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ABSTRACT

We have developed a new computational method to explore astrophysical and helio-
physical phenomena, especially those considerably influenced by non-thermal energetic
particles. This novel approach considers the backreaction from these energetic particles
by incorporating the non-thermal fluid pressure into Magnetohydrodynamics (MHD)
equations. The pressure of the non-thermal fluid is evaluated from the energetic particle
distribution evolved through Parker’s transport equation, which is solved using stochas-
tic differential equations. We implement this method in the HOW-MHD code (Seo &
Ryu 2023), which achieves 5th-order accuracy. We find that without spatial diffusion,
the method accurately reproduces the Riemann solution in the hydrodynamic shock
tube test when including the non-thermal pressure. Solving Parker’s transport equa-
tion allows the determination of pressure terms for both relativistic and non-relativistic
non-thermal fluids with adiabatic indices vyt = 4/3 and yxr = 5/3, respectively. The
method also successfully replicates the Magnetohydrodynamic shock tube test with
non-thermal pressure, successfully resolving the discontinuities within a few cells. In-
troducing spatial diffusion of non-thermal particles leads to marginal changes in the
shock but smooths the contact discontinuity. Importantly, this method successfully
simulates the energy spectrum of the non-thermal particles accelerated through shock,
which includes feedback from the non-thermal population. These results demonstrate
that this method is very powerful for studying particle acceleration when a significant
portion of the plasma energy is taken by energetic particles.

Keywords: acceleration of particles — magnetic fields — magnetohydrodynamics(MHD)
— methods: numerical — shock waves

1. INTRODUCTION

Energetic charged particles exist in a large number of astrophysical and heliophysical systems.
These particles gain energy through non-thermal acceleration processes, such as those occurring at
collisionless shocks (Bell 1978; Blandford & Eichler 1987), magnetohydrodynamic (MHD) turbulence
(Petrosian 2012; Ohira 2013; Comisso & Sironi 2018), relativistic shearing flows (Webb et al. 2018;
Sironi et al. 2021; Wang et al. 2021), and magnetic reconnection (Guo et al. 2014a; Li et al. 2018,
2022; Guo et al. 2023). In many astrophysical and heliosphysical phenomena, the energetic particle
population constitutes a significant fraction of the total energy, for instance, in the loop-top regions
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of solar flares (Krucker et al. 2010; Oka et al. 2013), supernova remnants (Chevalier 1983; Bell et al.
2013; Cristofari et al. 2021), and the reconnection region in the Earth’s magnetotail (Oka et al. 2023).

The investigation of particle acceleration employs various methods, with the most well-known being
the particle-in-cell (PIC) method. This method, based on the first principles (Dawson 1983), utilizes
Lagrangian macro-particles evolved using fields that are solved using the Eulerian method. The
PIC method has been very useful for understanding particle acceleration in various astrophysical
phenomena, including shock acceleration (Guo et al. 2014b,c; Ha et al. 2021) and acceleration in the
magnetic reconnection region (Drake et al. 2006; Oka et al. 2010; Li et al. 2017, 2019; Zhang et al.
2021; Guo et al. 2015, 2021). However, the PIC method needs to resolve the electron kinetic scales,
such as the skin depth for the spatial scale and the inverse of the plasma frequency for the time scale,
making it prohibitively challenging for large-scale problems (e.g., solar flare regions are > 107 times
of electron kinetic scales). To overcome this limitation, the hybrid-PIC method has been developed
(Giacalone et al. 1992; Guo & Giacalone 2013; Haggerty & Caprioli 2020; Winske et al. 2023; Le et al.
2023; Zhang et al. 2024). This approach treats electrons as a fluid, and solves the kinetic motion
of ions, so it only needs to resolve ion kinetic scales. Although this method expands the dynamical
scale of kinetic simulations, its domain size is still limited by several thousand ion inertial lengths.

The Monte-Carlo method is widely employed for studying particle acceleration on a hydrodynamic
scale. This method directly follows the transport of macro-particles in the background fluid with a
particle scattering model. Different scattering methods have been implemented. For instance, one can
assume isotropic scattering of the particles in the fluid rest frame (Ellison & Eichler 1984; Ostrowski
1998; Ohira 2013; Kimura et al. 2018; Seo et al. 2023) or include pitch angle scattering (Ellison
et al. 1990, 2013). The latter approaches, including Bohm scattering or scattering in Kolmogorov
MHD turbulence (Ohira 2013; Kimura et al. 2018; Seo et al. 2023), treats the mean free path as a
function of the momentum of the particles. The Monte-Carlo method has been used to study particle
acceleration in various astrophysical phenomena, including shock acceleration (Ellison & Eichler 1984;
Ellison et al. 1990, 1995, 2013), turbulence shear acceleration (Ohira 2013), and shear acceleration
(Ostrowski 1998). Seo et al. (2023) utilized this method to simulate particle acceleration in radio
galaxy jets, discussing the acceleration processes in complex flows that include shocks, shear, and
turbulence.

The Parker’s transport equation that describes the transport and acceleration of particles (Parker
1965; Blandford & Eichler 1987; Zank 2014). Traditionally, this equation has been solved using the
finite difference method (Jokipii & Kopriva 1979; Potgieter & Moraal 1985; Burger & Hattingh 1995).
Recently, the stochastic differential equation method has been widely adopted to solve the transport
equation (Zhang 1999; Florinski & Pogorelov 2009; Pei et al. 2010; Kong et al. 2017; Li et al. 2018).
This equation has been used to understand energetic particles in the outer heliosphere (Florinski &
Pogorelov 2009), at coronal shocks (Kong et al. 2017), in low-3 magnetic reconnection regions (Li
et al. 2018), and in solar flare regions (Kong et al. 2019; Li et al. 2022). While this approach offers
robustness and the possibility of adopting anisotropic spatial diffusion (Giacalone & Jokipii 1999),
previous studies have not accounted for the feedback of non-thermal fluid on MHD fluid.

There are several approaches to incorporate the feedback of non-thermal fluid at the hydrodynamic
scale (see Ruszkowski & Pfrommer 2023, for a review). A popular approach is to consider a pressure
term from an energetic particle fluid equation. Recently, more sophisticated particle dynamics and
feedback are included. The kglobal model (Drake et al. 2019; Arnold et al. 2021) involves the con-
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servation equation for the guiding center of energetic particles into MHD equations. It is capable of
addressing the effects of the instabilities (e.g., firehose instability) driven by the anisotropic pressure
of energetic particles. However, its current approach does not include the scattering of energetic par-
ticles. The MHD-PIC method (Bai et al. 2015) incorporates the backreaction of Lorentz force from
Lagrangian cosmic ray particles into fluid momentum and energy. This approach needs to resolve
the gyromotion scale of energetic particles. Another approach involves solving MHD equations that
include the energetic particle pressure, obtained from solving the Fokker-Planck equation (Kang &
Jones 2007) or hydrodynamic equation for non-thermal fluid (Kudoh & Hanawa 2016). These meth-
ods take into account the force from energetic particles, such as the force resulting from the pressure
gradient of the non-thermal fluid (Kang & Jones 2007; Kudoh & Hanawa 2016; Drake et al. 2019),
or the Lorentz force of individual particles obtained from the background field (Bai et al. 2015).

In this study, we introduce a method for an MHD simulation that incorporates feedback from the
pressure of non-thermal fluid, which is obtained by solving the Parker equation. This method satisfies
the Riemann solution, making it applicable on a large dynamic scale with non-thermal fluid feedback.
For instance, it can be applied to study magnetic reconnection and associated particle acceleration in
solar flares and pickup ion dynamics in the outer heliosphere. Additionally, this method also tracks
the energy distribution of energetic particles.

The paper is organized as follows: Section 2 introduces the numerical method, and test results are
presented in Section 3. A brief summary and outlook follow in Section 4.

2. NUMERICAL METHOD

The classical MHD momentum conservation equation is given as,

ag;tv—l—V-(pvv—l—lD"‘I)—JtOt><B/c:(), (1)
where p, v, B, P* and c represent density, velocity, magnetic field, the sum of plasma and magnetic
pressure given as P* = P, + B%/2, and speed of light, respectively. In this context, subscript g
refers to the thermal plasma gas. The total current, Jiy, includes the current from both thermal
and non-thermal plasma Jo; = Jr + Jnr. The subscript NT denotes the non-thermal plasma. Some
studies directly compensate current of non-thermal fluid (Bai et al. 2015), whereas we consider the
non-thermal component as a “non-thermal fluid” and the force density on the thermal plasma. For
non-thermal fluid, the force density is given as (Drake et al. 2019),

FNT = —nNTS — nNyTuNnT X B/C -V- F)NTI7 (2)

where nyt is the charge density of the non-thermal fluid, uyt is the bulk velocity of the non-thermal
fluid, Pyt is the pressure of the non-thermal fluid, given by the mean momentum of the non-thermal
fluid (Drake et al. 2019), and € is the electric field. In our simulations, we assumed nearly isotropic
distribution of the non-thermal fluid momentum, pyt; hence, the pressure of the non-thermal fluid
is given by (Kudoh & Hanawa 2016),

Pyt = (1 — 1) Ent. (3)

where ynt is the adiabatic index for the non-thermal fluid. Ent is the energy density of the non-
thermal fluid. & is given as MHD Ohm’s law term and Hall term of non-thermal fluid (Bai et al.
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2015),

S:—XXB nNT(UNT—V)

c e c

x B. (4)

where n, are the charge densities of electrons. Since the bulk motion of the non-thermal fluid is
caused by the advection through thermal fluid motion, the velocity of the bulk motion is almost the
same as the plasma velocity, uxt & v, then equation (2) is given as,

Fyr=—-V - Pyrl (5)

Therefore, resistive MHD equations with non-thermal fluid feedback are given as,

ap B
PV () =0 (©
ag;tv—l—V-(pvv%—P*I—BB) = -V - Pxtl (7)
OF
E—FV-[(E—FP*)V—B(B-V)]:V-(anj)—v-(V~PNTI) (8)
%—]?—VX(VXB):nVQB 9)

where the total energy density excluding the energy of the non-thermal energetic particles is given
as E = Py/(yy — 1) + (pv* + B?)/2, where v* = v2 4+ v + v and B> = B, + B, + B2, and 7,
and 7 are the adiabatic index of the thermal plasma and resistivity, respectively. Equation (7) is
identical to equation (6) in Drake et al. (2019) assuming the pressure is isotropic. When we determine
the total pressure as Py, = P* + Pnr, equations (6) - (9) are identical to the resistive single fluid
MHD equations. The physical significance of these equations lies in solving the MHD equation while
including non-thermal fluid pressure (Kang & Jones 2007; Kudoh & Hanawa 2016).

To solve the MHD equations, we utilize the HOW-MHD code (Seo & Ryu 2023), which employs fi-
nite difference fifth-order Weighted Essentially Non-Oscillatory (WENQO) reconstruction and a fourth-
order Strong-Stability-Preserving Runge-Kutta (SSPRK) method with a high-order constrained flux
algorithm. This code has a high effective resolution, allowing it to provide detailed non-linear struc-
tures such as shocks and turbulence, which are important for tracking the acceleration process at
sharp MHD structures.

To obtain the distribution of the non-thermal fluid, we solve Parker’s transport equation for non-
thermal fluid, as follows,

of

1 of
E‘F(V—'—Vd)'Vf—gv'ValnpNT

=V (kVf)+Q (10)

where f(znt, pnT,t) is the distribution function, which is function of position, zxr, specific momen-
tum, pxt, and time, t. vq, K, and @) are the particle drift velocity, the spatial diffusion tensor, and
the source term, respectively. Here, we have assumed a nearly isotropic momentum distribution. The
spatial diffusion coefficient, K, is defined based on the specific problem being solved, such as diffusion
in MHD turbulence (Giacalone & Jokipii 1999) or Bohm diffusion near the shock (Kang & Jones
2007).
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Figure 1. (Left) L1 error dependency on the number of particles per cell. The red and blue dots indicate
particles in the non-relativistic and relativistic regimes, respectively. The black dashed line indicates the
inverse proportionality to the square root of the total number of particles. (Right) L1 error dependency on
grid resolution. The color code is the same as in the left panel. The green solid line indicates the L1 error
of pure MHD simulation.

< >

1.0 .
I (d) rarefaction wave
0.8+ ) R

0.6—;— l

Pnr

0.4+

—h 0.2 contact discontinuity
| T

| IR REE W

——— A e
-03 -0.2 -0.1 00 01 02 03 -03 -02 -01 00 01 02 O3
X X

Figure 2. 2D hydrodynamic shock tube with relativistic non-thermal fluid simulation results for (a) density
of the plasma (blue dot) and non-thermal fluid (cyan dot), (b) v, (c) thermal plasma pressure (red dot)
and total pressure (black dot), and (d) non-thermal fluid pressure at t=0.1. Solid black lines indicate the
analytic Riemann solution.

To solve Parker’s transport equation, we solve its Fokker-Planck form expressed for F' = fp% while
assuming the neglect of the source term @ (Zhang 1999; Florinski & Pogorelov 2009; Pei et al. 2010;
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Kong et al. 2017; Li et al. 2018),

%—f——V~[(V~n+v)F]+apiT []%V-VFMV(V-(F»F)) (11)

This equation can be expressed as Ito-type stochastic differential equations, as follows,

dX = (V- K+ Vv)ds + Y agdW,(s), (12)
dpnt = —I%(V - v)ds, (13)

where ) _afal = 2k", the term dW represents the normalized distributed random number with
mean zero and variance v/Atgpg, where Atgpg is the time step for stochastic integration. We use linear
interpolation for 1D simulation, bilinear interpolation for 2D simulation, and trilinear interpolation
for 3D simulation to obtain the primitive variables at a specific point. The details of the method
used to solve stochastic differential equations can be found in Li et al. (2018). The spatial diffusion
coefficient is determined by the problem being solved. The energy density of the non-thermal fluid is
calculated by the averaging of the specific momentum within the grid and density of the non-thermal
fluid, pyr. For relativistic non-thermal fluid, vyt = 4/3 and,

Ext = pnr {Px1) € (14)
For non-relativistic non-thermal fluid, vt = 5/3 and,

1
Ext = 5PNT {(pir) - (15)

To achieve a high-order of accuracy in this code, we adopt a high-order difference method to obtain
divergence and non-thermal fluid pressure (Romao et al. 2012),

3_@ ~aQiy3 — bQipa + cQit1 — Qi1 + Q2 — aQ)i 3

or dAx ’
where @) is an arbitrary function and ¢ is the number of the grid along the z direction. In Equation
(16), we omitted the y and z directions for simplification. For a fourth-order difference, a =0, b = 1,
c =28, and d = 12, and for a sixth-order difference, a = 1, b =9, ¢ = 45, and d = 60. As shown in
the pressure balance test, this method suppresses spurious oscillations (see section 3.4).

(16)

3. TEST PROBLEMS

To ensure proper demonstration of the cosmic ray pressure obtained from the Parker equation and
its adequate feedback in the hydrodynamic regime, we benchmark the shock tube test using non-
thermal fluid pressures as suggested in Kudoh & Hanawa (2016). We denote primitive variables as
u = (p, vy, P, Pxr) for the hydrodynamic shock tube test in 3.2 and the pressure balance mode in 3.4,
and u = (p, vy, vy, vs, By, By, B, Py, Pyt) for the magnetohydrodynamic shock tube test in section
3.3 and reflection shock test in section 3.5. All tests adopt a Courant-Friedrichs-Lewy number of 1.5,
leveraging the advantages of SSPRK (Seo & Ryu 2023). The MHD time step, At, is determined by
the maximum eigenvalues within the domain and grid resolution (see Seo & Ryu 2023, for details).



A NEW METHOD FOR PARTICLE ACCELERATION AND FEEDBACK 7

3.1. Advection of entropy wave

Solving SDE involves using the Lagrangian method, which generates random errors. To estimate
the effect of this error, we conduct an advection of entropy wave test. This test is performed in 1D,
with density perturbation given by,

. 27
Pg = Po T €,81N (f) ) (17)

where L = 1 is the domain size, py = 1, and ¢, = 0.1. The other parameters are set as follows:
P, =1, Pyr = 1, and v, = 10, with no magnetic field and no spatial diffusion, x, = x| = 0. The L1
error is determined as,

L1 error = 25; (Z [z ) ]—Vuf(O)]>7 (18)

s=

where NNV is the number of grid points, ¢ is the cell position, and s is the component of the primitive
variables. For the test on the dependency of the number of particles per cell, we use 512 grid points,
and for the test on the dependency of the grid number, we put 100 particles in each cell. As shown
in the left panel of Figure 1, the random error decreases with the square root of the number of
particles per cell, \/Fp, as expected. The L1 error for 1000 particles per cell is approximately 1% of
the density perturbation. In this limit, the random error has a marginal effect on the wave. Hence,
while a low number of particles can distort the hydrodynamic structures, a sufficiently large number
of particles can minimize this effect. The L1 error of pure MHD is much less than the error from
SDE (as shown by the solid green line in the right panel of Figure 1; this error saturates in the
double-precision limit). Increasing the grid number increases the total number of particles, so the
L1 error also decreases with \/ﬁp. This pattern indicates that the random error when using the
Lagrangian method to solve SDE is much larger than those caused by numerical dissipation.

3.2. Hydrodynamic shock

The first test is a simple hydrodynamic shock tube, initially containing high-density and high-
pressure fluid on one side, and low-density and low-pressure fluid on the other. The initial conditions
are specified as follows: for the left side, uy = (1.0,0.0,2.0,1.0), and for the right side, ug =
(0.2,0.0,0.02, Pyr2). Where Pyrs = 0.1 for relativistic non-thermal fluid and Pyrs = 0.06 for
non-relativistic non-thermal fluid. The initial density of the non-thermal fluid is determined by
the adiabatic condition, pnt = pNT,OPI\II/TA’NT, where pnyto = 1 for this simulation. In this test,
we adopt relativistic non-thermal fluid, with the pressure given by equation (14). The domain is
[—0.5,0.5] x [—0.25,0.25] with a grid resolution of 512 x 256. We inject 1,000 pseudo-particles into
each cell to solve the SDE. The test results are presented in Figure 2 at ¢t=0.1. In this figure, we
averaged the primitive variables along the y-axis to reduce the random noise. In this test, spatial
diffusion is not included to allow for direct comparison with the shock tube test of Kudoh & Hanawa
(2016), but we have adopted spatial diffusion in the MHD shock tube (section 3.3) and reflecting
shock (section 3.5).

As shown in Figure 2, an expansion wave (r=-0.23 to -0.02), a contact discontinuity (z=0.14),
and a shock (z=0.24) are generated. Thanks to the high-order WENO Reconstruction in the HOW-
MHD code, the contact discontinuity and shock are resolved within approximately 3-4 cells. The
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non-thermal fluid pressure, Pyr, is obtained by solving equation (11), as illustrated by the green
dot in the bottom-right plot of Figure 2. The solution is well aligned with the analytic Riemann
solution provided in Kudoh & Hanawa (2016). This result demonstrates that solving the SDE can
provide proper non-thermal fluid pressure and adequate feedback in the hydrodynamic regime. At
the contact discontinuity, small spurious oscillations are generated, resulting in approximately a 2%
error in total pressure. This error is primarily due to the numerical dissipation of the non-thermal
fluid (see section 3.4).

We performed an additional test for the non-relativistic non-thermal fluid, using the pressure given
by equation (15). The initial conditions are the same as in the first simulation, but the initial density
of the non-thermal fluid is determined by the adiabatic condition with ynt = 5/3. Consequently, the
initial density of the non-thermal fluid on the right side is larger than in the previous test. The test
results are presented in Figure 3.

For the non-relativistic non-thermal fluid, the reduction in non-thermal fluid energy (Ent =
Pxt/(ynt — 1)) results in a reduced compression at the shock. This leads to a decrease in the
jump of the plasma density, pressure, and velocity of the downstream of the shock (see =0.2-0.3
in Figures 2 and 3). However, since the non-thermal fluid pressure is given as Pyt = piy, the
non-thermal fluid pressure in the shock downstream region is larger than in the relativistic case, even
though the compression is reduced. This test demonstrates that our method also works well within
the non-relativistic non-thermal fluid limit.

3.3. Magnetohydrodynamic shock

To use this method in MHD simulations, we conduct the Brio-Wu shock tube test (Brio
& Wu 1988) with relativistic non-thermal fluid, following the approach outlined in Kudoh &
Hanawa (2016). In all MHD test simulation, n = 0. The initial conditions for the left
side are given as u;, = (1.0,0.0,0.0,0.0,1.0,1.0,0.0,1.0,0.4), and for the right side, ugp =
(0.125,0.0,0.0,0.0,1.0,—1.0,0.0,0.1,0.04). The simulation end time is ¢ = 0.08. The domain size
and the number of injection pseudo-particles are the same as in the hydrodynamic shock tube test.
Figure 4 shows that this test generates fast rarefaction, slow compound, contact discontinuity, slow
shock, and fast rarefaction, from left to right. For the first approach, we do not adopt spatial dif-
fusion. As shown in Figure 4, our result agrees well with the result of Kudoh & Hanawa (2016),
for instance, the position and amplitude of the MHD structures (see Figure 11 in Kudoh & Hanawa
(2016)). Especially, our code captures the contact discontinuity within 3-4 cells.

For the next test, we incorporate spatial diffusion using two scattering models. The first model
is the Bohm-like diffusion model, x| = ko(px1/p0) (Kang & Jones 2007), and the second model is
the Kolmogorov scattering model, x| = ro(pxr/po)*? (Li et al. 2018). Additionally, we examine
the k1 /K| dependence. In this simulation, we set ko = 0.003. We present the diffusion dependence
test in Figure 5, with a particular focus on the right fast rarefaction (panel (a) in Figure 5), contact
discontinuity, and slow shock (panels (b)-(d) in Figure 5).

As expected from the model, the spatial diffusion coefficient is larger for the Kolmogorov scattering
model at the same momentum. Consequently, more diffusion of the structures is observed in the
Kolmogorov scattering model for rarefaction and discontinuity than in the Bohm diffusion model,
but the difference is marginal. With non-zero By, (see black line in Figure 4 (d)), a lower x /x| leads
to a smaller x,, and, consequently, less spatial diffusion when x,/k = 0.01 than when it is 1. A
k1 /K value of 1 indicates significant diffusion of non-thermal fluid perpendicular to the magnetic
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Figure 3. 2D hydrodynamic shock tube with non-relativistic non-thermal fluid simulation results for (a)
density of the plasma (blue dot) and non-thermal fluid (cyan dot), (b) vy, (c) thermal plasma pressure (red
dot) and total pressure (black dot), and (d) non-thermal fluid pressure at ¢=0.1. Solid black lines indicate
the analytic Riemann solution.

field direction, leading to increased diffusion in both structures. Compared to the rarefaction, spatial
diffusion of non-thermal fluid does not smooth the shock as much because of its large compression.

A contact discontinuity is noticeable around z = 0.07 in panels (b)-(d) of Figure 5. As mentioned
earlier, without spatial diffusion, spurious oscillations occur around the contact discontinuity. How-
ever, when including spatial diffusion, these oscillations disappear, and sharp boundaries become
continuous structures. Due to the diffusion of these particles, non-thermal fluid density and pressure
are slightly increased. However, total pressure is preserved, as shown in panel (d) of Figure 5. Since
the shock Mach number is determined by the total pressure jump, spatial diffusion does not affect
the strength of the shock.

In summary, spatial diffusion of the non-thermal fluid can smooth out MHD structures, such as
contact discontinuities or rarefactions, but it only has a marginal effect that cannot significantly
distort the MHD structure.

3.4. Adwvection of the Pressure Balance Mode

The advection of the pressure balance mode can generate unphysical structures, as reported in Ku-
doh & Hanawa (2016). The initial condition of the test for the left side is u;, = (1.0,1.0,0.1,1.0), and
for the right side is ug = (1.0,1.0,1.0,0.1). The simulation end time is ¢ = 2. This test is conducted
in 1D with a spatial grid spacing of Az = 0.1. According to Kudoh & Hanawa (2016), the numerical
diffusion of non-thermal fluid density leads to an energy loss, hence generating spurious structures.
As shown by the black dots in Figure 6, which indicate the total pressure, spurious structures are
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Figure 4. 2D magentohydrodynamic shock tube with relativistic non-thermal fluid simulation results for
(a) density of the plasma (red dot) and non-thermal fluid (green dot), (b) total pressure (red dot), thermal
plasma pressure (purple dot), and non-thermal fluid pressure (green dot), (¢) v, and (d) non-thermal fluid
pressure at t=0.08.

also found at the discontinuity region due to numerical diffusion. Although we obtain the evolution
of the non-thermal fluid pressure by SDE, this structure does not propagate. Additionally, due to
the high-order accuracy of the HOW-MHD code, adopting low-order differencing in calculating the
gradient of non-thermal fluid pressure generates oscillations at the discontinuity of thermal and non-
thermal fluid pressure (see the left panel of Figure 6). This occurs due to a mismatch between the
spatial accuracy and the accuracy of the non-thermal fluid pressure gradient. As shown in Figure
6, when implementing high-order differencing, these oscillations are almost suppressed. Hence, we
adopt sixth-order differencing as a fiducial scheme.

3.5. The energy spectrum of accelerated particles by diffusive shock acceleration

The strength of solving Parker’s equation lies in its ability to obtain the energy spectrum of non-
thermal fluid. To demonstrate the proper occurrence of first-order Fermi particle acceleration, we
generate a shock with a reflecting boundary. In this test, we generate a parallel shock, with the
initial condition given as u = (1.0, 2.0,0.0,0.0,1.0,0.0,0.0, 1.0, Pyt). The grid resolution is 256 x 128
with a domain of [0,1]x[-0.25,0.25]. The right-side boundary is a reflecting boundary, the left side
is an open boundary, and the top and bottom boundaries are periodic boundaries for mimicking an
infinite shock size. Non-thermal fluid are contained with 1,000 pseudo-particles in each cell. Isotropic
spatial diffusion, £, = k|, and the Kolmogorov diffusion, k| = ko(pnt/po)*3(p/p1) !, are adopted,
where kg = 0.1 with non-relativistic particles. The density dependence term, (p/p;)~!, where p;
is the upstream plasma density, is adopted to quench the energetic particle acoustic instability in
the precursor of shock, which is highly modified by non-thermal energetic particles (Kang & Jones
2007). We set the non-thermal fluid pressure of three cases as Pyr; = 0P,;, 0.5P,;, and 1P,,.
The case where Pyt; = 0F,; does not include feedback from the non-thermal fluid. The simulation
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Figure 5. The 2D magnetohydrodynamic shock tube with relativistic non-thermal fluid simulation yields
results at ¢ = 0.08 for (a) non-thermal fluid density in the rarefaction range, (b) non-thermal fluid density
in the contact discontinuity and slow shock, (¢) non-thermal fluid pressure in the same range, and (d)
total pressure in the same range. The color code depends on the scattering model and spatial diffusion
coefficient as follows: no spatial diffusion (black), Bohm diffusion with s, /k| = 0.01 (blue), Kolmogorov
scattering with x /k = 0.01 (red), Bohm diffusion with x, /x| = 1 (yellow), and Kolmogorov scattering
with r, /K =1 (green).
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Figure 6. The Advection of the Pressure Balance Mode test at ¢ = 2 with (left) 2nd, (middle) 4th, and
(right) 6th order differencing method (equation (16)). Red dot indicates the plasma pressure profile, blue
dot indicates the non-thermal fluid pressure, and black dot indicates the total pressure.

end time is t = 0.5. To obtain the proper result in diffusive shock acceleration through SDE, the
following two conditions shall be satisfied (Kong et al. 2017): the first condition is Ku./vs > X,
where vs and X, are the shock speed and the shock thickness, respectively. The second condition
is a small Atspg to capture the transition of the shock. Thus, we adopt the timestep for SDE as
Atspg = 107°(p/po)~*/3, ensuring satisfaction of this relation. The thickness of exponential decrease,
Xexp, 1s determined as ko/vq, where ko and vy are the spatial diffusion coefficient in the downstream
and speed of the downstream in the shock rest frame (Zhang 2000), respectively. Since this value
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Pyt = 0.5 (red solid), and Pyt = 0Py (green solid). The dashed lines represent the analytic solutions
for the respective shock compression ratios. (Right) The density profile around the shock region at ¢ = 0.5.
The color code used is the same as in the left panel.
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Figure 8. (Left) Computational performance versus the number of particles per cell, which is defined as
the computational time divided by the total number of cells and the number of MHD cycles. Red, blue,
and green colors indicate tests performed in 1D, 2D, and 3D, respectively. The dashed lines represent the
performance with only solving MHD, with the dimension indicated by the respective color code. (Right)
Weak scaling comparison between only MHD (red) and MHD with the SDE method (blue).

is a few factors larger than the thickness of the shock, Xex, > Xg, pre-compression region (see the
right panel of Figure 7) is generated in the plasma density profile (Vink 2020).
As shown in Figure 7, the compression ratio of the shock decreases for the large Pyr; case. Hence,

the energy spectrum of the non-thermal fluid becomes steeper. The dashed line in the left panel
_ 3x
of Figure 7 is given as f(pnt) X pyy ', where x is the compression ratio of the shock. It matches

very well with the spectral shape of non-thermal fluid. Even though the Mach number of the shock
decreases with increasing Pyr;, the sound speed of the upstream region increases with increasing
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Py, given as ¢ = ((7,P, + 1 Par)/p)%?, so the shock speed in the upstream rest frame increases.
This trend is also consistent when P, ; is 1.5 or 2, but without Pyr; (not shown here).

3.6. Scaling test

To estimate the computational efficiency of this method, we perform performance tests focusing
on the number of particles in each cell and weak scaling. For these tests, we conduct a reflection
shock generation test (section 3.6) in 1D to 3D, with a 2D setup selected for the weak scaling test.
In the weak scaling test, the number of particles in each cell is fixed to 8. In the left panel of Figure
8, similar to the MHD-PIC method (Sun & Bai 2023), the computational cost remains relatively
flat when the number of particles is less than ~ 10, due to constant overhead. Beyond that, the
computational cost almost linearly depends on the number of particles in the cell. As shown in the
right panel of Figure 8, solving MHD with the SDE method has almost similar efficiency to using
only the MHD method.

4. SUMMARY

To investigate astrophysical phenomena containing a large fraction of energetic particles, we have
developed a new method for including feedback from non-thermal particles. To solve the distribution
of non-thermal component, we employ the stochastic differential equation (Li et al. 2018), assuming
isotropic momentum of particles, and obtain their pressure. We incorporate the non-thermal pressure
into the MHD equations to apply feedback from the non-thermal fluid. The extended MHD equations
are solved using the HOW-MHD code (Seo & Ryu 2023), providing high-order accuracy. The major
features of this method are summarized as follows:

1. Without the spatial diffusion of non-thermal fluid, we obtain the pressure of non-thermal fluid by
solving the Stochastic Differential Equation (SDE). This method accurately reproduces the Riemann
solution in the hydrodynamic shock tube test when including non-thermal plasma pressure.

2. By solving Parker’s transport equation using SDE, we properly determine the pressures of the
relativistic or non-relativistic non-thermal fluid, with adiabatic indices yxt = 4/3 and ynr = 5/3,
respectively.

3. This method successfully replicates the Brio-Wu MHD shock tube test with non-thermal fluid
pressure, previously studied by Kudoh & Hanawa (2016). Thanks to the high-order accuracy of
the MHD code, discontinuities, including contact discontinuity, are resolved within 3-4 cells. When
spatial diffusion of non-thermal fluid is introduced, the contact discontinuity can be diffused, but
only marginal changes occur in the shock.

4. By solving Parker’s transport equation, we obtain the energy spectrum of non-thermal fluid,
successfully describing the analytic solution of first-order Fermi acceleration. This capability allows
us to compare simulation data with observational data, such as X-ray emissions produced by non-
thermal electrons from flare regions.

In the following study, we will investigate the effect of the feedback of non-thermal fluid in the
magnetic reconnection region with various plasma parameters, such as plasma beta and the strength
of the guide field. Our aim is to apply this study to understand the acceleration and distribution of
energetic particles in shocks, turbulence, and magnetic reconnection occurring within the interstellar
medium, intracluster medium, solar wind, heliosheath, and outer heliosphere. In further studies, we
plan to solve the focused transport equation (Zank 2014; le Roux et al. 2015; Zhang & Zhao 2017;
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Kong et al. 2022) to address the momentum distribution of energetic particles, which exhibit high
anisotropy.
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