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Thermophoresis is the migration of a particle due to a thermal gradient. Here, we theoretically
uncover the quantum version of thermophoresis. As a proof of principle, we analytically find a
thermophoretic force on a trapped quantum particle having three energy levels in Λ configuration.
We then consider a model of N sites, each coupled to its first neighbors and subjected to a local
bath at a certain temperature, so as to show numerically how quantum thermophoresis behaves with
increasing delocalization of the quantum particle. We discuss how negative thermophoresis and the
Dufour effect appear in the quantum regime.

A particle can move from hot to cold, an effect known
as thermophoresis [1, 2]. This can be understood in
terms of an asymmetrical Langevin force on a Brown-
ian particle. Let us consider a one-dimensional model
where the position x of a Brownian particle of length
2r fluctuates due to a Langevin force given by f(x) =
fL(x − r) − fR(x + r), which arises from a gas of mi-
croscopic particles (see Fig.1 (a)). Terms fL,R(x) tell
apart left-side from right-side collisions with the envi-
ronment particles. If each side is at a slightly different
temperature, and considering that each local force can
be written as fL,R(x) = ξ(t)

√
T (x∓ r), where T (x) is

a spatial-dependent temperature [1], we can write the
thermophoretic force as a finite average Langevin force,

⟨f(x)⟩ = −T ′(x)

T (x)
pV, (1)

up to first order in r. Here, p is the local pressure, and
V ∝ r3 is an effective volume. The important point in
Eq.(1) is that it reveals how a negative gradient can imply
a positive force, pushing the particle from hot to cold.

Thermophoresis has proven relevant in diverse con-
texts. It has been spotlighted as a key mechanism for
exponential acceleration of RNA polymerization [3], with
possible implications to the origin of life on earth [4, 5].
It has also been identified in the stochastic dynamics of
antiferromagnetic solitons [6]. However, thermophoresis
has so far remained restricted to the domain of classical
motion. Could it also emerge from a quantum mechanical
formulation, as hypothesized in Ref.[7]?

Here, we show that thermophoresis can take place in
elementary quantum systems. We start with a quantum
particle having three energy levels in Λ configuration,
coupled to a pair of independent bosonic baths at dif-
ferent temperatures (see Fig.1 (b)). When the particle
is at state |1⟩ (which can be interpreted as a localized
state around position −d/2 in a bistable potential), it
interacts with a hot bath which promotes a transition to
the excited state |e⟩. If the particle spontaneously decay
towards state |2⟩, it can get trapped there (i.e., around
position d/2), as the cold bath may not provide enough

∗Electronic address: valente.daniel@gmail.com

thermal energy for the particle to reach |e⟩ again (tun-
neling is not allowed in this model, which is a reasonable
assumption as long as d is sufficiently large). On aver-
age, this creates an accumulation of population in the
ground state coupled to the cold bath. In this sense, the
quantum thermophoresis we present here can be seen as a
hot-to-cold migration in Hilbert space. However, we also
wish to find a quantum force in real space, as analogous
to Eq.(1).

Figure 1: (a) Classical thermophoresis in a particle of size
2r due to a thermal gradient. The hotter (left) bath pushes
with force fL the particle towards the coldest (right) bath,
which pushes with force fR towards the other direction. The
net effect leads to Eq.(1). (b) Quantum thermophoresis in a
Λ three-level system. A double-well potential illustrates the
real-space representation of the system. The two minima are
separated by d (large enough so that no tunneling takes place;
the model with tunneling is illustrated in Fig.(2)). The higher
temperature at the left bath (driving |1⟩ ↔ |e⟩ transitions),
as compared to that at the right bath (driving |2⟩ ↔ |e⟩
transitions), makes jumps from |1⟩ to |2⟩ more likely than
the reverse, so population concentrates closer to the cold bath.
We derive a quantum thermophoretic force for this model (see
Eqs.(2) and (3)).

By writing down the equation of motion for an average
position that we associate to this quantum particle, we
derive a quantum thermophoretic force given by

Fq = −δn

2
m∗Γ2d, (2)

where the main thermal effect comes from δn ≡ n2 − n1,
in terms of the bosonic average numbers of excitations,
nk = [exp(ℏωk/kBTk) − 1]−1. Here, ωk = (Ee − Ek)/ℏ
are the transition frequencies, and Tk are the bath tem-
peratures, with kB being the Boltzmann constant. The
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effective mass of the particle, m∗, also depends on the
temperatures, m∗ = 1/(4n̄+ 2), where n̄ ≡ (n2 + n1)/2.
The couplings of the system to its quantized baths give
rise to the spontaneous emission rates Γ.

In the high-temperature (semiclassical) limit, we find
that

F (high T)
q ≈ −T ′

T

Γ2d2

6
, (3)

which reminds us of Eq.(1) mainly due to the −T ′/T
term, where T ′ ≡ (T2 − T1)/d, and T ≡ (T1 + T2)/2.
Beyond the thermal gradient, Eqs.(1) and (3) also bear
resemblance in the fact that Γ2 is an environment-
dependent term, much like the pressure p in the classical
model, and d gives the system’s length scale, as does r
classically.

To go a step further, we investigate how quantum ther-
mophoresis behaves for a more delocalized quantum par-
ticle. We numerically analyze a one-dimensional (1D) lat-
tice containing N = 10 two-level sites, each coupled to its
first neighbors by means of a quantum coherent tunneling
rate g, and subjected to a local temperature. Strength
g allows us to control the degree of delocalization of the
quantum particle in our model. See Fig.2(a). We com-
pute the steady-state population of each site (sum of the
ground and excited state populations) at a given g, and
temperatures TL,R (we assume a linear gradient, here).
Our results, shown in Figs.2(b) to (e), are explained be-
low in more detail. In short, they evidence either positive
or negative thermophoresis (i.e., migration towards the
hot region [8]), depending on g and TL,R. We also analyt-
ically demonstrate that negative thermophoresis shows
up in a three-level model, but in V configuration.
To conclude the paper, we discuss how the so called

Dufour effect [9], namely, an induction of a thermal gra-
dient due to a fixed nonequilibrium particle concentra-
tion (the reciprocal of thermophoresis), also holds in the
quantum regime.

Formalism.– In all the models, we use a system-
plus-reservoir approach, where the total hamiltonian is
H = HS + HI + HE . The system is generically de-
scribed by HS =

∑
n En|n⟩⟨n|. The environment Hamil-

tonian is given by N sets of independent harmonic os-

cillators, namely, HE =
∑N

k=1 H
(k)
E , so that H

(k)
E =∑

j ℏωja
†
k,jak,j , forming a continuum of frequencies ωj .

The interactions with the baths are given by HI =∑N
k=1 H

(k)
I , with H

(k)
I = σ

(k)
x

∑
j ℏgk,j(ak,j + a†k,j). We

have defined σ
(k)
x as the system’s local degree of free-

dom that is affected by the k−th environment. The
continuum limit is described by the spectral function
J (k)(ω) = 2π

∑
j g

2
k,jδ(ω − ωj). In the models we an-

alyze here, we assume that J (k)(ω) = Γk (i.e., frequency
independent). In the derivation of Eqs.(2) and (3), we
have used that Γ1 = Γ2 = Γ for simplicity.

We derive a Markovian quantum master equation us-
ing the so called microscopic approach [7, 10–15], where
we consider the eigenstates of HS to form the appro-
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Figure 2: (a) N -site model (here, we take N = 10). Each site
has a local energy h and coupling g to its first neighbors, and
is locally coupled to an environment at a given temperature,
linearly varying from TL to TR. (b) and (c) show quantum
thermophoresis for a fixed gradient (b), and fixed average
temperature (c), both at g = 0.1h. (d) and (e) show how
either negative thermophoresis or full delocalization can take
place, depending on the coupling strength g, as well as on the
temperatures. In panel (d), kBTL = 0.8h and kBTR = 0.4h.
In panel (e), kBTL = 0.3h and kBTR = 0.1h. In all the plots,
the population of the i-th site (from 1 to 10) is the sum of its
local ground plus its excited-state populations, in the steady-
state regime.

priate basis onto which the thermal baths act. This is
particularly relevant to the 1D lattice model illustrated
in Fig.2(a), where a phenomenological (local) approach
may lead to quite different outcomes [11, 15]. In terms
of the reduced density operator of the system ρS , our
master equation reads

∂tρS(t) = −(i/ℏ)[HS , ρS(t)] + L[ρS(t)], (4)

where L[ρS(t)] =
∑N

k=1 Lk describes the thermal effects,
where [10, 12]

Lk =
∑
ω

γk(ω)
[
A(k)

ω ρSA
(k)†
ω − 1

2

{
ρS , A

(k)†
ω A(k)

ω

}]
. (5)

Here, ω = ωij = (Ej − Ei)/ℏ, with γk(ω) = J (k)(ω)(1 +
nk(ω)) for ω > 0. For ω < 0, we have that γk(ω) =
J (k)(|ω|)nk(|ω|). Again, nk(ω) are the bosonic thermal

averages. The jump operators are defined by A
(k)
ω =∑

i,j|ω=ωij
|i⟩⟨i|σ(k)

x |j⟩⟨j|.
As a final remark, we mention that, if ω = 0, we

have that γk(0) = limω→0(J
(k)(ω)/ℏω)kBTk, which con-

verges for the ohmic case, J (k)(ω) = ηkω, but diverges
for the constant spectral functions that we are using here
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throughout the entire paper. In our models, all the op-

erators A
(k)
ω=0 vanish, so we have no divergence in our

results. We have also tested with ohmic spectral densi-
ties (not shown), finding qualitatively identical results to
those presented in Fig.(2).

Lambda system.– In our three-level model, the excited
state |e⟩ is coupled to the lowest eigenenergies |1⟩ and |2⟩
(see Fig.1(b)). That is, the number of thermal baths is

N = 2, and the coupling operators are σ
(k)
x = |e⟩⟨k| +

|k⟩⟨e|, for k = 1, 2. In this case, we find from Eq.(4)
that the populations Pn(t) = ⟨n|ρS(t)|n⟩ obey to the
rate equations

∂tPk = Γ(nk + 1)Pe − ΓnkPk. (6)

We eliminate the excited state population with the help
of probability conservation, Pe = 1− P1 − P2.
We recast the populations in terms of the unbalance

∆ ≡ P2 − P1, (7)

along with the average ground-state population P ≡
(P2 + P1)/2. In the steady-state, we find that

∆ss = − δn

n̄(3n̄+ 2)− (3/4)δn2
, (8)

showing how the particle tends towards the state coupled
to the cold bath. In the extreme case where T2 = 0 (hence
n2 = 0), we have that n̄ = −δn/2, so that ∆ss = 1, which
means full concentration at the cold side.

Eq.(6) clearly shows that the quantum nature of the
bath is key to thermophoresis in the present model: If
we replace nk + 1 → nk, which amounts to ignoring the
spontaneous emission term arising from quantum fluctu-
ations in the environment, we get that ∆ss = 0, hence no
thermophoresis regardless of the thermal gradient. This
is equivalent to taking the n̄ → ∞ limit for a fixed δn in
Eq.(8).

To go beyond thermophoresis in the Hilbert space, so
as to show its connection with real-space thermophoresis,
we map our Λ system into a bistable potential where |1⟩
and |2⟩ represent two localized minima separated by dis-
tance d sufficiently large so that no tunneling is allowed
(see Fig.1(b)). We consider the average position as given
by

⟨X⟩ = −d

2
P1 +

d

2
P2 =

d

2
∆, (9)

where we have assumed that the excited state is symmet-
rical in the sense that ⟨e|X|e⟩ = 0. From Eqs.(6), we find
that

m∗⟨Ẍ⟩+ Γ⟨Ẋ⟩+m∗Ω2⟨X⟩ = −(m∗Γ2d) δn/2, (10)

which we interpret as a driven-damped harmonic os-
cillator with effective mass m∗ = 1/(4n̄ + 2), damp-
ing rate Γ, and frequency Ω, as given by Ω2 ≡
Γ2

[
n̄(3n̄+ 2)− (3/4)δn2

]
. Note that Ω2 ≥ 0, since

n1,2 ≥ 0, so the gradient is bounded to |δn| ≤ 2n̄. The
RHS of Eq.(10) shows the thermophoretic nature of the
driving force, Fq ∝ −δn, as we have shown in Eq.(2).
We highlight Eq.(10) as our main result. The station-

ary unbalance of the populations in the lowest levels of
a Λ atom, as shown in Eq.(8), is by itself not surprising.
Indeed, this very effect has been used in Ref.[16] as an
experimental resource for achieving a quantum advan-
tage in a thermal machine, given the population inver-
sion it produces when the cold side has smaller transition
frequency. By contrast, our work reveals that Eq.(8),
along with its application in Ref.[16], correspond to spe-
cial cases of a much broader nonequilibrium phenomena
known as thermophoresis, now encompassing its quan-
tum and classical counterparts.
We can now discuss the high-temperature limit of our

three-level model, which we define as nk ≈ kBTk/ℏωk ≫
1. In this limit, we have analytically verified that ⟨Ẍ⟩ ≈
−Γn̄⟨Ẋ⟩, which we substitute in Eq.(10) so as to obtain
an equation of motion akin to the overdamped regime of
the oscillator, namely,

Γ⟨Ẋ⟩+ 4m∗Ω2

3
⟨X⟩ = −δn

3n̄

Γ2d

2
. (11)

We now interpret the RHS of Eq.(11) as the high-
temperature limit of the thermophoretic force, namely,

F (highT)
q ≡ −δn

3n̄

Γ2d

2
≈ −T ′d/ℏω

3T/ℏω
Γ2d

2

= −T ′

T

Γ2d2

6
. (12)

To unambiguously distinguish thermophoresis from the
thermal equilibrium bias, we have set ω1 = ω2 = ω in
Eq.(12).
N-site model.– The Λ model reveals quantum ther-

mophoresis for a somewhat localized quantum particle.
This contrasts with the classical free Brownian motion
used as our starting point. However, a free quantum par-
ticle has a continuous spectrum, so our master equation
cannot be applied under such a condition. The quan-
tum theory of Brownian motion (the so called Caldeira-
Leggett model [17]) is far more suitable to treat a continu-
ous spectrum, but is nevertheless restricted to a thermal-
equilibrium environment.
To address this issue, we consider a 1D model con-

sisting of N sites. Each site has two energy levels sepa-
rated by h, with the excited state of each site |ek⟩ cou-
pled to its neighbors by means of a quantum tunneling

rate g, so the Hamiltonian reads HS =
∑N

k=1 h|ek⟩⟨ek|+∑N−1
k=1 g(|ek⟩⟨ek+1| + h.c.). See Fig.(2)(a). This type of

model has been extensively employed in tight-binding ap-
proaches, including studies on photosynthetic complexes
where a relatively small number of sites is typically con-
sidered (N ≤ 7 in Refs.[18, 19], for instance). Here,
the key difference is that we assume that each site is
locally coupled to an environment at a given (possibly
site-dependent) temperature. Because the spectrum is
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kept discrete, we have no problem in employing our mas-
ter equation, as given in Eqs.(4) and (5).

Our numerical results are shown in Fig.(2), forN = 10.
Thermophoresis appears in panels (b) and (c), both
showing that the closer to the cold bath the site is,
the more populated it gets. In (b), we fix the gradi-
ent, TL − TR, while varying the average temperature,
(TL + TR)/2. In (c), we vary the gradient, keeping the
average temperature fixed. In both cases, we assume
small couplings, g = 0.1h. Thermophoresis is of course
more pronounced in the regimes of lowest average tem-
peratures, and highest gradients.

In Fig.(2)(d) and (e), we explore particle delocaliza-
tion by increasing g. At large couplings, g/h ≳ 1, the
ground state becomes delocalized, in the sense that the
ground state of the system does not correspond to the
ground state of the sites (see the level crossing as de-
picted in panel (d) for N = 2, where the eigenstates are

|±⟩ = (|e1⟩ ± |e2⟩)/
√
2 and |g1,2⟩). We find two distinct

behaviors at large couplings, depending on the tempera-
tures. At lower temperatures, the particle becomes sym-
metrically delocalized among the sites for g = 1.3h (the
pick gets centered around sites 5 and 6). See panel (e),
where we set TL = 0.3h/kB and TR = 0.1h/kB . Delocal-
ization in panel (e) is not flat because sites 1 and 10 form
closed boundaries. Instead, the particle is more concen-
trated at the middle, resembling the ground state of a
quantum particle in a box. At higher temperatures, an
anomaly becomes quite evident. See panel (d), where we
set TL = 0.8h/kB and TR = 0.4h/kB . At g = 1.3h, site
3 concentrates the highest population, which decreases
as going from 4 to 10. This means a migration towards
the hottest bath rather than the coldest one, unravelling
the quantum version of an effect known as negative ther-
mophoresis [8]. We further examine that point below.

Negative quantum thermophoresis.– To better under-
stand how a negative thermophoresis appears in the N -
site model, as numerically shown above, we discuss a
single three-level system in V configuration, where the
same effect can be analytically demonstrated. Now, the
energy levels are such that E1 ∼ E2 ≫ Eg. We also
associate the V system with a particle in real space, in
close analogy with the Λ system. That is, we assume that
⟨X⟩V ≡ (d/2)[P2 − P1] can be considered as the average
position of a certain quantum particle, where P1,2 are the
populations of two excited states of the V system. We
thus find that

m∗⟨Ẍ⟩V + Γ⟨Ẋ⟩V +m∗Ω2
v⟨X⟩V = FV , (13)

where Ω2
V = Γ2

[
(3n̄+ 1)(n̄+ 1)− (3/4)δn2

]
, and

FV ≡ +
δn

2
m∗Γ2d = −Fq. (14)

Eq.(14) reveals migration of a quantum particle towards
the hot bath, therefore characterizing a negative quan-
tum thermophoresis. Remarkably, it also shows that FV

is the exact negative of the Λ thermophoretic force Fq

(see Eqs.(2) and (10)).

Going back to the N -site model, we see that large cou-
plings g ≳ h effectively create a V -type structure. This
explains why in Fig.(2)(d) for g = 1.3h the population
concentrates at site 3, closer to the hottest bath, and
decreases from site 4 to 10 towards the coldest bath.
Eq.(14) also clarifies how negative thermophoresis non-
linearly depends on the ratio between the temperatures
and the gaps, through δn, helping us to understand
why it was much less visible in Fig.(2)(e) (we do see
a tiny bit of negative thermophoresis in panel (e), for
g/h = 0.7, and 0.9, but far less pronounced than in (d)
at g/h = 1.3). This is so because δn → 0 if the baths are
both too cold with respect to a fixed energy gap, mak-
ing the populations of both the excited states |1⟩ and
|2⟩ of the V system to vanish, wiping out the negative
thermophoresis.

Quantum Dufour effect.– The Dufour effect is the onset
of a thermal gradient due to a given particle concentra-
tion gradient. This is reciprocal to thermophoresis, as
described by the Onsager relations [9]. We look for anal-
ogous phenomena in the quantum regime. We find that,
by assuming a heterogeneous population distribution in
the Λ system, the heat dissipated from the system to its
thermal equilibrium environment can be unbalanced. If
the environment has finite heat capacity, the tempera-
ture rises unevenly. We call this is a quantum Dufour
effect.

In order to see this, we define, as in Ref.[7], the
heat current from the system to the baths as Jk =
−Tr[Lk(ρS)HS ], for k = 1, 2, in the case of the Λ system.
We get that Jk = ℏωkΓ [(nk+1)Pe−nkPk]. We again set
ω1 = ω2 = ω. First, we depart from thermal equilibrium,
T1 = T2, which implies that n1 = n2 = n. Now, let us as-
sume a given heterogeneous population distribution, say,
P2 > P1 (with population inversion, Pe > Pk n/(n + 1),
so as to guarantee positive heat currents). In this case,
we find that J1 > J2 > 0, which means that the heat is
dissipated faster towards bath 1 coupled with the tran-
sition |1⟩ ↔ |e⟩ than towards bath 2, coupled with the
|2⟩ ↔ |e⟩ transition. If the heat baths have finite and
equal heat capacities, T1 will raise faster than T2, thus
creating a thermal gradient. This confirms the presence
of a quantum Dufour effect in the Λ system.

Discussions.– In summary, we have unraveled the
phenomenon of thermophoresis in the ultimate quan-
tum regime. The three-level Λ quantum system is ar-
guably the most elementary scenario where quantum
thermophoresis may take place, where a thermophoretic
force has been shown to obey Fq ∝ −δn in the
low-temperatures regime, and ∝ −T ′/T in the high-
temperature semiclassical limit. The quantum nature
of the environment plays a key role in quantum ther-
mophoresis, as we have discussed below Eq.(8). With
the help of a 1D model with N coupled sites, we have
studied how quantum thermophoresis survives for a more
delocalized quantum particle. We have also uncovered a
negative thermophoretic effect, which we have analyti-
cally explained with a three-level system in V configu-
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ration, showing a thermophoretic force FV = −Fq. We
point out that the quantum negative thermophoresis here
is for weak system-bath couplings, in contrast to the
strong-coupling regime attributed to the negative ther-
mophoresis in Ref.[8]. Finally, we have shown that the
complementary effect of thermophoresis, a.k.a. the Du-
four effect, also manifests itself in the quantum regime.

As a remark, we notice that the term “quantum ther-
mophoresis” has first appeared in Ref.[20], as far as we
know, where the authors have theoretically studied the
classical motion of a mesoscopic particle swimming in a
mixture of superfluid and normal fluid phases. Generaliz-
ing quantum thermophoresis to more diverse models will

contribute to a broader understanding of nonequilibrium
self-organization due to thermal gradients, to which our
work represents a first step.
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