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Abstract. We employ Hubble data and Gaussian Processes in order to reconstruct the dy-
namical connection function in f(Q) cosmology beyond the coincident gauge. In particular,
there exist three branches of connections that satisfy the torsionless and curvatureless condi-
tions, parameterized by a new dynamical function . We express the redshift dependence of v
in terms of the H(z) function and the f(Q) form and parameters, and then we reconstruct it
using 55 H (z) observation data. Firstly, we investigate the case where ordinary conservation
law holds, and we reconstruct the f(Q) function, which is very well described by a quadratic
correction on top of Symmetric Teleparallel Equivalent of General Relativity. Proceeding to
the general case, we consider two of the most studied f(Q) models of the literature, namely
the square-root and the exponential one. In both cases we reconstruct v(z), and we show
that according to AIC and BIC information criteria its inclusion is favoured compared to
both ACDM paradigm, as well as to the same f(Q) models under the coincident gauge. This
feature acts as an indication that f(Q) cosmology should be studied beyond the coincident
gauge.
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1 Introduction

Since the discovery of the acceleration of the universe expansion in the late 1990’s [1, 2|, the
concept of dark energy (DE) was introduced to explain such an unexpected phenomenon.
Although the simplest scenario is just a cosmological constant A [3], resulting to the ACDM
paradigm, the nature of DE remains puzzling. Hence, the existence of dark sector along with
potential observational cosmological tensions [4—10], opens the way towards modifications and
extensions of the concordance model.

General Relativity (GR) is the standard gravitational theory, and it is based on cur-
vature and the Einstein-Hilbert action [11]. Nevertheless, it is known that gravity can be
equivalently described through the torsional and non-metricity formulations, namely with
Teleparallel Equivalent of General Relativity (TEGR) [12] and Symmetric Teleparallel Equiv-
alent of General Relativity (STEGR) [13, 14|, respectively. Together, these three equivalent
formulations constitute the geometric trinity of gravity [15]. Modifications of curvature-based
General Relativity directly lead to the well-known f(R) gravity |16, 17|, to f(G) gravity [18],
to Lovelock gravity [19], etc. Furthermore, the extension of TEGR, known as f(T") gravity,
has been well discussed and studied in cosmology [10, 20-25]. Finally, modifications based on
the non-metricity scalar @, i.e. extensions of the STEGR, lead to f(Q) gravity [14, 26]. The
cosmological applications of f(Q) gravity prove to be very interesting, and thus they have
recently attracted a large amount of research [27-67].

While the coincident gauge is commonly used in f(Q) cosmology, exploring the general
covariant formulation provides additional forms of affine connections [37, 68|. Generally,
there are three possible branches of connections satisfying the torsionless and curvatureless
conditions, introducing a free dynamical function 7(t), which affects the solutions of the
theory [45, 59, 69-72]. One of the three branches is equivalent to the coincident gauge
in cartesian Friedmannn-Robertson-Walker metric metric [37], while the other two exhibit
distinct dynamical behavior when 7(¢) is non-vanishing.

In this work, we are interesting in investigating the dynamical connection function ~(t)
of the covariant f(Q) cosmology, from the data perspective. In particular, we desire to recon-
struct it from the data without any assumption of its functional form, in contrast to previous
studies [73, 74]. For this shake, we employ Gaussian Processes (GP) for data reconstruction,
a technique widely used in cosmology, allowing us to directly obtain reconstruction functions
from observational Hubble parameter data |75-83|. Subsequently, we analyze the evolution



characteristics of the connection function and its influence on the dynamics of the universe
in different branches.

This article is structured as follows. In Section 2 we present a concise introduction to
covariant f(Q) gravity and cosmology. Then, in Section 3 we reconstruct the connection
function v(t) from the data. In particular, in subsection 3.1 we display the data list that we
use, and we describe the Gaussian Process that we apply. Then, in subsection 3.2 we perform
the reconstruction procedure assuming the ordinary conservation law for the matter sector,
while in subsection 3.3 we present the reconstruction results in the general case, considering
two specific f(Q) models that are the most well studied in the literature. Finally we draw
the conclusions and provide some discussion in Section 4.

2 f(Q) gravity and cosmology

In this section we briefly review f(Q) gravity and its application in cosmology. In f(Q)
gravity, metric and connection are treated on equal footing, necessitating the use of the
Palatini formalism to describe gravitational interaction [84]. In this formalism, a general
affine connection I'?,, is introduced and defined as
[, =1%, + L%, (2.1)

where faW is the Levi-Civita connection, and the disformation tensor L9, characterizes the
deviation of the full affine connection from the Levi-Civita one. In the following, we use
the upper ring to represent that the geometric quantity is calculated under the Levi-Civita
connection. Note that we do not consider the anti-symmetry part of the connection, since the
theory encompasses a torsion-free geometry. The affine connection I “uw establishes the affine
structure, governing how tensors should be transformed, and defining the covariant derivative
Va.

Utilizing this general affine connection, we define the basic object in this theory, the non-
metricity tensor, as Qau = Vaguw, which characterizes the geometry of spacetime. Moreover,
the disformation tensor L9, can be expressed as:

1
Lauu = i(QauV - uay - Ql/au)' (22)
By imposing the condition of vanishing curvature, the non-metricity scalar can be extracted
as

1 1~ 1 1
Q = EQOLQ(X - iQaQa - ZQ&MVQQ;W + §QauuQVMaa (23)

where Qn = g""Qq and Qo = 9" Qe represent the two independent traces of the non-
metricity tensor. It is convenient to introduce the non-metricity conjugate tensor P, as

1 ~ 1 1
PCZW = Z (_2La‘w’ + Qag;w - Qag;w - 55;‘:@1/ - 25362#) ’ (2'4)
which allows the non-metricity scalar to be simplified as @ = Qa0 P*.

We can now use the non-metricity scalar @ to construct f(Q) gravity, introducing the
action

5= [ atevg[31@) + £a). (25)



whwre ¢ is the determinant of the metric, f(Q) is an arbitrary function of @, L, is the
matter Lagrangian density, and where we have set the gravitational constant 87G = 1. It is
worth noting that STEGR, and therefore GR, is recovered for f(Q) = Q. Finally, as usual,
we define the energy-momentum tensor of matter as

w == :
V=g g
Variation of the above action with respect to the metric leads to the metric field equation:
2 1
ﬁvA (V _ngP/Lu> - §fg;w + fQ(PVpoQMpU - 2PpU,LLQpUy) = T,ul/a (27)
where fo = df /dQ, foo = d*f/dQ?. Alternatively, it can be expressed in a covariant formu-
lation to highlight the distinction from GR more clearly, namely [68, 74, 85]:

(2.6)

fQépu + %g,uu(fQQ - f) + QfQQPi\Wﬁ)\Q = Tum (2'8)

where CO?W = }OBW — %g,w}o{ is the standard the Einstein tensor and @)\ is the covariant
derivative corresponding to Levi-Civita connection. From this formula we can easily see that
in more general cases where f(Q) is not a linear function of @, the affine connection will enter
the dynamics of the metric, ultimately affecting the solutions.

Variation of action (2.5) with respect to the connection gives

AVV, (V=91 P"e) = =VuVu(V—gH"), (2.9)
where we have introduced the hypermomentum tensor density
= 2 S =9Em), (2.10)

v =9 5Pa,uzz
Finally, using the Bianchi identities, the above connection field equation leads to the energy-
momentum-hypermomentum conservation law, namely [37, 86-88|

° y 1o o »
V=gV, 1,” = —§V,,Vp(\/—gHu ). (2.11)

We proceed to the application of f(Q) gravity at a cosmological framework. Thus, we
consider the isotropic and homogeneous flat Friedmann-Robertson-Walker (FRW) metric

ds* = —dt* + a(t)?(dr® + r2d6? + r* sin® 0d¢?), (2.12)

with a(t) the scale factor. As we mentioned in the Introduction, most studies in f(Q) cos-
mology were conducted within the coincident gauge choice, where all connection coefficients
vanish, namely ', = 0. Nevertheless, this is not the only choice [37], and therefore there
are some recent studies which use different connections in f(Q) cosmology [37, 45, 59, 69—
71, 73, 74].
In general, the nonzero components of a torsionless connection in flat FRW universe are

[89]:

It,=Cy, Tt =0Cy Ty=Cor? Ft¢¢ = Cor?sin? 4,

I, =0Cs TI7,=0, IMpg=-r, I"y=-r sin’ 6,

L - 2.13
Fete =Cs, Ferg = F9¢¢ = —cosfsiné, ( )
1
¢ _ ¢ ¢ _
=03 I, ot Iy, = cot b,



where Cy, Cs, C3 are purely temporal functions. As one can show, in total there are three
possible branches of such connections that satisfy additionally the curvatureless requirement,
which are presented in Table 1, where  is a non-vanishing function on ¢.

Case 01 02 03
Connection I v 0 O
Connection II | v+ % 0 v
Connection III —% v 0

Table 1. Three different branches of time-dependent functions C, Cs and C'5 with vanishing curvature
and torsion, where 7(¢) is a non-vanishing dynamical function, and with dots denoting time derivatives.

In the case of FRW metric, with the above general connection parameterization, one can
calculate the non-metricity scalar from (2.3) as

C: C:
Q(t) =3 |—2H* +3C3H + 7 H — (C1 +Cs) 5 +(C1 — C3)Cs (2.14)

where H = % is the Hubble function. Note that when one goes back to the case of zero
connection, the above expression yields the standard result Q(t) = —6H?, while for our three
connections of Table 1 we obtain

Q(t) = —6H? for Connection I, (2.15)

Q) =3 (—2H2 +3vH + "y) for Connection II, (2.16)

Qt)=3 (—QH2 + %H + 72) for Connection III. (2.17)
a a

Substituting the above general connection into the field equations (2.7), and introducing
for convenience the ansatz f(Q) = Q + F(Q), we obtain the modified Friedmann equations
as

1 1 3. C
3H? = ppy — SF+ (50~ 3H?)Fg — 5Q(Cs — afj)FQQ, (2.18)
: 1 : 1 1. C
—2H —3H? = Dm + iF + (2H + 3H? — iQ)FQ — 5@(—4[’[ +3C5 + afi)FQQ, (2.19)

where a subscript @) denotes differentiation with respect to Q. In the above equations, p,, and
Pm are the energy density and pressure of the (baryonic plus cold dark matter) matter sector,
assuming it to correspond to a perfect fluid. Note that we do not consider the radiation sector
since we focus on late-time universe. Comparing the above Friedmann equations with the
standard ones, we can see that in the scenario at hand we obtain an effective dark energy
sector with energy density and pressure respectively given by

1 1 3 . C
pic = —5F +(5Q —3H*)Fg - 5Q(Cs — —3)Faq, (2.20)
1 . 5 1 1. Co
pie = 5F +(2H +3H — SQ)Fg — 5Q(~4H +3Cs + —3)Foo, (2.21)

and thus with and effective equation-of-state parameter written as

wge = Pde _ %F + (2H + 3H? — % )FQ — %Q(—ZIH +3C5 + %)FQQ (2 22)
© Pae —IF+(AQ - 3H%)Fg - 3Q(Cs — %) Fgo

a




Lastly, let us make some comments on the the conservation law in f(Q) gravity. As one
can see from equation (2.11), this relation remains independent of the gravitational part, de-
pending only on the matter terms. The left hand side in the case of FRW metric gives as usual
%VTHV = [pm+3H (pm~+Dpm)]uy. In the case of zero connection, where the hypermomentum is
absent, the right hand side disappears, and thus equation (2.11) gives pn, + 3H (pm +pm) = 0
as expected. However, for the general connection choices given in Table 1 the hypermomen-
tum is not always vanish, and thus the dynamical function ~(¢) will enter the right hand side
leading to a non-conservation of the matter sector. In other words we obtain an effective
interaction between the connection structure of the geometry and the matter sector, which is
typical in more complicated geometries [90-93|.

Under Connection I of Table 1, the scenario is consistent with the standard approach
in f(Q) cosmology, where the coincident gauge with vanishing affine connections is used. As
a result, the unknown dynamical function v does not play any role in the evolution of the
universe at the background level, and this is the aspect which previous studies have focused on.
However, the situation changes when one considers the remaining two types of connections.
From the modified Friedmann equations (2.18),(2.19), it is evident that v enters as a new
dynamical field, and thus its evolution will affect the universe dynamics at the background
level. Furthermore, as we mentioned above, from equation (2.11) we deduce that v will play
a role in the matter equation, too. In the next section we will investigate these particular
effects in detail, and we will perform a confrontation with observational data.

3 Reconstructing the dynamical connection function () from the data

In this section we desire to explore the effect of Connection II and Connection III on the
background evolution, and in particular to use observational data in order to reconstruct
~(t). In order to achieve that we will apply Gaussian Processes, since this procedure ensures
model-independence and thus it will provide insights into the characteristics of v and its
impact on the cosmological evolution within the framework of general covariant symmetric
teleparallel theory.

3.1 Hubble data set

Since in the following we will apply a reconstruction procedure based on H(z), in this work
we will use H(z) data from the observational Hubble data (OHD) list, gathered from several
studies [83, 94-96]. The H(z) data in this list are primarily derived from cosmic chronometer
(CC) and radial baryon acoustic oscillations (BAO) observations. Cosmic chronometer yields
H(z) information by measuring age differences between two galaxies at distinct redshifts,
evolving independently of any specific model [97]. On the other hand, radial BAO observations
involve pinpointing the BAO peak position in galaxy clustering, relying on the sound horizon
in the early universe [98, 99]. In summary, the data list is composed of 31 CC data points
and 23 radial BAO data points, as documented in [100]. Finally, for the current value of
the Hubble function Hy we adopt the most recent SHOES observation of 73.04 4+ 1.04 km
s~ 1Mpc~! [101].

However, the discontinuity in data points with error bars, in general affects the smooth-
ness of the reconstructed functions. To address this issue we employ Gaussian Processes in
Python (GAPP), and thus we result to a continuous H(z) function that best fits our discrete
data. GP have been widely used for the parameter or function reconstruction in various



studies [75-83|. Concerning the covariance function in GAPP, for the kernel choice in our
analysis we select the exponential form, namely:

_ (x—a:/)Q

k(x,x'):a?e 22 (3.1)

where oy and [ are the hyperparameters.

We apply the GAPP steps, and we obtain a reconstructed H(z) function, which is
depicted in Fig. 1. The orange curve represents the mean value, while the light yellow shaded
zones indicate the allowed regions at 1o confidence level. Lastly, the y? of the data points is

calculated as:

55 )
e :Z( d‘”UQ rei” _ o5 (3.2)
i=1 H;
250 A
H(z)
@ OHD data ﬁ
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Figure 1. The reconstructed H(z) function arising from the 55 data points through Gaussian Pro-
cesses, imposing Hy = 73.04 & 1.04 km s~'Mpc~!. The orange curve denotes the mean value, while
the light yellow shaded zones indicate the allowed regions at 1o confidence level.

3.2 Reconstruction for the matter conservation case

We will start our analysis for the case where there is no interaction between the geometry
and matter, and thus matter is conserved, namely we will focus on the case where the general
conservation equation (2.11) gives the ordinary conservation law (OCL)

Pm + 3H(pm +pm) = 0. (3'3)
Manipulating the Friedmann equations (2.18),(2.19) we find

. 1 3 CC 3C
pm + 3H(pm + pm) = Q [—3H2 - 5@ + 5(Cg — 2) 4 9C3H — a—jH (3.4)

a?

+§QQ <03 — 6122) FQQ + §Q2 <C — a;) FQQQ. (3.5)

Connection I will lead to trivial results, since v disappears from the equations. Let us
consider connection II of Table 1. In this case, enforcing the OCL condition, i.e. enforcing



the right-hand-side of the above equation to be zero, and using (2. 16), we obtain (QVHQ +

2ny)FQQ—|— 2@ vFgqq = 0. Thus, applying the chain rules FQ FQQQ and FQ FQQQQ2
FQQQ, we finally acquire [102] ) .
FQ + 3HFQ = 0. (3.6)
In the following it is more convenient to use the redshift z as the independent variable, through
dz/dt = —(1 + z)H(z). Hence, one can easily obtain the general solution for equation (3.6)
as ( 2
1+=2
Fo=A[a?dt+B=-A[-~—~—d:+B 3.7
o4 f[ataen-—a [ an 1)
where A and B are constants. Lastly, note that in the case of Connection III the equations
are too complicated to accept analytical solutions, and hence we will not consider it further.

Equation (3.7) is our first dynamical equation. The second one will arise from the
Friedmann equations (2.18),(2.19), which yield

—2H’% B — 2H’FQ% — (3y — 2H)F, Z (3.8)
where primes denote derivatives with respect to z. Finally, the third dynamical equation is the
OCL (3.3). These three dynamical equations for the three unknown functions, namely H(z),
pm(2) and y(z) can be easily solved in the case of dust matter, namely imposing p,, = 0. In

this case we obtain

2HH' A f; S2far - B-1] o H2

3A(1+z) +gHE =
where €,,0 is the present value of the matter density parameter Q,, = p,,,/(3H 2). Note that in
the case A = 0 the presence of v has no impact on the background evolution, and moreover in
such a case (3.7) leads to a linear f(Q) form, which is consistent with our previous discussion
that in the standard STEGR case (where f(Q) is simply linear in ) OCL condition holds
naturally. In the following we focus on the general case where A # 0.

Since F{ is dimensionless, it proves convenient to parameterize A as A = eHy, with € a
dimensionless parameter and Hy the current value of the Hubble function. Additionally, the
integration constant B in (3.7) yields a linear term in f(Q), which can always be absorbed in
a redefinition of the gravitational constant, and hence it can be set arbitrarily. Without loss
of generality, for calculation convenience, in the following we set it to B = —5.

Let us now proceed to the reconstruction procedure. In (3.9) we extracted v(z) in terms
of H(z), while in the previous subsection, and in particular in Fig. 1, we reconstructed
H(z) from the data. Thus, we can easily reconstruct y(z) itself. In Fig. 2 we present the
reconstruction results of y(z) for different values of e. As we observe, with the increase of €
values, the reconstruction results converge to a certain curve, while the value of v at current
time is 8H6/36 + 2H0/3 + QmoHo/é.

In the same lines, using (3.7) we can reconstruct Fy(z), while from (2.16) we can recon-
struct Q(z), thus obtaining in the end the reconstruction of F(Q), which is depicted in Fig.
3. Interestingly enough, this function deviates from the linear form, hence we deduce that
the data favour a deviation from standard STEGR, i.e. from standard General Relativity. In
particular, taking ¢ = 2 as an example, we find that the best fit function is the one with a
quadratic correction, namely

v(2) = (3.9)

2
F(Q)=a1+az— @, asQ (3.10)
Qo 6
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Figure 2. The reconstructed v(z) for different value of € under the assumption of ordinary matter
stress-energy tensor conservation law, for the case of Connection II. We have used the mean values of
H(z) presented in Fig. 1, and without loss of generality for numerical calculation we have set B = —5.

with a3 = —34614, as = 65317, and a3 = 724, and where the current value of @) is Qy =
—8009, in Hg units. The fact that the quadratic correction fits the data very efficiently, and
is favoured comparing to standard General Relativity, is one of the main results of the present
work.
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Figure 3. The reconstructed F(Q) under the assumption of ordinary matter stress-energy tensor
conservation law, for the case of Connection II, for ¢ = 2 and B = —5. Th blue solid curve is
the exact numerical solution, the red dashed curve represents the best-fit curve given by F(Q) =
a1+a2Q/Qo+azQ?/Q3, while the orange line depicts the best-fit linear function F(Q) = b1 +b2Q/Qo,
namely the STEGR case. The corresponding fitting parameters are Qg = —8009, a3 = —34614,
az = 65317, a3 = 724, by = 78923, and by = 96826, in HZ units.

3.3 Reconstruction in the general case

Let us now proceed to the general case, in which the general conservation law (2.11) implies
an interaction between matter and geometry. In this case it is necessary to impose an ansatz
for the f(Q) function, and thus in the following we will focus on the two most studied models
of the literature.



The first model is abbreviated as Sqrt-f(Q) model, and has the form [103]

F(Q) = M~\/—Q + 2A, (3.11)

where M, A are free parameters. To render this expression dimensionless, we introduce a
parameter a = M/ Hy, yielding the form F(Q) = (aHp)v/—Q + 2A. In the coincident gauge,
this model reproduces the same background evolution with ACDM scenario. However, the
distinctive effects of varying « become discernible by analyzing the evolution of perturbations
in the coincident gauge [29, 103-105]. It remains an open question whether these conclusions
hold in more general connections, as explored in [74], where the authors investigate the energy
conditions under different assumptions on the form of ~.
The second model is abbreviated Exp-f(Q) model, and has the form [106]

F(Q) =4 - q, (3.12)

where 3 is a dimensionless free parameter, and Q)¢ the value of ) at current time. This model
exhibits a remarkable capability to effectively align with observations, and in some cases it is
favoured comparing to ACDM scenario, although it does not contain an explicit cosmological
constant [33, 54, 106, 107]. Moreover, it effortlessly satisfies Big Bang Nucleosynthesis (BBN)
constraints [108], since at early times, where @ > Qp, it coincides with General Relativity.
Once again we mention that these results stem from analyses conducted in the coincident
gauge, prompting further investigation into their applicability in more general connections.

Let us proceed to the reconstruction of the connection function ~(z). From the Fried-
mann equations (2.18),(2.19) we find that

. F+2(2H +3H?)(Fg +1) — QFg

3.13
Q (—4H +3C5 + %)FQQ ( )

Similarly to the previous subsection, we will not consider Connection I, since in this case ~y

does not affect the equations. For the other two connections, taking the time derivative of
(2.16),(2.17) yields:

Q= —12HH + 9%H + 9vH + 35 for Connection II, (3.14)

: . 35+ 3vyH — 3yH — 67H?

Q=—-12HH + thkd 27 7 for Connection III. (3.15)
a

Comparing eq. (3.13) with (3.14) and (3.15), leads to

. F+202H+3H?)(Fo+1) - QFy

= +4HH — 3%H — 3vH for Connection II, (3.16
gl 340 + 37) Fog 2 Y (3.16)

F4+2(2H+3H?)(Fo+1)—QF, : :
5 = a? +202H+ J(Fo+1)=QF, + 4HH |+2yH*H—yH for Connection III. (3.17)
3 (2 — 4H) Foq

Hence, changing the cosmic time ¢ to redshift z through dz/dt = —(1 + 2)H(z), we are now
able to reconstruct the evolution y(z) using the observationally reconstructed H(z) of Fig.
1. We mention here that in the literature one can find the observational constraints for Sqrt-
f(@) model and Exp-f(Q) model, however only for the case of zero connection (coincident
gauge). Therefore, since in the present work we focus on non-zero v, the model parameters
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Figure 4. The reconstructed v(z) (upper panels) and the corresponding dark-energy equation-of-state
parameter wqe(z) (lower panels), for the case of Connection II. The left panels correspond to the
Sqrt-f(Q) model with M = —1500 (i.e. « = —68) and A = 0.7 x 3HZ (the ACDM wvalue), the middle
panels correspond to the Sqrt-f(Q) model with M = —5000 (i.e. o = —21) and A = 0, while the right
panels correspond to the Exp-f(Q) model with 8 = 0.2, where M is in Hy units. The bold curves
represent the mean values, while the shaded areas indicate the 1o confidence level.

(namely «,A for the first model and § for the second model respectively) should be considered

as free parameters from scratch.

We start from the case of Connection II. In the upper panels of Fig. 4 we present the
reconstruction results of y(z), for Sqrt- f(Q) model with and without an explicit cosmological
constant, and for Exp-f(Q) model. Additionally, in the lower panels of Fig. 4 we depict
the corresponding reconstructed dark-energy equation-of-state parameter wg(z). Similarly,
for Connection III, the results are displayed in Fig. 5. We mention here that in Gaussian
Processes at each specific redshift z the value of H(z) exists in the form of a distribution,
hence there may be H(z) values that can cause divergence in the denominator of some terms
in the numerical steps, leading to divergences in the reconstructed wg.(z) is some cases.

A first and straightforward observation is that the data-driven reconstructed v deviate
from zero, indicating a deviation from the coincident gauge. Secondly, as we can see the
reconstruction results have significantly smaller errors in the case of connection III. Thirdly,
we mention that although the Sqrt-f(Q) model in coincident gauge exhibits a degeneracy at
the background level for the different model parameter values, and one needs to go at the
perturbative level to see distinctive effects, in the case of Connections II and III with a non-
zero ~, different « values lead to different results even at the background level. Interestingly
enough, the Sqrt-f(Q) model can fit the data even in the case where A = 0, which shows the
capabilities in considering non-trivial connections. Finally, concerning wg., as we observe it

has a tendency to slight phantom values at late times.
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Figure 5. The reconstructed v(z) (upper panels) and the corresponding dark-energy equation-of-state
parameter wqe(z) (lower panels), for the case of Connection III. The left panels correspond to the
Sqrt-f(Q) model with M = —1500 (i.e. « = —68) and A = 0.7 x 3HZ (the ACDM wvalue), the middle
panels correspond to the Sqrt-f(Q) model with M = —5000 (i.e. o = —21) and A = 0, while the right
panels correspond to the Exp-f(Q) model with 8 = 1.2, where M is in Hy units. The bold curves
represent the mean values, while the shaded areas indicate the 1o confidence level.

Coincident gauge Connection IT Connection II1
Model TACDM 507 @) | Satf(@Q) | B f@) | Sat/(Q) | Bxpf(@Q)
% 139.9 51.6 27.3 27.2 26.2 26.5
AIC | 141.9 53.6 31.3 31.2 30.2 30.5
BIC | 143.9 55.6 35.3 35.2 34.2 34.5
AAIC 0 -88.3 -110.6 -110.7 -111.7 -111.4
ABIC 0 -88.3 -108.6 -108.7 -109.7 -109.4

Table 2. The value of X2, and the information criteria AIC and BIC alongside the corresponding
differences AIC = IC — ICrcpwm, for different models. Note that for coincident gauge the Sqrt-f(Q)
model coincides with ACDM scenario at the background level. The Sqrt-f(Q) models with Connection
IT and IIT have been taken without an explicit cosmological constant, i.e. A =0.

We close this section by examining the quality of the fittings. In Table 2 we present the
x? values, alongside the values of the Akaike Information Criterion (AIC), and the Bayesian
Information Criterion (BIC). The AIC criterion provides an estimator of the Kullback-Leibler
information and it exhibits the property of asymptotic unbiasedness, while and BIC criterion
provides an estimator of the Bayesian evidence [109, 110]. Specifically, we have

55
(Hpmod,i — Hops,i)*
G = 3 |t Ml 519
i=1 H;
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while

AIC = —21In Emam + 2pt0t (319)
BIC = —21In Emax + Ptot In Ntot> (320)

where In L4, represents the maximum likelihood of the model, ps: represents the total
number of free parameters and Ny; = 55 is the number of samples. As we can see, our
results indicate that the inclusion of v improves the quality of the fittings to observations,
compared to both ACDM paradigm, as well as to Sqrt-f(Q) and Exp-f(Q) models under the
coincident gauge. This is one of the main results of the present work. Lastly, for completeness
we mention that Connection III seems to confront with the data in a slightly better way than
Connection II.

4 Discussion and conclusions

Recently, f(Q) gravity has garnered significant attention and has been the subject of extensive
research, since its cosmological applications proves to be very interesting. Although the theory
has been confronted with observations in order to extract information on the possible forms
of the unknown function f(Q), almost all the corresponding analyses have been performed
under the coincident gauge. Hence, investigating f(Q) cosmology under different connection
choices is a subject both interesting and necessary. In particular, since for general connections
that satisfy the torsionless and curvatureless conditions a new dynamical function appears,
namely v, one should study the physical implications and evolutionary characteristics of -,
and try to reconstruct it from the observational data themselves.

In this work we used 55 H(z) observation data to reconstruct the evolution of the
dynamical function (z) of different connections. In particular, we first applied Gaussian
Processes in order to reconstruct H(z), and then we expressed «(z) in terms of H(z) and
the f(Q) form and parameters. We studied three different connections beyond the coincident
gauge, and we were able to reconstruct (z) for various cases.

Since in f(Q) cosmology in general one obtains an effective interaction between geometry
and matter, we started our analysis from the case where the ordinary conservation law holds.
In this case we extracted a general solution for the derivative of f(Q), and utilizing this
solution we successfully reconstructed the redshift dependence of v(z), revealing a convergence
tendency in terms of the model parameter. Additionally, we reconstructed the corresponding
f(Q) function, which is very well described by a quadratic correction on top of Symmetric
Teleparallel Equivalent of General Relativity (STEGR).

Proceeding to the general case, we considered two of the most studied f(Q) models of
the literature, namely the square-root (Sqrt-f(Q)) one and the exponential (Exp-f(Q)) one.
In both cases we reconstructed y(z), and as we showed, the data reveal that y(z) is not zero.
However, the most interesting result is that the quality of the fitting after the inclusion of
~ is improved, compared to both ACDM paradigm, as well as to Sqrt-f(Q) and Exp-f(Q)
models under the coincident gauge. This feature acts as an indication that f(Q) cosmology
should be studied beyond the coincident gauge.

It would be interesting to confront f(Q) cosmology with non-trivial connections with
different observational datasets, such as Supernovae type la (SNIa), Cosmic Microwave Back-
ground (CMB), Redshift Space Distortion (RSD) etc, and moreover examine the perturbation
evolution. Such analysis lies beyond the scope of the present work and it is left for a future
project.

- 12 —



Acknowledgments

We are grateful to Bichu Li, Dongdong Zhang, Taotao Qiu, Qingqing Wang, Hongsheng Zhao
and Jiaming Shi for helpful discussions and valuable comments. This work is supported in part
by National Key R&D Program of China (2021 YFC2203100), by CAS Young Interdisciplinary
Innovation Team (JCTD-2022-20), by NSFC (12261131497), by 111 Project (B23042), by
Fundamental Research Funds for Central Universities, by CSC Innovation Talent Funds, by
USTC Fellowship for International Cooperation, by USTC Research Funds of the Double
First-Class Initiative. We acknowledge the use of computing facilities of TIT, as well as the
clusters LINDA and JUDY of the particle cosmology group at USTC.

References

[1]

2]

3]
4]

5]
[6]
(7]
18]

19]

[10]

11
12]
13]
14

[15]

SUPERNOVA SEARCH TEAM collaboration, Observational evidence from supernovae for an
accelerating universe and a cosmological constant, Astron. J. 116 (1998) 1009
[astro-ph/9805201].

SUPERNOVA COSMOLOGY PROJECT collaboration, Measurements of Q0 and A from 42 high
redshift supernovae, Astrophys. J. 517 (1999) 565 [astro-ph/9812133].

S. Weinberg, The cosmological constant problem, Rev. Mod. Phys. 61 (1989) 1.

PLANCK collaboration, Planck 2018 results. 1. Overview and the cosmological legacy of
Planck, Astron. Astrophys. 641 (2020) Al [1807.06205].

PLANCK collaboration, Planck 2018 results. VI. Cosmological parameters, Astron. Astrophys.
641 (2020) A6 [1807.06209)].

BOSS collaboration, Baryon acoustic oscillations in the Lya forest of BOSS DR11 quasars,
Astron. Astrophys. 574 (2015) A59 [1404.1801].

L. Perivolaropoulos and F. Skara, Challenges for ACDM: An update, New Astron. Rev. 95
(2022) 101659 [2105.05208].

E. Abdalla et al., Cosmology intertwined: A review of the particle physics, astrophysics, and
cosmology associated with the cosmological tensions and anomalies, JHEAp 34 (2022) 49
[2203.06142].

E. Di Valentino et al., Cosmology Intertwined III: fos and Ss, Astropart. Phys. 131 (2021)
102604 [2008.11285].

S.-F. Yan, P. Zhang, J.-W. Chen, X.-Z. Zhang, Y.-F. Cai and E.N. Saridakis, Interpreting
cosmological tensions from the effective field theory of torsional gravity, Phys. Rev. D 101
(2020) 121301 [1909.06388].

CANTATA collaboration, Y. Akrami et al., Modified Gravity and Cosmology: An Update by
the CANTATA Network, Springer (2021), 10.1007/978-3-030-83715-0, [2105.12582].

R. Aldrovandi and J.G. Pereira, Teleparallel Gravity: An Introduction, Springer (2013),
10.1007/978-94-007-5143-9.

J.M. Nester and H.-J. Yo, Symmetric teleparallel general relativity, Chin. J. Phys. 37 (1999)
113 [gr-qc/9809049].

J. Beltran Jiménez, L. Heisenberg and T. Koivisto, Coincident General Relativity, Phys. Reuv.
D 98 (2018) 044048 [1710.03116].

J. Beltran Jiménez, L. Heisenberg and T.S. Koivisto, The Geometrical Trinity of Gravity,
Universe 5 (2019) 173 [1903.06830].

~ 13 -


https://doi.org/10.1086/300499
https://arxiv.org/abs/astro-ph/9805201
https://doi.org/10.1086/307221
https://arxiv.org/abs/astro-ph/9812133
https://doi.org/10.1103/RevModPhys.61.1
https://doi.org/10.1051/0004-6361/201833880
https://arxiv.org/abs/1807.06205
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1051/0004-6361/201833910
https://arxiv.org/abs/1807.06209
https://doi.org/10.1051/0004-6361/201423969
https://arxiv.org/abs/1404.1801
https://doi.org/10.1016/j.newar.2022.101659
https://doi.org/10.1016/j.newar.2022.101659
https://arxiv.org/abs/2105.05208
https://doi.org/10.1016/j.jheap.2022.04.002
https://arxiv.org/abs/2203.06142
https://doi.org/10.1016/j.astropartphys.2021.102604
https://doi.org/10.1016/j.astropartphys.2021.102604
https://arxiv.org/abs/2008.11285
https://doi.org/10.1103/PhysRevD.101.121301
https://doi.org/10.1103/PhysRevD.101.121301
https://arxiv.org/abs/1909.06388
https://doi.org/10.1007/978-3-030-83715-0
https://arxiv.org/abs/2105.12582
https://doi.org/10.1007/978-94-007-5143-9
https://arxiv.org/abs/gr-qc/9809049
https://doi.org/10.1103/PhysRevD.98.044048
https://doi.org/10.1103/PhysRevD.98.044048
https://arxiv.org/abs/1710.03116
https://doi.org/10.3390/universe5070173
https://arxiv.org/abs/1903.06830

[16]

[17]
[18]

[19]
[20]

[21]

[22]

23]

[24]
[25]

[26]
[27]

[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]

[37]

A.A. Starobinsky, A New Type of Isotropic Cosmological Models Without Singularity, Phys.
Lett. B 91 (1980) 99.

S. Capozziello, Curvature quintessence, Int. J. Mod. Phys. D 11 (2002) 483 [gr-qc/0201033].

S. Nojiri and S.D. Odintsov, Modified Gauss-Bonnet theory as gravitational alternative for
dark energy, Phys. Lett. B 631 (2005) 1 [hep-th/0508049].

D. Lovelock, The FEinstein tensor and its generalizations, J. Math. Phys. 12 (1971) 498.

Y.-F. Cai, S. Capozziello, M. De Laurentis and E.N. Saridakis, f(T) teleparallel gravity and
cosmology, Rept. Prog. Phys. 79 (2016) 106901 [1511.07586].

Y.-F. Cai, C. Li, E.N. Saridakis and L. Xue, f(T) gravity after GW170817 and GRB170817A,
Phys. Rev. D 97 (2018) 103513 [1801.05827].

M. Krssak, R.J. van den Hoogen, J.G. Pereira, C.G. Bohmer and A.A. Coley, Teleparallel
theories of gravity: illuminating a fully invariant approach, Class. Quant. Grav. 36 (2019)
183001 [1810.12932].

Y. Huang, J. Zhang, X. Ren, E.N. Saridakis and Y.-F. Cai, N-body simulations, halo mass
functions, and halo density profile in f(T) gravity, Phys. Rev. D 106 (2022) 064047
[2204.06845].

Q. Wang, X. Ren, B. Wang, Y.-F. Cai, W. Luo and E.N. Saridakis, Galazy-galazy lensing
data: f(T) gravity challenges General Relativity, 2312.17053.

Y.-M. Hu, Y. Zhao, X. Ren, B. Wang, E.N. Saridakis and Y.-F. Cai, The effective field theory
approach to the strong coupling issue in f(T) gravity, JCAP 07 (2023) 060 [2302.03545].

L. Heisenberg, Review on f(Q) gravity, Phys. Rept. 1066 (2024) 1 [2309.15958].

W. Khyllep, A. Paliathanasis and J. Dutta, Cosmological solutions and growth index of matter
perturbations in f(Q) gravity, Phys. Rev. D 103 (2021) 103521 [2103.08372].

S. Mandal, D. Wang and P.K. Sahoo, Cosmography in f(Q) gravity, Phys. Rev. D 102 (2020)
124029 [2011.00420].

B.J. Barros, T. Barreiro, T. Koivisto and N.J. Nunes, Testing F(Q) gravity with redshift space
distortions, Phys. Dark Univ. 30 (2020) 100616 [2004.07867].

J. Lu, X. Zhao and G. Chee, Cosmology in symmetric teleparallel gravity and its dynamical
system, Eur. Phys. J. C 79 (2019) 530 [1906.08920].

A. De and L.T. How, Comment on “Energy conditions in f(Q) gravity”, Phys. Rev. D 106
(2022) 048501 [2208.05779].

R. Solanki, A. De, S. Mandal and P.K. Sahoo, Accelerating expansion of the universe in
modified symmetric teleparallel gravity, Phys. Dark Univ. 36 (2022) 101053 [2201.06521].

A. Lymperis, Late-time cosmology with phantom dark-energy in f(Q) gravity, JCAP 11 (2022)
018 [2207.10997].

F. D’Ambrosio, S.D.B. Fell, L. Heisenberg and S. Kuhn, Black holes in f(Q) gravity, Phys.
Rev. D 105 (2022) 024042 [2109.03174].

M. Li and D. Zhao, A simple parity violating model in the symmetric teleparallel gravity and
its cosmological perturbations, Phys. Lett. B 827 (2022) 136968 [2108.01337].

N. Dimakis, A. Paliathanasis and T. Christodoulakis, Quantum cosmology in f(Q) theory,
Class. Quant. Grav. 38 (2021) 225003 [2108.01970].

M. Hohmann, General covariant symmetric teleparallel cosmology, Phys. Rev. D 104 (2021)
124077 [2109.01525].

— 14 —


https://doi.org/10.1016/0370-2693(80)90670-X
https://doi.org/10.1016/0370-2693(80)90670-X
https://doi.org/10.1142/S0218271802002025
https://arxiv.org/abs/gr-qc/0201033
https://doi.org/10.1016/j.physletb.2005.10.010
https://arxiv.org/abs/hep-th/0508049
https://doi.org/10.1063/1.1665613
https://doi.org/10.1088/0034-4885/79/10/106901
https://arxiv.org/abs/1511.07586
https://doi.org/10.1103/PhysRevD.97.103513
https://arxiv.org/abs/1801.05827
https://doi.org/10.1088/1361-6382/ab2e1f
https://doi.org/10.1088/1361-6382/ab2e1f
https://arxiv.org/abs/1810.12932
https://doi.org/10.1103/PhysRevD.106.064047
https://arxiv.org/abs/2204.06845
https://arxiv.org/abs/2312.17053
https://doi.org/10.1088/1475-7516/2023/07/060
https://arxiv.org/abs/2302.03545
https://doi.org/10.1016/j.physrep.2024.02.001
https://arxiv.org/abs/2309.15958
https://doi.org/10.1103/PhysRevD.103.103521
https://arxiv.org/abs/2103.08372
https://doi.org/10.1103/PhysRevD.102.124029
https://doi.org/10.1103/PhysRevD.102.124029
https://arxiv.org/abs/2011.00420
https://doi.org/10.1016/j.dark.2020.100616
https://arxiv.org/abs/2004.07867
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://arxiv.org/abs/1906.08920
https://doi.org/10.1103/PhysRevD.106.048501
https://doi.org/10.1103/PhysRevD.106.048501
https://arxiv.org/abs/2208.05779
https://doi.org/10.1016/j.dark.2022.101053
https://arxiv.org/abs/2201.06521
https://doi.org/10.1088/1475-7516/2022/11/018
https://doi.org/10.1088/1475-7516/2022/11/018
https://arxiv.org/abs/2207.10997
https://doi.org/10.1103/PhysRevD.105.024042
https://doi.org/10.1103/PhysRevD.105.024042
https://arxiv.org/abs/2109.03174
https://doi.org/10.1016/j.physletb.2022.136968
https://arxiv.org/abs/2108.01337
https://doi.org/10.1088/1361-6382/ac2b09
https://arxiv.org/abs/2108.01970
https://doi.org/10.1103/PhysRevD.104.124077
https://doi.org/10.1103/PhysRevD.104.124077
https://arxiv.org/abs/2109.01525

[38] A. Kar, S. Sadhukhan and U. Debnath, Coupling between DBI dark energy model and f(Q)
gravity and its effect on condensed body mass accretion, Mod. Phys. Lett. A 37 (2022) 2250183
[2109.10906].

[39] W. Wang, H. Chen and T. Katsuragawa, Static and spherically symmetric solutions in f(Q)
gravity, Phys. Rev. D 105 (2022) 024060 [2110.13565].

[40] 1. Quiros, Nonmetricity theories and aspects of gauge symmetry, Phys. Rev. D 105 (2022)
104060 [2111 .05490].

[41] S. Mandal and P.K. Sahoo, Constraint on the equation of state parameter (w) in
non-minimally coupled f(Q) gravity, Phys. Lett. B 823 (2021) 136786 [2111.10511].

[42] L1.S. Albuquerque and N. Frusciante, A designer approach to f(Q) gravity and cosmological
implications, Phys. Dark Univ. 35 (2022) 100980 [2202.04637].

[43] S. Capozziello and R. D’Agostino, Model-independent reconstruction of f(Q) non-metric
gravity, Phys. Lett. B 832 (2022) 137229 [2204.01015].

[44] S. Capozziello and M. Shokri, Slow-roll inflation in f(Q) non-metric gravity, Phys. Dark Univ.
37 (2022) 101113 [2209.06670].

[45] N. Dimakis, M. Roumeliotis, A. Paliathanasis, P.S. Apostolopoulos and T. Christodoulakis,
Self-similar cosmological solutions in symmetric teleparallel theory:
Friedmann-Lemaitre-Robertson- Walker spacetimes, Phys. Rev. D 106 (2022) 123516
[2210.10295].

[46] R. D’Agostino and R.C. Nunes, Forecasting constraints on deviations from general relativity
in f(Q) gravity with standard sirens, Phys. Rev. D 106 (2022) 124053 [2210.11935].

[47] S.A. Narawade and B. Mishra, Phantom Cosmological Model with Observational Constraints
in f(Q) Gravity, Annalen Phys. 535 (2023) 2200626 [2211.09701].

[48] E.D. Emtsova, A.N. Petrov and A.V. Toporensky, Conserved quantities in STEGR and
applications, Fur. Phys. J. C 83 (2023) 366 [2212.03755].

[49] S. Bahamonde, G. Trenkler, L.G. Trombetta and M. Yamaguchi, Symmetric teleparallel
Horndeski gravity, Phys. Rev. D 107 (2023) 104024 [2212.08005].

. dokoliuk, S. Arora, S. Praharaj, A. Baransky and P.K. Sahoo, On the impact o
50] O. Sokoliuk, S. A S. Praharaj, A. B ky and P.K. Sahoo, On the i f f(Q
gravity on the large scale structure, Mon. Not. Roy. Astron. Soc. 522 (2023) 252 [2303.17341].

[51] A. De, T.-H. Loo and E.N. Saridakis, Non-metricity with boundary terms: f(Q,C) gravity and
cosmology, JCAP 03 (2024) 050 [2308.00652].

[52] N. Dimakis, M. Roumeliotis, A. Paliathanasis and T. Christodoulakis, Anisotropic solutions
in symmetric teleparallel f (Q)-theory: Kantowski-Sachs and Bianchi III LRS cosmologies,
Eur. Phys. J. C 83 (2023) 794 [2304.04419].

[63] S.K. Maurya, A. Errehymy, M.K. Jasim, M. Daoud, N. Al-Harbi and A.-H. Abdel-Aty,
Complezity-free solution generated by gravitational decoupling for anisotropic self-gravitating
star in symmetric teleparallel f(Q)-gravity theory, Fur. Phys. J. C 83 (2023) 317.

[64] J. Ferreira, T. Barreiro, J.P. Mimoso and N.J. Nunes, Testing A-free f(Q) cosmology, Phys.
Rev. D 108 (2023) 063521 [2306.10176].

[65] S. Capozziello, V. De Falco and C. Ferrara, The role of the boundary term in f(Q, B)
symmetric teleparallel gravity, Eur. Phys. J. C' 83 (2023) 915 [2307.13280].

[56] M. Koussour and A. De, Observational constraints on two cosmological models of f(Q) theory,
Eur. Phys. J. C' 83 (2023) 400 [2304.11765].

[57] J.A. Najera, C.A. Alvarado and C. Escamilla-Rivera, Constraints on f(Q) logarithmic model
using gravitational wave standard sirens, Mon. Not. Roy. Astron. Soc. 524 (2023) 5280
[2304.12601].

~15 —


https://doi.org/10.1142/S0217732322501838
https://arxiv.org/abs/2109.10906
https://doi.org/10.1103/PhysRevD.105.024060
https://arxiv.org/abs/2110.13565
https://doi.org/10.1103/PhysRevD.105.104060
https://doi.org/10.1103/PhysRevD.105.104060
https://arxiv.org/abs/2111.05490
https://doi.org/10.1016/j.physletb.2021.136786
https://arxiv.org/abs/2111.10511
https://doi.org/10.1016/j.dark.2022.100980
https://arxiv.org/abs/2202.04637
https://doi.org/10.1016/j.physletb.2022.137229
https://arxiv.org/abs/2204.01015
https://doi.org/10.1016/j.dark.2022.101113
https://doi.org/10.1016/j.dark.2022.101113
https://arxiv.org/abs/2209.06670
https://doi.org/10.1103/PhysRevD.106.123516
https://arxiv.org/abs/2210.10295
https://doi.org/10.1103/PhysRevD.106.124053
https://arxiv.org/abs/2210.11935
https://doi.org/10.1002/andp.202200626
https://arxiv.org/abs/2211.09701
https://doi.org/10.1140/epjc/s10052-023-11460-8
https://arxiv.org/abs/2212.03755
https://doi.org/10.1103/PhysRevD.107.104024
https://arxiv.org/abs/2212.08005
https://doi.org/10.1093/mnras/stad968
https://arxiv.org/abs/2303.17341
https://doi.org/10.1088/1475-7516/2024/03/050
https://arxiv.org/abs/2308.00652
https://doi.org/10.1140/epjc/s10052-023-11964-3
https://arxiv.org/abs/2304.04419
https://doi.org/10.1140/epjc/s10052-023-11447-5
https://doi.org/10.1103/PhysRevD.108.063521
https://doi.org/10.1103/PhysRevD.108.063521
https://arxiv.org/abs/2306.10176
https://doi.org/10.1140/epjc/s10052-023-12072-y
https://arxiv.org/abs/2307.13280
https://doi.org/10.1140/epjc/s10052-023-11547-2
https://arxiv.org/abs/2304.11765
https://doi.org/10.1093/mnras/stad2180
https://arxiv.org/abs/2304.12601

[68] L. Atayde and N. Frusciante, f(Q) gravity and neutrino physics, Phys. Rev. D 107 (2023)
124048 [2306.03015].

[59] A. Paliathanasis, N. Dimakis and T. Christodoulakis, Minisuperspace description of
f(Q)-cosmology, Phys. Dark Univ. 43 (2024) 101410 [2308.15207].

[60] P. Bhar, Physical properties of a quintessence anisotropic stellar model in f(Q) gravity and the
mass—radius relation, Eur. Phys. J. C 83 (2023) 737.

[61] A. Mussatayeva, N. Myrzakulov and M. Koussour, Cosmological constraints on dark energy in
f(Q) gravity: A parametrized perspective, Phys. Dark Univ. 42 (2023) 101276 [2307.00281].

[62] A. Paliathanasis, Symmetric teleparallel cosmology with boundary corrections, 2309.14669.

[63] S. Mandal, S. Pradhan, P.K. Sahoo and T. Harko, Cosmological observational constraints on
the power law f(Q) type modified gravity theory, Eur. Phys. J. C 83 (2023) 1141 [2310.00030].

[64] A. Pradhan, A. Dixit, M. Zeyauddin and S. Krishnannair, A flat FLRW dark energy model in
f(Q,C)-gravity theory with observational constraints, 2310.02267.

[65] S. Capozziello, M. Capriolo and S. Nojiri, Gravitational waves in f(Q) non-metric gravity via
geodesic deviation, Phys. Lett. B 850 (2024) 138510 [2401.06424]|.

[66] P. Bhar, A. Malik and A. Almas, Impact of f(Q) gravity on anisotropic compact star model
and stability analysis, Chin. J. Phys. 88 (2024) 839.

[67] D. Mhamdi, A. Bouali, S. Dahmani, A. Errahmani and T. Ouali, Cosmological constraints on
f(Q) gravity with redshift space distortion data, Eur. Phys. J. C' 84 (2024) 310.

[68] D. Zhao, Covariant formulation of f(Q) theory, Eur. Phys. J. C' 82 (2022) 303 [2104.02483|.

[69] F. D’Ambrosio, L. Heisenberg and S. Kuhn, Revisiting cosmologies in teleparallelism, Class.
Quant. Grav. 39 (2022) 025013 [2109.04209].

[70] L. Heisenberg, M. Hohmann and S. Kuhn, Homogeneous and isotropic cosmology in general
teleparallel gravity, Eur. Phys. J. C' 83 (2023) 315 [2212.14324].

[71] N. Dimakis, A. Paliathanasis, M. Roumeliotis and T. Christodoulakis, FLRW solutions in
f(Q) theory: The effect of using different connections, Phys. Rev. D 106 (2022) 043509
[2205.04680].

[72] H. Shabani, A. De, T.-H. Loo and E.N. Saridakis, Cosmology of f(Q) gravity in non-flat
Universe, Eur. Phys. J. C' 84 (2024) 285 [2306.13324].

[73] J. Shi, Cosmological constraints in covariant f(Q) gravity with different connections, Eur.
Phys. J. C 83 (2023) 951 [2307.08103].

[74] G. Subramaniam, A. De, T.-H. Loo and Y.K. Goh, How Different Connections in Flat FLRW
Geometry Impact Energy Conditions in f(Q) Theory?, Fortsch. Phys. 71 (2023) 2300038
[2304.02300].

[75] Y.-F. Cai, M. Khurshudyan and E.N. Saridakis, Model-independent reconstruction of f(T)
gravity from Gaussian Processes, Astrophys. J. 888 (2020) 62 [1907.10813].

[76] M. Seikel, C. Clarkson and M. Smith, Reconstruction of dark energy and expansion dynamics
using gaussian processes, Journal of Cosmology and Astroparticle Physics 2012 (2012) 036.

[77] X. Ren, T.H.T. Wong, Y.-F. Cai and E.N. Saridakis, Data-driven Reconstruction of the
Late-time Cosmic Acceleration with f(T) Gravity, Phys. Dark Univ. 32 (2021) 100812
[2103.01260).

[78] X. Ren, S.-F. Yan, Y. Zhao, Y.-F. Cai and E.N. Saridakis, Gaussian processes and effective
field theory of f(T) gravity under the Hy tension, Astrophys. J. 932 (2022) 2 [2203.01926].

[79] J. Levi Said, J. Mifsud, J. Sultana and K.Z. Adami, Reconstructing teleparallel gravity with
cosmic structure growth and expansion rate data, JCAP 06 (2021) 015 [2103.05021].

~16 —


https://doi.org/10.1103/PhysRevD.107.124048
https://doi.org/10.1103/PhysRevD.107.124048
https://arxiv.org/abs/2306.03015
https://doi.org/10.1016/j.dark.2023.101410
https://arxiv.org/abs/2308.15207
https://doi.org/10.1140/epjc/s10052-023-11865-5
https://doi.org/10.1016/j.dark.2023.101276
https://arxiv.org/abs/2307.00281
https://arxiv.org/abs/2309.14669
https://doi.org/10.1140/epjc/s10052-023-12339-4
https://arxiv.org/abs/2310.00030
https://arxiv.org/abs/2310.02267
https://doi.org/10.1016/j.physletb.2024.138510
https://arxiv.org/abs/2401.06424
https://doi.org/10.1016/j.cjph.2024.02.016
https://doi.org/10.1140/epjc/s10052-024-12549-4
https://doi.org/10.1140/epjc/s10052-022-10266-4
https://arxiv.org/abs/2104.02483
https://doi.org/10.1088/1361-6382/ac3f99
https://doi.org/10.1088/1361-6382/ac3f99
https://arxiv.org/abs/2109.04209
https://doi.org/10.1140/epjc/s10052-023-11462-6
https://arxiv.org/abs/2212.14324
https://doi.org/10.1103/PhysRevD.106.043509
https://arxiv.org/abs/2205.04680
https://doi.org/10.1140/epjc/s10052-024-12582-3
https://arxiv.org/abs/2306.13324
https://doi.org/10.1140/epjc/s10052-023-12139-w
https://doi.org/10.1140/epjc/s10052-023-12139-w
https://arxiv.org/abs/2307.08103
https://doi.org/10.1002/prop.202300038
https://arxiv.org/abs/2304.02300
https://doi.org/10.3847/1538-4357/ab5a7f
https://arxiv.org/abs/1907.10813
https://doi.org/10.1088/1475-7516/2012/06/036
https://doi.org/10.1016/j.dark.2021.100812
https://arxiv.org/abs/2103.01260
https://doi.org/10.3847/1538-4357/ac6ba5
https://arxiv.org/abs/2203.01926
https://doi.org/10.1088/1475-7516/2021/06/015
https://arxiv.org/abs/2103.05021

[80]

[81]
[82]

[83]

[84]
[85]
[36]
[87]
[38]
[89]
[90]

[91]

[92]

193]

[94]

[95]

[96]

[97]

(98]

A. Bonilla, S. Kumar, R.C. Nunes and S. Pan, Reconstruction of the dark sectors’ interaction:
A model-independent inference and forecast from GW standard sirens, Mon. Not. Roy.
Astron. Soc. 512 (2022) 4231 [2102.06149].

R.C. Bernardo and J. Levi Said, A data-driven reconstruction of Horndeski gravity via the
Gaussian processes, JCAP 09 (2021) 014 [2105.12970].

E. Elizalde, M. Khurshudyan, K. Myrzakulov and S. Bekov, Reconstruction of the
quintessence dark energy potential from a Gaussian process, 2203.06767.

H. Yu, B. Ratra and F.-Y. Wang, Hubble Parameter and Baryon Acoustic Oscillation
Measurement Constraints on the Hubble Constant, the Deviation from the Spatially Flat
ACDM Model, the Deceleration—Acceleration Transition Redshift, and Spatial Curvature,
Astrophys. J. 856 (2018) 3 [1711.03437].

J. Beltran Jiménez, L. Heisenberg and T.S. Koivisto, Teleparallel Palatini theories, JCAP 08
(2018) 039 [1803.10185].

J.-T. Beh, T.-h. Loo and A. De, Geodesic deviation equation in f(Q)-gravity, Chin. J. Phys.
77 (2022) 1551 [2107.04513].

T. Harko, T.S. Koivisto, F.S.N. Lobo, G.J. Olmo and D. Rubiera-Garcia, Coupling matter in
modified Q gravity, Phys. Rev. D 98 (2018) 084043 [1806.10437|.

D. losifidis, The Perfect Hyperfluid of Metric-Affine Gravity: The Foundation, JCAP 04
(2021) 072 [2101.07289].

D. Iosifidis, Cosmological Hyperfluids, Torsion and Non-metricity, Eur. Phys. J. C 80 (2020)
1042 [2003.07384].

M. Hohmann, Metric-affine Geometries With Spherical Symmetry, Symmetry 12 (2020) 453
[1912.12906].

S. Tkeda, E.N. Saridakis, P.C. Stavrinos and A. Triantafyllopoulos, Cosmology of Lorentz
fiber-bundle induced scalar-tensor theories, Phys. Rev. D 100 (2019) 124035 [1907.10950].

G. Papagiannopoulos, S. Basilakos, A. Paliathanasis, S. Savvidou and P.C. Stavrinos,
Finsler—Randers cosmology: dynamical analysis and growth of matter perturbations, Class.
Quant. Grav. 34 (2017) 225008 [1709.03748].

S. Konitopoulos, E.N. Saridakis, P.C. Stavrinos and A. Triantafyllopoulos, Dark gravitational
sectors on a generalized scalar-tensor vector bundle model and cosmological applications, Phys.
Rev. D 104 (2021) 064018 [2104.08024].

C. Savvopoulos and P. Stavrinos, Anisotropic conformal dark gravity on the Lorentz tangent
bundle spacetime, Phys. Rev. D 108 (2023) 044048 [2308.13308].

O. Farooq, F.R. Madiyar, S. Crandall and B. Ratra, Hubble Parameter Measurement
Constraints on the Redshift of the Deceleration—acceleration Transition, Dynamical Dark
Energy, and Space Curvature, Astrophys. J. 835 (2017) 26 [1607.03537].

M.-J. Zhang and J.-Q. Xia, Test of the cosmic evolution using Gaussian processes, JCAP 12
(2016) 005 [1606.04398].

J. Magana, M.H. Amante, M.A. Garcia-Aspeitia and V. Motta, The Cardassian expansion
revisited: constraints from updated Hubble parameter measurements and type Ia supernova
data, Mon. Not. Roy. Astron. Soc. 476 (2018) 1036 [1706.09848].

R. Jimenez and A. Loeb, Constraining cosmological parameters based on relative galaxy ages,
Astrophys. J. 573 (2002) 37 [astro-ph/0106145|.

BOSS collaboration, The clustering of galazies in the completed SDSS-III Baryon Oscillation
Spectroscopic Survey: cosmological analysis of the DR12 galaxy sample, Mon. Not. Roy.
Astron. Soc. 470 (2017) 2617 [1607.03155].

17 -


https://doi.org/10.1093/mnras/stac687
https://doi.org/10.1093/mnras/stac687
https://arxiv.org/abs/2102.06149
https://doi.org/10.1088/1475-7516/2021/09/014
https://arxiv.org/abs/2105.12970
https://arxiv.org/abs/2203.06767
https://doi.org/10.3847/1538-4357/aab0a2
https://arxiv.org/abs/1711.03437
https://doi.org/10.1088/1475-7516/2018/08/039
https://doi.org/10.1088/1475-7516/2018/08/039
https://arxiv.org/abs/1803.10185
https://doi.org/10.1016/j.cjph.2021.11.026
https://doi.org/10.1016/j.cjph.2021.11.026
https://arxiv.org/abs/2107.04513
https://doi.org/10.1103/PhysRevD.98.084043
https://arxiv.org/abs/1806.10437
https://doi.org/10.1088/1475-7516/2021/04/072
https://doi.org/10.1088/1475-7516/2021/04/072
https://arxiv.org/abs/2101.07289
https://doi.org/10.1140/epjc/s10052-020-08634-z
https://doi.org/10.1140/epjc/s10052-020-08634-z
https://arxiv.org/abs/2003.07384
https://doi.org/10.3390/sym12030453
https://arxiv.org/abs/1912.12906
https://doi.org/10.1103/PhysRevD.100.124035
https://arxiv.org/abs/1907.10950
https://doi.org/10.1088/1361-6382/aa8be1
https://doi.org/10.1088/1361-6382/aa8be1
https://arxiv.org/abs/1709.03748
https://doi.org/10.1103/PhysRevD.104.064018
https://doi.org/10.1103/PhysRevD.104.064018
https://arxiv.org/abs/2104.08024
https://doi.org/10.1103/PhysRevD.108.044048
https://arxiv.org/abs/2308.13308
https://doi.org/10.3847/1538-4357/835/1/26
https://arxiv.org/abs/1607.03537
https://doi.org/10.1088/1475-7516/2016/12/005
https://doi.org/10.1088/1475-7516/2016/12/005
https://arxiv.org/abs/1606.04398
https://doi.org/10.1093/mnras/sty260
https://arxiv.org/abs/1706.09848
https://doi.org/10.1086/340549
https://arxiv.org/abs/astro-ph/0106145
https://doi.org/10.1093/mnras/stx721
https://doi.org/10.1093/mnras/stx721
https://arxiv.org/abs/1607.03155

[99]

[100]

[101]

[102]
[103]
[104]
[105]
[106]

[107]

[108]
[109]

[110]

BOSS collaboration, The clustering of galazies in the completed SDSS-III Baryon Oscillation
Spectroscopic Survey: tomographic BAO analysis of DR12 combined sample in Fourier space,
Mon. Not. Roy. Astron. Soc. 466 (2017) 762 [1607.03153].

E.-K. Li, M. Du, Z.-H. Zhou, H. Zhang and L. Xu, Testing the effect of Hy on fog tension
using a Gaussian process method, Mon. Not. Roy. Astron. Soc. 501 (2021) 4452 [1911.120786].

A.G. Riess et al., A Comprehensive Measurement of the Local Value of the Hubble Constant
with 1 km s~! Mpc™! Uncertainty from the Hubble Space Telescope and the SHOES Team,
Astrophys. J. Lett. 934 (2022) L7 [2112.04510].

H. Shabani, A. De and T.-H. Loo, Phase-space analysis of a novel cosmological model in f(Q)
theory, Eur. Phys. J. C 83 (2023) 535 [2304.02949].

N. Frusciante, Signatures of f(Q)-gravity in cosmology, Phys. Rev. D 103 (2021) 044021
[2101.09242].

L. Atayde and N. Frusciante, Can f(Q) gravity challenge ACDM?, Phys. Rev. D 104 (2021)
064052 [2108.10832].

J. Ferreira, T. Barreiro, J. Mimoso and N.J. Nunes, Forecasting F(Q) cosmology with ACDM
background using standard sirens, Phys. Rev. D 105 (2022) 123531 [2203.13788].

F.K. Anagnostopoulos, S. Basilakos and E.N. Saridakis, First evidence that non-metricity
H(Q) gravity could challenge ACDM, Phys. Lett. B 822 (2021) 136634 [2104.15123].

W. Khyllep, J. Dutta, E.N. Saridakis and K. Yesmakhanova, Cosmology in f(Q) gravity: A
unified dynamical systems analysis of the background and perturbations, Phys. Rev. D 107
(2023) 044022 [2207.02610].

F.K. Anagnostopoulos, V. Gakis, E.N. Saridakis and S. Basilakos, New models and big bang
nucleosynthesis constraints in f(Q) gravity, Eur. Phys. J. C 83 (2023) 58 [2205.11445].

A.R. Liddle, Information criteria for astrophysical model selection, Mon. Not. Roy. Astron.
Soc. 377 (2007) L74 [astro-ph/0701113].

F.K. Anagnostopoulos, S. Basilakos and E.N. Saridakis, Bayesian analysis of f(T) gravity
using fos data, Phys. Rev. D 100 (2019) 083517 [1907.07533|.

~ 18 —


https://doi.org/10.1093/mnras/stw3199
https://arxiv.org/abs/1607.03153
https://doi.org/10.1093/mnras/staa3894
https://arxiv.org/abs/1911.12076
https://doi.org/10.3847/2041-8213/ac5c5b
https://arxiv.org/abs/2112.04510
https://doi.org/10.1140/epjc/s10052-023-11722-5
https://arxiv.org/abs/2304.02949
https://doi.org/10.1103/PhysRevD.103.044021
https://arxiv.org/abs/2101.09242
https://doi.org/10.1103/PhysRevD.104.064052
https://doi.org/10.1103/PhysRevD.104.064052
https://arxiv.org/abs/2108.10832
https://doi.org/10.1103/PhysRevD.105.123531
https://arxiv.org/abs/2203.13788
https://doi.org/10.1016/j.physletb.2021.136634
https://arxiv.org/abs/2104.15123
https://doi.org/10.1103/PhysRevD.107.044022
https://doi.org/10.1103/PhysRevD.107.044022
https://arxiv.org/abs/2207.02610
https://doi.org/10.1140/epjc/s10052-023-11190-x
https://arxiv.org/abs/2205.11445
https://doi.org/10.1111/j.1745-3933.2007.00306.x
https://doi.org/10.1111/j.1745-3933.2007.00306.x
https://arxiv.org/abs/astro-ph/0701113
https://doi.org/10.1103/PhysRevD.100.083517
https://arxiv.org/abs/1907.07533

	Introduction
	f(Q) gravity and cosmology
	Reconstructing the dynamical connection function (t) from the data
	Hubble data set
	Reconstruction for the matter conservation case
	Reconstruction in the general case

	Discussion and conclusions 

