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SPECTRAL DETERMINANT FOR THE WAVE EQUATION ON AN
INTERVAL WITH DIRAC DAMPING

DAVID KREJCIRIK AND JIRI LIPOVSKY

ABSTRACT. A closed formula for the spectral determinant for the wave equation on a
bounded interval, subject to Dirichlet boundary conditions and an a-multiple of the Dirac
J-type damping, is derived. Depending on the choice of the branch cut of the logarithm
used in its definition, the spectral determinant diverges either for « = 2 or o = —2.

1. INTRODUCTION

A string instrument is classically modelled by the wave equation on an interval (0, L)
of length L > 0, subject to Dirichlet boundary conditions. In 1982 Bamberger, Rauch,
and Taylor [BRT82] suggested explaining the playing of harmonics by modelling the finger
pressure at a point a € (0, L) by a strongly localised frictional resistance around a. More
specifically, their mathematical model is the damped wave equation

(1) Oppth + dqOptt — O = 0,

in space-time variables (z,t) € (0,L) x (0,00), where d, is the Dirac delta distribution
centered at a and « is a positive number. In this paper, motivated by relativistic quantum
mechanics [KR23, Sec. 7], we allow « to be an arbitrary complex number.

It turns out that there is an abrupt change in time-evolution properties of when the
complex parameter « takes values £2. In fact, « = 2 is the optimal friction of [BRTS82].
To see it, the strategy of [BRT82] is to make a careful spectral analysis of the associated
damped wave operator (to be properly introduced in Section

—ad. 92
= a 6$2
@ n- (90 ).

This spectral analysis was continued by Cox and Henrot in [CHOS8] by studying basis
properties of the eigenfunctions. In particular, they show that the root vectors form the
Riesz basis if o # £2. While the opposite implication is not established in [CHOS], it is
true that the root vectors do not form the Riesz basis anymore if & = +2. In fact, some
of the eigenvalues of this operator diverge to complex infinity when « approaches the two
critical values £2, losing thus even completeness.

Wild spectral properties of the damped wave operator for o = 42 appear on unbounded
geometries too, see [KK20, Rem. 1] and [KR23]. What is more, the “magical” value 2 is
explained in [KR23| by considering the damped wave equation on non-compact star graphs.
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It turns out, that the abrupt change in spectral properties happens precisely at +a equal
the number of edges emanating from the vertex where the distributional damping is placed.

The objective of this paper is to quantify the transition at a = £+2 by considering yet
another spectral quantity — the spectral determinant. This generalisation of the notion
of the determinant of a matrix for possibly unbounded operators was introduced by Ray
and Singer in 1971 [RS71]. The spectral determinants were particularly studied for the
Sturm-Liouville operators [LS77, [GK19], Laplacians in various domains [AS94], harmonic
and anharmonic oscillators [Frel8|] or used in string theory or quantum field theory, see,
[Dun08] and references therein. The present paper points out another class of operators
for which the spectral determinant can be computed in a closed form.

To avoid the fact that the product of eigenvalues \; of an operator H with compact
resolvent may not be convergent, the spectral determinant of H is defined through the
spectral zeta function

e, 9]
(3) () =) _A7%  with  A7S=esled,

j=1
This sum is usually convergent in the half-plane Re s > sg > 0. To give a proper meaning to
the derivative of the zeta function at zero, the zeta function is meromorphically continued
from the set where the sum converges to the rest of the complex plane in s. Since this
continuation is unique, the value of (’(0) is properly defined and the determinant can be
introduced as

(4) det(H) = exp (—¢'(0)).

However, the power of the eigenvalues in the definition of the zeta function depends
on how we introduce the complex natural logarithm. One can choose different branches
of the logarithm and the branch cut determines from which interval the arguments of the
eigenvalues are chosen. Consequently, the spectral determinant may differ for different
branch cuts, see [QHS93, [FL19, [LM23]. This behaviour appears also for the problem
considered in this paper.

When we move the branch cut so that it crosses a finite number of eigenvalues, the
spectral determinant does not change (see [FL19, [LM23]). As the number of eigenvalues
of H, with the arguments in the intervals (81, f2) with § < 81 < 82 < 37“ and (fs, 54) with
—5 < 3 < B4 < 7 is finite, one essentially has two independent choices of the branch cut.
Namely, anywhere in the sectors with the argument in the intervals (81, 82) and (83, B4),
respectively, as long as the cut does not intersect any eigenvalue (otherwise the spectral
zeta function would not be properly defined). To be more specific, we choose the first and
second branch cuts as the rays ¢(™)(0, 0c0) and e~ (0, c0), respectively, where € € (0, 5)
is always such that there are no eigenvalues of H,, with arguments in the intervals (7, 7+ €]
and [—¢,0) (in principle, € can depend on «). To make the long story short, we concisely
say that the branch cut is either “below the negative real axis” or “below the positive real
axis”, respectively.

Writing det(«) = det(H,) in the present case, our main result reads as follows.
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Theorem 1.1. If the branch cut of the logarithm is below the negative real axis, then
4L

if a#2andac(0,L),

det(a) = 22L if a=2anda#L/2,
L if a=2anda=L/2.
If the branch cut of the logarithm is below the positive real axis, then
_;i—La if a#—-2andac€ (0,L),
det(a) = ¢ _ap if a=-2anda+# L/2,
—L if a=-2anda=1L/2.

The results of the theorem are illustrated in Figure

det(a) det(a)

A
N

-6 -4 -2 2 4 6 ° S 2 4 s °
-2 -2
-4 -4
(A) The branch cut is below the negative (B) The branch cut is below the negative
real axis, L =1, a # % real axis, L =1, a = %
det(a) det(a)
4 4
2 2
7‘6 —‘4 7‘2 /2_’4————5 e 7‘6 7‘4 7‘2 /2_’4_’6 a
4 4
(¢) The branch cut is below the positive (D) The branch cut is below the positive
real axis, L =1, a # % real axis, L =1, a = %

FIGURE 1. Dependence of the spectral determinant on the real values of the
parameter « for both branch cuts and different positions of the j-damping.

The paper is structured as follows. In Section [2] we rigorously introduce the model.
Sections [3] and [4] are devoted to the proof of Theorem The strategy is to consider the
case of rational ratio a/L first (Section [3) and then argue by continuity (Section .
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2. THE MODEL

Recall that the wave equation is considered for any complex number « and subject
to the Dirichlet boundary conditions u(0,¢) = w(L,t) = 0 for all times ¢ > 0. In order to
reconsider it as an evolution problem for a linear operator, we follow [BRT82] and introduce
the pair U = (v,w)T = (%,’U,)T in the Hilbert space

H =L*(0,L))® H'((0,L)).

Then the evolution problem is equivalent to

ou
= H,U

with the operator H, formally acting as in in H. More specifically, the distributional
damping as well as the Dirichlet boundary conditions are introduced via the operator
domain. Thus the rigorous definition of H, reads

H, <”) (z) = (%(g)) for every 7 € (0,a) U (a, L),

[ (veH;(0,L)) y Lo
D(H,) = { (w . H&((O,L)) R H2((0,a)) R H2((a, L))) s (at) —w'(a”) = ow(a)} .

The operator H, is maximal dissipative (respectively, maximal accretive) if Rea > 0
(respectively, Reaw < 0). In particular, H, is skew-adjoint if Re « = 0. Moreover, H,, is an
operator with compact resolvent. We refer to [BRT82, [CHOS, [KR23] for more details. An
alternative approach based on Schur complement can be found in [Ger24].

Since the domain D(H,) is compactly embedded in H, the resolvent of H, is compact.
Consequently, the spectrum of H, is purely discrete. We arrange the eigenvalues in a
sequence {Aj}?ip where each eigenvalue is repeated according to its multiplicity. It is easy
to see (see, e.g., [CHO8]) that the eigenvalues of H, satisfy the implicit equation

(5) sinh (L) + asinh (a\) sinh ((L —a)X\) = 0.

An analysis of this equation implies that ); is asymptotically proportional to j as j — oo.
It follows that the sum in the definition of the spectral zeta function is convergent in
the half-plane Re s > 1. For those s, for which the above sum is not convergent, we define
its values as the unique meromorphic continuation of the spectral zeta function from the
region where it converges. The spectral determinant of H,, is then defined by formula .

As explained above Theorem we consider two branches of the complex logarithm
in (3): either the ray e!(™*<)(0,00) or e7*(0,00). Any other eligible choice of the branch
cut is already covered by Theorem

3. RATIONAL POSITION OF THE DIRAC DAMPING CONDITION

Our first step in proving Theorem is the analysis of the case when the J-damping
divides the interval (0, L) into two parts with rationally related lengths. Let us therefore
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consider the situation when
a=pLg and L—a=qlg

with p and ¢ being incommensurable positive integers, without loss of generality p > g,
and Lg is a positive number actually defined by the requirement. Then the equation
can be rewritten into the form

(2 + )2PHaLod _ qo2PLod _ ne2alod 4 (o —2) =0,

2LoA

This is a polynomial equation in the variable z = e with one of the roots equal to 1.

Factoring out the z — 1 term one finds

(a+2)2PT97 f (a0 +2)2PT972 4 (a4 2)2P + 2P 4 22P72 4 4 22
(6) +2-a) 4 (2-a)29 2 - +2—-a=0.
For o # —2 we obtain, after dividing by o + 2,

PPTal g ppta=2 Py szfl + sz% +o 4 2 29
a+2 a+ 2 a+ 2
(7) +2—7a2q_1+2—7azq_2+_”+2—a:0.
a+2 o+2 o+2
The left-hand side of the last equation can be rewritten as
pt+q—1
k=1

where z,, Kk = 1,...,p+ g — 1 are the roots of . Clearly, one finds, by comparing the
left-hand side of and after substituting z = 1, that

ptg—1
2 2 -« 2(p+q)

9 1 — e2Lonky — I S —
9) k|:|1( e ) q+a+2(p q)+a+2q PCRE

where pj = ﬁ log 2z, with log denoting the natural logarithm. Although we can use any
uy satisfying the defining relation in our construction, for unambiguity of the definition we
use the solutions with Im sy, € (=57, 57-]-

The equation @ can be for o # 2 written also as the equation for the variable y = e~2L0A

as
2

2 2
yp+q—1+yp+q—2+”_yp+myp—l+myp—2+...+ 2_ayq
a+2 a+2 a—+2
10 q—1 q—2 =0.
(10) +2—ozy 2—ay + +2—o¢

Rewriting the left-hand side as Hig_l(y —yg) with yg, k =1,...,p+ ¢ —1 being its roots
and again substituting ¥ = 1 one obtains from
pt+q—1

1) [T (12 =g+

k=1

L gt e =20t

2 —« 2—a’ 2—«
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We will use the formuleae @D and later.

The first set of eigenvalues of the considered problem is A;; = jm , j € Z\{0}. This
set follows from the equation z = 1. Zero is not an eigenvalue because the corresponding
eigenfunction would be identically zero. The equation @ yields the eigenvalues

Aokj = Hk+ J, JEZL.

Ly

Note that Agy; for some k diverge to complex infinity as o — £2. Also note that it follows
from @ that p, # 0 and hence all Ay, are present in the spectrum.

3.1. First branch cut. Let us start to study the spectral determinant for the branch cut
of the logarithm to be the ray ¢(™¢)(0, c0).
The spectral zeta function is

p+g—1
Z )\1] + Z Z)\ij
JEZ\{0} k=1 j€Z

Note that none of uy’s is zero due to @ and hence the sum in the second term goes
through Z. The equation above can be rewritten as

o0 )\ 8 . ] a\ 7 pt+q—1
C(s) = () YT Y <> T Y
Lo j=1 Lo k=1
p+q—1 00 T —s 00 T —
(12) + Z ; <Nk + LOZJ> + J; (Mk — L()U)

Defining the Riemann zeta function as (g = Z?L j~° for complex s and Hurwitz zeta

. oo s s .
function as (i(s,c) = > j:O( j + ¢)7% for complex parameters s and ¢ we can rewrite the
previous expression as

ptg—1 p+q—1
oslog 22 —slog iy - o s Lo
((s) = 2cos e E () + Y e +Z T (s, 1—i )
k=1
—S
W prLo
N 25 1
+<Lo> ez’Cu(s, 1 +i—— - )]
ptq—1
e ng —slog ug slog Lo _img N kLO
= 2008 - 5 ¢ Cr(s) + Z e +etlo8 T e T (s, 1 — i )
k=1

L im L
(13) +eslo8 %e?ng(s, 14t 0)] .
T

Note that the factor of 1 in the second argument of the Hurwitz zeta function appears
because in its definition the sum goes from 0, not from 1 as .
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The right-hand side converges for Res > 1 and can be uniquely meromorphically ex-
tended to s = 0. Our aim is to compute its derivative with respect to s at s = 0. To do
that, we will use the following expressions (see [SO87, eqs. 64:10:4 and 64:3:2])

w(0) =3
h(0) = — 5105 (2),
u(0,14¢) = —%—c,
d B I'(l1+c¢)
%CH(O, 1+c¢) =log <\/%> .

Using the above formulae, one can differentiate the expression ([13|) at s = 0 and find

pt+q—1

L L s L
¢'(0) = 2log —2Cr(0) + 2¢R(0) + Y [—loguwr <1og°— ) Gi(0,1 — i)
s pt T 2 s
Ly m kLo 0 kLo 0 piLo
log — + — 0,1 —Cg(0,1 — —((0,1
+<Og7r+2>CH(’ +Z7T )+8SCH(’ - )+88CH(’ i T )
Lo pt+q-1 Lo
= —log — — log (2 -1 —log — L
og — —log (2m) + ; og i, —log — + i Lo
<F(1 —qtloyp(p 4 i“kLO))]
+ log T us .
27
Using (see, e.g., [SO8T, 43:11:2])
e
I'(l —ic)T'(1 +ic) =
( ie)D(1 + ic) sinh err’
we obtain
p+q—1
¢(0)=—(p+q)log2—1log Lo+ Y [Lopy — log (sinh (Lou))] -
k=1
We find
pt+q-1 pt+q—1
det(ar) = e 'O = 2771, T [sinh (Lops) e o) = 2Ly J] (1—e2kom).
k=1 k=1
Using we obtain
4L 4L
(14) det(a) = 2o+ ) _
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3.2. Second branch cut. For the cut being the ray e %(0,0), the calculation is very
similar. We obtain

pHq-1 —s
; L
¢(s) = 2¢7 cos %Ses lo8 2 (e () + > [e“og“k + (20) Focu(s, 1 — 50

T
k=1
—s
™ 3im g kLo
— 1 .
+(Lo> 2 Ch(s, 1+ . )]
Hence
+q—1
Lo P Ly im p1 Lo
/ o /
C0) =208 2 ~imGu(0) + 340+ 3 |~town+ (1082~ T ) a1 ~i£572)
L 31 gL 0 L 0 L
+ (tog =2 = S5 ) Gu(0,1 4+ 4+ ¢a(0,1 0 + (0,1 + M)
T 2 T ds T ds 0
p+g—1
=im — log — — log (27) + Z log pug, — log — —im — Lo
k=1
(1 seLoyp(q prLo
+1og<( iHEOT(1+ >>]
2
ptg—1
—im(2—p—q) —log Lo — (p+q)log2 — Y [log (sinh (Lox)) + Lo -
k=1
The determinant is equal to
det(a) = e ¢'©)
pt+q-—1
= (=279 Ly [] sinh(Lope)e o
k=1
ptg—1
= (— 2)p+qL0 —p—q+1 H 2Louk
_ Pt
0a+2
4L
15 ==
(15) a+2’

where we have used @D

3.3. Cases a = +2. To solve the singular situations of a equal to +2, let us start with
the general case p > ¢ first. We will solve p = ¢ = 1 later.
For a = —2 the equation @ gives

(16) PP 042297 422972 42 =0,
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Let z_o ) = e2t—2xLo =1 ... p—1 be its roots. Then similarly to the construction for
general a we get by substituting z = 1 that

p—1
(17) [Ja—e*—2rlo)y=p—g+2g=p+q.
k=1
Dividing by 22P~1 we get the equation for y = e~ o
1 1 1
YUYy gy T R Sy T S =0
For its roots y_o ) = e 2—2klo =1 ... p—1weget
= 1 1
— e 2p—2xLoy — (p—g) = =
(18) kHl(l e ) =g+ S(p-a) =50 +a).

The construction of the spectral zeta function and the spectral determinant goes through
similarly as in the general case. For the first branch cut we obtain

p—1
¢'(0) = —plog2 —log Lo + Y _[Lop—2 — log (sinh (Lop—21))]
k=1
and so
p—1 1
det(—2) = 2P Lo [ [ [sinh (Lop—ak) e~ For=2k] = 2Lg [ [ (1 — e 2For—2) = 2Loz(p+a) =L,
k=1 =
where we have used .
The second branch cut yields
p—1
¢'(0) = (2 — p)im — plog2 —log Lo — > _[Lopi—a,x + log (sinh (Lop—a))]
k=1
and so
p—1
det(—2) = (—2)PLg H [sinh (Lop—_g 1) eX0#-2+] = —2Lg H e*lon-2k) = _9Lq(p+q) = —2L,
k=1

where we have used .
For a = 2, we proceed similarly. We obtain the equations

Zp71+zpf2+,,_+prq+%zpqul+%prqf2+,,_+,:07
PPy 2y 2y 2 =0,
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for variables z = 1/y = e2LoA  For their roots e2Lot2.k and e~ 2Lok2k | respectively, we obtain
the formulae

pl 1 1
[[a-etr) =g+ p-a=50+q),
k=1

p—1

H(l _e—2Lo,u2,k-) =p—q+2q=p-+gq.

k=1

The determinants are for the first branch cut
det(2) = 2Lg H e 2lon2ky = 9L4(p 4 q) = 2L
and for the second cut

1
_ 2Lu _ _ - - _
det(2) = 2L0|| 0H2.k) = 2L02(p+Q)— L.

Finally, we solve the case p = ¢ = 1 for a = +2. The equation (@ does not have a
solution, hence there are only roots of the equation e?20* =1, \;; = jLiDZ, j € Z\{0}. This
problem has been solved in [FL19] and the result is det (+2) = 2Ly = L for the first cut
and det (+2) = —2Ly = —L for the second one.

4. GENERAL POSITION OF THE DIRAC DAMPING

In this section, we generalise the results of the previous section to irrational positions
of the §-damping. We will use results on positions of the zeros of certain functions. The
following lemma summarises the results of Theorems 12.4 and 12.5 of [BC63).

Lemma 4.1. Let
n
(19) g(A) = e,
=0

with0 =0y < p1<---<Bpandr; #0, j =0,...,n are complex numbers.

a) There is a positive number ¢ such that all zeros of g(\) lie in the strip |Re \| < ;.

b) Let R be the rectangle |[Re A\| < ¢1, [Im A — A| < B such that no zeros of g(\) lie on
the boundary of R. Then provided c1 is sufficiently large, the number n(R) of zeros
of g(\) in the rectangle R satisfies

B B
—n+ —(Bn — o) < n(R) < n+ —(Bn— o).
With the use of this lemma, we give the following theorem.

Theorem 4.2. For a given a € (0,L/2] and o # £2 let A\j(a) be the j-th eigenvalue in the
upper half-plane sorted in the non-decreasing order accordmg to the imaginary part. Then
Aj(a) = ]m + fj(a), where
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a) [Re f(a)] < 1.

b) |Im fj(a)| < c2, where the constants c1, co are independent of j and a,

c¢) fj(a) are analytic functions in a with at most algebraic singularities. If for cer-
tain ag a finite number of \j(a) have the same imaginary part, one may need to
interchange their indices to get the analyticity.

A similar claim holds for the eigenvalues in the lower half-plane.

Proof. The spectral condition can be rewritten as

2sinh (LX) 4+ accosh (LA) = accosh ((L — 2a)\))
or
(20) (24 a)e A — qePL20X _ pe20h L o 2=,

The condition is of the form with n = 3 and 3, = 2L. Note that the leading and

the last coefficients are non-zero for a # +2. For a = 0 we have n = 1.

a) The claim a) directly follows from claim a) in Lemma

b) Let us choose the rectangle R in Lemma with A = B (if there are eigenvalues
on the positive real axis, we shift the rectangle slightly below, i.e. choose A = B—¢
with small €). Then from claim b) in Lemma [4.1]it follows (for the eigenvalue near
the upper side of the rectangle it holds Im \; ~ 2B)

2L Im A; . 2L Im )
— <J<3+— )
2 T 2

3m gm 3m gm
Lt smAsT T
Hence the claim b) with ¢, = 2% holds.
c¢) The claim follows from [Kat95, Thm. VII 1.8]. The eigenvalues in dependence of
the parameter a are either continuous lines or two or several lines can meet at one
point and emanate from this point at different angles than the incoming angles.
Note that to keep the continuity of the eigenvalues, the indices of two or more
eigenvalues (as defined in Thm. [4.2)) may be interchanged.

—3+

O

We use Theorem to prove the continuity of the determinant in the position of the
Dirac damping.

Theorem 4.3. Let o # £2 and a € (0, L/2]. Then the spectral determinant is continuous
m a.

Proof. We have

|)\j(a)_8’ _ |)\j‘—Rese—iarg(/\j)Res‘)\j|—i1msearg(>\j)lms _ |)\j‘—Res‘earg(>\j) Ims|.

For any fixed s with Res > 1 the sum > 72, [\;j(a)™°| is convergent. Let ((s,a) =
Z;’;l Aj(a)™®. Hence for s with Res > 1 it holds due to the absolute summability of
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the sum that ((s,ap) = lims—q, ((s,a). Both expressions can be uniquely continued to
zero and hence ¢'(0,ag) = lim,—q, ¢'(0,a) and lim,_,4, det(a) = det(ap). O

Similarly, we prove the continuity for a = £2.

Theorem 4.4. Let « = +2 and a € (0,L/2). Then the spectral determinant is continuous
m a.

Proof. The proof is similar to the proofs of Theorems and The condition

becomes
e2(L—a))\ + e2a>\ —92—-0

or
9e2(L—a\ _ 2L-20) _ 1 _

for « = —2 and a = 2, respectively. Note that the theorem does not hold for a = %; in
that case two of the terms in the above conditions have the same 3;’s and the assumption
of Lemma [£.1] is not satisfied.
One can use Lemma [£.1] to conclude in both cases that
2 jm 2 jm

<Im)< .
L—a+L—a = A L—a+L—a
We find \j(a) = LL_”(I + %, and similarly to Theorem we argue that fj(a) has real
and imaginary part bounded by constants independent of 5 and @ and it is analytic in a.
We conclude the proof by the same argument as in the proof of Theorem (|

We conclude the proof of Theorem by observing that the formulae (14 and are
valid also for a general value of a. Together with the fact that equation (b)) is symmetric
in a with respect to L/2, this proves Theorem

We see that for the first branch cut the spectral determinant is continuous at o = —2
having the value L at this point and discontinuous at @ = 2. For the second branch cut
the spectral determinant is discontinuous at a« = —2 and continuous at o = 2.
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