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ABSTRACT: A solitonic ground state called a chiral soliton lattice (CSL) is realized in a
supersymmetric theory with background magnetic field and finite chemical potential. To
this end, we construct, in the superfield formalism, a supersymmetric chiral sine-Gordon
model as a neutral pion sector of a supersymmetric two-flavor chiral Lagrangian with a
Wess-Zumino-Witten term. The CSL ground state appears in the presence of either a strong
magnetic field and /or large chemical potential, or a background fermionic condensate in the

form of a fermion bilinear consisting of the gaugino and a superpartner of a baryon gauge

field.


mailto:nitta(at)phys-h.keio.ac.jp
mailto:shin-s(at)kitasato-u.ac.jp

Contents
1 Introduction 1

2 Chiral soliton lattice in strong magnetic field: a review
2.1 Chiral Lagrangian 4
2.2 Chiral soliton lattice

3 Supersymmetric chiral perturbation theory 6
4 BPS solitons and chiral soliton lattice ground states 9
4.1 BPS conditions 9
4.2 Chiral soliton lattice ground state in background gauge fields 10
4.3 Chiral soliton lattice ground state in fermion condensates 12
5 Summary and Discussion 13
A Fayet-Iliopoulos term 15

1 Introduction

Determination of the ground states or vacua and phase structures is quite important to
understand any physical system. For such a purpose, it is becoming important to consider
a possibility of spatially inhomogeneous ground states. Several examples can be found
in condensed matter physics such as superconductors [1-4| and polyacetylene [5-7]|, and
in quantum field theories such as the Gross-Neveu and Nambu-Jona-Lasino models [8-
10] and quantum chromodynamics (QCD) [11-15]. For such a kind of ground states, the
order parameter is characterized by a spatially varying function and several translational
symmetries are spontaneously broken there. However, without any external field, spatial
modulations are unstable due to the so-called Landau-Peierls instability {16, 17].

On the other hand, solitonic ground states are present in the presence of spin-orbit
coupling in condensed matter systems or background fields in quantum field theories such
as a magnetic field or rotation. The examples of the former contain chiral magnets and
ultracold atomic gases with synthetic gauge fields. The ground states of the chiral magnets
contain two kinds of inhomogeneous ground states made of topological solitons due to the

presence of the so-called Dzyaloshinskii-Moriya (DM) interaction [18, 19]. One is a chiral



soliton lattice (CSL), also called a spiral phase [20-24|, where the energy of a single soliton
or domain wall is negative and thus one dimensionally inhomogeneous states composed of
solitons or domain walls have a lower energy than uniform states. The other is the 2D
Skyrmion lattice (crystal) phase where the energy of a single Skyrmion is negative [25-31].
Ultracold atomic gases with spin-orbit couplings or synthetic gauge fields [32, 33] give the
solitonic ground states of 2D Skyrmions [34] and 3D Skyrmions [35].

As the example of the latter, QCD under extreme conditions like high baryon density,
pronounced magnetic fields, and rapid rotation has been extensively studied. Recently,
the QCD phase diagram including such conditions gathers significant attention due to
the relevance in the interior of neutron stars and heavy-ion collisions [36]. In particular,
QCD in strong magnetic fields has received quite intense attention. At low energy, QCD
can be described in terms of pions degrees of freedom by the chiral Lagrangian or chiral
perturbation theory (ChPT) accompanied with the Wess-Zumiono-Witten (WZW) term
[37]. In the presence of a background magnetic field B at finite chemical potential up, the
WZW term in QCD with two flavors contains an anomalous coupling of the neutral pion g
to the magnetic field via the chiral anomaly [38, 39] through the Goldstone-Wilczek current
[40, 41]. Then, when the background gauge field /and or chemical potential are large enough

Bug > —5—, (1.1)

with the pion’s mass m; and decay constant f; and the gauge coupling constant e, the
ground state is inhomogeneous in the form of a CSL consisting of a stack of solitons [39,
42, 43|, analogous to chiral magnets. To show this, neglecting charged pions degrees of
freedom, the neutral pion sector of the chiral Lagrangian reduces to the so-called chiral
sine-Gordon model, in common with chiral magnets [20-22]. It was also discussed that
thermal fluctuations enhance the stability of CSL [44-47]. Similar CSLs of the n (or ')
meson also appear under rapid rotation instead of strong magnetic field [48-53]. Further
investigations have been done into the quantum nucleation of CSLs [54, 55|, quasicrystals
[56], the domain-wall Skyrmion phase [57, 58], the interplay with Skyrmion crystals at
zero magnetic field [59-61], and an Abrikosov’s vortex lattice and baryon crystals [62, 63].
Among various studies of CSL, one of the most important directions is the stability of CSL
beyond perturbations; CSL states in QCD-like theory such as SU(2) QCD and vector-like
gauge theories were studied in Refs. [64, 65| for nonperturbative studies in lattice gauge
theories without the sign problem. On the other hand, the motivation of this paper is to
investigate a CSL in supersymmetric theories which should be also relevant for studies of
its nonperturbative aspects.

Supersymmetry (SUSY) is a symmetry between bosons and fermions and was quite



extensively studied for long time because of a lot of reasons [66]: it was expected to solve the
so-called naturalness problem in the phenomenological side [67, 68|, while in the theoretical
side it is a useful or necessary tool to control nonperturbative effects in quantum field theory
and string theory [69, 70]. Bogomol'nyi-Prasad-Sommerfiled (BPS) topological solitons
and instantons preserve some fraction of SUSY and are nonperturbatively stable [71-75],
thereby playing a crucial role for study of nonperturbative aspects. However, in reality
SUSY is not present at low energy in nature, and thus SUSY breaking is one of the most
important aspects in phenomenology [76]. Among various SUSY breaking mechanisms, a
unconventional SUSY breaking mechanism due to a spatial or temporal modulation was
proposed |77, 78] by extending modulated vacua in relativistic bosonic field theories 79, 80].
To this end, SUSY higher derivative terms free from ghost and auxiliary field problem [81—
89| were essential. By contrast, in the configuration proposed in this paper, SUSY is broken
by a solitonic ground state (as well as background fields).

In this paper, we discuss, in the superfield formalism, a manifestly supersymmetric
extension of SU(2) chiral Lagrangian with the WZW term in magnetic field at finite density.
Instead of the full Lagrangian, we succeed to construct the neutral pion sector which is a
SUSY chiral sine-Gordon model. We then construct a BPS domain wall (chiral soliton)
and show that in a certain parameter region of strong magnetic field and/or large chemical
potential, the tension of the domain wall becomes negative. In such a case, the ground state
is CSL, an alternate array of BPS and anti-BPS chiral solitons, where SUSY is broken.
While this is the same with conventional QCD, we also find that a CSL also occurs in a
constant fermion condensation background.

Some comments on previous works are in order. First, a SUSY sine-Gordon model was
discussed in the literature [90-94], but SUSY chiral sine-Gordon model was not. Second,
the WZW term has the same form with the previously known supersymmetric WZW term
[95, 96].1 Third, a BPS domain wall in SUSY chiral Lagrangian was studied without the
WZW term [103].

This paper is organized as follows. In Sec. 2, we summarize ChPT in QCD in the
magnetic field at finite density and the CSL ground state in it. In Sec. 3, we construct
manifestly supersymmetric chiral Lagrangian and WZW term in the superfield formalism.
In Sec. 4, we construct BPS solitons (domain walls), and discuss solitonic ground states
(CSL) consisting of an array of BPS and anti-BPS solitons in the presence of an external
gauge field background or a fermion background. Section 5 is devoted to a summary and

discussion. In Appendix A, we show the incompatibility of the Fayet-Iliopoulos term.

!See Refs. [97-99] for further studies of SUSY WZW terms, see also Refs. [100-102].



2 Chiral soliton lattice in strong magnetic field: a review

In this section, we give a brief review on the two-flavor chiral Lagrangian with the WZW

term at finite density and background gauge field, and the CSL ground state.

2.1 Chiral Lagrangian

We concentrate on the phase in which the chiral symmetry is spontaneously broken. The
low-energy dynamics in this phase is described by the two-flavor ChPT, which is an effective
field theory for pions. The pion fields ¢, (a = 1,2,3) are represented by a 2 x 2 unitary
matrix ¥ = eiT“%: which undergoes the SU(2)1, x SU(2)g chiral symmetry;

¥ — LYR. (2.1)

where both L and R are 2 x 2 unitary matrices. Here 7, (a = 1,2, 3) are the Pauli matrices
normalized as tr[7,7p] = 2d4p.

The U(1)g, electromagnetic gauge transformation is given by

. p— T s p— T 1
s olfn 1)‘73 Yo ifx 1>‘73 and A, — Ap — —0nA, (22)
€

where A, e are the gauge parameter and the coupling constant. The associated covariant

derivative D,, is defined by

DX = 0,5+ ieAn[Q, 5], (2.3)
1 1

=-1 — 2.4

Q 5 2+ 573, (2.4)

where the matrix @ represents the electric charge carried by quarks. The effective La-

grangian at O(p?) is given by

L = Lonpt + Lwzw (2.5)
where the first term is given by
2 2,2
Lonpr = —ij tr (Dngm2T> - % tr(21 — ¥ — X1). (2.6)

The second term in (2.5) gives the coupling of the pions to the external U(1)p baryon gauge
field AB = (up,0,0,0) through the WZW term [39]. This is given in Refs. [38, 39] as

Lwzw = — (Ai + gAm) Jéw - (2.7)

Here, jiy is the Goldstone-Wilczek current [40, 41| defined by

Emnpq

i = =St (LnLyLy = 30, [4,Q(Ly + Ry)) (28)



where L,, = 0,2, R, = 0,,21% are the left-invariant and the right-invariant Maurer-
Cartan 1-forms respectively.
It is convenient to rewrite the Goldstone-Wilczek current (2.8) in the form where the

U(1)em gauge symmetry is manifest [39];

3ei

1
J&w = — 5" | (BDy shEp,ehEDEh) - = F,Q(ED,s + D,2IN) |, (2.9)

In the low energies, only the neutral pion ¢> = ¢ contributes to physics. We therefore set

Y=¢' “fw and the covariant derivative D, is replaced by 0,
DY = 8,5 + ieA,, [% 2} — 9,5 (2.10)

Then the ChPT Lagrangian for the neutral pion is given by

Lcnpr = — Ztr (BmE 0 E) 2 (trZ + h.c. ) — Ttrlz
1 3i
£MnPa B 1 t t t
Ry 2472 (A + A ) (X0, 37) (5,X7) (X0,57) — D) FrpT3%0,%

(2.11)
2.2 Chiral soliton lattice

It is noteworthy to see that the model for the neutral pion (2.11) is given by the sine-Gordon

model;

Ez—%(@mgb)Q—fT? {1—005 <Jz> }+Z:EB Vo, (2.12)
where we have assumed the external U(1)en constant magnetic field B and that the pion
field is time independent 0yY = 0. This model is known as the chiral sine-Gordon model
studied extensively in the context of chiral magnets [20-24].

The QCD background in the absence of the external background field is given by
@/ fr = 2mn with n € Z. where the energy (density) vanishes. The last term in (2.12) does

not contribute to the equation motion:

V2 — fom?2 2 6in % _ 0, (2.13)

fr

The simplest solution to this equation is known as a single sine-Gordon (anti-)kink inter-

polating two adjacent vacua:

¢(z) = 4 frarctan [eim"(z_c)] , (2.14)



where ¢ is the position of the center or the translational modulus. The tension (energy per

unit area) is given by

E = /Oodz [;(@@2 + f?m%(l — cos <}i> ) _ efZLT};Bzazd)

eMBBz

o (2.15)

= 8m71'f7% +

It is obvious that the finite baryon density and the external magnetic field give a negative
(positive) contribution to the energy for a sine-Gordon (anti-)kink. This imbalance between
a kink and an anti-kink is the origin of the term “chiral’ of the chiral sine-Gordon model.
At the boundary of Eq. (1.1), the tension of a single sine-Gordon kink in Eq. (2.15) with
the upper sign becomes zero, £ = 0, and the ground state is a single kink degenerated with
the QCD vacuum. For larger background satisfying inequality of Eq. (1.1), one finds that
the tension of the sine-Gordon kink is negative, E < 0, and the kink in Eq. (2.14) with
the upper sign is energetically more stable against the ordinary QCD vacuum ¢/ fr = 2nm.
However, one cannot create infinite numbers of kinks since two adjacent sine-Gordon kinks
repel each other, increasing the energy. Consequently, the ground state in the presence of
the large background fields is a stack of sine-Gordon kinks, that is a CSL [39, 42, 43].

3 Supersymmetric chiral perturbation theory

In this section, we construct a four-dimensional N' = 1 supersymmetric ChPT in the ex-
ternal background gauge fields. The basic elements are the supersymmetric generalization
of the pion field ¥ and the U(1)ey, and the baryon gauge fields (A,,, AB). In the following,
we follow the Wess-Bagger conventions [104] of superfields.

First, the target space of SUSY nonlinear sigma models must be Kéahler, and thus pion
fields SU(2) must be complexified:

SU(2)¢ ~ SL(2,C) ~ T*SU(2). (3.1)

We then introduce the SU(2)C-valued chiral superfield ¥ whose lowest component is given
by ¥;

B(y,0) = T + V25 + Fpb? € SU(2)C (3.2)

where 1y, Fy, are the Weyl fermion and the auxiliary field and (y, #) are the chiral coordi-
nates. The real parts of 3 denote Nambu-Goldstone (NG) bosons (pions) associated with
the chiral symmetry breaking while the imaginary parts of 3 are so-called quasi-NG bosons

which are not associated with a symmetry breaking but are required from SUSY [105-112].



On the other hand, ¢y, are called quasi-NG fermions. The kinetic and the mass terms of X

are given by?

2 2
Lyin = £ /d40 tr[ 212 + (5“; /d20tr2 + h.c.) : (3.3)

Here the trace is taken over the 2 x 2, SU(Q)(C—Valued matrices and m, 5 are real parameters
of dimensions +1 and —1, respectively. Later, we will see that the correspondences of these
parameters with those in the last section are 1/8 = fr and m = m,.

The WZW part of the coupling to the external field A2 in the Goldstone-Wilczek
current is constructed with the help of the SUSY WZW term elucidated in Refs. [95, 96];

Lwzw = / d*o VBtr[(Z(Um)aaamzh(EDdzT)(Dazzf) +he. (3.4)

Here VB is the U(1) vector multiplet for the external baryon number gauge field AZ. This

is given, in the Wess-Zumino gauge, by
_ _ __ _ 1 .-
VB(x,0,0) = —(06™0) AL +i0%0\F — i620\P + 502921)3, (3.5)

where \Z, DB are the Weyl fermion and the auxiliary field, respectively. The last part in

the Goldstone-Wilczek current may be given by
_ i 4 B T Do
Low = 5 /d VW, tr [7'32 D E} + h.c. (3.6)

where W, = —%DQDO[V is the field strength for the U(1)en, vector multiplet V. Although
Egs. (3.4) and (3.6) contain derivatives of superfields, which sometimes give rise to a po-
tential auxiliary field problem [97-99|, they cause no troubles. We will see this in due
course.

In order to see that the above interactions indeed provide a natural supersymmetric
generalization of ChPT, we now write down the component expression of the Lagrangian
Lschpt = Liin+Lwzw + Low. After some calculations, the bosonic part of the Lagrangian
is found to be
Lsonpr = ;tr[ — 9, xtomy + FEFE} + 2;;tr [Fg + Fy]

=2t [ (=P Py g =) AB (20,5 (80,51 (9,5 - 2)

v Am(EﬁmET)EFEFEZT] +hec.
+ 2 (= ABDu[rSl0ms] - ARF™t[r310,5)]

— SIS Pyt [1510,5] ) + . (3.7)

More generally, the Kihler potential can be an arbitrary function f of two variables:
fd49 f (tr [ETE] ), tr [ETE] 2). This corresponds to the degrees of freedom to deform noncompact directions
corresponding to quasi-NG bosons, which cannot be fixed by the real symmetry SU(2) [109, 110, 112].



We find that this precisely contains the interaction terms in (2.11) and is a natural SUSY
generalization of the ChPT in the external background gauge fields.

In order to find the interactions for the neutral pion, we now write

3 o o
> =e7 =15 cos <62) + i73sin (é) (3.8)

where ®(y,0) = ©+/20¢+6%F is the chiral superfield for the neutral pion ¢. The real part
of the complex scalar field ¢ corresponds to the neutral pion ¢ (up to the normalization)

while the imaginary part is the quasi-NG boson. Then the superfield Lagrangian becomes

LschpT = ﬂQ /d40 cos <ﬁ(<1> <I>T ) /d29 cos < ) +h.c.

3
% /d40 VBsin <;’5(<1> — qﬂ)> (0™)aaOm® DY DY® + h.c.

i /d40 VBW, cos (g(cb — qﬂ)) D® +h.c.|. (3.9)
It is straightforward to calculate the bosonic part of the Lagrangian. The result is
1 Ié] 1 B _ N am _
Lsonpr = = oasin{ (e =) |Dlp = @) = poos | (0= @) | Imlp+9)0" (¢ + )
s _ 2m p = (B
+ cos (2(g0 ap)) FF B{Fsm (2 > + F'sin (2gp> }
P i (2800 - @) [(AB070)(0,60"5) — (And™3) O
- sin (580 = @) ) |(4707)(0,50"7) ~ (And™@)(0up0" )]
ﬁ2 3 - B am =
+ S iFFsin | 58(p = @) | 40" (¢ — @)
B ,8 _ . 1B m — - 1B rmn =
t5cos(5(e=9) ) |iAnD 0" (e — @) —iAp F"0u(p — @)
1

We stress that even though the superfield Lagrangian involves derivative interactions, the
auxiliary fields do not have spacetime derivative terms in the component Lagrangian. This
fact is necessary in the sense that the equations of motion for the auxiliary fields are
algebraic ones and we can write down the explicit interaction terms for ¢. Indeed, the

equation of motion for F' is solved by

=2 (5e) foos (Gle-0) + 2 sin (3600 - 9)) aBom o 90)}_1 31



After integrating out the auxiliary fields F, F', we find that the potential term together with

the derivative interactions appear in the Lagrangian:

Lscurr = 5 sinh(3x)0x — cosh(8x)0,,00"6
— 4;122{ cos? <52¢> sinh? <52X> + sin? <ﬁ2¢> cosh? <ﬁ2X> }x

-1
X { cosh(By) — B2 sinh(3ﬁx)AzamX}

2
+ 2 sinn(380)| 24507 0)(0,00") + (ABI"X)(D,00"6 8nx<9"><)]
B am B rrmn 1 mn, B
+ Beosh(Bx)| — DA, x + Ay F™ 0, x + € P1A, anaquﬁ] . (3.12)

Here, for later convenience, we have decomposed the scalar field into the real and the
imaginary parts ¢ = ¢ + ix.
Lorentz invariant vacua are found for the constant scalar fields ¢ and y. They are

specified by the zeros of the potential

V= 4;’22{ cos? <52¢> sinh? (?) + sin? <52¢> cosh? <62X> }{ cosh(ﬁx)}_1 (3.13)

and given by
_ 27mn
TR
When the external gauge fields vanish A2 = D =0, A,, = D = 0, then the vacua preserve

(n=0,4£1,+2,...), x=0. (3.14)

all SUSY. The energy density corresponding to these vacua is exactly zero & = 0.

4 BPS solitons and chiral soliton lattice ground states

In this section, we construct BPS domain walls and show that the ground state is a soliton
lattice consisting of an array of BPS soliton and anti-BPS soliton, either in a strong magnetic

field and /or large chemical potential, or in the presence of a background fermion condensate.

4.1 BPS conditions

We are now in a position to examine the BPS states in the model (3.10). The vanishing
conditions on the SUSY transformations of fermions provide the BPS equations:

Sba =ivV2(0%)aal® (03¢ F €"F) = 0,

0o = (O'mn)aﬁgﬁan + il D =0,

SNB = (6™, PesFB, 1 i¢, DP = 0. (4.1)



where we have assumed the half SUSY projection on the parameters &, = Fie™(03),aE%.
Here 7 is a phase factor which will be set to zero in the following. The first condition in

Eq. (4.1) implies the following BPS equation:
/ Qﬁ é— é _ 672 35 _ 75 Bam¢ _ _ - _1_
o F 5 s1n<290 coS 2(<p o))+ 225111 2(@ @) | AL 0™ (o — p) =0,
(4.2)

where the prime stands for the differentiation with respect to 23 = z. It is convenient to
decompose the complex scalar field into its real and imaginary parts ¢ = ¢ + ix. Then,

Eq. (4.2) can be rewritten as follows:

1
@ T 2;” sin <§¢> cosh <§)(> [COSh(ﬂx) — 62 sinh(Sﬁx)Aﬁé)mX] =0,

-1
X F 2;1 sinh <§x> cos (ggé) [cosh(ﬁx) Ry sinh(Bﬁx)AﬁBmxl =0. (4.3)

The last two conditions in Eq. (4.1) can be trivially solved by A,, = D =0, AZ = DB = 0.
Then, the solution to Eq. (4.3) is given by x = 0 and ¢ satisfying the following equation:

p
This equation with the upper(lower) sign is nothing but the (anti-)BPS equation in the

¢ F 2m sin <§¢> =0. (4.4)

sine-Gordon model. The solution to this equation is a single sine-Gordon (anti-)kink:
4
o(z) = Barctan [eim(z*c)}, (4.5)

where c is the integration constant. Since we have ¢ — 0, :l:%7r at z — oo, these solutions

connect the two adjacent vacuan = 0 and n = £1 in Eq. (3.14). The corresponding energy

e (3)]
_ 16m

2
¢:F2/BSIH<§¢>] :I:8ﬁr721 dz;i{ s(§¢)}
B

4.2 Chiral soliton lattice ground state in background gauge fields

can be calculated as

FE = /dz
/dz

We next study ground states in the presence of the external background gauge fields. The

equation of motion for the auxiliary field D is given by

cosh(Bx) ABomy = 0. (4.7)

~10 -



A solution to this constraint is found to be AZ = (ug,0,0,0) and x = 0 where the constant
up is the baryon chemical potential. It is evident that this external background breaks
SUSY.

Now we look for ground states where the quasi-NG boson x remains in the SUSY
vacuum x = 0. We also assume that the field strength (magnetic field) of the external

U(1)em gauge field is constant. Then, the effective Lagrangian for the neutral pion is

m2
LscnpT M ;00 — W sin? <ﬂ¢> + pBBB;0;9, (4.8)
where the sum over the index ¢ is assumed. This is nothing but the sine-Gordon model in
the external magnetic field, or the chiral sine-Gordon model.
Let us assume B; = (0,0, Bs) and a one-dimensional dependence of the configurations.
Then, the energy density is
4m?
£~ (¢ + T sn? (5 ¢>) BB, (19)
The last term which is a total derivative term is induced by the external background. The
equation of motion for ¢ is
2

- %Sin(5¢)_ (4.10)

Note that the last term in Eq. (4.8) does not contribute to the equation of motion.

Qb”

A single sine-Gordon (anti-)kink solution in Eq. (4.5) remains a solution. In this case,

the tension (energy per unit area) is
16m
FE = F F 27TIU,BBg, (411)

where F corresponds to the sign of the (anti-)BPS kink. Thus, the second term contributes
negatively (positively) to the tension for the (anti-)kink. Therefore for

5| Bs| = (4.12)

ﬁQ’
equivalent to Eq. (1.1) in this parameterization, the energy of the BPS solutions is negative
(zero) and is thus less than (or equal to) that of the SUSY vacua.

More precisely, at the boundary of Eq. (4.12), a single kink has a zero tension and is
a ground state degenerate with the SUSY vacua. When the inequality in Eq. (4.12) holds,

the ground state is more general solution, given by the CSL

6(2) = i;am(mkl(z o). ) (4.13)

— 11 —



where am(z, k) is the amplitude of the Jacobi elliptic function, ¢ is the integration constant
and 0 < k <1 is the elliptic modulus parameter, determined below.

The energy per unit volume is given by

E :2k.;(n(k) [?;{2]3/@(1{;) * (k - llc> K(k)} T 27| Bl

, (4.14)

where K (k) and E(k) are the complete elliptic integral of the first and the second kinds,
respectively. Again, we take the upper sign for the ground state. The extremization of the

energy in the expression (4.14) gives the condition for k:

E(k) B2

k. 4m

| B3| (4.15)
Then, this condition actually give the minimum energy, given by

fop 45”; ( - i) K (k) <0. (4.16)

This is clearly less than (or equal to) the energy of the SUSY vacua. As a larger background
up|Bs|, the elliptic modulus & is smaller and the lattice spacing becomes shorter (kK — 0

as up|Bs| — o0). At the boundary of the inequality (4.12), the elliptic modulus is k = 1

recovering a single soliton with £ = 0.

4.3 Chiral soliton lattice ground state in fermion condensates

We next examine the effects of fermion contributions in the background vector multiplets.
When we keep the fermions in the background multiplets V and V? and drop the chiral

fermion ¢ in ®, we find that the interaction Lagrangian gives

- g/d‘*e cos [g(q) — @T)] VBW,D*® +h.c.
1
~ B cos(ﬁx){ — ABDo™y 4+ ABE™ 9, x + iam”qumené)q(ﬁ
f B-_my Y=m\B _1 B-m Ny =m\B
+2(/\ 57\ — XgA )am¢ 2<>\ G+ AGTA )amx

+ %(ABA)F + ;(XXB)FT}. (4.17)

Assuming that the background fermion bilinear consisting of the gaugino A and the super-

partner AB of the baryon gauge field

™ = %(/\Bam)\ — AG"AB) (4.18)

- 12 —



gets a constant VEV (5%), then the energy density for the static field ¢ is given by

4m?
32

Since the third term is the total derivative, it never contributes to the equation of motion

Elo = (0:)* + - sin’ (§¢) T BU")0i. (4.19)

for ¢. However, it does contribute to the energy. For example, for a single sine-Gordon

(anti-)kink solution, we find its tension as

16m .

E = T 27 (5%) (4.20)
where we have assumed (j¢) = §%3(53). The second term with upper (lower) sign apparently
provides the negative contribution for the positive (negative) VEV. Therefore, when the
inequality

v, p_ ~_m\B 8m

holds, the CSL is the ground state in the presence of this fermion condensation. This is the

(4.21)

SUSY counterpart of the baryon density and external magnetic field.

It is useful to consider the scale of the fermion condensation (4.18). A famous example
is the gaugino condensation for which a fermion bilinear acquires a non-zero VEV due to
the instanton effects [113]. In this case, the fermion bilinear should behave as A3 by the
dimensional analysis. Here A is the dynamical scale of the model. Other examples in which
fermion bilinear develops a VEV can be found in studies of the early universe. For example,
some kinds of dynamics have been studied to generate a VEV of fermionic current density
in the locally AdS spacetime [114, 115]. It has been discussed that the temporal component
of a fermion current dominates the energy density for the gauge field in the early (de Sitter)
universe and it causes the cosmic inflation [116, 117]. In any event, it is therefore natural
that the left-hand side in Eq. (4.21) behaves like A% and we expect that the CSL ground
state happens at A > 3 %

5 Summary and Discussion

In this paper, we have constructed the neutral pion sector of a manifestly supersymmetric
extension of the SU(2) chiral Lagrangian with the WZW term in magnetic field at finite
density, which is the SUSY chiral sine-Gordon model. We then have constructed (anti-
)BPS domain wall (chiral soliton) and shown that the tension of the domain wall becomes
negative and the ground state is CSL where SUSY is broken, when the background magnetic
field and/or chemical potential are large enough or when there is a background fermion
condensates in the form of a fermion bilinear consisting of the superpartner of the baryon

gauge field and the gaugino.
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In this paper, we have been able to construct only the neutral pion sector of the SUSY
chiral Lagrangian with the WZW term in the superfield formalism. Constructing the full
Lagrangian including charged pions remain a future problem. Once the charged pions
can be taken into account, one can also discuss domain-wall Skyrmions as were studied
in QCD [57, 58]. The domain-wall Skyrmions are composite states of a domain wall and
Skyrmions, initially introduced in the field theoretical models in 3-+1 dimensions [118-123]
and in 2+1 dimensions [124-126]. If a baby Skyrmion in 241 dimensions, supported by
72(S?) ~ Z, is absorbed into a domain wall, it becomes a sine-Gordon soliton supported
by 71(S') ~ Z in the domain-wall world line. Similarly, a Skyrmion in 31 dimensions,
supported by 73(S3) ~ Z, is absorbed into a chiral soliton to become a topological lump
(or baby Skyrmion) supported by m2(S?) ~ Z in the solitons’s worldvolume [57]. SUSY
extensions of these cases are worth to be investigated.® In particular, whether such a
composite state can be a 1/4 BPS state [71-74, 129-131] is one of interesting direction to
be explored.

In dense QCD, a CSL state is unstable due to the charged pion condensation in a
region of higher density and/or stronger magnetic field, asymptotically expressed at B larger
than 1671 f2/u2 [43] above which tachyon appears and the charged pions are condensed.
Consequently, the CSL becomes unstable, where an Abrikosov’s vortex lattice was proposed
as a consequence of the charged pion condensation [62, 63|. It is an open question whether
such an instability is present in our SUSY extension. Although SUSY is completely broken
in the total configuration of CSL, each (anti-)soliton is an (anti-)BPS state preserving a half
SUSY and is stable at least when individual solitons are well separated. We thus expect
that the stability is enhanced in our SUSY extension.

We have discussed bosonic and fermionic backgrounds separately. If there are both
kinds of backgrounds simultaneously in different spatial directions, say B; = (0,0, B3) and
(7%) = (0,42, 0), sine-Gordon solitons have two preferable directions. It is an open question
whether the ground state is still a CSL in a certain direction linearly determined from the
two directions or a soliton junction.

In this paper, we have discussed only the leading order O(p?) of the ChPT. The higher
order term of SUSY ChPT was discussed in Ref. [87] by using SUSY higher derivative terms
free from ghost and auxiliary field problem [81-89]. SUSY may help us to consider ChPT
in a more controllable manner and may eventually uncover a phase structure of non-SUSY
QCD under extreme conditions such as strong magnetic field and/or rapid rotation.

As mentioned in the introduction, chiral magnets also admit solitonic ground states

3However, it is worth to mention that a supersymmetric extension of the Skyrme model does not contain

quadratic derivative term [127], allowing only non-BPS solitons [128].
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such as CSL and a Skyrmion lattice. This model can be written as a CP' model with
a background non-Abelian gauge field [132]. It can be made supersymmetric and can be
embedded into string theory [24]. However, the bosonic part of the model was given only
in terms of component fields and the fermionic part is not given [24], and so it is a future
problem to construct the chiral magnets in the superfield formalism to study e. g. SUSY
breaking. It is desirable to have a unified understanding of inhomogeneous ground states

in SUSY field theories with background gauge fields.
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A Fayet-Iliopoulos term

In this appendix, we show that the introduction of the Fayet-Iliopoulos term in our model

causes inconsistencies. The Lagrangian may be given by

L = Lschpt + €& /d49 V, (A1)
where ¢ is the Fayet-Iliopoulos parameter. Then, the D-term condition is found to be
—Bcosh(Bx)AB o™y + %5 = 0. (A.2)
For the given background A2 = (ug,0,0,0), we have the condition
s cosh(B)X =~ (A.3)
The solution to this equation is
x(t) = iarctan[ — ;:Bt + c} , (A.4)

where c¢ is the integration constant. On the other hand, for ¢ = 0, the equation of motion
for x is given by
2m? sinh(By)

— Bsinh(Bx)0mx0™x — TCOST(,@X) + 0 Sinh(ﬁX)AﬁananX

— Om | — 2cosh(Bx)0™x + cosh(ﬁx)Aﬁananxl =0. (A.5)

Since the solution (A.4) explicitly depends on £ but the equation of motion does not, it is
obvious that the solution (A.4) never satisfies the equation of motion unless £ = ¢ = 0 and

x =0.
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