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Quantitative upper bounds related to an isogeny criterion for elliptic curves

Alina Carmen Cojocaru, Auden Hinz, and Tian Wang

ABSTRACT. For E; and E3 elliptic curves defined over a number field K, without complex multiplica-
tion, we consider the function Fg, g,(x) counting non-zero prime ideals p of the ring of integers of K,
of good reduction for E; and Eg, of norm at most z, and for which the Frobenius fields Q(mp(E1)) and
Q(mp(E2)) are equal. Motivated by an isogeny criterion of Kulkarni, Patankar, and Rajan, which states
that 7 and E2 are not potentially isogenous if and only if Fg, g,(z) = o (@), we investigate the
growth in z of Fg, g,(x). We prove that if 1 and E2 are not potentially isogenous, then there exist

positive constants k(F1, E2, K), k’'(F1,E2,K), and k" (FE1, E2, K) such that the following bounds hold:
1
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(i) Fgy B, () < H(El,E2,K)M; (i) Fgy,my(x) < &'(E1, B2, K)—2"— under the Generalized
(log z) 18 (logz) 7

Riemann Hypothesis for Dedekind zeta functions (GRH); (iii) Fg,, m,(z) < HII(El,EQ,K)m%(IOg m)% un-
der GRH, Artin’s Holomorphy Conjecture for the Artin L-functions of number field extensions, and a Pair

Correlation Conjecture for the zeros of the Artin L-functions of number field extensions.

1. Introduction

Let K be a number field, with O denoting its ring of integers and K denoting a fixed algebraic closure.
In what follows, we use the letter p to denote a non-zero prime ideal of Ok and refer to it as a prime of K,
Ng(p) to denote the norm of p, and F,, to denote the finite field Ok /p.

Let E7 and E5 be elliptic curves over K. We denote by N1 and N, the norms of the conductors of E;
and Fs, respectively. For a prime p of K that is of good reduction for both F; and Es and for each index
1 < j <2, we consider the polynomial Pg, ,(X) := X?—a,(E;)X +Ng(p) € Z[X], where Ng (p)+1—ay(E;)
is the number of Fy-rational points of the reduction of E; modulo p. We recall that, for any rational prime ¢
distinct from the field characteristic of Fy,, Pg, ,(X) is the characteristic polynomial of the image pg; ¢(Frob,)
of a Frobenius element Frob, € Gal (K/K) under the f-adic Galois representation pg, ¢ of E; defined by
the action of Gal (K/K) on the (-division points of E; (K). Viewing Pg, »(X) in C[X] and denoting its
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roots by 7, (E;) and 7, (E;), we recall that |7, (E;)| = /Ng(p), which implies that |a,(E;)| < 2v/Ng(p)
and hence that Q(m,(E;)) is either Q or an imaginary quadratic field. In what follows, we refer to a,(E};)
as the Frobenius trace and to Q(m,(E};)) as the Frobenius field associated to E; and p.

From now on, we assume that F; and F» are without complex multiplication. Given a field extension L
of K, we say that Fy and Es are L-isogenous if there exists an isogeny from E; to Es, defined over L. We
say that Fy and Es are potentially isogenous if there exists a finite extension L of K such that F; and Es are
L-isogenous. It is known that the following statements are equivalent: E; and FEo are potentially isogenous;
Fi and E5 are K—isogenous; FE4 and E5 are L-isogenous for some quadratic field extension L of K; either E;
and Fs are K-isogenous, or there exists a quadratic character x such that F; and the quadratic twist EY
are K-isogenous (e.g., see [LeFNa20, Lemma 3.1, p. 214; proof of Claim 3, p. 215]). Our goal in this paper
is to investigate questions arising from a criterion regarding whether F; and F> are potentially isogenous,
as we explain below.

In [KuPaRal6| Theorem 3, p. 90], Kulkarni, Patankar, and Rajan show that E; and Fs are potentially
isogenous if and only if the set of primes p of K, of good reduction for Ey and Es, such that Q(m,(E1)) =
Q(my(E2)), has a positive upper density within the set of primes of K, that is, the counting function

FE,,B, (%) = #{p : Ng(p) < 2,Ng(p) { N1 N2, Q(7p(E1)) = Q(mp(E2)) }

satisfies

lim sup F 51,5, (2)

Thus, Eq and E; are not potentially isogenous if and only if Fg, g,(z) =0 (lozw).

> 0.

In relation to the above result, in [KuPaRal6| Conjecture 1, p. 91], Kulkarni, Patankar, and Rajan
mention the following conjecture: FEy and Ea are not potentially isogenous if and only if there exists a

positive constant ¢(Ey, Fa, K), which may depend on Ey, Es, and K, such that, for any sufficiently large

z, Fg, B, (x) < c(E1, E2, K) lgfw. While the “if” implication follows from the aforementioned result of
Kulkarni, Patankar, and Rajan, the “only if” implication remains open and motivates the investigation of
the growth of the function Fg, g, (z).

In [CoFoMu05] p. 1174], the authors record the following remark of Serre, highlighting only the main
idea of proof: if 1 and Es are not potentially isogenous, then, under the Generalized Riemann Hypothesis

for Dedekind zeta functions, there exists a positive constant ¢/ (E7, Eq, K), which depends on F;, Fs, and

K, such that, for any sufficiently large x,
#{p degree one prime : N (p) < &, N (p) f N1Na, Q(my(E1)) = Q(mp(E2)) & {Q(3), Q(iv3)}}
< d(Ey, By, K)x2.

In [BaPal8| Theorem 2, p. 43|, Baier and Patankar address the growth of Fg, g,(z) in the case K = Q and

prove that, under the Generalized Riemann Hypothesis for Dedekind zeta functions, there exists a positive
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constant ¢”’(F7, E3), which depends on F; and Es, such that, for any sufficiently large x,

G-

Fi g, (x) < ' (Ey, Ey)a™ (log 2)T5.

In [BaPal8, Theorem 3, p. 43], Baier and Patankar also prove the following unconditional bound for
FE, . B,(z), resulting from an unconditional variation of the proof of their conditional result: there exists a

positive constant ¢/ (FE1, E2), which depends on E; and Es, such that, for any sufficiently large x,
22
Foym (1) < "By, By) TUB108 DT
(logz)

The argument highlighted by Serre in [CoFoMu05| p. 1174] is based on a direct application of a conditional
upper bound version of the Chebotarev density theorem in the setting of an infinite Galois extension of K
defined by the f-adic Galois representations of Fy and Es, for a suitably chosen rational prime ¢. The proofs
given by Baier and Patankar in [BaPal8| are based on indirect applications of conditional and unconditional
effective asymptotic versions of the Chebotarev density theorem, via the square sieve, in the setting of a
finite Galois extension of Q defined by the residual modulo ¢,/ Galois representations of E; and FEs, for
distinct suitably chosen rational primes ¢; and /5.

The main goal of this paper is to improve the current upper bounds for Fg, g,(z), as follows: uncon-
ditionally; under the Generalized Riemann Hypothesis for Dedekind zeta functions; under the Generalized
Riemann Hypothesis for Dedekind zeta functions, Artin’s Holomorphy Conjecture for the Artin L-functions
of number field extensions, and a Pair Correlation Conjecture regarding the zeros of the Artin L-functions

of number field extensions. We shall refer to these latter hypotheses as GRH, AHC, and PCC, and state

them explicitly in the notation part of Section [l

THEOREM 1. Let Ey and Es be elliptic curves over a number field K, without complex multiplication,

and not potentially isogenous. Denote by N1 and Na the norms of the conductors of E1 and Ea, respectively.

(i) There exists a positive constant k(E1, Fa, K), which depends on Ey1, Eq, and K, such that, for any
sufficiently large x,
z(loglog z)s
Fer B, (%) < k(B By, K)———5—
(log ) ¥
(ii) If GRH holds, then there exists a positive constant k'(FE1, Eq, K), which depends on Ey, Ea, and
K, such that, for any sufficiently large x,

6
x7
]:EhEz(I) < K/(El, EQ, K)ié
(log2)?
(iii) If GRH, AHC, and PCC hold, then there exists a positive constant k" (E1, Ea, K), which depends
on E1, Es, and K, such that, for any sufficiently large x,

Fi 5, (%) < K'(Ey, By, K)a3 (logz)5.
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REMARK 2. Theorem [l may be viewed under the general theme of strong multiplicity one results, such
as those proven in [JaSh76], [MuPul7|, [Ra94], [Ra00], [Wal4], and [Wo022]. In particular, the methods
developed in [MuPul7] and [Wo22] are applicable to bounding Fg, g,(z) from above in the case K = Q
and under hypotheses different from ours. Specifically, letting F; and Es be elliptic curves over Q, without
complex multiplication, not potentially isogenous, and assuming the Generalized Riemann Hypothesis for
the Rankin-Selberg L-functions associated to the symmetric power L-functions of E; and Fj, the methods of

7
[MuPul?7| lead to Fg, g, (z) < ko(E1, E2) ””8)l (see [Wo22| Remark (ii), p. 567]), while the methods of

(log z) 2

5
[Wo22] lead to Fg, g,(r) < K,g(El,EQ)(l IG); (see [Wo22| Theorem 1.11, p. 566]), where xa(E1, F3) and
ogx)3
k3(E1, E9) are positive constants that depend on E; and Es,. It is not obvious if these methods generalize

easily to tackle the case K # Q of Theorem [l or to tackle the case (a1, as) # (+1,+1) of Theorem [3

An immediate application of Theorem [ is another proof of the aforementioned isogeny criterion of
Kulkarni, Patankar, and Rajan (see Section [H).

The proof of Theorem [l relies on upper bounds related to the Lang-Trotter Conjecture for Frobenius
fields of one elliptic curve. We formulate the relevant results here for the convenience of the reader. Let
E/Q be an elliptic curve without complex multiplication and let F' be an imaginary quadratic field. Lang

and Trotter [LaTr76] conjectured the asymptotic

Nj=

g r(x) =#{p <z :p{Ng, Q(m(E)) ~ F} ~ O(E’FM;EE’

where C(F, F) is an explicit constant depending on E and F. Zywina [Zy15 Theorem 1.3, p. 236] proved

that unconditionally,
x(loglog z)?
Te,F(z) < fﬂ(EaF)W

and that under GRH,

4
xrs
e r(r) < K (E, F)—7F.
(logz)s

Murty, Murty, and Wong [MuMuWo18| Corollary 1.6, p. 406] proved that under GRH, AHC, and PCC,

2
€T3

WE)F(JJ) S Iill/(E, F) (logx)

1
2

The proof of Theorem [I] also relies on the following result which relates to the generalization of the Lang-

Trotter Conjecture on Frobenius traces formulated by Chen, Jones, and Serban in [ChJoSe22].

THEOREM 3. Let Ey and Es be elliptic curves over a number field K, without complex multiplication,
and not potentially isogenous. Denote by N1 and Na the norms of the conductors of E1 and Ea, respectively.

Let ay and ag be coprime integers, not both zero. For x > 0, set

T ps (@) == #{p : Nk (p) < 2,8cd(Ng(p), 6N1N2) = 1, 1ap(E1) + azay(E2) = 0}.
4



(i) There exists a positive constant ko(F1, Ea, K, a1, as), which depends on E1, Es, K, a1, and g,

such that, for any sufficiently large x,

o z(log log )
Te 5 () < KO(E1,E27K,0417G2)%
’ (logz) 2
(ii) If GRH holds, then there exists a positive constant k((Enr, Ea, K, a1, az), which depends on Eq, Es,
K, ay, and as, such that, for any sufficiently large x,
6
7
(log )7
(iii) If GRH, AHC, and PCC hold, then there exists a positive constant kj(E1, Eq, K, a1, a), which

TEO‘111§22 ('I) < K’IO(Ela E25 K7 a, 042)

depends on Fy, FEo, K, a1, and as, such that, for any sufficiently large x,
Telm: (x) < ko (Er, Ba, K, o, )5 (log ).

REMARK 4. Taking K = Q in the setting of Theorem B and invoking [MlaWa23| Corollary 1.2, p. 3]
instead of [Lo1l6, Lemma 7.1, p. 409] in the proofs of parts (ii) and (iii), our proof leads to the following

more explicit bounds.

(ii") If GRH holds, then there exists an absolute, effectively computable, positive constant £} such that,

[} 5
for any sufficiently large =, T 52 (2) < K} —— (1og(N1N2))% (0110[2)% .

(logz)7

(iii’) If GRH, AHC, and PCC hold, then there exists an absolute, effectively computable, positive con-

3
1,002 2

stant 7 such that, for any sufficiently large z, 755> () < Kk z3 (logz)® (log(NyNy))? (alag)% .

REMARK 5. Theorem [3] may be viewed under the general Lang-Trotter theme of results about the
number of primes for which the Frobenius trace of an abelian variety is fixed, such as those proven in
[ChJoSe22], [CoWa22], [CoWa23], [Mu85|, [MuMuSa88|, [MuMuWo18|, [Se81], [ThZal8], and
|Zy15]. The connection between Theorem [3 and thus Theorem [ with the Lang-Trotter Conjectures on
Frobenius traces formulated in [LaTr76l p. 33] and [ChJoSe22| p. 382] prompts the question of predicting,

1,0

conjecturally, the asymptotic behavior of Fr, g,(z) and T ' 5’ (z) for By, E2, a1, and as as in the setting

of Theorem [Bl We relegate such investigations to a future project.

Notation

e Given a number field K, we denote by Ok its ring of integers, by >, the set of non-zero prime ideals
of Ok, by ngk the degree of K over Q, by di € Z\{0} the discriminant of an integral basis of Ok, and by
disc(K/Q) = Zdx < Z the discriminant ideal of K/Q. For a prime ideal p € )~ ., we denote by Ng(p) its
norm in K/Q. We say that K satisfies the Generalized Riemann Hypothesis (GRH) if the Dedekind zeta
function (x of K has the property that, for any p € C with 0 < Rep < 1 and (x(p) = 0, we have Re(p) = %
When K = Q, the Dedekind zeta function is the Riemann zeta function, in which case we refer to GRH as

the Riemann Hypothesis (RH).



o Given a finite Galois extension L/K of number fields and a subset C C Gal(L/K), stable under conjugation,
we denote by 7e(z, L/K) the number of non-zero prime ideals of the ring of integers of K, unramified in L,

of norm at most x, for which the Frobenius element is contained in C. We set

M(L/K) = 2[L: K]|dx| 7% [ p,

with the dash on the product indicating that each of the primes p therein lies over a non-zero prime ideal p
of Op, with p ramified in L.

e Given a finite Galois extension L/K of number fields and an irreducible character x of the Galois group of
L/K, we denote by f(x) <Of the global Artin conductor of x, by A, := |dr[X(") Nk (f(x)) € Z the conductor
of x, and by A, (T) the function of a positive real variable T' > 3 defined by the relation

log A, (T') =log A, + x(1)ng logT.

e Given a finite Galois extension L/K of number fields, we say that it satisfies Artin’s Holomorphy Conjecture
(AHCQ) if, for any irreducible character y of the Galois group of L/K, the Artin L-function L(s,x, L/K)
extends to a function that is analytic on C, except at s = 1 when x = 1. We recall that, if we assume GRH
for L and AHC for L/K, then, given any irreducible character y of the Galois group of L/K, and given any
non-trivial zero p of L(s, x, L/K), the real part of p satisfies Rep = % In this case, we write p = % + i,
where v denotes the imaginary part of p.

e Given a finite Galois extension L/K of number fields, let us assume GRH for L and AHC for L/K. For an
irreducible character x of the Galois group of L/K and an arbitrary T' > 0, we define the pair correlation

function of L(s,x, L/K) by

PrX,x)i= > Y. wln —e((n —1)X),

—T<y<T —T<72<T

where 7 and 3 range over all the imaginary parts of the non-trivial zeroes p = %—l—iv of L(s,x,L/K), counted

4

52" We say

with multiplicity, and where, for an arbitrary real number u, e(u) := exp(2miu) and w(u) :=
that the extension L/K satisfies the Pair Correlation Conjecture (PCC) if, for any irreducible character x

of the Galois group of L/K and for any A > 0 and T > 3, provided 0 <Y < Ax(1)ng logT, we have

Pr(Y,x) <a x(1)™'Tlog Ay (T).

2. From shared Frobenius fields to shared absolute values of Frobenius traces

We keep the general setting and notation from Section [l To prove Theorem [II we reduce the study of
the primes p for which the Frobenius fields of F; and Es coincide to a study of the primes p for which the

absolute values of the Frobenius traces of Fy and FEs coincide, as follows.
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LEMMA 6. Let E1 and E5 be elliptic curves over a number field K, non-isogenous over K. Denote by Ny
and Na the norms of the conductors of Er and Ea, respectively. Let p be a degree one prime of K such that
the rational prime p := Ng(p) satisfies p { 6N1No. Assume that Q(m,(E1)), Q(my(E2)) & {Q(z),(@(u/g)}
Then Q(my(E1)) = Q(mp(E2)) if and only if |ay(Er)| = |ap(E2)|.

ProoF. The “if” implication is clear, since, for each 1 < j < 2, Q(mp(E;)) = Q ( ap(E;)? — 4p). To
justify the “only if” implication, we distinguish between p supersingular and ordinary for F; and E,. If p is
supersingular for both E; and Es, then a,(E1) = ap(E2) = 0. When p is ordinary for both Ey and Es, or
ordinary for one of F; or Fs, and supersingular for the other, we look at the prime ideal factorization of p
in the ring of integers Op of the imaginary quadratic field F := Q(m,(E1)) = Q(7p(E2)). By the lemma’s
hypothesis, the group of units of Op is Oj = {—1,1}. If p is ordinary for both E; and E», then p splits
completely in Q(m,(E1)) and Q(mp(E>2)), hence in F. Then, as ideals in Op, either (m,(E1)) = (mp(E2)),

or (mp(Er)) = (mp(E2)). As such, mp(Er) € {~mp(Ea), mp(E2)} or mp(E) € {~m(F2), mp(F2) }, which
implies that Trp/q(mp(E1)) € {— Trp/q(mp(E2)), Trp/g(mp(E2)) }, where Trp/g(cr) denotes the trace of the
algebraic number o € F. Since, for each 1 < j < 2, ap(E;) = Tro(r,(g,))/0(mp(E;)), We obtain that
lap (E1)| = |ap(E2)|. If p is ordinary for one of Ey or Es, say, for Ei, and supersingular for the other, say,
for Eo, then p splits completely in Q(m,(E1)) and ramifies in Q(m,(E2)), contradicting that Q(m,(E1)) =
Q(mp(E2)). Thus, this case does not occur. O

3. Elliptic curves with shared absolute values of Frobenius traces

We keep the general setting and notation from Section[Il In light of Lemmalfl in order to prove Theorem
[[l we focus on the primes p for which |ap(E1)| = |ap(E2)|. We view this condition as a combination of two
linear relations between the traces of Ey and Es, namely ay(E1) + ap(E2) = 0 and ap(Er) — ap(E2) = 0,

which are particular cases of Theorem Bl. Our goal in this section is to prove Theorem

3.1. Preliminaries. We follow the methods developed in [CoWa23| and [Wa23]. These methods
already give rise to the stated conditional estimates for leli}Ez (x), but need to be adjusted for the general
conditional and unconditional bounds, as we explain below.

Consider the abelian surface

A= E1 XEQ.

For an arbitrary rational prime ¢, consider the residual modulo ¢ Galois representations py 4, P, ¢, and pg, ,
of A, E1, and E5, respectively, defined by the action of Gal (f/ K ) on the ¢-division groups A[{], E1[¢], and
Es[{], respectively. We recall that

(1) Pac(0) = (Pp, 4(0),Pp,.(0)) for any o € Gal (K/K),

(2) tr(pg, ¢(Froby)) = ay(E;)(mod {) for any p withged(Nk (p), £N;) = land for any 1 < j < 2.
7



Setting
G(é) = {(Ml,MQ) S GLQ(FE) X GLQ(]F[) s det M7 = det MQ},

we recall from [Lol6l Lemma 7.1, p. 409] that, thanks to our assumptions that E; and Es are without
complex multiplication and not potentially isogenous, there exists a positive integer ¢(A, K), which depends

on A and K, such that if £ > ¢(4, K), then Imp, , = G({), that is,
(3) Gal(K(A[0)/K) ~ G(£).

For an arbitrary pair of matrices (M, Mz) € G(£) and for each 1 < j < 2, we denote by A1 (M), \2o(M;) € Fy

the eigenvalues of M;. Associated to G(¢), we consider the groups

oy = [F )" ) eeo b aw =2 (" °) [ ) ) ecw acrr .
0 = 0 = 0 a 0 a
U(e) = (1) ). (1) ] et vo = aw-vo. P co/ae.

and the sets

G(0)* := the set of conjugacy classes of G(¢),
P(£)# := the set of conjugacy classes of P(f),
C(f)al"at2 = {(Ml,Mg) € G(Z) : /\1(Mj)7 /\Q(MJ) S F? V1 <j<2 m tr My + ag tr My = 0} s
Co(é)al’az = {(Ml, MQ) € G(ﬁ) o tr My 4+ ag tr Moy = 0} ,
CBorel(£)*1°% := C(£)**2 N B(¢),
5130rel(€)0‘1’0‘2 := the image of Cpore1(£)*"** in B(£)/U’(¢),
Cproj(£)®1°2 := the image of Co(£)** in G(£)/A(¢).
With the above notation, our strategy for proving parts (i) and (iii) of Theorem [ is to relate
TEQIIJS; (:E) to ﬂ-é\PrOj ()12 (I’ K(A[g])A(f) /K)’
and our strategy for proving part (ii) of Theorem Blis to relate
B ) 0 e (o K (ALY O /K (AP0,
After establishing these relations, we apply different variations of the effective Chebotarev density theorem
to obtain upper bounds for the number of primes p whose Frobenius element satisfies the desired Chebotarev
conditions. In the end, we minimize the bounds by choosing ¢ suitably as a function of x.
Before executing this strategy, we record a few properties of the groups and sets introduced above.
LEMMA 7. For £ an arbitrary rational prime, the following statements hold.

(i) A(¢) is a normal subgroup of G(£).

(if) U'(¢) is a normal subgroup of B(¢), with B(£)/U’'({) an abelian group.
8



PRrROOF. Part (i) is clear. Part (ii) is [CoWa23, Lemma 11, p. 697]. O

LEMMA 8. For { an arbitrary rational prime, the following statements hold.

(1) U’(f) CBorel(g)al’az - CBorel(f)al’az-
(ii) PBvery conjugacy class in C(£)**2 contains an element of B(¢).

(iii) A(£) Co(€)*12 C Co(0)o102.

PRrROOF. For part (i), the case a; = a2 = 1 is [CoWa23| Lemma 14 (vi), p. 699]. In general, let
M’ = (M7, M}) € U'(¢) be such that the diagonals are equal to some a € (Z/¢Z)* and let M = (M, Ms) €
CBorcl(é)al’az. Then M'M € B(ﬁ) and

aq tr(M{My) + ag tr(MiMs) = a (aq tr(My) + ag tr(Mz)) = 0.

As such, M'M € Cgore1(£)*1:2.

For part (ii), the case a3 = as = 1 is [CoWa23l Lemma 16, p. 700]. In fact, by [CoWa23| Lemma 15,
p. 700], every element in { (M, M) € G(€) : A1(M;), \2(M;) € F V1 < j < 2} is conjugate to an element
in B(¢). In particular, every conjugacy class in C(£)** contains an element of B({).

For part (iii), we provide a short proof.

Let (al,al) € A(¢), with a € F), and let M = (My, M) € Co(£)***2. Since (al,al) and M are in
G({), the product (al,al)M = (aMi,aMs) is in G(¢). Furthermore, since M is in Co(£)***2, we have
aq tr(My) + ag tr(Mz) = 0, which implies that aqtr(aMi) + agtr(aMy) = 0. Therefore, (al,al)M €
Co(£)xr:e2, O

LEMMA 9. For £ an odd rational prime, the following statements hold.
) 1B(O)] = (¢ - 12,
) U (@) = (€-1)e.
(iii) |A(0)| =€ —1.
) |[P(0)] = (£ —1)202(0 + 1)
) |G(OF| < 4L+ 1)2(0 — 1) and |[P(0)#| < 16(£+ 1)2.

PRrROOF. Parts (i) and (ii) follow from [CoWa23| Lemma 12, pp. 697-698]. Parts (iii) and (iv) are
straightforward exercises derived from the definitions of the groups and the size of GLa2(FF;). Part (v) is
[Wa23| Lemma 29, p. 45], whose proof we include below.

The number of conjugacy classes of GLa(Fy) is £2 — 1 (see [FeFi60, p. 91]). Following [JaLiO1l p.
324], these conjugacy classes can be classified into four types. By considering each type, we deduce that,
for any d € F, the number of conjugacy classes of GLy(F;) with determinant d is at most 2¢ 4+ 2. Thus,
|GO)#| < (2(£+1))%-|F)| = 4(£+1)?(¢—1). Now fix an arbitrary element C € G(£)#. If there is an element

a € F) such that (al>)C = C, then, by comparing determinants, we obtain a’ = 1. So a takes at most 4
9



values in F). By the orbit-stabilizer theorem from group theory, each A(¢)-orbit of G(£)# contains at least

[A(D)]

= conjugacy classes. Therefore, |P(£)#| < le@*| < 16(¢ + 1)2. This completes the proof of (v). O

[F,1/4

LEMMA 10. For ¢ an odd rational prime such that £ does not divide at least one of a1, as, the following
statements hold.
(i) [Co(e)ro2] < 2£°.
(i) [Cporel(£)2122] < 2(¢ — 1).
(iii) [Cproi(£)102| < 200

PROOF. For parts (i), the case oy = ag = 1 is [Wa23l Lemma 33, p. 51]; the general case is proved

similarly, as we explain in what follows. We recall that, for any d € F and t € Fy, the number of matrices

in GLo(FFy) with determinant d and trace t is ¢ (é—l— (thd)), where (3) denotes the Legendre symbol.

Therefore,

Co()* 22 =>" Y > # { M € GLy(Fy) : det My = d, tr My = —ay 'y t(mod £) }

teF, X M1 €GLy (Fp)
deF, det M1=d,tr M=t

<2y ) > <,

teF, X My €GLy(Fy)
deF, det Mq=d,tr M=t

where a; ' (mod ) is the inverse of a(mod £). Note that, since a; and s are not both divisible by ¢, either
this inverse exists, or, if it does not, the inverse of «; (mod ¢) exists, in which case a similar argument works
using a; ' (mod ). This completes the proof of (i).

For part (ii), the case a1 = as = 1 is [CoWa23, Lemma 17, (iv), p.701] In the general case, we
first consider the number of matrices in the image of Corer(£)**'*2 in B(¢)/U(¢) ~ T'(¢). They are clearly
determined by the diagonal entries and can be counted as follows:

Z # {(bl,bg) eF; xF) by +by= —aglal(al + az)(mod £),b1bs = alag}
a1,a2€F )

<2(0—-1)%

where a; ' (mod ¢) is the inverse of az(mod ). As before, if the inverse does not exist, a similar argument
works using a; ' (mod £).

Next, we observe that the inverse image of Cpore1(£)****2 under the projection B(¢)/U(¢) — B(£)/U’(¢)
is exactly the image of Cpore1(£)**'*2 in B(£)/U(¢) ~ T'(¢). In all,

o 2(0—1)2
CBorel(£)1?| < ———— < 2(¢ —1).
| Bo el( ) |— |U/(£)/U(€)| = ( )
Finally, from part (iii) of Lemma [ and part (i) of the current lemma, we deduce that |é\proj (£)ore2| <
% < 25, This completes the proof of (iii). O

We are now ready to prove Theorem

10



3.2. Proof of part (i) of Theorem Bl The key ingredient is the unconditional effective Chebotarev
density theorem of Lagarias and Odlyzko [LaOd77, Theorem 1.3, pp. 413-414], in the version stated in
[Se81l Théoreme 2, p. 132].

We fix a rational prime ¢ such that ¢ > ¢(A, K') and such that ¢ does not divide at least one of aq, as.
From (I)) and (]), we deduce that

(4) Er.Bs (X) < Tegoyeres (2, K(A[)/K) + nk +log M (K/Q).
In what follows, we bound from above the function on the right hand side of the inequality.

First, we relate mc,(g)a1.22 (7, K(A[f])/K) to T Gy (£)o1 -2 (x,K(A[g])A(Z)/K) by appealing to [Se81l
Proposition 7, p. 138, and Proposition 8 (b), p. 140]), in the version stated in [CoWa23| Corollary 5, p. 693].

Part (iii) of Lemma [ ensures that we may apply these results to the Galois group G(¢) = Gal(K (A[¢])/K),
its normal subgroup A(¢) = Gal(K (A[(])/K (A[(])*®), and the set Co(£)*1*2. We deduce that

Tep(eyenes (@ K(AM)/K) < 7g,,, s e (2 K (ALY /K)

1
+ g <1:E +log M (K (A[f])/K) + log M (K (A[¢))® /K)) .

To bound log M (K (A[(])/K) and log M (K (A[¢)*®/K), we proceed as in [CoWa23], (41), p. 708].

Specifically, relying on [Se81l Proposition 6, p. 130], on Lemma [ and on the Néron-Ogg—Shafarevich

criterion for abelian varieties, we obtain that

mywmumew<@ﬂ%§ﬁﬁ,

log(¢N1N>d
log M (K(A[g])A(l)/K) < M_
nKg
To estimate the counting function T Gy (£)o1 -2 (a:, K(A[K])A(e)/K), we apply [Se81l Théoréme 2, p. 132]

and obtain that there exists an absolute, effectively computable, positive constant ag such that, if

2
(5) logx > Ao K (A[))A©) (log |dK(A[g])A(e) |) ,

then, for any b > 1,

o )+ |(Crra(07)

T

x,K(A[E])A(Z)/K> <p (og2)?’

Wépmj (£)o1-o2 (

~ # ~ 1
where (Cpmj (é)“l*o‘2) is the set of conjugacy classes in Cproj(£)***? and li(z) := / ont dt is the loga-
2 108

rithmic integral function. Then, by Lemmas [ - [0l we deduce that

X
(logz)®

Finally, we choose the prime ¢ = ¢(z) such that £ > ¢(A, K), such that £ { ajag, or a1 =0, £ { ag, or

o, K(A[])AO /K) < 402

X
MCrrog(t) 12 ( Clogx

as =0, £t aq, such that (@) is satisfied, and such that the final bounds are optimal, as follows.
11



Once more relying on [Se81l Proposition 5, p. 129], Lemma[dl and the Néron—-Ogg—Shafarevich criterion

for abelian varieties, we obtain that

ngcapao (log |dK(A[Z]>A<f>|)2 < |P(O)|nk (|[P(0)|nx — 1) log(¢N1Nadg) + (|P(0)Ing — 1) log|P(O)ngk — 1])?

< 308 (log((N1 Nodg ))?.

From |[Lo16l| Lemma 7.1, p. 409], we know that there exists an effectively computable, positive constant
a(ha,nk), which depends on the Faltings height h4 of A and on ng, such that, if £ > a(ha, nk), then @)

holds. Hence condition (B) on ¢ is ensured by the restrictions
ar(ha,ng) < 0*¥(logl)?® < as(ha,nk,dr, N1, N2)logz

for some positive constants ay(ha,nk) and as(ha,nk,dr, N1, Na2), which depend on ha, nk, dx, N1, and
Ns. By taking @ > xo(ha,nk,dx, N1, N2) for some positive real number which depends on ha, ng, dx, Ny,

and Na, we may choose the prime ¢ such that

(log )
Ux) = |ag————"—
(=) l 3(1oglogaz)é1

for some positive constant as = as(ha,nk,dr, N1, Na, a1, as), which depends on ha, ng, di, N1, Na, aq,
and as.

Putting the bounds together, we deduce that

z(loglog x)®

Tgllgj(x) < K’O(El’ E27 Ka aq, a?)
7 (logx)

19
18
for some positive constant ko(E1, Fa, K, a1, a9), which depends on Fy, Es, K, a1, and ay. This completes

the proof of part (i) of Theorem Bl

3.3. Proof of part (iii) of Theorem [Bl The key ingredient is the conditional effective Chebotarev
density theorem proved in [MuMuWo18| Theorem 1.2, p. 402], which we use in the reformulation stated
in [CoWa22| Theorem 7, p. 12]).

We fix a rational prime ¢ such that ¢ > ¢(A, K) and such that ¢ does not divide at least one of
a1,a2. As in the proof of part (i), after using (), we focus our attention on estimating, from above,
ey (e)e1-a2 (2, K (A[f])/K), this time under the assumptions of GRH, AHC, and PCC.

First, we proceed identically to part (i) and deduce that

Tep(tyenes (@ K(AM)/K) < g, eres (@ K(AIDMO/K) +n (

12

x? . log(EN1 Ndk)
log x nk '



Next, we apply [MuMuWo18| Theorem 1.2, p. 402] (which requires GRH, AHC, and PCC) to estimate

the counting function 75 z, K(A[(])*® /K). By putting all estimates together, we deduce that
c

Proj (£)21-02

’CAij (£)are2

x
T‘—C()(e)al’az (.CL',K(A[E])/K) < |P(€)| . logx
1
1 #1\ 2
Vs panasl? [ [POF] 1 (log ((N1N2dk) 1
+ nK CPYOJ(K) |P(£)| x?2 nK + ogx
1
2 log(¢N1Nod
+n1<($2 4 log(EM1 Ny K>>.
log x nK
Then, using Lemmas [0- [I0] we infer that
1 log(£N1Nod
Moy (yeres (2, K(A[)/K) < “:gx +nioic (W n 1ng> ,

Reasoning as in part (i), we may choose the prime ¢ such that

ol=

(log z) ]

for some positive constant ay = a4(ha,nk,dr, N1, Na, a1, as), which depends on hy, nk, dx, N1, Na, aq,

©) o) [

and «y. Finally, recalling (), we obtain that
Frops (@) < kg (B, B, Ko, Oéz)x%(log :v)%

for some positive constant k((F1, Ea, K, a1, az), which depends on Eq, Es, K, a1, and ag. This completes

the proof of part (iii) of Theorem Bl

3.4. Proof of part (ii) of Theorem [Bl We base our proof on two key ingredients, a modification of
[CoWa23| Lemma 9, pp. 694-695] and [Zy15 Theorem 2.3, p. 240], as we explain below.

The first key ingredient is the following minor modification of [CoWa23| Lemma 9, pp. 694-695], which
itself is a generalization of [MuMuSa88| Lemma 4.4, p. 269].

LEMMA 11. Let S be a non-empty set of prime ideals of K, let (Kp)pes be a family of finite Galois
extensions of Q, and let (Cp)pes be a family of non-empty sets such that each C, is a union of conjugacy

classes of Gal(K,/Q). Assume that there exist an absolute constant c; > 0 and a function f : R — (0,00)

such that
(7) ng, < ci,
(8) log|dk,| < f(z) for all p such that Nk (p) < z.

For each x > 2, let y = y(z) > 2, u = u(x) > 2 be such that

9) u <y,
13



and assume that, for any e > 0,

(10) u > cz(a)y% (logy)?*e for some constant ca(g) > 0
and
(11) im 1)

z—oo (log y)1*e

Assume GRH for Dedekind zeta functions. Then, for any e > 0, there exists a constant c(e) > 0 such that,

for any sufficiently large x,

(12) #{p:Ng(p) <z,p €S} <c(e) max #{p:NK(p)gx,peS,Nde,(Kp/(@)QCP}.

y<t<y+u 12

We apply this lemma to the set S*** := {p : gcd(Ng (p),6N1N2) = 1, anap(Er)+azap(E2) = 0}, to the
fields K, := Q(my(E1), my(E2)), to the conjugacy classes C, := {idk, }, and to the function f(v) := 2log(4v).
Note that, for S™!, this application is precisely the case g = 2 of [CoWa23| Lemma 18, pp. 704-705]. We
obtain that, under the Riemann Hypothesis for the Riemann zeta function and GRH for the Dedekind zeta
functions of the number fields K, the following holds.

For a fixed arbitrary x > 2, let y := y(x) and u := u(z) be real numbers such that 2 < u(z) < y(x).

log x

Assume that, for any ¢ > 0, lim = 0 and there exists a positive constant ¢/(¢) such that, for

w00 (logy(x))'+e
any sufficiently large z, u(z) > ¢ (¢)y(x)z (log y(x))2*. Then, upon fixing an arbitrary ¢ > 0, there exist a
positive constant ¢(¢) and a positive real number z. such that, for any x > x. and any y(x), u(z) satisfying
the above conditions, we have
B () <c(e) max  #{p:Ng(p) <z,gcd(Ng(p),6N1N2) = 1, aray(E1) + azap(E2) =0,

y<L<y+u

¢ splits completely in K, }.
From (), @), and @), we deduce that

(13) TEE @) < ele) max meqeres (2, K (AU)/K)

The second key ingredient in our proof is [Zy15, Theorem 2.3, p. 240] (see also its restatements
[CoWa23| Theorem 7, p. 693, and Corollary 8, p. 694])). We will use this result to obtain upper bounds
for the right hand side of ([I3).

As in the proofs of parts (i) and (iii), we fix a rational prime ¢ such that ¢ > ¢(A, K) and such that ¢
does not divide at least one of oy, as.

Parts (i) and (ii) of LemmalBlshow that the hypotheses about C(¢)**»*2 needed to apply [Zy15], Theorem
2.3, p. 240] are satisfied. Since Gal (K(A[E])U/(é)/K(A[Z])B“)) ~ B(£)/U’(¢) is abelian, AHC holds for the

extension K (A[())V'® /K (A[¢])B®. Then, assuming GRH for the Dedekind zeta function of K (A[¢])V"®),
14



by applying [Zy15| Theorem 2.3, p. 240], we obtain that
‘(/Z\Borel(g)al)Ot2 : |U/(€)| €T

|B(0)] logx
A1) K

-

log M (K (A[g)V"® /K (A[)P*))

Te(pyeres (7, K(A[))/K) <

+ ‘(//’\Borcl(é)aha2
+log M (K(Awn/m)

xr2
Tk logz
r?
+ NgA)B® (@ +log M (K(A[[])U (f)/K(A[g])B(l))> '
we use Lemma [I01 To bound

To bound |U’(¢)| and |B(¢)|, we use Lemma [0 To bound }CABorel(E)o‘l’o‘Q
1N2dK)
K

log M (K (A[{])/K) and log M (K(A[g])U/(Z)/K(A[E])B(f)), we proceed as in parts (i) and (iii) and obtain
logM (K(A[f])/K) < 101%(61\7[117]\72‘&)7 IOgM (K(A[g])[]'(é)/K(A[f])B(é)) < log(éj\rfl
s w2 log(¢N1Nodx)

2
nK

x
logz

Altogether, we deduce that
ety (2 K(AL)/K) < g

g a? ,log((y($)+“($))NlN2dK)>.
nK

Now, we use ([3) and infer that

Tors W) @)t

1,002 <
El,Eg (.I) — C(E) <y($) ].ng
Finally, by invoking [Lol6, Lemma 7.1, p. 409] and recalling our constraints on u(z) and y(z), we

[asy(iv)% (log y(w))%a}

choose
7
y((E) = |as 2 | ’U,(LL') =
(logz)7
for some positive constants a5 = as(ha,nk,dr, N1, No,a1,a2) and ag = ag(ha,nk,di, N1, No, a1, as),

8
~jo

o

which depend on h 4, ng, dx, N1, Na, oy, and as. We deduce that
(log )

o B, (@) < ko (B, o, K o, a)

TE17E2
for some positive constant k((E1, Es, K, a1, as) which depends on Eq, E2, K, a1, and as. This completes

the proof of part (ii) of Theorem 3
4. Elliptic curves with shared Frobenius fields

Let E; and Es be elliptic curves over a number field K, without complex multiplication, and not
15

potentially isogenous. We keep the associated notation from the previous sections and prove Theorem [II



By Lemma [0l for any sufficiently large x, we have
(14)  Fp.5(2) < Tgllp,(2) + Tg) p, ()
+ Z # {p :Ng(p) < z,gcd(Ng(p),6N1N2) = 1,p a degree one prime, Q(m, (E;)) € {Q(i), Q (z\/g)}}
1<5<2

+ # {p :Ng(p) <a,Ng(p) = p’ for some rational prime p and some integer f > 2} .

Note that the last term is bounded from above by cx? for some positive constant ¢ as explained in [Se81]

Proposition 7, p. 138].

(i) For each of the first two terms on the right hand side of inequality ([4]), we invoke part (i) of Theorem
Bland obtain the combined upper bound ko (E1, Fa, K)% for some positive constant ko(E1, Eq, K),
which depends on F;, F>, and K. For each of the next two terms in the sum over 1 < j < 2 on the right
hand side of inequality (I4]), we invoke a modification of [Zy15] Theorem 1.3 (ii), p. 236] applied to the
elliptic curve E; defined over K by counting only degree one primes of norm at most x. This modification
relies on a variation of [Zy15 Lemma 5.1, p. 246] applied to E; defined over K by counting only degree
one primes. We obtain the upper bound x1(E;, K)%‘f);”)? for some positive constant k1(E;, K), which

depends on E; and K. Putting everything together gives part (i) of Theorem [II

(ii) For each of the first two terms on the right hand side of inequality (I4]), we invoke part (ii) of Theorem
6

Bl and obtain the combined upper bound 2k((FE1, Eq, K) m ””7)§ for some positive constant k((E1, Eq, K),
ogx)7
which depends on Fy, Es, and K. For each of the next two terms in the sum over 1 < j < 2, on the right
hand side of inequality ([I4]), we invoke a modification of [Zy15] Theorem 1.3 (i), p. 236] applied to E;
4
x5

defined over K by counting only degree one primes, as before. We obtain the upper bound &} (E;, K)

3
(logz)5
for some positive constant «}(E;, K), which depends on E; and K. Putting everything together gives part

(ii) of Theorem [

(iil) For each of the first two terms on the right hand side of inequality (Id]), we invoke part (iii) of Theorem
Bland obtain the combined upper bound «{ (F1, Es, K)a:% (log 3:)% for some positive constant () (E1, Ea, K),
which depends on F;, F>, and K. For each of the next two terms in the sum over 1 < j < 2 on the right
hand side of inequality ([d]), we invoke two modifications of [MuMuWo18| Corollary 1.6, p. 406] applied
to F; defined over K by counting only degree one primes. The first modification is a variation of the proof
ingredient [CoDa08|, Lemma 15, p. 1548]), which we make in order to work with an elliptic curve over K
and to count degree one primes of K. The second modification is a variation of the argument in the proof of
the second part of [MuMuWo18| Corollary 1.6, p. 406], which we make in order to improve the resulting
bound z7%(logz)z to 23 (logx)?, as follows. Letting £(z) be as in (@), instead of as in [MuMuWol8, p.
422], we deduce that each of the terms on the right hand side of inequality (4] is bounded from above by
K&} (E;, K)x# (logz)3 for some positive constant £/ (E;, K), which depends on E; and K. Putting everything

together gives part (iii) of Theorem [II
16



5. Isogeny criterion for elliptic curves

As an immediate corollary of Theorem[I] we deduce the following isogeny criterion of Kulkarni, Patankar,

and Rajan [KuPaRal6l Theorem 3, p. 90].

COROLLARY 12. Let Ey and Es be two elliptic curves over a number field K. Then Ey and E5 are

potentially isogenous if and only if Fg, 5,(x) has a positive upper density within the set of primes of K.

PROOF. For the“only if” implication, we assume that F; and E5 are potentially isogenous. This implies
that E; is isogenous over K to a quadratic twist of E,. Therefore, |a,(E1)| = |ay(E2)| for all but finitely
many primes p of K. As in the “if” implication of Lemma [ we have that Q(m,(E1)) = Q(my(E2)) for all
but finitely many primes p of K. So Fg, g,(z) has density one in the set of primes of K.

For the “if” implication, we prove the contrapositive. Assume that F; and FEy are not potentially
isogenous. Then, from part (i) of Theorem [I we deduce that Fg, g,(z) is bounded from above by a set of

density zero in the set of primes of K. O
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