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THE FREE ELASTIC FLOW FOR CLOSED PLANAR CURVES
TATSUYA MIURA AND GLEN WHEELER

ABSTRACT. The free elastic flow is the L2-gradient flow for Euler’s elastic
energy, or equivalently the Willmore flow with translation invariant initial
data. In contrast to elastic flows under length penalisation or preservation, it
is more challenging to study the free elastic flow’s asymptotic behavior, and
convergence for closed curves is lost. In this paper, we nevertheless determine
the asymptotic shape of the flow for initial curves that are geometrically close
to circles, possibly multiply-covered, proving that the an appropriate rescaling
smoothly converges to a unique round circle.

1. INTRODUCTION

Let v : S' — R? be a smooth immersion of S! := R/Z into the plane. Set

E[y] = %/des

to be Euler’s elastic energy. The free elastic flow is the steepest descent L?(ds)-
gradient flow for Euler’s elastic energy given by the evolution equation

1
(FEF) aﬁ = _(kss + 51{:3)”; ’7(7 O) = 70,

where v : S! x [0,T) — R? is a one-parameter family of smooth immersed curves.
Here we use the convention that v is the inward-pointing unit normal and k is the
curvature scalar (see also Section 2.T]).

There is a straightforward connection between the Willmore flow for surfaces
and the free elastic flow. Let fy : ¥ — R? be a smooth immersion of a closed
surface ¥. The Willmore flow is the steepest descent L?(du)-gradient flow of the
Willmore functional

wWifl =5 [ Hda.

with velocity
1
(WF) o f = —<AH+ §H|A°|2)u,

where f : ¥ x [0,T) — R3 is a one-parameter family of immersions. Here we use
A for the Laplace-Beltrami operator on f(-,¢) with respect to the induced metric,
H for the mean curvature, A° for the trace-free second fundamental form, and v
again for the normal vector. We refer the interested reader to the seminal work
of Kuwert—Schétzle [I2HI4] for fundamental results on the Willmore flow of closed
surfaces (see also [5]).
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The free elastic flow is related to the Willmore flow not of closed surfaces but
of complete surfaces. The graphical sub-case of this has been considered by Koch—
Lamm [I1]. Among other results, they show that the Willmore flow of entire graphs
with small Lipschitz norm in any dimension exist globally in time. In a very recent
contribution, Li [I5] shows that the Willmore flow with small initial energy and sub-
Euclidean volume growth subconverges to a plane. Let us relate these results to
our setting here. If we assume that ¥ is a cylinder, and fj is translation-invariant,
then the flow reduces to the flow of its profile curve ~y, and the Willmore flow (WT))
for f becomes the free elastic flow (FEL) for . We note that the Willmore energy
of the initial surface fy is infinite, and that our flow can not be written as a graph
(with small Lipschitz norm or otherwise).

Standard theory for parabolic equations gives that from any smooth initial curve
the free elastic flow above exists uniquely for a short time, and is a smooth one-
parameter family of immersions. In addition, in their celebrated study [§], Dziuk—
Kuwert—Schétzle proved that the flow always extends globally in time.

Theorem 1.1 ([8 Theorem 3.2]). Let v : St — R? be a smooth immersed curve.
Then the free elastic flow with initial data o exists uniquely for all time t € [0, 00).

In fact, Dziuk-Kuwert—Schétzle proved global existence not only for the free
elastic flow but also for the length-penalised and the length-preserving elastic flow
for closed curves. They further proved that the latter two flows always converge to
stationary solutions (elasticae) in a certain sense. Since then convergence results are
very well-studied for these constrained or penalised flows [19], including in similar
situations [2H4L[6L7,[16][17,23H26].

In contrast to the wealth of results under length penalisation or preservation,
nothing has been known about the asymptotic shape of the free elastic flow for
closed planar curves, even though the free elastic flow would be the most natural
L2-gradient flow for Euler’s elastic energy. To gain some understanding, it is helpful
to think of some special solutions (see Section for details).

(i) (Stationary solutions) There are no stationary solutions.

(ii) (Expanding solutions) Circles expand with radius p(t) = (p(0)* + 2t)3.
Moreover, the lemniscate of Bernoulli also expands self-similarly [9], again
with length ~ t1.

It is not known whether or not there are further special solutions, for example
translators, to the free elastic flow. The known solutions however already beg the
stability question: If a free elastic flow is close to a multiply-covered circle in a
scale-invariant sense, is it asymptotic to a circle? Our main result answers this
question in the positive.

1.1. Main result. Let L denote the length functional, and set L(t) := L[v(-,t)].

Theorem 1.2 (Geometric stability of w-circles). There exists a positive constant
e = e(w) > 0 with the following property: Let v : St — R? be a smooth immersed
curve with (absolute) turning number w = | 5= f% kds| such that

(1.1) L[WO]S/ k2ds < e.
Yo

Then the free elastic flow v : St x [0,00) — R? with initial data vy is asymptoti-
cally an w-circle, in the sense that the rescaled flow n(-,t) := ﬁ”y(i) smoothly
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converges, up to reparametrisation, as t — oo to an w-fold circle with radius ﬁ
centred at the origin.

Special solutions indicate why a stability result may be difficult to prove. The
key point is that length grows at a specific rate when close to a circle. In order to
control the flow using the condition (II]), there are two key tasks. First, we need to
prove a sharp length estimate; that is, one with the exact rate of an w-circle. This
is achieved by studying the evolution of length carefully, applying a decomposition
of the curvature into its average (which depends on the length and turning number
only) and average-free parts. Second, we need to show that the condition (L))
improves under the flow. This second part requires some inspirational choice of
functional adapted to the problem. Here, we take [ kZds and normalise the scale
by using the elastic energy; that is, we consider

. / k2 ds

This idea departs from the standard way of working with normalisation by length
(see [§] and also [TL2TL28] for other flows). Once Q(t) is shown to decay, then we
also obtain decay of e(t) = L* [ k2 ds.

Another remarkable point is that the translation of the flow is also controlled.
Not only does the rescaled flow not wander off to infinity, but also the centre of
the final circle must be the origin. In terms of the original flow, the centre of mass
must be confined to a region of radius o(t%).

1.2. Open problems. As our study provides the very first asymptotic analysis of
the free elastic flow for closed planar curves, there still remain many interesting
open problems.

While we deal with all non-zero turning numbers, the case of w = 0 remains open.
Here, the model solution is not an w-circle but rather the lemniscate of Bernoulli.
We conjecture that, as with the circle case considered here, an analogous stability
result holds for the lemniscate.

Our theorem yields in an obvious way the non-existence of non-circular expand-
ing solutions satisfying (IT)). In order to better understand the behaviour of the free
elastic flow, it is absolutely crucial to classify all self-similar solutions, regardless of
curvature condition.

In our proof, a crucial role is played by sharp control of the length. A known
general estimate of Dziuk—Kuwert—Schétzle [8, (3.11)] shows that the length grows
at most linearly in time. We do not expect the linear upper bound is optimal; in
fact, the derivation of [8, (3.11)] even implies that for a universal C' > 0,

(1.2) L(t) < L(0) + c/t B di,
0

and the energy F decreases in general. All the known explicit solutions, the circles
and the lemniscate of Bernoulli, have computable length growth ~ t1. Our proof
implies that all free elastic flows satisfying (L)) have this same length growth (see
Proposition [B6]). This leads one to the question: does there exist any solution to
the free elastic flow with length growth different to O(t4)?
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Finally, we mention Huisken’s problem (see [I8]). This asks after the existence
of an elastic flow that begins contained in the upper half plane but ‘migrates’ to
the lower half plane at a positive time. Very recently [I0] Huisken’s problem has
been resolved for certain length-preserving flows of open curves, but the original
problem for length-penalised flows of closed curves is left open. It also remains
open for the free elastic flow. One might suspect that migration can not occur for
the free elastic flow, since the flow tends to inflate all curves. However there is
the possibility that the centre of mass along a solution is not well-controlled and
in fact diverges to infinity. Indeed, controlling the centre of mass of a flow is a
delicate point, and in higher-order flows typically is possible only after very strong
convergence allows an integration of the evolution equation in time. Thus the two
problems are connected: (1) Does there exist a free elastic flow with centre of mass
diverging to infinity? (2) Does there exist a migrating free elastic flow?
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2. PRELIMINARIES

2.1. Notation. For a curve~y : St — R? (u > v(u)), let 95 := |9,7y| "1y be the arc-
length derivative, 7 := 047y the unit tangent vector, v := rot 7 the inward-pointing
unit normal vector (the counterclockwise rotation of T through angle 7/2), k := 9%y
the curvature vector, and k := (k,v) the signed curvature, where (-,-) stands for
the Euclidean inner product. We also frequently use subindex-type notation like
Yu, Vss t0 denote derivatives. For abbreviation we will also write

1
Fi=Fke + k3.
+2

In particular, the free elastic flow is expressed as 0y = —Fv. Let us also in-
troduce the norms ||f[l, = (fgi |f[Pds)*/P, where ds := |yu|du, and ||f|e =
esssup,egt |f(w)]. The average is denoted by

— 1
f—m‘/Slde

We will often drop the domain integral if it is not confusing.

For a family of curves v : St x [0,7) — R? ((u,t) — v(u,t)) we also use the
same notation dy for spatial derivatives of (-,t), and 0, for time derivatives. The
spatial integral [ f ds is understood at each time slice ¢.

2.2. Special solutions.

2.2.1. Nonexzxistence of stationary solutions. Every critical point of F must be graph-
ical [20] so it can not be closed. From a broader point of view, according to the
standard classification of Euler’s elasticae (that is, critical points of E+ L) [22127],
the only closed candidates are the circle and the figure-eight elastica. Both of these
have non-zero Lagrange multiplier A # 0, and so are not free elasticae (with A = 0).
This observation indicates that the known convergence results strongly rely on the
penalisation or preservation of length.
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2.2.2. Circles. Let N be a positive integer, and consider the family of evolving
N-circles defined by

AN (u, t) = p(t)(cos 27 Nu, sin 2t Nu),

which has turning number w = N. Since (97", v) = —p/, k = 1/p, and ke, = 0,
this family satisfies the free elastic flow if and only if

) 1
P(t)zw-

This ODE for the radius function p has the unique solution
p(t) = (p(0)* +21)1.
2.2.3. Lemniscate of Bernoulli. The lemniscate of Bernoulli
1 1
u) = —— | cosu, — sin2u
Blu) 1+ sin?u ( 2 >
has turning number zero, and as computed in [9], satisfies
k(u)® = =27 (B(u), v(u)) and  kos(u) = 6 (B(u), v(u)) .
Consider the family
v(u,t) := h(t)B(u).
Then

Thus, the family is a self-similar free elastic flow if

h(t) = (h(0)* + 30t)% .

In particular, the map (u,t) — (1+30¢)7 Tranry (1, sinw) is a self-similar expanding

solution to the free elastic flow, with initial data the lemniscate of Bernoulli.

3. GEOMETRIC STABILITY OF CIRCLES

The main goal of this section is to prove Theorem We now introduce the
scale invariant quantity
e(t) = L?||ks|]3.
The key idea now is to use £(¢) to control the asymptotic shape of the flow. We
will first prove the smallness-preservation and decay of €(t), which already proves
that the flow tends to be circular, and then obtain the control of the centre.
We start by computing the evolution of ||ks||3 in time.

Lemma 3.1. Let v :S' x [0,T) — R? be a free elastic flow. Then

d 2 5. _ 2 2 7.2 5/ 4 11/ 274
o k;ds = 2/k555d5+5/k55k ds 3 ks ds 5 kik™ds.



6 T. MIURA AND G. WHEELER

Proof. The commutator for arc-length and time is given by
[8taas] = _Fk 85 )

where we recall F' = kg + %kg’. To illustrate how this is used, consider the evolution
of the tangent vector:

T = 0405
= (0%, Os]y + 050y
= —Fkr+ (—Fv)s
=-—F,v.
Similarly we find the evolution of the unit normal vector, the curvature vector,
curvature scalar, and the derivative of the curvature scalar:
vy = Fyr,
Kt = [Or, Os)T + 0s0¢T
= —Fkr+ (—Fsv)s
= —(Fys + FE*)v + Fikr,
ke = (K, v),
= —(Fus + FE?),
kst = [Or, O]k + kis
= —Fkk — (Fiss + Fk?),
= —(Fyss + Fik? + 3Fk k).
In addition, the evolution law of the arc-length measure ds is obtained as follows:

dSt _ <’7ut7/yu>du _ <(_FV)U«7’7U> du — —FMdU — deS,

[Vl |Vl Vul
Now we combine the above to find
d

o k2 ds = —2/(FSSS + F.k? + 3Fk.k)ky ds + /Fk% ds

= / (—2F, 55 — 2F,k? — 5Fkyk)ks ds .
Using F = k,s + $k% and integrating by parts yield
d
— [ k2ds = —2/k§ss ds+/(k3)sskss ds —2/ksssksk2 ds—/(k3)sksk2 ds

dt
2 5 274
_ 5/ksskskds - §/ksk ds.

Using (k)s = 3k%ks and (k?)ss = 3k?kss + 6k2k for the fourth and second terms,
respectively, and integrating by parts for the third term further imply

d
= kZds = —2/k§ss ds + 3/(kssk2 + 2k2k) ks ds + 2/kss(kssk2 + 2k2k) ds

11
—5/kssk§kds— 7/1@1& ds

11
- _2/k§SS ds+5/kfsk2 ds+5/kssk§kds— 7/k§k4ds.
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Integrating by parts for the third term via kssk? = (3k3), completes the proof. [

From now on we will often use the following L? and L*° Poincaré-Sobolev—
Wirtinger inequalities as in [28]:

Lemma 3.2. If f : S' = R has zero average f =0, then

3.1 2o 12 d 2 < Lyp e
(3.1) 1712 < g5 llfsllz and  [IF15 < ol fsll2-

This will typically be applied to the derivatives of k, or the average-free part
k—k.
To this end we apply the average-free/average decomposition to Lemma [B.1]

Lemma 3.3. Letv:S! x [0,00) — R? be a free elastic flow. Then

d [, 1 [, 13_4/ )
_ < = —
dt/ksds_ 8/ksssds 6k k; ds
_22#/(/;_%)@ ds+5/(k—E)2k§s ds+10E/(k—E)k§S ds .

Proof. Note first the following formulae that follow in a straightforward way by
using k = (k — k) + k:

5/k2kfs ds = 5/(k—E)2ka ds + 10%/(k—%)k§s ds+5E2/k§S ds,

11 11 _ _ _
—7//5%3 ds = == (k — k) k2 ds —22k/(k—k)3k§ ds

_ _ _ _ 11
— 33%" /(k — )2k ds — 22k /(k — )k ds — 31{4/1@ ds.
In addition, for ag,a; > 0,

_ _ 95
5k2/kfs ds = —5k2/ksssks ds < ao/kgss ds + 4—k4/k§ ds,
ag

_ — — - 11 -
—22l<:/(k —k)3k2ds < 22a1k:2 /(k: —k)*k2 ds + Sa. /(k —k)*k2ds.
a1
Now we apply the first two identities to the corresponding terms in Lemma B.1]
and further apply the last two estimates to deduce that
d 9 9 5 4 11 1 / =472
- < _(9_ _Z _ (1= _
= [ K2ds < —(2 ao)/ksssds 3/ksds 2(1 ) (k — %)1k2 ds

a1l

(33— 5[k — T)2K2 E_E_“/?
(33 — 22a1)k /(k %) ksds+(4a0 2)k k2 ds

— 2% /(k —B)k2ds+5 /(k —F)2k2, ds + 10%/(k — k)kZ ds.
15

Taking agp = 3 and a; = 1 and deleting some non-positive terms complete the
proof. 1

Remark 3.4. The above 1 is chosen just to reduce the number of terms; in fact,
there is essentially no need to take €1 because the term k [(k — k)3k2ds can be
absorbed into the first term under the smallness assumption imposed later. On the
other hand, the choice of ¢ is much more delicate, and even the numerical value is
important. Our subsequent arguments require not only g9 < 2 for making the first
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term negative, but also €9 > 22 to have the coefficient of I J k2 ds less than —3
(this will be used in the proof of Proposition B.9]).

Now we estimate (). The first task is to show that if it starts small enough,
it remains small for an estimable period of time. An important step toward this is
the following estimate.

Lemma 3.5. Let v :S! x [0,00) — R? be a free elastic flow. Then

d [, 1 5 1w + 5w 5 13—a [,
- [ ks < (5—8?5(1:)—7\/5( ))/ksssd s— ok /ksds.

273

In particular, at any t such that

e(t) < ew(w) := 82—7;3 (\/(110.}3 + 5w) + % — (11w® + 5w)>

d 1
/k2ds - / 2 gs 13 4/k§ds.
dt

Proof. We deduce from (B.1) that

we have

Ik = KI5 < ||k 13, ksl < 2||kSSH27 lesslZ < 2||kSSSH2
47 47

These can be used to estimate the last three terms in Lemma 3.5 For example, for
the first term,

3
_ 2 _
—22k3/(k k)k2d3<22( zw) 1k — Folloo| s |12

2w
<2 (%) L () el
11w?
= ——1/e(t ksss 3
Nord ()| sl
Similarly, for the second and third terms,
- - 5
5/(/€ =Rk, ds < 51k = KIS lksslf < 552 (®)llsssl3

20w — dw
k—k e o] kss 5 S
I = e} < 2
Applying the estimates to the result of Lemma yields

d 9 1 5 1w? + 5w 9
— < - == — - \/ .
dt /ks o = (8 8w3€(t) E(t)> VFoos 2

10%/(k — k)2, ds <

SSS||2 N

V23
Computing the positive root g of & — g2 z? — 11\“;2725”17 we find that if
V8m3 5
e(t) <mo = 5” <\/(11w3 +5w)% + s (11w® + 5w)> ,

then the prefactor of ||ksss|3 is bounded above by — 1. O
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Now we wish to study the flow under the specific geometric closeness condition
(3.2) e(t) < ex(w).

The first immediate impact of working in the smallness regime is that we can
obtain a sharp length estimate. Recall that the known length bound without any
smallness assumption is of the form

272
Elo]
The lower bound simply follows by the decreasing property of E(t) := E[y(-,t)],
and the estimate L(t)E(t) > 272 obtained by the Cauchy—Schwarz inequality and
Fenchel’s theorem. The upper bound is obtained by Dziuk—Kuwert—Schétzle [8]
(3.11)]. The above length estimate is quite rough at least for our purpose, as all

the known special solutions expand at rate ¢7. In the smallness regime, we can
drastically improve the estimate.

< L(t) < L(0) + C(E[0)) t.

Proposition 3.6. Let ¢ > 0. Let v : St x [0,00) — R? be a free elastic flow with
e(0) <o. Set T, :=inf{t > 0] e(t) > o} € [0,00]. Then, for allt € [0,Ty),

|L(t)* — L(0)* — 32wi7* t| < 0C(0,w)t,
where C (o,w) is a quadratic polynomial in \/o with positive coefficients.

Proof. Using k = (k — k) + k, we calculate

d
(L))

:4L3/dst
:—4L3/k§ds+2L3/k4ds

3 74 T\3T 7272 Ry A
= —4e(t) + 2L /((k—k) + 4k —F) T +6(k —F)%% +4(k — )k +k)ds

— _de(t) + 2L3/ (k= B)* + 40k — B + 6(k — FPR) ds + 32u'n*
Now we use (B]) to estimate the integral term:
222 /(k R4k~ FE 4 6(k — FYR ds|

< (2L3||k — k)% +8L%K| |k — K| oo + 12L3E2) /(k: —k)2ds

L* L L?
< (—||k5||§ + 16 L2wmy/ —||ks||2 + 48w27T2L) — / k2 ds
T 2 472
1 8w? 5
< (Ha(t) + = VD + 120 )s(t) .
Letting C(0,w) = 150 + 8:—32\/5 + 12w? and integrating gives
t t
—/ (44 Cle(d),w)) df < L(t)* — L(0)* - 32nt t < / Cle(f), w) di
0 0

Letting C' := C + 4 and using &(t) < o finishes the proof. O
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Remark 3.7. For an w-circle, equality is achieved for all time for ¢ = 0 and T,, = oco.
Not only that, it turns out that any flow with bounded e(¢) must have length growth
< %, and in addition if £(¢) remains small the length growth is exactly ~ t7.

We use the sharp length upper bound to obtain a life-span estimate for ensuring
the smallness of e(t). For positive constants 0 < € < o, we define d,(e,0) > 0 to be

the unique positive root of
3

P(t) = 5(1 + (UC'(U, w) + 32w47r4)t) R
that is,
1 o\
(3.3) 5.(e,0) = 8,(5,03w) = — (—) —1).
oC(o,w) + 32wim* \\¢
How this quantity emerges can be seen immediately in the following proof.

Lemma 3.8. Let 0 € (0,e.(w)]. Let v : S' x [0,00) — R? be a free elastic flow
satisfying €(0) < o. Then, for all t € [0, L(0)*6.((0), )],
e(t) <o < en(w).
Proof. Let T, := inf{t > 0 | e(t) > o} € (0,00]. It suffices to prove that T, >
L(0)*6,(£(0),0). Suppose on the contrary that T, < L(0)*5.(¢(0),0). By T, < oo
(and continuity), for all ¢ € [0,T,], we have ¢(t) < 0 < e,(w) and ¢(7,) = 0. By
Lemma B3] ||ks||? is decreasing on [0, T,] and thus, by Proposition 3.6l
L(t 3 R 3
£(t) < £(0) L((O)>3 < ¢(0) (1 + L(0) ™ (0C(0,w) + 32w47r)t) v

Letting t = T,, and using T, < L(0)*0.(¢(0), o) imply that

3
1

o< 5(1 + (oé(o,w) + 32w'r*) 6. (£(0), U)) ,
which contradicts the definition of d,(£(0), o). O

Finally we come to the most important estimate in this section.

Proposition 3.9. There exist positive constants €1,c1,co > 0 depending only w
with the following property: Let v : St x [0,00) — R? be a free elastic flow with
e(0) <ey. Let T, :=1inf{t > 0] e(t) > &1} € (0,00]. Define

o /@@

(ee

Q(t) < 9(0) (1 + ﬁ t) o

Proof. We calculate, by using the gradient flow structure £ E = —||F||3,
d

— [ k2ds 6/k§ds/F2ds

dt

(o) (5]

Then for t € [0,T,),

Q(t) =
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Suppose €1 < e.(w) for the moment (we will fix e; later), so that we may apply
Lemma B to find for ¢ € [0,7%,),

1 13-4
130" < 3 - g5 [ B ds = TR [12as) + olimIBIFIE.

Integration by parts implies

1 1
||F||§=/k§sds+/kssk3ds+1/k6dsg/kfsderZ/kﬁds.

Substituting this in yields the estimate

1 134
159 < 03 - g5 [ ds— TR [12as)
3
(3.0 + 6l [ K2 ds + Skl [ 0 ds.

We will now systematically use () to estimate the terms with a positive coefficient
and substitute the result back into (34)).
For the first term,

3e(t)
2 2 2
(3.5) N

Now for the second term we prepare for the estimate by performing the average-
free/average decomposition partially, on four powers of the integrand, to obtain

g /k6 ds — g /k2 (k=R 4k — FY’R + 6k — FYR 4+ 4(k — IR + &) ds
3

= 5/1&@-%)4 ds+6E/k2(k—E)3ds+9E2/k2(k—E)2 ds
+6E3/k2(k—E)ds+gE4/k2ds.

Now, to estimate each of these terms we use (B.I]) as in the proof of Lemma

3 _ 3 3

(3.6) §/k2(k—k)4d5 < §||k—k||§o||k||g < W52(f)||k||§=

3.7 6 [ K20k —F)*ds < 62T |k — FIP. (k112 = =2 % (o) k]2

(3.7) ( )°ds < LII [5 I ”2_\/%L45()” 2,
5 — 2w 2 — 18w?m

38 08 KR <9 (25 fle- B I < e I4IB.

3

_3 — 2w — 48w3m3

(3.9) 6k /k2(k—k)ds§6(T) Ik = Bl ||K]2 < mL4gz(t)||k||§.

For the last term, we can not estimate it; this must compete with our good term
as-is.
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Substituting E3)-B3) into B) gives

3e(t) ||l<:||2 /
E|5Q < — 2 k2. d
|| ||2Q — <2 27 16 sss A8

+(zraten + (5 - )R )Iw [z as

_ L—1<—325(? - %) /k2 ds
7T

+174(QUe) - ) kIR [ 2 s

where
3 5 6w s 9 48w3 3
r)=—2"+ x? 4+ 18w mx +
Q) 82 V2T V2T

For the first term, since LE > 272, we need e(t) < %w‘l for the coefficient of the
first term to be non-positive. For the second, it only depends on the polynomial Q)
(with w) and e(t).

We now fix &1 to be the minimum of e, (w), %w‘l, and the first positive root of
Q(z) — £ (2wm)*. Then

1
xr2.

3 _
k113" < — £ (16w ) L= I3] s 3
which implies
3 Lo R
Q(t) < Q(0) exp ( - 3(16w47r4)/ L(t)™ dt) .
0

So now use the optimal upper bound of length in Proposition [3.6] to find
1
0)4 + (1C(e1, w) + 32wint) t

3 3
—3(16w47r4)L_4(t) < —3(16w47r4)

 cL(0) +t

where we have set ¢; = 48w*n?/(5¢2) and ¢y = £1C + 32w, Therefore,
Q(t) < 9(0) exp ( — ¢y log (3 "L(0)* + ) + ¢1 log (cz_lL(O)4)> ,
which is equal to the assertion after rearrangement. O

Remark 3.10. The rate of decay c¢; is close to % for small £;. Since length grows
asymptotic to t'/4, we consider this to be very strong decay.

Then we will have preservation of [B.2)), and in fact £(t) — 0.

Corollary 3.11. There exists o € (0,1) depending only on w with the following
property: Let v : St x [0,00) — R? be a free elastic flow with £(0) < eg. Then for
all t € [0,00) we have e(t) < &1, and moreover

c(t) < e (1 + ﬁ) -

where c¢1,c3 > 0 depend only on w. In particular, (t) — 0 as t — oo.
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Proof. Using Proposition B9 and the average-free/average decomposition, we esti-
mate for ¢t C [0,T%,),

£(t) = L%||k|1SQ(t) < (@HW%QYQ(O) (1+Lt>_“

&2 L(0)
€1 2 9 3 C2 e

Furthermore, noting that Q(0) = % <z g)r)ﬁ, we obtain

8(0) €1 2 92 3 Co A
f < I 1+-24) .
“(0) = s (52 +2°7°) (14 L(0)"

Now, since d.(g,£1) 00 as € N\, 0, we can take small e5 € (0,¢1) depending only
on w such that

6476 \ 872 Ca
Since L(0)*d.(g2,e1) < L(0)*5.(£(0),e1) < T:, by Lemma B8 we have

e(L(0)46,(g2,21)) < €2,
e(t) < e for all t € [0, L(0)*5,(g2,21)].

1 3 di(e2,61) )
(€—1+2W27T2) (1+ (82 81)) < 17

€(0)<ey = {

This together with the uniform length lower bound L(t) > 272 E(0)~! ensures that
we can now recursively use this property to obtain for all ¢ € [0, 00),

E(t) S £1.

Hence T, = oo, so taking suitable c3 completes the proof. O

Therefore the scale-invariant curvature must approach a constant. An appro-
priate rescaling of the flow must approach a circle. In fact, Corollary B.I1] shows
already that ||k7[|3(t) = e(t) — 0 for the rescaled flow 7.

Remark 3.12. We also record the following sharp scale-invariant estimate:

L(t)E(t) < =) + 20?2,
82
The proof follows easily by using the definition of e(¢) and the average-free/average
decomposition. This estimate with in Proposition B.G] implies that at least if ()
remains small, then the elastic energy decays like E(t) < t=1. The exponent —% is

optimal in view of (2.

We continue our estimate to control the centre of the final circle. From now on
the lower bound part of the sharp length estimate in Proposition comes into
play. For this reason, taking smaller ¢ if necessary, we assume hereafter that

alé(sl,w) S 16w47r4,
so that the length lower bound also has a positive coefficient of ¢.

Proposition 3.13. Let v :S! x [0,00) — R? be a free elastic flow with £(0) < 3.
Then for some C > 0 depending on w and L(0),

||L(t)k('7t) - 2W7T||OO S C (1 _|_ t)761/2 ,
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and furthermore
8wind

[5G0 loo < CL41)7EF20 4
(L(O)4 + (32wint — £1C(e1,w)) t)

3/4

Proof. The first assertion follows from Corollary B.I1] with the simple estimate

— t
|k — 2wrlloe = Lk — Fllo < 1/ 2.
2

Similarly, using also Corollary [3.11]
IL(E)Pk( 1)l oo = |(Lk — LE)® + 3LE(LK — LE)? + 3Lk (Lk — LE) + L°% | s

< (e(t)/2m)% + 3(2wm)(e(t)/27) + 3(2wm)2(e(t)/27) % + (2wm)? .
< Ve(®)(e1/2m + 3(2wm)(VET/27) + 3(2wm)2(1/27)? ) + (2wr)?
<CA+t)"/2 480,573,

The lower length bound in Proposition B (for o = €1) with Corollary BI1] gives
L(t) ™3 < (L0)* + (32w*n? — £,C(e1,w)) 1) ~/4.

Combining the previous two estimates gives the result. (]

Lemma 3.14. Let v : S x [0,00) — R? be a free elastic flow with £(0) < 2. Then
for any integer m > 1,

[kgm||oo < C(1 4 t)~(mHiten)/a
where C' depends on m, w, L(0), and |[kgzm+13(0).

Proof. We apply Dziuk-Kuwert—Schétzle’s interpolation arguments (as in [8, (3.6),
(2.16)]) to deduce for all £ > 1,

d

o k2, ds+/k§m ds < Cyl|k||3710.

Using the curvature estimate ||k| o < CL™! and then the length estimate, we have
4 k2 ds < OL~ (9 < ¢ :
dt (L(0)* + (32wir? — £1C (g1, w)) t)(26+5)/4

(Here and hereafter C' will change line by line.) This implies

C
2 N —
/ksf ds < (1+t)eFD/4°

where C' depends additionally on L(0) and ||k ||3(0).
Now, combining the above estimates (for £ = 2m+1) with our previous estimates,
namely (B.0]), Proposition 3.6 (implying L* > C(1+1)), and Corollary B.I1l we find

L
Ve 56 < o [lame |3

L
< oo llKsllzllksemea]2

< CL_1/2E(t)1/2(1 + t)—(4m+3)/8
< O(1 + )Y A/AH/2)(—en)—(4m+3)/8

_ C(l + t)—(m+l+c1)/2
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as required. (I
Now we conclude with our desired convergence result.

Proof of Theorem[.d. Take € := ¢4 as in Corollary BIIl The curvature conver-
gence from Proposition B.I3] implies that the image 7(S,¢) is becoming closer to
an w-circle with radius ﬁ In addition, the convergence is smooth since Lemma
3141 with Proposition implies the decay of higher order derivatives of rescaled
curvature:

[ lloo = L™ lhgn [loe < C(1 48774 =5 0
as t — oo. Hence, the continuous translation

n(Sl,t)—/O n(s,t)ds

(recall L"(t) = 1) clearly has the claimed convergence property.
In order to do without the continuous translation, it is sufficient to prove that
the limit image is confined in the desired disk; that is,

1

lims < —.
1fiogpllﬁ( )]loo < T

We prove this by giving more estimates on the rescaled flow. From the evolution
equation, Proposition B13], and Lemma B.I4l (for m = 1), we have

) < b / FI(-

.1t o
< e+ [ Whll@r i+ 3 [ )
< [l (0) + C(A+ 1)1/ 4 C(1 4 )72/

16w3n3

+ =
32w47r4 — 810(51,w>

Multiplying through by 1/L and using Proposition B.6] we find
(1) < e (O)L(E) ™ + C(L+8)~ /4 C(1 4 1)/
16w3 (L(0)* + (32w — &1C(er,w)) )" = L(0)
32wint — e1C(e1,w) (L(0)4 + (32wirt — £1C(e1,w)) t)1/4

(L(0)* + (32wn* — &1C(er,w)) )/

— L(0)).

4

Therefore,

16w

1100 < e+ 10,

where f(t) — 0 as t — oco. This already gives an effective boundedness for 7.

Now we use the decay estimate for £(¢) in Corollary BT to redefine 1. More
precisely, applying the above argument to the new initial time ¢ = M, and also new
g1 = e1(M) such that e1 (M) — 0 as M — oo, we further have

16w373
0|t + M . + fu(t),
nIC )= St - e (M)C(e1 (M), w) mt)
where fys still has the property that fas(t) — 0 as t — oco. Taking ¢t — oo gives
16w3m3
32wirt — e (M)C(e1(M),w)

lim sup|[7(:,t)||oc = limsupl|n(-, ¢ + M)]|oc <
t—o00 t—o0
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and then taking M — oo implies

16w33 1

li D)o < 2T 2
ntfrisogplln(a Moo < 5553 = 5~

The proof is now complete. 0
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