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Abstract

We have developed a set of four fully coupled Boltzmann equations to precisely determine the
relic density and temperature of dark matter by including three distinct sectors: dark matter, light
scalar, and standard model sectors. The intricacies of heat transfer between DM and the SM sector
through a light scalar particle are explored, inspired by stringent experimental constraints on the
scalar-Higgs mixing angle and the DM-scalar coupling. Three distinct sectors emerge prior to DM
freeze-out, requiring fully coupled Boltzmann equations to accurately compute relic density. Inves-
tigation of forbidden, resonance, and secluded DM scenarios demonstrates significant deviations
between established methods and the novel approach with fully coupled Boltzmann equations. De-
spite increased computational demands, this emphasizes the need for improved precision in relic
density calculations, underlining the importance of incorporating these equations in comprehensive

analyses.
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I. INTRODUCTION

Exploring dark matter (DM) via interactions between the dark sector and the standard
model (SM) sector aids in unraveling the nature of DM. Weakly interacting massive par-
ticles (WIMP), a potential DM candidate, are expected to produce a detectable signal in
DM measurements; although, currently it remains elusive in recent findings from LHC [1],
XENONIT [2], and various DM indirect detection experiments [3-7]. Among these experi-
mental attempts, the measurement of DM relic density from cosmic microwave background
(CMB) radiation stands out as it provides both upper and lower limits on the DM inter-
action rate. In other words, the DM annihilation rate is required to fall within a specific
range to match the relic density reported by PLANCK [8]. Considering this, by assuming
a certain coupling strength for the DM-SM interaction, the DM mass can be constrained to
belong in a particular range. For instance, a DM particle with weak coupling typically has a
mass around 100 GeV, known as the WIMP miracle [9], while strong coupling is associated
with a DM mass around 200 TeV [10]. Therefore, the application of the relic density con-
straint significantly narrows down the allowed parameter space for DM models, facilitating
the search for DM signals.

The calculation of relic density is heavily dependent on the thermal history of the dark
sector. The most straightforward assumption is the thermal dark matter paradigm, where
the observed relic abundance can be naturally explained by the freeze-out mechanism. Dur-
ing the radiation-dominated era, thermal DM is generated through collisions within the
thermal plasma, with its number density following the thermal Boltzmann distribution. A
similar successful explanation can be applied to the history of Big Bang Nucleosynthesis if
SM particles adhere to the same assumption. However, recent XENONI1T findings impose
a stringent limit on the DM-nucleon cross-section, rendering some parameter space with
the interaction too tiny to maintain thermal equilibrium prior to freeze-out, a phenomenon
known as “early kinetic decoupling”. In this regard, early kinetic decoupling is investigated,
focusing on DM resonant annihilation [11H13] and forbidden DM annihilation [I4} [15]. Stud-
ies on thermal freeze-out mechanisms involving vector DM, such as those on the U(1)x Higgs
portal [16] and vector-portal frameworks [I7], relax the assumption of thermal equilibrium
between the dark and SM sectors during DM freeze-out. Furthermore, researchers have

investigated the impact of early kinetic decoupling in a fermionic dark matter model with



CP-conserving and CP-violating interactions mediated by Higgs exchange [I8] as well as in
a pseudo-Nambu-Goldstone model [19].

The standard calculation for relic density assumes that the DM initial density is in thermal
equilibrium at a temperature slightly above the freeze-out temperature. This assumption is
utilized in software packages like DarkSUSY [20], micrOMEGAs [21], and MadDM [22]. However,
this approach neglects the effects of early kinetic decoupling and temperature differences
between the dark and SM sectors, as demonstrated in Ref. [I1]. To accurately calculate relic
density for DM with early kinetic decoupling, one must consider the Boltzmann equations for
the density and temperature of the dark sector and initiate the evolution from a temperature
significantly higher than the freeze-out temperature.

To produce the correct relic density with DM mass lighter than the Lee-Weinberg
bound [23], one can consider a simplified DM model that contains a DM candidate and
a light mediator. In a simplified Higgs portal model [24, 25], the DM candidate, x, is a
light Majorana particle and the light mediator, ¢, is a scalar, both of them singlet under
the SM. Due to mixing between the light scalar and the SM Higgs boson the DM candidate
can interact with the SM mediated by the light scalar singlet ¢. The mixing between the
SM Higgs boson and ¢ is characterized by a mixing angle, #. These two new particles are
expected to be produced in meson decay processes at LHCb [26, 27] and beam dump exper-
iments [28435]. However, none of them has been observed putting a severe exclusion on the
model parameter space, as demonstrated by a comprehensive likelihood analysis involving a
robust set of constraints [24], 25]. Consequently, a large portion of the surviving parameter
space can have early kinetic decoupling between the dark, scalar, and SM sectors because of
the suppressed sin 6. In such parameter space, it would be interesting to perform a precise
study of early kinetic decoupling.

Based on the model in Ref. [24], we will revise the relic density computation by allowing
different temperature evolution for the dark, ¢, and SM sectors. We focus on three typical

scenarios where the leading DM annihilation in the early universe are:

(i) forbidden annihilations x + y — ¢ + ¢ with subsequent decays mainly to SM states
where DM is only slightly lighter than ¢ [36] accompanied by a relatively large mixing
angle sin =~ O(107?),

(ii) resonance annihilation scenario xy +x — ¢ — SM + SM enhanced at a certain DM



temperature via ¢ resonance with 2m, ~ m,,

iii) secluded DM scenario [37| involving a tiny mixing angle and mg < m,. Importantly,
¢ X
a considerable interaction between the ¢ and dark sector in this scenario is necessary

to maintain thermal equilibrium before the DM chemical decoupling.

Although we restrict ourselves to the light scalar, our derivation of Boltzmann equations is
generic and can be applied to the light vector mediator as well.

This paper is structured as follows. In Sec. [[I, we provide a brief overview of the Ma-
jorana DM model incorporating a light singlet scalar and highlight its main features. In
Sec. [T} we adapt the standard Boltzmann equation to incorporate the evolution equations
for the number density and temperature of both DM and the new scalar. Sec. presents
our numerical results for three selected benchmark scenarios. Finally, Sec. [V] summarizes
and discusses our findings. Additionally, we include detailed derivations of the Boltzmann

equations in the appendices at the end of this paper.

II. MAJORANA DARK MATTER WITH A LIGHT SINGLET SCALAR MEDI-
ATOR

In this section, we review the minimal Higgs portal Model described in Refs. [24, 25],
which considers a light fermionic WIMP, x, with a mass around O(1) GeV or less. This
Majorana WIMP requires the presence of a light mediator, ®, chosen as a real singlet scalar
for simplicity. Both the Majorana DM field and the singlet scalar mediator are singlets
under the SM gauge group. Additionally, the Majorana DM is associated with the odd
sector of an imposed Z, symmetry, while all other particles are even under this symmetry.
The minimal renormalizable Lagrangian, which includes a light Majorana DM, a real scalar
mediator, and all SM interactions, is expressed as

1. 1 Co . Cp . _.
L= L+ 5)’((@%@“ — My)X + 5(0@2 - §<I>XX — gp@X%X - V(®, H). (1)

The SM lagrangian is represented by Lgy and H is the SM Higgs doublet. The full scalar po-
tential is given by V(®, H) = Vo (P) + Vou (P, H) plus the potential of H, Vi (H), contained



in Lgy. These components of the potential are given by
2 rrt AH tr7\2
2
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where Ay ¢.01 are dimensionless couplings, but g1 63 and Agy couplings have mass dimen-
sion one. Following the procedure of Ref. [24] 25], we also assume that the vacuum expecta-
tion value (VEV) of ®, (®) = vg, vanishes such that ® = ve + ¢/ = ¢'. Furthermore, we use
the unitary gauge expansion of the Higgs doublet around its VEV, H = [0, (vg + 1')/v2]".
Under these assumptions, the minimization conditions for the potential result in the follow-

ing expressions for p? and p? as functions of other parameters
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From the quadratic terms in the scalar potential we can find the following squared mass

matrix written in the {h/, ¢’} basis
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where Uy is the matrix that relates the interaction states h’ and ¢’ with the mass eigenstates
h and ¢: (h, )T = Uy(h',¢')T. The mixing angle  and the eigenvalues of the squared mass

matrix are given by
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By comparing the left-hand-side and right-hand-side of Eq. we can trade three model

parameters with the mass eigenvalues m? and mi and the mixing angle . Namely, the three



model parameters Ay, Asy and Aey can be expressed as

mj; + (m3 —m3;) sin* 0 ox0 MY
_ - = A (8)
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where the rightmost expressions represent the # — 0 limit (the SM limit).

Note that by taking the mass of the Higgs to be its measured value, m;, ~ 125 GeV, and
the SM VEV fixed at vy = 246 GeV, the parameter Ay is fixed in the sin?6 — 0 limit.
Thus, we are left with five free parameters from the scalar potential: 8, m,, ,ui, i3 and A\g.
To those parameters, we add the WIMP mass m, and the couplings between the WIMP

and the scalar ®, ¢, and ¢, leaving a total of eight free parameters
)\q)HaA‘PfDPJZnu?)))\CI>>mxaCsan — eﬂm(ﬁ?)\@H;//L?n)\q)va?CS?cp (11)

The interactions between the scalars can be extracted from the Lagrangian of Eq. .
After moving to the mass eigenstates base and using m, and 0 as free variables we can

rewrite the three-scalars terms in the Lagrangian as

_C’;)#h:Z . %%(th o %%Qgh C¢¢¢¢3 (12)

where the couplings are given

Chin = Vg co [3mE (Ca + 259) + 6mis§c§ 6/%59] — 11355,

I 13
[
[
[
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(13)
(14)
(15)
Covp = Vg So [6m7syey + 3m¢(2 + 255 — 3s53) — 6uacy] + pscp. (16)

It is straightforward to write the sy = sinf — 0 and ¢y = cosf — 1 limits of these
expressions:
Chhh ™~ 3’0;1109771%[
Cophh ~ v;llsg(meq - BmZ + 4p2)
Chph ~ 21}[}109 (mi — ué) — l38¢

Coos ~ BV so (Mg, — 113) + Haco



The couplings of Eqgs. f are equivalent to the expressions found below Eq. (2.7)
of Ref. [24] rewritten to use 0, my and m, instead of Ay, Aery and Aem. The four-point
interactions are only relevant for very massive y and can be consulted in and below Eq. (2.8)
of Ref. [24]. Finally, due to the mixing between i’ and ¢’, the terms of the Lagrangian that

couple the DM y and the scalar mass eigenstates are given by

1 o L
Ling D -3 [cod (csXX + icpXV5X) + soh (csXX + icpXV5X)) - (21)

It is easy to see that as long as we keep sy as a small parameter, the coupling between the
Higgs h and y remains suppresed. As it was mentioned in Ref. [24], precision measurements

on the properties of the Higgs found at the LHC require |0| < 1.

III. BOLTZMANN EQUATIONS

For a particle species i, the evolution of its phase space density f;(¢,p) is governed by
the Boltzmann equation [3§], which, in a Friedmann-Robertson-Walker universe, takes the
form of

E(at—HP'Vp) fi = Cilfil. (22)

Here, H = (1/a)(da/dt) is the Hubble parameter, a(t) is the scale factor of the universe,
and t is the evolution time. The ¢ particle possesses energy F = E; and three-momentum
p = p;. On the right side, the collision term C;[f;] contains all interactions of particle i. Our
focus here is solely on the Boltzmann equations for two weakly interacting particles, y and
¢. The dominant processes in the collision terms include annihilation, elastic scattering, ¢
decay, and ¢ absorption. By following the approach in Ref. [11], we can derive complete
collision terms, as shown in Appendix [A] and evolution equations as shown in Appendix [B]

Before delving into our primary equations, it is crucial to highlight the difference
between our computational approach and conventional methods like DarkSUSY [39] and
micrOMEGAs [40] for calculating relic density. These programs assume that ¢ interacts suffi-
ciently with both the SM and dark sectors to maintain thermal equilibrium during freeze-out.
However, our approach differs as the thermal history of ¢ and y evolves independently from
the SM sector. Practically, this implies solving a temperature equation alongside the number
density equation for each particle, resulting in four coupled Boltzmann equations governing

the evolution of y and ¢.
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FIG. 1: A schematic plot to illustrate the interactions between three sectors. The parameters

shown near the color lines govern the relevant processes in the nearest box.

Throughout our work, we denote the temperatures of the SM, ¢, and dark sectors as T,
T,, and T) respectively. ! If the three sectors are in thermal equilibrium (7' = T, = T,),
one can simply evolve only the number densities of xy and ¢ with respect to T near the
freeze-out temperature Tr. However, in our case, we have to consider three interaction rates
among three sectors: I'(¢ <> x), I'(¢ +» SM), and I'(x > SM), as illustrated in Fig. [I] If
['(x <> SM) or min [['(¢ <> x), (¢ <> SM)] is not greater than the Hubble expansion rate,
then thermal equilibrium between the DM and the SM sectors cannot be maintained, leading
to kinetic decoupling of the DM from the SM sector. In such case, the standard relic density
computation, based solely on DM number density evolution, can be inaccurate.

In standard calculations, the initial number density condition for a particle with mass
m; relies on the thermal distribution exp (—m;/T') at freeze-out. Nonetheless, this approach
becomes inadequate when early kinetic decoupling is considered. Hence, it is necessary to
revert to the original assumption for thermal DM, where particles are presumed to be in

equilibrium with the SM sector as early as T' =~ m;. The standard form of the distribution

1 Since the SM sector is fully in thermal equilibrium before DM freeze-out, the SM temperature T is identical
to the photon temperature.



at thermal equilibrium (maximum entropy) is

f@%T):{ap(EZ:”)i1]4, (23)

where we can simply assume that chemical potential p is much less than particle energy
E; at very high temperature T'. The plus sign corresponds to fermions, and the minus sign
corresponds to bosons. The number density n; and temperature 7; of a particle i are defined

as

d*p; p; gi d*p; p?
=g [ P BT T=(P\_% P g T 24
n; gz/(2ﬂ_)3fz( iy )7 and i <3Ez> ni/(27r)33EifZ( iy )7 ( )

respectively. In Eq. above, the dependence on momentum is left implicit in F; = E;(p;).
For simplicity, we can represent f;(E;,T) as f(F;) when T matches the temperature of
particle i. Before and during chemical freeze-out, we express the phase space distribution

f(E;, T;) in terms of fo(E;, T;) using the equation:

ry= ") g
f(EZ’ E) neq<7—;)fGQ<Eﬂ ,TZ) (25>

When T; = T and n(T;) /neq(T) ~ 1, full equilibrium between the SM sector and the i sector
is implied.
Finally, we introduce two dimensionless quantities

m;
52/3

Y, = M and Y = T, (26)
s

corresponding to the comoving number density and the comoving temperature. Here, s =
(272 /45) g5 T? is the entropy density of the universe with effective entropy degrees of freedom
gag- The evolution equations for Y; and y; can be obtained from the Boltzmann Eq. .
Taking ¢ equal to y or ¢, we can express the comoving number density and temperature

equations in terms of annihilation cross sections and decay widths, as explained in detail in

Appendix

A. The evolution equations of the comoving number density

The temperature of DM, SM, and ¢ can be all different and we represent their tempera-
tures as Ty, T', and Ty, respectively. By introducing the derivative Y; = dY;/dx with respect

to the dimensionless variable x = m, /T, the comoving number density evolution equations



for x and ¢ are given by

:L‘]:.]Y;; = (T ppx V) sYLp eq <‘7xx—><ﬁ<ﬁv>TX SYX2
- (Uxxﬁ¢¢U>TX SYX + <U¢¢HXXU>T¢ 5Y¢>2
+ <F¢—>XX>T¢ Yy — <Uxx—>¢U>TX SYX2 (27)

and

= (Opps00V) 7 Y req — (o000, 8Y;
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+ Z [<U<P3$04—>¢502U>T 8Y5.0qYpueq — <U¢<P2—><P3<P4U>(T¢,T) SY<P2,8<1Y¢} : (28)

$2,$3,$4

The Hubble parameters used in this work are
s y71-! 3,8 2
HEH|:1+%%:| , and H = %ﬁ, (29)
where mplanck is the Planck mass. The particles (;s) involved in the co-annihilation processes
are SM particles, including gluons g, SM fermions f like leptons [ and quarks ¢, photons
v, and Higgs boson. The co-annihilation contributions can be dominated by the process
q+ g < [+ ¢ before the QCD epoch and f + v <> f + ¢ after the QCD epoch.
We define the thermally averaged annihilation cross-section with temperature 7; and 7T}

as

T gi 9j /d?’pz‘ dp;
ij—a T [
j (T.13) = 7, (T 3.0a(T5) | (273 (27)3

Tij—sab OMgl feq(Eis Ti) feq(E;, T5)

1 1 / _ -
= dTLdIL;dIT,dIT, (27)46@ (p; + p; — ko — kp)
o) el T5) j ) J
X |Mij—>ab|2feq(EiaT‘)feq(Eth) (30)
1 1 dE.dE_dsdcy 9
- e EZ’E e E'aT‘v
nz’,eq(Ti) nj,eq(Tj)/ 12871‘(27T \/ |MU—>ab| fq( )f q( J ])
(31)

where the phase space volume element and the number density at thermal equilibrium for

each particle are

d?’pi dgpz
dHZ = m’ and ni’eq = gz/ ( ) fl eq( ) (32)
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The index i, j are the initial state particles while a, b are final state particles. If temperature
T; and T} are the same, we denote (0v), = (o) 7 7. The integration in Eq. is performed
for squared center-of-mass energy s = (p; + pj)* > max[(m; + m;)?, (mg, + myp)?], By =

E;,+E; > /s, -1 <cj<1and

Ey(m? —m7) — /A Ef — E (m3 —m?)+ /A E] — s (33)

s
where E_ = F; — E;. The cross-section is then given by
O'Uﬁab = / |M74‘]4)ab| 271' (pl —ij — k — kb)dH de (34)
9195/ Nij
with Kallen function
Nij = (s — mf — m3)2 — 4mfm? = 4v§4¢1Ei2E]2. (35)

B. The evolution equations of the temperature

Next, the temperature evolution is governed by the equations

- v Y.\ H /vy ) )
cHY, T | =+ v. | =3\ Yy + (D000 5V oq — <Tx0xx—><ﬂ¢v>TX Yy
Yx X X

- <Tx‘7xx—>¢¢v>TX SYX2 + <Tx0¢¢—>xxU>T¢ 5Y¢2

+ <TXF¢HXX>T¢ Yy — <Tx‘7xx%¢v>TX SYx2

+Sx¢<Txa T¢)5YXY¢ + Sxeo(T T>5Y Y eq (36)
and

eHY,T, (% + E) -2 <pz> Yo + (To0ppm000) 1 8Y geq = (T6000050) 1, SY5
Yo Yo 3\E #ed ¢
— (T046x0)1, Y5 + (Tp0xxo8V) 7, 8Yy
—(ToTo)r, Yo + (To0namsov) g, Yy + (Tp0pps00) 1 8Y feq
F8sx (T, T )Y\ Y + Spip (T, T') Y Y eq

+ Z 5 [<T¢0w3w4—>¢<ﬂ2v>T YeseqYoseq — <T¢J¢<P2—><P3<P4U>(T¢,T) sz,equﬁ] :
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(37)
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Considering that the temperature of the sector, e.g., T for the dark sector, is included in
the integral of the thermal average, we define a new physical quantity T\ ov for convenience

as

2
gi gj Py
(T\OijsabV) iy = /deH dIl,dIT, x =X x (27)*
e TT5) i eq(13) Mjeq(Th) 3Ey

X 5( (pi +ﬁj - ka — ];b) X |Mij—>ab|2 X feq(Eivﬂ) X feq(Ej77}>‘ (38)

The thermal averaged momentum exchange in scattering terms include S,4, Sy, Sey,
and Sy,. Taking S, as an example, the scattering term for x(p,)o(ps) — X(Py)P(Py) in
Eq. can be explicitly written as

2
p2 p’ i
/ Al 5 7. X Chooxt = / dIT, -2 dH¢dH I, (2m)*0 (py + py — Py — Do)

X3F
Ml B T ol B To) = Fo(By T fol B, T)
x¢(TX7 Ty)nyng, (39)
where we have defined
Syo(To, Ty) =—— ! /deHf (T B fooo(Ty, Ey)
xe\Lxr L _nx,eq(TX)n¢,eq(T¢) xWiiexeq\ £ xs x)J deq\L gy Ho
- - (P2  pd
X/dnxdﬂ¢> —X — X ) (2m)* 8 Y (py + ps — Py — Do) Mysoxel®  (40)
3E, 3E,
g o0 Smax
= / dE, dE¢/ deXeCI< x)f¢7eq(T¢>?E¢>>
nX eq n¢ eq mx me Smin

2

Py doys—sxo px
— dQ)——22
3EX Oxp—xo + / dQ 3E

/\(s,mi,mé)

2 % (21) (41)

Unlike the conventional cross-section computation performed in the center of mass frame, the
term py 2/ E has to be given in the laboratory frame which discards the usual center-of-mass
simplifications. Comprehensive and detailed calculations are available in Appendix [Bl Due
to the CPU-intensive computation required for the S terms, we numerically tabulate their
values as a function of temperatures and present their visualization map in Appendix [C|
We use the set of four coupled equations f to compute the main result of this
work. In Sec. [[V] we will present the numerical evolution and the implications of three

scenarios.
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IV. NUMERICAL RESULT

In Big Bang Nucleosynthesis theory, we commonly assume that the distribution of rel-
ativistic particle number density follows a thermal equilibrium distribution. Therefore, we
apply the same assumption to thermal dark matter and use it as the initial condition for the
Boltzmann equation. According to the convention in Ref. [41], the non-relativistic condi-
tion is x = m, /T > 3, thus we evolve the Boltzmann equations with the initial conditions
T, =T, =T starting from x = 3.

To easily demonstrate our result, we set pu3 = 0 to exclude the three-scalar-vertex in
this study, allowing all interaction cross sections between x and the SM to be scaled by
sinf and c,. In this study, we ignore A\¢ to focus on the interactions among three sectors,
and set ¢, = 0 for simplicity. In the following subsections, we will present the evolution of
the comoving number density Y; and temperature y; with respect to x for three scenarios.
For comparison, we will calculate the DM relic density using the evolution of DM density
alone (denoted as “Only-Y, BE”), DM density and temperature (denoted as “Y)-and-y,
BEs”), and the full Boltzmann equations (denoted as “Full BEs”). The method Only-Y,
BE is similar to how MicrOMEGAs works, while Y, -and-y, BEs would be similar to the DRAKE
code [42]. Results labeled “Full BEs” correspond to our set of four coupled Boltzmann

equations that are studied in this work for the first time.

A. Scenario (i): Forbidden DM mgy = m,

In Fig.[2] we present the comparison of interaction rates with the Hubble parameter H in
the context of the forbidden DM scenario. Adopting m, = 0.1GeV, my = 0.13GeV, ¢, = 0.1
and Ay = 1.0 as benchmark values, we set sinf = 107 to catch the unique characteristics
of the forbidden DM nature. In the left panel, elastic scattering y¢ — x¢ dominates the
evolution at z < 30, while annihilation xx — ¢¢ is subdominant and decouples around
x ~ 22. This implies that kinetic decoupling between x and ¢ sectors occurs after their
chemical decoupling. In the right panel, the ¢ sector, despite ¢ — xx being forbidden,
maintains thermal equilibrium with the SM sector efficiently through processes like ¢ — ff
and co-annihilation.

In Fig. [3, we illustrate the evolution obtained by numerically solving Eq. for the

13



Forbidden DM : m,=0.1 Gev, m,=0.13GeV, sin6=10"3, ¢;=0.1 and Aypy=1.0
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FIG. 2: Reaction rates for the forbidden DM scenario using m, = 0.1 GeV, my = 0.13 GeV,
sinf = 1073, ¢, = 0.1 and A¢r = 1.0. The left panel shows the interactions relevant to x, while the
interactions in the right panel correspond to ¢. Here, we denote f*, g, and + as charged fermions,

gluon, and photon in the SM, respectively.

comoving number density Y; (upper left), comoving temperature y; (upper right), T\ 4 sm
(lower left), and a comparison of three cases (Only-Y, BE, Y,-and-y, BEs and Full BEs
cases discussed before) in the lower right panel.

The upper-left panel of Fig. |3 displays the evolution of the comoving number densities
of x and ¢, represented by green and orange solid lines, respectively. The dashed line
corresponds to the thermal equilibrium distribution. When Y, (green solid line) departs
from Y, ., (green dashed line), the chemical decoupling of x occurs at x ~ 20. For x < 20, Y}
and Yy ., evolve similarly, due to substantial ¢ decay that sustains the thermal equilibrium,
as illustrated in Fig. [2] The upper-right panel of Fig. [3| interestingly shows the ¢ comoving
temperature evolution. Here, y, (blue solid line) deviates from y, ., (blue dashed line) at
the DM freeze-out and closely, or even identically, aligns with v, ., (red dashed line) in the
20 < x < 50 range, a result of the efficient ¢¢p — yx annihilation and elastic scattering
x¢ — x¢. However, once the ¢p¢ — xx annihilation and x¢ — x¢ cease, co-annihilation
take over, transferring energy between the ¢ and SM sectors. Consequently, y4 becomes to

Yp.eq for x > 100. The complex evolution of the ¢ temperature can be further understood by
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FIG. 3: Numerical evolution for the forbidden DM scenario by using parameters m, = 0.1 GeV,

mg = 0.13GeV, sinf = 1073, ¢ = 0.1 and A = 1.0. The upper left and upper right panels

show the number density Y and temperature y evolution with solid and dashed lines representing

actual numerical evolution and predicted results in thermal equilibrium. In the lower-left panel,

T, is presented with a red solid line, Ty with a blue dashed line, and Tsy with a gray dash-dotted

line while varying Tsm. The lower right panel illustrates comoving number density Y, (blue left

axis) and comoving temperature y, (red right axis) using blue and red lines; Those solid, dashed,

and dotted lines are based on the calculation of full Boltzmann equations, Y, and y, Boltzmann

equations, and only Y, Boltzmann equation, respectively.
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FIG. 4: Relic density Q,h? for the forbidden DM scenario, as a function of ¢ (left panel) and
sin @ (right panel). Three numerical approaches are compared by red solid lines (Full BEs), blue

dashed lines (Y, -and-y, BEs), and orange dash-dotted lines (Only-Y, BEs).

comparing T}, (red line), Ty (blue line), and Tgy (gray line) in the lower-left panel of Fig. [3|

The lower-right panel of Fig. [3| compares numerical evolution equations for Y (blue, left
axis) and y (red, right axis) using three computational methods: Full BEs (solid lines),
Y, -and-y, BEs (dashed lines), and Only-Y, BE (dotted lines). We first tune the coupling
parameters to match the Planck measured relic density (black line) using the Only-Y, BE
approach, then apply these parameters to compute the evolution with the other two meth-
ods. Surprisingly, in the forbidden DM scenario, the Y, -and-y, BEs approach shows little
difference compared to the conventional Only-Y, BE approach, while the Full BEs approach
yields significantly different results compared with the other two simplified approaches.

In Fig. , we present the relic density Q,h? with respect to ¢, (left panel) and sin @ (right
panel). The benchmark parameters are m, = 0.1 GeV, mg = 0.13GeV and Ayy = 1.0. The
red solid lines, blue dashed lines, and orange dash-dotted lines correspond to the Full BEs,
Y,-and-y, BEs, and Only-Y, BEs approaches, respectively. In the left panel, sinf = 1072
remains constant as ¢, changes, while in the right panel, sinf varies for ¢, = 0.1. Both
panels exhibit similar trends when ¢, and sin@ are varied. The results from Y,-and-y,

BEs and Only-Y, BEs are similar, but those from Full BEs show a greater deviation due
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to early kinetic decoupling effects in the ¢ sector, which are not considered in the former
methods. Specifically, for this benchmark point (sin@ = 1073, ¢, = 0.1), the relic density
computed by Only-Y, BEs matches the Planck measurement Q,h* = 0.11, whereas the
results from Y, -and-y, BEs and Full BEs exceed this value by approximately 10% and
72%, respectively. Furthermore, when comparing the Full BEs approach with the other
two approaches in both panels, we observe larger differences between Full BEs and Only-Y,
BEs when varying sin # compared to varying cs. This occurs because the interactions between
¢ and SM particles are proportional to sin®#f, and affect the early kinetic decoupling of the

¢ sector.

B. Scenario (ii): Resonance DM mg = 2m,,

Resonance DM: m, =22 Gev, my=4.7 GeV, sin6=0.01, cs=10"3 and Ay =1.0
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FIG. 5: Reaction rates for the resonance DM scenario using m, = 2.2GeV, myg = 4.7GeV,
sinf = 0.01, ¢s = 1073 and Ay = 1.0. The color scheme matches that of Fig.

For convenience, in this scenario we use zpge ~ 1.5/ (1 — Ri), where R, = 2m, /my, to
characterize the cross section peak for annihilation xxy — ff. To emphasize the impact
of temperature, we require the peak to fall within 3 < x < 25, and choose benchmark
parameters: m, = 2.2GeV, my, = 4.7GeV, sinf = 1072, ¢, = 107 and \yy = 1.0. With

this setup, the characteristic peak occurs at z ~ 10.
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In Fig. 5] we compare interaction rates with the Hubble parameter H in the resonance
DM scenario. Annihilation yxy — ff dominates evolution at z < 20 in the left panel, while
the elastic scattering rate xf — xf stays below H, indicating that heat transfer between
x and SM particles relies solely on annihilation. Due to the mass condition mg ~ 2m,,
XX — ¢¢ annihilation and y¢ elastic scattering decouple at x ~ 6 and = ~ 8, respectively.
This suggests kinetic decoupling between x and ¢ sectors, occurring before the DM freeze-
out. The reaction rate xx — ¢¢ exhibits a dip at x = 10 due to rapid reduction of y near
the peak of Yy — ff, something that will be discussed further when we introduce Fig. @
In the right panel, ¢ efficiently maintains thermal equilibrium with the SM via ¢ — ff.
Additionally, at « ~ 23, ¢ — ff significantly exceeds ff — ¢, representing heat transfer
solely from ¢ to the SM sector.

We illustrate the resulting numerical evolution of the resonance scenario in Fig. [l In the
upper-left panel of Fig. @, when Y, (green solid line) and Y} (orange solid line) depart from
Y eq (green dashed line) and Y, ¢, (orange dashed line), the freeze-out of x and ¢ occurs at
x =~ 20 and x = 23, respectively. The upper-right panel shows that y, (red solid line) departs
from y, o (red dashed line) at x ~ 7, and y, (blue solid line) leaves Yy oq (blue dashed line)
at x =~ 18. This indicates that for both y and ¢, their kinetic decoupling appears before
their chemical decoupling.

From the low-left panel in Fig. [6], we can observe that the three sectors maintain thermal
equilibrium initially, then T} and T} increase rapidly until Tgy; ~ 0.1 GeV. However, in the
range Tgv 2 0.1 GeV, T; is flat but 7}, decreases. From looking at Fig. , we can see that
the increase in T results from xx — f f reaching the cross-section peak and, therefore,
DM particles with temperature T} being massively consumed while new DM particles with
higher speed are continuously generated by ¢-decay. To all that, adding that the higher
temperature enhances the averaged cross-section, thus, the intriguing I'y,— 44 dip in Fig.
can be related to the decrease in n, first accompanied by the successive enhancement of
averaged cross-section. Similarly, T} increases because ff — ¢ becomes less efficient than
¢ — ff with ¢s with lower temperature being massively consumed while new ¢s with higher
speed are generated by ¢f — ¢f and those inverse co-annihilation processes.

In the lower-right panel of Fig. [6] the Full BEs and Y, -and-y, BEs approaches yield
almost identical results, contrasting significantly with those from using Only-Y, BEs. The

Full BEs approach agrees with the one obtained using Y,-and-y, BEs because ¢ sector
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FIG. 6: Numerical results for the resonance DM scenario using m, = 2.2GeV, my = 4.7GeV,

sinf = 0.01, ¢ = 1073 and Ao = 1.0. The color schemes are the same as Fig.

remains in equilibrium with the SM sector even after y-SM decoupling. However, the differ-

ence with Only-Y, BEs approach arises as x kinetically decouples from the other two sectors

before its chemical decoupling. Hence, for this benchmark resonance scenario, the standard

calculation using Only-Y, BEs may underestimate the relic density by a factor of ten.

In Fig. [T} we depict the relic density Q,h? as a function of ¢, (left panel) and sin§ (right
panel), with m, = 2.2GeV and my = 4.7 GeV as benchmark points. Similar to Fig. {4} the

left panel uses fixed sinf = 0.01 with different c; values, while the right panel has fixed
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FIG. 7: Same as Fig. |§| but for the resonance DM scenario with parameters m, = 2.2GeV and
mg = 4.7GeV.

cs = 1072 with changing sinf to calculate the relic density. Owerall, both panels show that
results from Full BEs and Y, -and-y, BEs are consistent but differ by approzimately an
order of magnitude from the result using Only-Y, BEs, for all the values of c¢; and sin@
displayed in Fig. [ Referring back to Fig. [5] we note that the heat transfer between the
dark and SM sectors depends entirely on the process yx — ff, with heat and density
transfer being controlled by sinf and ¢, in the same way. Therefore, altering sin§ and c;
cannot induce kinetic decoupling of DM following its chemical decoupling, as heat transfer
is always less efficient than number density transfer in the xy — ff process. After kinetic
decoupling, the heat transfer between the dark sector and the other two sectors is trivial, and
the relic density is inversely proportional to the annihilation cross-section (ov(xx — ff)) o
(cssin@)?. Thus, in contrast with the forbidden scenario, the three numerical approaches in
the resonance scenario cannot be unified at large ¢, and sin 6 values.

We would like to address the case where the ¢ sector decouples from the SM sector before
the dark sector, potentially leading to different outcomes between Full BEs and Y, -and-y,
BEs. However, finding a parameter combination where such case is realized is challenging. A
weaker interaction causing earlier decoupling of the ¢ sector demands a smaller sinf and a

finely tuned value for the resonance parameter (1 — R2). The annihilation process xx — f f
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with these parameters may reach its peak later than our intended time frame, leading to an
overabundance of relic density. Moreover, maintaining thermal equilibrium among the three
sectors at x ~ 3, our default initial conditions, becomes difficult with such a small sin .
Therefore, we can conclude that in the resonance scenario, it is crucial to precisely consider

the evolution of DM temperature, without extending to include ¢ evolution.

C. Scenario (iii): Secluded DM: m, < m,,
Secluded DM : m,=1.0 Gev, my=0.01GeV, sin6=10"° ¢;=0.045 and Ay =0.1
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FIG. 8: Comparison of interaction rates with the Hubble parameter H in the context of the
secluded DM scenario, by using model parameters are m, = 1.0 GeV, my = 0.01 GeV, sinf) = 1079,
cs = 0.045 and Ay = 0.1. The color scheme follows Fig.

Lastly, we examine the secluded DM scenario in detail. In this scenario, the main annihi-
lation channel of the secluded DM scenario is xx — ¢¢. To obtain the correct relic density,
the cross-section for this annihilation must have a large phase space integral, particularly
when m, > my, to compensate for tiny sinf. Hence, we set sinf = 1072, m, = 1.0GeV,
me = 0.01 GeV, ¢; = 0.045, and Ay = 0.1 as benchmark parameters for our analysis of the
secluded DM scenario.

In Fig. [8] we present the comparison of interaction rates against H in the context of the

secluded DM scenario. The left panel shows scatterings related to x, where we see that

21



the evolution of x is primarily driven by the highly efficient elastic scattering x¢ — xo,
while the subdominant process xyx — ¢¢ decouples at = ~ 22. This indicates that kinetic
decoupling between x and ¢ occurs after their chemical decoupling. Regarding interactions
between y and the SM sector, elastic scatterings xf — xf and annihilations yy — ff
are far below the Hubble parameter due to suppression by sinf, suggesting no direct heat
transfer between y and the SM sector, but rather indirect transfer via ¢. In the right panel,
it can be observed that the dominant process is ¢f — ¢f, decoupling at x = 50, while the
subdominant reaction rate for ¢¢ — ff falls an order of magnitude below H for x > 100.
Regarding ¢ decay and co-annihilation, their reaction rates remain significantly below H,
indicating negligible effects in the evolution of ¢.

The numerical evolution results of the secluded scenario are illustrated in Fig. [9] In
the upper-left panel, both Y, (green solid line) and Y, (orange solid line) deviate from
their equilibrium values (Y, ¢q in the green dashed line and Y} ., in the orange dashed line),
marking the freeze-out of xy and ¢ at approximately x ~ 22 and x ~ 120, respectively. In the
upper-right panel, both y, (red solid line) and y, (blue solid line) differ from their equilibrium
values (¥ eq i red dashed line and yg4 o in blue dashed line) around z ~ 150. This implies
that both y and ¢ undergo kinetic decoupling later than their chemical decoupling.

The temperature evolution among the three sectors, illustrated in the lower-left of Fig. [J]
highlights that the temperatures of y and ¢ remain identical within our range of interests due
to efficient heat transfer via elastic scattering x¢ — x¢, until they deviate from Tgy\; around
T =~ 0.006 GeV when ¢¢ — ff decouples. This shared temperature between the dark and
¢ sectors, together with the kinetic decoupling of x occurring after its chemical decoupling,
results in nearly identical outcomes between the Y, -and-y, BEs and Only-Y, BEs methods,
shown as dashed lines in the lower-right panel of Fig. [6l They are slightly different from
Full BEs due to asymmetry in the S,, term?. Nevertheless, this difference leads to a
significant systematic uncertainty of around 9%, comparable to uncertainties originating
from the entropy table [43] but surpasses the uncertainty of Planck measurement [§].

Similar to the DM resonance case, in this scenario we did not find a suitable range for
¢s and sin @ where the Full BEs approach would show a significant shift. In our secluded

DM setup, where the thermal equilibrium is maintained between the dark and ¢ sectors,

2 Refer to Fig. [10/in Appendix
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and all three sectors are assumed to be in thermal equilibrium at x = 3, the improvement

brought by the Full BEs approach is not as pronounced as in the forbidden DM scenario.

Furthermore, the discrepancy arising from the asymmetry in the S, term must be sizable,

because secluded DM particles mainly annihilate via the yx — ¢¢ channel controlled by the

same couplings as x¢ — x¢. Additionally, sin # has no impact on the S,, term. Therefore,

it is unnecessary to include plots analogous to Figs. [4 and [7] in this scenario.

23



V. SUMMARY AND CONCLUSION

When the dark sector interacts with the SM sector through a light scalar particle ¢, the
heat transfer between the dark and SM sectors becomes intricate. Previous studies often rely
on the simplest assumption to calculate the DM relic density: these two sectors are in thermal
equilibrium before freeze-out. However, when incorporating the interaction between ¢ and
the SM sector, the mixing angle sin 6 is strongly constrained by experimental data, leading
to insufficient heat transfer between ¢ and SM particles to maintain thermal equilibrium.
Moreover, the absence of a signal in DM direct detection experiments may indicate that the
coupling between DM and ¢ (¢, in the present analysis) may be suppressed. Consequently,
three distinct sectors emerge—the DM sector, the ¢ sector, and the SM sector—prior to
the DM freeze-out. It becomes important to consider Boltzmann equations for the densities
and temperatures of all relevant sectors to accurately compute the DM relic density. In this
study, we have developed four fully coupled Boltzmann equations to precisely determine the
relic density and dark temperature with contributions from these three sectors.

We utilize the minimal Higgs portal Model to study Boltzmann equations for densities
and temperatures, focusing on light x and ¢ particles with masses approximately O(1) GeV
or lower. The relevant model parameters include m,, mg, sinf, ¢, and A\gp, governing
the interaction rate. Inspired by previous works, we investigate three scenarios featuring
early decoupling: (i) forbidden DM with m, < m,, (ii) resonance DM with 2m, ~ my,
and (iii) secluded DM with m, > my; crucial for understanding DM annihilation in the
early universe. We analyze the evolution of comoving number density Y; and temperature
y; for these scenarios. To quantitatively verify the results obtained by the full Boltzmann
equations (Full BEs), we compare them against other well studied approaches: considering
only DM density evolution (Only-Y, BE), and incorporating both DM density and temper-
ature evolutions (Y, -and-y, BEs). While these two approaches resemble existing codes like
MicrOMEGAs and DRAKE, the approach of this work, Full BEs, is introduced for the first
time.

In the forbidden DM scenario, while the results from Only-Y, BEs and Y)-and-y, BEs
show similarity, the Full BEs method exhibits a more significant deviation. This is due
to early kinetic decoupling effects within the ¢ sector. Specifically, using a benchmark

point we show that the relic density calculated by Only-Y, BEs could align with Planck
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measurements, while the results from Y, -and-y, BEs and Full BEs could exceed this value
by approximately 10% and 72%, respectively. When varying sin # compared to varying c,
larger differences are observed between Full BEs and Only-Y, BEs because of the early
kinetic decoupling in the ¢ sector.

In the resonance DM scenario, heat transfer compared to number density transfer is
less efficient. Moreover, modifying sin# and c¢s does not lead to kinetic decoupling of DM
after chemical decoupling, as long as we require the resonance peak to happen at a higher
temperature than the freeze-out temperature. Unlike the forbidden scenario, the three
numerical approaches in the resonance scenario cannot be reconciled at large ¢, and sin 6.
Results from Full BEs and Y,-and-y, BEs remain consistent but deviate by an order of
magnitude from Only-Y, BEs, regardless of ¢, and sin ¢ values.

In the secluded DM scenario, the outcomes of the Y,-and-y, BEs and Only-Y, BEs
methods are nearly identical due to the nature of the scenario. However, the Full BEs
approach can introduce a considerable systematic uncertainty of approximately 9%, compa-
rable to uncertainties originating from entropy tabular data but exceeding the uncertainties
in Planck measurement. This discrepancy arises from the asymmetry in the scattering term
Sys, which is spontaneously induced for a nonzero c;.

To summarize, while our full calculation is CPU intensive, increasing the time and energy
requirements, it is worthwhile to compute the relic density of DM using a complete set of
coupled Boltzmann equations for xy and ¢, especially in scenarios where early decoupling
occurs. When comparing our numerical results obtained from the Full BEs approach with
those from the Only-Y, BEs and Y),-and-y, BEs approaches, we observe significant differ-
ences between the Full BEs and Only-Y, BEs methods, particularly for the forbidden DM
and the resonance DM scenarios. However, in the case of resonance DM, the results obtained
from the Full BEs approach are nearly identical to those obtained from the Y, -and-y, BEs
approach. While the differences in the secluded DM scenario are not as pronounced as in the
other two scenarios, precise relic density computation still demonstrates a considerable im-
provement compared to standard computation methods. We hope that future works based
on this approach will increase CPU efficiencies and identify cases where a full treatment is

appropriate.
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Appendix A: The collision terms

In this section, we present the collision terms in Eq. (22).

1. Collision terms of x

For the DM Yy, the dominant processes include annihilation into psm@sy or ¢¢ as well
as the inverse mediator decay yx — ¢. Since the elastic scattering terms do not change the
number density of y or ¢, they can be omitted for density evolution but they have to be

included for temperature evolution. Thus the collision term is written as
Cy=0C"+ Cgec + C;l.

In this work, the squared invariant amplitude |M|? is summed over all internal degrees of

freedom of all initial and final state particles involved.

e xx annihilation term (C3"™):
DM can annihilate to a pair of SM particles ¢ or the new scalars ¢. Hence, the

annihilation term can be written as

C;nn = Oxx—w@ + Cxx—>¢¢v (A1>

26



where

Crxspp = /dH /dH /dH x (2m)*W (py + py — k — k)
x [wxw@r Fol@) Fo(@) = | Morga2 £ (T BOF(T B
Cix—de = —/dH /dH¢/dH x (2m)*0 (py + Py — po — Do)
X [|M><x<—¢¢| fo(Ts, By) fo(Ty, Ey) — |Mxx—>¢¢|2fx(TxvEx)fx(TmEx)} :

(A2)

In the absence of Boson condensation or Fermi degeneracy, we have ignored Pauli

blocking and Bose enhancement factors, i.e., (1 + f;) ~ 1. Here, we define

d’p;
I, = ——. A
d ‘ (27T>32EZ ( 3)
e Decay term (Cg*):
The decay term for the WIMP ¢ — xx is given by
1
Cge = — /dﬂx/dn¢(2ﬂ)45(4)(p¢ — Px — D)
29y
X [|M¢—>Xx|2f¢>(T¢7E¢) - |M¢<—xx|2fx(TXvEx>fx(TX= Ex)] . (Ad)

e Elastic scattering term (C¢):
Since the scattering y¢ — x¢ and yp — xp do not change the number particles, this
term is only used in the second-moment (temperature evolution). The scattering term

C’;l contains two components, C\ .,y and Cl4_y. They can be written as

Clpyp = /dH /dH /dH @2m)* W (py +k —py — k)
X Mool [ Fo@) T B) = Fo@) fil T B (A5)

Cromms = 5 [ 1 [y [ a1t o+ = 1 = 50)
X Mool | AT B ol T, o) = Fil T B SolTo, Eo)| - (26)

Again, we have ignored the effects of Fermi blocking and Bose enhancement factors.
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2. Collision terms of ¢

In addition to annihilation, decay, and elastic scattering terms, the collision terms of the

new scalar Cy contain an co-annihilation term as well
C¢ — Cann + Cdec C Oel
Their explicit forms are presented below.

e ¢¢ annihilation term (C’gnn);

The annihilation and scattering terms are analogous to C,. We can simply make

X ¢ ¢ in C3™ and Eq. (A2).

e Decay term (C§):
The new scalar ¢ decays into SM final states as well as WIMP pairs. The ¢ decay

term can be divided in two components

Cdec Cospp T Cooxxs (A7)
where
Cpspp = /dH /dH x (2m)4 W (py — k — k)
[~ [ Moo fo (T, Eg) + Mgl fo (w) fo(@)] (A8)
o = / e / dIL, % (27)'6 (py — py — o)

X [_‘Mdh‘xxy f¢>(T¢>E¢) + ‘M¢%xx|2fx(Tx>Ex)fx<TX7Ex)] : (A9)

e SM-¢ co-annihilation term (C§°):
The interaction rate between ¢ and the SM sector can be dominated by co-annihilation
processes involving photons and gluons [24]. The new scalar can absorb a massless
gauge boson ¢, (photon or gluon) and then emit a pair of SM fermions as ¢y, — @ ¢y
Additionally, the co-annihilation with a SM fermion ¢p; — s can take place.

Hence, the co-annihilation term can be written as
1
C¢502—><P3<P4 = 2—g¢/dH¥,2 /dn¢3 /dnm (27T)45(4) (p¢ + kg — k3 — k4)

X [|M¢<P2<—<.03¢74|2f¢3(w§53)f<p4(w§04) - |M¢<.02—><P3<P4|2f¢(T¢7 E¢)f<p2(w2)} :
(A10)
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e Elastic scattering term (C§):
The elastic scattering does not change the number density but contributes to temper-
ature evolution. Therefore, this term is only included in second-moment equations.

The scattering term C;l can obtained by doing the exchange x <> ¢ in Egs. (A5)) and
(AG).

Appendix B: Number density and temperature evolution equations

The number density and temperature evolution equations can be obtained by integrating
Eq. with p{ and p?/E; over the phase space, respectively. In this section, we demon-
strate the derivation of the number density evolution for Y, Eq. and Y, Eq. . The
temperature evolution for 7T, Eq. and T}, Eq. are also presented.

1. Number density evolution

The number density evolution (zeroth-moment) equation is found by integrating Eq.

over the phase space

gi/dHiE(at_Hp'vp) i :gi/dnioi[fi] (B1)

The left hand side (LHS) of Eq. becomes

d*p _dn;
o [ s 0= Ty o) = G

where we have used integration by parts and conservation of entropy, i.e., d(sa®)/dt = 0 with

+3Hn; = xHsY/, (B2)

s = (272 /45)g3:T? being the entropy density, g5 the effective entropy degrees of freedom,
and a the scale factor of the universe. The factor 2 H arises from differentiation with respect

to the variable x = m, /T, where we have defined

ldlog(ggff):| B (B3)

H=H|1
{ T 37 q10g(T)

For the right hand side (RHS) of Eq. (B1]), excepting the elastic scattering term that does
not change number density, we present the integration of the annihilation and decay terms

in what follows.
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a. The annihilation terms

Here we summarize the annihilation terms of x and ¢ in the RHS of Eq. (B1]).

o XX — pp and XX = ¢o:
By using Eq. , the DM annihilation to a SM pair can be rewritten as

29y / dlly X (Cyxopp + COxx—o0) = (TVppxx) 1 ni,eq(T) - <m)xx—>so¢>TX ni(Tx)
- <0Uxx—>¢¢>TX "i(Tx) + <UU¢¢—>XX>T¢ ni(qu). (B4)

The collision terms Cyy 45 and C,, _, 44 are given in Eq. (A2) and (ov),, is defined in
Eq. . Here, we assume f; to have Maxwellian form before kinetic decoupling.

Replacing the number density n; to the comoving number density Y; with Eq. ,
we can obtain the first two rows of Eq. .

* ¢¢ = wp and ¢p — xX:
Similarly, the annihilation of ¢ can be obtained by exchanging x and ¢ in Eq. ,

294 / dlly (Copgp + Covnx) = (0Vpps00)7 Mg eq(T) = (0Vs0-5) 7, 165(Ts)
+ <‘7Uxxﬁ¢¢>TX ni(Tx) - <UU¢¢HXX>T¢ ni(ﬂb)' (B5)

The above equation is the first two rows of Eq. .

b. The decay terms

The zeroth moment of the decay term in the Eq. is

d*p d*p d*p

dec _ ¢ X X 45(4) _ _ 5

2gX/dHX x C /(27)32E¢/<27T)32Ex/(27T)32EX x (2m)76" (py — Py — Px)
X Mol [ Fo(To, Bo) = Fo( T B (T By)

d3p¢ n¢(T¢)
_ r,, el o o g
9¢/<2W)3 ¢—>xxn¢’eq(T¢)f¢7 a(Ty, Ey)

d’p d*p n2(T,) .
2 X X X\ x
= 9y / (27)? / (27T)3O-UXXH¢ ni,eq(Tx) FrealTr Ex) frea( T )

= <F¢—>XX>T¢ ng(Ty) — <UUXX—>¢>TX ni(Tx) (B6)
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where the thermally averaged partial decay width is given by

_ % d’py
Loradz, = - 75 / @mp L -rocsTo: Bo). (B7)

For the new scalar ¢, one can obtain the decay term in Eq. , by simply swapping x
and ¢ in Eq. but we note that the signs of two terms are different as seen in Eq.
for increasing and decreasing particles. However, the additional terms for decay into a pair

of the SM final states are

d*p, Pk 3k
2 I =
92 / Ay X Coorpp / (2m)32E, / (27)32w / (27)320

x (2m) 100 (ps — k = B) Moo’ [~ fo( Bo) + F(w) F(@)]

= — (Loopp)r, 16(T) + (0Vpp—6) 7 Mo (T)- (B8)

c. Co-annihilation

The zeroth moment of Cyy,—spye, term is obtained by a similar procedure as in the

annihilation terms

2g¢/dﬂ¢ X Cpy—p30a

d? d’k
= it [ 5% [ G oramsen U ) = LT B )]
= <O-U903<P4%¢802>T n@s,GQ(T>n<P4,eq(T) - <JU¢<P2H<P3<P4>(T¢,T) n¢<T¢>>n<P2<T)' (BQ)

Note that the temperatures 7" and Ty can be different. The energy distributions of two
initial particles in Eq. can be different as well.

2. Temperature evolution

The temperature evolution (second-moment) equations are found by integrating Eq.
with the second moment over phase space

2

2

1

)
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The LHS of Eq. (B10]) becomes

d(Tini) p;
3 7 + 15HT;n; <E§ 7
Y Yi p;
~ Y/ y’. p4
o (Yi i y) <EE’ ! (B

Here, we have used integration by parts and the energy-momentum relation E? = m? + p?.

The thermal average of p}/E? is given by
4 3 4
P; i d’pi p;
(B) = [ i 1
In the following, we show the RHS of Eq. (B10)). All the collision terms, including elastic

scattering, will contribute to the second-moment equations.

a. FElastic scattering

Considering a process x(py) + #(Ps) = X' (Py) + ¢'(Py), the temperature term p2/E,
can be easily obtained while f)i / Ex requires some additional algebra work as shown below.
The integrals over fIX and ﬁ¢ of Eq. can also be directly computed as an integral over
the solid angle of the outgoing x particle

=9 2
~ |Y p - -
2 / dIl, dIl, = = = (27)45(4) (Dx + P — Dy — p¢)|Mx¢Hx¢>|2
E, Ey
~ _ ~ R 1
_ pidQ p?c p?c Pyl | IPx| — [Py + Pyl cosa 2
=2 —=7 |7 "5 llF T = [Miyssxol
16n2E, Ey \ By, By )| By B,
do py/Ey — pipi/E
I e w (B13)

Py (Ey + Ey) — [Py + p(blEx Cos &

where « is defined as the angle between p, + p, and p,.
We can solve p, by choosing a coordinate system where the vector p, is on the z-axis.
The relevant vectors have the following characteristics

Px

= (0,0,1),
12
PPy (sinf, 0, cos ),
[Py + Pyl
|I~)—X’ = (sin by cos ¢y, sin b,/ sin ¢+, cosb,), (B14)
Px
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where 3 is the angle between p, + ps and p,. The angular coordinates of p, in spherical

coordinates are ¢, and ¢,,. We also have

cos @ = cos ¢, sin 6, sin B + cos 0, cos (B15)
and
cos § = IPy| + [Py cos 912' (B16)
Py + Pyl
Using the Lorentz scalar
B~ (Dx +s) = Ey(By + Ep) — [By|Ipy + Pyl cosar, (B17)
the invariant product can be simply obtained in the center of mass frame,
Py - (Px + ) = w (B18)
Therefore, we can obtain |p,| by solving the quadratic equation
2
(2 + [y P) By + By)? = (w FlBllpy tpeleosa) (819

with [py + pg| = [(Ey + Ey)? — s]"/? and cos a as given in Eq. (B15). Note that the integral
in Eq. has to be evaluated using all the valid (positive and real) |p,| solutions. For
Eq. it is possible to have from none to at most two such solutions.

Other scattering terms in the temperature evolution such as Sy, Sgy, and Sy, can be
obtained in an analogous manner. In this work, we have performed these multidimensional

integrals numerically using the Monte Carlo integration package Cuba.

b. Annihilation

Mimicking the case of zeroth moment, the second moment of the annihilation term in

Eq. is derived as

p?
29y / dHXE—iC;nn
= 3 (T TppsxxV) 1 ni,eq(T) -3 <TXUUXXH¢¢>TX ”i(ﬂc)
+3(T0Vs600) 1, M6(Ts) = 3 (Tx0Uxxs00) 7, My (1), (B20)
where T is defined as shown in Eq. . Similarly, the second annihilation moment of ¢ in
Eq. can be obtained by simply swapping x and ¢.
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c. Decay

The second moment of the decay terms for DM sector temperature can be obtained as

follows:

2 3 3 2 35
2gx/dHX&Cdec = 2/ Py / dpy Py [ dDy
E, X (2m)32Ey J (2m)32E, E\ J (27)32E,
x (2m)* 6 (py — px — o) Mg [f¢(E¢) — (BB

=3 <TXF¢—>XX>T¢ ng(T) — 3 <TXUUXX—>¢>TX ”i(Tx) (B21)

where the thermally averaged product of 7} and decay width I' is given by

(T, ), = 2 / ®py / *p, pi/ d°py,
xt o—=xx/T, = Npeq ) (2m)32E, | (27)32E, 3E, (277)32Ex

X (27T>45(4) (p¢ —DPx — ﬁx)|M¢—>xx|2f¢7eq(E¢)- (B22>

Similarly, for the temperature of ¢ sector, the second moment of its decay term can be

obtained as follows

d3p¢ p?b dec
9e / 2C¢
(2m)3 E¢
= = 3T spo)r, no(Tp) + 3(Tp000ps6) 1 1 q(T)

-3 <T¢F¢—>XX>T¢ ne(Ts) +3 <T¢0Uxx—>¢>>:rx ni(Tx)- (B23)

The thermally averaged second moment of the mediator decay width I'y is similar to

Eq. (B22)).

d. Co-annihilation

The second moment of the ¢ and SM ¢ scattering term is derived as follows:

2
p
294 / dH¢E_ZC¢<p2—><p3<p4

&*py P; [ &’k
:g¢g<p2/ (2;(22_2/ (27T)230U¢<P2—><P3<P4 [f<.03<w3)f<ﬂ4(w4) _f¢(T¢7E¢)f<P2(w2)]

= 3(Ts0Vps01-002) 7 Tipsea(T) Mgy eq(T) — 3 <T¢UU¢>¢2%¢W4>(T¢,T) ng(Ty)ng, (T).  (B24)
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S,4 in the forbidden DM GeV‘ll(r3 S,s in the resonance DM GeV~!
10—10

10°

1074 10-11
_ 107!
% 1075 10712
O 0 0
= ~10-3 ~10-12
" 1071 10-2
—104 —10-11
_ -10-1° _
-107 101 100 107
Ty [GeV] T, [GeV] Ty [GeV]

FIG. 10: The resulting numerical maps for Sy, for the forbidden scenario (m, = 0.1 GeV, my =
0.13 GeV, sinf = 1073, ¢, = 0.1 and Agr = 1.0 ) in the left panel, the resonance scenario
(my = 2.2GeV, my = 4.7GeV, sinf = 0.01, ¢, = 1072 and A\gyy = 1.0 ) in the center panel and
the secluded scenario (m, = 1.0GeV, mg = 0.01 GeV, sinf = 1079, ¢, = 0.045 and Apr = 0.1)
in the right panel. The orange, black, and blue lines correspond to the contours where S 4 =
{-107%, 0, 107*} GeV ™! in the forbidden scenario, Sy = {—107!1, 0, 1071} GeV ™! in the

resonance scenario and Sy, = {—1071%, 0, 1071°} GeV ™! in the secluded scenario.
Appendix C: The temperature tables of y-¢ elastic scattering

In Fig. , we present S, on the plane (7, T},) for three benchmark scenarios, m, ~ my
(left panel), resonance my ~ 2m, (center panel) and secluded m, < m, (right panel).
From Eq. , we learned that DM gains energy from ¢ if S, > 0. On the other hand,
energy is transferred from dark sector to ¢ sector if S,4 < 0. As expected from the second
law of thermodynamics, we can see that the energy always flows from a sector with higher
temperature to other with lower temperature resulting in S, 4 symmetric around the diagonal
in both the forbidden and the resonance scenarios. In these two scenarios, DM mass and
the new scalar mass are in the same order, while in the secluded scenario ¢ is much lighter.
Therefore, ¢ becomes non-relativistic later than DM and the resulting S, 4 is asymmetric in

the region where it becomes non-relativistic.
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