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Abstract

We adopt general relativistic ray-tracing (GRRT) schemes to study images of Kerr-MOG black

holes surrounded by geometrically thick magnetized equilibrium tori, which belong to steady-state

solutions of thick accretion disks within the framework of general relativistic magnetohydrodynamics

(GRMHD). The black hole possesses an extra dimensionless MOG parameter described its deviation

from usual Kerr one. Our results show that the presence of the MOG parameter leads to smaller

disks in size, but enhances the total flux density and peak brightness in their images. Combining

with observation data of black hole M87* from the Event Horizon Telescope (EHT), we make a

constraint on parameters of the Kerr-MOG black hole and find that the presence of the MOG

parameter broadens the allowable range of black hole spin.
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I. INTRODUCTION

General Relativity (GR) has been a fundamental pillar of modern physics, essentially due to its perceived role

in black hole physics and cosmology. It provides theoretical explanations for a lot of astronomical phenomena

including Mercury’s perihelion precession and the dynamics of binary pulsars [1]. With advancements in

observational technologies, it is feasible to test GR under extreme conditions. Recent black hole images

releasing by the Event Horizon Telescope (EHT) collaborations [2] offer direct evidences of black hole existence

in universe, and simultaneously examine validity of GR in strong gravitational fields. However, the current

observations cannot completely exclude the possibility of the deviation from GR, which leaves an ample room

for other alternative theories of gravity.

The scalar-tensor-vector gravity (STVG) model [3] is a kind of fully covariant modified gravity (MOG)

theories. In this MOG theoretical model, there are three gravitational fields: massless tensor graviton, a

massless scalar graviton, and a massive vector graviton. It has successfully explained the rotation curves of

galaxies [4–6] and the dynamics of galactic clusters [7–9]. The Kerr-like black hole solution in STVG theory

is obtained, which owns an extra MOG parameter described the deviation from GR and yielded a variable

gravitational constant [10]. Moreover, the MOG parameter describes a new degree of freedom, which influences

thermodynamic properties of the black hole [11], dynamical behaviors of particles near the black hole [12–18],

and quasinormal modes [19, 20]. It is of interest to study the observational effects of the Kerr-MOG black hole

because they could help understand this modified gravity theory. With observations of the S2 star orbiting

the supermassive black hole at the Milky Way’s center, the MOG parameter α is constrained to α ≲ 0.410

[21]. With the black hole shadows [22–25], the allowed range of the upper limit of the MOG parameter αup is

given by 0.350 ≲ αup ≲ 0.485 for the M87* black hole and 0.162 ≲ αup ≲ 0.285 for the SgrA* black hole [26].

Accretion disks are actual and feasible light sources around black holes so the properties of accretion disks

have a much greater impact on black hole images. Adopting thin accretion disk model around the Kerr-MOG

black hole, it is found that the MOG parameter α influences radiation intensity and the appearance of the

black hole images [27, 28]. Moreover, the effects of the MOG parameter α on polarized images arising from

a thin accretion disk has been investigated for the rotating black hole [29]. However, above literatures focus

only on the thin accretion disk model around MOG black holes. Thus, how thick accretion disk models

affect images of the Kerr-MOG black hole is still an open issue. It is well known that studying images

of a black hole surrounded by a thick accretion disk must solve general relativistic magnetohydrodynamic
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equations of fluids around the black hole. In general, such kind of dynamical equations are very complex so

it is very difficult to an analytical solution for them. Thus, the high precise simulation black hole images

illuminated by a thick accretion disk must resort numerical GRMHD codes, which expends a significant

amount of computing resources. Magnetized equilibrium tori is a kind of simple theoretical models of steady-

state geometrically thick accretion disks, which can reveal basic configurations and main features of thick

accretion disks through analytical methods. Thus, the magnetized equilibrium tori has applied to simulate

millimeter images of Sgr A* [30]. Furthermore, the magnetized equilibrium tori model has also been studied

in the spacetimes of deformed compact objects [31], boson stars [32], naked singularities [33], dyonic black

holes in quasi-topological electromagnetism [34], and Schwarzschild black holes in swirling universes [35]. In

this paper, the main motivation is to study the Kerr-MOG black hole images illuminate by such geometrically

thick magnetized equilibrium tori and to probe effects of the MOG parameter on the images.

The paper is organized as follows: In Sec.II, we present an analysis of the magnetized equilibrium tori

surrounding a Kerr-MOG black hole. In Sec.III, we simulate images of a Kerr-MOG black hole with magnetized

equilibrium tori and to probe effects of the MOG parameter on the images. Finally, we end the paper with a

summary.

II. MAGNETIZED EQUILIBRIUM TORI AROUND A KERR-MOG BLACK HOLE

The Kerr-MOG black hole is a stationary axisymmetric solution of field equations within the MOG frame-

work of STVG [10], and its metric form in Boyer-Lindquist coordinates can be expressed as

ds2 = −
(
∆− a2 sin2 θ

Σ

)
dt2 +

Σ

∆
dr2 +Σdθ2 − 2

(
r2 + a2 −∆

Σ

)
a sin2 θdtdϕ (1)

+

[(
r2 + a2

)2 −∆a2 sin2 θ

Σ

]
sin2 θdϕ2, (2)

where

∆ = r2 − 2GMr + a2 + αGGNM2, (3)

Σ = r2 + a2 cos2 θ. (4)

The parameters a and M represent the black hole’s spin and mass, respectively. The MOG parameter α

adjusting gravitational constant strength as G = (1 + α)GN , where GN is Newton-gravitational constant.

Form now onwards, we adopt GN = 1. The Arnowitt-Deser-Misner (ADM) mass Mα is related to the mass

parameter M by Mα = (1 + α)M [14]. With the ADM mass Mα, the outer and inner horizon radii are roots
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of the equation

∆ = r2 − 2Mαr + a2 +
α

(1 + α)
M2

α = 0. (5)

and their forms are

r± = Mα ±

√
M2

α

(1 + α)
− a2. (6)

Moreover, the extremal limit for the Kerr-MOG black hole is M2
α = (1 + α)a2.

To study images of the Kerr-MOG black hole surrounded by geometrically thick magnetized equilibrium

tori, we must firstly consider general relativistic magnetohydrodynamics in the curved spacetimes where fluid

is dominated by three conservation equations as follows [36],

∇µT
µν = 0, ∇µ

∗Fµν = 0, ∇µρu
µ = 0, (7)

where ∗Fµν is the Faraday tensor and ρ is the rest mass density of fluid. Tµν is the energy-momentum tensor

with the form

Tµν = (h+ b2)uµuν + (p+
1

2
b2)gµν − bµbν , (8)

where h and p correspond to the fluid enthalpy and pressure, respectively. uµ is the four velocity of fluid

and bµ is the 4-vector form of the magnetic field. For the sake of simplicity, here we assume that the fluid

is a barotropic fluid with positive pressure and without self-gravity. Moreover, the fluid is assumed to be

axisymmetric and stationary, and the rotation of perfect fluid is restricted to be in the azimuthal direction

and the magnetic field in the spacetime is also assumed to be purely azimuthal. With these assumptions, the

four velocity of fluid and the four component of the magnetic field can be respectively expressed as

uµ = (ut, 0, 0, uϕ), bµ = (bt, 0, 0, bϕ). (9)

Inserting Eq. (9) into Eqs.(7) and (8), one has [36]

∂ν (ln |ut|)−
Ω

1− lΩ
∂ν l +

∂νp

h
+

∂ν p̃m

h̃
= 0, (10)

where h̃ = Lh and p̃m = Lpm. The factor L is related to the black hole metric by L = gtϕgtϕ − gttgϕϕ. pm

is the magnetic pressure with the form pm = b2/2. Here, Ω = uϕ/ut and l = −uϕ/ut are respectively the

angular velocity and specific angular momentum of the particles in fluid. As in [36], we further assume that

the fluid in the magnetized equilibrium tori presents a constant specific angular momentum l = l0 and the

corresponding equations of state are

p = Khκ, p̃m = Kmh̃η, (11)
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where κ and η are two constants. With these assumptions, equation (10) can be integrated as [36]

W −Win +
κ

κ− 1

p

h
+

η

η − 1

pm
h

= 0. (12)

Here W is the potential with the form

W (r, θ) =
1

2
ln

∣∣∣∣LA
∣∣∣∣ . (13)

where A = gϕϕ + 2l0gtϕ + l20gtt. The quantity Win denotes the value of the potential at the inner edge of the

disk. With these equations, we can analyze the structures and properties of geometrically thick magnetized

equilibrium tori around the Kerr-MOG black hole.

The value of l0 plays a pivotal role in the potential W which determines the topology and structures of the

equilibrium tori. Here we set the constant specific angular momentum lms < l0 < lmb, where lms and lmb are

respectively the specific angular momentum of the fluid particles moving along the marginally stable circular

orbit rms and the marginally bound orbit rmb. The main reason is that the existence of magnetized equilibrium

tori around black holes requires that the value of l0 in the fluid must satisfy l0 > lms [36]. Meanwhile, the

condition l0 < lmb ensures that the equilibrium tori have a cusp and a center, which could bring richer features

for black hole images. Therefore, the potential W (r, θ) inside the disk usual satisfies Wc < W (r, θ) < Wcusp,

where Wc and Wcusp respectively correspond to the potential at the disk’s center and at the cusp. For the

convenience, one can introduce the dimensionless specific angular momentum

λ ≡ l0 − lms

lmb − lms
, (14)

and the dimensionless potential

w(r, θ) =
W (r, θ)−Wcusp

Wc −Wcusp
. (15)

It is obvious that these two dimensionless parameters satisfy 0 < λ < 1 and 0 ≤ w(r, θ) ≤ 1, respectively.

Similarly, we recast Win in terms of the dimensionless parameter as win = (Win − Wc)/(Wcusp − Wc). In

order to obtain the distribution of enthalpy h and pressure p in the magnetized equilibrium tori for fixed κ

and η, we must firstly get the gas pressure and the magnetic pressure at the disk’s center r = rc, i.e., [36]

pc = hcwin(Wcusp −Wc)

(
κ

κ− 1
+

η

η − 1

1

βc

)−1

, pmc = pc/βc, (16)

where hc and βc = (p/pm)c denote the enthalpy and the plasma magnetization parameter at the disk’s center,

respectively. With Eqs.(16), the constants K and Km in equation (11) can be given. Solving Eq.(12), we can
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FIG. 1: Dimensionless potential and density distribution in the geometrically thick magnetized equilibrium
tori around Kerr-MOG black holes with different spin and MOG parameters. In each panel, the upper half
and the lower one depict the dimensionless potential and the rest mass density distribution, respectively.

get the distribution of enthalpy h and pressure p in the magnetized equilibrium tori. The rest mass density

in the tori can be further given by

ρ = h− κp

κ− 1
. (17)

In general, the regions in accretion disk around black holes is weakly magnetized accretion disks with high

β, where β ≡ p/pm is the plasma magnetization parameter [37, 38]. Fig. 1 presents the geometrically thick

magnetized equilibrium tori around the Kerr-MOG black hole, where we set βc = 10, hc = 1, win = 1, λ = 0.8

and κ = η = 4/3. One can find that the dimensionless potential w reaches its maximums at the tori centers

and drop to zero at its outermost surface. The rest mass density distribution is similar to that of the potential

w, but the rest mass density ρ own more rapidly rate of decay with the distance from the center. Moreover,

both the black hole spin a and the MOG parameter α lead to the sharp decrease in the size of equilibrium
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tori. However, the shape of equilibrium tori is not susceptible to these two parameters.

III. SIMULATED IMAGES OF MAGNETIZED EQUILIBRIUM TORI

To simulate images of geometrically thick magnetized equilibrium tori around the Kerr-MOG black hole, here

we assume that the equilibrium tori are low-density and high-temperature, where the plasma is collisionless and

the electron temperature Te is lower than the ion temperature Ti as in [39]. The electron temperature directly

affects synchrotron radiation emission in the tori. Following the model in [38], the electron temperature Te is

assumed as

Te =
2mpu

3kBρ(2 +R)
, (18)

which depends on the plasma density ρ, the internal energy density u, the magnetization parameter β and

the proton mass mp. Here kB is Boltzmann’s constant and R ≡ Ti/Te is the proton-to-electron temperature

ratio with a form

R = Rhigh
β2

1 + β2
+

1

1 + β2
, (19)

which means that the ratio R can be adjusted by the parameter Rhigh and the plasma magnetization parameter

β in the tori. The internal energy density u can be obtained by the pressure p using the relation u = p/(κ−1).

As in [38], for matching simulation images with actual observed images, one can introduce a scaling factor

M, which can adjust physical properties in magnetized equilibrium tori including the rest mass density, the

magnetic field strength and the internal energy density, and further impacts the flux density in the simulated

images.

To numerically simulate the radiative transfer within the magnetized equilibrium tori around black holes,

we utilize the ARCMANCER library [40], where the emission, absorption, and Faraday mixing coefficients of

radiation in the magnetized plasma are calculated by employing the symphony code [41–43]. Here, we focus

only on the case where electrons are in thermal distributions and the corresponding radiative flux is produced

only by thermal synchrotron emission. In this work, we set Rhigh = 10 to model the electron temperature

and adopt the M87* black hole as a target with black hole mass 6.5 × 109M⊙ and the observer’s distance

r0 = 16.8kpc to simulate black hole images at the observation frequency 230GHz [2, 44]. Fig.2 presents the

simulated images of the Kerr-MOG black hole for fixed spin parameter a = 0.5 with different MOG parameter

α and observed inclination angle θ. The images show that there are closely-packed bright thin rings together

with a crescent-shaped bright zone. The crescent-shaped bright zone corresponds to the primary image of the
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FIG. 2: Simulated images of geometrically thick magnetized equilibrium tori around Kerr-MOG black hole
for fixed spin parameter a = 0.5 with different MOG parameter α and observed inclination angle θ. The
images are presented in units of brightness temperature Tb = Sλ2/(2kBΩ), where S denotes the flux density,
λ is the observing wavelength and Ω the solid angle subtended by the resolution element.

magnetized equilibrium tori. The bright thin rings denote higher-order images of tori arising from light rays

crossing the tori multiple times before reaching observation. From Fig.2, for different observer’s inclination

angle, we find that with the increasing of the MOG parameter α, both the brightness temperatures and the

radiative flux increase, but the size of the images decreases. The latter can be explained by a fact that the

size of the magnetized equilibrium tori decreases with the parameter α. Moreover, we also find that the width

of the crescent-shaped bright zone increases with α. In order to compare with the observed image of the

black hole M87*, in Fig. 3, we presents simulated images of geometrically thick magnetized equilibrium tori

around a Kerr-MOG black hole with an observation inclination angle θ = 17◦ and a position angle (PA) of

288◦ [45, 46]. In this special case with observation inclination angle θ = 17◦, we find that the changes of

equilibrium tori images with the MOG parameter are similar to those shown in Fig. 2. However, we also find

that in the cases with non-zero α, the image’s size decays more rapidly with the spin parameter a.

In Fig.4, we also presents blurred images of geometrically thick magnetized equilibrium tori around a Kerr-

MOG black hole for the images in Fig.3 through convolving with a 20µas FWHM Gaussian beam, which is

convenient to compare with the current EHT observational images for the black hole M87* due to its limited

resolution [2, 38, 44]. As illustrated in Fig.4, the thin bright ring in the image disappears due to the blurring

process, and the crescent-shaped bright zone becomes more broaden, which yields that features of the blurred



9

50

50

50

50

50

50

θ=17° θ=17° θ=17°

θ=17° θ=17° θ=17°

Mα Mα Mα

M
α

M
α

FIG. 3: Simulated images of geometrically thick magnetized equilibrium tori around a Kerr-MOG black hole
with different MOG parameter α and spin parameter a. The observed inclination is set to θ = 17◦ and the
position angle (PA) is 288◦.
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FIG. 4: Blurred images of geometrically thick magnetized equilibrium tori around a Kerr-MOG black hole
for the images in Fig.3 through convolving with a 20µas FWHM Gaussian beam.

images are highly consistent with those of observed black hole images [2, 44]. The size of the bright rings

is evidently influenced by the black hole spin a and the MOG parameter α, which implies that images of

Kerr-MOG black hole can be compatible with the observed image of the black hole M87* by tuning these

two parameters. However, we find that images of Kerr-MOG black hole are highly overlapping for certain
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FIG. 5: Highly overlapping of Kerr-MOG black hole images for three distinct parameter sets of a and α.
Here the diameters of the bright rings are set d = 43.3µas.

FIG. 6: Unwrapped ring profiles of the simulated images in Fig.5. The estimated radius d/2 is shown with a
horizontal line, with dotted lines denoting the associated uncertainty. Horizontal dashed lines at (d± w)/2
show the measured ring width. Vertical green lines give the orientation angle η and its uncertainty. The
purple cross marks the peak brightness in each panels.

parameter sets of a and α, so that the simulated images are practically indistinguishable from each other,

which is shown in Fig.5. Moreover, for these highly overlapping Kerr-MOG black hole images for three different

parameter sets, the corresponding equilibrium tori share the identical electron density ne ∼ 2 × 106 cm−3,

electron temperatures Te ∼ 3 × 1010 K, and magnetic field strengths B ∼ 11G. Moreover, our results also

show that the Kerr black hole images can overlap with those of Kerr-MOG black holes with the lower spin

parameter a due to the presence of the MOG parameter α. These overlapping images lead to a challenge

for us to identify black hole parameters by using of black hole images. Following the methodology in [47], in

Fig.6, we present the unwrapped ring profiles of the simulated images, which clearly show that Kerr-MOG

black hole images for three different parameter sets selected in Fig.5 have the same diameters of the bright

rings d = 43.3 µas as observed in the black hole M87* images [44]. As in ref [2, 47], the ring widths in the
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FIG. 7: Ring diameters varies with the α parameter for different spin parameters a = 0.3, 0.5, 0.7, 0.79 and
0.9. The observed 43.3µas diameter in M87* [44] is denoted by a central black line and the gray region
corresponds to the 1-sigma uncertainty range.

simulated images are approximately w ∼ 18 µas, which falls within the observational constraint w < 20 µas.

Fig.7 presents the allowed range of the MOG parameter α and spin parameter a for the Kerr-MOG black

hole in term of the bright ring diameter of the M87* images. Here, the central black line represents the M87*

observed ring diameter as 43.3 µas and the gray region denotes the 1-sigma uncertainty range [44]. Fig.7

shows that the presence of the MOG parameter α broadens the allowed range of the spin parameter a.

IV. SUMMARY

We have firstly studied geometrically thick magnetized equilibrium tori around a Kerr-MOG black hole

with an extra MOG parameter α. We find that both the black hole spin a and the MOG parameter α lead to

the sharp decrease in the size of equilibrium tori, but the shape of equilibrium tori is not susceptible to these

two parameters. Moreover, the rest mass density distribution is similar to that of the potential w, but the

rest mass density ρ own more rapidly rate of decay with the distance from the center. Then, we simulated

the images of Kerr-MOG black holes surrounded by the geometrically thick magnetized equilibrium tori. The

images show that there are closely-packed bright thin rings together with a crescent-shaped bright zone. With

the increasing of the MOG parameter α, both the brightness temperatures and the radiative flux increase,

but the size of the images decreases. Moreover, we also find that the width of the crescent-shaped bright zone

increases with α. Due to the presence of the MOG parameter α, the image’s size decays more rapidly with

the spin parameter a. Especially, we find that images of Kerr-MOG black hole can be highly overlapping for

certain parameter sets of a and α, which lead to a challenge for us to identify black hole parameters by using

of black hole images. Finally, we presents the allowed range of the MOG parameter α and spin parameter a
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for the Kerr-MOG black hole in term of the bright ring diameter of the M87* images, which shows that the

presence of the MOG parameter α broadens the allowed range of the spin parameter a. These results could

help us to deeply understand black hole images and the Kerr-MOG black hole in the scalar-tensor-vector

gravity theory.
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