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The quantum geometric tensor has established itself as a general framework for the analysis and
detection of equilibrium phase transitions in isolated quantum systems. We propose a novel gen-
eralization of the quantum geometric tensor, which offers a universal approach to studying phase
transitions in non-Hermitian quantum systems. Our generalization is based on the concept of the
generator of adiabatic transformations and can be applied to systems described by either a Li-
ouvillian superoperator or by an effective non-Hermitian Hamiltonian. We illustrate the proposed
method by analyzing the non-Hermitian Su-Schrieffer-Heeger model and a generic quasi-free dissipa-
tive fermionic system with a quadratic Liouvillian. Our findings reveal that this method effectively
identifies phase transitions across all examined models, providing a universal tool for investigating
general non-Hermitian systems.

Introduction. — Equilibrium quantum phase transi-
tions (QPTs) have been the subject of extensive research
over recent decades [1, 2]. One of the approaches to
equilibrium QPTs in isolated quantum systems is based
on information geometry and relies on the notion of the
quantum geometric tensor (QGT), which was introduced
in Ref. [3]. The real part of the QGT coincides with the
Fubini-Study metric tensor (also known as quantum met-
ric), while the imaginary part is nothing but the Berry
curvature. The QGT-based approach is particularly pow-
erful because it does not require knowledge of an order
parameter and can be applied universally to all equilib-
rium QPTs, including the topological ones. Indeed, a
QPT is associated with the non-analytic change in the
ground state of a system. Hence, phase transitions can
be detected by the non-analytic behavior of the metric
tensor [4–6] or the Berry curvature [7–10], i.e., through
singular behavior of the QGT.

In recent years, there has been significant interest in
dissipative phase transitions, which occur in open quan-
tum systems [11–17]. Partly, this interest is driven by
remarkable experimental advances that enable the engi-
neering and control of dissipation across various quantum
systems, including ultracold neutral atoms [18], trapped
ions [19], quantum optical systems [20], and supercon-
ducting circuits [21]. These developments open up av-
enues for exploring the complex physics of dissipative and
non-Hermitian (NH) quantum systems, alongside poten-
tial applications in quantum technologies [22, 23].

For Markovian open systems described by a Liou-
villian superoperator, phase transitions manifest them-
selves as a non-analytic behavior of the system’s non-
equilibrium steady state (NESS), which is generically a
mixed state. Remarkably, the information-geometric ap-
proach to QPT can also be extended to dissipative phase
transitions and mixed states. Specifically, the Bures met-

ric [24, 25], the Uhlmann curvature [26], and the quan-
tum Fisher tensor [27, 28] generalize the Fubini-Study
metric tensor, the Berry curvature, and the QGT, corre-
spondingly. Both the Bures metric and Uhlmann curva-
ture have been successfully exploited to describe QPTs
in open quantum systems [29–35]. However, these quan-
tum geometric measures for mixed states do not allow
one to study phase transitions in quantum systems with
non-Hermitian Hamiltonians. The latters appear as an
effective phenomenological description of an open system
and can be useful for the investigation of a wide range
of physical phenomena, such as NH topological [36] and
parity-time (PT ) symmetric phases [37]. Various gener-
alizations of the QGT have been proposed to deal with
NH Hamiltonians [38–41]. However, all proposed mea-
sures are either not gauge invariant, or vanish identically
for kinematic reasons when applied to Liouvillian super-
operators. Thus, at present there are two distinct sets
of measures for open and NH quantum systems, since no
existing quantity applies to the study of phase transitions
in both Liouvillians and NH Hamiltonians.

In this work we introduce a novel non-Hermitian gen-
eralization of the quantum geometric tensor (NH-QGT).
It is gauge invariant and can be used for generic non-
Hermitian systems, including those described by Liouvil-
lians and NH Hamiltonians. Thus, the proposed gener-
alization provides a universal framework for investigat-
ing phase transitions in such systems. Our generaliza-
tion is based on the generator of adiabatic transforma-
tions, known as the adiabatic gauge potential (AGP),
which has proven to be extremely useful for isolated sys-
tems [42, 43]. We test our proposal on a few exactly solv-
able models with a rich phase diagram structure, where
the NH-QGT can be calculated explicitly. The newly
proposed NH-QGT correctly captures critical points in
all analyzed cases.
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AGP and NH-QGT. — For an isolated system de-
scribed by a parameter-dependent Hermitian Hamilto-
nian Ĥ(λ), the QGT for an eigenstate |n(λ)〉 is defined
as [3]

χ(n)
µν = 〈∂µn|∂νn〉 − 〈∂µn|n〉〈n|∂νn〉. (1)

There are several noteworthy properties associated with
this quantity. To begin with, QGT is both Hermi-
tian and positive-semidefinite. Its real part, denoted as

g
(n)
µν = Re[χ

(n)
µν ], is a symmetric positive-semidefinite ten-

sor known as the Fubini-Study metric, while its imag-

inary part, F
(n)
µν = − 1

2 Im[χ
(n)
µν ], is an anti-symmetric

tensor known as the Berry curvature [42]. Additionally,
QGT exhibits gauge invariance under the transformation
|n〉 → eiγ(λ) |n〉, related to the phase ambiguity of eigen-
states. The choice of the second term in Eq. (1) is specif-
ically made to ensure the gauge invariance.
Let us now consider a system described by a non-

Hermitian matrix K, which can be either a non-
Hermitian effective Hamiltonian H or a Liouvillean su-
peroperator L. In the latter case, we treat the matrix
space as a vector space with the inner product defined as

〈ρ1|ρ2〉 = Tr(ρ†1ρ2), consequently considering the super-
operator as an ordinary (albeit non-Hermitian) operator
within this Hilbert space.
We now briefly summarize some key properties of non-

Hermitian operators that are important for our purposes
(see Ref. [44] for a detailed overview). For non-Hermitian
operators the right and left eigenvectors do not coincide
and one has

K |nR〉 = Λn |nR〉 , K† |nL〉 = Λ∗
n |nL〉 . (2)

Moreover, the left and right eigenvectors are not orthog-
onal individually, e.g. 〈mR|nR〉 = Cmn 6= δmn, but to-
gether they form a biorthogonal system, satisfying the
relation 〈mL|nR〉 = δmn. The Gram matrices for the
left and right eigenvectors are inverses of each other, i.e.
〈mL|nL〉 = (C−1)mn.
For non-Hermitian systems, eigenstates are defined not

merely up to a phase but up to an arbitrary non-zero
constant. This implies that any generalization of QGT
(1) must remain invariant under gauge transformations

|nR〉 → ern(λ) |nR〉 , |nL〉 → e−r∗n(λ) |nL〉 , (3)

where rn(λ) is an arbitrary complex-valued function.
To construct a non-Hermitian generalization of the

quantum geometric tensor, we introduce the generator of
adiabatic transformations Aλ |nR〉 = |∂λnR〉, known as
the adiabatic gauge potential (AGP) [42, 45]. From the

biorthogonality condition one has A†
λ |nL〉 = − |∂λnL〉.

For Hermitian systems, the left and right eigenvectors
coincide, so that Aλ is anti-Hermitian. As a result, the
Hermitian QGT (1) can be expressed as a connected part
of the expectation value in two equivalent ways:

χ(n)
µν = −〈AµAν〉c = 〈A†

µAν〉c. (4)

However, for non-Hermitian systems, the AGP is no
longer anti-Hermitian. Thus, Eq. (4) suggests that a

non-Hermitian generalization of the QGT χ
(n)
µν can be

constructed in two ways.
One approach uses −〈nL| AµAν |nR〉 as a basis and

then includes necessary counter-terms to ensure gauge
invariance. In this way, the first generalization is given
by

η(n)µν = 〈∂µnL|∂νnR〉 − 〈∂µnL|nR〉〈nL|∂νnR〉. (5)

This tensor has been already studied in a series of
works [38–41] in the context of criticality in non-
Hermitian Hamiltonians. Despite its successful applica-
tion in describing phase transitions, this quantity cannot
be utilized as a probe of criticality in NESS-QPTs. This
is attributed to the fact that the left eigenvector, which
corresponds to NESS, is the identity operator [46]. Con-
sequently, for NESS ηµν is trivially equal to zero.
This circumstance motivates us to define the second

generalization of QGT. The same methodology can be
applied if we use 〈nL| A†

µAν |nR〉 as the starting point.

The relation 〈nL| A†
µ =

∑

m(C−1)nm 〈∂µmR| allows us to
readily introduce the required counter-terms. Ultimately,
we define our NH-QGT as

ζ(n)µν =
∑

m

(C−1)nm 〈∂µmR| 1̂−P †
m −Pn +P †

mPn |∂νnR〉 ,

(6)
where Pm = |mR〉 〈mL| represents a set of non-
orthogonal projectors on right eigenstates.
The definition (6) can be expressed in a simpler form.

Gauge transformations of eigenstates allow us to nullify
the diagonal matrix elements of AGP (for a more detailed
discussion of AGP properties, see the SM). In this gauge,
the NH-QGT can be written as

ζ(n)µν = 〈nL| A†
µAν |nR〉 , (7)

with Aλ such that ∀m 〈mL|Aλ |mR〉 = 0. We will
use this expression below to calculate geometric tensor
in dissipative models. Also, note that this definition
can be straightforwardly generalized to the case of non-
diagonalizable K as well [47].
In general, the NH-QGT (6) is neither Hermitian nor

positive-semidefinite. However, for NESSes its complex
structure simplifies. In this case the NH-QGT (6) is
purely real since for Liouvillean systems AGP operators
preserve hermiticity and trace. Another important point
is that the NH-QGT is not related to the geometry of a
particular state, as it includes derivatives and the Gram
matrix with the other eigenstates.

To motivate the introduction of ζ
(n)
µν even more, we

define the covariant derivative of eigenstates as the gauge
covariant part of the derivative operator

|DµnR〉 ≡ |∂µnR〉 −A(n)
µ |nR〉 ,

〈DµnL| ≡ 〈∂µnL|+A(n)
µ 〈nL| ,

(8)
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where A
(n)
µ = 〈nL|∂µnR〉 = −〈∂µnL|nR〉 is a non-

Hermitian analog of the Berry connection. Under the
gauge transformation (3) the covariant derivatives are
transformed simply as

|DµnR〉 → ern(λ) |DµnR〉 ,
〈DµnL| → e−rn(λ) 〈DµnL| .

(9)

Using these derivatives, Eq. (6) can be rewritten in a
form with a more transparent gauge invariance:

ζ(n)µν =
∑

m

〈nL|mL〉〈DµmR|DνnR〉. (10)

Particularly, it can be seen that the sum in the relation
for the NH-QGT is weighted by the overlap between left
eigenvectors, giving a greater contribution to states that
are closer to the state of interest.
Note that every term in the sum (10) is itself gauge

invariant. This means that instead of summing over the
entire spectrum we can limit ourselves to the term with
m = n, defining a limited version of the NH-QGT

ζ̃(n)µν = 〈nL|nL〉〈DµnR|DνnR〉. (11)

In principle, this quantity itself can be seen as a general-
ization of the QGT. It now depends only on one partic-

ular state and not the entire spectrum. Moreover, ζ̃
(n)
µν

is Hermitian and positive-semidefinite in contrast to the
full NH-QGT. Our calculations indicate that both ζµν
and ζ̃µν can be used as a criticality measure. However,
analytical results for ζµν are more feasible and transpar-

ent than those for ζ̃µν , as will be seen below. Therefore,
in the main text, we focus on the results for ζµν , while a

detailed discussion of ζ̃µν can be found in the SM.
In what follows we will illustrate that our NH-QGT

introduced in this section is linked to the critical behavior
of non-Hermitian systems.
Non-Hermitian SSH model. — To demonstrate

the capability of the NH-QGT in accurately detecting
topological effects in non-Hermitian Hamiltonians, we
apply it to the non-Hermitian analog of the Su-Schrieffer-
Heeger (SSH) model [48, 49]:

H = (t+ δ)
∑

n

a†nbn + (t− δ)
∑

n

b†nan

+t′
∑

n

(b†nan+1 + a†n+1bn),
(12)

where t′ represents the intercell hopping parameter, and
the breaking of hermiticity arises from distinct intracell
hopping parameters t + δ and t − δ. The corresponding
Bloch Hamiltonian for periodic boundary conditions is
given by

h(k) =

(

0 t− δ + t′e−ik

t+ δ + t′eik 0

)

(13)

and the energy levels are ±
√

ε(k), where ε(k) = 1 +
t2 − δ2 + 2t cos(k)− 2iδ sin(k) (we put t′ = 1). Different
phases are separated by the band crossing ε(k) = 0. This
occurs at |t ± δ| = 1. Thus, the parameter space is di-
vided into four phases where |t− δ| and |t+ δ| are either
greater or less than one. In what follows we will denote
these regions as (s1, s2) with si = ±. Here s1 = + or
s1 = − means that |t− δ| > 1 or |t− δ| < 1 correspond-
ingly (similarly for s2 and |t + δ|). These phases are of
topological nature as they can be characterized by two
winding numbers of the Hermitian part of the Hamilto-
nian around exceptional points [49].
Explicit expressions for ηµν (5) in this model were ob-

tained in [41]. To calculate ζµν we can apply Eq. (10)
to all k-sectors of the Hamiltonian independently. This
leads to the NH-QGT of the following form:

ζtt =
∑

k

δ2 + sin2(k)

4|ε|2 , ζδδ =
∑

k

(t+ cos(k))2

4|ε|2 ,

ζtδ = ζδt =−
∑

k

(t+ cos(k))δ

4|ε|2 ,

(14)

where sums go over the Brillouin zone. It is already
seen that singularities of this tensor are exactly at points
where ε(k) = 0, i.e. |t± δ| = 1. It is even more apparent
in the thermodynamic limit L→ ∞ where the NH-QGT
becomes

ζtt(δδ) =
L

16

(

1

|(δ + t)2 − 1| +
1

|(δ − t)2 − 1| ± f(δ, t)

)

,

ζtδ = ζδt =
L

16

(

1

|(δ + t)2 − 1| −
1

|(δ − t)2 − 1|

)

.

(15)
Here the top (bottom) sign corresponds to the index tt
(δδ) and the function f(δ, t) depends on the phase under
consideration:

f(δ, t) =



















2
(δ−t)(δ+t) , (+,+),

1
δ(δ+t) , (−,+),

1
δ(δ−t) , (+,−),

0, (−,−).

(16)

Each topological phase is described by its own tensor and
the singularities of the NH-QGT are exactly at topolog-
ical phase transition points. Note that ζµν has the Eu-
clidean metric signature, in contrast to the Minkowski
one for ηµν in [41].
Dissipative quadratic models. — As our next test-

ing ground, we use fermionic dissipative Markovian mod-
els whose time evolution is given by quadratic Liouvil-
lians ∂tρ = L(ρ) with

L(ρ) = −i[H, ρ] +
∑

k

(

LkρL
†
k −

1

2
{L†

kLk, ρ}
)

, (17)

where Hamiltonian H = wTHw is quadratic and jump
operators Lk = lTkw are linear in Majorana operators
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w = (w1, ... , w2n)
T that are defined as w2j−1 = cj + c†j ,

w2j = i(cj − c†j). Here c†j and cj are the creation and
annihilation operators of n fermionic modes, H is a 2n×
2n antisymmetric Hermitian matrix and lk are arbitrary
complex vectors of dimension 2n.
Liouvilleans of this nature can be exactly diagonal-

ized. One of the most elegant methods to achieve this is
through the use of the so-called third quantization tech-
nique, which was introduced in [50]. At the core of this
method is a set of 2n superoperators that satisfy canon-
ical anticommutation relations

âj(ρ) = − i

2
W [wj , ρ], â†j(ρ) = − i

2
W{wj , ρ}, (18)

where W = in
∏2n

l=1 wl and {â†j, âk} = δjk. Direct calcu-

lations show that the Liouvillean (17) can be rewritten
using these superoperators as

L = −
∑

ij

(

Xij â
†
i âi +

1

2
Yij â

†
i â

†
j

)

, (19)

where X = 4iH + 2Re{M} = X∗, Y = −4iIm{M} =

−Y T = Y †, and M =
∑

k lkl
†
k = M † ≥ 0 is the so-

called bath matrix.
For simplicity we assume that the matrix X is diag-

onalizable X = UDXU
−1 with DX = diag({xj}2nj=1).

In this case, Liouvillean can be diagonalized by a non-
unitary Bogoluibov transformation [51] b = U−1(a +
Γa†), b× = UTa† and its diagonal form is given by

L = −∑2n
j=1 xjb

×
j bj . Here, the matrix Γ is obtained from

the solution of the Sylvester equation

XΓ + ΓXT = Y . (20)

The uniqueness of the solution (which is equivalent to
MinjRe(xj) > 0) denotes the condition for the steady
state to be unique. Furthermore, the NESS is a Gaussian
state in terms of operators wj and the two-point corre-
lation function of this state coincides with the matrix Γ:
〈[wi, wj ]〉NESS = 2Γij .
The third quantization allows us to determine the AGP

operator. The AGP with the required gauge (7) for
λ-dependent quadratic Liouvillean is also quadratic in
fermions, and its structure resembles (19):

Aλ =
∑

ij

(X λ
ij â

†
i âj +

1

2
Y

λ
ij â

†
i â

†
j), (21)

where

X
λ = UA

(λ)
X U−1, Yλ = ∂λΓ +X

λΓ + Γ(X λ)T , (22)

and A
(λ)
X is the off-diagonal part of ∂λU

−1U . The de-
tailed derivation of Eqs. (21) and (22) is given in the SM.

Note that X λ is a real matrix, while Y
λ is an imaginary

anti-symmetric matrix. This structure of the AGP is im-
posed by its trace and hermiticity (but not positivity)
preservation.

Using the explicit form of the AGP (21) the NH-QGT
in a steady-state can be calculated more explicitly:

ζNESS
µν =

1

2
Tr(∂µΓ∂νΓ) + Tr(X µΓ∂νΓ). (23)

The first term in the relation (23) encodes how dra-
matically the two-point correlation function changes in a
steady-state. Given that Gaussian states are completely
defined by their two-point correlation function, any non-
analytical traits within the NESS essentially correspond
to non-analyticity within the first term. The subsequent
term contains both Γ and U matrices, illustrating the in-
volvement of derivatives of other eigenstates in the gen-
eralized QGT [see Eq.(10)]. Here we note that in order
to exclude the contribution of other eigenstates, one can
consider the limited version ζ̃µν of the NH-QGT (11).
However, in this case manifestation of the correlation ma-
trix Γ is more involved (see the SM).
To illustrate this general framework with a specific

example, we examine the Kitaev chain with local dis-
sipation. The Hamiltonian for this model, with peri-
odic boundary conditions imposed, is given by Ĥ =

−∑L
j=1(c

†
jcj+1 + γc†jc

†
j+1 + h

2 c
†
jcj + H.c.). Addition-

ally, two jump operators act on each site L−
j = gµ−cj ,

L+
j = gµ+c

†
j . This particular model was initially intro-

duced in [52]. In the weak coupling limit g → 0, the
system becomes critical in the same regions as the Ki-
taev chain Hamiltonian: for γ 6= 0 there is a critical field
h = 1 and for γ = 0 the whole line |h| < 1 is critical
[34, 35, 52].
To compute the steady-state geometric tensor in this

theory, we can utilize Eq. (23). However, since the model
exhibits translational invariance, it is beneficial to first
apply the Fourier transform. Ultimately, the desired ten-
sor is expressed as the sum over the Brillouin zone (de-
tailed calculations can be found in the SM):

ζNESS
µν = Λ2

∑

k

sin2(ϕk)∂µϕk∂νϕk, (24)

where Λ = (µ2
+ −µ2

−)/(µ
2
++µ2

−), ϕk = arctg
(

γ sin(k)
h−cos(k)

)

,

{λ1, λ2} = {h, γ}. The structure of the NH-QGT resem-
bles the ground-state QGT for the Kitaev Hamiltonian
[6], with the only difference being the additional term of
sin2(ϕk) under the summation. In the thermodynamic
limit L→ ∞, one can replace the sums with integrals to
derive analytical formulas. For instance, for |h| < 1 the
geometric tensor can be expressed as

ζµν =
Λ2L

8|γ| diag
(

3

(1− h2)
,
1 + 3|γ|
(1 + |γ|)3

)

. (25)

Expressions for |h| > 1 are given in the SM. This tensor
exhibits singular behavior precisely at the critical regions.
Concluding remarks. — Using the generator of

adiabatic transformations we introduced a novel non-
Hermitian generalization of the QGT. We proposed that
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our generalization can serve as a universal tool for study-
ing both dissipative and non-Hermitian phase transitions.
We examined our proposal using several exactly solv-
able models, including a non-Hermitian version of the
Su-Schrieffer-Heeger (SSH) model and generic quasi-free
fermionic Liouvillians. Furthermore, in the latter case
we obtained an explicit expression for the AGP (su-
per)operator.

Thus, our findings emphasize the significance of the
adiabatic transformations in understanding phase tran-
sitions in non-Hermitian systems. We expect our results
to be valuable in the field of quantum control, particu-
larly for investigating regimes of counter-diabatic drive
in open quantum systems, similar to those in isolated
systems [42]. Another promising research direction is to
explore potential connections between adiabaticity and
dissipative quantum chaos, similar to those observed in
Hermitian quantum systems [43, 53].

Finally, it should be emphasized that the Hermitian
QGT is an experimentally measurable quantity. A possi-
ble method of measuring it in polaritonic systems was
proposed in [54]. This approach has recently been
adapted for non-Hermitian polaritonic systems, thus pro-
viding a methodology for measuring ηµν [55]. We note
that this method can also be straightforwardly utilized to
measure the NH-QGT introduced in our work, enabling
an experimental observation of this quantity.
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[20] M.-A. Miri and A. Alù, Exceptional points in optics and
photonics, Science 363, aar7709 (2019).

[21] A. A. Clerk, K. W. Lehnert, P. Bertet, J. R.
Petta, and Y. Nakamura, Hybrid quantum sys-
tems with circuit quantum electrodynamics,
Nat. Phys. 16, 257–267 (2020).

[22] M. G. A. Paris, Quantum estimation for quantum tech-
nology, Int. J. Quantum Inf. 07, 125 (2009).

[23] P. M. Harrington, E. J. Mueller, and K. W. Murch,
Engineered dissipation for quantum information science,
Nat. Rev. Phys. 4, 660–671 (2022).

https://books.google.ru/books?id=C3BzcUxoaNkC
https://doi.org/10.1007/BF02193559
https://doi.org/10.1103/PhysRevE.74.031123
https://arxiv.org/abs/quant-ph/0701061
https://doi.org/10.1103/PhysRevLett.99.095701
https://doi.org/10.1103/PhysRevB.27.6083
https://books.google.ru/books?id=wOn7JHSSxrsC
https://doi.org/10.1103/PhysRevLett.95.157203
https://arxiv.org/abs/quant-ph/0602091
https://doi.org/10.1103/PhysRevLett.101.105701
https://doi.org/10.1038/nphys1073
https://doi.org/10.1038/nphys1754
https://doi.org/10.1103/PhysRevX.5.041028
https://doi.org/10.1103/PhysRevX.6.031011
https://doi.org/10.1103/PhysRevLett.129.250401
https://doi.org/10.1103/PhysRevA.109.032619
https://doi.org/10.1016/b978-0-12-396482-3.00001-6
https://doi.org/10.1103/RevModPhys.75.281
https://doi.org/10.1126/science.aar7709
https://doi.org/10.1038/s41567-020-0797-9
https://doi.org/10.1142/s0219749909004839
https://doi.org/10.1038/s42254-022-00494-8


6

[24] D. Bures, An extension of Kakutani’s theorem on infinite
product measures to the tensor product of semifinite *-
algebras, Trans. Am. Math. Soc. 135, 199 (1969).

[25] A. Uhlmann, The “transition probability” in the state
space of a *-algebra, Rep. Math. Phys. 9, 273 (1976).

[26] A. Uhlmann, Parallel transport and “quan-
tum holonomy” along density operators,
Rep. Math. Phys. 24, 229 (1986).

[27] E. Ercolessi and M. Schiavina, Geometry of mixed states
for a q-bit and the quantum Fisher information tensor,
J. Phys. A: Math. Theor. 45, 365303 (2012).

[28] A. Carollo, D. Valenti, and B. Spagnolo, Geometry of
quantum phase transitions, Phys. Rep. 838, 1 (2020).

[29] P. Zanardi, L. Campos Venuti, and P. Giorda, Bures met-
ric over thermal state manifolds and quantum criticality,
Phys. Rev. A 76, 062318 (2007).

[30] Z. Huang and D. P. Arovas, Topological Indices for
Open and Thermal Systems Via Uhlmann’s Phase,
Phys. Rev. Lett. 113, 076407 (2014).

[31] O. Viyuela, A. Rivas, and M. A. Martin-
Delgado, Uhlmann Phase as a Topological Mea-
sure for One-Dimensional Fermion Systems,
Phys. Rev. Lett. 112, 130401 (2014).

[32] O. Viyuela, A. Rivas, and M. A. Martin-Delgado,
Two-Dimensional Density-Matrix Topological
Fermionic Phases: Topological Uhlmann Numbers,
Phys. Rev. Lett. 113, 076408 (2014).

[33] B. Mera, C. Vlachou, N. Paunković, and V. R. Vieira,
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Supplemental Material

I. ADIABATIC GAUGE POTENTIAL

We consider a parameter-dependent non-Hermitian
operator Kλ with the right and the left eigenvectors

Kλ |nR〉 = Λn |nR〉 ,
K†

λ |nL〉 = Λ∗
n |nL〉 .

(26)

These vectors form a biorthogonal basis 〈nL|mR〉 =
δmn. To characterize their parameter-dependence one
can introduce the generator of adiabatic transformations,
known as the adiabatic gauge potential (AGP), as

Aλ |nR〉 = |∂λnR〉 . (27)

Then, differentiating the biorthogonality condition, one
obtains

A†
λ |nL〉 = − |∂λnL〉 . (28)

Assuming that the operator K is diagonalizable, we can
write its spectral decomposition:

Kλ =
∑

n

Λn |nR〉 〈nL| . (29)

Differentiating Eq. (29) with respect to λ and using
Eqs. (27) and (28), we obtain

∂λKλ = Fλ + [Aλ,Kλ], (30)

where Fλ =
∑

n ∂λΛn |nR〉 〈nL|. As a result, one can
derive the following operator equation for the AGP:

[∂λKλ − [Aλ,Kλ],Kλ] = 0. (31)

It follows immediately from Eq. (31) that the AGP is
defined up to an operator that commutes with Kλ. This
can also be seen directly from the definition (27). Indeed,
the eigenvectors are defined up to a constant, so that we
can always rescale them as

|nR(λ)〉 → ern(λ) |nR(λ)〉 , (32)

where rn(λ) ∈ C is an arbitrary complex-valued function.
Then the AGP is transformed as

Aλ → Aλ +Rλ (33)

with Rλ = diag{rn(λ)} is a diagonal matrix in the basis
|nR〉. Using the gauge freedom (32) we can always put
〈nL|Aλ|nR〉 to zero for all n. Another consequence that
can be seen from Eq. (30) is that the off-diagonal matrix
elements (m 6= n) of the AGP in an instantaneous basis
read

〈mL(λ)|Aλ|nR(λ)〉 =
〈mL|∂λK|nR〉

Λn − Λm
. (34)

Clearly, the matrix element (34) is ill-defined in the case
of degeneracy. To resolve this issue, one can define a
regularized version of the AGP operator as

〈mL(λ)|Aλ(µ)|nR(λ)〉 =
Λ∗
n − Λ∗

m

|Λn − Λm|2 + µ2
〈mL|∂λK|nR〉,

(35)
where µ is an energy cut-off. The regularized AGP in
Eq. (35) is useful for numerical evaluation of the NH-
QGT (7).

II. DISSIPATIVE QUADRATIC MODELS AND

AGP

A. General case

Using the notations introduced in the main text [see
Eqs. (17) and (18)], we start by writing the Liouvillian
in a third quantized form:

L = −
∑

r,s

(

Xr,sâ
†
râs +

1

2
Yr,sâ

†
râ

†
s

)

. (36)

In order to diagonalize this Liouvillian superoperator it is
useful to rewrite it in the matrix form (we follow Ref. [34]
for the diagonalization procedure)

L = −1

2

(

a† a
)

L

(

a

a†

)

− 1

2
trX, (37)

where we introduced the block matrix

L =

(

X Y

0 −XT

)

. (38)

Firstly, we observe that the matrix L can be reduced to
a block diagonal form by the transformation

T =

(

1 Γ
0 1

)

, T−1 =

(

1 −Γ
0 1

)

, (39)

where the 2n× 2n matrix Γ satisfies Eq. (20). Indeed, in
this case one can easily obtain

TLT−1 =

(

X 0

0 −XT

)

. (40)

In the next step one diagonalizes the matrix X:

U−1XU = DX = diag({xk}2nk=1). (41)

Thus, one can introduce the transformation

S =

(

U−1 0
0 UT

)

T , (42)

which diagonalizes the Liouvillian matrix L as

L = S−1DS with D =

(

DX 0
0 −DX .

)

(43)



8

This allows us to rewrite the Liouvillian in the diagonal
form

L = −1

2

(

b× b
)

D

(

b

b×

)

− 1

2
trX, (44)

where
(

b

b×

)

= S

(

a

a†

)

(45)

is a non-unitary Bogoluibov transformation [56].
Now, we proceed with finding the AGP operator for

quasi-free dissipative fermionic models. Using the fact
that the two operators of the form

A =
1

2

(

a† a
)

A

(

a

a†

)

, B =
1

2

(

a† a
)

B

(

a

a†

)

(46)

commute as

[A,B] = 1

2

(

a† a
)

[A,B]

(

a

a†

)

, (47)

we can solve Eq. (31) for the AGP operator explicitly,
which yields

Aλ =
1

2

(

b× b
)

∂λSS
−1

(

b

b×

)

(48)

where

∂λSS
−1 =

(

∂λU
−1U U−1∂λΓ(U

−1)T

0 −(∂λU
−1U)T

)

. (49)

Also, removing the diagonal part of the last matrix, we
find the AGP operator with the removed diagonal matrix
elements:

Aλ =
1

2

(

a† a
)

(

X
λ

Y
λ

0 −(X λ)T

)(

a

a†

)

, (50)

where

X
λ = UA

(λ)
X U−1, Yλ = ∂λΓ +X

λΓ + Γ(X λ)T (51)

and A
(λ)
X is the off-diagonal part of ∂λU

−1U . After that,
it is easy to obtain the second NH-QGT. Rewriting the
AGP operator and its conjugated version in terms of the
b modes and acting on the steady-state (which is a b-
vacuum), one finds

ζNESS
µν =

1

2
Tr(∂µΓ∂νΓ) + Tr(X µΓ∂νΓ). (52)

B. Translationally invariant case

In the presence of the translational symmetry we rela-
bel the Majorana fermions as

wj =
(

wj,1, wj,2

)T
(53)

where j is a spatial index. Then the Hamiltonian and
the bath matrix take the following form:

H =
∑

j,r

wT
j h(j − r)wr,

M (j,β)(r,β′) = m(j − r)ββ′ .

(54)

Thus, the Liouvillian is given by

L = −1

2

∑

j,r

(

a
†
j aj

)

L(j − r)

(

ar

a†
r

)

− 1

2
trX (55)

and we can apply the Fourier transform

(

aj
a†j

)

=
1√
N

∑

k

eikj
(

ak
a†−k

)

(56)

in order to obtain

L = −1

2

∑

k

(

a
†
k a−k

)

L(k)

(

ak

a
†
−k

)

− 1

2
trX, (57)

where

L(k) =
∑

r

e−ikrL(r) =

(

x(k) y(k)
0 −xT (−k)

)

,

x(k) = 4ih(k) +m(k) +mT (−k),
y(k) = −2(m(k)−mT (−k)).

(58)

After that, the Liouvillian can be diagonalized in each k-
sector independently using the machinery from the pre-
vious subsection. In this case the AGP operator becomes

Aλ =
1

2

∑

k

(

a
†
k a−k

)

(

X
λ(k) Y

λ(k)

0 −(X λ(−k))T
)(

ak

a
†
−k

)

,

(59)
where

X
λ(k) = u(k)A(λ)

x (k)u−1(k),

Y
λ(k) = ∂λγ(k) +X

λ(k)γ(k) + γ(k)(X λ(−k))T ,
(60)

and A
(λ)
x (k) is the off-diagonal part of ∂λu

−1(k)u(k).
Here γ(k) is a matrix that solves the equation

x(k)γ(k) + γ(k)xT (−k) = y(k), (61)

and u(k) diagonalizes the matrix x(k)

u−1x(k)u =

(

x1(k) 0
0 x2(k)

)

. (62)

The expression for the second NH-QGT is similar to that
in Eq. (52), but with the summation carried over the
Brillouin zone:

ζµν =
∑

k

(

1

2
Tr(∂µγ∂νγ) + Tr(X λ(k)γ∂νγ)

)

. (63)
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III. NH-QGT IN THE KITAEV CHAIN WITH

LOCAL DISSIPATION

The Hamiltonian of the Kitaev chain can be written in
terms of Majorana fermions as

H = −
∑

j

(

1 + γ

2
iwj,2wj+1,1 +

1− γ

2
(−i)wj,1wj+1,2

)

− ih
∑

j

wj,1wj,2 =
∑

r,s

wT
r h(r − s)ws. (64)

Therefore, the non-zero matrices h(j) are given by

h(0) =

(

0 − ih
2

ih
2 0

)

,

h(1) =

(

0 i 1+γ
4

−i 1−γ
4 0

)

,

h(−1) = h†(1) =

(

0 i 1−γ
4

−i 1+γ
4

)

.

(65)

The Fourier transform of the Hamiltonian is

h(k) =
1

2
γ sin(k)σx +

1

2
(h− cos(k))σy . (66)

The dissipation is described by the jump operators acting
on each lattice site

L+
j = gµ+c

†
j =

gµ+

2
(wj,1 + iwj,2),

L−
j = gµ−cj =

gµ−

2
(wj,1 − iwj,2),

(67)

leading to a bath matrix of the form

m(k) =
g2(µ2

+ + µ2
−)

4
σ0 +

g2(µ2
+ − µ2

−)

4
σy. (68)

Finally, for this model we find

x(k) =
g2

2
(µ2

+ + µ2
−)σ0 + 2iγ sin(k)σx + 2i(h− cos(k))σy,

y(k) = −g2(µ2
+ − µ2

−)σy.
(69)

Using these expressions, one can find γ(k) from Eq. (61).
In the weak coupling limit g → 0 it is given by

γ(k) = −Λ cos(ϕk) sin(ϕk)σx − Λ cos2(ϕk)σy, (70)

where we have introduced Λ =
µ2
+−µ2

−

µ2
+
+µ2

−

and ϕk =

arctg
(

γ sin(k)
h−cos(k)

)

. The matrix x(k) can be diagonalized

by the following transformation

u(k) =
1√
2

(

eiϕk/2 ieiϕk/2

ie−iϕk/2 e−iϕk/2

)

. (71)

Hence, the NH-QGT in the steady-state (63) reads

ζNESS
µν = Λ2

∑

k

sin(ϕ2
k)∂µϕk∂νϕk. (72)

In the thermodynamic limit L→ ∞ all sums are replaced
by the integrals

∑

k → L
2π

∫

dk and we obtain

ζhh =
3

8
Λ2L×

{

1
|γ|(1−h2) , |h| < 1

γ4|h|

(h2−1)(h2+γ2−1)5/2
, |h| > 1

(73)

ζγγ(|h| < 1) = Λ2L
1 + 3|γ|

8|γ|(1 + |γ|)3 , (74)

ζγγ(|h| > 1) = Λ2L

(

γ2

(1− γ2)3
+

3

8

γ2

(h2 + γ2 − 1)5/2
− 5

4

|h|γ2
(1− γ2)3(h2 + γ2 − 1)1/2

+
1

8

|h|γ2(2h4 − 5(1− γ2)2)

(1− γ2)3(h2 + γ2 − 1)5/2

)

(75)

ζγh =
3

8
Λ2L×

{

0, |h| < 1

− sign(h)γ3

(h2+γ2−1)5/2
, |h| > 1.

(76)

IV. CALCULATION OF ζ̃µν

In this section we discuss in more detail the tensor

ζ̃(n)µν = 〈nL|nL〉〈DµnR|DνnR〉, (77)

which was introduced in Eq. (11) of the main text.

Clearly, ζ̃
(n)
µν is invariant under the gauge transformations

of eigenstates. Indeed, the covariant derivatives make the
second factor in Eq. (77) to transform up to a constant
[see Eq. (9) in the main text], whereas the first factor
simply removes this constant, guaranteeing the gauge in-
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variance. At the same time, ζ̃
(n)
µν is Hermitian, positive-

semidefinite, and it reduces to the conventional QGT in
the Hermitian case. This motivates us to calculate this
tensor in the models discussed in the main text in or-
der to compare the results with those obtained with the

NH-QGT ζ
(n)
µν .

For Liouvillian steady-states the corresponding left
eigenvector can be always fixed to be the identity op-
erator. Then, the steady-state simply becomes a usual
normalized density matrix and a covariant derivative can
be replaced by an ordinary one. Hence, for a steady-
state, from Eq. (77) one obtains

ζ̃NESS
µν = DTr(∂µρss∂νρss), (78)

where D is the dimension of the corresponding Hilbert
space and ρss is the NESS density matrix. Clearly, for
NESSes ζ̃NESS

µν is real and symmetric. Also note that
when the steady-state is a pure state, Eq. (78) reduces
(up to a numerical factor) to the Fubini-Study metric,
i.e., the symmetric part of the Hermitian QGT.
It is instructive to compare this quantity with a mixed

state generalization of the QGT – the Quantum Fisher
Tensor [27, 28]. The Fisher Tensor is introduced using
a logarithmic derivative Gµ of a density matrix defined
via the relation ∂µρss = Gµρss+ρssGµ. Then, the Fisher
Tensor is an average of a product of log-derivatives with
respect to the density matrix Qµν ≡ Tr(ρssGµGν), while
its symmetric part, known as the Bures metric, is gBµν =
1
2Tr(ρss{Gµ, Gν}). Using the log-derivatives, Eq.(78) can
be rewritten in the form

ζ̃NESS
µν = DTr(ρ2ss{Gµ, Gν}) + 2DTr(ρssGµρssGν). (79)

This formula suggests to rescale our tensor as

ζ̃(n)µν → 1

〈nL|nL〉〈nR|nR〉
ζ̃(n)µν =

〈DµnR|DνnR〉
〈nR|nR〉

(80)

since after that its value for the NESS can be interpreted
as an average over ρ1 = 1

Tr(ρ2
ss)
ρ2ss, which is a well defined

density matrix itself:

ζ̃NESS
µν = Tr(ρ1{Gµ, Gν}) + 2Tr(ρ

1/2
1 Gµρ

1/2
1 Gν). (81)

In this light it is clear that the ζ̃µν goes in parallel with
the definition of the Bures metric, although its geomet-
rical interpretation is somewhat blurry.
Recasting ζ̃µν using the log-derivatives is also use-

ful from the computational point of view. For Gaus-
sian Fermionic states an explicit expression for the log-
derivative was obtained in Ref. [35]. Its form is given
by

Gµ =
1

4
wTKµw +

1

4
Tr(KµΓ), (82)

where Γij = 1
2Tr(ρss[wi, wj ]) is the correlation matrix

in a Gaussian state and Kµ is defined via the equation

ΓKµΓ − Kµ = ∂µΓ. For a Gaussian NESS ρ1 is also
a Gaussian state, but with the correlation matrix Γ1 =
2Γ

1+Γ2 . All this allows us to express solely in terms of

correlation matrix both the Bures metric (that was firstly
done in [34])

gBµν =
1

8
Tr

(

∂µΓ
1

1−AdΓ
(∂νΓ)

)

=
1

8

∑

j,k

(∂µΓ)jk(∂νΓ)kj
1− γjγk

(83)

and the tensor we are interested in (81)

ζ̃NESS
µν =

1

2
Tr

(

1

1 + Γ2
∂µΓ

1

1 + Γ2
∂νΓ

)

=
1

2

∑

j,k

(∂µΓ)jk(∂νΓ)kj
(1 + γ2j )(1 + γ2k)

.
(84)

Here AdΓ(X) = ΓXΓ and both summations are per-
formed in the basis where Γ is diagonal, with the eigen-
values being γj . Using this closed form expression the
same steps as for the Bures metric [34] can be applied to

elucidate the connection of ζ̃NESS
µν to criticality. For in-

stance, in the Kitaev chain described above the explicit
form of this tensor is given by

ζ̃NESS
µν = Λ2

∑

k

∂µϕk∂νϕk

(1 + Λ2cos2(ϕk))
2 . (85)

Due to an obvious inequality 1 ≤ 1+Λ2cos2(ϕk) ≤ 1+Λ2

it can be seen that singular regions of ζ̃NESS
µν are exactly

the same as for the Hermitian QGT, i.e., it is singular on
the critical lines.
For the case of the NH-SSH the situation is even more

transparent. The corresponding left and right eigenstates
for the Bloch Hamiltonian (13) are given by

∣

∣

∣
ψ
(±)
R (k)

〉

=
1√
2

(

±1 t+δ+eik

ε1/2

)T

〈

ψ
(±)
L (k)

∣

∣

∣
=

1√
2

(

±1 t−δ+e−ik

ε1/2

)

(86)

with ε(k) = 1 + t2 − δ2 + 2t cos(k)− 2iδ sin(k). Explicit
form of the eigenstates allows one to calculate any quan-
tity of interest directly. In this particular model it turns
out that the rescaled ζ̃µν (80) coincides exactly with the
second NH-QGT (14).
Finally, let us make a brief comment on the physical

meaning of both ζµν and ζ̃µν . Summing ζµν over the
whole spectrum, one obtains the norm of the AGP op-
erator, an important characteristic of the system that
describes the magnitude of change of the entire spec-
trum [43]. Thus, finding the AGP norm requires cal-
culation of ζµν over the whole spectrum. However, if
one tries to compare the magnitude of the change in,
say, two specific states from the spectrum, it seems that
it is more natural to characterize this not by the matrix
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elements of A†
µAν (which is ζµν), but describing how pro-

jectors Pn = |nR〉 〈nL| on these eigenstates are deformed.
Specifically, for a change in some parameter λ one has

||∂λPn||2
||Pn||2

=
〈DλnR|DλnR〉

〈nR|nR〉
+

〈DλnL|DλnL〉
〈nL|nL〉

+
〈nL|DλnL〉〈nR|DλnR〉

〈nL|nL〉〈nR|nR〉
+

〈DλnL|nL〉〈DλnR|nR〉
〈nL|nL〉〈nR|nR〉

.

(87)

As one can see, this quantity contains the rescaled ten-
sor ζ̃µν from Eq. (80) as well as its left-state counterpart.
We will elaborate more on this connection in the future
work related to adiabaticity and dissipative chaos.


