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Abstract

This work is concerned with the obtainment of new Carleman estimates for linear parabolic
equations, where the second-order differential operator brings a super strong degeneracy
in a positive measure subset of the spatial domain. In order to prove our main result,
the control domain is supposed to contain the set of degeneracies. As a well-known
consequence, we achieve a null controllability result in the current context.
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1. Introduction

In this paper, we study the null controllability of the following degenerate parabolic
system

( (2)ug)e + c(z,)u= f1, in @ :=(0,1)x (0,7,

=u(l,t) =0 in (0,7), (1.1)
) uo () in (0,1),

where a € W2’°°(O 1), ¢ € L*>(Q), the control f belongs to L?(Q), ug € L?*(0,1), the
control domain w C (0,1) is a non-empty open interval and 1, denotes its associated
characteristic function.

We say that (1.1) is null controllable at time T > 0 if, for any uy € L?(0,1), there
exists a control function f € L?(Q) such that the solution u of (1.1) satisfies

A/-\F“
\./

u(z,T)=0 a. e in (0,1). (1.2)
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The null controllability of degenerate parabolic equations, such as (1.1), has been
extensively researched in the past two decades. One of the earliest works in this direction
is [2], due to Cannarsa and Fragnelli, where it is assumed that the function a degenerates
at the point = 0. To be more precise, the study in [2] considers two types of degeneracy,
as described below.

Weakly degenerate case (WDC):

1. a €C([0,1]) N C*((0,1]), a > 0 in (0,1], a(0) = 0;
2. 3K € [0,1) such that zd'(z) < Ka(z) Vz € [0,1].
Strongly degenerate case (SDC):

1. a €CY([0,1]), a > 0in (0,1], a(0) = 0;

2. 3K € [1,2) such that zd/(z) < Ka(z) Vz € [0,1];

36 € (0,1) x —> % is nondecreasing near 0, if K = 1.

{ 30 e (1,K]; © — % is nondecreasing near 0, if K > 1;

The description above has the function a(z) = z* as a prototype, where a € (0,1) for
the (WDC) and « € [1,2) for the (SDC). In this particular scenario, some Carleman esti-
mates are presented in [2], which imply null controllability results by using the Hilbert’s
Uniqueness Method (HUM). Additionally, the mentioned work also establishes that the
super strongly degenerate problem (o > 2) is not null controllable, in general.

Later, in [6], similar results were achieved even when the degeneracy occurs within
an interior point of (0,1). In that work, it is considered that there exists xzy € (0,1)
such that the degenerate function a € C1([0,1] — {zo}) satisfies a(zg) = 0 and a > 0 in
[0,1] — {xo}. Besides that, the function a must also satisfy one of the two conditions:

(a) 3K € (0,1) such that (z — zg)a’(z) < Ka(z) Vo € [0,1] — {zo};
(b) a € WH°(0,1) and 3K € [1,2) such that (z —z0)d’(z) < Ka(z) Vz € [0,1] — {0},

where (a) represents a reformulation of the weakly degenerate case (RWDC), as well as,
(b) is a reformulation of the strongly degenerate one (RSDC). A typical example of such a
function is a(z) = |z — z¢|*, for @ € (0,2). It is worth noting that the null controllability
theorems, as proven in [6], rely on a geometric assumption over the control domain w,
namely

o € w. (1.3)

More recently, in [3], the third author of this current paper extended the investigation
developed in [6], dealing with second-order operators that can degenerate in a set of
positive measure. To be more precise, it is taken into consideration (a(x)u;),, where
a = 0 in an interval [A, B] C (0,1) and the geometric control domain condition

[A,B] Cw (1.4)

is imposed. It is important to point out here that (1.4) is a natural adaptation of (1.3)
in this context. Furthermore, this kind of assumption is not considered in [2], where the
authors established that the null controllability property does not hold for o > 2.
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The main novelty of this paper is to extend the investigation of [3] and [6] for the
super strongly degenerate case. Here we still assume the geometrical assumption (1.4)
and also consider the following additional regularity hypotheses related to a = a(x):

é ¢ L'([0,A) U (B,1]),a € W2>(0,1) and aa, € WH>(0,1). (1.5)

A similar condition to the first one presented in (1.5) is also found in [4, 5], and it
plays a crucial role in demonstrating the existence of a solution to the problem at hand.
This condition is naturally true under the strongly degenerate case (SDC) assumptions.
However, it is worth noting that, for the super strong case, this condition excludes the
possibility of the compact embedding of the space H}(0,1), which is defined ahead, into
the space L?(0,1). This observation has been made in Cannarsa and Fragnelli’s work [2],
specifically for the case where a(z) = %, > 2, and it can be easily extended to the case
where a(z) = (z — 29)%, a > 2. This limitation becomes an obstacle when studying the
controllability of the semilinear parabolic problem associated with (1.1) since, in general,
fixed point methods are employed to obtain the controllability of semilinear problems.

In the sequel, the whole discussion assumes that a = a(x) degenerates in [A, B] C

C (0,1), that is,

(1.6)

1. a(z) =01in [A, BJ;
2. a(z) > 0in [0,A) U (B, 1],

and (1.5) holds. For example, the function a : [0,1] — R, given by

(A—xz)*, x€]0,A),

a(x) =<0, x € [A, B,

(r—B)%, ze(B,1],
with «, 8 > 2, fulfills the properties that describe the super strongly degenerate condition.
Also, we are supposed to emphasize that our approach extends [3] and [6] to the super-

strongly degenerate range, including the situation A = B.
At this point, we are ready to present the main result of this paper:

Theorem 1.1. Assume that the function a satisfies (1.5) and (1.6). If w satisfies (1.4),
then the system (1.1) is null controllable.

The remainder of this work is dedicated to obtain Carleman and observability esti-
mates for the adjoint equations associated with the equation (1.1), following the ideas
presented in [1]. This is accomplished in Section 2. As a result, we apply these estimates
to prove Theorem 1.1 in Section 3.

2. Carleman and observability inequalities

This section is devoted to the obtainment of a Carleman-type estimate, which will
lead us to our null controllability results. Such an inequality is valid for any solution of

v + (a(m)vm)m - C(xvt)u =h inQ,
0(0,8) = v(1,t) = 0 in (0,7), (2.1)
v(x,T) = vp(x) in (0,1),



which is the adjoint system associated with the linearization of (1.1).

Before proving our Carleman and observability inequalities, we will present some
spaces and well-posedness results for (1.1).

Let us consider the spaces

H!:={u € L*(0,1); u is locally absolutely continuous in [0, 1],
(a*?u,)(x) € L*(0,1) and u(0) = u(1) = 0}
and
H? :={ue H}; a'?u, € H*(0,1)}

endowed, respectively, with the norms
/
el = (lull3z + o 2uslage)

1/2
and fullzz 2= (Il + @) Bago )
The following well-posedness result for (1.1) was obtained in [3, Theorem 2.2] for
the weakly and strongly degenerate cases. However, following the same ideas presented
there, we can prove:

Proposition 2.1. Assume that a = a(x) satisfies (1.5) and (1.6). Given f € L*(0,T; L%(0,1))
and ug € L?(0,1), there exists a unique weak solution u € C°([0, T); HH)NC ([0, T); L2(0,1))
of (1.1). In addition, there exists a positive constant Cr,, such that

T
sup u(®lEson + [ Nty < Cra (Ifsg) + luoliaon) - (22
te[0,7] 0

Now, under the assumptions described in (1.4), let us consider g = (A + B)/2 and
6 > 0 such that

[A,B] Cws CCw,
where ws = (z9 — 8,29 + §). Since a € W>(0,1) — C'([0,1]), let ms > 0 be the
minimum of
{a(z);z € [0,1] — ws},
that is,
a(x) > ms forany =z €]0,1] —ws. (2.3)

As usual in the Carleman method, for each A > 0, we start introducing a set of weight

functions, as below:

- ﬁ7 n(z) = ,%’ £z, 1) = O(t)e Cnle+n(@)

and o(z,t) = 0(t)e™M= —¢(z,1). (2.4)
From (2.3), we observe that there exists C' > 0 such that
I’ (x)|a(z) > C for any z € [0,1] — ws. (2.5)

In light of the previous explanation, we can now obtain the desired Carleman estimate,
as stated in the following theorem.
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Theorem 2.2 (Carleman estimate). Assume that the function a satisfies (1.5) and (1.6).
If w satisfies (1.4), then there exist positive constants C, so and Ao, only depending on
T, a, c and w, such that, for any s > s, A > Ao and v solution of (2.1), we have

// e 287 [3_1)\_15_1 (|Ut\2 + |(a(x)v$)x|2) + 3\ )? + s)\zga(x)|vw|2} dx dt
Q

<C

T
len +soxt [ e2saf3|v|2dxdt]- (2.6)
0 ws

Notice that it suffices to prove Theorem 2.2 for ¢ = 0, since the general case follows
taking h = h + cv.
Indeed, for each s > 0, we will consider the change of variables
z=e ""v.
We notice that z = 0 in 9@, and simple computations give us

vy =€’ (sorz + 21)

and
(a(2)vy)e = €% [* |0 Pa(z) 2 + 250,a() 20 + s(0pa(x)) 22z + (a(2)22)2)-

Consequently, from (2.1), it is clear that z is a solution of

Ptz+P z2=0G, %n Q, (27)
z=0, in 0Q,
where
P~z :=2s(0,a(x))pz + 2s0,a(x) 2, + 2¢ := I11 + L12 + 13,
Ptz = s%|0,%a(2)2 + [a(x)2p)s + 5012 1= Iy + Ioo + o3
and
G=e¢""h+ s(oza(x)),z.
By using (2.7), we can arrive at
IP~2[13 + | P*2|I3 +2(P~2, P*2) = |G]I3, (2.8)

where the norm in L?(Q) will be denoted by || - |2 and its inner product by ((-,-)).
Next, we will deal with each term on the left side of (2.8), in order to achieve the
following result.

Proposition 2.3. Assume that the function a satisfies (1.5) and (1.6). If w satisfies
(1.4), then there exist positive constants C, sg and Ao, only depending on T, a, ¢ and w,
such that, for any s > so, A > \o and z solution of (2.7), we have

S 00 + lla@)z L)+ SN + X 6a(w)] ) dode
Q

<C

T
He‘”hH%—l—/ / 33)\4§3z|2dmdt]. (2.9)
0 ws
5



Proof. The beginning of this proof is focused on estimating (P~ z, P*z)).

Part I: Estimate for (P~ z, I21)).
Since

gw = )\77/5 and o, = _gzv = —>\77'§7

we take

(T In) = / /Q =258 XAE3 ) [Aa(w) P2[? — 2880368 o/ Pa(e) (') o 2[2) dac i,

1o, I =353 oz 3 la(2))?(|2?), dx d

(112, I21) //|||()|(||) t
= 3s3\* 31| a(x)|?|2]? dz dt + s32\3 3((3a®(2))s 2|2 dx d
//§|77‘|()||| 1 //5((77) (7)) 2| 1

Lz, Io1)) = —s2\? ' Pa(x)|z|? dz dt.
(s T = =52 [ | ey Pata)f* o
Thus
(P2, I5)) = s3)\* //Q ' |*a®(x)|2)? dx dt
$3\3 31((MM32a?(x) g = 2|10 Pa(z) (1 a(x)).]|2|? dz d
" //Qu((n) () — 2 Pale) (o ala) )= da dt
— 222 0 Pa(z)|2|? dx dt.
//Qggw (@)= dudt

Recalling that a € W2°°(0,1) < C*([0,1]), we know that
((77’)3a2(1:))m — 2|n’|2a(z)(n’a(x))m and \77’|2a(x) are bounded.

At the same time, we have |£&;| < C¢&3. Therefore, for sufficiently large A and s, we can
deduce that

(P2 Iy) > )1 // /a2 ()| du dt — Cs>)? // &322 du dt.
Q Q

Furthermore, from (2.5), we obtain

T
s2A // ' a(z)|2|? de dt > Cs3)\4/ / En'*a(z)|2|? dz dt
Q 0 J[0,1]-ws

T
2053)\4/ / &322 da dt
0 J[0,1]-ws

T
:csw// £3|z|2dxdt—(]s3/\4/ / &3z d dt.
Q 0 ws
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Thus, if s and A are sufficiently large,

T
(P~ 2,1) > Cs3)\* // §3|z|2dxdt—Cs3)\4/ / &3z |? dx dt (2.10)
Q 0 ws

holds.

Part IT: Estimate for (P~ z, I23)).
Let us observe that

(111, I23)) = —282)\//62 Eoe[Mn'Pa(z) + ('a(x)).]|2|? dz dt,

(T2, Tos) = 5 / /Q ENor — €0l 2a(z) + on(fa())] 22 da di

and

s
(I3, I23)) = 3 // ow|z|* dx dt.
Q

Since a € C*([0,1]), [&], |o¢] < C&% and oy < CE3, we can proceed as before and use
(2.10) to deduce that

T
(P~ 2, Lo + I23)) ZC$3>\4// §3|z|2dxdt—053)\4/ / &3z d dt. (2.11)
Q 0 ws

Part III: Estimate for (P~ z, I2)).
Initially, we have

(I11, I2)) = —2s) // N Pa(z)z]a(x)ze]e + €0 a(2))ez[a(z)20)s) dedt.  (2.12)
Q
For the first term on the right side of (2.12), we can write
—2s5)\? //Q§|17'|2a(:1:)z[a(x)zm]w dz dt = 2s)\* //Q (' )?la(z) 2z, da dt
+ 25)\2 &' ”? @ oz ddl
o [[ el Paw)leza(@)ze do
_|_2 AQ g 712 2 IQd dt
s //Q 17 Pla(z) P 2]? da
= Jy + Jy + +25)\2 Eln'? 2|2, |2 da dt,
Lo+ 428 //Q 17 Pla(@)|z. ? do
where
5 =25 [[ e late)ezdrdt = —X* [ €M@ + (ol do s

and



Jo = 2s\? // §(|77/|26L(I))$(ZZZ$ dx dt
Q

= —s)\2 //Q 5()\77’a(x) [|n'|2a(w)]x + ( [|77/\2a(ac)]37 a(x))m> |2|? dx dt.

Likewise, for the second term on the right side of (2.12), we have

—23/\//577(1 laz[a

where

X) 2|, da dt = 2522 // Ea(x Vxz2, da dt

Js = QSAQ/Qfa(m)n

= ox? / [ <o Paate

and

+2$/\/ ¢a(z)[n a(x))pwz2s do dt

+2s)\//§77a Jpa(x)| 2, |* do dt

= J3+Js+ 25)\/ €' a(z)].a(z)|2,.|? da dt,
Q

[0 a(z)]p22: do dt

e + [n'a(x) [ a(x)]].]|2]? da dt

Jy = 23)\/ ¢a(z)[n' a(n)]|ppz2e do dt
Q

=y /Q D ) [ 0o + [0t i .

Combining these estimates we can conclude that

(111, I22)) > —Cs)\4//Q§|z|2dxdt+2s)\2 //Q§|n’|2|a(x)|2|zx|2dxdt

Arguing as before we deduce that

+25) / /Q £l a(2)]aa(z) | 2|? dz dt.

258 [ [ €l Plata)Plauf? do
Q

T
> s)\z/ €a(x)|z,|* da dt — C’s)\z/ / €a(x)|z,|* da dt.
Q 0 ws

Furthermore,

(113, I22))

== J]
=2 /]

) Zat)w dxdt:// 220(x) 2t dx dt
Q

‘ZT|

ledzdt = 0.

(2.13)

(2.14)

(2.15)

(2.16)



Hence, from (2.13)-(2.16) we obtain
T
(I11 4 I3, Izp)) > —Cs\* // &|2|? da dt — C’s)\z/ / ¢a(z)|2z,|* dx dt
Q 0 Jws
+ Os\? // ¢a(x)|z|? da dt. (2.17)
Q
Finally,
(T2, Iz) = X2 / / €l Pla(e) 2|zaf? dz dt + s\ / / en'|a(a)? |z ? do dt
Q Q
T
e / £ o) 2|2 2223 dt (2.18)
0

Since 7'(1) < 0 and 7’(0) > 0, the boundary term on (2.18) is > 0. The other terms
can be controlled as before. This led us to

T
(P~ In) > —Cs)\4// §|z\2dxdt—05)\2/ / ca(w)|z 2 de dt
Q 0 ws
+ COs\? // €a(x)| 2| da dt. (2.19)
Q
Combining (2.11) and (2.19) we conclude that
(P~ z,PT2) > C// [$SAAE3 2% 4+ sA\2Ea(x)| 2] d dt
Q
T -
- C/ / [P M43 2% 4 sA\%Ea(x)|2.)?] dax dt. (2.20)
0 ws
From (2.8) and (2.20) we have that
1Palg + P28+ [ [ PN + 536a(w)]z ) do
Q

<C

T
||G|\§+/0 / [83/\4£3|z|2+5)\2§a(x)|zzQ]da:dt]. (2.21)

Now, using the definitions of P~z, P72z and G we obtain that

st // €Nz Pdedt < s P 2|3 + Cs\* // £|z|2d:cdt—|—Cs/\// €a(x)|z, | da dt
Q Q Q

T
<C[||G||§+/O /[53)\4§3|22+s)\2§a(9c)|zmQ]dxdt], (2.22)



*1//5 Ya(z)zg),|? dz dt

<sTH P2+ CsPA? // &z)2dxdt + Cs // &|z|? dx dt
Q Q

<C

T
el +/ / [$PXAE3)22 + sA%ea()| 2|2 dx dt] :
0 ws
and
IGI3 < lle=*7hl + Ot [ 1af? o
Q
By combining (2.21)-(2.25) we can deduce that

S )zl SNERE s ]

T
le=*7 h|2 + / / [P 22 + sA%€a(a) |2 ?) dwdt] :
0 ws

(2.23)

(2.24)

(2.25)

(2.26)

Since ws CC w, we can take ws CC Dy CC w and a cut-off function ¢ € C*([0,1])
such that 0 < ¢ <1, ¢ =1 in ws and ¢ = 0 in [0,1] — Dy. Hence, for € > 0, we have

that
T
s)\z/ / €a(z)|z,|? da dt
0 ws
T
< s)\z/ Epa(r)zyz, da dt
0o Jp,
T
= —s\? / (An'pa(x)zz, + Q' a(x) 22, + Epla(T)2,],2) do dt,
0 JD,
T
—s)\3/ &n' pa(r)zzpdr dt < C// [2X1E2|2)? + Na(x)| 2, |?] da dt,
0 JDs Q
T
—s)\Q/ o' a(r)zzpdr dt < C’// [$2XE2|2)? + a(x)| 2| ] o dt
0 Do Q
and

T
—s/\2/ §<p[ (2)2z]p2 dx dt

-1 3>\4/ /53\z|2dxdt+5s //g Ha(z) 2] |? de dt.

Taking € > 0 sufficiently small, these last estimates together with (2.26) give us

(2.9).
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Coming back to the original variable v we obtain Theorem 2.2.

Corollary 2.4 (observability inequality). Assume that the function a satisfies (1.5)
and (1.6). If w satisfies (1.4), then there exists a constant C > 0 such that, for any
vy € L%(0,1) and v solution of (2.1) with h =0, one has

o€ 00y <€ [[ 2ol dode, .21
wr

where we recall that wp = w x (0,T).

Proof. From Theorem 2.2, since ws C w, we have that

T
% / / e 2o drdt < CsPA* / / e 27 du dt. (2:28)
Q 0 w

Multiplying the equation in (2.1) by v and integrating on (0, 1) we obtain that

1 1
D + / afv, |2 dz = — / lof? d.
Zdt L (0,1) 0 o

Hence,
1 /1
—5 v Ol 0,0) + 5/0 alvg|* dz < Cllo(,t)l[72(0,1)-

Thus,
[0(- 01201y < €2 N0( D)lI72001) V€ (0,T). (2:29)

Integrating (2.29) on (7'/4,3T/4) and using (2.28) we deduce that

o 37/4 3T/4 1
o Oson =7 [ It OBgndr<c [ [ P doae
T/4 T/4 JoO

3T/4

1 T
<C / PN e 2573 |2 da dt < C/ / e 2% ¢3 |2 du dt.
0 0 w

T/4

3. Null controllability for the linear problem

This section is dedicated to proving the null controllability of the linear problem (1.1),
stated in Theorem 1.1. The first step is to derive an approximate null controllability
result.

To establish this, let us set € > 0. For any f € L?(Q), we define a functional

1
s = [ rarars o [l

where uf is the weak solution of (1.1). It is not difficult to see that J. is continuous,
strictly convex, and satisfies

Je(f) = oo as |[fllL2q) — oo

Hence J. has a unique critic point that is a global minimum. Let us denote this minimum
by f. and u. := ufe.
11



Lemma 3.1. If ¢, is the weak solution of the problem

Yet + (a()per)z — c(z,t)pe =0 in Q,
0e(0,t) = e (1,8) =0 in (0,7), (3.1)
ve(x,T) = fug(x T) in (0,1),

then fe = —1,pc.

Proof. For the sake of simplicity, let us set

Au = (aug), —cu and Li(f) = / (t=)A1 f(x,s)ds.
0

Then, u/ is the solution of (1.1) if, and only if,

ul (z,t) = eug(x) + Le(f) (2).

For h € L?(Q), since (1.1) is linear, we have u/*" = uf + 2" where 2" is the solution

of
2P = A"+ 1,0 in @,
2"(0,t) = 2"(1,t) =0 in (0,7),
2" (z,0) =0 in (0,1).
This leads us to
T 1
Jo(f+h)— // [hf+ = |h| dxdt—}—f/ (2, T)z"(2,T) +|2" (2, T)|?] da.
0Jo
Thus
T 1 1
fh= / / fhdzdt+ - / uf (x, T)2" (z,T) da
o Jo 0
T 1 1 T
/ / fhdzdt+ - / uf(x,T)/ T4 hdt dx
o Jo 0 0
T 1 T/
/ / fhdzdt +/ <1wuf(x,T),e(Tt)Ah> dt
0o Jo € L2(0,1)
« (1
h)r20,1) + <1 e(T—0A (uf(x,T)> ,h> dt.
£ L2(0,1)
The result now follows from the fact that J.(f.) = 0. O

Proposition 3.2. For any ¢ > 0, there exist f. € L?(Q) and a corresponding solution
ue of (1.1) such that

1
//Q 2 dwdt < Clluo 2201y and / e, ) dr < Ce o201,
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Proof. Let us consider f. as the function given in the proof of the previous lemma.
Multiplying the equation in (3.1) by u. and integrating in @, we get

1t 1
g/o |u€(x,T)|2dx7/0 cps(x,())uo(x)dx//Q|f€|2dxdt.

Therefore,

1 T 1
é/o \ue(x,T)|2dx+/0 /w|f€|2dacdt:/0 e (z,0)ug(z) de. (3.2)

The observability inequality (2.27) lead us to

T 1/2
C/ /\<p5|2dxdt
0 w
T 1/2
< Clluoll 20,1 l/ / |f5|2dxdt1
0 w
1/2
< Clluoll 20,1 [// |f5|2dxdt} )
Q

J[[ 15wt < Clluolag

On the other hand, in a similar way, from (3.2) we obtain

1
// o dwdt < / oo (2, 0)uo(®) < Jluoll 2o,
Q 0

Hence

1/2

1 1
/ lus(x, T)|? de < s/ @e(x,0)uo(z) dz < elluol|£2(0,1)- [C’ // | fo|? da dt}
0 0 Q
< CelluollZz(0.1)-
This concludes the proof. O

Now, we are ready to prove Theorem 1.1. Indeed, from inequality (2.2) and Propo-
sition 3.2, combined with some standard arguments, we have

fe = fin L*(Q);

ue = uin L*(0,T; HL);

Uer — uy in L2(0,T; H 1),
ue (-, T) — u(-,T) in L%(0,1).

Now, taking v € H]},
obtain

1 1
/ u€(~,T)'ydm—/ uovdx—i—// AUezYy AT dt+// cusvd;vdt:// 1, fey dz dt.
0 0 Q Q Q
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multiplying the equation in (1.1) by 7 and integrating on Q, we



Thus

1 1
/ ue (-, T)yde = / Uy dx—// AQUeg Yy dT dt—// cugydx dt+// 1, feydx dt =: L,
0 0 Q Q Q

Using that f. — f in L?(Q) and u. — u in L?(0,T; H}) we deduce that

1 1
lim L, = / uofydx—// gy, dx dt—// cuy dx dt+// 1o fyde dt = / u(-, Ty dz.
e—0 0 Q Q Q 0

Therefore,
1

1
lim [ we(,T)ydx :/ u(-, T)ydr Vv € H}.
0

e—0 Jo

On the other hand, Proposition 3.2 gives us

< ue (5 Tl 20,0 171 22(0,1) < €C — 0.

/0 (e T () d

Hence,
1
/ u(-, T)yde =0 Vy € H}
0

and this lead us to u(-,T) = 0. So that, the proof of Theorem 1.1 is concluded.
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