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We show that orbital currents can describe the transport of orbital magnetic moments of Bloch
states in models where the formalism based on valley current is not applicable. As a case study,
we consider Kekulé-O distorted graphene. We begin by analyzing the band structure in detail and
obtain the orbital magnetic moment operator for this model within the framework of the modern
theory of magnetism. Despite the simultaneous presence of time-reversal and spatial-inversion sym-
metries, such operator may be defined, although its expectation value at a given energy is zero.
Nevertheless, its presence can be exposed by the application of an external magnetic field. We then
proceed to study the transport of these quantities. In the Kekulé-O distorted graphene model, the
strong coupling between different valleys prevents the definition of a bulk valley current. However,
the formalism of the orbital Hall effect together with the non-Abelian description of the magnetic
moment operator can be directly applied to describe its transport in these types of models. We
show that the Kekulé-O distorted graphene model exhibits an orbital Hall insulating plateau whose
height is inversely proportional to the energy band gap produced by intervalley coupling. Our results
strengthen the perspective of using the orbital Hall effect formalism as a preferable alternative to
the valley Hall effect approach.

I. INTRODUCTION

The manipulation of electronic orbital angular momen-
tum (OAM) has garnered increasing interest in recent
years, giving rise to the emerging field of orbitronics [1–
9]. One of the cornerstones of this field is the so-called
orbital Hall effect (OHE) that allows the generation of
orbital currents in systems with negligible spin-orbit cou-
pling [10–23]. This effect has also gained importance
beyond pragmatic applications in orbitronics, allowing
for a deeper understanding of some topological aspects
of multi-orbital systems [24–29]. Additionally, the OHE
may shed light on some long-standing discussions sur-
rounding the valley Hall effect (VHE) and the definition
of valley currents.

The VHE is built upon the concept of valley current
[30], which in the case of regular graphene involves two
inequivalent valleys K and K′. In this case, the valley
current density may be defined by

Jv = (−e) (v|K − v|K′) , (1)

where, v|K and v|K′ are the valley-projected velocity op-
erators. The concepts underlying the VHE have indeed
contributed to the understanding of important electronic
transport properties in condensed matter [31–35]. Nev-
ertheless, in recent theoretical and experimental studies,
some uncertainties surrounding these concepts have come
to light. [36–42], as reviewed in Ref. [43]. The valley
quantum number itself does not couple with experimental
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probing fields. It is the magnetic moment associated with
valleys that may be observed. Part of the puzzle associ-
ated with the physics of the VHE may be related to the
confusion between the magnetic moment operator and
its expectation value. The Bloch states orbital magnetic
moment operator was clearly delineated in the original
works within the modern theory of magnetism. For de-
generate bands, it acquires a matrix structure [31, 32, 44].
However, misleading notions from earlier studies suggest
that the simultaneous presence of spatial inversion and
time-reversal symmetries impedes the transport of mag-
netic moments. In reality, these symmetries merely con-
fine the existence of finite magnetic moment expectation
value in equilibrium. As we elucidate in this paper, by
employing a straightforward model that adheres to these
symmetries, the transport of magnetic moments is not
forbidden, despite their expectation value vanishing at
any point in k-space in equilibrium.

Recently, Bhowal and Vignale [45] proposed that the
OHE may offer an effective and clear alternative descrip-
tion to the physics underlying the VHE. In this view, the
magnetic moment associated with the valleys would be
transported by an orbital current density defined by

JLz =
1

2

{
v, L̂z

}
, (2)

where L̂z is the OAM operator associated with Bloch
states magnetic moments. Orbital current yields different
outcomes in orbital transport compared to valley current.
For instance, the existence of the OHE in centrosymmet-
ric and non-magnetic systems follows naturally [25, 46].
One advantage of this description is to avoid the need for
a valley projection typically used to define valley current.
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The need for valley projection within the valley Hall per-
spective imposes serious limitations when dealing with
models with strong valley mixing.

In this work, we illustrate the flexibility of using or-
bital current by studying the OHE in a model that
respects spatial inversion and time-reversal symmetries
and shows strong intervalley mixing, v.i.z., the Kekulé-
distorted graphene of type O [47–50]. As will be peda-
gogically presented below, the calculation of the orbital
Hall conductivity in this type of model follows straight-
forwardly from the approach introduced in Refs. [45, 46].

II. KEKULÉ DISTORTED GRAPHENE

The electronic structure of the regular graphene mono-
layer is characterized by two gapless Dirac cones located
at inequivalent valleys of the Brillouin zone (BZ) K and
K′ = −K. At low-energy regime, the electronic proper-
ties are described by the Dirac Hamiltonian,

Hg(q̃) = ℏvF(τzσxq̃x + σy q̃y), (3)

where, σx,y,z are Pauli matrices related to the sublat-
tice degree of freedom of graphene. τz = diag(1,−1) is
the Pauli matrix related to the valley degree of freedom.
q̃x,y are cristal momentum measured with respect to the
valleys and vF is the Fermi velocity.

In this work, we consider a graphene monolayer sub-
jected to a Kekulé-type distortion. These distortions can
be achieved by inducing a spatial perturbation with a
periodicity of G = (K+ − K−) [see Fig. 1 (a)]. This
leads to a BZ folding and shifts of the low-energy sector
to the Γ-point of the supercell BZ [Fig 1 (b)]. There are
two types of Kekulé distortion: Y-distortion (Kek-Y) and
O-distortion (Kek-O). The Kek-Y distortion preserves
graphene´s gapless structure and modifies its Fermi ve-
locity. This phenomenon was experimentally observed
in graphene grown on top of copper substrate [51]. The
Kek-O distortion is particularly interesting for our pur-
poses. In this scenario, the BZ folding is accompanied
by a bandgap opening. This distortion has been re-
cently observed in graphene intercalated with lithium [50]
and also has been predicted to occur in graphene grown
on top of some topological insulators [52]. We follow
Refs. [47–49] and choose the basis βKek =

{
ΨT

K′ ,ΨT
K

}
=

{− |B,K′⟩ , |A,K′⟩ , |A,K⟩ , |B,K⟩}, where the super-
script T means the transpose operation and A,B rep-
resents the two distinct graphene sublattices. Thus, on
this basis, the low-energy Hamiltonian of the Kek-O dis-
torted graphene can be cast as

HO(q) =

 0 γ− ∆ 0
γ+ 0 0 −∆
∆ 0 0 γ−
0 −∆ γ+ 0

 , (4)

where, γ± = ℏvF(qx ± iqy) = ℏvFqe±iϕ. Here qx,y is the
crystal momentum measured from the Kek-O BZ center

Fig. 1 (b). The term ∆ arises from Kek-O distortion,
resulting in a coupling between sectors ΨK′ and ΨK of
the Hilbert space. The functional dependency of ∆ with
the parameters of the original lattice Hamiltonian can
be found in Ref. [47–49]. It is worth noting that in the
distortion represented in Fig. 1 (a), no point group sym-
metry is broken. The superlattice structure only reduces
translational symmetry. In particular, Kek-O distorted
graphene preserves spatial inversion symmetry [53, 54].

Figure 1. (a) Kekulé distorted honeycomb lattice of type
O (Kek-O). The black lines indicate slightly weaker (longer)
bonds, while the red lines indicate slightly stronger (shorter)
bonds. (b) The Brillouin zones of regular graphene (dashed
black) and Kekulé-distorted graphene (blue). (c) Electronic
spectra of Kek-O distorted graphene around the Γ point.

A. Eigenvectors and Energy Spectra

It is straightforward to compute the energy spectrum
of the Hamiltonian given by Eq. (4). One obtains a
doubly degenerate valence energy band,

Ev,n(q) = −
√
ℏ2v2Fq2 +∆2 = −ε(q), (5)

and a doubly degenerate conduction energy band,

Ec,n(q) = +
√
ℏ2v2Fq2 +∆2 = +ε(q), (6)

where n = 1, 2 for each branch in the energy degenerate
subspace.

One can calculate the eigenvectors of the energy degen-
erate subspaces and enforce their orthonormality. Thus,
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for the valence band, the eigenvectors are given by,

|uv,1(q)⟩ =

[
− γ−√

2ε(q)
,
1√
2
, 0,

∆√
2ε(q)

]T
,

(7)

|uv,2(q)⟩ =

[
− ∆√

2ε(q)
, 0,

1√
2
,− γ+√

2ε(q)

]T
,

(8)

and for the conduction band,

|uc,1(q)⟩ =

[
− γ−√

2ε(q)
,− 1√

2
, 0,

∆√
2ε(q)

]T
,

(9)

|uc,2(q)⟩ =

[
∆√
2ε(q)

, 0,
1√
2
,

γ+√
2ε(q)

]T
.

(10)

It is important to note that when q → 0 (γ± → 0,
ε(q) → |∆| ≠ 0 ), all eigenstates exhibit a superposi-
tion of equal-weighted amplitudes associated to valleys K
and K′. The states also present maximum entanglement
between valley and sublattice. In contrast to graphene
with sublattice potential, it is impossible to decouple
the Hilbert space for the Kekulé distorted graphene into
two subspaces with well-defined valley quantum numbers.
Hence, it is meaningless to use Eq. (1) to define a valley
current in the case of Kekule-distorted graphene Hamil-
tonian [Eq. (4)].

III. BLOCH STATES ORBITAL MAGNETIC
MOMENT

The existence of Bloch state orbital magnetic moment
was first derived by Kohn using perturbation theory [55]
and later re-obtained through the application of semi-
classical wave packet formalism [32, 56, 57]. In this for-
malism, it may be interpreted as the self-rotation of the
wave packet. For the case of degenerate bands, the Bloch
state orbital magnetic moment acquires a non-Abelian
(matrix) structure [31, 32, 44]. This non-Abelian struc-
ture permits the appearance of non-zero matrix elements
of orbital magnetic moments, even in systems that re-
spect both spatial inversion and time-reversal symme-
try, e.g., bilayer transition-metal dichalcogenides [see Ap-
pendix of Ref. [46]].

In the case of Kek-O graphene, we have two degener-
ate subspaces, each with dimension 2. One formed by
the conduction band, and the other by the valence band.
Within each subspace, the matrix elements of the orbital
magnetic moment are

mz,u
b;n,m(q) =

( e

2ℏ

)
·

Im
[
⟨∇⃗qub,n(q)|×

(
HO(q)− Ẽb,m,n(q)1̂

)
|∇⃗qub,m(q)⟩

]
,

(11)
where, b = c, v and the sub-indexes n and m = 1, 2. ∇⃗q =
x̂∂/∂qx + ŷ∂/∂qy and × represents the cross-product.
Also, we define Ẽb,m,n(q) = (Eb,n(q) + Eb,m(q)) /2. In
the valence band subspace (b = v), one uses the energy
given by Eq. (5) and n,m = 1, 2 designate eigenvectors
of Eqs. (7) and (8). Similarly, in the conduction band
subspace (b = c), one uses the energy given by Eq. (6),
with n,m = 1, 2 designating eigenvectors of Eqs. (9)
and (10). The matrix elements coupling conduction and
valence bands are disregarded in the non-Abelian formu-
lation as detailed in Refs. [31, 32, 44]. After straightfor-
ward calculations one obtains

m̂z,u(q) =

[
m̂z,u

v (q) 02×2

02×2 m̂z,u
c (q)

]
=

2m0(q)√
∆2 + q2ℏ2v2F


−∆ ℏvFqeiϕ 0 0

ℏvFqe−iϕ ∆ 0 0
0 0 ∆ ℏvFqeiϕ
0 0 ℏvFqe−iϕ −∆

 , (12)

where m0(q) =
(
e
ℏ
) ∆ℏ2v2

F

2(∆2+q2ℏ2v2
F)

. This ma-

trix is written on the eigenstates basis βu =
{|uv,1⟩ , |uv,2⟩ , |uc,1⟩ , |uc,2⟩}.

At this point, it is instructive to consider the impact
of an external magnetic field on the electronic spectra of
distorted graphene. For weak intensities of the external
magnetic field (B < 1 T), the energy is corrected by a
factor proportional to the diagonal elements of the matrix

of Eq. (12):

EB
b,n(q) = Eb,n(q)−B ·mz,u

b;n,n(q)

= Eb,n(q)±
2∆m0(q) ·B√
∆2 + ℏ2v2Fq2

, (13)

where the sign + is for states |uv,1⟩ , |uc,2⟩ and the sign
− for states |uv,2⟩ , |uc,1⟩. As illustrated in Fig. 2, the
external magnetic field lifts the energy degeneracy near
Γ exposing the orbital magnetic moment associated with
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Figure 2. Effect of the external magnetic field in the low-
energy spectra of Kek-O distorted graphene. The dashed gray
curve shows the low-energy spectra near the Γ point of the
folded BZ without an applied magnetic field for ∆ = 50meV.
The blue (EB

v,1, E
B
c,2) and red (EB

v,2, E
B
c,1) curves show the elec-

tronic spectrum for an applied external magnetic field B = 1.0
T.

Bloch bands of the Hamiltonian. This can originate a
giant Zeeman effect for small values of the Kekulé distor-
tion.

Figure 2 depicts the Zeeman shift induced by the exter-
nal magnetic field. The dotted lines represent the energy
spectrum for B = 0, while the red and blue curves illus-
trate the energy spectrum for B ̸= 0 and opposite orbital
magnetic moments. In contrast to graphene with sublat-
tice asymmetry or TMD layers [58], the relative shift of
states with opposite orbital magnetic moments cannot be
attributed to individual valleys, as each state is a linear
combination of valley states.

To obtain the orbital magnetic moment operator in
the βKek basis, which is useful for the transport cal-
culations, one needs first to define a unitary transfor-
mation U(q) that changes the basis from βu to βKek.
Such an operator obeys the relation Û†(q)HO(q)Û(q) =
diag [Ev,1(q), Ev,2(q), Ec,1(q), Ec,2(q)] and can be easily
constructed from eigenvectors of Eqs. (7-10). Thus, ap-
plying it to the matrix of Eq. (12), one obtains

m̂z,Kek(q) = Û(q)m̂z,u(q)Û†(q)

=

 0 0 −m0(q) 0
0 0 0 −m0(q)

−m0(q) 0 0 0
0 −m0(q) 0 0

 .(14)

The existence of such an operator allows the orbital
transport when the system is out of equilibrium. This oc-
curs despite the general belief that the simultaneous oc-
currence of spatial-inversion symmetry and time-reversal
symmetry imposes the absence of magnetic moment
transport. This arises from neglecting the non-Abelian
nature of the magnetic moment in nearly-degenerate
bands [46].

IV. ORBITAL CURRENT OPERATOR

To study orbital transport, we follow Refs. [45, 46]
and define an OAM operator using the matrix from the

Eq.(14):

L̂z(q) = −(ℏ/µBgL)m̂
z,Kek(q). (15)

where, µB = eℏ/(2me) is the Bohr magneton in terms
of the electron rest mass me and gL = 1 is the Landé
g-factor. In general, for multi-orbital systems like transi-
tion metal dichalcogenides [46], this operator takes into
account contributions from both intrasite (intra-atomic)
electron motion and intersite movement [59, 60]. In the
case of Kek-O graphene, the band structure is governed
by orbitals pz, which lack intra-atomic contributions.
Thus, Eq. (15) is ruled by the intersite movement of
electrons, similarly to the modern theory of orbital mag-
netization [61, 62].

One can use Eq. (2) to define an orbital current density
associated with the operator defined in Eq. (15) with-
out any ambiguity. The velocity operators v̂x(y)(q) =

ℏ−1∂HO(q)/∂qx(y) can be easily calculated from the
Hamiltonian of Eq. (4). With the use of Eqs. (15) and
(2) we obtain

ĴLz
x =

vFm0(q)ℏ
µB

 0 0 0 −i
0 0 i 0
0 −i 0 0
i 0 0 0

 , (16)

ĴLz
y =

vFm0(q)ℏ
µB

 0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 , (17)

which shall be used to calculate the OHE for the Kek-O
distorted graphene.

V. ORBITAL HALL EFFECT

In the previous section, we have shown that the or-
bital current density given by Eq. (2) is well-defined
even for models that present strong valley mixing terms.
Here, we use Eqs. (16, 17) to calculate the orbital Hall
conductivity of the Kek-O distorted graphene and show
that it presents an orbital Hall insulating phase. Con-
sidering that the system is subject to a driven electric
field applied in the x-direction, an orbital current will
flow in the y-direction. This phenomenon is governed by
J Lz
y = σLz

OHEx where orbital Hall conductivity is given
by,

σLz

OH = e
∑
n,b

∫
d2q

(2π)2
fn,b(q)Ω

Lz

n,b(q), (18)

where fn,b(q) = Θ(EF −En,b(q)) is the Fermi-Dirac dis-
tribution at zero temperature, EF is the Fermi energy,
and ΩLz

n,b(q) represents the orbital-weighted Berry curva-
ture given by
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ΩLz

n,b(q) = 2ℏ
∑
n′ ̸=n

∑
b′ ̸=b

Im

[
⟨un,b(q)| v̂x(q) |un′,b′(q)⟩ ⟨un′,b′(q)| ĴLz

y (q) |un,b(q)⟩
(En,b(q)− En′,b′(q))

2

]
. (19)

Using Eqs. (5-10) it is possible to obtain

ΩLz

n,v(c)(q) = ∓
(

e

ℏµB

)
∆2ℏ4v4F

4 (∆2 + q2ℏ2v2F)
5/2

, (20)

where, we use the − and the + signs for the valence
and conduction bands, respectively. Substituting this
expression in Eq. (18), we can find analytical expres-
sions for orbital Hall conductivity. Writing σLz

OH(EF) =∑
n,b σ

n,b
OH(EF), we obtain:

σn,v
OH(EF) = gs

(
e2

2πℏµB

)
∆2ℏ2v2F

6
(
∆2 + q2F,vℏ2v2F

)3/2
(21)

and,

σn,c
OH(EF) = −gs

(
e2

2πℏµB

)

·

ℏ2v2F
6∆

− ∆2ℏ2v2F

6
(
∆2 + q2F,cℏ2v2F

)3/2

 ,(22)

where gs = 2 is the spin-degeneracy. Here qF,v(c) denotes
the Fermi momentum for the valence (v) and conduction
(c) bands

qF,v =

{√
E2

F −∆2/(ℏvF) for EF < −∆

0 otherwise
(23)

and

qF,c =

{√
E2

F −∆2/(ℏvF) for EF > +∆

0 otherwise
(24)

Fig. 3 shows the orbital Hall conductivity calculated as a
function of EF for different values of the Kek-O coupling
∆. Particularly, in the dashed blue curve, we used the
value of ∆ obtained in the experiment reported in Ref.
[50] using graphene intercalated with lithium atoms.

We note that when the EF lies inside the insulating
bandgap, the orbital Hall conductivity shows a plateau
with height

σ̄Lz

OH =
ℏ2v2F
6∆

(
gse

2

2πℏµB

)
=

2

3

µ∗
B

µB

( e

2π

)
, (25)

where µ∗
B = (eℏ)/(2m∗) in the second equality is an ef-

fective Bohr magneton, written in terms of the effective
mass of Bloch electron m∗ = ∆/v2F. Eq. (25) coincides
with results obtained in graphene endowed with sublat-
tice potential [45] and transition metal dichalcogenides
[46]. The height of the orbital Hall insulating plateau
should be robust against dilute disorder due to the ab-
sence of a Fermi surface [18, 19, 63].

Figure 3. Orbital Hall conductivity calculated as a function
of Fermi energy for distinct values of parameters ∆. We used
∆ = 0.05 eV (black solid), ∆ = 0.10 eV (red dotted), and
the value obtained in the experiment reported in Ref. [50],
∆ = 0.19 eV (blue dashed). The Fermi velocity of graphene
is vF = 3at/(2ℏ), where a = 1.42Å and t = 2.8 eV.

VI. FINAL REMARKS AND CONCLUSIONS

We have demonstrated the unambiguous definition of
an orbital current density operator for models featur-
ing inter-valley coupling, using Kek-O distorted graphene
as a case study. We also analytically obtained the or-
bital Hall insulator plateau for this model and examined
its dependence on the intervalley mixing coupling term.
Attempting a similar procedure using a valley current
description would encounter challenges stemming from
the intervalley coupling term, which produces eigenstates
with significant superposition across different valleys. Al-
thugh it is still possible to use a pseudo-spin defined in
terms of a linear combination of valleys, the superpo-
sition would forbid simple valley-projection procedures
commonly used in the valleytronic community and the
definition of the sign of the associated magnetic moment
is not straighforward.

Ref. [64] argues for the existence of the valley Hall in-
sulator phase in the presence of an intervalley coupling
term. However, it does not present the formal construc-
tion of the valley current operator or the calculation of
the valley Hall conductivity. The valley-polarized trans-
port in a system with intervalley coupling is carefully
studied in Ref. [65]. However, the authors do not adopt a
bulk perspective but instead use a device-based approach
employing the transmission coefficient formalism. In this
scenario, the difficulty associated with defining the valley
current equation is overcome, albeit at the cost of losing
the bulk description.

The possibility of studying orbital magnetic mo-
ment transport in models with strong intervalley mixing
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strengthens the proposal that the orbital Hall approach
is more suitable to describe this response than the VHE
[45]. This may open the door to a review of the co-
nundrum surrounding recent studies of the valleytronic
community [43].

ACKNOWLEDGMENTS

We acknowledge CNPq/Brazil, CAPES/Brazil,
FAPERJ/Brazil. TGR acknowledges fund-
ing from FCT-Portugal through Grant
No. 2022.07471.CEECIND/CP1718/CT0001
(https://doi.org/10.54499/2022.07471.CEECIND/CP1718/CT0001).

[1] Young-Gwan Choi, Daegeun Jo, Kyung-Hun Ko, Dong-
wook Go, Kyung-Han Kim, Hee Gyum Park, Changy-
oung Kim, Byoung-Chul Min, Gyung-Min Choi, and
Hyun-Woo Lee, “Observation of the orbital hall effect in
a light metal ti,” Nature 619, 52–56 (2023).

[2] Giacomo Sala, Hanchen Wang, William Legrand, and
Pietro Gambardella, “Orbital hanle magnetoresistance
in a 3d transition metal,” Phys. Rev. Lett. 131, 156703
(2023).

[3] Igor Lyalin, Sanaz Alikhah, Marco Berritta, Peter M.
Oppeneer, and Roland K. Kawakami, “Magneto-optical
detection of the orbital hall effect in chromium,” Phys.
Rev. Lett. 131, 156702 (2023).

[4] Seungyun Han, Hyun-Woo Lee, and Kyoung-Whan Kim,
“Orbital dynamics in centrosymmetric systems,” Phys.
Rev. Lett. 128, 176601 (2022).

[5] T. Adamantopoulos, M. Merte, D. Go, F. Freimuth,
S. Blügel, and Y. Mokrousov, “Orbital rashba effect as
a platform for robust orbital photocurrents,” Phys. Rev.
Lett. 132, 076901 (2024).

[6] Max Rang and Paul J. Kelly, “Orbital relaxation length
from first-principles scattering calculations,” (2024),
arXiv:2403.06827 [cond-mat.mes-hall].

[7] Mahmoud Zeer, Dongwook Go, Peter Schmitz, Tom G.
Saunderson, Hao Wang, Jamal Ghabboun, Stefan Blügel,
Wulf Wulfhekel, and Yuriy Mokrousov, “Promoting p-
based hall effects by p−d−f hybridization in gd-based
dichalcogenides,” Phys. Rev. Res. 6, 013095 (2024).

[8] Tarik P. Cysne, Filipe S. M. Guimarães, Luis M. Canon-
ico, Tatiana G. Rappoport, and R. B. Muniz, “Orbital
magnetoelectric effect in zigzag nanoribbons of p-band
systems,” Phys. Rev. B 104, 165403 (2021).

[9] Tarik P. Cysne, Filipe S. M. Guimarães, Luis M. Canon-
ico, Marcio Costa, Tatiana G. Rappoport, and R. B.
Muniz, “Orbital magnetoelectric effect in nanoribbons
of transition metal dichalcogenides,” Phys. Rev. B 107,
115402 (2023).

[10] Dongwook Go, Daegeun Jo, Changyoung Kim, and
Hyun-Woo Lee, “Intrinsic spin and orbital hall effects
from orbital texture,” Phys. Rev. Lett. 121, 086602
(2018).

[11] Dongwook Go, Daegeun Jo, Hyun-Woo Lee, Mathias
Kläui, and Yuriy Mokrousov, “Orbitronics: Orbital cur-
rents in solids,” Europhysics Letters 135, 37001 (2021).

[12] B. Andrei Bernevig, Taylor L. Hughes, and Shou-Cheng
Zhang, “Orbitronics: The intrinsic orbital current in p-
doped silicon,” Phys. Rev. Lett. 95, 066601 (2005).

[13] Võ Tien Phong, Zachariah Addison, Seongjin Ahn,
Hongki Min, Ritesh Agarwal, and E. J. Mele, “Optically
controlled orbitronics on a triangular lattice,” Phys. Rev.
Lett. 123, 236403 (2019).

[14] Leandro Salemi and Peter M. Oppeneer, “First-principles

theory of intrinsic spin and orbital hall and nernst effects
in metallic monoatomic crystals,” Phys. Rev. Mater. 6,
095001 (2022).

[15] Oliver Busch, Franziska Ziolkowski, Börge Göbel, Ingrid
Mertig, and Jürgen Henk, “Ultrafast orbital hall effect in
metallic nanoribbons,” Phys. Rev. Res. 6, 013208 (2024).

[16] Diego B. Fonseca, Lucas L. A. Pereira, and Anderson
L. R. Barbosa, “Orbital hall effect in mesoscopic devices,”
Phys. Rev. B 108, 245105 (2023).

[17] Armando Pezo, Diego García Ovalle, and Aurélien Man-
chon, “Orbital hall physics in two-dimensional dirac ma-
terials,” Phys. Rev. B 108, 075427 (2023).

[18] Hong Liu and Dimitrie Culcer, “Dominance of extrin-
sic scattering mechanisms in the orbital hall effect:
graphene, transition metal dichalcogenides and topolog-
ical antiferromagnets,” (2023), arXiv:2308.14878 [cond-
mat.mes-hall].

[19] Ping Tang and Gerrit E. W. Bauer, “Role of disorder in
the intrinsic orbital hall effect,” (2024), arXiv:2401.17620
[cond-mat.mes-hall].

[20] Oliver Busch, Ingrid Mertig, and Börge Göbel, “Orbital
hall effect and orbital edge states caused by s electrons,”
Phys. Rev. Res. 5, 043052 (2023).

[21] Luis M. Canonico, Tarik P. Cysne, Tatiana G. Rap-
poport, and R. B. Muniz, “Two-dimensional orbital hall
insulators,” Phys. Rev. B 101, 075429 (2020).

[22] Luis M. Canonico, Tarik P. Cysne, Alejandro Molina-
Sanchez, R. B. Muniz, and Tatiana G. Rappoport, “Or-
bital hall insulating phase in transition metal dichalco-
genide monolayers,” Phys. Rev. B 101, 161409 (2020).

[23] Tarik P. Cysne, W. J. M. Kort-Kamp, and Tatiana G.
Rappoport, “Controlling the orbital hall effect in gapped
bilayer graphene in the terahertz regime,” (2024),
arXiv:2402.05241 [cond-mat.mes-hall].

[24] Marcio Costa, Bruno Focassio, Luis M. Canonico,
Tarik P. Cysne, Gabriel R. Schleder, R. B. Muniz, Adal-
berto Fazzio, and Tatiana G. Rappoport, “Connecting
higher-order topology with the orbital hall effect in mono-
layers of transition metal dichalcogenides,” Phys. Rev.
Lett. 130, 116204 (2023).

[25] Tarik P. Cysne, Marcio Costa, Luis M. Canonico,
M. Buongiorno Nardelli, R. B. Muniz, and Tatiana G.
Rappoport, “Disentangling orbital and valley hall effects
in bilayers of transition metal dichalcogenides,” Phys.
Rev. Lett. 126, 056601 (2021).

[26] Shilei Ji, Ruijia Yao, Chuye Quan, Yile Wang, Jian-
ping Yang, and Xing’ao Li, “Observing topological phase
transition in ferromagnetic transition metal dichalco-
genides,” Phys. Rev. B 108, 224422 (2023).

[27] Anderson L. R. Barbosa, Luis M. Canonico, Jose H. Gar-
cía, and Tatiana G. Rappoport, “Orbital hall effect and
topology on a two-dimensional triangular lattice: from

http://dx.doi.org/10.1038/s41586-023-06101-9
http://dx.doi.org/ 10.1103/PhysRevLett.131.156703
http://dx.doi.org/ 10.1103/PhysRevLett.131.156703
http://dx.doi.org/10.1103/PhysRevLett.131.156702
http://dx.doi.org/10.1103/PhysRevLett.131.156702
http://dx.doi.org/ 10.1103/PhysRevLett.128.176601
http://dx.doi.org/ 10.1103/PhysRevLett.128.176601
http://dx.doi.org/10.1103/PhysRevLett.132.076901
http://dx.doi.org/10.1103/PhysRevLett.132.076901
http://arxiv.org/abs/2403.06827
http://dx.doi.org/10.1103/PhysRevResearch.6.013095
http://dx.doi.org/10.1103/PhysRevB.104.165403
http://dx.doi.org/10.1103/PhysRevB.107.115402
http://dx.doi.org/10.1103/PhysRevB.107.115402
http://dx.doi.org/ 10.1103/PhysRevLett.121.086602
http://dx.doi.org/ 10.1103/PhysRevLett.121.086602
http://dx.doi.org/10.1209/0295-5075/ac2653
http://dx.doi.org/10.1103/PhysRevLett.95.066601
http://dx.doi.org/ 10.1103/PhysRevLett.123.236403
http://dx.doi.org/ 10.1103/PhysRevLett.123.236403
http://dx.doi.org/ 10.1103/PhysRevMaterials.6.095001
http://dx.doi.org/ 10.1103/PhysRevMaterials.6.095001
http://dx.doi.org/ 10.1103/PhysRevResearch.6.013208
http://dx.doi.org/ 10.1103/PhysRevB.108.245105
http://dx.doi.org/ 10.1103/PhysRevB.108.075427
http://arxiv.org/abs/2308.14878
http://arxiv.org/abs/2308.14878
http://arxiv.org/abs/2401.17620
http://arxiv.org/abs/2401.17620
http://dx.doi.org/ 10.1103/PhysRevResearch.5.043052
http://dx.doi.org/10.1103/PhysRevB.101.075429
http://dx.doi.org/10.1103/PhysRevB.101.161409
http://arxiv.org/abs/2402.05241
http://dx.doi.org/10.1103/PhysRevLett.130.116204
http://dx.doi.org/10.1103/PhysRevLett.130.116204
http://dx.doi.org/10.1103/PhysRevLett.126.056601
http://dx.doi.org/10.1103/PhysRevLett.126.056601
http://dx.doi.org/ 10.1103/PhysRevB.108.224422


7

bulk to edge,” (2023), arXiv:2311.11715 [cond-mat.mes-
hall].

[28] Shifeng Qian, Gui-Bin Liu, Cheng-Cheng Liu, and Yugui
Yao, “Cn-symmetric higher-order topological crystalline
insulators in atomically thin transition metal dichalco-
genides,” Phys. Rev. B 105, 045417 (2022).

[29] Shilei Ji, Chuye Quan, Ruijia Yao, Jianping Yang, and
Xing’ao Li, “Reversal of orbital hall conductivity and
emergence of tunable topological quantum states in or-
bital hall insulators,” Phys. Rev. B 109, 155407 (2024).

[30] Di Xiao, Wang Yao, and Qian Niu, “Valley-contrasting
physics in graphene: Magnetic moment and topological
transport,” Phys. Rev. Lett. 99, 236809 (2007).

[31] Di Xiao, Ming-Che Chang, and Qian Niu, “Berry phase
effects on electronic properties,” Rev. Mod. Phys. 82,
1959–2007 (2010).

[32] Ming-Che Chang and Qian Niu, “Berry curvature, orbital
moment, and effective quantum theory of electrons in
electromagnetic fields,” Journal of Physics: Condensed
Matter 20, 193202 (2008).

[33] Yuri D. Lensky, Justin C. W. Song, Polnop Samut-
praphoot, and Leonid S. Levitov, “Topological valley
currents in gapped dirac materials,” Phys. Rev. Lett.
114, 256601 (2015).

[34] Jieun Lee, Kin Fai Mak, and Jie Shan, “Electrical con-
trol of the valley hall effect in bilayer mos2 transistors,”
Nature Nanotechnology 11, 421–425 (2016).

[35] Mengqiao Sui, Guorui Chen, Liguo Ma, Wen-Yu Shan,
Dai Tian, Kenji Watanabe, Takashi Taniguchi, Xiaofeng
Jin, Wang Yao, Di Xiao, and Yuanbo Zhang, “Gate-
tunable topological valley transport in bilayer graphene,”
Nature Physics 11, 1027–1031 (2015).

[36] Thomas Aktor, Jose H. Garcia, Stephan Roche, Antti-
Pekka Jauho, and Stephen R. Power, “Valley hall ef-
fect and nonlocal resistance in locally gapped graphene,”
Phys. Rev. B 103, 115406 (2021).

[37] Justin C. W. Song and Giovanni Vignale, “Low-
dissipation edge currents without edge states,” Phys.
Rev. B 99, 235405 (2019).

[38] M. J. Zhu, A. V. Kretinin, M. D. Thompson, D. A. Ban-
durin, S. Hu, G. L. Yu, J. Birkbeck, A. Mishchenko,
I. J. Vera-Marun, K. Watanabe, T. Taniguchi, M. Polini,
J. R. Prance, K. S. Novoselov, A. K. Geim, and
M. Ben Shalom, “Edge currents shunt the insulating bulk
in gapped graphene,” Nature Communications 8 (2017),
10.1038/ncomms14552.

[39] Rory Brown, Niels R. Walet, and Francisco Guinea,
“Edge modes and nonlocal conductance in graphene su-
perlattices,” Phys. Rev. Lett. 120, 026802 (2018).

[40] A. Aharon-Steinberg, A. Marguerite, D. J. Perello,
K. Bagani, T. Holder, Y. Myasoedov, L. S. Levitov,
A. K. Geim, and E. Zeldov, “Long-range nontopological
edge currents in charge-neutral graphene,” Nature 593,
528–534 (2021).

[41] George Kirczenow, “Valley currents and nonlocal resis-
tances of graphene nanostructures with broken inver-
sion symmetry from the perspective of scattering theory,”
Phys. Rev. B 92, 125425 (2015).

[42] Alexander Kazantsev, Amelia Mills, Eoin O’Neill, Hao
Sun, Giovanni Vignale, and Alessandro Principi, “Non-
conservation of the valley density and its implications for
the observation of the valley hall effect,” Phys. Rev. Lett.
132, 106301 (2024).

[43] Stephan Roche, Stephen R Power, Branislav K Nikolić,

José Hugo García, and Antti-Pekka Jauho, “Have
mysterious topological valley currents been observed in
graphene superlattices?” Journal of Physics: Materials 5,
021001 (2022).

[44] Dimitrie Culcer, Yugui Yao, and Qian Niu, “Coherent
wave-packet evolution in coupled bands,” Phys. Rev. B
72, 085110 (2005).

[45] Sayantika Bhowal and Giovanni Vignale, “Orbital hall
effect as an alternative to valley hall effect in gapped
graphene,” Phys. Rev. B 103, 195309 (2021).

[46] Tarik P. Cysne, Sayantika Bhowal, Giovanni Vignale,
and Tatiana G. Rappoport, “Orbital hall effect in bilayer
transition metal dichalcogenides: From the intra-atomic
approximation to the bloch states orbital magnetic mo-
ment approach,” Phys. Rev. B 105, 195421 (2022).

[47] O V Gamayun, V P Ostroukh, N V Gnezdilov,
İ Adagideli, and C W J Beenakker, “Valley-momentum
locking in a graphene superlattice with y-shaped kekulé
bond texture,” New Journal of Physics 20, 023016 (2018).

[48] Elias Andrade, Ramon Carrillo-Bastos, and Gerardo G.
Naumis, “Valley engineering by strain in kekulé-distorted
graphene,” Phys. Rev. B 99, 035411 (2019).

[49] M. A. Mojarro, V. G. Ibarra-Sierra, J. C. Sandoval-
Santana, R. Carrillo-Bastos, and Gerardo G. Nau-
mis, “Dynamical floquet spectrum of kekulé-distorted
graphene under normal incidence of electromagnetic ra-
diation,” Phys. Rev. B 102, 165301 (2020).

[50] Changhua Bao, Hongyun Zhang, Teng Zhang, Xi Wu,
Laipeng Luo, Shaohua Zhou, Qian Li, Yanhui Hou, Wei
Yao, Liwei Liu, Pu Yu, Jia Li, Wenhui Duan, Hong
Yao, Yeliang Wang, and Shuyun Zhou, “Experimental
evidence of chiral symmetry breaking in kekulé-ordered
graphene,” Phys. Rev. Lett. 126, 206804 (2021).

[51] Christopher Gutiérrez, Cheol-Joo Kim, Lola Brown,
Theanne Schiros, Dennis Nordlund, Edward B. Lochocki,
Kyle M. Shen, Jiwoong Park, and Abhay N. Pasupathy,
“Imaging chiral symmetry breaking from kekulé bond or-
der in graphene,” Nature Physics 12, 950–958 (2016).

[52] Zhuonan Lin, Wei Qin, Jiang Zeng, Wei Chen, Ping
Cui, Jun-Hyung Cho, Zhenhua Qiao, and Zhenyu
Zhang, “Competing gap opening mechanisms of mono-
layer graphene and graphene nanoribbons on strong topo-
logical insulators,” Nano Letters 17, 4013–4018 (2017).

[53] J. L. Mañes, F. Guinea, and María A. H. Vozmediano,
“Existence and topological stability of fermi points in
multilayered graphene,” Phys. Rev. B 75, 155424 (2007).

[54] Mahmoud M. Asmar and Sergio E. Ulloa, “Symmetry-
breaking effects on spin and electronic transport in
graphene,” Phys. Rev. B 91, 165407 (2015).

[55] Walter Kohn, “Theory of bloch electrons in a magnetic
field: The effective hamiltonian,” Phys. Rev. 115, 1460–
1478 (1959).

[56] Ming-Che Chang and Qian Niu, “Berry phase, hyperor-
bits, and the hofstadter spectrum: Semiclassical dynam-
ics in magnetic bloch bands,” Phys. Rev. B 53, 7010–7023
(1996).

[57] Rhonald Burgos Atencia, Amit Agarwal, and Dimitrie
Culcer, “Orbital angular momentum of bloch electrons:
equilibrium formulation, magneto-electric phenomena,
and the orbital hall effect,” (2024), arXiv:2403.07055
[cond-mat.mes-hall].

[58] Tianyi Cai, Shengyuan A. Yang, Xiao Li, Fan Zhang,
Junren Shi, Wang Yao, and Qian Niu, “Magnetic con-
trol of the valley degree of freedom of massive dirac

http://arxiv.org/abs/2311.11715
http://arxiv.org/abs/2311.11715
http://dx.doi.org/10.1103/PhysRevB.105.045417
http://dx.doi.org/10.1103/PhysRevB.109.155407
http://dx.doi.org/ 10.1103/PhysRevLett.99.236809
http://dx.doi.org/10.1103/RevModPhys.82.1959
http://dx.doi.org/10.1103/RevModPhys.82.1959
http://dx.doi.org/10.1088/0953-8984/20/19/193202
http://dx.doi.org/10.1088/0953-8984/20/19/193202
http://dx.doi.org/ 10.1103/PhysRevLett.114.256601
http://dx.doi.org/ 10.1103/PhysRevLett.114.256601
http://dx.doi.org/ 10.1038/nnano.2015.337
http://dx.doi.org/10.1038/nphys3485
http://dx.doi.org/ 10.1103/PhysRevB.103.115406
http://dx.doi.org/ 10.1103/PhysRevB.99.235405
http://dx.doi.org/ 10.1103/PhysRevB.99.235405
http://dx.doi.org/10.1038/ncomms14552
http://dx.doi.org/10.1038/ncomms14552
http://dx.doi.org/ 10.1103/PhysRevLett.120.026802
http://dx.doi.org/10.1038/s41586-021-03501-7
http://dx.doi.org/10.1038/s41586-021-03501-7
http://dx.doi.org/10.1103/PhysRevB.92.125425
http://dx.doi.org/10.1103/PhysRevLett.132.106301
http://dx.doi.org/10.1103/PhysRevLett.132.106301
http://dx.doi.org/10.1088/2515-7639/ac452a
http://dx.doi.org/10.1088/2515-7639/ac452a
http://dx.doi.org/ 10.1103/PhysRevB.72.085110
http://dx.doi.org/ 10.1103/PhysRevB.72.085110
http://dx.doi.org/10.1103/PhysRevB.103.195309
http://dx.doi.org/ 10.1103/PhysRevB.105.195421
http://dx.doi.org/ 10.1088/1367-2630/aaa7e5
http://dx.doi.org/10.1103/PhysRevB.99.035411
http://dx.doi.org/ 10.1103/PhysRevB.102.165301
http://dx.doi.org/ 10.1103/PhysRevLett.126.206804
http://dx.doi.org/ 10.1038/nphys3776
http://dx.doi.org/10.1021/acs.nanolett.6b05354
http://dx.doi.org/10.1103/PhysRevB.75.155424
http://dx.doi.org/10.1103/PhysRevB.91.165407
http://dx.doi.org/ 10.1103/PhysRev.115.1460
http://dx.doi.org/ 10.1103/PhysRev.115.1460
http://dx.doi.org/10.1103/PhysRevB.53.7010
http://dx.doi.org/10.1103/PhysRevB.53.7010
http://arxiv.org/abs/2403.07055
http://arxiv.org/abs/2403.07055


8

fermions with application to transition metal dichalco-
genides,” Phys. Rev. B 88, 115140 (2013).

[59] Ivo Souza and David Vanderbilt, “Dichroic f -sum rule
and the orbital magnetization of crystals,” Phys. Rev. B
77, 054438 (2008).

[60] Fengyuan Xuan and Su Ying Quek, “Valley zeeman ef-
fect and landau levels in two-dimensional transition metal
dichalcogenides,” Phys. Rev. Res. 2, 033256 (2020).

[61] T. Thonhauser, Davide Ceresoli, David Vanderbilt, and
R. Resta, “Orbital magnetization in periodic insulators,”
Phys. Rev. Lett. 95, 137205 (2005).

[62] Di Xiao, Junren Shi, and Qian Niu, “Berry phase cor-

rection to electron density of states in solids,” Phys. Rev.
Lett. 95, 137204 (2005).

[63] Luis M. Canonico, Jose H. García, and Stephan Roche,
“Real-space calculation of orbital hall responses in dis-
ordered materials,” (2024), arXiv:2404.01739 [cond-
mat.mes-hall].

[64] Yafei Ren, Xinzhou Deng, Zhenhua Qiao, Changsheng
Li, Jeil Jung, Changgan Zeng, Zhenyu Zhang, and
Qian Niu, “Single-valley engineering in graphene super-
lattices,” Phys. Rev. B 91, 245415 (2015).

[65] Juan Juan Wang, S. Liu, J. Wang, and Jun-Feng
Liu, “Valley-coupled transport in graphene with y-shaped
kekulé structure,” Phys. Rev. B 98, 195436 (2018).

http://dx.doi.org/10.1103/PhysRevB.88.115140
http://dx.doi.org/ 10.1103/PhysRevB.77.054438
http://dx.doi.org/ 10.1103/PhysRevB.77.054438
http://dx.doi.org/10.1103/PhysRevResearch.2.033256
http://dx.doi.org/ 10.1103/PhysRevLett.95.137205
http://dx.doi.org/ 10.1103/PhysRevLett.95.137204
http://dx.doi.org/ 10.1103/PhysRevLett.95.137204
http://arxiv.org/abs/2404.01739
http://arxiv.org/abs/2404.01739
http://dx.doi.org/ 10.1103/PhysRevB.91.245415
http://dx.doi.org/ 10.1103/PhysRevB.98.195436

	Transport of orbital currents in systems with strong intervalley coupling: the case of Kekulé distorted graphene
	Abstract
	Introduction 
	Kekulé distorted graphene 
	Eigenvectors and Energy Spectra

	Bloch states Orbital magnetic moment 
	Orbital Current Operator 
	Orbital Hall effect 
	Final Remarks and conclusions 
	Acknowledgments
	References


