and 0νββ decay. Re-
cently, Arnold et al. [22] reported findings on the search
for 0νββ decay and measured the 2νββ decay half-life of
150Nd as T 2ν

1/2 = [9.34±0.22(stat)
+0.62
−0.60(syst)]×1018 yr for

the g.s.-to-g.s transition in the NEMO-3 Collaboration.

The cumulative nuclear matrix elements (M2ν) for
2νββ decay should show a significant contribution from
the Gamow-Teller giant resonance (GTGR) region. Nu-
clear models like proton-neutron quasi-particle random-
phase approximation (pnQRPA) take the GTGR region
into account in a realistic way [23, 24]. However, for the
nuclear shell model the high energy in the GTGR region
remains a challenge and could only partly be described
by two earlier shell-model calculations in the case of 48Ca
[25, 26]. In the past, due to huge dimensions, it was dif-
ficult to perform large-scale shell-model calculations for
2νββ decay studies in the medium to heavier mass region.
At present, it is possible to perform shell-model calcula-
tions in extended valence spaces, including the relevant
shell-model configurations, due to significant progress in
configuration mixing using novel approaches and new ad-
vancements in the computational facilities. All this could
help us describe the GTGR region realistically within the
shell-model framework in the near future.

We have studied the 2νββ decay in several nuclei in
our previous work [27], excluding 76Ge and 96Zr. Now,
motivated by the recent experimental data [3, 28, 29] on
the 2νββ-decaying nuclei 76Ge and 96Zr, we have per-
formed large-scale shell-model calculations for studying
the behavior of cumulative NMEs with respect to the 1+

state energies in the intermediate nucleus and extracting
the 2νββ half-lives of these two nuclei (using Eqs. 1 and
2 below). The contributions of the 1+ states of the inter-
mediate nucleus have been included up to the saturation
level of NMEs. The present work represents the most
comprehensive set of shell-model results thus far for the
various β and/or 2νββ transitions in 76Ge and 96Zr.

This paper is organized as follows: Sec. II provides a
concise introduction to the theoretical framework used in
our calculations. Sec. III presents the outcomes of the
shell-model analyses and discussion regarding the energy
spectra, transition probabilities, NMEs, extracted half-
lives, and branching ratios. Finally, we summarize our
findings and draw conclusions in Sec. IV.

II. THEORETICAL FRAMEWORK

A. Half-life

We can express the half-life for the 2νββ decay as fol-
lows
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1+
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FIG. 1. Nuclear level and decay scheme for 2νββ-minus
decay.

(T 2ν
1/2)

−1 = G2νg4A|M2ν |2. (1)

Here, G2ν denotes the phase-space factor [30–33] and gA
is the axial-vector coupling strength [34]. M2ν is the
nuclear matrix element (NME) for 2νββ decay and first
derived by Tomoda et al. [35]. We can express it by the
following expression [36]

M2ν =
∑
N

⟨J+||στ±||1+N ⟩⟨1+N ||στ±||0(i)g.s.⟩√
J + 1([ 12Qββ + E(1+N )−Mi]/me + 1)k

,

(2)
where me represents the rest mass of the electron;
E(1+N ) − Mi corresponds the energy difference between
the N th intermediate 1+ state and the ground state (g.s.)

of the initial nucleus; 0
(i)
g.s. stands for the ground state of

the initial nucleus; σ is the Pauli spin operator; τ−(τ+)
is the isospin lowering (raising) operator. Qββ (Q-value)
is the energy released in the decay. ⟨J+||στ±||1+N ⟩ and

⟨1+N ||στ±||0(i)g.s.⟩ denote the reduced Gamow-Teller (GT)
matrix elements and J represents the spin state of the
final nucleus. Here, k = 1 for J = 0 and k = 3 for
J = 2 [37]. The nuclear energy and decay scheme for
2νββ-minus decay is shown in Fig. 1.

B. Shell-model Hamiltonian

We can express the nuclear shell-model Hamiltonian in
terms of single-particle energies and two-nucleon interac-
tions as [38]
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H = T + V =
∑
α

ϵαN̂α +
∑

α≤β,γ≤δ,J,M

⟨jαjβ |V |jγjδ⟩J×

O†
α,β(JM)Oγ,δ(JM), (3)

where α = {nljt} stand for the single-particle orbitals
with n being the number of nodes of the wave func-
tion, l the orbital angular momentum, j the total an-
gular momentum, and t = 1/2 the isospin. The ϵα rep-

resent the corresponding single-particle energies. N̂α =∑
mα

c†α,mα
cα,mα

denotes the particle-number operator.

The symbol ⟨jαjβ |V |jγjδ⟩J is the two-body interaction

matrix element. O†
α,β(JM)(Oγ,δ(JM)) corresponds to

the fermion pair creation (annihilation) operator and is
written as

O†
α,β(JM) =

1√
1 + δαβ

∑
mα,mβ

⟨jαmαjβmβ |JM⟩×

c†α,mα
c†β,mβ

. (4)

We have employed the GWBXG effective shell-model
Hamiltonian in our calculations, where its mean-field
part consists of the 0f5/2, 1p3/2, 1p1/2, and 0g9/2 pro-
ton orbitals, as well as 1p1/2, 0g9/2, 0g7/2, 1d5/2, 1d3/2,
and 2s1/2 neutron orbitals. This interaction is a com-
position of different interactions. The initial 974 two-
body matrix elements (TBMEs) are derived from the
bare G-matrix of the H7B potential [39]. The bare G-
matrix is not reasonable due to the space truncation,
and the interaction should be renormalized by consider-
ing the core-polarization effects. Here, the present G-
matrix effective interaction is tuned by further modifica-
tion in matrix elements using fitted interactions: The 65
TBMEs for proton orbitals are replaced with the effec-
tive values reported in Ref. [40]. The TBMEs connecting
the π(1p1/2, 0g9/2) and the ν(1d5/2, 2s1/2) orbitals are re-
placed by those from the Ref. [41]. Further, Serduke et
al. [42] replaced the TBMEs between the π(1p1/2, 0g9/2)
and the ν(1p1/2, 0g9/2) orbitals.

It is difficult to calculate all possible 1+ states of in-
termediate nuclei in the full model space due to the in-
volved huge dimensions. Thus, we have employed trun-
cation on neutron orbitals above N = 50 for calculating
the 2νββ-decay NME in 76Ge. Here, we have performed
1p − 1h excitation across N = 50 to the 0g7/2, 1d5/2,
1d3/2, and 2s1/2 neutron orbitals. For the calculation of

the 2νββ-decay NME in 96Zr, we have applied the trun-
cation, where the considered proton and neutron par-
titions belong to the π[(0f5/21p3/2)

0−10(1p1/20g9/2)
0−4]

and ν[(1p1/20g9/2)
12−12(0g7/21d5/21d3/22s1/2)

0−20] con-
figurations, respectively. In both calculations, we have
considered 5000 eigenvalues for 1+ states in 76As and
96Nb. The shell-model codes NuShellX [43] and KSHELL
[44] have been used in the diagonalization of the shell-
model Hamiltonian matrices.
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FIG. 2. Comparison between experimental and shell-model
calculated low-lying states in 76Ge and 76Se.

III. RESULTS AND DISCUSSION

In this section, we present the results obtained from
shell-model calculations. First, we discuss the theoretical
and experimental energy spectra and the corresponding
quadrupole-reduced transition probabilities (B(E2)) for
the parent, and granddaughter nuclei of interest in the
2νββ-decay study. We also show the variation of the
shell-model calculated cumulative NME as a function of
the excitation energy of the 1+ states of the intermediate
nucleus. Using the final predicted NMEs, we extract the
2νββ- decay half-lives of 76Ge and 96Zr. We also compare
our calculated NMEs with the previously available NMEs
in the literature. Lastly, we estimate the branching ratios
for the 2νββ decay of 76Ge and for both the single-β and
2νββ decay modes of 96Zr.

A. Energy spectra and electromagnetic properties

In Fig. 2, we depict the comparison between the shell-
model and experimental low-energy states of the 76Ge
and 76Se isotopes. It is clear from the spectra that
our calculated states are in quite good agreement with
the experimental data for both isotopes. In 76Ge, the
shell-model predicted positive-parity yrast states (g.s.
band) up to 8+1 are characterized by mainly [π(f4

5/2) ⊗
ν(g69/2)] configuration, whereas the 10

+
1 state stems from

[π(f2
5/2p

2
3/2)⊗ ν(g69/2) ≈ 25.3%] and [π(f4

5/2)⊗ ν(g69/2) ≈
21.8%] configurations. Here, the large energy gap be-
tween the 8+1 and 10+1 states compared to the other two
consecutive yrast states may be caused by the excitation
of two protons from the π(f5/2) orbital to the π(p3/2)

orbital in the dominant configuration of the 10+1 state.
Contrariwise, the yrast 0+g.s. − 10+1 states (g.s. band)

in 76Se are described by same dominant configuration
π(f2

5/2p
2
3/2g

2
9/2)⊗ν(g49/2). The excited states in the yrast

band of 76Ge and 76Se show a pronounced collective be-
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TABLE I. Comparison of theoretical and experimental B(E2)
strengths (in e2fm4) [45] in the parent and grand-daughter
nuclei of 2νββ decay. The effective charges are taken as eπ =
1.6e, eν = 0.8e [46].

Isotope Jπ
i → Jπ

f Theory Expt.

76Ge 2+1 →0+1 330.7 554.5(191)
4+1 →2+1 435.4 726.6(1721)

76Se 2+1 →0+1 553.3 841.4(191)
4+1 →2+1 811.3 1357.7(382)
6+1 →4+1 921.9 1300.3(1530)
8+1 →6+1 961.4 1568.0(3251)
10+1 →8+1 1031.2 994.4(2103)

96Zr 2+1 →0+1 62.2 60.1(78)
3+1 →2+1 0.1 2.6(+78-26)
8+1 →6+4 39.6 36.0(29)

96Mo 2+1 →0+1 266.6 540.5(104)
4+1 →2+1 307.6 1070.5(1828)
3+1 →2+1 1.0 < 33.9
6+1 →4+1 243.8 < 75.7× 102
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FIG. 3. Comparison between experimental and shell-model
calculated low-lying states in 96Zr and 96Mo.

havior. The experimental data for B(E2) transitions in
the yrast band of 76Ge are available only for 2+1 −0+1 and
4+1 −2+1 transitions. As reported in Table I, except for the
10+1 −8+1 transition in 76Se, our calculated B(E2) transi-
tions for both isotopes are slightly smaller but consistent
with the experimental data.

Fig. 3 shows a comparison between the shell-model
predicted and the experimental low-lying energy states in
96Zr and 96Mo. The 0+g.s. in

96Zr arises primarily due to

the pure π(g29/2)⊗ ν(d65/2) configuration, whereas the 0+2
and 2+1 states stem from the proton-aligned configuration
π(g29/2) and the collective contribution ν(d45/2g

2
7/2) of neu-

tron orbitals, although the wavefunctions of both states
are quite fragmented. Experimentally, the nucleus 96Zr

exhibits a small B(E2; 2+1 → 0+1 ) transitition strength,
verifying the similar value obtained in our calculation.
Structure change between the involved initial and final
states may cause this small B(E2) value. Similarly, we
obtain different structures in the largest configuration of
the 8+1 and 6+4 states, namely [π(g29/2)⊗ ν(g27/2d

4
5/2)] and

[π(p21/2) ⊗ ν(g17/2d
5
5/2)], due to which we record a small

B(E2; 8+1 → 6+4 ) value, similar to the experimental one
(see Table I). In the case of 96Mo, the g.s. sequence
0+1 − 8+1 shows similar structure with the dominant con-
figuration π(g29/2)⊗ν(d45/2) predicted by the shell model.

Thus, as reported in Table I, the obtained B(E2) values
are not weak for the 2+1 → 0+1 , 4

+
1 → 2+1 , and 6+1 → 4+1

transitions but still they are not even half of the exper-
imental values. The choice of effective charges might be
a reason for relatively smaller B(E2) values, but this is
outside the scope of the present study. However, overall,
the computed B(E2) values of Table I are in quite a good
agreement with the experimental data.

After analyzing these results for energy spectra and
transition probabilities, we are confident that the present
shell-model Hamiltonian can be safely employed in cal-
culating the NMEs (M2ν) for our 2νββ-decay study.

B. Cumulative nuclear matrix elements and the
extracted half-lives

Here, we discuss the shell-model calculated results for
NMEs and half-lives for the 2νββ decays of 76Ge and
96Zr. The calculated NMEs and half-lives are reported
in Table II. We have taken the Qββ and Qβ values from
Ref. [16]. In the case of 0+g.s. → 0+2 and 0+g.s. → 2+1
transitions, the Qββ values are taken as the difference of
theQββ value and the experimental energies of 0+2 and 2+1
states, respectively. The variation of cumulative NMEs
as a function of 1+ state energies of the intermediate
nucleus is depicted in Figs. 4-5.

76Ge: A careful and precise calculation of NMEs
(M2ν) holds significant importance in the theoretical
analysis of the 2νββ decay of a nucleus. In the case
of 76Ge, we have calculated M2ν for three transitions:
0+g.s. → 0+g.s., 0

+
g.s. → 0+2 , and 0+g.s. → 2+1 . In the present

calculation, the excitation energies of 1+ states in 76As
were shifted such that the lowest-lying 1+ state is at
the experimental energy of 0.044 MeV. As reported in
Table III, the first 1+ state of the intermediate nucleus
contributes 55.8% of the final NME (0.2285), yielding a
value of 0.1275 for the 0+g.s. → 0+g.s. transition. In this
case, we can see from Fig. 4 that the cumulative NME
peaks around 4.35 MeV, with a value of 0.2671. As men-
tioned earlier, the pnQRPA calculations realistically in-
corporate the contribution of the GTGR region to the
NMEs [23, 24]. But, to the best of our knowledge, pre-
vious shell-model calculations were able to describe this
region partly in the case of only 48Ca [25, 26]. In our case
for the 0+g.s. → 0+g.s. transition, the peak is found at the
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TABLE II. Shell-model calculated 2νββ NMEs and the extracted half-lives. The phase-space factors (G2ν) are taken from Ref.
[30].

Transition |M2ν | G2ν (yr−1) geffA Calculated T 2ν
1/2 (yr)

Experimental/Recommended
value of T 2ν

1/2 (yr)

76Ge(0+g.s.) →76Se(0+g.s.) 0.2285 4.51×10−20 0.80 1.037×1021 (2.022± 0.018stat ± 0.038syst)× 1021 [3]
76Ge(0+g.s.) →76Se(0+2 ) 0.2414 6.4×10−23 6.546×1023 > 6.2× 1021 [47]
76Ge(0+g.s.) →76Se(2+1 ) 0.0045 4.0×10−22 3.014×1026 > 1.1× 1021 [48]

96Zr(0+g.s.) →96Mo(0+g.s.) 0.0599 642.0×10−20 1.00 4.341×1019 (2.35± 0.14(stat)± 0.16(syst))× 1019 [15]
96Zr(0+g.s.) →96Mo(0+2 ) 0.0159 1633.8×10−22 2.421×1022 > 3.1× 1020 [28]
96Zr(0+g.s.) →96Mo(2+1 ) 7.4×10−4 730.8×10−21 2.499×1024 > 4.1× 1019 [49]
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FIG. 4. Cumulative 2νββ NMEs (M2ν) for
76Ge as functions

of excitation energy of the intermediate 1+ state in 76As.

85th intermediate 1+ state; however, this energy (4.35
MeV) is notably below the energy of the GT resonance
(≈ 11 MeV) [50]. Comparison of our results with those
of the large-scale shell-model calculations of Kostensalo
et al. [36] shows that the calculation of [36] does not
show a prominent peak at this energy, and only a small

TABLE III. Contribution in the final NME from the first 1+

state of the intermediate nucleus.

Transitions Value Percentage (%)

76Ge(0+g.s.) →76Se(0+g.s.) 0.1275 55.8
76Ge(0+g.s.) →76Se(0+2 ) 0.0630 26.1
76Ge(0+g.s.) →76Se(2+1 ) 0.0043 95.6

96Zr(0+g.s.) →96Mo(0+g.s.) 0.0596 99.5
96Zr(0+g.s.) →96Mo(0+2 ) 0.0032 20.1

bump at around 5 MeV of excitation can be discerned.
After around 12.75 MeV, the cumulative NMEs for the
0+g.s. → 0+g.s. transition start to saturate and show almost
constant behavior with a final value of 0.2285. Similarly,
for the 0+g.s. → 0+2 and 0+g.s. → 2+1 transitions, the cu-
mulative NMEs nearly saturate after around 11.69 and
7.55 MeV with the final values 0.2414 and 0.0045, re-
spectively. Using Eq. (1) and utilizing the final value of
NME (0.2285) for the 0+g.s. → 0+g.s. transition, together

with geffA = 0.8 [34], we have extracted the half-life of
76Ge as 1.037 × 1021 yr, which shows good agreement
with the experimental half-life [3] (see Table II). In the
case of 0+g.s. → 0+2 , and 0+g.s. → 2+1 transitions, the cu-
mulative NMEs show a very similar behavior as recorded
in the shell-model calculation of [36]. The corresponding
calculated half-lives are 6.546× 1023 and 3.014× 1026 yr,
respectively. Both estimates are notably higher than the
experimental lower limits 6.2×1021 [47] and 1.1×1021 yr
[48]. These results may be useful for experimentalists in
estimating the sensitivities of their experimental set-ups
to these 0+g.s. → 0+2 , and 0+g.s. → 2+1 transitions in the
future.

96Zr: Because of the large Q-value (3356.03 keV),
96Mo has several excited states through which 96Zr could
undergo 2νββ decay. Here, we have taken three transi-
tions 0+g.s. → 0+g.s., 0

+
g.s. → 0+2 , and 0+g.s. → 2+1 from the

parent to granddaughter nucleus for calculating the M2ν

and extracting the 2νββ-decay half-lives, like in the case
of 76Ge. There is no 1+ state having been experimen-
tally confirmed for 96Nb. Thus, shell-model computed
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FIG. 5. Cumulative 2νββ NMEs (M2ν) for
96Zr as functions

of excitation energy of the intermediate 1+ state in 96Nb.

excitation energies are used to calculate the NMEs. In
our calculation, we found that the contribution in the
cumulative NME from the first 1+ state of the interme-
diate nucleus for the 0+g.s. → 0+g.s. transition is 0.0596,
accounting for 99.5% of the final value (0.0599). Thus, it
demonstrates a clear single-state dominance (SSD), con-
sistent with the previous study [25]. On the contrary,
the 1+1 state of 96Nb contributes 20.1% to the final NME
(0.0159) for the 0+g.s. → 0+2 transition. Interestingly, the

0+g.s. → 2+1 transition exhibits SSD with a value 0.00077
of the cumulative NME, which is slightly higher than the
final NME (0.00074). Therefore, we have not reported
its contributive percentage in Table III.

The extracted half-lives of 96Zr using the final NMEs
for the 0+g.s. → 0+g.s., 0

+
g.s. → 0+2 , and 0+g.s. → 2+1 tran-

sitions are 4.341 × 1019, 2.421 × 1022, and 2.499 × 1024

yr, respectively. Here, we have taken geffA = 1.00 [51].
However, utilizing geffA = 1.04 as proposed in Ref. [25],
we would obtain a half-life for the 0+g.s. → 0+g.s. transition
slightly closer to the experimental value. The computed
half-lives for the 0+g.s. → 0+2 and 0+g.s. → 2+1 transitions

are notably higher than the lower limit of experimental
values, which could be useful in estimating experimental
sensitivities to these transitions in the future.

C. Comparison of NMEs

Here, we discuss the comparison between our shell-
model predicted and earlier suggested NMEs using dif-
ferent nuclear models, as reported in Table IV. We notice
that the previously determined NMEs for 76Ge exhibit
either a notably small value (0.034) [52] or significantly
large value (0.879) [53] with respect to correctly repro-
ducing the experimental half-life for the 0+g.s. → 0+g.s tran-
sition. The NME (0.168) obtained in Ref. [36] is approx-
imately 1.36 times smaller than our calculated NME, and
the one of [54] (0.074) is about half of the one of [36]. We
have allowed 1p− 1h excitations across the neutron-shell
closure N = 50, which is not considered in the previous
study [36]. It is a possible cause for the relatively larger
value of the NME in our case. We have accounted for
the contribution of a huge number of excited 1+ states in
the intermediate nucleus 76As, hence, it is reasonable to
involve also the contribution of those 1+ states which are
arising due to the 1p− 1h excitations across the N = 50
shell gap. Notably, the final NME for the 0+g.s. → 0+2
transition is larger than for the ground-state transition.
Similar results concerning the calculated NMEs for the
0+g.s. → 0+g.s. and 0+g.s. → 0+2 transitions were also found
in previous studies, utilizing the interacting boson model
(IBM) [52] and the renormalized quasiparticle random-
phase approximation (RQRPA) [54] for 76Ge, as also the
quasiparticle random-phase approximation (QRPA) [55]
for 136Xe.
Previously, Šimkovic et al. [56] proposed that the NME

for the 0+g.s. → 0+g.s. transition in 2νββ decay of 76Ge
is suppressed because of the different deformations of
the parent and granddaughter nucleus. We can de-
duce the deformation parameter (β2) from the intrinsic
quadrupole moment (Q0). The β2 value is related to the
Q0-moment by the following expression [57]

β2 =

√
5π

3ZR2
Q0. (5)

Here, for simplicity, we have taken R as 1.2 × A1/3 fm.
Initially, we determined the Q0-moment using the spec-
troscopic quadrupole moment, Qs(2

+
1 ) = −28.714 efm2

in 76Ge obtained from our shell-model calculation, em-
ploying the formula Q0 = −(7/2)Qs [56] which arises
from the expression [57]

Qs =
3K2 − I(I + 1)

(I + 1)(2I + 3)
Q0, (6)

by taking K = 0 for Iπ = 2+. Substituting the Q0

value into Eq. (5), we find the β2 value to be approxi-
mately 0.161. Similarly, utilizing the calculated Qs(2

+
1 )
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TABLE IV. Comparison between our calculated and previously obtained absolute values of NMEs. Here SM denotes the nuclear
shell model, IBM the interacting boson model, HFB the Hartree-Fock-Bogoliubov theory, and (R)QRPA the (renormalized)
quasiparticle random-phase approximation. For more values of NMEs of older calculations, see [60].

Transitions | NME |
Present work SM [36] IBM [52] HFB [53] RQRPA [54] QRPA [59]

76Ge(0+g.s.) →76Se(0+g.s.) 0.2285 0.168 0.034 0.879 0.074 -
76Ge(0+g.s.) →76Se(0+2 ) 0.2414 0.121 0.078 - 0.130 -
76Ge(0+g.s.) →76Se(2+1 ) 0.0045 0.0012 - 1.04 0.003 -

96Zr(0+g.s.) →96Mo(0+g.s.) 0.0599 - 0.154 - 0.036 0.022
96Zr(0+g.s.) →96Mo(0+2 ) 0.0159 - 0.063 - 0.028 0.012
96Zr(0+g.s.) →96Mo(2+1 ) 7.4×10−4 - - - 0.010 8.1×10−5

value (37.142 efm2) for 76Se from our shell-model cal-
culation, we obtain the value β2 = −0.195. Previous
β2 values computed for 76Ge (0.157) and 76Se (-0.244)
within relativistic mean field (RMF) theory [58] also
support our findings. As suggested in Ref. [56], the
behavior of final NME can be predicted by the value
∆β2 = |β2(

76Ge) − β2(
76Se)| and the suppression of the

2νββ-decay NME becomes stronger with an increase of
∆β2. Different deformation (prolate for 76Ge and oblate
for 76Se) yields a larger ∆β2, which may be a possible fac-
tor for the suppression of the NME for the 0+g.s. → 0+g.s.
transition in our case (see Fig. 4).

In the case of 96Zr, our computed value of the NME,
0.0599, for the 0+g.s. → 0+g.s. transition, is slightly smaller
than the 0.0747 one of [25]. Looking at Table IV, the
previously determined NME using the IBM is larger than
those obtained in the other theory frameworks. In fact,
the present shell-model results for this transition are in
good agreement with the RQRPA results of Toivanen
et al. [54] and QRPA results of Stoica [59]. For the
0+g.s. → 0+2 transition a similar situation prevails, the
IBM result deviating notably from the rest. Concerning
the 0+g.s. → 2+1 transition, the RQRPA [54] gives a much
larger NME than the present calculation and the QRPA
model of Stoica [59]. Our NME for the 0+g.s. → 2+1 tran-
sition agrees qualitatively with the one of [59] although
is one order of magnitude larger than it. Here it has to
be pointed out that we have completely blocked neutron
excitations across the N = 50 shell closure in order to
make the calculation of the NMEs for 96Zr feasible. Fur-
ther, restricting the occupancy of the π(0g9/2) orbital to
a maximum of four protons may cause inaccuracies in
predicting the wave functions of the states of interest.
In the future, one could achieve more precise NMEs if it
was be possible to include additional proton excitations
in π(0g9/2) orbital and the contribution of the ν(1p1/2)
and ν(0g9/2) orbitals.

D. Branching ratios

The nucleus 76Ge can decay via 2νββ decay into the
g.s. and different excited states of 76Se. But, the nucleus

96Zr can decay via 2νββ decay into the g.s. and different
excited states of 96Mo and also it can decay via single-β
transitions into the lowest 4+, 5+, and 6+ states of 96Nb.
Here, we discuss the shell-model predicted branching ra-
tios for the 2νββ and/or single-β transitions for the 76Ge
and 96Zr decays.
In the case of 76Ge, we first calculated the total half-

life for the 0+g.s. → 0+g.s., 0+g.s. → 0+2 , and 0+g.s. → 2+1
transitions of 2νββ decay using the formula [61]

1

T total
1/2

=
∑
k

1

T k
1/2

, (7)

where k refers to the final state of the decay. Subse-
quently, we have calculated the branching ratios (B.R.),
(B.R.)k = T total

1/2 /T k
1/2 [61] for all three transitions. It is

clear from the computed B.R. that the 0+g.s. → 0+g.s. tran-
sition is dominant having the largest B.R. of 99.84%.
The B.R. is notably smaller for the 0+g.s. → 0+2 transi-

tion (15.81×10−2%), and negligible for the 0+g.s. → 2+1
transition (3.43×10−4%).
Our estimated half-lives for the fourth-forbidden non-

unique, fourth-forbidden unique, and sixth-forbidden
non-unique β transitions from the 0+g.s. of 96Zr to the

4+1 , 5
+
1 , and 6+1 states of 96Nb (corresponding to gA =

gV = 1) are 7.5 × 1022, 1.4 × 1020, and 1.9 × 1029 yr,
respectively. These are quite similar to the half-lives
7.5× 1022, 1.1× 1020, and 1.6× 1029 yr obtained in Ref.
[62]. Our results predict that the 2νββ decay branch-
ing ratio (76.33%) is larger than the β decay branch-
ing ratio (23.67%) in 96Zr, consistently with the ear-
lier shell-model study [36] where the 2νββ branching ra-
tio was 81.6%. In the QRPA study of [63] the β de-
cay was dominated by the 0+g.s. → 5+1 transition with a

half-life of 2.4 × 1020 yr, in agreement with the present
study. In the 2νββ branch of 96Zr, the 0+g.s. → 0+g.s.
transition is dominant with a 76.19% contribution, while
the contributions from 0+g.s. → 0+2 (13.66×10−2%), and

0+g.s. → 2+1 (1.32×10−3%) transitions are almost negligi-

ble. In the case of the single-β branch, the 0+g.s. → 5+1
transition dominates with 23.63% contribution, consis-
tently with the previous study [36]. We found signifi-
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cantly smaller branching ratios for the 0+g.s. → 4+1 (0.04%)

and 0+g.s. → 6+1 (0.17×10−7%) transitions, again con-
sistently with the studies of Kostensalo et al. [36] and
Heiskanen et al. [63].

IV. SUMMARY AND CONCLUSIONS

In the present study, we have investigated the 2νββ
decay in 76Ge and 96Zr isotopes by using the GWBXG
shell-model effective Hamiltonian. Firstly, we validated
the applicability of this Hamiltonian by computing low-
lying energy levels and reduced transition probabilities
in both parent and granddaughter nuclei. Our findings
indicate that the present shell-model interaction is suit-
able for calculating NMEs for 2νββ decay. To ensure
the convergence of cumulative NMEs, we computed 5000
1+ states in 76As and 96Nb. Utilizing the calculated
NMEs, we extracted the half-lives of 76Ge and 96Zr for
the 0+g.s. → 0+g.s, 0

+
g.s. → 0+2 , and 0+g.s. → 2+1 transitions

through 2νββ decay. We further investigated the varia-
tion of cumulative NMEs with respect to the energies of
1+ states of the intermediate nucleus for all three tran-
sitions. Our analyses reveal that the present shell-model

Hamiltonian partially describes the contribution of the
GTGR region in the case of 76Ge for the 0+g.s. → 0+g.s.
transition, which was not obtained in the previous shell-
model studies. Our calculations show single-state domi-
nance (SSD) for the 0+g.s. → 0+g.s. transition in 96Zr. The
computed half-lives turned out to be in good agreement
with the experimental data. Additionally, we compared
the predicted NMEs with those obtained from different
nuclear models in previous works. The shell-model pre-
dicted branching ratios for the 2νββ decay of 76Ge, and
both the single-β and 2νββ decay of 96Zr are also ana-
lyzed.
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