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SUBORDINATORS AND GENERALIZED HEAT KERNELS: RANDOM

TIME CHANGE AND LONG TIME DYNAMICS

N. AJABER, A. ALSHEHRI, H. ALTAMIMI, M. MAJDOUB, E. MLIKI

Abstract. This paper focuses on studying the long-time dynamics of the subordination

process for a range of linear evolution equations, with a special emphasis on the fractional

heat equation. By treating inverse subordinators as random time variables and employing

the subordination principle to solve forward Kolmogorov equations, we explore the behavior

of the solutions over extended periods. We provide a detailed description of the specific

classes of subordinators suitable for conducting asymptotic analysis. Our findings not only

extend existing research, but also enhance the results previously presented in [9, 10].

1. Introduction

This paper aims to investigate the long-term behavior of solutions for a specific class of

linear evolution equations that emerge from random time changes utilizing various subordi-

nators, such as gamma and alpha stable subordinators. We explore how these subordinators,

denoted as S = {St ; t ≥ 0}, influence the dynamics of the solutions over extended time

periods.

More specifically, our study focuses on examining the behavior of the subordinated so-

lution, denoted as v(x, t), for some evolution partial differential equations (PDEs) as time

progresses. We analyze the large-time dynamics of the subordination process by convolv-

ing the solution with the density function Gt associated with the subordinator S. This is

accomplished through the analysis of the Cesàro mean of the subordinated solution. By

examining the Cesàro mean, we gain insights into the long-term behavior and dynamics of

the subordination process.

Understanding the behavior of the subordination process is of considerable significance in

various physical models. Specifically, it has the potential to contribute to the development
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of valuable models that capture the concept of biological time in the evolution of species and

ecological systems. By gaining insights into this process, we can enhance our understanding

of complex biological phenomena and improve our ability to analyze ecological dynamics.

This understanding can pave the way for advances in fields such as population dynamics,

epidemiology, and ecological modeling, ultimately leading to more accurate predictions and

informed decision making in real-world scenarios. For further explanations and detailed

discussions on the topics covered, see [14, 16].

Let us explain now the mathematical framework of the problem. Consider the linear

evolution equation














∂tv(x, t) = A v(x, t) in R
N × (0, ∞),

v(x, 0) = ϕ(x) in R
N ,

(1.1)

where A is a Markov generator that acts on the functions v(x, t). Assuming that (1.1) has a

solution v such that v(x, ·) ∈ L1(R+), we introduce the subordination of v(x, t) by a density

function Gt(τ) as follows:

vE(x, t) :=

ˆ ∞

0

v(x, τ)Gt(τ) dτ, x ∈ RN , t ≥ 0. (1.2)

According to [3], we know that vE(x, t) is the solution of the general fractional differential

equation














(

D
(k)
t vE

)

(x, t) = A vE(x, t)

vE(x, 0) = ϕ(x).

Here D
(k)
t is the differential-convolution operator given by

(

D
(k)
t g

)

(t) =
d

dt

ˆ t

0

k(t − s) (g(s) − g(0)) ds,

where k ∈ L1
loc(R+) is a non-negative kernel.

The main focus of this paper is to characterize the specific classes of subordinators that

facilitate the derivation of time asymptotics for generalized fractional dynamics. In particu-

lar, our objective is to investigate the long-term behavior of vE(x, t), the solution of interest.

To achieve this, we introduce the concept of Cesàro mean for vE(x, t):

Mt(v
E(x, t)) :=

1

t

ˆ t

0

vE(x, s) ds.
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Clearly, from (1.2) one can see that

Mt(v
E(x, t)) =

ˆ ∞

0

v(x, τ)Mt (Gt(τ)) dτ. (1.3)

Our approach in this study is grounded in Laplace transform techniques, the Feller-Karamata-

Tauberian theorem, and the integrability of the solution over time v(x, t). This method can

be applied to various models, including the fractional heat equation. In particular, our

approach yields satisfactory results for dimensions N ≥ 2. However, for the one-dimensional

case, the obtained result is somewhat weaker. For further investigations and related studies,

we recommend referring to [9, 10].

We consider a broad class of admissible kernels, denoted 0 ≤ k ∈ L1
loc(R+), which are

characterized in terms of their Laplace transforms K(λ) as follows.

λK(λ) −→
λ→0+

0, (1.4)

and, for some ̺ ≥ 0,

L(x) := x−̺ K
(

x−1
)

is a slowly varying function1. (1.5)

An example that is well known and commonly used is given by

k(s) =

ˆ 1

0

s−α

Γ(1 − α)
µ(α)dα, (1.6)

where µ : [0, 1] → (0, ∞) is a continuous function. For further properties and asymptotic

behavior of kernels defined by (1.6), we refer the reader to [11]. In particular, [11] provides

detailed information on the Laplace transform of k as follows:

K(λ) =

ˆ 1

0

λα−1µ(α) dα.

In this case, it is worth noting that the slowly varying function L is defined as follows:

L(x) =

ˆ 1

0

x−αµ(α)dα.

Below, we provide a list of fundamental examples of kernel classes that will be utilized in

our analysis.

1) The θ-stable subordinator class (C1):

K(λ) = λθ−1, 0 < θ < 1.

1A function L is said to be slowly varying function (SVF) if lim
x→∞

L(λx)
L(x) = 1, for every λ > 0.
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2) The distributed order derivatives class (C2):

K(λ) ∼
λ→0+

Cλ−1 (− ln λ)−κ , C, κ > 0.

3) The inverse Gamma subordinator class (C3):

K(λ) =

√
b

λ

(

2
√

2λ + a −
√

a
)

, a ≥ 0, b > 0.

4) The Gamma subordinator class (C4):

K(λ) =
a

λ
ln

(

1 +
λ

b

)

, a, b > 0.

5) The tempered stable subordinator class (C5):

K(λ) =
(λ + β)θ − βθ

λ
, β > 0.

Remark 1.1.

(i) All classes (Ci), 1 ≤ i ≤ 5, satisfy assumption (1.4) except for (C3) with a > 0. It

is worth noting that when a = 0 in (C3), we obtain the class (C1) as a special case

with θ = 1/2.

(ii) The hypothesis (1.5) holds for all classes (Ci), 1 ≤ i ≤ 5, with specific values of

̺. For (C1), we have ̺ = 1 − θ and L(x) = 1, for (C2), we have ̺ = 1 and

L(x) = C (ln x)−κ, for (C3) we have ̺ = 1 and L(x) =
√

b
(

2
√

2/x + a − √
a
)

, for

(C4), we have ̺ = 0 and L(x) = ax ln
(

1 + 1
bx

)

and for (C5), we have ̺ = 0 and

L(x) = x
(

(1/x + β)θ − βθ
)

.

Henceforth, we will consistently represent the Lebesgue norm in Lp, applicable to both

space and time variables, as ‖ · ‖p for 1 ≤ p ≤ ∞. The following statement presents our first

main result:

Theorem 1.1. Suppose that the Markov generator A satisfies the condition that for any

0 ≤ ϕ ∈ L1(RN), the solution v of (1.1) is non-negative, and v(x, ·) ∈ L1(0, ∞). Moreover,

if we assume that the conditions (1.4) and (1.5) are fulfilled, then:

Mt(v
E(x, t)) ∽

t→∞

‖v(x)‖1

Γ(̺ + 1)

(

t−1K
(

t−1
)

)

. (1.7)

Here, vE(x, t) represents the subordination of the solution v(x, t) as defined in (1.2).

Remark 1.2.
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(i) The asymptotic behavior result, stated as (1.7), can be alternatively expressed as

Mt(v
E(x, t)) ∽

t→∞

‖v(x)‖1

Γ(̺ + 1)

(
ˆ 1

0

t−αµ(α)dα

)

,

where the function µ is given by (1.6).

(ii) If we assume λK(λ) −→
λ→0+

ℓ > 0 instead of (1.4), then the requirement v(x, ·) ∈
L1(0, ∞) can be omitted. In that case, the conclusion (1.7) remains valid, provided

that ‖v(x)‖1 is replaced with

‖v(x)‖1,ℓ :=

ˆ ∞

0

e−ℓτ v(x, τ) dτ.

(iii) Our primary contribution is encapsulated in Theorem 1.1, where we employ a unified

approach to investigate a broad class of operators and kernels.

For specific choices of kernel classes, Theorem 1.1 provides the following asymptotic esti-

mates.

Corollary 1.1. Under the assumptions of Theorem 1.1 (except for class (C3) where the

assumption v(x, ·) ∈ L1 is omitted), the long-time behavior of the Cesàro mean of vE(x, t) as

t → ∞ is expressed as:

Mt(v
E(x, t)) ∽

t→∞



































































‖v(x)‖1

Γ(2−θ)
t−θ if k ∈ (C1)

C ‖v(x)‖1 (ln t)−κ if k ∈ (C2)

2
√

ab ‖v(x)‖1,
√

ab if k ∈ (C3)

a‖v(x)‖1

b
t−1 if k ∈ (C4)

θβθ−1 ‖v(x)‖1 t−1 if k ∈ (C5).

(1.8)

Theorem 1.1 leads to the following consequential result.

Theorem 1.2. Consider the operator A = −(−∆)s where either (N ≥ 2 and 0 < s < 1) or

(N = 1 and 0 < s < 1/2). If 0 ≤ ϕ ∈ L1 ∩ L∞(RN), the solution v of (1.1) is non-negative,

and v(x, ·) ∈ L1(0, ∞). Consequently, the asymptotic behavior described in (1.7) holds true,

given the conditions (1.4) and (1.5) imposed on the kernel.

Remark 1.3.

(i) The case s = 1 was explored in [9, 10] across all dimensions.
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(ii) The non-negativity of the solution v only necessitates 0 < s ≤ 1 (see Lemma 2.1

below).

(iii) In order to guarantee that v(x, ·) ∈ L1(1, ∞), we need to impose an additional

condition: either N ≥ 2 or, in the case of N = 1, we require 0 < s < 1/2 along with

ϕ ∈ L1. See Proposition 2.2 below.

(iv) The requirement of ϕ ∈ L∞ is used to guarantee the integrability of v(x, ·) near t = 0.

(v) In addition to the nonlocal operator discussed in Theorem 1.2, another class of non-

local operators that can be addressed using the same framework is represented by

Av = J ∗ v − v. Here, J denotes a radial probability density function that satisfies

certain additional assumptions. For further details and insights into this class of

nonlocal diffusion problems, refer to [2].

When considering the scenario where N = 1 and 1/2 ≤ s < 1, we obtain a result that is

slightly weaker, as presented below.

Theorem 1.3. Assuming N = 1 and 1/2 ≤ s < 1, and considering a kernel k that satisfies

assumptions (1.4) and (1.5), we have the following long-term behavior of the Cesàro mean

of vE(x, t):

Mt(v
E(x, t)) ≍ t

̺−1

2s

Γ(1 + ̺)
(L(t))

1

2s .

Here, the notation ≍ signifies that the ratio under consideration is bounded both from above

and below.

The structure of the paper is as follows. In Section 2, we provide a recap of the essen-

tial background information required for the subsequent proofs. Section 3 is dedicated to

presenting the proofs of our main results, namely Theorem 1.1, Corollary 1.1, Theorem 1.2,

and Theorem 1.3.

2. Preliminaries

2.1. Notations.

⊲ We write X . Y or Y & X to denote the estimate X ≤ CY for some constant C > 0.

⊲ The notation f(z) ∽
z→z0

g(z) means that lim
z→z0

f(z)

g(z)
= 1, where −∞ ≤ z0 ≤ ∞.

⊲ The notation f(z) ≍ g(z) indicates that the ratio is bounded by a constant factor

both from above and below.
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⊲ The Laplace transform of a function f : [0, ∞) → R is defined as follows

L(f)(λ) :=

ˆ ∞

0

e−λt f(t) dt, λ > 0.

⊲ We will use the notation R+ = (0, ∞) to represent the set of nonnegative real numbers.

⊲ To simplify notation, we abbreviate the Lebesgue norm on R+ as ‖ · ‖1 := ‖ · ‖L1(0,∞)

⊲ Throughout the entire paper, we will use the letter C to represent various positive

constants that are not significant in our analysis and may vary from line to line.

2.2. Subordinators. A subordinator is a process with stationary and independent non-

negative increments starting at zero. Subordinators are a special class of Lévy processes

taking values in [0, ∞) and their sample paths are non-decreasing; this is a type of stochastic

process that is used to model random phenomena that have jumps (see [4,5] for more details).

Let S = {St, t ≥ 0} be a subordinator. The infinite divisibility of the law of S implies that

its Laplace transform can be expressed in the form

E(e−λSt) = e−tΦ(λ) = e−tλK(λ), λ ≥ 0,

where Φ : [0, ∞) → [0, ∞), called the Laplace exponent, is a Bernstein function [17]. Such a

Laplace exponent Φ can be expressed as

Φ(λ) =

ˆ

(0,∞)

(1 − e−λτ ) σ(dτ) < ∞,

which is known as the Lévy-Khintchine formula for the subordinator S. Where σ are a

measure on the positive real half-line such that
ˆ

(0,∞)

(1 ∧ τ) σ(dτ) < ∞.

The kernel k is related to the subordinator S via the Lévy measure σ, namely if we set

k(t) = σ((t, ∞)), t ≥ 0.

For any λ ≥ 0 we have

ˆ ∞

0

e−λt

ˆ t

0

dσ(s) ds =

ˆ ∞

0

ˆ s

0

e−λtdt dσ(s) =
1

λ
Φ(λ) = K(λ).

Denote by E the inverse process of the subordinator S,

Et := inf{s ≥ 0; St ≥ t}.



8 N. AJABER, A. ALSHEHRI, H. ALTAMIMI, M. MAJDOUB, E. MLIKI

The marginal density of Et is the function Gt(τ), more precisely

Gt(τ) dτ = ∂τ P (Et ≤ τ) = ∂P (S ≥ t).

2.2.1. θ-stable subordinator. Let k be the kernal corresponding to the Caputo-Djrbashian

fractional derivative D
(θ)
t of order θ ∈ (0, 1). Then its Laplace transform is given by

K(λ) =
1

Γ(1 − θ)

ˆ ∞

0

e−λt t−θ dt = λθ−1,

where k(t) = t−θ

Γ(1−θ)
. It is easy to verify that (1.4) holds for K.

2.2.2. Gamma Subordinator. Let k be the kernal given by

k(t) = aΓ(0, bt), a, b > 0,

where Γ(ν, x) :

ˆ ∞

x

tν−1e−t dt is the upper incomplete Gamma function. The Laplace trans-

form of k is given by

K(λ) =
a

λ
ln

(

1 +
λ

b

)

, a, b, λ > 0.

It is easy to see that (1.4) holds for K.

2.2.3. Inverse Gamma Subordinator. Let a ≥ 0 and b > 0 be given and definite the kernel k

by

k(t) =

√

b

2π

(

2√
t
e− at

2 −
√

2aπ(1 − erf(z))

)

, z :=

√

at

2
,

where erf(z) := 2√
π

ˆ z

0

e−t2

dt is the error function. The Laplace transform of k is given by

K(λ) =

√
b

λ

(

2
√

2λ + a −
√

a
)

, a ≥ 0, b, λ > 0.

The assumption (1.4) holds for K when the value 0 in (1.4) is replaced with
√

ab.

2.2.4. Tempered Stable Subordinator. Let us consider a tempered stable subordinator Dβ(t)

with index θ ∈ (0, 1). The density function of Dβ(t) can be expressed as:

fβ(x, t) = e−β x+βθt f(x, t), β > 0,

where β > 0 and f(x, t) represents the density of the θ-stable subordinator. It is worth

noting that fβ(x, t) possesses finite moments and exhibits infinite divisibility. However, it is

not self-similar.

Moreover, we can obtain the Laplace transform of the density function fβ(x, t), given by:

Lx (fβ(x, t)) = e−t((λ+β)θ−βθ) = e−tλK(λ).
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For further details and explanations, refer to [12, 15].

2.3. Fractional Heat Semigroup. Consider the linear homogeneous fractional heat equa-

tion

∂tv + (−∆)sv = 0, v(0) = ϕ. (2.9)

It is well known that the operator (−∆)s, s > 0 serves as the generator of a semi-group

e−t(−∆)s

, whose kernel Es is smooth, radial, and adheres to the scaling property:

Es(x, t) = t− N
2s Es(t

− 1

2s x, 1) := t− N
2s Ks

(

t− 1

2s x
)

, (2.10)

where

Ks(x) = (2π)−N/2

ˆ

RN

eix·ξ e−|ξ|2s

dξ.

Therefore, the solution to (2.9) can be formally obtained through convolution as

v(x, t) =
(

e−t(−∆)s
)

ϕ(x) =

(

t− N
2s Ks

(

t− 1

2s ·
)

∗ ϕ

)

(x), (2.11)

whenever this representation is meaningful. The explicit expression of the kernel Es is known

for particular cases s = 1 and s = 1/2. When s = 1 we obtain the standard Gaussian kernel:

E1(x, t) = (4πt)−N/2 e− |x|2

4t ,

with profile K1(x) = (4π)−N/2 e− |x|2

4 . For s = 1/2, we get the well known Poisson kernel

E1/2(x, t) =
Γ(N + 1/2) t

π
2N+1

2

(

t2 + |x|2
)

N+1

2

,

with profile K1/2(x) = Γ(N+1/2)

π
2N+1

2

(

1+|x|2
)

N+1
2

. Here, the symbol Γ stands for the Gamma function.

While the explicit form of Ks is not known for every s ∈ (0, 1), we do have a positivity

property, as stated below.

Lemma 2.1. Let N ≥ 1 and s ∈ (0, 1). Then for all x ∈ RN , we have

cs (1 + |x|)−N−2s ≤ Ks(x) ≤ Cs (1 + |x|)−N−2s , (2.12)

where cs, Cs are positive constant depending only on N and s. As a result, we get Ks ∈ Lp(RN )

for any 1 ≤ p ≤ ∞.
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The proof of Lemma 2.1 can be found, for instance, in [1, p. 395]. See also [7, Theorem

2.1, p. 263]. It’s worth noting that the crux of the proof relies on the formula

Ks(x) =

ˆ ∞

0

(4πt)−N/2 e− |x|2

4t χ(t) dt,

where χ(t) represents the inverse Laplace transform of 0 < λ 7→ e−λs

. It is noteworthy that

the positivity of the kernel Ks was asserted in [7, p. 263] without providing a proof.

Remark 2.1. As indicated by [7, Theorem 2.1], the constant cs in the lower bound of (2.12)

approaches 0 as s approaches 1. Specifically, the lower bound estimate in (2.12) becomes

invalid when s = 1 due to the exponential decay of Es(·, t).

By using (2.10), (2.11), and (2.12), we can easily establish both a lower and an upper

bound for v(x, t) as follows.

Proposition 2.1. Let N ≥ 1, s ∈ (0, 1) and 0 ≤ ϕ ∈ L1(RN ). For any compact set K ⊂ RN ,

there exists a constant C = C(K, ϕ, N) > 1, such that

1

C
t− N

2s ≤ v(x, t) ≤ Ct− N
2s , t ≥ 1, x ∈ K.

By utilizing (2.11), Lemma 2.1, and Young’s inequality, we readily derive the subsequent

Lp − Lq estimate.

Proposition 2.2. For N ≥ 1 and 0 < s < 1, there exists a positive constant C = C(N, s)

such that for all 1 ≤ p ≤ q ≤ ∞, the following inequality holds:

‖e−t(−∆)s

ϕ‖q ≤ C t− N
2s

( 1

p
− 1

q ) ‖ϕ‖p, t > 0, ϕ ∈ Lp.

By exploiting the property that e−t(−∆)s

forms a C0-semigroup, we derive a result analogous

to the one established in [13, Lemma 2.1] for s = 1.

Proposition 2.3. Suppose 0 < s < 1, 1 ≤ q < r ≤ ∞, and let δ = N
2s

(

1
q

− 1
r

)

. If

ϕ ∈ Lq(RN ), then the following holds:

lim
t→0

tδ
∥

∥e−t(−∆)s

ϕ
∥

∥

Lr = 0.

The asymptotic behavior of the solution v to (2.9) was explored in [18]. The principal

result in [18] demonstrates that any integrable solution of (2.9) exhibits behavior similar to

the fundamental solution Es(x, t) provided in (2.10).
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Theorem 2.1. [18, Theorem 3.1, p. 1220] Consider s ∈ (0, 1) and ϕ ∈ L1(RN ) with

m :=
´

RN ϕ(x)dx , 0. Then, the solution v(x, t) to (2.9) satisfies the following asymptotic

estimates:
∥

∥

∥
v(t) − mEs(t)

∥

∥

∥

1
−→
t→∞

0

and

tN/2s

∥

∥

∥
v(t) − mEs(t)

∥

∥

∥

∞
−→
t→∞

0.

As emphasized in [18], it is not necessary for v to be non-negative, and consequently, the

mass m may have any sign.

2.4. Karamata’s Tauberian theorem. The Feller-Karamata Tauberian theorem is a pow-

erful result in mathematical analysis that establishes a connection between the behavior of

a function and its Laplace transform. See [6, Sec. 1.7] and [8, XIII, Sec. 1.5] for a general

statement. Below, we present a simplified version of the Feller-Karamata Tauberian theorem

that adequately serves our purpose.

Theorem 2.2. Let U : [0, ∞) → R be a monotone non-decreasing right-continuous function

satisfying L(U)(λ) < ∞ for all λ > 0. Then, the following assertions are equivalent:

U(t) ∼ Ctρ

Γ(ρ + 1)
L(t) as t → ∞,

L(U)(λ) ∼ Cλ−1−ρL

(

1

λ

)

as λ → 0+.

Here, C > 0, ρ ≥ 0, and L represents a slowly varying function.

Remark 2.2.

(i) In essence, Theorem 2.2 establishes a direct connection between the asymptotic ten-

dencies of U(t) as t approaches infinity and the corresponding behavior of its Laplace

transform as λ tends to 0. The constants C, ρ, and the slowly varying function L

capture the precise quantitative relationship between the two asymptotic behaviors.

(ii) The theorem’s validity can be confirmed for the function U(t) = tρ

Γ(ρ+1)
, where ρ ≥ 0,

resulting in L(t) = 1 a clearly slowly varying function. By choosing U(t) = tρ

Γ(ρ+1)
it

becomes evident that L(U)(λ) = λ−1−ρ.

The following asymptotic behavior of integral uses the incomplete Gamma function and

it is needed in the proof of Theorem 1.3.
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Lemma 2.2. Consider 0 < θ ≤ 1, and define

F(ε) =

ˆ ∞

1

τ−θe−ετ dτ, ε > 0.

Then, the following asymptotic holds

F(ε) ∼ εθ−1 Γ(1 − θ) as ε → 0.

3. Proof of the main result

This section is devoted to the proof of Theorem 1.1. First, recall a crucial relation between

the Laplace transform of the kernel k and the density Gt(τ).

Lemma 3.1. The t−Laplace transform of Gt(τ) is given by
ˆ ∞

0

e−λtGt(τ) dt = K(λ)e−τλK(λ), (3.13)

where K(λ) is the Laplace transform of the kernel k.

The proof of the above Lemma can be found in [9, Lemma 2.2] for instance.

Let 0 ≤ ϕ ∈ L1(RN ), and v the non-negative solution of (1.1). It follows that the

subordination vE of v by the density Gt(τ) given by (1.2) is also non-negative. Let us define

U(t) =

ˆ t

0

vE(x, s) ds = tMt(v
E(x, s)).

Here, Mt is the Cesàro mean given by (1.3). By using the formula (3.13), we obtain that

λ w(λ)

K(λ)
=

ˆ ∞

0

e−τλK(λ)v(x, τ) dτ, (3.14)

where w(λ) := L(U)(λ) denotes the Laplace transform of U.

Thanks to (1.4) and the fact that v(x, ·) ∈ L1(0, ∞), the Dominate Convergence Theorem

yields

lim
λ→0+

(

λw(λ)

K(λ)

)

=

ˆ ∞

0

v(x, τ) dτ = ‖v(x)‖1.

Hence,

w(λ) ∼
λ→0+

‖v(x)‖1
K(λ)

λ
. (3.15)

Referring to (1.5), the above asymptotic formula (3.15) can be expressed alternatively as

w(λ) ∼
λ→0+

‖v(x)‖1 λ−1−̺ L

(

1

λ

)

.
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Here, as stated in (1.5), ̺ ≥ 0 and L is a slowly varying function (SVF) at infinity. Due to

the non-negativity of vE, we see that U is a continuous non-decreasing function. Hence, we

can apply Feller-Karamata-Tauberian theorem and obtain that

Mt(v
E(x, t)) ∼

t→∞

‖v(x)‖1

Γ(̺ + 1)
t̺−1L(t).

From the hypotheses (1.5) we easily derive (1.7). This finishes the proof of Theorem 1.1.

3.1. Proof of Corollary 1.1. Remark 1.1 highlights that all the classes under consideration

satisfy assumptions (1.4) and (1.5), except for (C3) where the value 0 in (1.4) is replaced with
√

ab. Consequently, the desired conclusion (1.8) directly follows from (1.7). This concludes

the proof of Corollary 1.1.

3.2. Proof of Theorem 1.2. Since ϕ ≥ 0, Lemma 2.1 implies that v ≥ 0. Moreover, due

to the fact that ϕ ∈ L1, it can be readily inferred from (2.10) and (2.12) that

0 ≤ v(x, t) ≤ Cs ‖ϕ‖1 t− N
2s , t > 0, x ∈ RN .

Consequently, we can conclude that v(x, ·) ∈ L1(1, ∞) for N > 2s. This condition is satisfied

when N ≥ 2 or N = 1 and s < 1/2.

Next, by employing the fact that ϕ ∈ L∞ in conjunction with (2.2), we obtain

0 ≤ v(x, t) ≤ ‖ϕ‖∞, t > 0, x ∈ RN . (3.16)

From (3.16), it is evident that v(x, ·) ∈ L1(0, 1). Consequently, the solution v is nonnegative

and satisfies v(x, ·) ∈ L1(0, ∞) whenever N ≥ 2 or N = 1 and s < 1/2. Thus, the proof of

Theorem 1.2 can be concluded by invoking Theorem 1.1.

3.3. Proof of Theorem 1.3. The proof of Theorem 1.3 relies on the utilization of the

incomplete Gamma function (Lemma 2.2) and Proposition 2.1. By employing Lemma 2.2,

Proposition 2.1, and decomposing the integral as follows:
ˆ ∞

0

e−τλK(λ)v(x, τ) dτ =

ˆ 1

0

e−τλK(λ)v(x, τ) dτ +

ˆ ∞

1

e−τλK(λ)v(x, τ) dτ,

we deduce that
ˆ ∞

0

e−τλK(λ)v(x, τ) dτ ≍ (λK(λ))
1−2s

2s Γ

(

2s − 1

2s

)

,

uniformly on compact subsets of RN . By invoking (3.14), we obtain

w(λ) ≍ λ
1

2s
−2 (K(λ))

1

2s .
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Now, using (1.5), the above asymptotic can be expressed as

w(λ) ≍ λ−1−(1+ ̺−1

2s
)

(

L(
1

λ
)

)
1

2s

,

where L is given by (1.5). Hence, by applying Karamata’s Tauberian theorem we obtain

U(t) ≍ t1+ ̺−1

2s

Γ(1 + ̺)
(L(t))

1

2s .

The proof of Theorem 1.3 is now concluded, thanks to the simple observation U(t) =

tMt(v
E(x, t)).
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