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This paper combines the post-Minkowskian expansion of general relativity with the language of
intersection theory. Due to the nature of the soft limit inherent to the post-Minkowskian expansion,
the intersection-based approach is of enhanced utility in that theory compared to a generic QFT. In
the language of intersection theory, Feynman integrals are rephrased in terms of twisted cocycles.
The intersection number is a pairing between two such cocycles and its existence allows for the direct
projection onto a basis of master integrals. In this paper we use this approach to compute the 2PM
contribution to the scattering of two compact astronomical objects, getting results in agreement

with previous findings.

I. INTRODUCTION

The groundbreaking discovery of gravitational
waves [I], 2] from colliding compact astronomical objects,
such as black holes and neutron stars, lead to much
renewed interest in methods for analytical precision
calculations in the theory of general relativity. One such
method is the post-Minkowskian expansion (PM) [3] [4]
which treats the problem perturbatively in Newton’s
constant GG, but keeps it exact in all other quantities.
This expansion is reminiscent of perturbative quantum
field theory (QFT), and indeed it turns out that many
aspects of QFTs can be adapted to this completely clas-
sical problem [5HIZ] (see e.g. refs. [4] [13] for summaries).
In particular the inspiralling phase that is of the highest
astrophysical interest, may be mapped to the scattering
problem often studied in perturbative QFT through an
analytical continuation [I4]. Furthermore in this paper
we will only consider the scalar approximation in which
spin-effects and internal structure of the astronomical
objects are disregarded, allowing us to treat them as
scalars in the QFT context [6].

When performing precision calculations in a QFT, it is
usually the computation of the Feynman integrals that is
the source of the most inconvenience and the cause of the
greatest computational effort. It is therefore worthwhile
to make sure that the number of of Feynman integrals
that has to be computed is minimal. A way to do this is
to express the Feynman integrals appearing in the prob-
lem in terms of a minimal set of objects, known as master
integrals which form a basis for the vector space of Feyn-
man integrals of a given scattering amplitude. A reduc-
tion to a basis of master integrals is traditionally done
using integration by parts (IBP) identities [I5] as sys-
tematized by Laporta’s algorithm [16] and implemented
in a number of public [I7, 18] computer programs. La-
porta’s algorithm has as a necessary step, the solution
of a system of linear equations relating various Feynman
integrals, and that system can grow to enormous size for
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complicated Feynman integral families. That makes this
step a genuine bottleneck, and motivates the search for
alternative approaches to deriving Feynman integral re-
lations.

One such approach to the master integral decomposition
of Feynman integrals has been developed recently, un-
der the headline of intersection theory. This theory [19-
21] had its origin in the study of (Aomoto-Gel'fand)
hypergeometric functions, a class of function to which
Feynman integrals in dimensional regularization evalu-
ate when treated as exactly in d. In a ground-breaking
paper [22] it was realized that this mathematical formal-
ism provides a natural framework in which to analyze
Feynman integrals, and in particular to derive the rela-
tions between them, something that until then had been
the purview of the IBP framework. This work lead to
many further developments and refinements [23H30] of
the theory, with the complexity of the integrals that can
be successfully tackled with the intersection-based ap-
proach increasing quickly. For summaries of that theory,
see e.g. refs. [31], 32].

In this paper, we will combine these two approaches,
the post-Minkowskian expansion and the intersection ap-
proach for Feynman integral relations. This extends on
the work of ref. [33] which outlined the feasibility for the
first time. Combining these two approaches reveals that
the structure of the integrals needed for the PM expan-
sion makes the intersection approach more powerful in
this setting than it is for a generic QFT. We limit our dis-
cussion to the 2PM amplitude contribution, correspond-
ing to Feynman integrals with one loop. We recognize,
of course, that this is a well-studied problem [5H7], [10]
(the state of the art is 4PM [34H36] with the first results
at 5PM appearing in the literature [37H39].) Yet we will
claim that this setting is sufficient to make our point and
show the enhanced applicability of the intersection-based
approach to Feynman integrals in the PM expansion.

II. CONVENTIONS AND SETUP

We will consider the scattering process as depicted on
Fig. The momenta are defined as “all incoming” so
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Figure 1: The kinematics considered. The arrows
indicate whether the scalar is incoming or outgoing.

p1+p2+p3+ps = 0. In particular we have
pi=p3=mi,  pj=pi=m3 (1)

Furthermore we define the Mandelstam variables

t = (p1+p2)° (2)

with the third Mandelstam variable being related
through

s=(p1 +p4)2 )

u:(p1+p3)2:2m%+2mgfsft (3)

To obtain the Feynman rules for a given field theory, it is
usually helpful to write down its action. For a scalar grav-
itational interaction, the action has the following form:

2
S = pel (Sen + Sgt) + S (4)

where Sgm is the Einstein Hilbert action, Sgr is the
gauge fixing action, Sy is the scalar action, and where
k2 = 327G . To perform the perturbative expansion we
linearize the metric g, = 1 + hy. For the gauge fix-
ing, we chose the de Donder gauge. That gauge choice
is defined by 90,951 — %n“"ﬁggw =0 and is thus lin-
ear in hy, making it suitable for our purposes. For the
derivation and the specific expressions for the Feynman
rules, see e.g. refs. [33] 40} 4T].

e & T, & L -
1 S g ;4\ £ 3
/ N/ \ 7 \ VR NN

Figure 2: The six Feynman diagrams that give a
non-vanishing contribution in the soft limit.
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A part of the post-Minkowskian expansion corresponds
to taking the classical or soft limit of the momentum ex-
change between the two scalars [42]. With our definitions
here, that corresponds to the limit ¢ — 0. Of the Feyn-
man diagrams naively contributing to the scattering pro-
cess, some will vanish in that limit. In particular there
will be no contributions from diagrams containing tad-
poles or bubbles. With this in mind, the diagrams that
give a non-vanishing contribution the 2PM amplitude are
depicted on Fig.

The first diagram, the box, may schematically be writ-
ten as a Feynman integral as

/ dk N(k)
i ?? k2 ((k+p1)2—m3) (k+p1+p2)? ((k—pg?—m3

5
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where N (k) is the numerator of the Feynman diagram.
Similar expressions hold for the remaining diagrams.

In order to apply intersection theory, it is useful to
transform the Feynman integrals to a parametric repre-
sentation, with the Baikov representation [43] being the
most convenient. At one loop, the Baikov representation
reads as follows:

TG

" (25 int

E—-D+1
2

Qn

N(z)B(z) "= dF+1g
22 (©)
z21t e 2

Here E is the number of independent external momenta
(i.e. 3 in our case), D is the space-time dimensionality,
z; are the Baikov variables which at one loop equal the
propagators of the diagram in the top sector, and a; are
the powers of those propagators. G and B are Gram
determinants of the external momenta, and all momenta
respectively, i.e.

B = det(G(k,p1,p2.p3)), G =det(G(p1,p2.p3)) (7)

with B being known as the Baikov polynomial. Lastly
J = 27 F is the Baikov Jacobi determinant. For more on
the Baikov representation see e.g. refs. [31] [44] [45].

III. INTERSECTION THEORY

In this section we will summarize the parts of the math-
ematical topic of intersection theory relevant for our cur-
rent problem. We will first, in section[[ITA] set up our no-
tation and describe the mathematical framework. Then
in section [[ITB] we will describe how to use an inner prod-
uct to perform a reduction to a master integral basis. In
section [[ITC| we will then introduce that inner product
as the intersection number in the univariate case. From
there we will discuss the generalization to the multivari-
ate case in section [[ITD] Finally in section [[ITE] we will
introduce the concepts of delta-bases and relative coho-
mology.

A. Framework: Twisted Cohomology

As master integrals form a basis for a given family of
Feynman integrals, decomposing a Feynman integral into
master integrals can be simplified if the space has a struc-
ture allowing for an inner product. Intersection theory
suggests such a structure exists for Feynman integrals,
facilitating a new method of determining the coefficients.
To begin with, we will consider a general multivariate
integral that has a form:

/ Pi(z)*t - Py (2z)*dz (8)

where P;(z), ¢ € {1,..,m} are multivariate polynomials
in z, o € CP"/Z where CP" is the complex projec-
tive space, and 7 is the integration contour that lies in



X =C/ U;ﬂ:l Dj. Dj is a hypersurface defined by the
polynomial equation P;(z) = 0, such that D; = {z € C:
P; =0}, and D = |J[*, D;, this is termed the divisor.

P;(z)* can be separated into a multivalued function
u(z) on X and a part that belonging to the differential
of dz, that together form a smooth n-form ¢ on X.

We notice that the Baikov representation of eq. is
of the form given by eq. (at least if we take the a;
of eq. to be generic.) Specifically we may (ignoring
constant prefactors) write the integral as

I:/mmmm (9)

N(z)

41z

21

and ¢(z) = dz  (10)

In order to determine the integral of a multivalued n-
form ue on v in D, it is necessary to define a branch of u
on v, that is y®u~, with u, being a fixed branch of u that
is integrated along 7. The integral thus formally becomes
1= fw®uwu(z)g0(z). We will in the following simply write
u instead of u,. In the notation of intersection theory,
the integral eq. @ reads:

/U(Z)SD(Z) = {plyeu(@)] = (¢[C] (11)

(with the latter equation providing the definition of |C].)
(] and |C] and are known as a twisted cocycle and cycle
respectively, and are to be understood as members of the
twisted cohomology group H™ and the twisted homology
group H,, [46]. That is:

(o]e] : H" (X,V,) x H,(X,u) = C (12)

In the Baikov representation, IBP identities may be ex-

pressed as
D—E—-2
0—/ﬁ<;i25h0 (13)
. te..zn

where B(0v) = 0,¢ is an (n — 1) differential form ¢ =
S (1), with ¢ = Cdz A Adz AL A dzy,
and each Zl a rational function in the variables z =
(#1,...,2n) whose coefficients may depend on the kine-
matic invariants. Here we may identify £ = Za%

Lzpn)?
where different £ correspond to the different integrals
with their respective integers, that are linked through

IBPs. We may thus write eq. as

0=Adwwﬁ%alwmvx (14)

The covariant connection V,, on the manifold X is de-
fined as:

V€ = d(§(2)) + w(z) N E(2) (15)

where w(z) is a holomorphic one-form and the connection
coefficient of the manifold X

w(z) = dlogu(z) =

The covariant connection is an element of the tangential
vector space that is formed by the IBPs. Eq. implies
that the integral is invariant under a shift in the single-
valued one form ¢ by ¢ + V,&:

Awawzﬁwaw+v¢> (17)

Intuitively, ¢ — ¢ + V& can be visualised as a gauge
transformation on the tangential vector bundle of X.
This suggests that there exists an equivalence class of
¢ and ¢ + V&, and indeed the cocycles (p| are repre-
sentatives of these equivalence classes. These ideas were
first formulated in the work of refs. [23| [3T], B2] [47].

As discussed in the introduction, the motivation for
considering the intersection number is that it may play
the role of an inner product between Feynman integrals.
What it is in detail is an inner product, not between the
Feynman integrals themselves, but between the cocycles
and their duals

(0le") (18)

where the dual cohomology group is defined by inte-
grals of the form of eq. @7 excepts that u — u™1, ie.
IV = f,yu_lq’)v. For a discussion of the physical interpre-
tations of these dual integrals, see e.g. refs. [28] [48] [49].
Before giving any explicit definitions, let us show in gen-
erality how such an inner product can help with perform-
ing reductions onto a master integral basis:

B. Integral Reductions Using Projections

We may write a given Feynman integral in terms of a
basis of master integrals, as

i=1

where v is the number of master integrals in the given
family. The integrals on the RHS are the master inte-
grals, and they may be written as

Z; :/u(z)ei(z), (20)

where, importantly, v and v are the same as in eq. @D,
the different integrals differ only by the value of the e;.
Furthermore we have that

v = # of solutions of “w = 0" (21)



with the w being given by eq. . This is known as the
Lee-Pomeransky criterion after ref. [50], and is equivalent
to the statement v = dim(H") = dim(H,,).

The decomposition of an arbitrary Feynman inte-
gral of the form eq. @ into its master integral basis,
corresponds, in the language of intersection theory, to
the decomposition of (p| € H"(X,V,) into the basis
(e1], ..., {ey| € H"(X, V). A similar decomposition may
be performed for their respective duals. It follows that:

=l = Y e leilc] (22)
=1

This is master integral decomposition in the language of
intersection theory

We are now ready to express the decompsition coeffi-
cients ¢; in terms of our inner product: We may formally
define such an inner product between our basis cocycles
(ei] and a corresponding set of dual cocycles |h;). In fact
we may define a Gram matrix for these cocycles:

Cij = (eslhy) (23)

This matrix will have dimensions v x v and be of full rank.
We may express unity as I, = Ziu,j:l |hj) (C)i_j1 (€j]-
Multiplying on the left with (| and comparing with

eq. yields:
v
(ol = Zci (el
i=1

This is the master decomposition formula. Importantly,
the values of ¢; are the same as in eq. ; the choice of
contour plays no role. A detailed derivation of eq.
can for example be found in refs. [22] 32, 33]. Thus we
realize why a consistent definition of an inner product
between our twisted cocycles, may be of great help for the
very practical purpose of master integral decomposition.

v

with ;=Y (¢ |hy) (C7"),, (24)

Jj=1

C. The Univariate Intersection Number

Let us begin by discussing how to define an intersection
number in the univariate case, i.e. the case where the
integrals of eq. @D involve one integration only. This
derivation comes from ref. [20] and see also refs. [22] [BT],
32, [51] for further discussion.

The intersection number is a bilinear, non-degenerate
pairing among the elements (¢| € H!(X,V,,) and their
dual |@V).

Following our intuition that the intersection number
defines an inner product, it takes the form.

(olp") = /X Rlp(2) A 0" (2) (25)

with (e | @) : H! (X,V,,) x H} (X,V_,) — C. The op-
erator R, (p) is a regulator that is needed to account

for the potentially divergent behaviour at the edge of X
and the fact that the numerator of the integral may have
a dz ANdz = 0. In particular problems my arise near
the members of P, which consists of the set of poles of
w = dloglu|, i.e. the set of critical points of log |u(z)]
including oc.

Since ¢ and R, (¢) are in the same cohomology class,
they only differ by a covariant derivative:

¢ —Ru(p) = Vil (26)
R is defined such that £ is given by

§= Z hi; (27)

i€P
where h; is the following bump-shaped function.

1 on Uz

0 outside V;
where the regions U; and V; are centered on the cor-
responding member of P (i.e. a pole of w.) See e.g.
refs. [211 [32] for more discussion along with explanatory
figures.

On U;/z;, where R (¢) = 0, we have the following dif-

ferential equation:

Vo =¢ (29)

If we rewrite in the integral eq. (25), R(p), as eq.
and eq. , write the covariant connection on the man-
ifold as eq. , and consider the cases given in eq. ,
we arrive after a short calculation at the following ex-
pression:

m
W'y == [ v (30)
i=170Vi
Using the residue theorem, we may finally derive:

{ple")=—2m Y Res(dip") 31)

z;€Py

This is the equation we will use for the computation of
intersection numbers in the univariate case, though for
practical purposes we will suppress the 274 prefactor.

Using eq. (31]) requires the solution of the differential
equation eq. (29). This may be done using a power series
expansion, in which the coefficients may be found recur-
sively [32, 52]. If we let f; denote the ith term in the
series expansion of f, and let miny denote the smallest 4
for which f; is non-zero, the recursive solution is:

@minw
min - . ~ 32
¥ e Tl min, +1 +w_1 (32)
1 m—ming, —1
Ymt1 = mtlto, Pm — Z Wqthm—q

q=0



where the coefficients on the RHS are known up to the
m-th order. Although it is possible to calculate the coeffi-
cients up to an arbitrary order, our primary interest is in
the lower order terms, since the objective is to determine

the residue in eq. .

D. The Multivariate Intersection Number

We are now ready to discuss the intersection number
in the more involved multivariate case. The multivari-
ate intersection number was first introduced in ref. [51],
and further discussed in refs. [23] 24]. The multivari-
ate intersection algorithm discussed here has been suc-
cessfully applied in the context of Feynman integrals
as well as for hypergeometric functions [23, 24]. Mul-
tivariate intersection theory applies to integrals of the
form of eq. . The first step is to endow the mani-
fold with a variable ordering {z;,, ..., z;, } where the i,-
index informs of the order of the variables from 1 to n.
To calculate the multivariate intersection number for n-
differential forms, it is necessary to know vy = dim(HF).
It can be obtained in a similar manner to the system of
equation eq. [23, B3]. The number k of discrete el-
ements is k € {i1,...,ix} C {1,...,n}. We obtain a set
of dimensions {v1, ..., vy } for the iterative integral in the
variables {{z;, },..., {2, ..., 2, } } respectively, such that
1=1{i1},2 = {i1,i2},....,n = {i1,...,72}. We must point
out that although v, is independent of the order of the
integration variables, v may depend on which specific
subset k of {1,2,...,n} is chosen and in which order. As
a working principle, we choose the order that minimises
vy for all k forms k € {1,...,n}. We can count the num-
ber of master integrals on the inner manifold, in similar
manner to as before, see eq. . For further discussion
of the counting of variables in the individual layers, see
e.g. ref. [30].

The aim is then to express the n-variable intersection
number <g0(“) ’@(n)v> in terms of the intersection number
in (n—1)-variables on the inner manifold. The choice of
variables and their orienting parametrisation of the inner
and outer manifold is arbitrary. As before, we use k =
{i1,42,...,1} to denote the variables. Therefore the n-
forms (o] € H" (X, V,,) and (™| € H" (X,V_,)
can be decomposed, the decomposition formula takes the
following form:

O (33)

5 @D 5 (o

;<el /\<g01

%) = 3 DY ALY e
=1

with an in principle arbitrary basis (<e§"_1)|, ce
<e£,2:11)|) as the basis for H" ™! (X,,_1, Vs, —0) and
likewise for its dual (|h§"71)>, ce |h("71)>). In the above

Vn—1
(

expression, (win)| and |<p£")v> are one-forms in the vari-

ables z, and are treated as coefficients of the basis ex-
pansion. They can be obtained by projection, using an
analogue of the master decomposition formula eq. (24)):

<s0§”)

= ”"21 <‘p(n)|h§'n71)> (C(nl‘l))ji (%)
j=1

Vn—1

)= 5 (), )

with
(Cann));; = (e P pi™ 1) (37)

In order to define a generalisation of the differential equa-
tion of eq. , we need to define a covariant connection
on the whole manifold X, and for that we need to define
a connection coefficient 2" on X that takes the nested
structure of the manifold into account. That connection
coefficient is a v,_1 X V1 matrix with entries given by:

0 = ;Z (Vore™ P 0) (Cily), 39)
=1

The connection reads as follows:

(Vm"))ij (®);

The differential equations then have the following form

= Gid(e); + (™)) A (0); (39)

Vanh(® = ™) (40)

around each point z; from the set of 735(2“), where 1,
is a vector-valued solution of the differential equation
eq. . As the connection coefficient Q™ is matrix-
valued, the regularisation map (corresponding to eq.
in the univariate case) has now the form.

’Rmn)(w(")) = — Z Vam (he,(2n, Zn) ¥e,)  (41)
miepn(n)

The recursive formula for the intersection number then
becomes:

($™1e™V) = 37 Res., =, (w7 - CH7Y - M)
Ti€Pg(n)
(42)
This is the expression we will use for the computation of
multivariate intersection numbers.

E. Delta-bases and relative cohomology

There is a problem with the theory as discussed so far,
which is that Feynman integrals in the Baikov represen-
tation as given by eq. are not directly on the form of
eq. . The reason for that is that the propagator pow-
ers a; of eq. are integer, while the powers «; of eq.



specifically have to be non-integer for the theory to be
valid. One type of fix is an introduction of regulators p,
in which we specifically introduce the non-integer powers
as

U = Upeg = quf (43)

K3

and then at the very end of the calculation the regulators
may be put to zero. While that approach is completely
valid and produces correct results, also for the calculation
considered in this paper [33], it introduces a new scale p;
for each variable which significantly complicates the com-
putations. We will therefore pursue a different approach
which is the introduction of delta-bases. The delta-bases
as discussed here were introduced in ref. [28] B0, 48], and
some of the mathematical background is given in ref. [53].
They have their origin in the mathematical framework of
relative cohomology in which one explicitly works mod-
ulo the zero-locus of the set of propagators going on-shell.
The way this works in practise is that the new type of
dual forms are allowed, which may be written as

90\/ = 6s£ (44)

where s is some subset of the n variables, and £ a (n—|s|)-
form. Having such a delta in the dual basis makes the
intersection number

<¢‘6s £>n = <Resslz(),(¢)|£>n—\€| (45)

In other words the § works as a residue operator.

The benefits of the delta bases are threefold: First they
remove the need for the p-regulators discussed above.
Second they simplify the computation of the intersection
numbers, in that eq. now has to be applied not for
all the n variables but only for n — |s| whenever a delta
is present. Finally many of the intersection numbers will
trivially be zero whenever the residue in eq. vanishes,
making the matrix C of eq. block-triangular.

We are now ready to apply our theory to the gravity
problem under discussion.

IV. PERFORMING THE REDUCTIONS

Looking at diagrams in fig. [2| we notice that they all
would contribute to a unitarity cut in the t-channel. This
means that we would not lose a single contribution by
performing the double-cut of those two propagators. Do-
ing so allows us to significantly simplify the computa-
tion, in a way that the intersection-based approach can
take the full advantage of, since all intersection numbers
needed will be between two-forms as opposed to the four-
forms that would be needed for the complete problem.
Given the recursive nature of the multivariate algorithm,
the step in complexity from two to four variables is very
significant.

Considering first the box-diagram (i.e. the first dia-
gram in fig. , we may perform the Baikov parametrizar-
ion and do the cut, yielding (up to an over all constant)

u = Bl=9)/2 (46)

where

B =4m32? —mit — t(mi+z1—5)* — 4(mi+m3—s)z1 29

+ (4mi—t)z3 + 2t ((mi+s+z1)(m3+22)—m3zo) (47)

For the four last Feynman diagrams on fig. [2] the propa-
gators are a subset of the propagators of the box, mean-
ing that this representation is valid for them as well. For
the crossed box (i.e. the second diagram on fig. [2)) the
parametrization is related to that of eq. through
s <> u, so we will not need to consider it separately.

Applying the Feynman rules as discussed in section [[I]
we may then express all our Feynman integrals in terms
of integrals over the variables z; and z;. In particular
the following monomials appear:

2 2
1 1 2z 2 1 z1 s 2 2
{z122’ z1? 210 210 22 227z 1, 21, 21, 22, Z2} (48)

of which we would like to express the integrals in terms
of a minimal basis of master integrals

A. Finding a basis

To determine the variable ordering for each layer of the
fibration that gives the minimum basis of the cut-box and
cross-box, we solve eq. for the set of integration vari-
ables and their possible subsets, and get the dimensions
of the twisted cohomology groups on each layer of the
fibration.

solve| z1 | 22 | 21,22
v 2| 2 4

We choose the variable ordering from the inside out z1, 25.
This corresponds to there being two “master integrals”
in the inner basis, and four in the outer. The opposite
ordering would have given the same counting, unsurpris-
ingly given the symmetry of the problem.

We now want to figure out what choice of master inte-
grals is valid in the different layers. This may be done by
introducing regulators in the sense of eq. , and per-
form the counting in the presence and absence of each
regulator respectively. See ref. [30] for further details of
this algorithm. The results are

Regulated ||Solve {z1 }:[Solve {z1, z2}:
variables || Basis size Basis size
none 1 1
Z1 2 2
V) 1 2
21,522 2 4




From the middle column we conclude that if z; is not
allowed to appear as a propagator in the inner basis there
will be one basis element, otherwise there will be two.
Thus a valid inner basis is

e = {1 i} dz (49)

) Z1

Using the same argument we likewise conclude for the
outer basis that a valid set is

o2 — {1 11 1

) 217 22’ Z1Z22

} dzy N\ dzo (50)

This corresponds of course to the well known set of mas-
ter integrals consisting of a box, two triangles and a bub-
ble.

For the dual basis the prescription for delta-bases is
that a pole in the basis translates to an index on the
delta in the dual basis. Thus we get

MY ={1,6.}, M@ ={1,0.,06.,, 0.z }. (51)

We are now ready to perform the reduction.

B. Obtaining the Coefficients

In order to compute coeflicients of the master integral
bases for a given integral, via intersection theory, we use
eq. (24). In order to obtain C;; = (e; | h;) and (¢ | k),
via the the multivariate intersection number we need to
first decompose the integral in the Baikov representation
into the regulated Baikov polynomial ueg(z) and the dif-
ferential form . Then we obtain the vectorial connec-
tion coeflicient of the individual fibration w, see eq. .
Furthermore, we need to know the basis of the individual
layers of the fibration as well as their respective duals, see
section [VAl
The first step in the recursive multivariate intersection
algorithm is to compute the innermost intersection num-
ber based solely on the inner basis and its dual via the
univariate intersection number, see section [[ITC|

Let us introduce the object

A= A(mi,m3, s)
= mi+ma+si—2mimi—2mis—2m3s (52)
where A is the Kallén function. This is related to the B
of eq. through
8(2120, 2220) = —t\ (53)
In terms of that object the inner intersection yields
4(d—5) (A\+st) (m3t+tzo+22) 0
(d—6)(d—4)(4m2—t)2 (54)

(m?—m32—s—20)t+2(m3+m2—s)zs
(d=6)(dm3—1)

c) =

and the connection matrix of eq. becomes

(d—4)(t4+222) —(d—4)(Am2—t)t(mZ+m2—s+z2)
QT _ | 2(m3+tz2+23) 2(m§7§2+t22+z§2) 8(22120)
0 (d—5)(4m7za—t(m5—m7i —s+2z2))
B(Zl :O)

(55)

We also need the pairings between the inner and the outer
bases (e([h(?)) and (e|h()). We will not write those
expressions here, see our ancillary fild¥] for the full list.
We are then ready to perform the computation in the
outer layer. We follow the algorithm outlined in section

111 D| to obtain the quantities in eq. .

Cip 0 0 0
o 021 022 0 0
C= C31 0 C330 (56)
Cu Cyo Cy3 1
where
_ —t(AFst) _ t((d—6)t—4(2d—11)m?) (A +st)
Cn = 4(d—7)(d—3) Cor = 2(d—7)(d—6)(d—4)(4m3 —t)2
Choy = (m2—m2—s)t Oy = t2(2(m2 —m32)%—2(m3+m3)s+st)

= @6 @mI-1) (d—7)(d—6)(dm3 —t)(dm3—1)

_ 4(d—5)m2(\+st)
Cag = (d—ﬁ)(d—4)1(4m§—t)2 (57)

and where furthermore {C31,Cs3,Cy3} are related to
{C51,Ca2,Cy2} through my <> my. We see that C is
block-triangular as promised in section [[ITE]

To perform the reductions of all the monomials of
eq. (48)), we also need the pairings of each of them with
the dual basis |h) in accordance with eq. (24)), that is
the list of intersection numbers (@;|h;). We will not list
them here, see our ancillary file for the full list. Using
eq. we may then finally decompose the integrals of
the monomials of eq. onto our basis of master inte-
grals. The results for those decompositions may likewise
be found in our ancillary files. The results are found to
be in agreement with the public IBP-code FIRE [I7].

Putting it all together we get four master integral coef-
ficients, ¢; — ¢4, for each of the two families (those of the
box and the crossed box). We did this for each family,
and the s <> u symmetry between the two families may
be used as a check. The triangles and the bubbles may
be identified between the two integral families, so at the
end we end up with five master integral coefficients

{CD,sv CO,us CA, Cy) Cbub} (58)

the results for which may also be found in our ancillary
file.

V. THE MASTER INTEGRALS

In this section we will look at the master integrals that
end up contributing to 2PM scattering. The section fol-
lows refs. [10] [54]. As mentioned in the introduction, an
integral part of the PM expansion is the soft limit, in
which the momentum transfer between the two compact

* This file may be found on GitHub at
hitps://qgithub.com/Hjalte Frellesvig/GRfromInterX


https://github.com/HjalteFrellesvig/GRfromInterX

objects is much smaller than other scales in the problem,
[t| < s,m32,m3. This may be approached with the
method of regions [55 [56] in which we take the loop mo-
menta of the integrals to scale with the size of the trans-
ferred momentum, extracting the soft region i.e. k ~ ¢
where ¢ = p1+p2. In order to take the classical limit we
will also want to introduce a classical momentum trans-
fer as ¢ = q/h. We may then express our master inte-
grals in terms of a series expansion in ¢. Looking first
at the box contributions, it turns out that the box Zg
and the crossed box I ,, only appear through their sum
due to the respective coefficients becoming the same in
the ¢ — 0 limit. This induces some simplifications, and
following refs. [I0] [33] [54] the result may be written

Ins =1Ips +Iow

@) (z< vl 700 oy )) (59)

|q]
where
-y _ _ T(=erd- 6) -7
O T a0 (00
I(DO) _ I'(5+el(5 —¢)? my + Mo . (61)

21 (=2e¢)

where we have introduced € = 2 —d/2. A similar compu-
tation for the triangles gives

Iy =(3)"° (

and likewise for Zan with mq <> mo. Finally the bubble
integral turns out to vanish in the soft limit and will not
concern us further.

One might worry about the doubly divergent, both in

lg| and in €, contribution I(D_l). Yet it turns out that
when computing a finite physical quantity, such as a scat-
tering angle, this divergence cancels with a divergence
arising from the square of the 1PM contribution, in a
manner similar to the cancellation of infrared divergences

in standard QFTs.

(p1-pa)? — m%mz

Lt +er(3—e)?
miT(1 — 2¢)

0<|q|>) (62)

VI. RESULTS

We are now prepared to write down an expression for
our results. We may express our 2PM contribution as

Mopy = Kkt (CDIEI,E +eglo + CAIA) (63)

where
(d—2)(m24+m2—s5)2—4m3m2 2
o = ( - 16(;—2)2 ) ’ (64)
_—m3((F2mImd)(4d® —17d+19)+2m3m3 (4d> ~15d+5) )
o= 16(d—2)2
(65)

where A is given by eq. . We have used that co,s =
co., = cg, and we also use that cg is related to ca
through m; < msa. These coefficients equal those of
eq. (58)) in the ¢ — 0 limit.

In particular if we insert d=4 these coefficients reduce
to

2
o = %( % 5 2(P1'P4)2)

CA = % %(mfﬂb —5(p1- p4)2) (66)
Cy = % f(mme —5(p1- p4)2)

in agreement with the expressions given in refs. [6] [57].

VII. DISCUSSION AND OUTLOOK

In section [[] we introduced the post-Minkowskian ap-
proach to classical gravity. We also introduced the
Baikov representation, and showed the diagrams con-
tributing to the 2PM contribution.

In section [[TT} which forms the bulk of the paper, we
introduced the intersection theory that we use for the in-
tegral decomposition: In sec. [[ITA] we introduced some
concepts from twisted cohomology theory, which is the
mathematical framework we use. In sec. [IIBlwe showed
how the existence of an inner product on the cohomol-
ogy group allows for a direct path to integral decompo-
sition using the master decomposition formula eq. .
In sec. [[ITC] we showed how to define that inner product,
the intersection number, for the case of univariate inte-
grals. In sec. [IID] we introduce the multivariate inter-
section number in a fibration-based approach, including
the main formula used to compute them eq. (42)). Finally
in sec. [[IL[E] we introduce delta-bases which are needed
to compute intersection numbers of objects involving un-
regulated poles corresponding to uncut propagators.

In section [[V] we performed the reduction of the Feyn-
man integrals needed for the 2PM computation onto a
basis that we identified through a systematic analysis.
The intermediate and final results may be found in our
ancillary file. In section [V] we showed the results for
the master integrals as may be obtained using the soft
limit in the expansion by regions. Finally in section [V]]
we put it all together into a result for the 2PM contri-
bution, which was found to be in agreement with the
literature [6], [10] 54].

This convincingly demonstrates the applicability of in-
tersection theory to the post-Minkowskian expansion.

It has been proposed in ref. [58] (under the name of
the bottom-up approach) to apply the intersection-based
master integral decomposition on a set of spanning cuts,
of which each is simpler that performing the full reduc-
tion. The spanning cuts are defined such that each mas-
ter integral contributes to at least one cut. Yet we see
that due to the nature of the soft limit taken in the PM
approach, all the diagrams contributing at 2PM could
be extracted from a single t-channel cut. In other words
the set of spanning cuts has only one member at 2PM!



This property will generalize to higher orders in the PM
expansions, where the set of spanning cuts still only will
contain cuts in the t-channel even though there will be
several of those at higher orders. Doing the 3PM calcu-
lation with the methods outlined here would be within
reach.

In the work in this paper we performed the reduction
onto the master integral basis before taking the soft limit.
Yet many approaches reverse the order of the two, and
consider the integrals in the soft limit only, something
that significantly simplify the computations, linearize the
matter propagators ((k—p)?—m? — 2k-v), and make the
integrals effectively one-scale objects [8, @9]. We decided
against that approach in this paper, but there is noth-
ing preventing the use of intersection-based methods to
these soft limit integrals, and presumably many of our
intermediate expression would simplify with such an ap-
proach. For the use of the Baikov representation on such
linearized integrals see e.g. ref. [59].

The recent years have seen an explosive growth in the
number of works applying intersection theory in various
branches of physics. Applications have been found in
fields as diverse as cosmology [60, [61], lattice gauge the-
ory [62] [63], and gravitational phase-space integrals [64],

and this first application in the context of the post-
Minkowskian expansion of general relativity adds another
branch to this growth.

We hope with this work to have added a useful new
perspective to the ongoing investigations into gravita-
tional waves and black hole physics, further expanding
the large set of amplitudes methods that are found to be
applicable in this new regime.
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