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Abstract

We present a detailed investigation of the anomalous gravitational amplitude in a simple two-
dimensional model with Weyl fermions. We employ a mathematical strategy that completely avoids
any regularization prescription for handling divergent perturbative amplitudes. This strategy re-
lies solely on the validity of the linearity of the integration operation and avoids modifying the
amplitudes during intermediate calculations, unlike studies using regularization methods. Addi-
tionally, we adopt arbitrary routings for internal loop momenta, representing the most general
analysis scenario. As expected, we show that surface terms play a crucial role in both preserving
the symmetry properties of the amplitude and ensuring the mathematical consistency of the re-
sults. Notably, our final perturbative amplitude can be converted into the form obtained using any
specific regularization prescription. We consider three common scenarios, one of which recovers
the traditional results for gravitational anomalies. However, we demonstrate that this scenario
inevitably breaks the linearity of integration, leading to an undesirable mathematical situation.
This clean and transparent conclusion, enabled by the general nature of our strategy, would not

be apparent in similar studies using regularization techniques.
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I. INTRODUCTION

In the late 1960s, the study of neutral electromagnetic pion decay revealed one of the
most remarkable, subtle, and intriguing aspects of quantum field theory (QFT): the anomaly
phenomenon. Specifically, this anomaly is known as the Adler-Bell-Jackiw (ABJ) anomaly
or triangular anomaly, named after the type of Feynman diagram involved [143]. Its impli-
cations extend beyond simply mimicking experimental data; they play a fundamental role
in the structure of QFT itself. For instance, the existence of three families of six quarks
and six leptons as fundamental constituents in the Standard Model (SM) can be under-
stood as a direct consequence of anomalies. When anomalous amplitudes are present in a
theory, it means that not all Ward identities associated with different symmetries can be
simultaneously satisfied for those amplitudes. If the broken symmetry is internal, it leads to
internal inconsistencies in the theory, potentially destroying renormalizability and violating
the unitarity of the S-matrix [4]. Consequently, the theory’s renormalizability can be res-
cued if an anomaly cancellation mechanism exists, where specific combinations of 1/2-spin
fermions cancel the violations arising from different sectors of the theory. Such a mechanism,
consistent with the SM’s structure, necessitates the existence of six quarks and six leptons
[5].

Following the discovery of the ABJ anomaly, numerous other forms of anomalies have
been explored using diverse methods and approaches, both perturbative and nonperturba-
tive. These include the heat kernel method |6, [7], the path integral approach by Fujikawa
[8,19], and formal techniques like differential geometry and cohomology [10-13, [15, [16, 131].
While these provide elegant formulations, additional tools are often needed to extract mo-
mentum dependence for physical processes. This involves explicitly evaluating anomalous
Feynman diagrams, which are odd tensors (in all even-dimensional spacetimes) with an
odd number of axial-vector vertices and the remaining vertices being vectors with minimal
internal fermionic propagators. Having at least two Lorentz indices, these tensors cannot
simultaneously preserve all Ward identities (chiral anomalies) while reaching the expected
low-energy limits [17-19]. Such amplitudes share the characteristic that, during dominant-
order perturbative calculations, loop contributions render them divergent. Consequently,
their explicit evaluation relies heavily on the chosen prescription and intermediate choices,

such as internal loop momenta labeling. This presents a dilemma: either accept the results’



dependence on these choices and adjust ambiguous terms later to achieve desired outcomes,
or seek universal procedures for choice-independent results despite the inherent mathemat-
ical ambiguity, recognizing the anomaly as a fundamental QFT phenomenon.

In fact, a similar universal procedure already exists, proposed in the early 2000s by one
of the authors of this work in his doctoral thesis [20]. This method arose from an effort to
develop a divergence-handling strategy for QFTs that is free from limitations and widely
consistent, allowing tensors and pseudotensors to be treated identically. The strategy, based
on a remarkably simple idea, avoids integrating ill-defined integrals. Instead, it extracts the
physical content by rewriting the integrand as a sum of finite integrals, surface terms, and
purely divergent objects. Within this framework, divergent quantities lack physical param-
eters. Only finite integrals are calculated, while divergent pieces are regrouped into scalar
objects and surface terms. This approach preserves the original properties of the integrals,
enabling broader analysis of relevant physical processes. This often provides an advantage,
allowing sound conclusions in situations where traditional regularization methods encounter
difficulties. This method is particularly useful when surface terms play a significant role,
as in the case of anomalous perturbative amplitudes, such as the gravitational anomalies
considered in this contribution.

Similar to chiral anomalies in gauge theories, anomalies might arise in the context of grav-
itation when fermionic fields couple to the external gravitational field through the energy-
momentum tensor [21-25]. In a seminal work, Alvarez-Gaumé and Witten [26] comprehen-
sively studied gravitational anomalies in various field theories. They revealed the structure
of these anomalies in higher dimensions and imposed restrictions on theories compatible with
gravity, assuming anomaly cancellation. Specifically, two-dimensional Weyl spinors exhibit
Lorentz and gravitational anomalies [24, 126, 27]. More recently, Bertlmann and Kohlprath
[28, 129] employed the dispersion relations approach in two-dimensional spacetime to inves-
tigate Einstein and Weyl anomalies. They calculated the one-loop Feynman diagram of
a Weyl fermion in a linearized gravitational background, offering a unique perspective on
anomalies compared to ultraviolet regularization methods. Inspired by this valuable work
and the critical nature of the issues raised, we revisit this intriguing and significant problem
in this study. We believe the adopted procedure can unlock new avenues for analysis. This
approach allows us to obtain results untainted by specific choices typically made during

intermediate calculation steps. In particular, we can clearly examine the role of arbitrari-



ness associated with internal loop momentum routing in loop-perturbative amplitudes. It
is well-known that shifting the integration variable for linearly divergent integrals requires
compensating with a corresponding surface term to maintain equality. Therefore, the re-
sults for such amplitudes are expected to depend on chosen internal momentum routings.
Any analysis where these routings are treated as specific combinations of physical external
momenta risks being compromised, as different choices can lead to different results. This
aspect, intimately linked to the role of surface terms in perturbative calculations, will be
demonstrably clarified in this investigation. Given the absence of these considerations in
previous works and their crucial impact on conclusions, this contribution is warranted.

Building upon the work presented in Ref. [30], this work offers an alternative calculation
of the gravitational amplitude described in Bertlmann and Kohlprath’s studies [28, 129].
We treat the internal loop momenta as arbitrary and avoid assigning specific values to
surface terms during intermediate steps. This approach directly reveals the structure of
ambiguity associated with these terms and their impact on the qualitative and quantitative
interpretation of results. Surface terms, whose values can vary between methods, are a
key factor in regularization-dependent results. We analyze three commonly encountered
choices associated with different regularization procedures. We demonstrate that while
specific choices allow us to recover traditional results for gravitational anomalies, these
choices inevitably break the linearity of the integration operation, a fact hidden within
traditional methods. Another notable aspect of our investigation is the connection between
2D gravitational anomalies and the 2D chiral anomaly. Our systematic approach with
subamplitudes allows us to identify mathematical structures shared with simpler theories
like 2D quantum electrodynamics (QED,). This approach reveals universal aspects of 2D
anomalies not accessible in traditional methods.

We organize the work as follows. In Section 2 we establish the theoretical foundation for
our investigation by outlining the expected relationships among Green’s functions (RAGF's)
and Ward identities (WIs) associated with the gravitational amplitude. To facilitate compre-
hension and simplify the calculation, we decompose the gravitational amplitude into smaller,
manageable components called subamplitudes. Notably, some of these subamplitudes align
with typical perturbative amplitudes found in simpler QFTs like QFE Ds. In Section 3, we
briefly explain the chosen method for handling the divergent Feynman integrals encountered

during the calculation of the gravitational amplitude. The Section 4 focuses on analyzing



the subamplitudes individually. We calculate each subamplitude and explicitly verify its
corresponding RAGFs. Additionally, a set of conditions required for this purpose is identi-
fied. Leveraging the general results obtained in Section 4, in Section 5 we investigate the
possibility of the gravitational amplitude simultaneously satisfying its WIs and RAGFs. We
emphasize three representative scenarios for fixing the undefined quantities involved, includ-
ing the scenario that generates the usual results for gravitational anomalies. Concluding

remarks and a summary of the key findings are presented in the Section 6.

II. THE GRAVITATIONAL AMPLITUDE

In this work we adopt the same model discussed in the Refs. [28] and [29] as well as some

of definitions and notations stated there.

A. The Model and Definitions

The background model of our discussions has a Lagrangian whose (linearized) interaction

part may be written as [31]
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where T, is the (symmetric) energy-momentum tensor, explicitly given by
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Here E! is the inverse of zweibein ef, ¢ is the fermion field, v are the usual Dirac matrices

and hy, is the linearized gravitational field, defined through the approximations
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with n* being the flat metric. This Lagrangian describe, in two space-time dimensions, the
interaction of a Weyl fermion and a gravitational background field.

The full Green’s function which we are interested in is the two-point function

G (p) = / P ¢ (0 T [Ty, () Tho (0)] 0) | 3)



which, at one-loop level, is written as
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gives the Feynman rule for the vertex function. A diagrammatic representation of ng oo Can

be seen in the Fig. ().
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FIG. 1: One-loop diagrammatic representation for T/ﬁa o

Observe that we have adopted general labels for the internal propagators, namely k + k;
and k + ks, and, for convenience, taken the fermion as being massive. Given this routing,
the external momentum is identified as p = k3 — k;. The adoption of arbitrary labels is an
important attitude in perturbative calculations in general but is of special importance in the
presently considered problem. Once the power counting of the loop momentum point out
divergence degree higher than the logarithmic one, it is expected that the result is dependent
on the routing adopted for the internal lines momenta. The arbitrary choice guarantee that
such dependence can be identified in the final results. If the internal momenta are label in
terms of external momenta such that the sum k; + ko is not zero, terms which would be
nonphysical will be mixed with label independent terms, compromising then the analysis.

The explicit calculation of (), especially with general labels for the internal propagators,
is very long and tedious. However, the conclusions extracted from are strongly connected
with the calculation details. In order to make an useful investigation, we need to adopt a
systematic way to present such calculations. Having this in mind, in the present work, we
adopt, for the sake of clarity, a particular systematization. We split out 7% into three sets
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of amplitudes as
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where each set is composed by a sum of two-point subamplitudes, namely
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The subamplitudes appearing in the above expressions are defined by
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In the expressions above the quantities I'; are vertex operators belonging to the set I'; =
{Ts,Tp, Ty, T4} = {1,73,%as Va¥3}- In addition to the calculation aspect, such introduced
systematization will help us to verify the consistency of the obtained results in a wider sense.
Note that the first set of subamplitudes appears in renormalizable theories like the QE D,
[32-34]. This allow us to add an additional aspect to the investigation.

B. Relations among Green’s functions and Ward Identities

Along the difficult task of constructing a consistent interpretation of the perturbative
amplitudes in QFT’s, when the involved quantities are divergent, a special recourse can
play a very important role. We denominated it as relations among Green’s functions. Such
relations can be stated always we have a Lorentz index attached to a perturbative ampli-

tude. They are constructed by using simple ingredients like the Dirac algebra, cyclicity and
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linearity of the trace operation and, especially, the linearity of the integration operation.
In particular, preservation of the linearity in the integration operation involving divergent
Feynman integrals is not a trivial job, as we will see along this work.

Let us consider, in this section, the relevant RAGF's for all required subamplitudes of ().
In fact, to state the referred relations is a trivial task. In order to exemplify the procedure,

we consider the algebraic identity
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which is obtained through the ingredients cited above. In practical terms, through this
operation is possible to cancel out an internal propagator. When the integration in the loop
momentum k is taken, after taken the traces in both sides, this algebraic identity will be
converted into a genuine RAGFs involving the contraction of the polarization tensor TZ,V

with the external momentum p” and two one-point vector amplitudes defined by

)= | G =) -

Explicitly, we get the following RAGF's

V7 [T5,) (kv ko) = T, (ka) = T, (ks) (15)

and, in a similar way,
P [T (ko)) =T (k) = Y (k) (16)
If the TV and T, amplitudes are evaluated, through some particular procedure, in such
a way that the final results are in disagreement with the RAGFs, it means, undoubtedly,
that the linearity in the integration operation was violated through the operations made.
Of course, this is not the adequate situation if one want to make predictions in perturbative
treatments of a model or theory. In this sense, the RAGFs give us a powerful test of
consistency of a method used to calculate divergent perturbative amplitudes.
Following this procedure it is possible to state two relevant RAGF's for Tg, oo through the
contractions of (@) with the momentum p* and the metric g"”. According to our previously

introduced notation, we can write
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which, in terms of the subamplitudes, means
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In practical terms, we need to state the RAGF's for all subamplitudes defined in Eqs. (I0),
(), and (I2)). Since the procedure to obtain such RAGF's presents no difficulties, we just
list all of them in the appendix ((A]).

At this point it is interesting to see that the RAGF's are, strictly speaking, mathematical
identities which are valid in a way independent of the particular context. Then, one would
not expected that they were violated by any calculation procedure. On the other hand, one
would not expect that the Ward identities must be satisfied automatically in the perturba-
tive calculations due to the fact that they are stated by assuming translational invariance
as an ingredient. Such property is not contained in the amplitudes constructed through
the Feynman rules since, in cases where the divergence degree involved is higher than the
logarithmic one, the result is dependent in the routing assumed for the loops internal lines
momenta. Two distinct labels obeying energy-momentum conservation in all vertexes will
generate results which can differ by terms that are proportional to surface terms. The coef-
ficients of such terms are ambiguous combination of the internal lines momenta. In this way,
the WIs are expected to be broken in situations where surface terms are involved. Within
this context, it is the preservation that must be considered as a special accident and not the
violation. So, we must, before considering the content of an explicit mathematical form of an
amplitude, verify if the adopted procedure does not breaks the pertinent RAGFs. In order
to satisfy the WIs a new ingredient must be added to the implication of Feynman rules.
The usual one is the adoption of a regularization procedure. In the present investigation we
adopt a procedure which does not modify the amplitudes in the intermediary steps of the
calculations. The final form is a pure implication of the Feynman rules such that, from the
results, the ones corresponding to other prescriptions can be obtained.

Given the symmetries of the considered model [28], the energy-momentum tensor 7),, is

expected to has the following three properties,
T, =1, V',=0, ¢"T, =0, (25)
which imply, respectively, three canonical Wls (for massless fermions)

7%, =TS
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As it is well-known, it is always possible to fulfill the first cited Ward identity (T, ,, = 7.5 ;)
by imposing that the quantized energy-momentum tensor is symmetric [28]. Therefore, we
need to investigate if the last two WIs can be satisfied also. It is expected that both are
broken by anomalous terms known as Einstein and Weyl anomalies, respectively. In our
investigation we will obtain, among other things, a set of conditions to be fulfilled in order
to satisfy these properties.

The main task of next sections is to check, after the explicit calculations of Tg, oo if the
obtained mathematical forms are, firstly, in accordance with the RAGF's to, after this, verify
if it is possible to preserve the associated WIs. For the first task it is only required to be
careful in the operations, in order to obey the mathematics, while for the second task it is

expected that a set of additional conditions need to be identified in order to be imposed in

addition to the application of the Feynman rules.

III. THE PROCEDURE FOR HANDLING DIVERGENT FEYNMAN INTE-
GRALS

Most of QFT’s predictions are made through perturbative methods. The construction of
the perturbative amplitudes, on the other hand, is systematized by the well-known Feynman
rules. Within this context we find, invariably, a set of amplitudes at the loop level, corre-
sponding to physical processes, which are divergent quantities. This requires the adoption
of an adequate procedure in order to handle with this situation. Due to this reason, in
this section we present the procedure which we adopt to handle the intrinsic mathematical
problems of the perturbative series in QFTs. The mathematical strategy adopted play a
crucial role in our investigation.

In a first step, by applying the Feynman rules, we construct the desirable perturbative
amplitude, for one value of the loop momentum. Then, by a simple power counting, it
is stated the superficial degree of divergence. Therefore, physical quantities, which are
combinations of propagators and vertexes, may be in an integrand of a divergent integral
when the integration is taken over the loop momentum, which, formally, corresponds to the
implementation of the last Feynman rule. The usual procedure is, at this point, to adopt
a regularization technique in order to make the integrals. This implies in to modify the

amplitudes as they come from the corresponding Feynman rules. After all the operations
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are made, some limit is taken to, in principle, connect the obtained results to the initial
situation, removing the effects of the mathematical modifications introduced. However, as
it is well known, due to the divergent character of the modified integrals, the integration
and the limit are not commuting operations such that the result is not unique and (which
is bad) is dependent on the intermediary sequence of steps followed. Given this fact, some
aspects of the perturbative calculations are prejudiced, especially those were surface terms
are involved since, in the regularized expressions, they may assume prescription dependent
values. In the dimensional regularization (DR) prescription [35-37], as an example, they
are assumed as having vanishing values, allowing then shifts in the integrating momentum.
On the other hand, in prescriptions where the regularization is made through distributions
at a fixed space-time dimension, the value for the referred surface terms are not zero and
the amplitudes became dependent in the particular routing adopted for the internal lines
momenta of the loop. Both methods produce very different implications in qualitative and
quantitative sense.

In order to avoid the previous described situation, it was developed a procedure which
can circumvent the modifications of the perturbative amplitudes at the intermediary steps
of the calculations such that all the ingredients are present at the final form obtained, like
the aspects related to the surface terms involved. With this attitude a very rich analysis is
allowed since, as we have said, a correspondence with all specific regularization technique is
always possible.

The main idea is to assume that the linearity in the integration operation is a valid
property for Feynman integrals, in such a way it is possible to write the expression for a
perturbative amplitude in any mathematical form which is mathematically identical to that
usually adopted by the Feynman rules, before implementing the last rule. Strictly speaking,
there is an infinite number of equivalent mathematical forms for the Feynman amplitudes.
This freedom allow us to choose the most convenient one for our purposes. We can assume,
at this point a criterion for the choice; the most simple mathematical expression where no
physical parameters will be inside a divergent integral when the last rule is implemented. Our
next task is, therefore, to rewrite the propagators, where resides the dependence on the loop
momentum, in a way which allows us to achieve this goal. In principle, any identity which

generates a sequence of terms having a regressive power counting in the loop momentum
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can be adopted. Probably the most simple one is the identity [20)]

o (1) (K2 A 2k kA A% — m2Y
_Z (k2 — A2)/*!

J
(=DM (B2 + 2k, - k4 X2 — m2)N !
(kiZ_)\Z)N-i-l [(k+k2) _ Zj| )

(27)

where N need to be taken as equal to or greater than the superficial degree of divergence.
On its turn, A is an arbitrary parameter having dimension of mass and k; is an internal
(arbitrary) momentum. In practical terms, it is equivalent to say that the infinite forms
allowed by the value of IV, in the above expression, are completely equivalent to represent
the required expression for a propagator in the application of Feynman rules. It is enough
that the linearity in the integration operation is a valid mathematical property. In addition,
it is required also that, in all steps, the complete independence of the arbitrary parameter
A is obtained.

The convenient use of the identity (27)) make possible to split up any divergent Feynman
integral into a sum of scalar (irreducible) divergent integrals, surface terms and finite func-
tions of the external momenta. The set of divergent quantities is reduced to few objects

which in our present investigation is composed by two irreducible (scalar) ones
d*k 1
12 () = / 28
log ( ) (271_)2 (k‘2 _ )\2) ) ( )

12,00 = [ éﬁ’j In (k ,;AQ) . (29)

The masses within these objects (mass scales) can be changed freely through identities that

are called scale relations and stated by
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On the other hand, we will find four quantities which can be recognized as being surface
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The convenience of this systematization will be clear in future discussions.

(33)

(36)

In turn, the

finite integrals arising can be integrated out without restrictions and the results written in

terms of a set of finite functions defined through integral representations given in terms of
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Feynman parameters [38]. In the present work such structures are defined by

(1) (2 o ! a*
- ,m°) = dr———+, 37
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with k& = 0,1,2, ... and the polynomial @Q given by Q (p?, m?; x) = p*x(1 — x) — m?. There
are, obviously, relations between the functions corresponding to two different values of the
index k , allowing us to reduce them to the 5((]_1) or 5(()0), which is particularly useful in
RAGFs or WIs verification.

Observe that within a traditional regularization prescription the divergent objects would
have a value attributed to them. For example, in DR all the above surface terms are taken
as being zero and the I, (A\?) and 40 (A?) objects manifest themselves as poles, for specific
values of the space-time dimension, in the amplitudes. In fact, one can always formulate
a one-to-one map among our results and those produced by regularizations prescriptions,
as will become clear in what follows. On the other hand, in our prescription, they remain
untouched and are present in the final results, where their possible values could be considered
and tested for consistency requirements. These aspects represents the heart of the analysis

and conclusions made in this job.

IV. EXPLICITLY EVALUATION OF THE SUBAMPLITUDES AND THE VERI-
FICATION OF THEIR RAGFS

In order to explicitly calculate the gravitational amplitude Tﬁm, we first calculate its
subamplitudes, through the strategy described above, after that we check whether the results
obtained are consistent with the corresponding RAGFs and, if it is the case, verify if it is
possible to satisfy the WIs.

We start with the subamplitudes composing the vector sector given by

T = 4 [T00,) + 200 [T000) + 20, [T)0] + pups [T, ]

+(p—v)+ (0 +—p) . (39)

These three kind of subamplitudes are defined by taking I'; = 7, and I'; =+, in definitions

(I0), (1), and (I2I).
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A. T;/pv amplitude

Let us consider first the ;" (see Eq. (I0)). This amplitude belongs to the spectrum of
amplitudes arising in renormalizable theories like Q' D5, where the gauge invariance plays
a crucial role. In such a context it represents the one-loop polarization tensor. Therefore,
its identification as a substructure of the TMGVM amplitude may shine some light in our
investigation about gravitational anomalies. We will consider, due to this, some details in
the procedures.

We know that it is expected to identify the relations (I3 and (I6]) as properties of its
explicit form. Thus, it is relevant to know the corresponding expression for the one-point
vector function in advance. Beside that, it is a good opportunity to exemplify the use of the

procedure in a simple algebraic scenario. First, after taking the Dirac traces, we obtain the

expression for one value of the loop momentum

k« 1
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For the first term we adopt for the propagator the representation
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(41)

Y

which corresponds to adopt N = 1 in (27)). For the second term the same representation can

be adopted. However, in order to avoid unnecessary algebraic efforts, one can take N = 0,

1 1 (K A2k R N —m?) (42)
Di (R =X2) (k2= 2) [(k+ k)’ —m?]’
Thus
ke, 1 2k, k Jap
|iD1 ' D1:| not odd ' (k2 - )\2)2 (k;2 - )\2)
(k2 + 2k - ky + A2 — m?)?
(k2 =22 [(k+k1)® —m2] °
2 . 2 2
(B 42k kA m)kla, (43)

(k2 = X2) [(k + k1)* — m?]
where an odd term was omitted since, after the integration, it will vanishes. Note that

the dependence in the arbitrary internal momentum is located only in finite integrals. The
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divergent terms will not contain physical quantities since A is an arbitrary parameter. After

some reorganization, we can take the integration on both sides

/ % ek {5~

[ Pk ko (R4 2k kA2 —m?)’
a / (27)° (k2 = A2)* [(k + k1)* — m?]

A’k (K} + 2k - kp + N2 —m?)
- 1“/ 2m)* (k2 = N2) [(k + k1)® —m2]

(44)

This expression is only consequence of the Feynman rules. On the right hand side, there are
only finite integrals. They can be solved without any kind of concern since any reasonable
regularization must give the same result for a finite integral. The integration reveals the
identically zero value. A formal relation can be written by identifying a surface term like
the one defined in (33)),

TV (ki) = —2k2 [Aé?fm (V)] . (45)

(2)

The result is proportional to the arbitrary momentum k; and to the surface term A, ,,

(2)

whose argument is also an arbitrary quantity. The mathematical object A, , is prescription
dependent in the sense that, in order to attribute a definite value to it, some particular
mathematical procedure is required. It would be desirable that this perturbative amplitude
gives a null result, as we can see below, but the Feynman rules do not imply that.

The same procedure can be used to evaluate the T;;V amplitude. The result can be

written as
2 4 -1 —1
Y =2 [A0,] + = (o — gop®) [0 (P5m?) &7V (Bm?)] . (40)
where p = ky — k1. In the above result we can see clearly the aforementioned organization
through finite and (a priori) divergent objects. For our purposes, it is important to known
if the above result is in accordance to the expected RAGFs (Egs. (I5) and (I6])). The
contraction of ({Z6]) with p” gives

P =20k k)7 [AR] (47)

2;0p

which, given ([H]), can be recognized as being the RAGFs ([I3]). So, this (vector) RAGFs is
automatically fulfilled by (46]). The same conclusion is also valid for p” contraction.
This result is a good opportunity to illustrate our preceding comments about RAGFs and

WIs. Since the T;/pv amplitude is proportional to the polarization tensor of QFE Dy, gauge
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invariance implies that it must have two conserved vector currents, i.e., p”T, " = p*T)Y = 0.

It is easy to see that such requirements is not automatically satisfied by expression (4@).

(2)
2;0p)

The Feynman rules ended their job. The RAGFs are satisfied as it is required but the WIs

The violating term is given by the (undefined) object A according to the expectations.
satisfaction will depend on an additional ingredient. So, without additional assumptions,
the unique way to obtain a polarization tensor T;/pv satisfying its WIs is in the absence of
the object Ag?c),p. As a surface term, this is exactly what would happens if we have used
the DR prescription. This is, in fact, a necessary requirement for all regularizations which

intend to be gauge preserving [39].

4% :
B. T,,, amplitude

The next subamplitude to consider is 7).}, (see Eq. (II)). The result can be put in the

form

vV a |M(2) (2) (2)
T/wp =-P [D?);auop] + P, [A2;ou} + Fs [AQ;PH}

o 2 2 2
_I_ P {gO'p |:Aé7/)1/o¢i| - gup |:A§,<)xai| - gﬂ/a [Aé,;a]}

_ % [TV (48)

where P = ko + k1. The proposed systematization is, again, clear from the above expression.
In the above equation we also see the polarization tensor T;/pv as being a substructure of
TZ Xp. The crucial question is: does the above expression fulfill its expected RAGFs?

The contraction of the above result with p” reveals that the RAGFs (AJ)) is satisfied. The
same happens for the p* contraction. These calculations can easily be done by observing

the results for the one-point amplitude Ty, (k;), given in Eq. (CI0O). On the other hand,

the metric contraction gives
9" [Tigp) = [T, (k)] +m [T)7]
- (k2 + kl)o { [guumi(’fl)wap] ~ Yop [gijgl)W} } ’ (49)
where IS given q. . e last term of the above equation shows that expression
h T[;W'g' by E The 1 f the ab i h h i

@8) for Ty, does not (automatically) satisfy the expect RAGFs (A3). The spurious terms

are composed by two surface terms. In order to not break this RAGFs we must have

908y = 9o [g“”A(Q)] - (50)

Vo p 2;pv
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(2)

Let us consider this in an explicit way. First we note that the integrand of g"”A;~, satisfy

a trivial algebraic identity

2k? 2 2m?
(]{72 . m2)2 - (kZ _ m2) - (]{72 . m2)27 (51)

which means that the integral is finite, as well as the linearity of the integration operation

is assumed. Given that one obtain

N 52
g 2;puv o ( )
In a similar way, the integrand of the quantity ¢"” [Os...0p] can be rewritten as
8k?kok, 8kok,  8mPk,k, (53)
(k2 — m2)3 (k2 — m2)2 (k2 — m2)3’
such that the corresponding integral will be finite. Performing the integration we get
pv ¢
g [D?);/u/ap] = - Gop - (54)

2
Given both results we obtain (50). This means that our procedure is consistent with the
linearity in the integration operation. It is interesting to note that we have evaluated surface
terms and the results obtained are nonzero. Here one can note that the condition (50) would
also be satisfied by assuming Dg?zwp = A;i)w = 0. If we had applied the DR to perform these
calculations, such requirements would be fulfilled automatically since in the DR prescription

surface terms are assumed to vanish.
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C. T;XX, , amplitude

The last subamplitude composing the vector sector is T\, (see Eq. (I2)). After a long
and tedious but a straightforward calculation, we obtain
2
T,vaop = SXVVO'p + (gpugau + gpl/gau) |:I[§u)ad (m2)}
1 2
+ g (g/wgpap — GuwPpPo — gappupu)

1 2
- 6 (gupguap — GupPvPo — guapupp>

1
_6 (gupg;wp2 — 9vpPuPo — gMUprP>} [[1(02; ( )]

; 2
t ) PubPvDoP p
9 { . 2 + 5 (gupgua + guagup)

27 p? 2
bv p
_5 (g;wpp + guppa) - ?ﬂ (guppa + guapp)} |:2§2 (0)}
i1
T (DoDp — P°9p) (Pupv — P’ Gu) [Sé — ¢’ ] wpepe [T07] (55)

where S/YVVUP represents a (ambiguous) combination of surface terms and is given explicitly
in appendix (D). Note that in the expression above the divergent objects appear as functions
of the physical mass (m) rather than an arbitrary scale mass (\). From now on, we will
adopt this simplified notation, because the mass scale, chosen for the divergent objects, will
not play an important role in the discussions presented in this work. In addition, if needed
for some reason, the mass scale can be changed freely using the scale relations shown in
the Egs. (B0) and (31]). The contraction of the above result with p” or p#* shows that both
expected RAGFs (see Egs. (A2)) and ([Ad)), are satisfied automatically while the contraction
with the metric gives
9" [Taiap] = [0 (k2)] +m [T7]
1
£1.x £1.x £1.x oy (2)
+ 5 (KRS + KSR + Kk ) 975 ]
1 2 2 o
1 loa
— 5 (ko k), (ka4 by)* [ O ]
g 2 ol 2
- k‘g + k‘l)f k’ly [ H Dé prs} + (k2 + kl)p klu |: a Ag HU]

1
+ L (pppv — GupP”) (56)
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where we have used the results (CI0) and (D3). Now there are six potentially breaking
terms for the RAGFs (A4]). In order to fulfill this RAGFs we have to get fulfilled both the
condition (B0) and also

(2 i
9" Zﬁ(l;/)wl/pﬁx - T on (Gvpdex + GveTox + Guxpe) - (57)

It is simple to see that this condition is satisfied by using the same sequence of steps used to
obtain (B0), i.e., by assuming the validity of the linearity in the integration operation. This
result means that the RAGFs is preserved by the operations made.

D. T(;‘})V amplitude

In the axial-vector sector we can make a similar investigation of the pertinent set of
subamplitudes, which are defined by taking I'; = 7,73 and I'; = ~, in (I0), (1), and (I2).

Let us take the simplest amplitude of the set, namely T(;‘;)V. This subamplitude is a very
interesting one for our present investigation since it is the well-known anomalous amplitude
belonging to the chiral QE D, [33,134, 40-42]. Its evaluation can be made trivial if one note
the relation

T, =0y [T3,] (58)

such that, by using (40]), we get
AV _ ) ¢ (-1) (2. (-1) (2.
To—pv - _2605 [Ag;gp] - ;605 (pﬁpp - gﬁppz) |:£2 (p27 m2) 61 (p27 m2):| . (59)

There are two RAGF's expected to be satisfied by the above expression, which were stated
in (A) and ([A9). The first one refers to the contraction with p?. This contraction gives,
immediately, the expected difference T (ky) — T4 (ko) (see Eq. (CG)).

On the other hand, the contraction of (59) with the axial index (p7) reveals

PTAY = —2e0e (b — k1) g [AD),]
1 _
— ;a,pp" [1 + m2§(() 2 (p2, m2)] ) (60)

Now, there is subtlety in order to identify the expected difference of two axial one-point
functions in the right hand side of the equation above. This is a very important aspect of

our investigation. For this, it is first necessary to change the position of the Lorentz indexes
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in the first term above. Through the Schouten identity
2 2 2
goggﬁx [Agv)cp] - ‘Spfggx [Agv)«f] —Eop [gngg;gx} ) (61)

such a change of index can be achieved. Given the PV amplitude (see Eq. (D4])), we can

write
T = [T (k)] = [T (k)] +2m [TFY]
et af A2)
+ 2 ,¢p {% + g Az;aﬁ}} . (62)
From the expression above we see that the RAGFs ([A9)) is preserved, if and only if,

oA _ 1
g XA2;£X T og

(63)
which is the same result founded in (52). Again, the operations made are in accordance
to the linearity in the integration operation. However, it must be noted that through the
Schouten identity we have constructed two representations for the AV amplitude, such that,

after the immediately above result, allow us to identify

P T ], =T (k) = T3 (ko) (64)
o [A A A
p [Tcrpv}z = [Tp (kl)} - [Tp (kQ)} +2m [TPPV} (65)
Both expressions [TUA;V} , and [TUA;V} , are identical from the mathematical point of view, as
long as the Schouten identity is valid. Note that the referred identity relates a tensor with
its trace.
It is possible to note an interesting aspect in the above results. In the amplitudes of the
. .- 2 vi— (2 oy(2

vector sector we evaluated the finite quantities ngAé;gx, gt D:(a;;)w oo and g" me)wy ey
those cases, the nonzero value found for these quantities put the results in accordance with
the requirements but the null value fulfill the conditions as well. In the present case, the
value ggXAggX = 0 breaks the linearity in the integration operation since the axial index

contraction gives
T = T (k) = Tt (k) + 2m [TFV] + Z,ep' (66)
On the other hand, in order to fulfill the WIs

P =0,

(67)
PTy =2m[T7]
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a necessary condition is

T (k) =T, (ke) = 0, (68)

which is guaranteed only by some prescription that attributes a null value for the object
Aggx, in the same way as it was required in the case of the WIs for the polarization tensor
(T (YPV). So, it seems that it is apparently possible to preserve the linearity in the integration

operation and both WIs, simultaneously, with the conditions

2 _
A2;€>< =0,

(69)
gaﬁAg?iﬁ -

= .
These two conditions are clearly not compatible with the Schouten identity which is neces-
So,

in order to get this wonderful result it is necessary an illegal trick or to corrupt the mathe-

sary to generate the second representation [Tfpv} starting from the first one [T UA;V}

2 1

matics. A consistent condition would be taken both objects as zero quantities, which gives

us
. i
pTTL =2m [TFV] + ;Epgpg , (70)

connecting us with the well-known anomalous phenomenon [33] in two-dimensions.

E. T[ﬁc‘,/p amplitude

The second subamplitude of the axial-vector sector is Tlf?c‘,/ ,- Through the relationship

AV af [TVV
Tiiop = —€oa ’ [Tu;ﬁp} ; (71)

and the result (4])) it is straightforward to get
2 2 2
Tiep = Eoc P |:D5(3§BLPX§} — ot lp [Ag;gu] - Eaﬁpf [Ag;/)w}

wiop
2 2 2
— EoePX {950 [Aé;;)tx] ~ Yup [Aé;is} ~ Gue [Ag;;x”

+ % [TA] . (72)

From this result it is expected that it should, by consistency, satisfies four RAGFs. The
two RAGFs obtained for the contractions with p* and p? are satisfied without additional
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hypothesis. In contrast, contracting (T2) with p” and g"” gives, respectively,

P’ [TAV] = [T;ﬁp (kl)] - [T;ﬁp (k;2)} +2m [T;fm

wop

o a 2 « 2
— Epol P { [9 BD:(’);C)WH&] — Y¢p [9 BAé;iB} }
o Z «
— EpoD Pu {% + |:g BA%?Z!{B]} > (73>

/i (07
— Epep® {g + [9 BA;?LB]} : (74)

We see clearly that the RAGFs, generated by such contractions, are not automatically
satisfied. However, if one wants to preserve both of these RAGFs it is enough to fulfill the
conditions (B0) and (52)) previously found.

Again, we note that the options 0@  =AP

3;uvp€ 2;uv

v (2 v A2
=0 and g“ Dé;;)wpﬁ = Gep [g“ Ag,;)w} =0

means violations of both RAGF’s as happens in the case of the amplitude TJAPV.

F. T;ﬁ‘;/ap Amplitude

. . . AV . . . VV
The last subamplitude of this set is T}, . Its relationship with T}, 75 , Eq. (53,

Tivop = —€009™” [ThV3,] (75)

priop T wv;Bp

makes its calculation immediate. The contraction of this result with p” and p* reveals that
the corresponding RAGF's are satisfied. On the other hand, the contractions with p® and
g"? reveal unexpected (violating) terms given explicitly below
o [A A A
p [Tuv‘;/ap] = [T/W;p (kl)} - [T/W;p (k2)} +2m [T;Z‘;/p]

T (kék:;‘ + KSEY + k:fk:i‘) [gaﬁz@) ]

3 4aBpvéx
— szt (B4R [0
— 2000 P k1 [gaﬁ Dé?,lgyg} A [9‘“’3 D;(fiﬁ“g]
2 b [0, 4 S P —gup?] . (76)
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9" [Ten) = (15, (ka)] —m [T)7]]

pviop

1 o o 2
+ 55[)5]9& (k2 + kl) [g ﬁlji(’);t)xﬁua}

]

Tl Py - (77)

Entirely similar to what occurred with T’ ;K/V; ,, in order to save both RAGF's it is imperative
that
v v AR |
g" D3;,uup§ = Ge¢p |:gﬂ A2;uu] = —5:9¢p >

(78)
oy (2) _ %
9" Yt povpex = "m (Gupex + Gue9ox + Gux9pe)

which are the same results previously obtained.
We should emphasize, again, that the results above can be easily checked by assuming
the validity of the linearity in the integration operation, as we have pointed out before. The

results for VA, TVA and TVA

o T, i, are completely analogous to TV, T/ and T,

op v T pop piop:

G. T7* Amplitude

Although the procedure is essentially the same to the one presented above, for complete-
ness, we succinctly present the main results for the subamplitudes belonging to the axial

sector, obtained through the substitutions: I'; = 7,73 and I'; = 7,73 in ([I0), (1], and ([I2]).
TAA

The first subamplitude is 7%, which has the corresponding result

Tt =2 [A0] +4 [popy = 90?] [ (07 m?) — €7V (02, m?)]
- 8m2gap |: i_l) (p2>m2):| : (79)

Both expected RAGFs (see appendix [A3]) are fulfilled by the above expression without any

(2)
2;0p°

assumption about the object A
Again we observe that, similarly to Ty and 7" amplitudes, T;,* belongs to the set of
amplitudes associated with standard (renormalizable) theories. So, within such a context,
this amplitude should satisfy additional constraints such as the two following WIs
(T4 = 2m [ 0
AA] _ A
P T30 =2m [THF]
representing the proportionality between the axial current divergence and the pseudoscalar

one, for the case of massive fermions. In order to satisfy both WIs it is required that
[T, (k)] = [T, (k)] =0, (81)
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in a completely similar way as in the case of the amplitude T;;V, as expected.

H. Tﬁfp Amplitude

The second subamplitude of this set is 744 . We found

wop -
AA a |2 (2) (2)
Tu;crp =—P |:D3§04WP] +F, [AZO#} + B, [AQ;PH}
+ P gy |88 ] = g [ 25| = g0 [AS]}
b AA
— 3“ [T (82)

When the RAGFs are checked, we find that those corresponding to the contractions
P [T, ;ﬁfp} and p* [T ;ﬁfp} (see appendix [A3]) are satisfied, while that related to the con-

traction g’ [Tﬁfp} gives

i [Tﬁfp} = [T[Y (k’g)] -m [TPPA}
— (kg + k) { [gaﬁméi)xﬁpf] + Gpe [gaﬁA%ﬁ} } : (83)

The conclusions are the same ones obtained for TXC‘,;.

L. T:4  Amplitude

The last one to be calculated is Tﬁj‘o , - The result can be put in the form

2
T;‘pﬁw = S;/p‘;/wj + (gpugau + gpugau) [[éuzzd (m2)}

1 2
+ g (guugpap — GuwPpPo — gappupu)

1 2
- 6 (gupguap — GupPvPo — guapupp)

1
_6 (ngguUp2 - guppupa - guapupp) - 2m2guugap} |:Il(02g) (m2)}

: 2
? vPo
+ {p,up Dole + % (gupgua + guagup)

2 p?
bv b 0 0
_E (g/wpp + guppa) - ?M (guppa + guapp)} [Qéé ) - § )]
i1 0 0
+ %E (papp _p2gap) (pupu - p2g/w) [gé )~ i ):|
i m? (0) 1 AA
- %Fg;w (pcrpp - p2gop) [50 ] + prpo [ij } . (84>
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The verification of the RAGF's shows that only the contraction ¢g"’T lﬁ‘;“g , 1s not automatically

satisfied. Instead, we find
9" Twp = [T, (k)] = m [T7]

5 (5hY + KSRy + KR [0 2|

4;uovp€X
o 2
Y (k% + k;) |:gﬂ Dé;/,)l,o'l/p]

1

— 5 (1{32 + kl)p (]fz + kl)§ [gugmi(’f;)wuf]

— ke (ki + K)E [gfwm(?) }

3;uop€

+ kuy (ke + k1), | AL, |

1

+ g [pupp - guppﬂ . (85)

Clearly, the conditions that ensure this RAGFs (see Eq. (A21])) be fulfilled are the same

TVV and T4V

viop iops as discussed above.

ones required for the

V. RAGFS VERSUS EINSTEIN AND WEYL GRAVITATIONAL ANOMALIES

In the section we shown that, in order to satisfy (simultaneously) all the RAGFs
expected for the subamplitudes of T,Efp)a, it is required a set of conditions involving finite
quantities. They represent necessary conditions for the calculation procedure be consistent
with the linearity operation in the integrals. At this point we can ask ourselves: are the
above requirements enough to guarantee also the maintenance of the RAGFs associated
with ngo? Given the investigation about the subamplitudes made in the previous section,

the answer to this query is immediate. This is because the gravitational amplitude T, ,Efp)g

was decomposed into a sum of subamplitudes. Thus, when we contract T,Efga with p* or
g, we get contractions with these subamplitudes with p* or ¢g"” also, and, each contraction

generates a RAGFs for such subamplitudes, as we saw in the section [Vl For instance, in
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the vector sector we have

P, = 1 (T, + T

wvpo voiup posvp

+ 200 { [P Tn] + [P L] 3

vipp Hvp

+2p, [P"T)] + pope [P, ]
+2p° (T3] +po? 1,7 ]

+ (o «—p) , (86)
and

guu [T( ) } _ 8[ uVTVV } _|_4p |: /M/TVV}

pv po posvp wivp

+4 [Py ] + 200 [T ]

+ (o< p) . (87)

So, obviously, if all subamplitudes fulfill its RAGFs then T,Efp)g fulfill its RAGFs as well.
So far so good. However, this game becomes more complex when WIs are expected to be

preserved too.

A. Ward Identities and Gravitational Anomalies

As we have argued along the work, the preservation of the RAGFs can be considered
as a requirement of purely mathematical nature. From a physical point of view, the main
question to be considered is about the WIs. Both aspects, however, seems to be coupled.
Precisely due to this reason we reported the investigation in the way presented previously.
As a summary, we saw that the (regularization independent) conditions for the RAGFs

preservation for all subamplitudes are

v(2) v A2 |
9" D3;,uup§ = G¢p |:gﬂ A2;uu] = —5:9¢p >

(2)

. (88)
gw/24;;u/0p§x = _ﬁ (gopgix + 9otYpx + gUXgpf) )

while the (regularization dependent) conditions for the WIs maintenance, in the two-Lorentz
index amplitudes, are

2(2) _ D(

4;uvop€X 3ipuvpg

—A? . (89)

2;uv

The issue is that these conditions are conflicting ones.
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With a few exceptions, all these calculations are usually performed after a regularization
prescription is adopted. Within this context, in the most of time, it is not possible to see
clearly that, after all calculations, the main difference among two distinct approaches resides
on the value attributed to the aforementioned objects. Note that it is not relevant the way
we write the scalar divergent objects. Relative to the possible values that can be attributed
to the surface terms, it is reasonable to consider three different scenarios, which we will
discuss in details in what follows.

In a first scenario one can adopt a prescription where all the surface terms defined above

are null tensors, i.e.

(2) _® 2 2 _
Z4;uwp5x - D3 suvp€ T D2;Wﬁ§ - A Al sy TR (90)
as well as their contractions with ¢g"” (tensor traces)
o2 g g ‘“’A = gAP =0 (91)
9 LpvopEx BiuwpE — 2pwpE 20 = 9 Lpv :

These assumptions are consistent, in a trivial way, for example, with the Schouten identity

2 2
EUﬁggx [Ag,))(p] - Epfg§X |:Ag,))<cri| = 8O'p |: SXAQ fxi| ) (92)

the one that was required to verify whether the RAGFs for the pseudoamplitudes are pre-
served by the calculations made. As a consequence of these assumptions, all the one-point
functions vanish identically, at least in the massless limit, which are physical desirable results.
On the other side, they are not consistent with the linearity in the integration operation, as
we have seen. We can look at properties ([O0) as a kind of (physical) consistency relations.
The authors of the present work have shown, in different contexts involving perturbative
calculations [39,143-45] that the consistency relations are required in order to preserve gauge
invariance as well as to eliminate ambiguous terms, as we have shown for the two-Lorentz
index amplitudes in the section ([V]). In general, the conditions (Q0) are satisfied by a class
of regularizations called gauge preserving regularizations, of which DR is the most popular
member.

By assuming the conditions above we can define what we may call the “physical”

(sub)amplitudes: .
Ty =" — (Popy = 9opp”) [ Y- i_l)] , (93)
Taor =3 [T . (94)



n‘i‘;p (guagup + nggMU) |:[¢§izzd ( 2)]
1 2
+ g (gapguup — YopPvPp — g/wpapp)
1
- 6 (gaugpup2 — YovPpPp — gpupapu)
1
_6 (gpugaup2 - gpl/papu - gaupppl/)} |:Il(3g) (m2)}

; 2
t | PoPpPuPv |, P
o { B + ? (gpugau + gpugau)

2w p?

p Do
—=L (gaupu + gaupu) - ? (gpupu + gpupu)} [2650) - %O)]

2

+ i}% (pupv — P*9) (Pop — P°Gop) [ o (0)} + ipum (T3]
T = —euag™ [T3]
oo = —€0a9™ [Tag,]
Tistes = —€0a9™" [Ti0k50]
Tt = % {(popp 9ooD?) [ SV — f_l)] — gopm? [ é_l)}} :
T =2 )

2
Tivms = (GuoGup + GvpGpo) {I . (mz)]

1 2
+ g (gcrpguup — YopPvPp — g,uupcrpp)

1 2
- 6 (gaugpup — GovPpPp — gpupapu)

1
6 (gpugoup2 — 9pvPoPu — gcwppp’/) - szg(jpguu} [[1(02%) ( )]

; 2
? PoPpPuPv p
+ % { p2 + 5 (gpugau + gpugau)

p Do
_gp (gaupu + gaupu) - ? (gpupu + gpupu)} [2650) - ;0)]

2

1
T o (e~ ') 7] + o [T -

1
+ LP (pupu _p2guu) (papp p gap) |: (0) £0)1|

27Tp

(99)

(100)

Observe that all ambiguous terms were eliminated and all the one-point functions vanished
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(for massless case). From these redefined subamplitudes we get
“EGVPU = —4 (Do + 2D19p0 + PpGuo) [Iéuad ( 2)_
‘l’ 2m2 {ppgua |:[1(0g) ( )i| _l_pUgVP [[1(()2g) ( ? ]

‘l‘ guppagaa [Il(og) ( )] + gvapagpa ]1(02g) ( 2)]

~—

1 —
‘l‘@ [pp (pupa - guap2) + Do (pupp - gupp2) + 2851/]96 (papp GopD )} |: (-1) 255 1)} }

1

T og-covps (PP — Jool?) (101)

or, by taking the massless limit

1
MEIG/pU = 96 —— EpuD (papp _gapp2) 5 (102)

which can be recognized as being the well-known Einstein’s gravitational anomaly [29].

G . .
In the same way, the g}, contraction gives

Wﬁ%po 490p {3 [Ig‘zld ( 2)] —2m’ [[1(02g) ( )]}

1 1 . )
— (g) m2 {(papp - p29p0—) + 5 (Euppupa + 5uapupp):| |:§£ 1) _ 2§§ 1)]

1 ) 1 \ R
+ (%) |i(papp —-p gpa) + 1 (Ep)\p Do + EaAP pp):| , (103)
or
1 1
“V7:LI(3PO' = <E) [(popp - ngpo) + Z (EPApApcr + goApApp):| ) (104)

for a massless fermion. This result is known as Weyl or trace gravitational anomaly. The
main point of the preceding calculation is the demonstration that, from our general results
shown in the section (IV]), one can obtain the usual anomalies terms. The caveat, as should be
clear, is that both anomalies are inevitably entangled to a violation of a basic mathematical
property, the linearity in the integration operation. This aspect is, in fact, common to all
anomaly phenomena in QFT.

A second possible track that one may follows, if a regularization get into the game, is to
adopt a procedure where surface terms are taken as null objects, as above, but instead their

contractions with g"”
v(2) _ vA(2) _ %
gM DS;uupﬁ = Y¢p |:gﬂ A2;,uu] = 75:9¢p >

(2) —_

| (105)
9" S ey = — 35 (Gupdex + GueTox + Guxdpt)
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being, in effect, non-null quantities. This situation may occurs indirectly depending on the
step of calculations that a regularization is implemented. For instance, when one takes the
surface terms as being zero after the use of the identity (G1J), this choice can be materialized.
Then, within this paradoxical scenario, through a specific route followed in the calculations,
it would be possible to get the linearity in the integration operation maintained and so no
anomalous terms will survive. It seems that the best of the outcomes is achieved. One could
propose a rule for the evaluation of perturbative amplitudes: for such referred amplitudes,
when convenient, first use the identity (6I]) and calculate the quantities g‘“’Aéi)w, g””ljg?;u e
g“"Zf}wu o¢, Obtaining a non-zero value. After that, take the surface terms as being zero.
The desirable results seems to be obtained and, at first sight, one can understand that, with
this recipe, the anomalies are eliminated since all WIs can be fulfilled. However, if we use
the Schouten identity, at least one of the expressions for the contracted tensors will contain
terms like g’“’Agi)w. This situation reflects the mathematical impossibility of satisfying all
the RAGF's without to use a Schouten identity like (GI]). So, the situation above, where all
the WIs are preserved cannot, in fact, occur. In addition, the Schouten identity is violated
since the tensors are null quantities and their traces are not.

A third possibility would be a choice where both, the surface terms as well as their traces

are non-null tensors. For instance, if a regularization gives Ag. ;)w = — -9, then its trace
reg

(2)
2;uv

is given by ¢g"A = —%, the same value we found before. These assumptions are con-
sistent with the preservation of the linearity in the integration operation and, consequently;,
with the uniqueness of the results since the Schouten identity is preserved also. One can
say that this attitude represents the mathematical consistency. On the other hand, in this
case the one-point functions are nonzero and ambiguous. This is, of course, undesirable
just because the physical amplitudes are ambiguous. The WIs, therefore, are not preserved
due to ambiguous terms. Of course, this class of regularizations yields a scenario which is
not useful to make physical predictions in spite of being mathematically consistent. If we
follow this path, some kind of procedure must be adopted, as an additional ingredient to

the Feynman rules, in order to eliminate the ambiguous quantities arising.
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VI. SUMMARY AND CONCLUSIONS

Across this paper, we have calculated the perturbative gravitational amplitude ngo.

This amplitude was constructed through Feynman rules derived from a two-dimensional
interaction Lagrangian where Weyl fermions couple to the gravitational field via the energy-
momentum tensor. To organize the intermediate calculations and emphasize key aspects of
the analysis, we decomposed the T,Efp)a amplitude into sets of subamplitudes based on their
tensor character. Each subamplitude was analyzed using a novel method designed to handle
divergent Feynman integrals without limitations and treat both tensors and pseudotensors
equally. Crucially, this method is not a regularization scheme, as no divergent integrals are
calculated during intermediate steps. Instead, the undefined content of each amplitude is
isolated and expressed as either surface terms or scalar objects devoid of physical parame-
ters. For amplitudes with linear or higher divergence, the surface term coefficients capture
all ambiguities arising from the chosen internal loop momenta. Conversely, the finite con-
tent is integrated directly and organized into convenient functions represented by Feynman
parameter integrals. Section explicitly demonstrates these features for the calculated
gravitational subamplitudes.

A fundamental question arose after applying the proposed method and obtaining the
results: do they satisfy the expected RAGFs? This is crucial because failing to satisfy the
RAGFs indicates a breaking of linearity in the integration operation, rendering the results
unacceptable. For all subamplitudes to simultaneously satisfy their expected RAGFs, a set
of conditions is necessary. These conditions involve finite quantities, interpretable as traces
over objects identified as surface terms (I05). Our direct calculations revealed that these
conditions are universally satisfied, independent of the chosen prescription. This signifies
that our procedure, despite dealing with undefined quantities, yields results consistent with
the required linearity of integration. As such, our calculations align with the established
mathematical requirements for the considered perturbative amplitudes.

The discussion now shifts to the physical interpretation of the results. While ensuring
linearity in integration is crucial for mathematical consistency, satisfying WIs is essential for
interpreting predictions as consequences of the theory’s symmetries. For a universal analysis
of perturbative amplitudes, the calculation method should be independent of the specific

theory they originate from. Within the gravitational amplitude 7, ;Efgg, four subamplitudes
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TVV TAV TVA

oo s Lyy s Ty,0 and T(;‘;)A are constrained to fulfill WIs if considered part of a gauge theory

with conserved vector currents (e.g., QED,). We found that satisfying all WIs for T;;V
and T;;A requires Aggx = 0. This condition also preserves the vector WI for T;;V but
violates the axial WI, exhibiting the expected 2D anomaly. However, setting Aggx =0
assigns a defined value to an undefined object, potentially through a regularization scheme.

(2)

This directly contradicts the condition g"”A = -

; :
5 -, necessary for preserving RAGF's

(2)

involving pseudotensor amplitudes. This contradiction arises if g""A,. , is interpreted as

the trace of A

5> IMplying a null tensor with a non-null trace. Additionally, this pair of

values violates the Schouten identity. Even for this relatively simple problem, this scenario
presents significant difficulties.

We observed that something similar occurred with the gravitational amplitude. We in-
vestigate three distinct scenarios corresponding to different choices for surface terms, recog-
nizing that these choices effectively represent the selection of specific regularization schemes.
In the first scenario, we made the assumption that there exists a procedure or regularization
scheme capable of assigning a null value to the surface terms and their contractions with
the metric. Consequently, all one-point functions vanish, and ambiguous terms connected to
internal lines momenta are eliminated. This is because ambiguous combinations of internal
lines momenta always act as coefficients of surface terms. Crucially, this approach preserves

Schouten identities that involve surface terms, such as,
2 2 2

ensuring compatibility with the RAGFs of pseudoamplitudes. Interestingly, this scenario
aligns with the previously analyzed anomalous T;;V amplitude. Within this context, the
customary gravitational anomalies are recovered. From a physical perspective, it appears
that these choices are suitable, demonstrating that our procedure can, once again, replicate
the conventional results obtained through other techniques. However, from a purely math-
ematical standpoint, it introduces a contradiction. Presuming the contractions of surface
terms to be null implicitly violates the principle of linearity in integration, which should
hold true even for divergent integrals. While physically appealing, adopting null surface
term contractions leads to a mathematically inconsistent outcome, unveiling a potential
drawback associated with this particular choice.

Without questioning consistency, we supposed a second scenario that differs from the pre-
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vious one by assuming non-null contractions of the surface terms with the metric (I05]), while
retaining the assumption of null surface terms themselves. This choice, validated through
simple calculations where the principle of linearity in integration holds, might seemingly
allow satisfying all Wls for the T, ﬁf}a amplitude. However, this apparent solution presents
a fundamental obstacle. The Schouten identity, crucial for maintaining these WIs, becomes
violated under this scenario. This violation exposes the inherent incompatibility of this
choice with mathematical consistency, rendering the seemingly attainable solution physi-
cally implausible.

As the final possibility, we explore a scenario where neither the surface terms nor their
contractions with the metric are assumed to be zero. This approach upholds the linearity of
the integration operation, guaranteeing its mathematical consistency in this regard. How-
ever, this path comes at a cost. The resulting amplitudes exhibit broken symmetry relations
and remain ambiguous quantities. This compromise in physical interpretation renders the
obtained results unsuitable for predictive purposes.

This exploration of perturbative gravitational anomalies within a simple 2D model un-
veils some crucial insights regarding the limitations of regularizations. Notably, the results
obtained are not unique, merely representing one possibility among many due to the inher-
ent ambiguity introduced by regularization choices throughout the calculation process. Not
surprisingly, surface terms, rather than purely divergent terms, play the primary role in this
ambiguity. This finding underscores a fundamental challenge: existing regularizations can-
not simultaneously achieve both mathematical consistency and physical meaning. It is not
possible to find a regularization capable of resolving the involved dilemma for the following
reasons:

1) Setting surface terms and their traces to zero: While this eliminates ambiguous
terms often responsible for breaking symmetries, it does so by violating the linearity of
integration. This, in turn, leads to non-unique results, undermining the ability to make
genuine predictions.

2) Retaining surface terms: Although this preserves unique results and avoids vi-
olating the linearity of integration, it also retains the ambiguity and associated symmetry
violations inherent in these terms. Consequently, the resulting predictions remain ambiguous
and lack clear physical interpretation.

3) Setting surface terms to zero but not their traces: This approach appears to
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offer a middle ground, but at the cost of violating the Schouten identity. As before, this
renders the results non-unique and non-predictive, highlighting the impossibility of finding
a "perfect” regularization that satisfies both conditions.

In essence, regularizations introduce ambiguity, resulting in non-unique outcomes. Fur-
thermore, while surface terms hold the key to this ambiguity, no existing regularization can
simultaneously deliver both mathematically consistent and physically meaningful results.

While the non-uniqueness and ambiguity caused by regularizations may be a general
concern in perturbative QFT calculations, it becomes particularly critical in the context
of anomalies. As demonstrated throughout this work, achieving consistent results through
regularizations in anomaly calculations proves impossible across various examples. This
necessitates exploring alternative strategies beyond traditional Feynman rules to circumvent
these undesirable quantities and transform Feynman amplitudes into physically meaningful
ones. This transformation, akin to the removal of infinities in the renormalization process
without assuming them to be zero, requires a method that does not rely on regularizations.

Finally, it is important to emphasize that investigation was made in a completely
regularization-free approach. Due to this it was possible to appreciate some aspects in

our analisys which are not possible to do in contexts where regularizations are adopted.

Appendix A: Relations among Green functions

The RAGF's involving the subamplitudes defined in (I0), (IIl), and (I2)) are presented in
this appendix.

1. Vector sector

In the vector sector we have

7 [Thian) = [T, (k1)) = [T, (k2)] (A1)
P [ Tpiop) = [Ty k)] = [T (R2)] (A2)
9" [Tigp) = [T, (k)] +m [T7V] (A3)
9" [T = [T, (k)] +m [T7] (Ad)
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Substituting these RAGFs in () we get

Pt [T(V) } —

Hvpo

k)] =8 [T5,, (k)]
+4 [T (k)] = 8 [T (ka)] +8 [T, (k)]

[T (

— 2g,,,0° [Ty (k1) + TC,Vg (k2)] = 29u0p® [Ty (k1) + Thye (k2)]
+4p, [T, (ki) = Ty, (k2)] +4py [T), (k1) — Ty, (k2)]
+2p, [T, (k) = T, (k2)] + 2po [T}, (ka) = T, (ka)]
+4p, [T, (k 1)] +4po [T, (k)]

— Guobol” [T (k1) + 1Y (k2)] = guop,p® [T (k1) + T (k2)]
+'2p0pu[]g/(k1) ]ﬂ/(k2ﬂ +_2pppu[]2/(k1)__]2/(k2ﬂ
+2pop, [T} (k1) + T ()]

2. Axial-Vector sector

The expected RAGF's for the subamplitudes in the axial-vector sector are

pPToA}V = [ToA (kl)} - [TC}A (k2)] )
P’ = [T (k)] = [T} (k)] +2m [T)V]
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P [TAY] = [TA (k)] - [T, (k)] +2m [TY] (A10)

P [Tt = [Ty (k1)) = [T, (2)] +2m [T00]
9" [Tiigo] = [T, (k)] =m [TV] (A1)
9" [T/fuvap} [T:;‘p (kQ)} -m [TVI;DX} ) (A12)

1
P T, = §5pr5 (T (k1) + T, (k2)]

+ 3y [T ) = T (k)]

+ [T;?U (k)] — [Tpfla (k2)]
—~ %pz 7] (A13)

1
P [T,) = 5o [T, (k) + T, ()

pviop 2
b 520 [T, () = T2, ()]
+ [T (k1)] = [T (k)]
1
- 50" [Tho,] - (A14)

Adding them up to the Eq. (§) we get

P [ET] = 4 [Ty, (k) = Tig,, (ke)] + 4T3, (k) = T, (ko)
+8 [Ty (k1) = Ty, (k2)] + 4w, [T, (K1) = T, (K2)]
+2p, [T1, (k1) — T,fg (k2)] + 4po [T2, (k1 T2, (k2)]
+2p, [T, (k1) = Ty, (ko)) + 2, [T, (k1) = T3, (s)]
+2p, [T, (k1) = Ty (k)] + 2pop, [T, (k1) = T (k)]

+ pupo [ T3 (k1) = T3 (ko)) + pupy [T (ka) — T (ks)]
— 2e,pe [Ty, (k) + T, (k)] = 2e5¢pe [T, (kn) + Ty, (k)]
— epepabe [T) (k1) + T, (k)] = coepppe [T, (k1) + T (k)]
+8m [Ty, + T ] +4mp, [TL) +ThY ] + 4mp, T2 ]

+4mp, [TPV] +2mp,ps [TPPV] + 2mp,p, [TPV} , (A15)
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P AT =8 [T, (k1) = T, ()] +8 [Tih,, (k) — Tih, (k)]
+dp, [T, (k1) = T2, (ka) + Try (k1) — Thay (K2))]
+dp, [T, (k1) = T, (k2)] + 4p, [Ty (k1) — Trny (K2)]
+ 25y [T (k1) = T (k)] + 2p,py [T (Ka) = T3 (ko))

— 2eep° [T, (k1) + T, (ko) + T,y (k1) + T,y (K2))

_5V£p£ [panV (kl) +panV (k2) +ppT;/ (kl) +ppT;/ (k2)] :

3. Axial sector

The expected RAGF's for the subamplitudes in the axial sector are
P (T = [T (k)] = [T (k)] +2m [T77]

P’ [TAA} = [T;Y;p (kl)] - [T/Xp (kQ)} +2m [T/fﬂ )

wop

7 [Tl ] =[Th., (k)] = [Th,., (k)] +2m [TLA]

wiop wip wip pvip

9" [Tz = [T, (k)] =m [174]

wap P P

9 (T8 = [T, ()]~ m [T54]

uviop vip

1

(1] = =g [T (k) + 72 (ko)

b5 [T () = T ()]
1

+ 5P (T (k) + Ty (k)]

+ [T, (k)] = [T, (ko))
— Myop [TS (kl) - TS (kQ)]
1

I
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(A17)

(A18)
(A19)
(A20)

(A21)

(A22)



0o [T () + T (k)]

b0 [T, (k) = T, (k)]

P [T;ﬁonp} =

+ 30, [ (k) + T, (0]

[ vp;o } [Tvcr P (kQ)}
— MYoyp [TVS (k1) = T; (ko))

_Lpmaay (A23)

2 viop

Replacing them into (@) gives

—

P (T, =4 [T, (k)] = 8 [0, (k)] +4 [Ty, (k1)] = 8 [T}, (k2)]

+ 8 [Ty, (k)] = 2uope [T (k1) + Ty (k2)]

= 20vope [Tyie (k1) + T (k)]

+4p, [T, (k) = Ty, (ka) + Ty (1) (k2)]
+2p, [T, (k1) + Ty, (k)] + 2p, [Ty, (k) + Ty, (k1))
+2p5 [T, (k1) + Ty, (k)| + 2ps [T, (k1) + T, (K1)]
—dp, [T, (k2)] — 4p, [T), (k2)]

— (GupPo + Guapp) D° [T (k1) + 1Y (k2))

+2pups [T, (k) = T (k2)| + 2pup, [T (k1) = T, (ks)]

+ 20,1, [T (k1) + 1) (ko)]

— 4mg,, [T T2 (ka2)] — 2mgy,po [T° (k1) — T% (k2)]
— dmgye [T T3 (k2)] — 2mguep, [T7 (k1) — T (k2)]

+8m [T + TPA} +dmp, [T+ T + 4mp, [T

ucrp vp;o

+4mp, [To2] + 2mpups [T2 4] + 2mp,p, [TF4] (A24)

Appendix B: Integrals Results

In order to perform the required calculations to obtain the subamplitudes shown above,

it is enough to use the integrals results which we list in the following. They are
Z -2 2
I, = [ ( .m } , B1
2 (4r) S0 (p ) (B1)
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b = 5 [A8, (09)] + 50w [1 (0%)]

(4;)29,”/[ 3 (p?,m? /\2)}

" g |67 )
+ (=k1),, [L20] + (=k1),, [12,]
— (k1), (k1),, 2] (B3)

1
[2;111)\ = _Z (k2 + kl)5 [Dg?f);u»\ (>\2):|

= 5 e 1) {0 [AL ()] + g1 [AL ()] + ga [A2 0]}

- % (k2 + k1), [Af}d ()\2)] - % (k2 + k1), [Agz,)u ()\2)] - % (k2 + k1) [A%)W ()\2)]
5 k0, [AZ 00)] + 5 (), [A2L ()] + 5 (k) [22, ()]

- i [sz (k2 — K1)y + gpux (k2 — k1), + gux (k2 — kl)u} [Il(o2g (>\2)}
+ %g;wp)\ |:€£0) (p2; m2; )\2)] + %guApV [5%0) (p2; m2; )\2)]
+ %gmpu [&0) (p*; m?; Az)] — DuPubx [&5_” (% m2)]
+ (=k1),, Lova] + (=F1),, o] + (k1) [Lo]

— (=k1), (=k1), [IoA] = (=k1), (=k1)y [Lon] — (=k1), (=F1)y [L2,]
(—

+ (=k1), (=hy), (=) [B2] (B4)

Appendix C: One-point Functions

The one-point functions which are used in this work are defined by

k) = [ e ) ©
75, k) = | (;ikz (k + k), Tr {[ri]c, m} , (2)
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C [ L1
Tw(zﬁ)_/(%)2 (k+ k), (k+k1)yTr{[FZ]U = ﬁl_m} , (C3)

where I'; are vertex operators belonging to the set I'; = {T's, I'p, I'v, T'a} = {1,793, Ya, YaV3}-

By using the integrals shown above one obtain the following results,

T5 (k) = 2m [Il(fg)( )] , (C4)

TS (ko) = 2m {5 [AD), (m?)| = po [12) (m?)]} . (C5)
T} = —eoeg™ Ty (C6)

T, = —coeg™ Ty, (C7)

Tie = —Coeg™ T, - (C8)

TV (k) = 2k AL (C9)

1Y, (k) = g |Iia (m2)] + |AE, (m?)]
e {8 )] o[22, )]
[Aﬁw ] mkf[ e (m?)]

v ( 21{1”15) [ } (C10)

T, (k) = [k = o), g + (bt — K2), 0] {Iéi’ad ()] = KSR [S2,e
— K [Dgz;waf (mz)} — (ks — k1), K5k [D:(azuagx (m )} + K3k [Ds o€ (m2)]
+ kkY [méi,,fx (m?)] + [Dﬁfm (m?)]

o [O2ne ()] = 0ok [Dﬁfng )]}
+ oy [AR, ()] 4k [AL), (m? ] k) | A, ()]
— 15 { g [ADe ()] + g [ADe ()] }
— Bhao [AD), (m2)] = K3k, [AL), (m2)] + K (s — k), [AL), (m?)]
Oy koo [A;?,Zg (m2)] +[2 (ke — k), Ko + K2g0e] S [Aéig( 2)}
+ (B =2 (b = ), (ha = W), | 15 [A2) (7))

— g (s = H), + g (o — ), | WSR3 [AR, ()] (C11)
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Appendix D: Two-point functions

Here we show some results for the two-point functions not shown explicitly in the main

text. They are:

1 1
S;Yu‘c/rp [Dg;)wap (m2):| + 5 12 (3P€PX +p p ) |:Zz(12;)wcrpﬁx (m2):| - Z (P2 +p ) [Di(’>2;)wap (m2)]
1

(P p) PO e ()] = 5P O ()] = S PP [O2 e (7)]

+ o5 (PPt = P+ P [Dé?lapx ()] = 000 (PP 4 559) [0, ()]
425 PP ) Lo [0 (7] + 610 [D?ipgx ()] + 9o | D (m?) | }
o [, (7)) + g [AZ, (17)] + 000 [AZ), ()] + g3 [AL, (m7)]

1 1 1
o e | Y e P NS

Sl ) 2] o2 )
= G0 (P2 07) [AL, ()] = Gy (P24 [, (m)]
()] + 5 (P = ) Py [AR), ()]

£3 (P p) Py [A2)
— 900 PoPE + 0upPoPE — opPuPE + gop (PSP, + 1) [Aggg (m2)}

2 2up

1 1 1 9
guvppp5 ~ Gup (—§P§P,, +p,P* + épgpu) - gguppgpu} [Ag;c)rg (m2)]
1 1 ¢ ¢ L ¢ ¢ @ [

3 = 9uv (3P Py — p po) + Guo gp bv +puP |:A2;p§ (m ):|

S
5 9veP”Pu 6

+
D= N [\D|>—t[\3 —

1
GuoGvp + GupGuo) (3P5PX +p§p’<)] [Aé2>)<£ (m2)] ’ (D1)

guugoppgpx - 5 (

TSV =0, (D2)

75) = 2m { [A%, (m?)] + 9.0 1) (m?)] |
—2m {gw [500 (pz,mz;mz)} — PuPo _255_1) (p*,m?) — &V (pz,mz)]} ,  (D3)
T = et [0 (02 m?)] (D4)
m—y— -

43



PV _ _1 PV
Tu;cr - 2pl/ [Tg } ) (D6)
1
o = =m0 (D7)
11 = meaep® {[AD, (m%)] + g [18) (m?)] }
 meoer® (pup — gup?) (26577 (07 m?) — €7V (o2 m?) |

+ MEueP* Puby [é_l) (p2,m2)} : (D8)

T,Z‘?J = —Mmps { [Ag;)w (m2)} + G [[1(02g) (mZ)] }
s { (v — guu?) [677 (07, m%) = 26870 (12,

~ Py [ Y mz)} } - (D9)
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