
Geodesic extensions of mechanical systems with nonholonomic

constraints

Malika Belrhazi and Tom Mestdag

Department of Mathematics, University of Antwerp,

Middelheimlaan 1, 2020 Antwerpen, Belgium

Abstract

For a Lagrangian system with nonholonomic constraints, we construct extensions of the
equations of motion to sets of second-order ordinary differential equations. In the case of a
purely kinetic Lagrangian, we investigate the conditions under which the nonholonomic tra-
jectories are geodesics of a Riemannian metric, while preserving the constrained Lagrangian.
We interpret the algebraic and PDE conditions of this problem as infinitesimal versions of
the relation between the nonholonomic exponential map and the Riemannian metric. We
discuss the special case of a Chaplygin system with symmetries and we end the paper with
a worked-out example.
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1 Introduction

In many applications involving mechanical systems, the motion is often limited by velocity-
dependent constraints. If these are given by equations, and if they are non-integrable, they are
called nonholonomic constraints. Some examples of such systems are those that involve wheels
that roll without slipping, or a skate that is prevented to move in a direction perpendicular to
the blade.

Let L = T − V be the Lagrangian of such a mechanical system (given by the difference in
kinetic and potential energy) on a configuration manifold Q and let the nonholonomic constraints
(assumed to be linear, throughout the paper) be represented by a distribution D on Q. The
equations of motion for such systems (L,D) follow from the so-called Lagrange-d’Alembert
principle (see e.g. [7, 13]). It is well-known that this is not a purely variational principle (for the
Lagrangian functional associated to L), since it only makes use of variations that are required to
follow the constraints. The resulting equations, the so-called Lagrange-d’Alembert equations of
(L,D), are therefore not simply the Euler-Lagrange equations of L. Instead, the nonholonomic
equations of motion contain Lagrangian multipliers, and when eliminated, they form a set of
first- and second-order ordinary differential equations (see their expressions in Section 2).
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We will call the solutions of the Lagrange-d’Alembert equations the nonholonomic trajectories
of (L,D). In many papers, it has been recognized that it is often useful if the nonholonomic tra-
jectories can be interpreted, in one way or another, as part of the solutions of the Euler-Lagrange
equations of some unrelated (and possibly non-mechanical) Lagrangian L̂. This question is often
referred to as the ‘Hamiltonization problem of nonholonomic mechanics’. It was probably first
raised in the context of quantization of classical nonholonomic systems (see [1, 10, 20]), but there
are also other important areas of possible applications, such as e.g. that of geometric integrators
of nonholonomic systems (see e.g. [22, 26]). The subtlety of the Hamiltonization problem lies in
the fact that, in contrast to the nonholonomic equations of (L,D), the Euler-Lagrange equations
of L̂ are purely second-order ordinary differential equations. There have been many different
approaches to this question. For example, in [9, 6] the main idea is to enlarge the mixed first-
and second order system of (L,D) to a (chosen) full system of sodes and to find a Lagrangian
L̂ for that system using techniques from the so-called inverse problem of Lagrangian mechanics.
In other papers [4, 5, 11, 19] one rather uses the symmetries of the nonholonomic system to
(roughly speaking) first reduce it to a sode on a quotient manifold. Then, one tries to find a
symplectic or Poisson structure on that quotient for which it is a Hamiltonian vector field.

The results of the current paper belong to the first approach. In short, we will investigate
the conditions under which it is possible to have a Hamiltonization by means of the geodesic
equations of a Riemannian metric. If that can be achieved, we will speak of a ‘geodesic exten-
sion’ of the nonholonomic dynamics (even though this question seems to be dubbed the kinetic
Lagrangianization problem in the conclusions of the paper [3]).

In Section 2 we recall the most elementary concepts in this context, in an attempt to keep
the paper self-contained. Here it is important to notice that we will use a specific technique
throughout the paper. Indeed, to suppress the use of long expressions, and to gain ready
geometric insight, it will be advantageous to express the intrinsic and coordinate-independent
tools that we will use in terms of a so-called anholonomic frame of vector fields. In particular,
we will often choose the frame in such a way that the vanishing of a part of its corresponding
quasi-velocities represents the constraints and its distribution D. In the last sections, it will
be of further advantage to specify the frame in such a way that it also follows the orthogonal
decomposition of the tangent spaces by a given Riemannian metric.

In Section 3 we will first define the notion of a sode extension of a nonholonomic system as a
set of (only) second-order differential equations whose solutions set contains the nonholonomic
trajectories. The name comes from [3], but the idea can already be found in e.g. [8] as ‘Newton
laws with the restriction property’ and, implicitly, in [9] where the sode extensions are called
‘associated systems’. In the first part of the paper, we will show that such sode extensions
always exist. We will give two natural constructions of a sode extension in Propositions 1 and
2. We will motivate our constructions by showing in Proposition 3 that they represent, in fact,
a generalization of the well-known nonholonomic connection (see e.g.[24, 13]) to the level of
arbitrary Lagrangians. We will say that a nonholonomic system is purely kinetic, if its potential
V is constant and if its kinetic energy can be derived from a Riemannian metric g. Specifically
for a purely kinetic nonholonomic systems, there is also a third construction of a sode extension
at the end of Section 6.

From Section 4 onwards, we restrict the attention to only purely kinetic nonholonomic systems.
We will investigate the conditions under which the Riemannian metric g of the kinetic energy
can be modified to a metric ĝ, such that the nonholonomic trajectories become part of its set
of geodesics (and therefore also of the Euler-Lagrange equations that can be associated to the
Lagrangian L̂ of the kinetic energy ĝ). The specific kind of geodesic extension we envisage here
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will be such that the constrained Lagrangian LC = L|D remains preserved. This means that we
will assume that the restrictions of the Riemannian metrics g and ĝ to the constraint distribution
D are the same. We will say, in that case, that ĝ is a D-preserving modification of g. We are
able to show in Lemma 2 that this has the advantage that the question narrows to the search for
a suitable 1-form (with components θi along the distribution D) that satisfies a set of algebraic
and PDE conditions. If these have a solution, we show in Proposition 4 that we can always find
a Riemannian metric ĝ that satisfies our purposes. In Section 5 we relate (in Propositions 5 and
6) the conditions of Lemma 2 to the kind of sode extensions we had encountered in Section 3.

The exponential map of a Riemannian metric plays an important role in differential geometry
and geometric mechanics, for example in results concerning Jacobi fields, conjugate points,
variations of the energy and focal points. In this paper we will also address the search for
a geodesic extension from the viewpoint of the so-called nonholonomic exponential map. This
concept has been recently introduced in the paper [2], and further developed in [3]. There, among
other results, it was used to show that the nonholonomic trajectories of a purely kinetic system,
originating from a fixed point q, can be interpreted as the radial geodesics of a Riemannian metric
on a submanifold. This Riemannian metric should not be confused with the (full) Riemannian
metric ĝ we are looking for, since it (and the submanifold on which it is defined) is different for
each different point q. Notwithstanding, like [3], we will be inspired here by the same underlying
result from Riemannian geometry: the so-called Gauss Lemma (see e.g. [18]). This Lemma states
that the exponential map of a Riemannian metric at q is a radial isometry. In Proposition 7 we
show that the algebraic condition of Lemma 2 follows, as soon as the exponential map and the
sought-for modified metric ĝ satisfy a certain Gauss-type condition. Next, in Proposition 8 we
show that also the PDE condition can be interpreted as an infinitesimal condition. Along each
nonholonomic trajectory, it can be seen to be equivalent with a conservation law that involves
the parallel transport along a linear connection whose quadratic spray is, in fact, again a certain
sode extension. For these reasons, we will call the algebraic and PDE conditions infinitesimal
Gauss conditions.

In Section 7 we investigate the presence of symmetry. Chaplygin nonholonomic systems are
such that the Lagrangian and the constraints are both invariant under the action of a symmetry
Lie group G. Moreover, it is assumed that Q → Q/G is a principal fibre bundle and that the
constraint distribution D is the horizontal distribution of a principal connection. We show in
Proposition 10 that the conditions of Lemma 2 can be simplified, and that the geodesic extension
problem can be stated as the search for linear first integrals that satisfy some further algebraic
conditions.

We illustrate the results at the end of the paper with the example of a disk that rolls vertically
without slipping, and we compare the metrics we find with those that had already appeared in
the literature for this example [3, 21, 9].

2 Tangent bundle geometry, Lagrangian systems and nonholo-
nomic systems

We will assume throughout that Q is an n-dimensional real differentiable manifold, with local
coordinates (qα). We will assume that {Xα} represents an anholonomic frame of vector fields
on Q. The adjective anholonomic means here that the Lie brackets of these vector fields do not
necessarily vanish, and satisfy the relation [Xα, Xβ] = Rγ

αβXγ . We will call the components vα
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in the decomposition vq = vαXα(q) the quasi-velocities of a tangent vector vq ∈ TqQ. We may
then use (qα, vα) as (non-standard) coordinates on the tangent manifold TQ, where most of the
objects of interest live.

Any vector field X on Q can be lifted to vector fields on TQ, by means of the complete and
vertical lift, respectively: If X = Xα∂/∂qα, then in natural coordinates (qα, q̇α),

XC = Xα ∂

∂qα
+ q̇β

∂Xα

∂qβ
∂

∂q̇α
and XV = Xα ∂

∂q̇α
.

One may easily verify that, if {Xα} is a basis for X (Q) (the set of vector fields on Q), then
{XC

α , XV
α } forms a basis for X (TQ). An important property we will frequently use is that, on

the quasi-velocities vα of the frame,

XV
α (vβ) = δβα, XC

α (vβ) = −Rβ
αγv

γ ,

see e.g. [15] (and the references therein) for more details.

We recall some aspects of the calculus of forms along the tangent bundle projection τ : TQ→ Q
(see e.g. [25, 29] for a survey). A section X of the pullback bundle τ∗TQ = {(u, v) ∈ TQ ×
TQ | τ(u) = τ(v)} → TQ is said to be a vector field along τ . We denote the set of all these
vector fields by X (τ). We may interpret any vector field Y on Q as a “basic” vector field Y ◦ τ
along τ , but we will no longer make a notational distinction. For that reason, we may express
X ∈ X (τ) in the given frame {Xα} as X = ξαXα, with ξα ∈ C∞(TQ). It is easy to see that
vertical vector fields on TQ are in 1-1 correspondence with vector fields along τ . Indeed, each
X = ξαXα ∈ X (τ) can be vertically lifted to XV ∈ X (TQ), given by

XV = ξαXV
α .

In particular, there exist a canonical vector field T = vαXα ∈ X (τ). It corresponds to the
section vq 7→ (vq, vq) of the pullback bundle, and its vertical lift gives the Liouville vector field
on TQ.

A vector field Γ on TQ is a second-order ordinary differential equations field (sode, in short) if
all its integral curves γ : I → TQ are lifted curves, that is of the type γ = ċ. We call c : I → Q
a base integral curve of Γ. When expressed in terms of the frame {XC

α , XV
α }, a sode Γ is of the

form
Γ = vαXC

α + FαXV
α ,

for some functions Fα ∈ C∞(TQ). The quasi-velocity components (vα(t)) of the integral curves
γ(t) of Γ satisfy v̇α = Fα.

A sode Γ can be used to introduce a horizontal lift XH ∈ X (TQ) of X ∈ X (τ). Its coordinate
expression in the anholonomic frame is

XH = ξα
(
XC

α − Γβ
αX

V
β

)
, Γβ

α = −1

2

(
XV

α (F β) + vγRβ
αγ

)
.

With this, any vector field Z on TQ can be decomposed into the sum of a horizontal and a
vertical lift, Z = XH

1 +XV
2 for X1, X2 ∈ X (τ). For any vector field X along τ , we may define

[Γ, XV ] = −XH + (∇X)V and [Γ, XH ] = (∇X)H + (Φ(X))V .
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The (1, 1)-tensor field Φ along τ , the so-called Jacobi endomorphism, is of no concern for the
current paper. Below, we will often use the dynamical covariant derivative ∇ of Γ. It acts as a
derivation on X (τ). For f ∈ C∞(TQ) and X ∈ X (τ):

∇(fX) = f∇X + Γ(f)X and ∇Xα = Γβ
αXβ.

The equations of motion for an (unconstrained) Lagrangian systems (with regular Lagrangian
L : TQ→ R) are given by the Euler-Lagrange equations:

d

dt

(
∂L

∂q̇α

)
− ∂L

∂qα
= 0.

The solutions of these equations are base integral curves of the Lagrangian vector field ΓL ∈
X (TQ), which can be defined by as the unique sode that satisfies

ΓL(X
V (L))−XC(L) = 0, ∀X ∈ X (Q).

The main focus of the paper is on nonholonomic mechanical systems.

Definition 1. A nonholonomic system on a manifold Q consists of a pair (L,D), where L :
TQ → R is the Lagrangian of the system and D is the m-dimensional distribution on TQ that
describes the nonholonomic constraints.

In what follows, we will often use C, when we interpret the distribution D specifically as a
submanifold of TQ. We will also use k for n−m.

The equations of motion follow from considering an extended principle of Hamilton (also called
Lagrange-d’Alembert principle, see [7, 13]). The nonholonomic trajectory cvq(t) = (qα(t)) that
starts at vq ∈ Dq is a solution of the equations

µi
αq̇

α = 0,

d

dt

( ∂L

∂q̇α

)
− ∂L

∂qα
=

k∑
i=1

Λiµ
i
α.

The first set of equations represent the nonholonomic constraints. They ensure that the velocity
ċvq(t) remains in the distribution D during the motion. In the second set of equations, the
functions Λi(t) are called the Lagrange multipliers and are part of the unknowns.

As before for Lagrangian systems, we will represent the nonholonomic trajectories as the base
integral curves of a vector field Γ(L,D). Suppose that the vector fields {Xa} span D, and that we
complete this set to a frame {Xα} = {Xa, Xi} for all vector fields on Q. This has the advantage
that the equations for the nonholonomic constraints become very simple: if (vα) = (va, vi) are
the quasi-velocities with respect to this frame, then vq ∈ Dq if and only its quasi-velocities
satisfy vi = 0. In this paper, the indices α run from 1 to n, a from 1 to m and i from 1 to k.

We will say that the Lagrangian is regular with respect to D if the matrix(
XV

a (XV
b (L))

)
is non-singular everywhere on TQ. This is actually a small modification from the terminology in
[15, 16], where the matrix is only assumed to be non-singular on C (and see also the regularity
requirements in [17, 13]). If satisfied, there will exist a unique vector field Γ(L,D) of the type

Γ(L,D) = vaXC
a + faXV

a
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that satisfies, on C,
Γ(L,D)(X

V (L))−XC(L) = 0, ∀X ∈ Sec(D).

We will call this vector field the nonholonomic vector field. Given the current frame, it can be
completely determined from the relation

Γ(L,D)(X
V
a (L))−XC

a (L) = 0, on C.

This equation represents a version of the Lagrange-d’Alembert equations where the Lagrangian
multipliers have already been eliminated. Once Γ(L,D) is determined, the functions λi :=

Γ(L,D)(X
V
i (L))−XC

i (L) on C play the role of the Lagrangian multipliers, in the current frame.

Let L be a regular Lagrangian. The Hessian g of L, with respect to fibre coordinates, can be
thought of as a (0, 2)-tensor field along the tangent bundle projection τ : TQ→ Q (see [15, 29]
for details). To define it, it is enough to state its action along ‘basic’ vector fields in X (τ) (i.e.
vector fields on Q):

g(X,Y ) = XV (Y V (L)), X, Y ∈ X (Q).

and extend it to X (τ) by C∞(TQ)-linearity. Since there is a 1-1 correspondence between τ -
vertical vector fields on TQ and vector fields along τ , we may also think of it as acting on
vertical vector fields.

For what follows, it is important to realize that this Hessian is familiar in the case of a purely
kinetic Lagrangian, i.e. when L(v) = 1

2G(v, v) for a Riemannian metric G on Q. In this case, we
may identify the above defined Hessian g of L (interpreted as a (0,2) tensor field along τ) with
the ‘basic’ Riemannian metric G (interpreted as a (0,2) tensor field on Q). We will not make a
notational distinction between G and g in that case, and simply write L(v) = 1

2g(v, v).

Let’s assume now that L is again an arbitrary regular Lagrangian that is also regular with
respect to D. Let g be its Hessian. The pullback bundle τ∗D → TQ is a vector subbundle of
τ∗TQ whose set of sections we will denote by X (τ,D). Since L is regular with respect to D,
we can consider the set X g(τ,D) of vector fields along τ that are orthogonal to X (τ,D), with
respect to g. That is, X ∈ X g(τ,D) when

g(X,Y ) = 0, ∀Y ∈ X (τ,D).

With this, we can decompose X (τ) as

X (τ) = X (τ,D)⊕X g(τ,D)

and define two complementary projection operators:

P : X (τ)→ X (τ,D) and Q : X (τ)→ X g(τ,D).

Starting from a frame {Xa, Xi} for X (Q), we can easily construct a frame for X (τ) that is
adapted to the decomposition. Indeed, if gab = g(Xa, Xb), gai = g(Xa, Xi) and gij = g(Xi, Xj),
then gab has an inverse (because of the assumed regularity with respect to D). Then, the set
{Xa, X̃i}, with

X̃i = Xi − gabgbiXa = Xi +Ka
i Xa

is such a frame. The vector fields X̃i ∈ X (τ) are, however, not basic vector fields.

Next, we introduce the set X T (TQ) of vector fields on TQ that are tangent to the constraint
manifold C, i.e.

X T (TQ) = {Z ∈ X (TQ) |Z(vi) = 0}.
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In view of the relations XC
α (vi) = −Ri

αγv
γ and XV

α (vi) = δiα, one easily verifies that the vector
fields on TQ, given by

XC
i = XC

i +Rj
iγv

γX̃V
j , XC

a = XC
a +Rj

aγv
γX̃V

j and XV
a

form a basis for X T (TQ). We may augment this basis with the vector fields {X̃V
i } that span

(X g(τ,D))V to obtain a full basis of X (TQ). From this, we can conclude that we can decompose
X (TQ) as

X (TQ) = X T (TQ)⊕ (X g(τ,D))V

and that we can define two complementary projectors p and q,

p : X (TQ)→ X T (TQ) and q : X (TQ)→ (X g(τ,D))V .

If Z = ZaXC
a + ZiXC

i + ζaXV
a + ζiXV

i ∈ X (TQ), then

p(Z) = ZaXC
a + ZiXC

i + (ζa − ζiKa
i )X

V
a and q(Z) = (−ZaRj

aγv
γ − ZiRj

iγv
γ + ζj)X̃V

j .

3 Extensions of the nonholonomic vector field to a sode

In what follows, we will assume throughout that the Lagrangian L is both regular and regular
with respect to D. Let cvq(t) be the nonholonomic trajectory that starts at vq ∈ Dq. We
formalize the notion of a sode extension (implicit in [2, 3]) in the following definition.

Definition 2. A sode Γ is a sode extension of the nonholonomic vector field Γ(L,D), if each
nonholonomic trajectory cvq(t) is a base integral curve of Γ.

An equivalent way to define a sode extension is that it should satisfy

Γ|D = Γ(L,D).

It’s useful to see this property translated into terms of a frame {Xα} = {Xa, Xi} on Q whose
first elements {Xa} span D, and whose corresponding quasi-velocities are (vα) = (va, vi). The
sode Γ and the vector field Γ(L,D) can then be represented, respectively, by

Γ = vαXC
α + FαXV

α and Γ(L,D) = vaXC
a + faXV

a .

Let va(t) be such that v̇a = fa. From the definition, Γ is a sode extension if the curve
(va(t), vi(t) = 0) is an integral curve of Γ, i.e. a solution of v̇a = F a and v̇i = F i. This will be
the case, if and only if,

F a|C = fa, and F i|C = 0.

For the rest of the paper it is important to realize that the Lagrangian vector field ΓL of L is
not a sode extension of Γ(L,D). The sode ΓL = vαXC

α + FαXV
α is uniquely determined by the

relations
ΓL

(
XV

a (L)
)
−XV

a (L) = 0, ΓL

(
XV

i (L)
)
−XV

i (L) = 0.

From the first set of equations we get, in particular on C,

vbXC
b (XV

a (L)) + F b|CXV
b (XV

a (L)) + F i|CXV
i (XV

a (L))−XC
a (L) = 0.
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On the other hand, on C, the nonholonomic vector field Γ(L,D) = vaXC
a + faXV

a satisfies:

Γ(L,D)

(
XV

a (L)
)
−XC

a (L) = 0,

which becomes when written in full

vbXC
b (XV

a (L)) + f bXV
b (XV

a (L))−XC
a (L) = 0.

In the assumed regularity with respect to D, this last equation determines the coefficients f b of
the nonholonomic vector field. This means that the relation between the forces F a, F i and fa

is
fa = F a|C −Ka

i F
i|C on C.

This is not the required property for ΓL to be a sode extension of Γ(L,D), but it is a useful
property for what follows.

We now show that a sode extension of Γ(L,D) always exists. The construction we present below
is, in essence, also contained in [16] (Proposition 2) and [17] (formulated as Proposition 2.1 in
[2]).

Proposition 1. The vector field Γ1 = p(ΓL) is a sode extension of the nonholonomic vector
field Γ(L,D). It can, equivalently, be defined as the unique sode Γ1 which is tangent to the
constraints, and whose difference from ΓL is g-orthogonal.

Proof. If we rewrite ΓL in terms of the basis {X̃V
i , XC

i , XC
a , XV

a } we get

Γ1 = p(ΓL) = vaXC
a + viXC

i + (F a − F iKa
i )X

V
a

= va(XC
a +Rj

aγv
γX̃V

j ) + vi(XC
i +Rj

iγv
γX̃V

j ) + (F a − F iKa
i )X

V
a

= vaXC
a + viXC

i + vµRj
µγv

γX̃V
j + (F a − F iKa

i )X
V
a

= vαXC
α + (F a − F iKa

i )X
V
a + 0XV

i .

From the first term we may conclude that Γ1 is indeed a sode. When restricted to C, we know
that F a − F iKa

i coincides with fa. Therefore, we can conclude that p(ΓL) is a sode extension.

To prove the second statement, we set Γ1 = ΓL + UV = vαXC
α + FαXV

α + UαXV
α . From

the first condition, Γ1(vi) = 0, we obtain U i = −F i. The second condition can be expressed
as U ∈ (X g(τ,D))V , and thus U b = Kb

iU
i = −Kb

iF
i. With this we see that, again, Γ1 =

vαXC
α + (F a − F iKa

i )X
V
a .

In the next paragraph, we give a second construction of a sode extension and show how it
appears in the literature (in a special case).

Proposition 2. Let ∇ be the dynamical covariant derivative of ΓL and Q the projection on
X⊥(τ,D), defined by g. The vector field

Γ2 = ΓL − [∇(Q(T))]V

is a sode extension of the nonholonomic vector field Γ(L,D).
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Proof. For the canonical vector field T along τ we can write T = vaXa + viXi = ṽaXa + ṽiX̃i

with ṽa = va + viKa
i and ṽi = vi. Remark that if vi = 0 (on C) then ṽi = 0 and ṽa = va. From

this, Q(T) = viX̃i and

∇(Q(T)) = ∇(viX̃i) = ΓL(v
i)X̃i + vi∇X̃i = F iX̃i + vi∇X̃i.

The last term doesn’t really concern us, since it vanishes on C. Then,

Γ2 = vαXC
α + F aXV

a + F iXV
i − F iX̃V

i − vi(∇X̃i)
V = vαXC

α + (F a − F iKa
i )X

V
a − vi(∇X̃i)

V ,

from which it is clear that Γ2|C = ΓL,D.

The above construction is actually familiar, in the case of a purely kinetic Lagrangian.

Definition 3. A nonholonomic system (L,D) is purely kinetic if its Lagrangian is of the type
L(v) = 1

2g(v, v), for a Riemannian metric g on Q.

We have already remarked before that, in this case, the Hessian of L (interpreted as a (0,2)
tensor field along τ) is directly related to the Riemannian metric g. Since g is a Riemannian
metric, and therefore positive-definite, L is both regular and regular with respect to D. We first
derive an expression for ΓL and Γ(L,D). Next, we introduce the nonholonomic connection ∇nh,

and we show that the sode extension Γ2 is in fact the quadratic spray of ∇nh.

We may use the Riemannian metric g to define an orthogonal complement Dg of D in TQ.
With a slight abuse of notation, we will write P : X (Q) → Sec(D) and Q : X (Q) → Sec(Dg)
for the two corresponding projections, since these operators can clearly be extended to their
counterparts we had encountered in the previous section (with the same notation) on X (τ).

Many papers make use of the so-called nonholonomic connection ∇nh (see e.g. [24, 13]). It can
be defined by the expression

∇nh
X Y = P

(
∇g

XY
)
+∇g

X(Q(Y )).

Herein, ∇g is the Levi-Civita connection of g.

We will assume (until the end of the paper) that the frame {Xα} = {Xa, Xi} is chosen is such
a way that {Xa} represents a frame for D and that {Xi} is a frame for Dg. This means that,
from now on, gai = g (Xa, Xi) = 0. As before, we denote the quasi-velocities w.r.t. this frame
by (vα) = (va, vi).

It is well-known that the Levi-Civita connection of g satisfies the Koszul-formula

2g(∇g
XY, Z) = Xg(Y, Z)) + Y (g(X,Z))−Zg(X,Y ) + g([X,Y ], Z) + g([Z,X], Y ) + g([Z, Y ], X).

If we write ∇g
Xa

Xb = Γc
abXc +Γi

abXi, [Xa, Xb] = Rc
abXc +Ri

abXi, and so forth, we get by taking
X = Xa, Y = Xb, Z = Xc (among other choices)

2gcdΓ
d
ab = Xa(gbc) +Xb(gac)−Xc(gab) + gdcR

d
ab + gdbR

d
ca + gdaR

d
cb.

After multiplying both sides by vavb and canceling a factor 2, we obtain

gcdΓ
d
abv

avb = Xa (gbc) v
avb − 1

2
Xc (gab) v

avb − gdbR
d
acv

avb.

9



Lemma 1. For a purely kinetic Lagrangian L = 1
2gαβv

αvβ = 1
2

(
gijv

ivj + gabv
avb
)
the La-

grangian vector field is the geodesic spray Γg of the Levi-Civita connection. It is given by the
expression

ΓL = Γg = vαXC
α − Γα

βγv
βvγXV

α .

The nonholonomic vector field is given by

Γ(L,D) = vdXc
d − Γd

abv
avbXV

d .

The spray of the nonholonomic connection ∇nh is of the form

Γ∇nh = vγXC
γ −

(
Γc
abv

avb + 2Γc
ajv

avj + Γc
ibv

ivb + 2Γc
ijv

ivj
)
XV

c −
(
Γk
ajv

avj + Γk
ijv

ivj
)
XV

k .

Proof. We only prove the second expression, since the expression for the first can be found by
a similar reasoning.

Recall that on C all vi = 0 and that XC
d (vb) = −Rb

dev
e and XV

d (vb) = δbd. If we set Γ(Lg ,D) =

vdXc
d + fdXV

d , the coefficients fd satisfy on C

0 = Γ(Lg ,D)

(
XV

a (L)
)
−XC

a (L)

= vdXC
d (gabv

b) + fdXV
d (gabv

b)− 1

2
Xa(gij)v

ivj − gijX
C
a (vi)vj − 1

2
Xa(gcd)v

cvd − gcdX
C
a (vc)vd

= vdXd (gab) v
b − vdgabR

b
dev

e + fdgabδ
b
d −

1

2
Xa (gcd) v

cvd + gcdR
c
aev

evd

= gabf
b +

(
Xd (gab) v

dvb − gabR
b
dev

dve − 1

2
Xa (gcd) v

cvd + gcdR
c
aev

evd
)

= gabf
b + gabΓ

b
efv

evf .

We conclude that, indeed, f b = −Γb
efv

evf .

If, in the frame {Xα}, the connection coefficients of the nonholonomic connection are given
by ∇nh

Xα
Xβ = Γ̃γ

αβXγ , the corresponding quadratic spray can be expressed as Γ∇nh = vγXC
γ −

Γ̃γ
αβv

αvβXV
γ (see e.g. [14]). Specifically for the nonholonomic connection, we may compute:

• ∇nh
Xa

Xb = P (Γγ
abXγ) = Γc

abXc + 0Xi,

• ∇nh
Xa

Xj = P
(
Γγ
ajXγ

)
+∇g

Xa
Xj = Γc

ajXc + Γk
ajXk + Γc

ajXc = 2Γc
ajXc + Γk

ajXk,

• ∇nh
Xi
Xj = P

(
Γγ
ijXγ

)
+∇g

Xi
Xj = Γc

ijXc + Γk
ijXk + Γc

ijXc = 2Γc
ijXc + Γk

ijXk,

from which the expression in the statement then follows.

We now show that the second construction of a sode extension is natural in the following way:
it represents a generalization of the quadratic spray associated to the nonholonomic connection.

Proposition 3. For a purely kinetic Lagrangian L(v) = 1
2g(v, v), the spray Γ∇nh of the non-

holonomic connection is the sode extension Γ2 of Γ(L,D), i.e.

Γ∇nh = Γg − [∇(Q(T))]V .

10



Proof. When one restricts the expression of Γ∇nh
in the statement of Lemma 1 to vi = 0, one

easily verifies that Γ∇nh is indeed a sode extension of Γ(L,D). Besides, we can make the vector
field Γg appear in the expression of Γ∇nh , as follows:

Γ∇nh = Γg − Γc
αjv

αvjXV
c + Γk

αav
αvaXV

k .

In case of the geodesic spray Γg, the coefficients of the dynamical covariant derivative are given

by Γβ
i = Γβ

iαv
α and Γβ

a = Γβ
aαvα. A more compact way of writing the spray of the nonholonomic

connection is therefore
Γ∇nh = Γg − Γc

jv
jXV

c + Γk
av

aXV
k .

For any quadratic spray (like Γg) is ∇T = 0 (see e.g. [25]). For the projections P and Q (now
interpreted as acting on X (τ)), we have

∇(Q(T)) = (∇Q)(T) = ∇(Q(T))−Q(∇T) = ∇
(
viXi

)
−Q

(
Γg (va)Xa + va∇Xa +∇

(
viXi

))
= P

(
∇viXi

)
− vaQ (∇Xa) = viP (∇Xi)− vaQ (∇Xa) = viP

(
Γβ
i Xβ

)
− vaQ

(
Γβ
aXβ

)
= viΓb

iXb − vaΓk
aXk.

When we take the vertical lift of this expression, it represents the difference between Γ∇nh and
Γg, as required.

4 Geodesic extensions

In this section we consider only purely kinetic nonholonomic systems. The sode extension Γ∇nh

(described in Proposition 3) is a quadratic spray, but it is not necessarily the geodesic spray of
a (pseudo-)Riemannian metric ĝ.

Definition 4. A geodesic extension of a purely kinetic nonholonomic system (L,D) is a Rie-
mannian metric ĝ whose geodesic spray Γĝ is a sode extension of Γ(L,D).

In that case, the nonholonomic trajectories could be interpreted as geodesics with initial veloc-
ities in D. In the rest of the paper, we look at this problem in more detail.

Consider a distribution D and a Riemannian metric g. We may use the metric g to decompose

TQ = D ⊕Dg.

In what follows we will, again, make use of a frame {Xa, Xi} that respects this decomposition
and of its corresponding quasi-velocities (va, vi).

If ĝ is a pseudo-Riemannian metric (i.e. non-degenerate, but not necessarily positive-definite),
the integral curves of the geodesic spray Γĝ of ĝ satisfy the equations{

v̇a = −Γ̂a
αβv

αvβ = −Γ̂a
bcv

bvc − ˆ̂
Γa
jv

j ,

v̇i = −Γ̂i
αβv

αvβ = −Γ̂i
abv

avb − ˆ̂
Γi
jv

j ,

where Γ̂α
βγ are the connection coefficients of the Levi-Civita connection ∇ĝ associated to the

metric ĝ, in the frame {Xa, Xi}. For our purpose, the terms with a factor vj are of no special in-
terest, since they vanish after restriction to C. Recall that these equations are equivalent with the
Euler-Lagrange equations of the Lagrangian L̂(v) = 1

2 ĝ(v, v) =
1
2

(
ĝabv

avb + 2ĝaiv
avi + ĝijv

ivj
)
.

11



When compared to the nonholonomic equations of motion of (L,D), the integral curves of any
sode extension of Γ(L,D) should satisfy on C:{

v̇a = −Γa
bcv

bvc,
v̇i = 0.

We conclude that the pseudo-Riemannian metric ĝ we are looking for must be such that its
connection coefficients satisfy the conditions

(∗)
{

Γ̂c
abv

avb = Γc
abv

avb,

Γ̂i
bcv

bvc = 0.

The factors Γ̂c
ab are functions on Q and do not depend on the quasi-velocities va. We may

also write the conditions (∗) in a version without the factors vbvc. However, we should keep
in mind that (even though the Levi-Civita connection is torsionless) the Christoffel symbols
are not symmetric in the current anholonomic frame. For example, the last condition of (∗) is
equivalent with

2Γ̂i
bc +Ri

bc = 0,

and similar for the first. For compactness of our formulae, we prefer the first notation.

In what follows, we will make one further assumption:

Definition 5. A symmetric (0,2) tensor field ĝ on Q is a D-preserving modification of a Rie-
mannian metric g on Q if ĝ and g are related in such a way that

ĝ|D×D = g|D×D.

In terms of the nonholonomic dynamics, this assumption has the interpretation that we are
looking for an extension L̂ of the mechanical Lagrangian L, where we do not wish to alter the
constraint Lagrangian Lc = L|C = L̂|C . In the current frame {Xa, Xi}, this assumption means
that g and ĝ are of the form

g =

(
gab 0
0 gij

)
and ĝ =

(
gab ĝai
ĝai ĝij

)
.

In this, for example, (ĝij) is the matrix that corresponds to the restriction ĝ|Dg×Dg , i.e. ĝij =
ĝ(Xi, Xj).

Recall that the principal restriction g|D×D of a Riemannian metric remains positive-definite,
because g is as a whole. Among other, this means that the matrix (gab) with gab = g(Xa, Xb)
has an inverse (gab). Under the current assumptions, this means that there exists also an
orthogonal decomposition by ĝ,

TQ = D ⊕Dĝ,

where Sec(Dĝ) = span{X̂i = Xi−ĝbigabXa}. In the next proposition, we will not assume from the
outset that ĝ is a Riemannian metric. The condition, in the Lemma below, that the restriction
ĝ|Dĝ×Dĝ is non-degenerate is equivalent with asking the matrix (ĝ(X̂i, X̂j)) = (ĝij − ĝaiĝ

abĝjb)
to be invertible.

With these extra assumptions, we will show that we can re-write the conditions (∗) as algebraic
and PDE conditions in the unknown functions ĝai, which represents the restriction of ĝ to D×Dg.
Besides, the Lemma below shows that the choice of ĝij is (almost) completely free.
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There is also a formulation of the conditions that solely makes use of unknown functions θi =
ĝaiv

a. In that case, also the Lagrangian multipliers λi = Γ(L,D)(X
V
i (L))−XC

i (L) (restricted to
C) make their appearance in the equations. These are both components of a semi-basic 1-form
on TQ. This is a 1-form that vanishes when applied to vertical lifts and which, for this reason,
can be fixed by its action on complete lifts. Relying on the decomposition TQ = D ⊕ Dg, we
may consider the semi-basic 1-form defined by

θ(XC) = 0, ∀X ∈ Sec(D), θ(XC) = ĝ(T, X), ∀X ∈ Sec(Dg).

In the above, we have interpreted the Riemannian metric ĝ again as the Hessian of its corre-
sponding Lagrangian, i.e. as a (basic) (0,2) tensor field along τ . We will be mainly interested in
θ|C , with components θi = ĝaiv

a, in the dual frame of {XC
a , XC

i , XV
a , XV

i }.

Next, we consider the semi-basic 1-form, defined by

λ(XC) = 0, ∀X ∈ Sec(D), λ(XC) = Γ(L,D)(X
V (L))−XC(L), ∀X ∈ Sec(Dg),

and we consider its restriction to C, λ|C . Again, its components are the restrictions of the
multipliers λi = Γ(L,D)(X

V
i (L))−XC

i (L) to C we had encountered before.

Lemma 2. Suppose that g is a Riemannian metric and that ĝ is a D-preserving pseudo-
Riemannian modification of g whose restriction ĝ|Dĝ×Dĝ is non-degenerate. Then, the equations
(*) are equivalent with the equations

(A) ĝbkR
k
acv

avb = 0,

(B) ĝdiΓ
d
abv

avb = (gkiΓ
k
ab +Xa(ĝbi)− ĝbkR

k
ai)v

avb,

in the unknown restriction ĝ|D×Dg = (ĝai). When written in terms of the 1-form θ = (θi) the
algebraic condition (A) and the PDE condition (B) become

(A) θkR
k
acv

a = 0,

(B) Γ(L,D)(θi) + θkR
k
iav

a + λi = 0.

Proof. In the frame {Xa, Xi}, we have gai = 0. Koszul’s formula (see Section 3) for the metric
g leads to {

2gcdΓ
d
abv

avb = (2Xa (gbc)−Xc (gab)− 2gdbR
d
ac)v

avb,
2gkiΓ

k
abv

avb = (−Xi (gab)− 2gdbR
d
ai)v

avb.

Likewise, when applied on the metric ĝ Koszul’s formula gives{
2(ĝcdΓ̂

d
ab + ĝckΓ̂

k
ab)v

avb = (2Xa (ĝbc)−Xc (ĝab)− 2ĝdbR
d
ac − 2ĝbkR

k
ac)v

avb,

2(ĝdiΓ̂
d
ab + ĝkiΓ̂

k
ab)v

avb = (2Xa (ĝbi)−Xi (ĝab)− 2ĝdbR
d
ai − 2ĝbkR

k
ai)v

avb.

Since ĝab = gab, we can recognize some terms of the first set in the second to obtain the following
identities {

2(gcdΓ̂
d
ab + ĝckΓ̂

k
ab)v

avb = (2gcdΓ
d
ab − 2ĝbkR

k
ac)v

avb,

2(ĝdiΓ̂
d
ab + ĝkiΓ̂

k
ab)v

avb = (2Xa (ĝbi) + 2gkiΓ
k
ab − 2ĝbkR

k
ai)v

avb.

When conditions (∗) hold, the first identity above leads to condition (A) and the second to
condition (B). We only need the extra assumptions in the statement to prove the converse.
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If we suppose that the conditions (A) and (B) hold, we get from the identities that{
(gcdΓ̂

d
ab + ĝkcΓ̂

k
ab)v

avb = gcdΓ
d
abv

avb,

(ĝdiΓ̂
d
ab + ĝkiΓ̂

k
ab)v

avb = ĝdiΓ
d
abv

avb.

We may rewrite the first as Γ̂d
abv

avb = (Γd
ab − gcdĝckΓ̂

k
ab)v

avb. When plugged in the second, this

gives (−ĝdigcdĝck + ĝki)Γ̂
k
abv

avb = 0. Under the current assumptions, we get indeed Γ̂k
abv

avb = 0

and therefore also Γ̂d
abv

avb = Γd
abv

avb.

For the statements involving θi, it is clear that we may immediately rewrite (A) in the desired
form. For (B), recall first that, on C,

λi = Γ(L,D)(X
V
i (L))−XC

i (L) = Γ(L,D)(gijv
j)− 1

2
Xi(gab)v

avb − gabX
C
i (va)vb

= gijΓ(L,D)(v
j)− 1

2
Xi(gab)v

avb − gabR
a
icv

b = gkiΓ
k
abv

avb + gdbR
d
aiv

avb + gabR
a
icv

cvb

= −gkiΓL(v
k).

In the before-last equality, we have again made use of Koszul’s formula for the metric g. Con-
dition (B) can then be expressed as

0 = −ĝdiΓd
abv

avb + gkiΓ
k
abv

avb +Xa(ĝbi)v
avb − ĝbkR

k
aiv

avb

= ĝdiΓ(L,D)(v
d)− gkiΓL(v

k) + Γ(L,D)(ĝbi)v
b − ĝbkR

k
aiv

avb

= Γ(L,D)(ĝbiv
b)− gkiΓL(v

k)− ĝbkR
k
aiv

avb

= Γ(L,D)(ĝbiv
b) + λi − ĝbkv

bRk
aiv

a

= Γ(L,D)(θi) + λi + θkR
k
iav

a.

The next proposition shows that the problem of finding a geodesic extension by means of a
Riemannian metric is solved, once we have found a solution for the algebraic condition (A) and
the PDE equation (B).

Proposition 4. Consider the equations (A) and (B) from the previous Lemma.

1. If ĝ is a Riemannian metric that is a D-preserving modification of g and a geodesic exten-
sion of (L,D), then its restriction ĝ|D×Dg = (ĝai) satisfies the algebraic equations (A) and
the PDE equations (B).

2. If ĝ is (0,2)-tensor field that is a D-preserving modification of g and whose restriction
ĝ|D×D⊥ = (ĝai) satisfies the algebraic equations (A) and the PDE equations (B), then
there exists a geodesic extension of (L,D) by a Riemannian metric.

Proof. Given what we have said in the proof of Lemma 2, the first statement is obvious. To prove
the second, we only need to check that a restriction ĝ|D×Dg = (ĝai) (solving (A) and (B)) can
always be completed to a full Riemannian metric ĝ, by an appropriate choice of the freedom in

ĝ|D⊥×Dg = (ĝij). In this proof, we will use the shorthand notation ĝ =

(
gab ĝai
ĝai ĝij

)
=

(
A B
BT D

)
.

Here, A is a positive-definite m×m-matrix, B a m× k-matrix and D a k × k-matrix.
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First, we show that we can choose D such that ĝ is a pseudo-Riemannian metric (i.e. non-
degenerate). Let C := BTA−1B. Since

det(ĝ) = det(A) det(D −BTA−1B) = det(A) det(D − C),

with det(A) ̸= 0, we need to find a symmetric and invertibleD in such a way that det(D−C) ̸= 0.
These requirements can be achieved by considering an α ̸= 0 which is not an eigenvalue of C and
by choosingD = αIk (where Ik is the identity matrix of order k×k). Since det(D−BTA−1B) ̸= 0
is, in the current notations, equivalent with the condition that the restriction ĝ|Dĝ×Dĝ is non-
degenerate, all the conditions of Lemma 2 are now satisfied.

We now check whether we can specify α further, in such a way that ĝ is also positive-definite.
This means that for every non-zero v ∈ TqQ we must have

ĝq(v, v) = gabv
avb + 2ĝaiv

avi + αδijv
ivj > 0.

Since g is positive-definite we already know that gabv
avb > 0. If we assume, for our convenience,

that the frame {Xa} of D is an orthogonal eigenbasis for the symmetric gab, then we may write
this as

gabv
avb = τ1(v

1)2 + τ2(v
2)2 + . . .+ τm(vm)2 > 0,

where τi are the (positive) eigenvalues of gab. Let τmin = min{τ1, τ2, . . . , τm} > 0. Then

gabv
avb ≥ τmin

(
(v1)2 + . . .+ (vm)2

)
= τminδabv

avb.

If we can show that there exists an α such that

τminδabv
avb + 2ĝaiv

avi + αδijv
ivj > 0

for every (va, vi) ̸= (0, 0), we also get that

ĝq(v, v) = gabv
avb + 2ĝaiv

avi + αδijv
ivj > 0.

In conclusion, we can finish the proof if we show that there exist a value for α for which the

matrix

(
τminIm B
BT αIk

)
is positive-definite, i.e. all its eigenvalues λ are strictly positive.

If λ is an eigenvalue of the above matrix, it will satisfy

det

(
(τmin − λ)Im B

BT (α− λ)Ik

)
= 0.

We distinguish between two cases. Suppose, first, that λ = τmin, then it is clearly strictly
positive. Next, if λ ̸= τmin, then it will satisfy the equation:

det((τmin − λ)Im) det((α− λ)Im −BT 1

τmin − λ
IkB) = 0

and therefore also

(τmin − λ)m−k det((α− λ)(τmin − λ)Im −BTB) = 0.

Since the first factor is not zero, we see that λ ̸= τmin will be an eigenvalue of

(
τminIm B
BT αIk

)
if

and only if µ = (α−λ)(τmin−λ) is an eigenvalue of BTB. This last relation can also be written
as

λ2 − (τmin + α)λ− µ+ τminα = 0.
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Of all eigenvalues µ of BTB, take µmax = max{µ}. To end the proof, we will assume that α ̸= 0
is not an eigenvalue of C, and is such that α > −τmin and α > µmax

τmin
. In that case, the two values

λ that satisfy the above quadratic equation are indeed strictly positive, because their sum and
product satisfy, respectively,

τmin + α > 0, and − µ+ τminα ≥ −µmax + τminα > 0.

In Section 8.1 we will derive and integrate the conditions (A) and (B) explicitly for the example
of a vertically rolling disk. We will also provide Riemannian metrics ĝ which are geodesic
extensions of the nonholonomic system.

The conditions (A) and (B), when written in terms of θi are familiar from a completely different
context. If we set ϕi = −θi (and forget that here θi is assumed to be linear in the va), the
conditions

ϕkR
k
acv

a = 0 and Γ(L,D)(ϕi) + ϕkR
k
iav

a − λi = 0

also appear in [15] (Corollary 1). The correspondence with our conditions is only ostensibly,
however, since there the conditions have a completely different interpretation and role in the
theory: there, they are related to conditions for the nonholonomic problem to be consistent with
a vakonomic problem. It would lead us too far to explain here deeper the relation between this
consistency problem and the geodesic extension problem we are now dealing with.

5 Relation to sode extensions

Let (L = 1
2g(v, v),D) be a purely kinetic nonholonomic system. If we take a basis {Xa, Xi} that

respects the orthogonal decomposition by g (i.e. with span{Xa} = D and span{Xi} = Dg), we
have already seen that the nonholonomic vector field is

Γ(L,D) = vaXC
a + faXV

a = vaXC
a − Γa

bcv
bvcXV

a .

Let ĝ be a Riemannian metric with ĝab = gab. We have already mentioned that we may also
use the metric ĝ to decompose TQ into TQ = D ⊕ Dĝ. A basis {X̂i} that spans Dĝ is given
by the vector fields X̂i = Xi − gabĝbiXa. As in Section 3, this decomposition will lead to a
decomposition of the type

X (TQ) = X T (TQ)⊕ (X ĝ(τ,D))V

where (X ĝ(τ,D))V = span{X̂V
i }. Let’s denote the projections that correspond to this decom-

position by
p̂ : X (TQ)→ X T (TQ) and q̂ : X (TQ)→ (X ĝ(τ,D))V .

The geodesic spray Γĝ (i.e. the Lagrangian vector field ΓL̂ of L̂(v) = 1
2 ĝ(v, v)) is given in terms

of the basis {Xa, Xi} by

Γĝ = vαXC
α + F̂ aXV

a + F̂ iXV
i = vαXC

α − Γ̂a
αβv

αvβXV
a − Γ̂i

αβv
αvβXV

i ,

where Γ̂γ
αβ are the Christoffel symbols of ĝ, as before.

Similarly as in Propositions 1 and 2, we may construct from Γĝ two new sodes. The first is

Γ1
ĝ = p̂(Γĝ) = vαXC

α + (F̂ a + gabĝbiF̂
i)XV

a + 0XV
i .
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The second is (according to Proposition 3) the quadratic spray of the nonholonomic connection
(now the one associated to ĝ and D). To derive its expression, we see that the orthogonal
projection Q̂ : X (τ)→ X ĝ(τ,D) has the property

Q̂(T) = Q̂(vaXa + viXi) = Q̂((va + vigabĝbi)Xa + viX̂i) = viX̂i.

With that, we may define

Γ2
ĝ = ΓL̂ − (∇̂(Q̂(T)))V

= Γĝ − (Γĝ(v
i)X̂i + vi∇̂(X̂i))

V

= vαXC
α + (F̂ a + gabĝbiF̂

i)XV
a − vi(∇̂(X̂i))

V .

In the next proposition, we relate the condition (A) to sode extensions of Γ(L,D) by one of these
vector fields.

Proposition 5. Let g and ĝ be two Riemannian metrics which are a D-preserving modification
of each other. The following statements are equivalent:

(i) The condition (A) is satisfied for ĝ,

(ii) The vector field Γ1
ĝ is a sode extension of Γ(Lg ,D),

(iii) The vector field Γ2
ĝ is a sode extension of Γ(Lg ,D),

(iv) The nonholonomic vector field Γ(Lg ,D) satisfies on C,

Γ(L,D)(X
V (L̂))−XC(L̂)) = 0, ∀X ∈ Sec(D).

Proof. We have already remarked in the proof of Lemma 2 that the Christoffel symbols Γ̂γ
αβ of

ĝ and Γγ
αβ of g are always related as follows:

2(gcdΓ̂
d
ab + ĝkcΓ̂

k
ab)v

avb = (2gcdΓ
d
ab − ĝbkR

k
ac − ĝakR

k
bc)v

avb.

The condition (A) is satisfied if, and only if, we have

2(gcdΓ̂
d
ab + ĝkcΓ̂

k
ab)v

avb = (2gcdΓ
d
ab)v

avb.

We may, equivalently, rewrite this as

gdcF̂
d|C + ĝckF̂

k|C = gdcf
d.

Since the matrix gcd is invertible we get

F̂ d|C + gdcĝckF̂
k|C = fd.

Since the steps are reversible, this condition is in fact equivalent with the condition in (i). We
continue the proof by showing that also all of the other statements are equivalent to this.

Indeed, given that vi = 0 on C, it is easy to see from the expressions we had obtained before
that

Γ1
ĝ|C = vaXC

a + faXV
a = Γ(L,D)
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if and only if F̂ d|C + gdcĝckF̂
k|C = fd, and similarly for Γ2

ĝ.

The statement (iv) says that the coefficients fa of the nonholonomic vector field Γ(L,D) satisfy,
on C,

0 = Γ(Lg ,D)(X
V
a (L̂))−XC

a (L̂)

= vbXC
b XC

a (L̂) + f bXV
b XV

a (L̂)−XC
a (L̂)

= vbXC
b XC

a (L̂) + f bgab −XC
a (L̂).

Now, recall that the Lagrangian vector field ΓL̂ = Γĝ always satisfies

ΓL̂(X
V (L̂))−XC(L̂) = 0, ∀X ∈ X (Q).

In particular, we have (after restriction to C)

0 = ΓL̂(X
V
a (L̂))−XC

a (L̂) = vbXC
b XV

a (L̂) + F̂ b|CXV
b XV

a (L̂) + F i|CXV
i XV

a (L̂)−XC
a (L̂)

= vbXC
b XV

a (L̂) + F̂ b|Cgab + F i|C ĝai −XC
a (L̂).

If we subtract this from the previous, the statement in (iv) is indeed equivalent with F̂ b|C +
F i|C ĝaigab = f b.

We have already shown in Proposition 4 that Γĝ is a sode extension of Γ(Lg ,D) if and only if (A)
and (B) are satisfied. From the previous we know that, if only (A) is satisfied, it is not enough
to guarantee that Γĝ is a sode extension: Proposition 5 says that in that case only Γ1

ĝ or Γ2
ĝ is

one. Therefore, we need to add the condition that also the restriction ∇̂(Q̂(T))|C vanishes. The
proof of the next proposition is now obvious.

Proposition 6. Let g and ĝ be two Riemannian metrics which are a D-preserving modification
of each other. The following statements are equivalent:

(i) Γĝ is a SODE extension of Γ(L,D),

(ii) The conditions (A) and (B) are satisfied,

(ii) (A) is satisfied and ∇̂(Q̂(T))|C = 0,

(iii) Γĝ|C = Γ1
ĝ|C = Γ2

ĝ|C.

6 Infinitesimal Gauss-type conditions

Throughout this section, given vq ∈ TqQ, we will often make use of the canonical identification
of Tvq(TqQ) as the tangent space TqQ:

(wq)
V
vq = wαXV

α (vq) ←→ wq = wαXα(q).

Let ϕnh
t : D → D be the flow of the nonholonomic vector field Γ(L,D). The nonholonomic

exponential map is defined in [2] as

expnhq (vq) = τ(ϕnh
1 (vq)),
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where τ : TQ→ Q is the tangent bundle projection. Among other properties, it has been shown
in [3] specifically for a purely kinetic nonholonomic system (L(v) = 1

2g(v, v),D) that for each
fixed q ∈ Q, there exists a submanifold Mq of Q (with q ∈ Mq) such that the nonholonomic
exponential map restricts to a diffeomorphism expnhq : U0 ⊂ Dq →Mq, where U0 is a starshaped

open subset of Dq around 0q ∈ U0. Moreover, expnhq (0q) = q and the morphism T0q(exp
nh
q ) :

Cq → TqQ (under the identification between Cq and T0qU0) is the canonical inclusion. Important
for us, is that it has also been shown in [3] that, for every vq ∈ U0,

expnhq (tvq) = cvq(t),

with cvq : [0, 1]→Mq the nonholonomic trajectory satisfying cvq(0) = q and ċvq(0) = vq.

In what follows we will use a description of the nonholonomic exponential in quasi-velocities.
Given a frame {Xα} = {Xa, Xi}, adapted to TQ = D⊕Dg, as before, we set in local coordinates

expnhq : vq = vaXa(q) 7→ q̃α = ϵα(v).

We will also use ((Eα
β )(v)) for the matrix representation of the tangent map of expnhq in vq in

quasi-velocities: For uq ∈ Dq, we set

Tvq(exp
nh
q )(uq) = ua

(
Eb

a(v)Xb(q̃) + Ei
a(v)Xi(q̃)

)
∈ Tq̃Q.

Lemma 3. At 0q ∈ TqQ, we have Eb
a(0) = δba, E

i
a(0) = 0,

∂Ed
a

∂vb
(0) =

1

2
Rd

ab(q)−
1

2
(Γd

ab(q) + Γd
ba(q)) and

∂Ei
a

∂vb
(0) =

1

2
Ri

ab(q).

Proof. The first two properties follow from the fact that, when vq = 0q, T0q(exp
nh
q ) can be

regarded as the inclusion. We will compute the other expressions in two steps.

Let vq = vaXa(q) ∈ TqQ. Consider a nonholonomic trajectory cvq(t) and its derivative ċvq(t) =

V a(t)Xa

(
cvq(t)

)
∈ Dcvq (t)

. The functions V a(t) then satisfy V̇ a(t) = −Γa
bc

(
cvq(t)

)
V b(t)V c(t).

Since in the purely kinetic case cvq(t) = exp (tvq), we may also write this as

ċvq(t) = Eα
a (tv)v

aXα

(
cvq(t)

)
.

We get from this
Ed

a(tvq)v
a = V d(t) and Ei

a(tvq)v
a = 0.

By applying d
dt |t=0 on both sides of both equations we get

∂Ed
a

∂vµ
(0)vµva = V̇ d(0) = −Γd

ef (q)v
evf

and after symmetrization

∂Ed
a

∂vc
(0) +

∂Ed
c

∂va
(0) = −(Γd

ac(q) + Γd
ca(q)).

Likewise, it follows from ∂Ei
a/∂v

µ(0)vµva = ∂Ei
a/∂v

b(0)vbva = 0 that ∂Ei
a/∂v

b(0)+∂Ei
b/∂v

a(0) =
0.
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Now we compute the expression for the differences ∂Ed
a/∂v

c(0)−∂Ed
c /∂v

a(0) and ∂Ei
a/∂v

b(0)−
∂Ei

b/∂v
a(0). We know that in natural coordinates and in quasi-velocities, we get (respectively)

Tvq(exp
nh
q )(uq) = ua

∂ϵα

∂va
(v)

∂

∂qα
|q̃ = Eβ

a (v)u
aXβ(q̃).

Since {∂/∂qα|q̃} is a basis for Tq̃Q there exists an invertible matrix (Aα
β(q̃)) of functions such that

Xβ(q̃) = Aα
β(q̃)∂/∂q

α|q̃. Therefore ∂ϵα/∂va(v) = Eβ
a (v)Aα

β(ϵ(v)), and in particular ∂ϵα/∂va(0) =

Eβ
a (0)Aα

β(q) = Aα
a (q). When we take a ∂/∂vb-derivative on both sides of the first relation, we

get

∂2ϵα

∂va∂vb
(v) =

∂Eβ
a

∂vb
(v)Aα

β(ϵ(v)) + Eβ
a (v)

∂Aα
β

∂qµ
(ϵ(v))

∂ϵµ

∂vb
(v),

and at v = 0:
∂2ϵα

∂va∂vb
(0) =

∂Eβ
a

∂vb
(0)Aα

β(q) + δβa
∂Aα

β

∂qµ
(q)Aµ

b (q).

If we change in this last equality a and b, and subtract we get the identity

0 =

(
∂Eβ

a

∂vb
(0)−

∂Eβ
b

∂va
(0)

)
Aα

β(q) +

(
∂Aα

a

∂qµ
(q)Aµ

b (q)−
∂Aα

b

∂qµ
(q)Aµ

a(q)

)
.

The last term is, in fact, related to the Lie bracket Rβ
baXβ = [Xb, Xa] = (Aµ

b ∂A
α
a/∂q

µ −
Aµ

a∂Aα
b /∂q

µ)∂/∂qα. The difference now becomes

0 =

[
∂Eβ

a

∂vb
(0)−

∂Eβ
b

∂va
(0)−Rβ

ab(q)

]
Aα

β(q).

For β = d and β = i, we get, respectively,

∂Ed
a

∂vb
(0)−

∂Ed
b

∂va
(0) = Rd

ab(q),
∂Ei

a

∂vb
(0)−

∂Ei
b

∂va
(0) = Ri

ab(q).

We conclude that
∂Ed

a

∂vb
(0)−

∂Ed
b

∂va
(0) = Rd

ab(q),

∂Ed
a

∂vc
(0) +

∂Ed
c

∂va
(0) = −(Γd

ac(q) + Γd
ca(q)),


∂Ei

a

∂vb
(0)−

∂Ei
b

∂va
(0) = Ri

ab(q),

∂Ei
a

∂vb
(0) +

∂Ei
b

∂va
(0) = 0.

This leads to the expressions in the statement of the Lemma.

We can now relate condition (A) to the Gauss Lemma of Riemannian geometry. Let h be a
Riemannian metric on a manifold Q with exponential map exphq . Suppose that vq ∈ TqQ is such

that exphq (vq) is defined. The Gauss Lemma says, in essence, that exphq : TqQ → Q is a radial

isometry (under appropriate identification). This means that H0 = (exphq )
∗h satisfies the ‘Gauss

condition’:
H0

vq(vq, uq) = H
0
0q(vq, uq),

for all uq ∈ TvTqQ ∼= TqQ. The expression for H0 can equivalently be written as

hexphq (vq)(Tvq exp
h
q (vq), Tvq exp

h
q (uq)) = hq(vq, uq).
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We refer to e.g. [18] for the details.

We do not need the Gauss Lemma as such. In [3] it is shown that a certain Gauss-type condition
is necessary and sufficient for the existence of a Riemannian metric gnhq on the submanifold
Mq with the property that the radial kinetic nonholonomic trajectories departing from q are
minimizing geodesics of gnhq . This is also not the property that we will be interested in here,
but our result has a similar flavour. In the next proposition we give a sufficient condition under
which the condition (A) (that appears in Lemma 2 and Proposition 4) always holds.

Proposition 7. Let expnhq be the nonholonomic exponential map of a purely kinetic (L,D) and
let ĝ be a Riemannian metric on Q which is a D-preserving modification of g. If G0 = (expnhq )∗ĝ
satisfies the following Gauss-type condition

G0vq(vq, uq) = G
0
0q(vq, uq), ∀vq, uq ∈ Dq,

or, equivalently,

ĝexpnh
q (vq)

(
Tvq

(
expnhq

)
(vq) , Tvq

(
expnhq

)
(uq)

)
= ĝq(vq, uq),

then condition (A) is satisfied for ĝ.

Proof. The equivalent condition is the first written in full, after having taken into account that
the tangent map of the exponential map in zero is the inclusion (with the identification between
TqQ and Tvq(TqQ)).

Given that vq, uq ∈ Dq, we can write them as vq = vaXa(q) and wq = uaXa(q). With this the
Gauss condition becomes

ĝαβ(exp
nh
q (vq))E

α
a (v)v

aEβ
b (v) = gab(q)v

a.

Now, we substitute vq by tvq and cancel a factor t on both sides,

ĝαβ(cvq(t))E
α
a (tv)v

aEβ
b (tv) = gabv

a,

where we have also used expnhq (tvq) = cvq(t). If we apply d
dt

∣∣
t=0

on both sides, we obtain

∂ĝαβ
∂qµ

(q)(ċvq)
µ(0)Eα

a (0)v
aEβ

b (0) + ĝαβ(q)
∂Eα

a

∂vµ
(0)vµvaEβ

b (0) + ĝαβ(q)E
α
a (0)v

a∂E
β
b

∂vµ
(0)vµ = 0.

In the first term, we may rewrite (ċvq)
µ(0)∂/∂qµ|q as vfXf (q) + viXi(q) = vfXf (q), since the

vector vq = ċvq(0) ∈ Dq has components vi = 0. If we also insert the expressions that we had
found in Lemma 3, we get

0 = vfXf (ĝab)v
a + ĝdb

(
−(Γd

af + Γd
fa)
)
vfva +

1

2
ĝad

(
−(Γd

bf + Γd
jb) +Rd

bf

)
vfva +

1

2
ĝaiR

i
bfv

fva

=

(
Xf (ĝab)−

1

2
ĝdb
(
2Γd

af + 0
)
− 1

2
ĝad
(
2Γd

fb

)
+

1

2
(
1

2
(ĝaiR

i
bf + ĝfiR

i
ba))

)
vavf

=

(
Xf (ĝab)− ĝdbΓ

d
af − ĝadΓ

d
fb +

1

4
(ĝaiR

i
bf + ĝfiR

i
ba)

)
vavf .

Recall first that for the metric g, ∇g
Xf

g = 0. In the current frame this gives(
Xf (gab)− ĝdbΓ

d
af − gadΓ

d
fb

)
vavf = 0.
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Since we assume that ĝab = gab, we may use this to see the first terms in the previous expression
vanish. What remains is then indeed condition (A) from Lemma 2,(

ĝaiR
i
bf + ĝfiR

i
ba

)
vavf = 0,

or, equivalently, ĝaiR
i
bfv

avf = 0.

We end this paragraph with an equivalent characterization of the condition (B). It will be most
convenient to come back to the version of (B), in the form where we regard it as a PDE in the
unknowns θi = ĝaiv

a (i.e. the restriction of some semi-basic 1-form θ to C). We now show that
(B) can be interpreted as the infinitesimal version of a geometric property along cvq(t). To do
so, we introduce yet an other sode extension Γ∇ of Γ(L,D), which is the quadratic spray of a

linear connection ∇ on Q, different from the nonholonomic connection ∇nh. The construction
of the connection ∇ is inspired by a result that can be found in [28].

We have already introduced the two projection operators P : TQ → D and Q : TQ → Dg,
related to g. Consider the Levi-Civita connection ∇g of g. We may use it to define the operator
∇P as

∇P : Sec(D)× Sec(D)→ X (Q), (X,Y ) 7→ ∇P
XY = P(∇g

XY ).

Proposition 2.1 in [28] states that we may extend this to a covariant derivative

∇P
: X (Q)× Sec(D)→ X (Q), (X,Y ) 7→ ∇P

P (X)Y + P ([Q(X), Y ]).

We can do the same for the projection operator Q. Next, from Theorem 2.2 in [28], we obtain
that, for X,Y ∈ X (Q), the operator

∇ : X (Q)×X (Q)→ X (Q), (X,Y ) 7→ ∇P
X(P (Y )) +∇Q

X(Q(Y ))

is a linear connection on Q. In the current frame, the coefficients of this linear connection are

∇XaXb = Γc
abXc, ∇XaXi = Rk

aiXk, ∇XiXa = Rc
iaXc, ∇XiXj = Γk

ijXk,

and its corresponding spray is

Γ∇ = vαXC
α + (Γc

abv
avb +Rc

iav
iva)XV

c + (Rk
aiv

avi + Γk
ijv

ivj)XV
k .

By restricting it to vi = 0 we can easily see that it is, indeed, a sode extension of Γ(L,D).

Let cvq(t) be a nonholonomic trajectory, with ċvq(t) = V a(t)Xa(cvq(t)) ∈ Dcvq (t)
. Since Γ∇ is

a sode extension of Γ(L,D), we may interpret cvq(t) as one of its base integral curves. We may

then use the linear connection ∇ to parallel transport a vector wq ∈ TqQ along cvq(t). In this
way, we obtain a vector field W (t) along cvq(t) whose components along {Xa, Xi} are solutions
of the initial value problem

Ẇα + Γ
α
γβV

γW β = 0, Wα(0) = wα.

For our specific case, we get {
Ẇ c = −Γc

abV
aW b,

Ẇ i = −Ri
ajV

aW j .
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The above differential equations are separated. If we take the initial value wq ∈ Dg
q , we have

wa = 0 and therefore is the solution of the first simply W a(t) = 0. This means that W (t) ∈
Dg

cvq (t)
.

For a 1-form h(t) along the curve cvq(t), its covariant derivative ∇ċvq (t)
h(t) is again a 1-form

along cvq(t). It can be defined below by means of its action on vector fields X(t) along cvq(t):(
∇ċvq (t)

h(t)
)(

X(t)
)
=

d

dt

((
h(t)

)(
X(t)

))
−
(
h(t)

)(
∇ċvq (t)

X(t)
)
.

Consider {Xi, Xa} the basis of 1-forms, dual to the basis {Xi, Xa} of vector fields. Then
span{Xi} is the annihilator of D, say Do. Since ċvq(t) has only components in Dcvq (t)

, we can

compute that, along cvq(t), the covariant derivative of h(t) = hi(t)X
i(cvq(t)) + hb(t)X

b(cvq(t))
is given by

∇ċvq (t)
h =

(
ḣc − Γb

acV
ahb

)
Xc +

(
ḣi −Rk

aiV
ahk

)
Xi.

Now, consider the 1-form λ(t) = λ(ċvq(t)) along cvq(t), i.e. the restriction of the semi-basic
1-form λ that represented the Lagrangian multipliers (in Section 4). For this, we can define a
unique unique 1-form h(t) along cvq(t) that satisfies

∇ċvqh(t) = λ(t), h(0) = 0q ∈ T ∗
q Q.

This h(t) is the unique solution of the initial value problem{
ḣc(t) = Γb

ac(cvq(t))V
a(t)hb(t),

ḣi(t) = Rj
ai(cvq(t))V

a(t)hj(t) + λi(t),

{
hc(0) = 0,

hi(0) = 0.

From the first relation, we may conclude that hb(t) = 0.

We have now gathered all the tools to define an equivalent characterization of the PDE condition
(B) from Proposition 4.

Proposition 8. Consider q ∈ Q, vq ∈ Dq and the 1-form h(t), as defined above. A D-preserving
modification ĝ of g satisfies (B) if and only if

ĝcvq (t)
(
ċvq(t),W (t)

)
+
(
h(t)

)(
W (t)

)
= ĝq(vq, wq), ∀wq ∈ Dg

q ,

where W (t) is the parallel transport of wq ∈ Dg
q with respect to ∇.

Apart from the term in h(t) this condition is again reminiscent to a Gauss-type condition. If we
multiply the relation in the proposition on both sides with an extra factor t, we can express it
equivalently in terms of the exponential map expnhq (tvq) = cvq(t), as follows:

ĝexpnh
q (tvq)

(
Ttvq(exp

nh
q )(tvq),W (t)

)
+ t
(
h(t)

)(
W (t)

)
= ĝq(tvq, wq).

Proof. From Lemma 2 we know that the expression (B) can be written as

Γ(L,D)(θi) + λi + θkR
k
ibv

b = 0,

or, after expanding and multiplying both sides with wi:

Xf (ĝai)v
fvawi + ĝaif

awi + λiw
i + ĝkav

aRk
ibv

bwi = 0.
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This expression is valid for arbitrary choices of q, va and wk. If we replace them, specifically, by
cvq(t), V

a(t) and W k(t), respectively, we get, for all t:

Xf (ĝai)V
f (t)V a(t)W i(t) + ĝaiV̇

a(t)W i(t) + λi(t)W
i(t) + ĝakV

a(t)Rk
ibV

b(t)W i(t) = 0

or,

d

dt
(ĝaiV

a(t))W i(t) +
(
ḣi(t)−Rj

ai(cvq(t))V
a(t)hj(t)

)
W i(t) + ĝakV

a(t)Ẇ k(t) = 0.

We may simplify this to

d

dt

(
ĝaiV

a(t)W i(t)
)
+
(
ḣi(t)W

i(t) + Ẇ j(t)hj(t)
)
= 0,

from which
d

dt

(
ĝaiV

a(t)W i(t) + hi(t)W
i(t)
)
= 0.

This means that
ĝaiV

a(t)W i(t) + hi(t)W
i(t) = ĝaiv

awi + hi(0)w
i.

Since hi(0) = 0, we get the result.

The other direction follows if we start from the expression above, take a derivative by t and set
t = 0, afterward.

From Propositions 4, 7 and 8 we may conclude:

Proposition 9. Let expnhq be the nonholonomic exponential map of a purely kinetic (L,D) and
let ĝ be a Riemannian metric which is a D-preserving modification of g. If, for all vq ∈ Dq, they
satisfy both

ĝexpnh
q (vq)

(
Tvq

(
expnhq

)
(vq) , Tvq

(
expnhq

)
(wq)

)
= ĝq(vq, wq), ∀uq ∈ Dq

and

ĝexpnh
q (tvq)

(
Ttvq(exp

nh
q )(tvq),W (t)

)
+ t
(
h(t)

)(
W (t)

)
= ĝq(tvq, w), ∀wq ∈ Dg

q ,

then ĝ is a geodesic extension of (L,D).

Because of the similarity with the statement of the Gauss Lemma, we call the conditions (A)
and (B) the infinitesimal version of the above Gauss-type conditions.

7 Chaplygin systems

Chaplygin systems (also called generalized Chaplygin systems or nonholonomic systems of prin-
ciple type, see e.g. [7, 12, 23]) are essentially nonholonomic systems with extra symmetry prop-
erties. The goal of this section is to use that symmetry to simplify the conditions (A) and
(B).

Suppose that we have a purely kinetic Chaplygin system. This means that both the Riemannian
metric g (and its Lagrangian L) and the constraint manifold C are invariant under the action
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G×Q→ Q of a Lie group G on the configuration manifold Q (when lifted to TQ). In addition,
we assume that π : Q→ Q/G is a principal fibre bundle and that the nonholonomic distribution
D is the horizontal distribution of a principal connection ω on π. Let {Ei} be a basis for the Lie
algebra of G and {(Ei)Q} its corresponding infinitesimal generators. If (xa) are coordinates on
Q/G, the horizontal lifts Xa of the vector fields ∂/∂xa on Q/G (by means of ω) are invariant
vector fields on Q that span D. The set {Xa, (Ei)Q} is then a basis for X (Q). If we construct
the basis in this way, we get

[Xa, (Ei)Q] = 0, [Xa, Xb] = Bj
ab(Ej)Q, [(Ei)Q, (Ej)Q] = −Ck

ij(Ek)Q.

Here, Bj
ab can be interpreted as the curvature of the connection ω and Ck

ij as the structure
constants of the Lie algebra.

Let, for now, Gab = g(Xa, Xb), Gai = g(Xa, (Ei)Q) and Gij = g((Ei)Q, (Ej)Q). Similarly as in
Section 2, we can create a basis for Dg, by defining the vector fields X̃i as

X̃i = (Ei)Q −GabGiaXb = (Ei)Q +Kb
iXb.

In the orthogonal basis {Xa, X̃i}, we have gab = g(Xa, Xb) = Gab, gaj = g(Xa, X̃j) = 0 and
gij = g(X̃i, X̃j). We first compute the bracket coefficients Rk

ia and Rk
bc in terms of the current

bracket coefficients Bk
ab and Ck

ij .

On the one hand, we have [Xa, X̃i] = [Xa, (Ei)Q + Kb
iXb] = Xa(K

b
i )Xb + Kb

iB
j
ab(Ej)Q, while

on the other hand is [Xa, X̃i] = Rb
aiXb + Rj

aiX̃j = (Rb
ai + Kb

jR
j
ai)Xb + Rj

ai(Ej)Q. Therefore,

Rj
ai = Kb

iB
j
ab. Likewise, from [Xa, Xb] = Bj

ab(Ej)Q and [Xa, Xb] = Rc
abXc + Rj

abX̃j = (Rc
ab −

Kc
jR

j
ab)Xc +Rj

ab(Ej)Q, we can conclude that Rj
ab = Bj

ab.

The Lagrangian is still L = 1
2gabv

avb + 1
2gijv

ivj . We now give an expression for the multipliers
λi in the Chaplygin case. From the invariance of the Lagrangian it follows that (Ei)

C
Q(L) = 0

(see e.g. [27]). Moreover, on C, XC
b (L) = Γ(L,D)

(
XV

b (L)
)
. With that, we have, on C,

λi = Γ(L,D)

(
X̃V

i L
)
− X̃C

i (L) = Γ(L,D)

(
gijv

j
)
−Kb

iX
C
b (L)− K̇b

iX
V
b (L)

= −Kb
iΓ(L,D)

(
XV

b (L)
)
− K̇b

iX
V
b (L) = −Γ(L,D)

(
Kb

iX
V
b (L)

)
= Γ(L,D) (Gaiv

a) .

We may now re-express the conditions (A) and (B). The (A) condition, θkR
k
acv

a = 0, becomes
here θkB

k
acv

a = 0. For the (B) condition, we obtain after plugging in (A) and the expression for
λi,

0 = Γ(L,D)(θi) + λi + θkR
k
iav

a = Γ(L,D)(ĝaiv
a) + Γ(L,D) (Gaiv

a)− θkK
b
iB

k
abv

a

= Γ(L,D) ((ĝai +Gai)v
a) .

As a consequence, µi = (ĝai +Gai)v
a are first integrals of the nonholonomic vector field Γ(L,D).

Recall that (Gai) in the Proposition below stands for the restriction g|D×V π, where V π is the
vertical distribution of the principal fibre bundle π : Q→ Q/G.

Proposition 10. Let (L,D) be a purely kinetic Chaplygin nonholonomic system. If Γ(L,D) has
linear first integrals µi = µaiv

a that satisfy

µkB
k
acv

a = GbkB
k
acv

bva,

then there exists a geodesic extension of (L,D) by a Riemannian metric ĝ.

Proof. The proof follows from Proposition 4, since the conditions ensure that a (0,2) tensor field
ĝ with ĝ(Xa, Xb) = gab and ĝ(Xa, X̃i) = µai−Gai can be extended to a Riemannian metric.
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8 An example: the vertically rolling disk

The purpose of this section is to determine a geodesic extension ĝ, on a concrete example.
We have chosen the example of the disk (rolling vertically without slipping), not only because
it is well-known and simple, but also because it is involved enough to enlighten some of the
constructions and results we have obtained in the previous sections. Moreover, for this example,
already, some quadratic Lagrangians L̂ are known in the literature [9, 3] and at the end of the
section we will compare them with the ones we find through our methods.

We will use the following coordinates, see the figures in [21] or in [26]. The couple (x, y) stands
for the position of the center of the mass C, φ is the orientation angle of the disk (measured
between the tangent of the contact point and the positive x-axis) and θ is the angle that a point
fixed on the disk makes with respect to the vertical. In this example the configuration manifold
is Q = R2 × S1 × S1. Because we assume the disk to remain vertical during its motion, the
potential is constant and the Lagrangian is of purely kinetic type. If we choose all relevant
constants to be unit, the Lagrangian function is given by

L =
1

2
g(v, v) =

1

2
(ẋ2 + ẏ2 + φ̇2 + θ̇2)

and the linear nonholonomic constraints are{
ẋ = cos(φ)θ̇,

ẏ = sin(φ)θ̇.

This means that the distribution D can be spanned by

D = span{Xa} = span

{
Xφ =

∂

∂φ
,Xθ =

∂

∂θ
+ cos(φ)

∂

∂x
+ sin(φ)

∂

∂y

}
.

The constrained Lagrangian is

Lc = L|C =
1

2
(φ̇2 + 2θ̇2).

With this input one may write down the Lagrange-d’Alembert equations. It is well-known (see
e.g. [7, 13, 9]) that the center of mass will make either a circular movement, or a motion along
a straight line.

8.1 The vertically rolling disk as a purely kinetic nonholonomic system

Remark first that the metric g is such that g(∂/∂qi, ∂/∂qj) = δij , with (qi) = (x, y, θ, φ). In this
subsection we choose the following basis for the orthogonal complement Dg:

Dg = span{Xi} = span

{
Xx =

∂

∂x
− cos(φ)

∂

∂θ
,Xy =

∂

∂y
− sin(φ)

∂

∂θ

}
.

It is important to realize that none of our results depend on the specific choices we have made
for the frames. We will make this clear in the next subsection.

When compared to the expressions in the previous sections, the index a will run over φ and θ,
while the index i is here either x or y. If we compute the metric coefficients with respect to this
basis, we get gai = 0, meaning here that gθx = gθy = gφx = gφy = 0. Moreover

(gab) =

(
gφφ gφθ
gφθ gθθ

)
=

(
1 0
0 2

)
and (gij) =

(
gxx gxy
gxy gyy

)
=

(
1 + cos2(φ) cos(φ) sin(φ)
cos(φ) sin(φ) 1 + sin2(φ)

)
.
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With this, the Lagrangian in quasi-velocities (vx, vy, vθ, vφ) becomes

L =
1

2

(
2v2θ + v2φ

)
+

1

2

((
1 + cos2(φ)

)
v2x + 2 cos(φ) sin(φ)vxvy +

(
1 + sin2(φ)

)
v2y
)
.

We may read off the coefficients Rγ
αβ from the Lie brackets [Xα, Xβ] = Rc

αβXc + Rk
αβXk. Here

they are

[Xφ, Xθ] = − sin(φ)Xx + cos(φ)Xy, [Xx, Xy] = 0, [Xx, Xθ] = 0, [Xy, Xθ] = 0,

[Xφ, Xx] =
1

2
sin(φ)Xθ −

1

2
sin(φ) cos(φ)Xx −

1

2
sin2(φ)Xy,

[Xφ, Xy] = −
1

2
cos(φ)Xθ +

1

2
cos2(φ)Xx +

1

2
cos(φ) sin(φ)Xy.

Since all gab are constant and Ra
db = 0, we get from the Koszul formula,

2gcdΓ
d
ab = Xa (gbc) +Xb (gac)−Xc (gac) + gdcR

d
bc − gdbR

d
ac − gadR

d
bc,

that all Γd
ab = 0.

We are now ready to find a solution for the equations (A) and (B) of Lemma 2. For (A), we get
the following two algebraic conditions that should be satisfied by ĝφx, ĝφy, ĝθx and ĝθy:{

ĝφx sin(φ)− ĝφy cos(φ) = 0,

−ĝθx sin(φ) + ĝθy cos(φ) = 0.

Condition (B), written in a version without vavb (and with Γd
bc = 0) is here:

0 = Xa(ĝbi) +Xb(ĝai)− ĝbkR
k
ai − ĝakR

k
bi.

If we first take a = b = φ, this gives Xφ (ĝφi)− ĝφkR
k
φi

= 0, or:

Xφ (ĝφx)− ĝφxR
x
φx − ĝφyR

y
φx = 0 and Xφ (ĝφy)− ĝφxR

x
φy − ĝφyR

y
φy = 0.

After substituting the values of Ry
φx, etc, and after substituting the relations we had derived

from the algebraic condition (A), we may write this as

∂ĝφx
∂φ

+
1

2
ĝφx tan(φ) = 0 and

∂ĝφy
∂φ
− 1

2
ĝφy cot(φ) = 0.

The solutions of these equations are ĝφx = C
√
cos(φ) and ĝϕy = D

√
sin(φ) (with C,D possibly

functions of (x, y, θ)), but the only ones satisfying again the algebraic conditions are ĝφx = ĝφy =
0.

When we put a = θ and b = φ, we get:

0 = Xφ (ĝθi)− gθθR
θ
φi − ĝθkR

k
φi,

which becomes here:

∂ĝθx
∂φ
− sin(φ) +

1

2
ĝθx sin(φ) cos(φ) +

1

2
ĝθy sin

2(φ) = 0
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and
∂ĝθy
∂φ

+ cos(φ)− 1

2
ĝθx cos

2(φ)− 1

2
ĝθy cos(φ) sin(φ) = 0,

from which (with E,F functions of (x, y, θ))

ĝθx = E
√
cos(φ)− 2 cos(φ) and ĝθy = F

√
sin(φ)− 2 sin(φ).

Again, only for E = 0 and F = 0 the algebraic conditions are satisfied. Finally, we get for
a = b = θ that Xθ (ĝθi) = 0 (since Rα

θi = 0). This is automatically satisfied since the ĝθi we had
found only depend on φ.

We conclude that the trajectories of the vertically rolling disk with initial velocities in D are
geodesics of all metrics ĝ with metric coefficients in the frame {Xa, Xi} given by

ĝab = gab, ĝθx = −2 cos(φ), ĝφx = 0, ĝθy = −2 sin(φ), ĝφy = 0,

and where the coefficients ĝik can be anything as long as ĝ is positive-definite. We may look at
the constructive proof of Proposition 4 for one possible (but not exclusive) way to realize this:

we only need to find a constant α such that ĝ =

(
A B
BT αI

)
is positive-definite. The matrices

A and B are here given by

A =

(
2 0
0 1

)
and B =

(
−2 cos(φ) −2 sin(φ)

0 0

)
.

The constant α ̸= 0 is not allowed to be an eigenvalue of C = BTA−1B, and should be larger than
−τmin and µmax

τmin
, where τmin = min{eigenvalues of A} and µmax = max{eigenvalues of BTB}.

Here, the eigenvalues of A are 1 and 2, the eigenvalues of BTB are 0 and 4 and the eigenvalues
of C are 0 and 2. We see that any α > 4 fulfills all requirements. We can take for example
α = 42 and then

L̂ =
1

2

[
v2φ + 2v2θ − 4 cos(φ)vθvx − 4 sin(φ)vθvy + 42v2x + 42v2y

]
.

The relation between the quasi-velocities {vx, vy, vθ, vφ} and the natural fibre bundle coordinates
{ẋ, ẏ, φ̇, θ̇} is

ẋ = vx + vθ cos(φ), ẏ = vy + vθ sin(φ), φ̇ = vφ, θ̇ = vθ − vx cos(φ)− vy sin(φ),

or conversely 
vφ = φ̇,

vθ =
1
2(θ̇ + cos(φ)ẋ+ sin(φ)ẏ),

vx = 1
2(− cos(φ)θ̇ + (sin2(φ) + 1)ẋ− cos(φ) sin(φ)ẏ),

vy = 1
2(− sin(φ)θ̇ − cos(φ) sin(φ)ẋ+ (cos2(φ) + 1)ẏ).

After substituting this, one obtains an expression for L̂ in natural coordinates.
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On the left, we have plotted some geodesics for ĝ
with α = 42 (their projections for the center of
mass (x, y)). The black circle through the origin
is the nonholonomic trajectory through the origin
with initial velocity

(ẋ0 = 1, ẏ0 = 0, θ̇0 = 1, φ̇0 = 1) ∈ D(0,0,0,0).

The nearby grey geodesics are perturbations in ei-
ther ẋ0, ẏ0 and θ̇0, with ϵ = ±0.01.

We can now compare our results with the Lagrangians that have been derived in the literature,
as a solution of the Hamiltonization problem. A second attempt to obtain a Riemannian metric
ĝ from the same solution (gab, ĝai) is to choose ĝij in such a way that it is a multiple of the
original gij , i.e. ĝij = βgij . In [9] (see also [21]) we can find the following regular quadratic
Lagrangian (among other non-quadratic Lagrangians):

L̂[9] =
1

2
(θ̇2 + φ̇2)− 1

2
(ẋ2 + ẏ2) + θ̇(ẋ cos(φ) + ẏ sin(φ)).

When written in our current quasivelocities, we find for the corresponding metric

(ĝab)[9] = (ĝab), (ĝai)[9] = (ĝai), (ĝij)[9] = −
(

1 + cos2(φ) cos(φ) sin(φ)
cos(φ) sin(φ) 1 + sin2(φ)

)
,

meaning that it corresponds with β = −1. This metric has therefore the same constrained
Lagrangian Lc as L and as our Lagrangian L̂. However, the choice β = −1 leads only to a
pseudo-Riemannian metric.

The following Lagrangian is mentioned in [3]:

L̂[3] =
1

2
(2θ̇2 + φ̇2 + ẋ2 + ẏ2)− θ̇(ẋ cos(φ) + ẏ sin(φ)).

It comes from a Riemannian metric, but it does not preserve the constrained Lagrangian (i.e. it
is not a D-preserving modification of g), since

(gab)[3] =

(
1 0
0 1

)
.

Finally, there are also some results that can be related to the geodesic extension problem in [8].
However, the authors of [8] do not make use of a D-preserving modification, and they mention
that they are unable to find a geodesic extension by their methods, specifically, for the vertically
rolling disk.

8.2 The vertically rolling disk as a Chaplygin system

It is well-known ([7, 13]) that the configuration space Q = S1× S1×R2 of the vertically rolling
disk is the total space of a principal fibre bundle with structure group G = R2. Both the
Lagrangian and the constraints are invariant under this symmetry group, and the constraints
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can be thought of as the horizontal distribution of a principal connection. This means that the
vertically rolling disk can be regarded as a Chaplygin system.

For the vertical distribution of π : Q→ Q/G we can take V π = span{(Ex)Q = ∂
∂x , (Ey)Q = ∂

∂y},
and for the horizontal distribution we may set D = span{Xφ = ∂

∂φ , Xθ = cos(φ) ∂
∂x +sin(φ) ∂

∂y +
∂
∂θ}, as before. We may compute that

Gxφ = 0, Gxθ = cos(φ), Gyφ = 0, Gyθ = sin(φ),

and

[Xφ, Xθ] = − sin(φ)
∂

∂x
+ cos(φ)

∂

∂y
.

It is important to remark, however, that the result in Proposition 10 makes use of a frame of
Dg that is different from the frame {Xx, Xy} we had encountered earlier. The vector fields
X̃i = (Ei)Q −GbcGciXb = (Ei)Q +Kb

iXb are here

X̃x =
∂

∂x
− 1

2
cos(φ)

(
∂

∂θ
+ cos(φ)

∂

∂x
+ sin(φ)

∂

∂y

)
and

X̃y =
∂

∂y
− 1

2
sin(φ)

(
∂

∂θ
+ cos(φ)

∂

∂x
+ sin(φ)

∂

∂y

)
,

and the relation between {X̃i} and the frame {Xi} of the previous subsection is{
X̃x = (1− 1

2 cos
2(φ))Xx − 1

2 cos(φ) sin(φ)Xy,

X̃y = −1
2 sin(φ) cos(φ)Xx + (1− 1

2 sin
2(φ))Xy.

According to Proposition 10 we should look for linear first integrals µx and µy of Γ(L,D) that
satisfy

(µx −Gxθvθ −Gxφvφ)B
x
φθvφ + (µy −Gyθvθ −Gyφvϕ)B

y
φθvφ = 0,

which is here
− sin(φ)µx + cos(φ)µy = 0.

If we take a Γ(L,D)-derivative we also get cos(φ)µx + sin(φ)µy = 0 (because Γ(L,D)(sin(φ)) =
cos(φ)φ̇). We can, therefore conclude that the first integrals should be µx = µy = 0. With that,
we may get the coefficients of the metric ĝ with respect to the frame {Xa, X̃i} (see the proof of
Proposition 10),

ĝ(Xa, Xb) = gab, ˜̂gai = ĝ(Xa, X̃i) = µai −Gai,

which are here {˜̂gxφ = 0 and ˜̂gxθ = − cos(φ)˜̂gyφ = 0 and ˜̂gyθ = − sin(φ)
.

We see that this method is way shorter and more efficient since we had already solved the
involved differential equations.

We end this section by showing that the new coefficients we had found are compatible with the
old ones. Indeed, given the relation between the two bases {Xi} and {X̃i} one easily verifies
that, for example, ˜̂gθy = −1

2
sin(φ) cos(φ)ĝθx +

(
1− 1

2
sin2(φ)

)
ĝθy,

as it should.
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[23] L.C. Garćıa-Naranjo and J.C. Marrero, The geometry of nonholonomic Chaplygin systems
revisited, Nonlinearity 33 (2020), 1297.

[24] A.D. Lewis, Affine connections and distributions with applications to nonholonomic me-
chanics, Rep. Math. Phys. 42 (1998), 135–164.
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