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Abstract

For relaxor-ferroelectrics and relaxor-ferromagnets, Ehrenfest classification of phase transitions based on the
discontinuity of entropy or specific heat etc. with temperature ( ) gives no transition that contradicts the measured
order parameter, i.e. spontaneous polarization and magnetization, at low temperatures, while Landau classification
based on the minimum derivative of the order parameter to  raises the question about the relationships between

the phase transition and the specific heat peak above and near the transition temperature. Here, based on the free

energy (| o) of the thermodynamic limit systems with when the external field ( ) tends to 0, thermal
equilibrium phase transitions are reclassified into three categories, i.e. 1) First-order phase transition: —| 0 and
— have discontinuities in a certain range; 2) Second-order phase transition: — 0 and —| 0 are

2 2
continuous with , while —| 0 and — o have discontinuities at a certain ~ point; and 3) Diffuse phase

3 3
transition: —; and —3| o are continuous with , while they are respectively equal to 0 at the

transition-temperature () and diffuse-temperature (), as well as the diffuse-region of the phase transition is

to and the diffuse-degree is , naturally giving the the relation of the phase transition to the specific heat

peak. Deep analyses indicate that the classification of this paper is based on both the long-range and short-range
correlation orders of the systems, while the Ehrenfest’s or Landau’s independently on the short-range or

long-range order, respectively.

Introduction

Relaxor-ferroelectrics'-® and relaxor-ferromagnets*¢ have attracted a lot of attentions due to

their unique physical properties and phase transition mechanisms’®. Among them, there are the
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following contradictions in the classification of their phase transitions (referring to the thermal
equilibrium phase transitions of thermodynamic limit systems). Due to the measured specific heat
() being a diffuse peak®'? with temperature ( ), and according to the conventional Ehrenfest
classification of phase transitions'!, which takes the discontinuity or singularity of the derivative

2

2
of the free energy ( ) with  (— and — etc.,, where = —) as the criterion (  is always

continuous with ), the above systems do not have any phase transition. However,
relaxor-ferroelectrics and relaxor-ferromagnets have spontaneous polarization®!? and spontaneous
magnetization*®!° at low temperatures, indicating the existence of some kind of phase transitions,
commonly known as diffuse phase transitions™>®.

It should be noted that if Ehrenfest classification was extended as follows, specifically the

2
criterion of diffuse phase transition is chosen as that — is continuous with  and it is equal to 0

at a certain  point, i.e. corresponding to a diffuse peak of , then it can solve the problem of
phase transition classification for relaxor-ferroelectrics and relaxor-ferromagnets, but it also
produces the following contradictory result. For example, one-dimensional Ising model'®'4
exhibits a diffuse peak of  vs , and according to the above extended classification, there will
be a diffuse phase transition at 0.83 / , where is Boltzmann constant. However, its
spontaneous magnetization is always 0 for >0, and it is generally believed that there is no
phase transition at nonzero temperature. Therefore, it is not feasible to classify the diffuse phase
transition solely based on the derivatives of  with
In fact, the temperature corresponding to the minimum derivative of order parameter (7) to

is generally used as the phase transition temperature in the characterization of diffusion phase
transition®!%15:16. Due to the fact that # was first proposed by Landau'>!7, this method is referred
to as Landau classification here. However, if it was believed that the Landau's is only applicable to
diffuse phase transition, while the Ehrenfest’s to first and second-order phase transitions, there

exists the problem that the classifications are inconsistent; and if the Landau's was considered

applicable to all types of phase transitions, i.e. abandoning the entropy ( =—— O) and specific

heat criteria of the Ehrenfest’s, then a question that the relation of the specific heat peaks®!? above

and near the transition temperature to the phase transitions is created. It should be noted that due



ton=—— o Landau classification is based on — and its derivatives to  as the criteria.

- -

In response to the above questions, as well as the benefits of scientific classification to phase
transitions in discovering the relationships and laws between the macroscopic phenomena and
microscopic mechanisms, this article reclassifies the thermal equilibrium phase transitions of

thermodynamic limit systems, i.e. a new classification of phase transitions is proposed.

Results

Reclassification of phase transitions

Here, we simultaneously take —| o’ —| , and their derivatives to as the criteria to

-

classify the thermal equilibrium phase transitions of thermodynamic limit systems into three

categories, i.e. first-order, second-order, and diffuse phase transitions:

1. First-order phase transition: — and — o ie. mnand , Dboth have discontinuities

- -

in the temperature range of 1 to 5, ( 1 < »).

1 and , is called the lower transition temperature and the upper transition
temperature, respectively. The states below ; and above , are called ordered phase (e.g.
ferroelectric or ferromagnetic phase) and disordered phase (e.g. paraelectric or paramagnetic
phase), respectively. The temperature region from ; to , is called the coexistence-region
of two phases, and the temperature point where the two phases have equal is called the

first-order phase transition temperature ( ).

2. Second-order phase transition: — o and — o is continuous with temperature, while
2 2 . n . N . .
— o and — o’ i.e. — and , have discontinuities at a certain temperature point
()
The states below and above are called ordered and disordered phases, respectively,
and is called the second-order phase transition temperature or critical temperature.
3 3 . ’n . . .
3. Diffuse phase transition: —5— o and — o e 2 and —, is continuous with
temperature, but they are equal to zero at different temperature points and « < ).
and is referred to as the transition temperature and diffuse temperature,
respectively. The states below and above are called ordered and disordered phases,



respectively; the temperature region between and is the diffuse-region; and the

diffuse-degree ( )is =——-

Table 1 New classification of thermal equilibrium phase transitions in thermodynamic limit systems

First-order Second-order Diffuse

ie.n discontinuous in a ) )
continuous with
temperature range of

| . temperature
— 1.€. to
-0 L 2
| ie 1 . .
-0 discontinuous at a
) temperature point ()
| ie.
-0
continuous with temperature,
2
| o ie. —727 and equal to zero at a
temperature point ()
continuous with temperature,
| o ie. — and equal to zero at a

temperature point ()

The simple inductions of the new classification is shown in Table 1, and some additional

explanations to the new classification of this article are:

)

2)

3)

4)

The classification only applies to thermodynamic limit systems, where the molecule number
is approximately the Avogadro constant, rather than microscopic systems that contain a very

small number of molecules.

The classification only focuses on thermal equilibrium phase transitions, and does not include

non-thermal equilibrium glass transitions'”.

Due to the fact that the third and higher order phase transitions according to Ehrenfest

classification have not been confirmed experimentally, they have not been classified here.

The measurement methods for spontaneous polarization ( ) include the electric
hysteresis-loop and heating-pyroelectric after strong-electric-field-cooling!?. The methods for
spontaneous magnetization ( ) have the magnetic hysteresis-loop, Arrott-plot!?, and

weak-field-heating after strong-field-cooling'®.



5) In experiments, if the adjacent derivative of the measured values differs by more than one

order of magnitude, it is generally referred to as a discontinuity.

6) Measured specific heat usually includes background components unrelated to phase
transitions, such as the contribution of phonons. The in this article refers to the specific

heat deducted this part.

Examples of phase transition reclassification

first-order phase transition second-order phase transition diffuse phase transition
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Figure 1 First-order phase transition: (A) Experimental results (red square) of spontaneous polarization
() of ferroelectric potassium dihydrogen phosphate (KDP) single crystal vs temperature ( )?°. The
light-purple and light-yellow regions represent ferroelectric phase below the lower transition temperature
( 1) and paraelectric phase above the upper transition temperature ( ,), respectively. The light-green
region represents the ferroelectric and paraelectric coexistence-region from ; to 5. The red dashed
line indicates the discontinuity of in the coexistence-region. (B) Experimental results (wine-red circle)
of the subtracted background specific heat () of KDP single crystal vs  (without external field)*!. The
wine-red dashed line indicates the divergence in the coexistence-region. (C) Experimental results (red
square) of the magnetization ( ) of ferromagnetic FezP single crystal with , measured magnetic field

=100 22, The light-purple and light-yellow regions represent the ferromagnetic phase lower than
and paramagnetic phase higher than ,. The light-green region indicates the ferromagnetic and
paramagnetic coexistence-region from ; to . The red dashed line indicates the discontinuity of  in
the coexistence-region. (D) Experimental results (wine-red circle) of the specific heat ( ) of Fe2P single
crystal vs (without external field)?2. The wine-red dashed line indicates the divergence of in the
coexistence-region.

Second-order phase transition: (E) Experimental results (red square) of and /  (blue circle) of



ferroelectric triglycine sulfate (TGS) single Crystal vs 3. The blue dashed line represents the
discontinuity of /  atthe phase transition temperature (). (F) Experimental results of ~ (wine-red
circle) of TGS single crystal vs (without external field)?*. The wine-red dashed line indicates the
discontinuity of  at . (G) Experimental results of the reduced spontaneous magnetization (  / o,
red square) and / / o (blue circle) of ferromagnetic gadolinium (Gd) single crystal vs %5 The
blue dashed line represents the discontinuity of / at . (H) Experimental results of  (wine-red
circle) of Gd single crystal vs (without external field)?®. The wine-red dashed line marks the
discontinuity of  at

Diffuse phase transition: (I) Experimental results of (red square) and / (blue circle) of
relaxor-ferroelectric Sros1Bao.3sNb20s single crystal vs 2. The transition temperature () corresponds
to the minimum value of / . (J) Experimental results of (wine-red circle) of Sros1Bao.30Nb20s
single crystal vs  (without external field)®. The diffuse temperature () is the peak temperature of
The cyan region from to is the diffuse-region of phase transition. (K) Experimental results of

(red square) and / (blue circle) of relaxor-ferromagnetic UCoo9Rho.1Ge single crystal vs
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measured =100 corresponds to the minimum value of / . (L) Experimental Results of
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(wine-red circle) of UCoo9sRho.1Ge single Crystal vs is the peak temperature of

Here, we takes the phase transitions of ferroelectric and ferromagnetic systems as examples,
including: 1) Macroscopic single crystals with homogeneous distribution of components?*-23; 2)
Macroscopic single crystals with heterogeneous distribution of components®!*!2; and 3) A special
case that has long troubled phase transition classification, i.e. one-dimensional Ising model!3!4,

First-order phase transition: Fig. 1A and B respectively show the experimental results of
spontaneous polarization (, i.e. 17)*°, and specific heat ( , without external field)?!, subtracting
the background of potassium dihydrogen phosphate (KDP) single crystal, a ferroelectric of
homogeneous distribution of components, vs . exhibits a discontinuity near 112.62 K, while

diverges between 112.46 and 112.58 K, resulting in , =11246 K and , =112.62 K.
Fig. 1C and D respectively give the experimental results of the magnetization ( , i.e. 7, measured
magnetic field =100 Oe) and ( =0) of FesP single crystal’’, a ferromagnet of
homogeneous distribution of components, vs . has a discontinuity between 214.7 and 217.3
K,and  diverges between 214.7 and 217.9 K, indicating ; =214.7Kand ,=2179K.

23— and

Second-order phase transition: Fig. 1E and F show the experimental results of
(without external field)** of triglycine sulfate (TGS) single crystal, a ferroelectric of

homogeneous distribution of components, vs . is continuous with , while — and  have

discontinuities at =323.1 K. Fig 1G and H give the experimental results of the reduced



spontaneous magnetization (—)%, —/ o and 2 of ferromagnetic gadolinium (Gd) single
0

crystals vs , where is the value of for - 0. is continuous with , but — and

is discontinuous at = 293.5K.
The above experimental results indicate that the classification proposed in this paper is

consistent with the Ehrenfest’s and Landau’s for the first and second-order phase transitions.
Diffuse phase transition: Fig. 11 and J show the experimental results of ', — and ° of
Sro.61Bag3oNb2Os single crystal, a relaxor-ferroelectric of heterogeneous distribution of

2
components,vs . — and  are continuous with , while they have a minimum (— = 0) and

a maximum (— = 0) at 318.6 K and 323.2 K, respectively. According to the classification of this
article, Sro.s1Bao39Nb20s undergoes a diffuse phase transition at =318.6 K, =3232 K,
and = 1.44%. Fig. 1K and L gives the experimental results of (=100 Oe), — and  of
UCoo9Rhg 1Ge single crystal'?, a relaxor-ferromagnet of heterogeneous distribution of components,

2
vs . — and are continuous with , and show a minimum (—5 = 0) and a maximum (— = 0)

at =700Kand =7.78K, respectively, and the corresponding = 11.1%.

Especially, based on the classification of this article, a special case that has long troubled
phase transition classification, i.e. one-dimensional Ising model, which gives different results
according to the Ehrenfest’s and Landau’s, is reasonably classified. Specifically, the model does
not have any phase transition'*!# by the Ehrenfest's, while based on the Landau's, this model has a
phase transition of - O K, commonly known as a zero-temperature phase transition?’.
According to our classification, the model exists a diffusion phase transition of - 0K, =
083 / ,andd - oo, an extreme case of diffuse phase transitions.

Therefore, the classification of this article not only overcomes the difficulty of the
Ehrenfest’s (Sro.61Bao39Nb20s, UC009Rho.1Ge and one-dimensional Ising mode have no phase
transition), but also the question of the Landau’s (the connection between the phase transition and
specific heat peak above and near in Sro.61Bao.30Nb20s, UC00.9Rho.1Ge and one-dimensional

Ising mode), as well as naturally defines the diffuse-region and diffuse-degree of the transition.



Discussion

For real macroscopic systems of phase transitions are electrically neutral, the total interaction
between dipoles due to electrostatic shielding is a short-range interaction, and the spatial scale of
the interaction is about the order of crystal cell parameters. Therefore, the nearest-neighbor
interaction model can describe the systems approximately. For clarity and without losing
generality, the random-site Heisenberg model (RS-HM) of nearest-neighbor interactions'” is used
as an example to illustrate the classification of phase transitions in this paper (for the random bond
Heisenberg model gives the spin glass transition!”, it is not discussed here). The Hamiltonian of

this model is,

=— E . (1)

where is the moment of the dipole on the -th lattice point in the crystal lattice of the system;
the interaction constant between the nearest-neighbor dipoles;  the concentration of the dipole
(0< <=1y, the distribution of dipoles on the lattice that is a random function of 1 or 0
determined by , i.e. randomly generating a random number  between 0 and 1, =1lif =
, indicating there is a dipole on the lattice point, otherwise = 0, which means no dipole or
dipole vacancy on the lattice point; { } represents the nearest-neighbor sum of -th and -th
dipoles.

It should be noted that: 1) For strongly anisotropic systems, RS-HM is simplified as the
random-site Ising model®'7; 2) When = 1, RS-HM is the traditional Heisenberg model, which
describes the second-order ferroelectric and ferromagnetic phase transitions in systems with
homogeneous distribution of components; 3) When  is neither very big nor very small, RS-HM
is one of the most feasible models for describing the diffuse ferroelectric and ferromagnetic phase
transitions in systems with heterogeneous distribution of components (the systems of smaller
are generally believed to undergo glass transition)®!’; 4) The description of first-order ferroelectric
and ferromagnetic phase transitions requires the modified term added to the Heisenberg or Ising
models?®, but these modifications do not affect the following discussion'’.

Based on Boltzmann-Gibbs statistics®!'7 and according to Eq.1, the average internal energy ( )

per dipole in the systems at thermal equilibrium can be obtained as,



=—lim>— _,¢ (1)
where is the number of crystal lattice points, ( =( - }  that is the correlation

function between nearest-neighbor dipoles, commonly referred to as the short-range correlation
order, short-range order for short, of the systems®!” (( ) is the thermodynamic statistical average
of the orientation configurations of the dipoles).

From the relationships between , and  of the thermal equilibrium systems, it is easy
to obtain that and  are also the functions of £ , i.e. related to the short-range order of the
systems.

On the other hand, 77 of thermal equilibrium systems can also be expressed as the following

form?°,
— lim L
n= |IITJO— 216, (2)
where ( =( - ) that is the correlation function between the -th and -th dipoles in
the systems.
It can be seen that 7 reflects £ for | — | - oo, i.e. the long-range correlation function,

commonly referred to as the long-range correlation order, long-range order for short, of the
systems at mesoscopic (approximately 103 cell constants) and even macroscopic scales!”%,

Therefore, the phase transition classification in this article accords to the characteristics of
both the short-range and long-range orders in systems vs temperature, i.e. double-order
classification, while the Ehrenfest’s or Landau’s the short-range or long-range order independently,
i.e. single-order classification.

For the three-dimensional uniform macroscopic systems (i.e. =1 and = 1), such as
KDP, Fe2P, TGS, Gd, etc., the experimental results (Fig. 1A-H) show that the formation
temperature of the short-range order is the same as that of the long-range order.

For systems with heterogeneous distribution of components (i.e. <1), such as
Sro.61Bag.30Nb20s and UCoo.9Rho.1Ge, due to the fractal cluster characteristics of dipoles distributed
on the crystal lattices®3%3!, on the one hand, short-range order first form inside the clusters, while
long-range order reflecting the correlation between clusters at lower temperatures®'® during the

cooling process, i.e. < ; On the other hand, it leads to the spatial distribution of short and
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long-range orders*®?!, which means that and 7 are continuous and differentiable with
temperature.

Because the thermal equilibrium phase transition of macroscopic systems is essentially the
formation or disappearance process of the long-range order, this article defines as the
transition temperature, which is consistent with the general definition in the literature®!%1¢. As for

, it is generally referred to as the crossover temperature between the paramagnetic and
correlated-paramagnetic in magnetic materials'?, i.e. the state above is paramagnetic, which is
consistent with the definition that it is the diffusion temperature of phase transition in this article.

According to the double-order classification in this article (as shown in Fig. 11-L): 1) The
disordered (paraelectric or paramagnetic) phase above is a state that the short-range order is
small while the long-range order tends to zero; 2) The state of the diffuse region between and

is that the short-range order is large while the long-range order is small; and 3) The ordered
(ferroelectric or ferromagnetic) phase below is a state that both the short-range and long-range
orders are large. It could be imagined that the classification results are undoubtedly enlightening

for exploring the microscopic mechanisms of diffuse phase transitions.
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