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GENERALIZED DERIVATIONS OF BIHOM-SUPERTRIALGEBRAS

NIL MANSUROGLU ', BOUZID MOSBAHI 2

ABSTRACT. In this note, our goal is to describe the concept of generalized derivations in the context of BiHom-
supertrialgebras. We provide a comprehensive analysis of the properties and applications of these generalized
derivations, including their relationship with other algebraic structures. We also explore various examples and
applications of BiHom-supertrialgebras in different fields of mathematics and physics. Our findings contribute
to a deeper understanding of the algebraic properties and applications of BiHom-supertrialgebras, and pave
the way for further research in this area.

1. Introduction

BiHom-supertrialgebras are a generalization of supertrialgebras [4], which are algebraic structures that
combine the properties of superalgebras and trialgebras. Supertrialgebras have found applications in different
fields of mathematics and physics, including quantum groups, representation theory and supersymmetry.
The goal of this paper is to provide a comprehensive overview of generalized derivations and applications
of BiHom-supertrialgebras. Generalized derivations are linear maps that satisfy certain algebraic properties
and they also have an significant position in the study of algebraic structures. On the other hand, BiHom-
supertrialgebras are supertrialgebras equipped with two compatible derivations. Generalized derivations
in the context of BiHom-supertrialgebras have many applications in various fields. These applications
include the study of Lie superalgebras, the construction of new algebraic structures and the investigation of
differential equations. For more details see [I, [2]. To provide a comprehensive understanding of the topic, we
will begin by introducing the basic definitions and properties of supertrialgebras and BiHom-supertrialgebras
by using [3, [4], [6] O, [I0]. We will then delve into the theory of generalized derivations and explore their
properties in the context of BiHom-supertrialgebras. Furthermore, we will discuss various applications
of generalized derivations in BiHom-supertrialgebras. These applications include the construction of Lie
superalgebras from BiHom-supertrialgebras, the study of differential equations associated with BiHom-
supertrialgebras, and the investigation of the cohomology theory of BiHom-supertrialgebras. For more
details see [, [7, 8 [II]. Throughout the paper, we will provide detailed proofs and examples to illustrate
the concepts and results. We will also highlight the connections between the different areas of study and
discuss the potential future directions of research in this field.
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2. Preliminaries

Definition 2.1. Given a superspace S. If three even bilinear maps 4,F, L : S x S — S and an even
superspace homomorphism v : S — S satisfy the following axioms

y(d 4 q) =~y(d) 47(q), Y(dFq) =~(d) F~(q),

v(dLq) = ~v(d)Lv(q), (d=q)Av(y) =~(d) 4 (¢ 1),
(d=q) Av(y) =~(d) 4 (g F y), (dFq) Av(y) =~(d) - (¢ 1),
(d4q)Fv(y) =~(d) - (g Fy), (dFq)Fv(y) =~(d) - (¢F y),
(d=q) 4v(y) = ~v(d) - (¢Ly), (dLq) 4 y(y) = v(d)L(g Hy),
(d—q)Ly(y) =v(d)L(gFy), (dFq)Ly(y) = v(d) F (¢Lly),
(dLg) Fy(y) =~(d) F (¢Fy), (dLg)Ly(y) = v(d)L(qLy)

for every d, q,y € S, then a quintuple (S,,, L, ) is called a Hom-associative supertrialgebra.

Remark 2.1. By taking v = id, we obtain the associative supertrialgebra. Any Hom-associative supertri-
algebra becomes a Hom-associative superdialgebra without the operation L.

Definition 2.2. Let S be a superspace. If three even bilinear mappings -, L : S x § — S and two even
superspace homomorphisms v, : S — S satisfy the next axioms

(i) yo&=¢&on,

(ii) (d-q) 4&(y) =(d) 4 (gFr) =~(d) 4 (¢Ly),

(i) (d4q) 4&(y) =~(d)F (¢ 1y),

(iv) (d4q)Fy(y) =¢&(d)F(gFy) = (dLlg) - E(y),

(v) (dLq) 4&(y) =~(d)L(g Hy),

(vi) (d4q)L&(y) =(d)LgFy),

(vii) (dF q)L&(y) =v(d) F (gLy)

for every d,q,y € S, then a 6-truple (S, -+, L,v,&) is called a BiHom-associative supertrialgebra.

V.

Remark 2.2. v and ¢ are endomorphisms with -, and L, namely,
Y(d = q) =~(d) 47(q), &(dq)=¢(d) 4&(q),
YVt q) =~(d) F(q), &(dFq)=¢(d)FE(g),
Y(dLq) =~(d)Ly(q), &(dLg) = &(d)LE(q)

for each d,q € S. Then, we say S is a multiplicative BiHom-associative supertrialgebra.

Definition 2.3. A linear mapping
7 (S, Ly, &) — (Sa, ' H L LA E)
with
Yomr=mory, €or=mo0f

and

m(d 4 q) = m(d) 4 7(q),

m(d+q) =m(d) F 7(q),

m(dLq) = 7(d)L'n(q)

for every d,q € S7 is said to be a morphism of BiHom-associative supertrialgebras.
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Proposition 2.4. Let (S,-,F, L,7,&) be a BiHom-associative supertrialgebra of dimension n. Given an
invertible linear map | : S — S. Then, there exists an isomorphism with a BiHom-associative supertrialgebra
(S, L ye= gl Y), where (A, F, L") = lo(H, 1, L)o(I7'®171). Furthermore, if the structure constants
of (,F L) with the basis {uq,...,u,} are {(blj,wfj, (55‘3}, then the structure constants of (', L") with the
basis {l(u1),...,l(uy)} are same.

Proof. Here, one axiom only will be proved. For any invertible linear mapping [ : S — S, (S,
, L7 Iy171 16171 is a BiHom-associative supertrialgebra.
(w4 v) V1 N w) =141 @17 Y (u,v) ' 1607 H(w)
= (10 @I H(u ) 1 (w)
=1l Y @ I Y (w4 v) 417l (w)
=117 () 17 (v) A1l (w)
=1y (w) 4 (T 0) F T (w)))
Wt Hlo Dy w) 4 (Tt el (v w))
=1 @1 Yy ) A T @ 7Y (v F w)))
= Iy () ' (v w) = Iyl w) (vl w).

Thus, (S, ', -, L', 1y171,1€171) becomes a BiHom-associative supertrialgebra.
Moreover, for ~

N Hu A v) =y AT @Y (u,v)
=y @17 (u,v)
= 1(y17 () 4417 (v))
=T I Y@ Dy (u) 4417 () = (I () + Iy (v)

and for &
1w~ v) =1 N0 @1 Y (u,v)

=l @17 (u,v)

= L& (u) 4 €17 (v)

=1 @i hHeDEr T (u) 47 (v) = (1€ (u) 4 16171 (v).
Therefore, I : (S,-,F, L,v,&) — (S, 4',F, L', Iy171,1£171) is a BiHom-associative supertrialgebra morphism,
as

lod=lo4o(l @I ™Ho(lal)=I'o(I®I)

and

(v oel=loy, (&) ol=1l0¢.

It is obvious to see that {l(u;),...,l(u,)} is a basis of S. For each i,j = 1,...,n, we have

(L(ug) A 1(ug)) = 10 (w) A1 wy)) = (ug 4 uy) Z
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Proposition 2.5. Let (S,,F, L,7,€) be a BiHom-associative supertrialgebra and (S, ', L' Iv1=11€171)
be as described in Proposition [27]. If ¢ is an automorphism of (S,H,t, L,7,§), then lol=1 is an automor-
phism of (S, ', L' InI=1 1€171).

Proof. By taking o = I7Il~!, we have

1ol o = 1l Myl = gyl = Iyl ™t = Iyl Ml ™t = Hlpl L.
For ¢, we take o = 1£171. Consequently, we get

Il o =1l el = 1gpel™ ! = 1€l = 117l = olpl L.
For every p,v € S,

11 (U(p) ' L)) = 1l U(p 4 v) = lp(p Fv) = I($(p) + (v))
= (lo(p) A 16(v)) = (1ol (U(p) ' Plo™ (¢(v))).

By Definition 23] l¢l~! becomes an automorphism of (S, -, L/ =1 1&171). O

Proposition 2.6. Given two BiHom-associative supertrialgebras (N, =nr, s Lar, Y, En) and (M,
s Lat, Y €m). Then, a BiHom-associative supertrialgebra structure becomes on N @& M with the
bilinear mappings <,>, % : (N ® M)®2 = N @& M defined by

(n1 +mq) 4 (n2 + mg) :=ny —n no + ma A ma,

(n1 +m1) F (n2 +mg) :=ny b no + my Fag ma,

(n1 + ml)J_(ng + mg) :=n1Lang +mpLayme
and the linear mappings o = ax + anp, 8= v + By N EM = N & M given by
(an +arm)(@ +y) = an(z) + am(y), By + Bm)(@ +y) = By (z) + Bm(y), V(z,y) €N x M.
Furthermore, if £ : N — M 1is a linear mapping, then,
£ : (N7_|N7|_N7J—N7QN75N) — (M7_|M7|_M7J—M7anﬁM)

is a morphism iff its graph T'¢ = {(z,&(x)),x € N'} is a BiHom-subalgebra of (N & M, <>, *, «, ().

Proof. First we suppose that & : (N, "n, Far, Ly, ans, By) = (M, A, B, Lt aa, Baq) is a morphism.
As a result,

(n+&(n) = (m+&(m)) = (n Ax m+&(n) 4am &(
(n+ €M) - (m+ E(m)) = (n Far m + E() Fag &(m)) = 1 by m+ E(n Far m),
(n+ €() L(m + £(m)) = (n Lym + E(n) Lg€(m)) = nLym + E(nLym).
Moreover, as £ o ay = ap o0&, and € o far = Bag 0 &, we have

m)) =n "y m+E&(n Ay m),

(an ® am)(n,€(n)) = (an(n),anm o €(n)) = (ar(n),§ o an(n))
and

(Br @ Bm)(n,€(n)) = (By(n), Bar 0 §(n)) = (Bn(n), € o Bar(n)).
This implies that I'¢ is closed ayx @ o and Sa @ Baq. Therefore, T'¢ is a subalgebra of (N @M, -, F, L, a, ).
Now, let the graph I'e C N'@® M be a subalgebra of (N & M, -, F, «, ), then we get

(n+&(n)) 4 (m+&(m)) = (n Av m+¢£(n) Ap €(m)) € T,

(n+&(n)) F (m+&(m)) = (nba m+E§(n) Fa §(m)) € I,
(n+&(n))Lim+&(m)) = (ndym + &(n) La€(m)) € Te.

~—  —



NIL MANSUROGLU , BOUZID MOSBAHI 5

Furthermore, (ax @ aa)(I¢) C T'e and (By @ fa)(Te) C T'e show that

(an & apm)(n,€(n)) = (an(n),am o €(n)) € Te, (By @ Brm)(n,€(n)) = (Bn(n), Brm 0 &(n)) € Te.
This is equivalent to the condition a0 £(n) = £ o an(k), ie., ap o0& =& o ap.
Similarly, a0 & = £ o Bnr. Hence, £ is a morphism of BiHom-associative trialgebras. O

Definition 2.7. Given a BiHom-associative supertrialgebra (S, ,F, L, v, &) with a linear mapping A : S —
S with yoA=MXo~, £o A= Ao& and

A(d) F M) = AMA(d) G v+ d A A@) + e(d Hv)),
Ald) 4 ANw) = AA(d) F v+ d - M)+ c(d - v)),
A(d) LA(W) = AMA(d) L + dLA() + e(dLv)),

with c € F, d,v € 5, we say S is a Rota-Baxter BiHom-associative supertrialgebra and X is a Rota-Baxter
operator of weight p on S.

Proposition 2.8. Given a Rota-Bazxter BiHom-associative supertrialgebra (S,*,7v,&,v) and the new oper-
ations 4,F and L on S are described by d 4 v = dx A(v),dF v = A(d) *v and dLlv = cd xv. Then,
(S,4,F, L,7,€&) is a BiHom-associative supertrialgebra.

Proof. Here, one axiom is only proved and the other axioms are showed in similar way. Indeed, for any
p,v, T €S,

This ends the proof. O

Proposition 2.9. Let (S,-,F, L,7,£) be a BiHom-associative supertrialgebra such that v> = €2y o0 & =
SO’Y: Zd' Then) (57 _|7 |_7J_7’Y7§) g (57 _|7 |_7J_7§7’Y)’
Proof. Here, the proof of only one axiom will be done. For any d,v,r € 5,
Y(d) A (v r)=~(d) +(vlr)

& 7(¥8(d) A (v ) =5(v¢(d)) 4 (vLlr)

& 72E(d) + (v 1) = 5%(d) A (vLr)

< &(d) A (vEr)=£&(d) A (vlr).
Hence7 (Su_|7|_7—L7fY7§) = (57_|J_7—L7§7’7)' D

Proposition 2.10. Let (S,4,F, L,v,£) be a BiHom-associative supertrialgebra. Then, (S,-, L,*,7,£) is a
BiHom-associative supertrialgebra where d«v =dF v+ dlv for any d,v,r € S.

Proof. One axiom only will be proved. For any d,v,r € S,
(dxv)H4&(r)=(dFv+dLlv) 4&(r)
= (d+v) HE&(r) + (dLv) 4&(r)
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=v(d)F (wAr)+vy(d)L(vAr)=~(d) % (v-r).
This ends the proof.

Proposition 2.11. Given a BiHom-associative supertrialgebra (S,-,F, L,~v,£) and binary operations are

defined by
dsv=d—4v— (=Dl g
[d,v] = dLv — (=)l 1 4.
Then, (S,*,[,],7,€) is a BiHom-associative supertrialgebra.

Proof. By using Definition 2.2] for each d,v,r € S, we have
[d7 U] * 5(7‘) = [dv U] B 5(7’) - ’7(7‘) t [d7 U]
= (dFov—(=D)My1d) 4 ¢0r) —y(r) F (dLv — vLlv).

Moreover,

[dxr, Bv)] + [ald),vxr]=[pdr—rt,BW)]+ [a(d),v dr—rt v
=(dFr—rkFdLléw) —yv)L{dAr—rkad)
+y(d)L(vHdr—rkFv)—(v4r—rtv)L&(d).

Since
(dLv) 4&(r) = y(d) L(vFr),
(vLld) 4&(r) = v(v) L(d ),
V(r) b (dLv) = (rE d) LE(v),
V(r) b (vld) = (rFv) LE(d),
(dLr)LE(v) = ~(d)L(r F o),
V(W) L(rFd) = (vr)LE(d)

in a BiHom-associative supertrialgebra, we have [d, v] x v&(r) = [d * r,&(v)] + [y(d),v * ] . Hence, the proof

is completed.

Proposition 2.12. Given a BiHom-associative supertrialgebra (S,-,bF, L,v, &) and dxv =d F v+ d 4

v+dlo for any d,v € S. Then, (S,*,v,&) is a BiHom-associative superalgebra.

Proof. For any d,v,r € S,

(dxv)«&(r) —~y(d) * (v*r)
=dFv+ddv+dlo)«&(r)—~(d)*x (vbEr+vdr+vlw)
= (dFv)x&(r) + (d 4v) *&(r) + (dLv) x{(r) = y(d) = (v 1) = y(d) * (v 47)
=(dFv)FE&(r)+ (dFv) &)+ (dE-v)LE(r)+ (dHv) FE&(r) 4+ (ddv) 4&(r)
+ (dHv)L&(r) + (dLv) E&(r) + (dLv) 4 &(r) 4+ (dLv) LE(r) —y(d) F (v Fr)
—y(d)d(wkr)=y(d)Lvtr)—ydF(wAr)—~v(d) 4 (vdr) —~(d)L(v-dr)
—(d) F (vLr) = (d) # (vLr) = v(d)L(vLr).

—9(d) * (vLr)
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This shows that (.5, *,7,&) is a BiHom-associative superalgebra. O

Definition 2.13. Let (S, , L, *,7, &) be a BiHom-associative supertrialgebra. A linear mapping A : S — S
with vyod=Xovyand EoA=Ao¢ and for all d,r € S,

ANA)Lr) = A(d)LA(T) = AdLA(F)),
AN@) = 7) = Ad) 4 AT) = Ad 4 A(F)),
AN@) F 1) = Ad) F A@) = A(d F A(F))

is called an averaging operator over a BiHom-associative supertrialgebra S.

A(d) = \(
A(d) F \(

3. Derivations, (y°¢")-derivations and generalized derivations

Definition 3.1. Let (S,-,F, L,v,&) be a BiHom-supertrialgebra. A linear mapping § : S — S is called a
derivation if for every d,v € S

5(d—v) = 8(d) 4 v+d— )
5(dFv) = 6(d) F v+ dF 5)
d(dLv) =6(d) Lo +dLdo(v)
and if it holds
yod=0d0o0ry, Eod=00&
6(d 4v) = 6(d) 49°¢"(v) +7°¢"(d) 46(v)
§(d Fw) =6(d) = ~°¢"(v) +°¢"(d) - 6(v)
6(dLv) = 6(d) Ly*¢" (v) +7°€"(p) Lo(v),
it is called an (y°¢")-derivation of (S,,F, L, ~,£).

d

The set of (y°¢")-derivation of S is represented by D(,s¢r)(S) be and define as
D(S) = (P Dyeen(S)5 + (D Diyeery(S)r-
s,r>0 s,7r>0

We show that D(S) has a Lie supertrialgebra structure. For 6 € D(ys¢r)(S) and ¢ € D (st ¢y (S), we
have [4,0'] € D ssrgriny(S), where [6, '] is the standard supercommutator given by [4,0'] = 614" —
(=)ol Ly,

Definition 3.2. Given a BiHom-supertrialgebra (S,,F, L,v,€) and let § be an endomorphism of S. If
there exists §” for ¢ € {1,2, 3}, a family of endomorphisms of S with

oS =on, Eof=00¢
yod =80y, £0d =8 0&

59w+ v) = 60 (u) 49°€"(0) +7°€ () 469 v)

59w v) = 00 (w) F 47" (0) + 7€ (w) + 89 (0)

50 (L) = 60 (u) L€ (v) + 7€ () L6 (v)

for any u,v € S and i € {1,2,3}, the linear mapping ¢ is called a generalized (y*¢")-derivation of S.
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The set of generalized (7°¢")-derivation of S is represented by GD(S) and as for D(S), we define by
GD(S) = (B GD(y:¢r)(S)g + (€D GD(yeer))(S)1-

s,r>0 s,r>0

Definition 3.3. Given a BiHom-supertrialgebra S. If there is an endomorphism ¢’ of S with
yod =007, Eod=80&
vod =8 o0y, £0d =8 o¢
§'(d Hv) = 8(d) 47" (v) +~°¢"(d) 4 6(v)
§'(d - v) = d(d) 7€ (v) +°€"(d) F 6(v)
§'(dLv) = 8(d) Ly€ (v) + °€"(d) Lo(v)

for any d,v € S, then an endomorphism ¢ of S is said to be a y*¢"-quasiderivation.

We then define
QD(S) = (P QD(y5¢r)(S)g + (D QD(yeer)) ()1

s,r>0 s,r>0

d
d

—~

Remark 3.1. We have
D(S) CQD(S) C GD(S).

Definition 3.4. Given a BiHom-supertrialgebra (S,H,F, L,~,&). If for d,v € S, we have
0(d 4v) =d(d) 4v =0,
0(dFwv)=d(d) Fv=0, (1)
d(dLv) =dg(d)Lv =0,

then we say a linear mapping 0 is an (y*¢")-central derivation of S.

The set of all central derivations and (°¢")-central derivations of S are represented by ZD(S) and Z D s¢ry(S)
respectively.

ZD(S) = (D ZDyser)(S)g + (D ZD(yser))(S)1.

5,7>0 5,r>0
Proposition 3.5. ZD(S) is an ideal of D(S5).

Proof. Firstly, we need to show that ZD(S) is a subsuperalgebra of D(S). For §; € ZD(S) and d, € D(S),
we have

5152(d o U) = 51(52((1) oV + do 52(’0)) == 51(52(d) o ’U) + 51(d o 52(21)) =0.
Similarly, for d261(d o v) = 0. It completes the proof. O

Definition 3.6. The set of linear mappings § such that for every p,v € S,
yod=0doy, Eod=00E,

6(d) 4~v&(v) = 6(d) 46(v) ) H6(v),

6(d) F~v&(v) = 6(d) F d(v) ) 6(v),

6(d) Lg(v) = 0(d) Lo(v) = v&(d)Ld(v)

= 7&(d) 0
= 9&(d) -
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is called (y*¢")-centroid of (S,,F, L,7,&) and it is denoted by Cys¢r)(S). We set

= (@ C(,ysfr))(s)ﬁ—i_ ( @ C(-ysfr))(s)l

s,7>0 s,7>0

Definition 3.7. Let A be a nonempty subset of a BiHom-associative supertrialgebra S. This set
Zs(A) ={u € A[7€(u) x A = Ax~§(u) = 0}

is said to be the centralizer of A in S with the * =, F and L respectively.
Clearly, Zs(S) = Z(S) is the center of S.

Proposition 3.8. For any r,s, we have
ZD(,\/sgr)(S) — D(,Y.ssr)(s) ﬂ C(,\/sgr') (S)

Proof. Let 0 be an of ZDs¢r)(S). Then g is a central derivation, this means that it holds the following
conditions

d(dFv)=6(d)Fv=
o(d—v)=46(d) v =
d(dLv) =4d(d )J_v =0

for d,v € S. Since g is a central derivation, it is also a (y°¢")-derivation. Thus, § € D(,s¢ry(S). Moreover,
as 0 is central, it is also a (y°¢")-central mapping. Therefore, § € C(ys¢ry(S). Hence, ZD(ys¢r)(S) =
D(s¢r)(S) N Crysery(S). Now, take 0 € Dysery(S) N Cysery(S). Hence, § is both a (7°¢")-derivation and a
(v%€")-central mapping. Since § is a (y°£")-derivation, it satisfies Leibniz’s rule and the below conditions
ddEv)=~%0(d) Fv+dFdv) =0

d(d4v) =~°(d)) dv+d-d(v) =0

d(dLv) =~°(0(d))Lv +dLd(v) =0
for d,v € S. Also, as ¢ is a (y®¢")-central mapping, it commutes with * and £". Thus, 0 satisfies all

the conditions to be a (y°¢")-central derivation, this means that g € ZD(ys¢r)(S). Therefore, Dysery(S) N
Clyser)(S) € ZDer(ys¢ry(S). Combining both inclusions, we have

ZD(,\/sgr)(S) - D(,Y.ssr)(s) ﬂ C(,\/sgr') (S)

Lemma 3.9. Given a BiHom-supertrialgebra (S,-,F, L,~,&). Then

(i) [D(S),C(9)] € C(9),

(ii) C(S)® D(S) € D(S).

Proof. (i) To prove this, we need to show that the commutator of any element in D(S) with any element in

C(S) is also in C(S). We take § € D(S) and ¢ € C(S). Then, we have §(d) I ¢(v) — ¢(d) - d(v) € C(S).
Since § € D(S) and ¢ € C(S5), by using definitions we rewrite as

6(d) F e(v) = e(d) = 6(v) = (6(d) = 7€(c(v)) —1€(c(d)) - 6(v))
=7€(6(d)) F c(v)) = (ed)) F7€(6(v)))
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=7€(6(d)) = 6(c(v))) = (6(c(d)) F~E(6(v)))
= 6(d) F7£0(v))) — (v€8(d)) - 6(v))
=0(d) F c(v) — e(d) F o(v).
Hence, the commutator of § and ¢ is also in C(S), as required.
(ii) Let ¢ € C(S) and f € D(S). Then, we have 6(d - ¢(v)) = d6(d) F ¢(v) + d F 6(¢(v)). By using the fact
that ¢ € C(S), the right side is expressed by
= (0(d) - ~&(c(v))
= (6(d)) F &(c(v)))
= (6(dF6(v))) +(
= (6(dF6(v))) +(
=0(d) F 6(v) +~€(d) F ¢(v)).
Similary, we can prove the same for the other cases. Therefore, C'(S) @ D(S) C D(S), which proves (ii). O

+7€(d) F d(c(v))
+ (%€(d) F 6(c(v)))
(d

+ (7€
+ (0(7§

Definition 3.10. The set of linear mappings § with
dod(v) =6(d)ow
for all d,v € S where o =, - and L respectively is said to be the (7°¢")-quasicentroid QC(,s¢ry(S). We set

= (D QCe)(S)g + (€D QC(y¢r))()1

s,r>0 s,7>0

Lemma 3.11. Given a BiHom-supertrialgebra (S,,F, L, 7,&).
(i) [@D(S),QC(S)] € QC(S),
(ii) C(S) € QD(S),

(iii) [QC(S),RC(S)] € QD(S),
(iv) QD(S) + QC(S) € GD(S)

Proof. (i) Let § € QD(S) and ¢ € QC(S). Then, by using definition, we have
6(d Hv) =d(p) 47°¢"(v) +v°¢"(d) 4 6(v)
c(d Hv) =~8(d) 46(v) —0(d) 47E(v).
Now, we compute the commutator [J, ¢| as
[0, ¢c](d) = d(c(d)) — c(5(d))
— 5(7€(d) 4 6(0) — 5(d) 4 1E@w)) — (E(d)  6(0) — 5(d) 4 1Ew)) A€ (v)
—5€7(d) + (E(v) 4 6(d) — 8(v) 4 1€(d)).
Using the properties of quasiderivations and centroids, we can simplify this expression
5(v€(d)) = 6(v) = 6(5(d)) 4 vE(v) — (v&§(d) 4 6(6(v)) — 6(d) 46(v¢(v))) 47°E€" (v) = ¥°E" (p)
=4 (v§(v) 46(d) — d6(v) 4~€(d))
= 0(y€(d)) = 6(v) — 6(6(d)) 4 7E(v) —~€(d) 4(6(v)) + 0(d) 45(v&(v)) — € (v) 47E(d)
=6(d) +7°€"(d) 4 6(v) —v€(v) F7°€"(d) 4 6(d) +7E(d) 4 7°E"(v) (v
= 6(7€(d)) = v°€"(d) 4€(v)) 4 (v) — (6(6(d)) — 7€ (v) 4 7&(d)) FvE(v) — (v&(d) H6(6(v)) — 6(d)
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46(v€(v))) A7°€"(v) = (v€(v) H°¢"(d) 4 6(d) = ~E(d) 49°€"(v) = 6(v)).
This expression shows that [0, c] € QC(S). Hence, [QD(S),QC(S)] C QC(S).
(ii) Here our aim is to prove that centroids are contained within quasiderivations, i.e., C'(S) C QD(S). Let
¢ € C(S). By using definition, ¢ satisfies certain properties, which we can leverage to show that it indeed

belongs to the set of quasiderivations. Given the properties of centroids, we can choose appropriate ¢’ such
that

§'(d A v) = c(d) 47°€" (v) +77¢"(d) H c(v),

§'(dFv) = c(d) =€ (v) +7°€"(d) - e(v)
and

§'(dLv) = ¢(d) Ly°€" (v) + 7€ (d) Le(v).

Therefore, ¢ can be represented as a quasiderivation ¢’. Hence C'(S) C QD(S).
(iii) To prove that the commutator of centroids lies within quasiderivations, i.e., [QC(S), QC(S)] € QD(S),
we can follow a similar approach to (i).
(iv) To show that QD(S) + QC(S) C GD(S), we can use that QD(S) and C(S) connected with GD(S).
Therefore, the proof is completed. O

Proposition 3.12. If (S,H,, L,v,&) is a BiHom-supertrialgebra with trivial center, then we have
D(S)® C(S) CQD(S).

Proof. D(S) and C(S) are subspaces of QD(S). Furthermore, if 6 € D(S) N C(S), then for d,v € S,
d([d,v]) = 0 for every d,v € S. Therefore 6(d) € Z(S), hence ¢ = 0. O
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