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THE FREE ENERGY OF DIRAC’S VACUUM IN PURELY MAGNETIC

FIELDS

UMBERTO MORELLINI

Abstract. The QED vacuum is a non-linear polarisable medium rather than an empty
space. In this work, we present the first rigorous derivation of the one-loop effective
magnetic Lagrangian at positive temperature, a non-linear functional describing the free
energy of quantum vacuum in a classical magnetic field.
We start by properly defining the free energy functional using the Pauli-Villars regular-
isation technique in order to remove the worst ultraviolet divergence which represents
a well known issue of the theory. Then, we study the limit of slowly varying classical
magnetic fields. In this regime, we prove the convergence of this functional to the Euler-
Heisenberg formula with thermal corrections, by recovering the effective Lagrangian first
derived by Dittrich [16] in 1979.
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1. Introduction

The non-linear polarisable nature of the vacuum in quantum field theory has been
known for a long time [14, 22, 55]. In this framework, the classical action is replaced by
an effective action taking the quantum corrections into account while guaranteeing the
validity of the principle of least action. In quantum electrodynamics, a standard way to
get the effective action is by integrating out fermions in the path integral (see for instance
[47, Ch. 33]). In this manner, we obtain a functional of a classical electromagnetic field
treated as an external one. In [28], the authors derive in a rigorous way the effective
Lagrangian action for time-independent fields in the Coulomb gauge,

L (A) = −Fvac (eA)+e

∫

R3
(jext · A (x) − ρext (x) V (x)) dx+

1
8π

∫

R3

(
|E (x) |2 − |B (x) |2

)
dx,

where e is the elementary charge of an electron, A = (V, A) is a classical R4−valued elec-
tromagnetic potential with corresponding field F = (E, B) = (−∇V, curlA), and ρext and
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jext are given external charge and current densities. The corresponding Euler-Lagrange
equations are the classical linear Maxwell equations with non-linear and non-local correc-
tion terms. These quantum corrections are negligible in the everyday regime and they
start to be significant only for extremely large electromagnetic fields. The threshold above
which the electromagnetic field starts behaving in a non-linear way is known as Schwinger

limit and it is several orders of magnitude above what can be currently produced in a
laboratory (Ec ≃ 1018 V/m and Bc ≃ 109 T ). To give an idea, such an electric field would
accelerate a proton from rest to the maximum energy attained by protons at the Large
Hydron Collider in only approximately 5 micrometers. However, the detection of these
non-linear effects is still a very active area of experimental research [6, 43]. On the other
hand, it is known that such a magnetic field strength is attained on the surface of mag-
netars, that is neutron stars with really large magnetic field, where these terms play an
important role [2, 12, 40]. In particular, the observation of one of these effects has been
recently announced [23, 42].

The vacuum energy Fvac is a complicated non-local functional which suffers from ul-
traviolet divergences. In [28], the authors deal with them by using the Pauli-Villars reg-
ularisation method in order to give a rigorous definition of the functional. A simple and
useful approximation, very well known in the physics literature, consists in replacing the
complicated vacuum energy term Fvac by a superposition of local independent problems,
that is

Fvac ≃
∫

R3
fvac (eE (x) , eB (x)) dx, (1)

where fvac (eE, eB) is the energy per unit volume for a constant electromagnetic field
F = (E, B). The function fvac was first computed by Euler and Heisenberg [37] in 1936.
Some alternative derivations were then presented by Weisskopf [55] and Schwinger [48],
who introduced a largely renowned method in the physics literature known as proper time

method. Since the integrand in the Euler-Heisenberg formula [31, Formula 4] can have
poles on the real line, a proper definition needs to rotate the integration path into the
complex plane by replacing the integral variable s by s + iη and taking the limit η −→ 0
[48]. In this manner, the function fvac gains an exponentially small non-zero imaginary
part which was interpreted by Schwinger as the electron-positron pair production rate and
explains the instability of the vacuum [17][32, Paragraph 7.3]. Nevertheless, in the case of
a purely magnetic field, the Euler-Heisenberg formula is absolutely convergent and real, as
expected. For this reason, this situation has been deeply studied in the physics literature
[7, 51, 52, 41] and the function fvac can be simplified as follows:

fvac (0, eB) =
1

8π2

∫ ∞

0

e−sm2

s3

(
es|B| coth (es|B|) − 1 − e2s2|B|2

3

)
ds. (2)

In the non-perturbative physical examples above, the fields exist in a thermal bath
or in some non-equilibrium background which is very different from the vacuum. For
this reason, the study of finite temperature effects in quantum field theory attracted the
interest of many physicists in the past decades. In particular, several authors [38, 54, 18]
considered what happens when a system of elementary particles described by a quantum
field theory is heated. They found that symmetries which are spontaneously broken at
zero temperature (such as those of the weak interactions) may be restored at sufficiently
high temperatures, and calculated the critical temperature at which such a restoration
takes place. To do this kind of calculation, one needs to know the Feynman rules for
a field theory at finite temperature. For a non-gauge theory, these rules can be derived
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using well known methods [24]. However, for a gauge theory, a more powerful technique is
needed to cope with several new problems that arise [4]. In any case, the Feynman rules
at finite temperature T consists in the zero temperature rules with the following formal
replacements:

∫
d4p

(2π)4 =
i

β

∑

n

∫
d3p

(2π)3 ,

p0 = iωn, (3)

(2π)4 δ4 (p1 + p2 + . . .) =
β

i
(2π)3 δ (ωn1 + ωn2 + . . .) δ3 ( ~p1 + ~p2 + . . .) ,

where β = 1/T and

ωn =

{
2nπi

β for bosons,
(2n+1)πi

β for fermions.

In 1979, Dittrich studied thermal effects in quantum electrodynamics. In particular, in
[16], he calculates the one-loop effective potential at finite temperature for scalar and spinor
QED in the presence of a constant magnetic field, namely the Euler-Heisenberg Lagrangian
at positive temperature. In his work, he shows that the one-loop effective potential at
finite temperature represents - in the language of thermodynamics - the contribution of
the vacuum energy to the total free energy in presence of an external constant field.
By employing the proper time method and using the replacements (3), the following
Lagrangian at finite temperature is derived:

L (B, T ) =
(πi)1/2

4π2β

∫ ∞

0
e−ism2

(esB) cot (esB)
∞∑

n=−∞

eisω2
n

ds

s5/2
,

which is obviously an ill-defined function. Notice that the cotangent here can be explained
by a simple rotation of the integral domain in the imaginary plane as it will be discussed
later. This is a standard technique in the physics literature allowing to avoid the poles of
the integrand function. This explains also why the imaginary exponential appears in the
integral above. After some further manipulations, this formula can be expressed as

L (B, T ) = L0 (B) + LT (B, T ) , (4)

where L0 is the Euler-Heisenberg Lagrangian at null temperature given by (2) and the
term LT , containing all the thermal effects, is expressed as follows:

LT (B, T ) =
1

8π2

∫ ∞

0
e−ism2

(esB) cot (esB)
∑

n 6=0

(−1)n ei n2β2

4s
ds

s3
. (5)

This result can be related to well known findings of statistical thermodynamics, by study-
ing the case of massless fermions (and bosons). In order to do so, setting B = 0 and m = 0
in LT yields

LF (0, T ) =
2
3

7
120

π2k4T 4,

where LF stands for the fermionic choice of ωn and k is the Boltzmann constant. Thanks
to the following formula:

∫ ∞

0

x2n−1

ex + 1
dx =

(
1 − 21−2n

)
(2π)2n |B2n|

4n
,
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where Bn are the Bernoulli numbers, one can finally gets

LF (0, T ) =
2
3

1
π2

∫ ∞

0

x3

ex/kT + 1
dx,

which is the correct Fermi-Dirac distribution, confirming the coherence of these calcula-
tions within the statistical framework. Later, the thermal effective action for a constant
magnetic field [16, 19] has been generalised to arbitrary constant electromagnetic fields in
[20]. In other words, here the one-loop effective action for a constant electromagnetic field
[48] has been generalised to finite temperature and chemical potential.

It is now clear that the calculation of the effective action at positive temperature has
been an interesting physical question for some decades, particularly because the imaginary
part of the effective action is expected to give the vacuum decay rate and one would like
to understand the influence of the temperature on this rate. There have been several
attempts to generalise Schwinger’s proper time method to the finite temperature case
in order to determine the temperature dependent effective actions, leading to conflicting
results in the physics literature. The subtleties behind these results have to do with the
imposition of the anti-periodicity condition required at positive temperature as well as on
the finite temperature formalism used to carry out the calculation. We refer the interested
reader to [8], based on the previous papers [9, 10, 11], for more details about the argument.
We also refer the reader to [17, Chapter 3.5] for a complete review about QED at finite
temperature.

The aim of this paper is first of all to properly define the vacuum free energy FT
vac

of a quantised Dirac field at positive temperature T . Again, this quantity suffers from
divergences in the high energy regime which need to be regularised. In order to do so, we
use the Pauli-Villars technique as in [28].
In Section 2, we derive the model starting from the Hamiltonian of a second-quantised
fermionic field in a given electromagnetic potential A = (V, A). After obtaining the
vacuum energy, we then consider the associated vacuum free energy by introducing an
entropy term. The whole framework is discussed in detail and main results are presented.
In Section 3, the first part of Theorem 2.2 stating the well-posedness of the vacuum
free energy functional is proved. Then, thanks to additional gauge-invariant estimates,
we give a proof of the second part of the theorem providing the main properties of the
addressed functional and allowing us to extend it to the most natural function space for
this problem. In particular, we find replacements similar to (3) which need to be applied to
the null temperature setting [28, 31] in order to get the right calculations for the non-zero
temperature case. Due to these prescriptions, the integration by parts with respect to the
discretised variable does not hold anymore adding some additional technical difficulties to
this problem. Partly for this reason, we restrict our study to the purely magnetic case.
Moreover, Lemma 3.2 shows that we cannot expect an effect similar to the one shown in
[33] for the reduced Bogoliubov-Dirac-Fock (BDF) model, where the authors prove that
the thermal effects make the particles rearrange in the polarised Dirac sea in order to
completely screen the external potential. This is a classical phenomenon in the field of
non-relativistic fermionic plasma physics, known as Debye screening.
Later, in Section 4, we provide the first rigorous derivation of the purely magnetic Euler-
Heisenberg formula for the vacuum free energy at positive temperature, in the regime where
B is slowly varying in space. In this limit, we prove the convergence of the free energy to
the null temperature Euler-Heisenberg formula corrected by some thermal contributions,
by recovering a Pauli-Villars regularised effective Lagrangian which coincides with the one
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first derived by Dittrich [16] in 1979 (see (4) and (5)), up to some standard mathematical
manipulations needed so as to make the integral meaningful as it will be discussed in this
section. Even though the null temperature case has been rigorously studied in [31], to
the best of our knowledge the non-zero temperature problem has been treated only in the
physics literature. More specifically, we consider a magnetic field of the form B (εx) and
look at the limit ε −→ 0. Notice that in this context we get a strong magnetic potential
given by Aε (x) = ε−1A (εx). Nevertheless, this is not a source of additional difficulties
from a spectral point of view (see Lemma 2.1). Indeed, briefly speaking, the presence of
a purely magnetic field ensures us to keep the spectrum of the Dirac operator far apart
from zero without adding any additional hypothesis on the size of the potential (as we
would expect to do if an electric potential was turned on). In this regime, as stated in
Theorem 2.3 below, we recover an asymptotic Euler-Heisenberg formula for the vacuum
free energy of the following form:

FT
vac (0, eAε) ∼

ε−→0

∫

R3
fT

vac (0, eB (εx)) dx = ε−3
∫

R3
fT

vac (0, eB (x)) dx,

where fT
vac is a suitable function describing the free energy per unit volume.

2. Derivation of the model and main results

We want to define the free energy of QED vacuum at positive temperature. In order to
do so, we first consider a fermionic second-quantised field placed in a given electromagnetic
potential A = (V, A). The potential is kept fixed and we look for the ground state energy
of the Dirac field in the given A. The Hamiltonian of the field reads

H
eA =

1
2

∫

R3

(
Ψ∗ (x) DeA

m Ψ (x) − Ψ (x) DeA

m Ψ∗ (x)
)

dx, (6)

where Ψ (x) is the second-quantised field operator which can physically be interpreted
as the annihilation of an electron at x and mathematically is defined by means of the
following anticommutation relation:

Ψ∗ (x)σ Ψ (y)ν + Ψ (y)ν Ψ∗ (x)σ = 2δσ,νδ (x − y) .

Here 1 ≤ σ, ν ≤ 4 are the spin variables and Ψ (x)σ is an operator-valued distribution.
The Hamiltonian H

eA formally acts on the fermionic Fock space,

F = C ⊕
⊕

N≥1

N∧

1

L2
(
R

3,C4
)

,

and has the interesting property of being charge conjugation invariant,

CH
eAC−1 = H

−eA

(where C is the charge-conjugation operator in Fock space), when the integrand in (6) is
interpreted as follows:

Ψ∗ (x) DeA

m Ψ (x) − Ψ (x) DeA

m Ψ∗ (x)

=
4∑

µ,ν=1

(
Ψ∗ (x)µ

(
DeA

m

)
µ,ν

Ψ (x)ν − Ψ (x)µ

(
DeA

m

)
µ,ν

Ψ∗ (x)ν

)
.

In formula (6),
DeA

m = α · (−i∇ − eA) + eV + mβ
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is the electromagnetic Dirac operator acting on L2
(
R

3,C4
)
. We work in a system of units

such that the speed of light and Planck’s reduced constant are both set equal to one,
c = ~ = 1. The four Dirac matrices α = (α1, α2, α3) and β are given by

αk =
[

0 σk

σk 0

]
, β =

[
I2 0
0 I2

]
,

with Pauli matrices σ1, σ2 and σ3 defined as

σ1 =
[
0 1
1 0

]
, σ2 =

[
0 −i
i 0

]
, σ3 =

[
1 0
0 −1

]
.

The spectrum of the free Dirac operator is not bounded from below [50]. Indeed,

σ
(
D0

m

)
= (−∞ , −m] ∪ [m , ∞).

This led Dirac to postulate that the vacuum is filled with infinitely many virtual particles
occupying the negative energy states (Dirac sea) [13, 14, 15]. As a consequence, a real
free electron cannot be in a negative state due to the Pauli exclusion principle. Moreover,
Dirac conjectured the existence of "holes" in the Dirac sea interpreted as positrons, having
a positive charge and a positive energy. Dirac also predicted the phenomenon of vacuum
polarisation: in the case of an external electric field, the virtual electrons align their
charges with the field direction and the vacuum obtains a non-constant density of charge.
Actually the polarised vacuum modifies the electrostatic field and the virtual electrons
react to the corrected field. We refer the reader to [21] for a detailed review about the
difficulties arising from the negative part of the spectrum of the free Dirac operator.

Returning to the electromagnetic Dirac operator, it is natural then to introduce the
following Coulomb-gauge homogeneous Sobolev space:

Ḣ1
div

(
R

3
)

=
{

A = (V, A) ∈ L6
(
R

3,C4
) ∣∣∣ divA = 0 and F = (−∇V, curlA) ∈ L2

(
R

3,R6
)}

,

endowed with its norm

‖A‖2
Ḣ1

div
(R3)

= ‖∇V ‖2
L2(R3) + ‖curlA‖2

L2(R3) = ‖F ‖2
L2(R3).

The equation divA = 0 should be interpreted in a distributional sense. The assumption
on F being in L2

(
R

3
)

trivially means that the electromagnetic field has a finite energy,
∫

R3
|E|2 + |B|2 < ∞.

The proof of the following lemma, which recalls some spectral properties of the electro-
magnetic Dirac operator DeA

m , can be found in [28, Lemma 2.1]:

Lemma 2.1. Let m > 0.

(i) The operator DeA
m is self-adjoint and its essential spectrum is

σess

(
DeA

m

)
= (−∞ , −m] ∪ [m , ∞).

(ii) There exists a universal constant C such that, if ‖A‖Ḣ1
div

(R3) ≤ η
√

m, for some

number η < 1/C, then

σ
(
DeA

m

)
∩ (−m (1 − Cη) , (1 − Cη) m) = ∅.

(iii) Finally, if V = 0, then σ
(
DeA

m

)
∩ (−m , m) = ∅.
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The expectation value of the energy in any state in Fock space can be expressed as

〈HeA〉 = tr
[
DeA

m

(
γ − 1

2

)]
= E (γ) , (7)

where γ is the one-particle density matrix associated to a given state, namely

γ (x, y)σ,ν = 〈Ψ∗ (x)σ Ψ (y)ν〉.
The renormalised density matrix in (7) is a consequence of charge-conjugation invariance.
The interested reader can find more details in [35]. Since electrons are fermions, they obey
the Pauli exclusion principle, which implies that γ has to satisfy 0 ≤ γ ≤ 1 on L2

(
R

3,C4
)
.

On the other hand, any operator γ verifying 0 ≤ γ ≤ 1 arises formally from one state
in Fock space. Since the energy depends on the state of the electrons only through the
density matrix γ, we can reformulate our problem by focusing on the simpler operator γ
and the corresponding energy (7).

Recall that we are interested in finding the ground state of the vacuum at positive
temperature T , therefore we need to consider the following free energy:

F (γ) = E (γ) + T tr [S (γ)] , (8)

where
S (x) = x log x + (1 − x) log (1 − x) ,

and the minimisation of the free energy functional with respect to γ has to be addressed.
For atoms and molecules, we should add a charge constraint of the following form:

tr
(

γ − 1
2

)
= N.

In this section, we set the electric potential V to be equal to 0 and focus on the derivation of
Dirac’s vacuum free energy in an external magnetic field at positive temperature T . Thus,
we have not any other constraint than 0 ≤ γ ≤ 1. The reason of this choice will be clearer
in the following sections, but essentially working with a magnetic Dirac operator ensures
us to keep the spectrum far away from 0 without adding some additional hypothesis on
the size of the potential and allowing us to localise the energy to sets of fixed size. By [26,
Lemma 1.1], we know that the only critical point γ∗ of functional (8), which is also the
unique minimiser by convexity, is given by

γ∗ =
1

1 + eDeA
m /T

=
e−DeA

m /2T

2 cosh (DeA
m /2T )

, hence 1−γ∗ =
1

1 + e−DeA
m /T

=
eDeA

m /2T

2 cosh (DeA
m /2T )

.

Then, the corresponding value of the free energy formally is

F (γ∗) = tr
[
DeA

m

(
γ∗ − 1

2

)]
+ T tr [S (γ∗)]

= − 1
β

tr

[
log

(
2 cosh

βDeA
m

2

)]
= F (eA, β) . (9)

Of course this free energy is infinite except if our model is settled in a box with an
ultraviolet cut-off [35]. In order to give a clear mathematical meaning to (9), we proceed
as follows. First, we can subtract the (infinite) free energy of the free Dirac sea and define
the relative free energy as

Frel (eA, β) =
1
β

tr

[
log

(
2 cosh

βD0
m

2

)
− log

(
2 cosh

βDeA
m

2

)]
. (10)
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By subtracting an infinite constant, we do not formally change the variational problem
that we are interested in, so we also do not change the resulting equations. However, the
functional (10) is not well defined yet because of the well known ultraviolet divergence
of this theory. Indeed, the operator log

(
2 cosh

(
βD0

m/2
))

− log
(
2 cosh

(
βDeA

m /2
))

is not
trace class as long as A 6= 0. This can formally be seen by expanding the trace in a power
series of eA. As we will see later, the first order term vanishes and the second order term
is infinite as long as no ultraviolet cut-off is imposed.

It is then clear that a UV cut-off has to be imposed. The choice of this regularisation
is extremely important. As shown below, in the expansion of (10) as a power series of
eA, several terms vanish because of gauge invariance. This is an extra reason to preserve
the gauge symmetry, in addition to well known physical motivations. In [29], the authors
studied two ways of dealing with UV divergence in the purely electrostatic case, but both
of them would not work here because of their lack of gauge symmetry.

Here, we will use the regularisation technique introduced by Pauli and Villars [45] in
1949. Of course, this is not the only possible choice when gauge invariance has to be con-
served (see for instance [39] for an alternative approach). The Pauli-Villars method con-
sists in introducing J fictitious particles into the model with very high masses m1, . . . , mJ

playing the role of ultraviolet cut-offs. Indeed, note that m has the dimension of a mo-
mentum since in our system of units ~ = c = 1. The only role of these additional particles
is to regularise the model at high energies and they have not a physical meaning. Indeed,
these particles being really massive, they do not affect the low energy regime. In our
framework, the Pauli-Villars method consists in introducing the following energy func-
tional:

FPV (eA, β) =
1
β

tr




J∑

j=0

cj

(
log

(
2 cosh

βD0
mj

2

)
− log

(
2 cosh

βDeA
mj

2

))
 . (11)

Here, m0 = m and c0 = 1, and the coefficients cj and mj are chosen such that

J∑

j=0

cj =
J∑

j=0

cjm2
j = 0. (12)

It is well known in physics literature [45, 32, 5] that only two auxiliary fields are necessary
to fulfill these conditions, hence we shall take J = 2 in the rest of this work. In this case,
condition (12) is equivalent to

c1 =
m2

0 − m2
2

m2
2 − m2

1

and c2 =
m2

1 − m2
0

m2
2 − m2

1

.

We shall always assume that m0 < m1 < m2, which implies that c1 < 0 and c2 > 0. The
role of the constraint (12) is to remove the worst linear ultraviolet divergences. Indeed, the
Pauli-Villars regularisation does not avoid a logarithmic divergence when m1, m2 −→ ∞.
In order to better understand this, we can define the averaged ultraviolet cut-off Λ as

log
(
Λ2
)

= −
2∑

j=0

cj log
(
m2

j

)
. (13)

Of course, once the value of Λ is fixed, we cannot uniquely determine m1, m2. Practically
speaking, we usually choose the masses as functions of Λ such that the Pauli-Villars
coefficients c1, c2 stay bounded when Λ −→ ∞. As already mentioned, the logarithmic
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divergence in the averaged cut-off Λ can explicitly be seen in the second order term in the
expansion which will be studied in detail in the sequel of this work. A renormalisation of
the elementary charge e is necessary in order to remove this remaining divergence, but we
will not address this problem here.

Now, for technical reasons, that is to make our computations simpler, we would like
to rewrite the Pauli-Villars-regularised free energy functional (11) in an integral form. In
order to do so, we derive (11) with respect to β by getting:

∂

∂β
(βFPV (eA, β)) =

1
2

tr




2∑

j=0

cj

(
D0

mj
tanh

βD0
mj

2
− DeA

mj
tanh

βDeA
mj

2

)
 ,

which implies

FPV (eA, β) =
1

2β

∫ β

0
tr




2∑

j=0

cj

(
D0

mj
tanh

bD0
mj

2
− DeA

mj
tanh

bDeA
mj

2

)
 db. (14)

Notice that thanks to conditions (12) the value of FPV goes to zero as β goes to zero. Let
us remark that in the following the elementary charge e will be set to be equal to 1.

We can now state one the main results of this paper stating the well-posedness of the
PV-regularised free energy functional FPV and giving its properties. The proof of this
theorem will be given in Section 3.

Theorem 2.2. Assume that cj and mj satisfy

c0 = 1, m2 > m1 > m0 > 0 and

2∑

j=0

cj =
2∑

j=0

cjm2
j = 0.

Let

TA (β) =
1
2

2∑

j=0

cj

(
D0

mj
tanh

βD0
mj

2
− DA

mj
tanh

βDA
mj

2

)
.

(i) For any A ∈ L1
(
R

3,R3
)

∩ Ḣ1
div

(
R

3
)
, the operator trC4 TA (β) is trace class on

L2
(
R

3,C
)
, well defined with respect to β and bounded in a neighbourhood of β = 0.

In particular, FPV (A, β) is well defined in this case by

FPV (A, β) =
1
β

∫ β

0
tr (trC4 TA (b)) db.

(ii) Let A ∈ L1
(
R

3,R3
)

∩ Ḣ1
div

(
R

3
)
. We have

FPV (A, β) = FPV,2 (B, β) + R (A, β) ,

where B = curlA. The functional R is of class C∞ on Ḣ1
div

(
R

3
)

and there exists

a universal constant κ = κ (β) such that

|R (A, β)| ≤ κ






2∑

j=0

|cj|
mj


 ‖B‖4

L2(R3) +




2∑

j=0

|cj |
m2

j


 ‖B‖6

L2(R3)


 . (15)

The functional FPV,2 is the nonnegative and bounded quadratic form on L2
(
R

3,R3
)

given by

FPV,2 (B, β) =
1

8π

∫

R3

(
M0 (q) + MT (q, β)

) ∣∣∣B̂ (q)
∣∣∣
2

dq,
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with

M0 (q) = − 2
π

∫ 1

0

2∑

j=0

cj log
(
m2

j + u (1 − u) q2
)

u (1 − u) du

and

MT (q, β) = − 8
π

∫ 1

0

∫ ∞

0

2∑

j=0

cj

[
1

1 + e−Xj(β,u,q) cosh t
+

1
Xj (β, u, q) cosh t

(2 log 2

− log
((

eXj(β,u,q) cosh t + 1
) (

e−Xj(β,u,q) cosh t + 1
)))]

dt u (1 − u) du,

where Xj (b, u, q) = b
√

m2
j + u (1 − u) q2 for j = 0, 1, 2.

Indeed, the function M0 is well defined and positive on R
3, and satisfies

0 < M0 (q) ≤ M0 (0) =
2 log Λ

3π
, (16)

where Λ is defined by (13). Moreover, MT is well defined, bounded and such that

M0 (q) + MT (q, β) ≥ 0. (17)

In particular, the functional FPV can be uniquely extended to a continuous mapping

on Ḣ1
div

(
R

3
)
.

The function M0 describes the linear response of the Dirac sea at zero temperature and
is very well known in physics literature [32, Eq. (5.39)]. From a mathematical point of
view, it has been proved in [28] that

lim
Λ−→∞

(
2 log Λ

3π
− M0 (q)

)
= U (q) :=

|q|2
4π

∫ 1

0

z2 − z4/3

1 + |q|2 (1 − z2) /4
dz,

where the function U in the right-hand side was first computed by Serber [49] and Uehling
[53]. The same function appears in previous mathematical works studying the purely
electrostatic case [36, 34, 30]. As already mentioned, the Pauli-Villars regularisation allows
us to remove only the worst linear ultraviolet divergence. Indeed, the second order term
is still logarithmically divergent in the high frequencies domain because of M0, as shown
in (16). On the other hand, MT is the contribution at finite temperature T to the linear
response of Dirac’s vacuum. Estimate (17) guarantees FPV to be a well defined energy
functional from both a mathematical and a physical point of view. For all of these reasons,
Theorem 2.2 is the equivalent of [28, Theorem 2.1] at positive temperature T and will be
discussed much more in detail in Section 3.

The boundedness of the second order term FPV,2 and of the remainder R allows us to
uniquely extend the PV-regularised free energy functional to the whole space Ḣ1

div

(
R

3
)
.

This property is important for the second main result of this work, which derives an Euler-
Heisenberg formula for the vacuum free energy starting from the PV-regularised free energy
functional, in the regime of slowly varying purely magnetic fields. Thus, we consider a
scaled magnetic field of the form Bε (x) = B (εx), with a given B = curlA ∈ L2

(
R

3
)

and
A ∈ Ḣ1

div

(
R

3
)
. The following theorem requires a bit more regularity:

Theorem 2.3. Let B ∈ C0
(
R

3,R3
)

be such that divB = 0,

B ∈ L1
(
R

3
)

∩ L∞
(
R

3
)

, ∇B ∈ L1
(
R

3
)

∩ L6
(
R

3
)

, (18)
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and let A be the associated magnetic potential in Ḣ1
div

(
R

3
)
. Let Aε (x) = ε−1A (εx). Then,

ε3FPV (Aε, β) =
∫

R3

(
f0

PV (|B (x)|) + fT
PV (|B (x)| , β)

)
dx + O(ε) ,

where

f0
PV (a) =

1
8π2

∫ ∞

0




2∑

j=0

cje
−sm2

j


 (sa coth (sa) − 1)

ds

s3

and

fT
PV (a, β) =

1
4π2

∫ ∞

0

2∑

j=0

cje
−sm2

j (s |B| coth (s |B|) − 1)
∞∑

n=1

(−1)n e−
β2n2

4s
ds

s3
. (19)

The function f0
PV is the well known Euler-Heisenberg energy function at null temperat-

ure, which has been introduced for the first time in [37]. Actually, the authors here derive
a concave-decreasing and negative function given by (2) and diverging faster than |B|2 at
infinity. For this reason, the total energy of the system, given in the limit by an effective
local Lagrangian, is unbounded from below and the model is unstable. Then, the same
function has been mathematically studied in the same regime of slowly varying purely
magnetic fields in [31], where the authors derive a non-negative Euler-Heisenberg energy
function which guarantees the corresponding model to be stable. Moreover, they find out
that the instability of the previous Lagrangian was due to the charge renormalisation [31,
Section 2.3]. On the other hand, the function fT

PV is the non-zero temperature contribution
to the total Euler-Heisenberg energy function. To our knowledge, this is the first rigorous
derivation of this term, which can be found in physics literature in [16] and [17, Equa-
tion (3.162)]. Notice that actually Eq. (19) is slightly different from Eq. (5) appearing in
[16]. Indeed, the thermal Euler-Heisenberg formula found in the physics literature is not a
well defined object because of the well known ultraviolet divergence in QED. As previously
explained, here we deal with this issue by using the Pauli-Villars regularisation technique.
In our framework, it correponds to the appearance of the sum in j and consequently of
the masses mj’s. Moreover, the cotangent in (5) makes the integral obviously ill-defined
due to its infinitely many poles. The concurrent presence of the imaginary exponential
suggests to rotate the integration path in order to replace the cotangent by the hyperbolic
cotangent by getting a formula closer to ours. This procedure is standard in the physics
literature, but of course should be carefully justified from a mathematical point of view.
The proof of Theorem 2.3 can be found in Section 4.

3. Rigorous definition of the PV-regularised free energy functional

3.1. Integrable magnetic potentials: proof of the first part of Theorem 2.2. Our
starting point is the following formula:

x tanh x =
∑

k∈Z

4x2

(2k − 1)2 π2 + 4x2
(20)

=
1
2

∑

k∈Z

(
2 − i (2k − 1) π

2x + i (2k − 1) π
+

i (2k − 1) π

2x − i (2k − 1) π

)
. (21)
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When S is a self-adjoint operator on L2
(
R

3,R4
)
, with domain D (S), it follows from (21)

using standard functional calculus [46] that the hyberbolic tangent tanh S of S is given by

S tanh S =
1
2

∑

k∈Z

(
2 − i (2k − 1) π

2S + i (2k − 1) π
+

i (2k − 1) π

2S − i (2k − 1) π

)
.

Notice that this series is convergent when seen as an operator from D
(
S2
)

to the ambient
Hilbert space. Indeed,
∥∥∥∥∥

4S2

4S2 + (2k − 1)2 π2

∥∥∥∥∥
D(S2)−→L2(R3,R4)

≤ min{1, ((2k − 1) π)−2
∥∥∥4S2

∥∥∥
D(S2)−→L2(R3,R4)

}.

Since the domain of
(
D0

mj

)2
and

(
DA

mj

)2
are both equal to H2

(
R

3,C4
)
, we can write

TA (β) =
1

2β

∑

k∈Z

2∑

j=0

cj

(
iω (k, β)

DA
mj

+ iω (k, β)
− iω (k, β)

DA
mj

− iω (k, β)

− iω (k, β)
D0

mj
+ iω (k, β)

+
iω (k, β)

D0
mj

− iω (k, β)

)
, (22)

on H2
(
R

3,C4
)
, where

ω (k, β) =
(2k − 1) π

β
.

Lemma 2.1 guarantees us that 0 is not an eigenvalue of the magnetic Dirac operator DA
m.

In any case, this would not have been a problem since ω (k, β) 6= 0, ∀k ∈ Z.
In order to prove the theorem, we want to prove that the C

4−trace of the series in the
right-hand side of (22) defines a trace class operator whose Schatten norm can be estimated
according to the following equality:

∑

k∈Z

∥∥∥∥∥∥

2∑

j=0

cj trC4

(
iω (k, β)

DA
mj

+ iω (k, β)
− iω (k, β)

DA
mj

− iω (k, β)

− iω (k, β)
D0

mj
+ iω (k, β)

+
iω (k, β)

D0
mj

− iω (k, β)

)∥∥∥∥∥
S1

= O(β) ,

as β −→ 0, which can be proved when A ∈ L1
(
R

3,R3
)

∩ H1
(
R

3,R3
)
.

We just need to derive estimates in Schatten spaces of the operator

R (ω (k, β) , A) =
2∑

j=0

cj trC4

(
iω (k, β)

DA
mj

+ iω (k, β)
− iω (k, β)

DA
mj

− iω (k, β)

− iω (k, β)
D0

mj
+ iω (k, β)

+
iω (k, β)

D0
mj

− iω (k, β)

)
,

which we can then sum with respect to k ∈ Z. To this end, by using the resolvent formula

iω (k, β)
DA

mj
+ iω (k, β)

− iω (k, β)
D0

mj
+ iω (k, β)

=
iω (k, β)

DA
mj

+ iω (k, β)
(α · A)

1
D0

mj
+ iω (k, β)
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and iterating it six times, we get

R (ω (k, β) , A) =
5∑

n=1

trC4 (Rn (ω (k, β) , A) + Rn (−ω (k, β) , A))

+ trC4

(
R′

6 (ω (k, β) , A) + R′
6 (−ω (k, β) , A)

)
,

with

Rn (ω (k, β) , A) =
2∑

j=0

cj
iω (k, β)

D0
mj

+ iω (k, β)

(
(α · A)

1
D0

mj
+ iω (k, β)

)n

(23)

and

R′
6 (ω (k, β) , A) =

2∑

j=0

cj
iω (k, β)

DA
mj

+ iω (k, β)

(
(α · A)

1
D0

mj
+ iω (k, β)

)6

. (24)

Basically, by replacing the integral with respect to ω with the series with respect to k, the
same proof as in [28, Theorem 2.1] holds giving that

∑

k∈Z




5∑

j=1

‖trC4 (Rn (ω (k, β) , A) + Rn (−ω (k, β) , A))‖
S1

+
∥∥trC4

(
R′

6 (ω (k, β) , A) + R′
6 (−ω (k, β) , A)

)∥∥
S1

)
= O(β) ,

as β −→ 0. �

3.2. Gauge-invariant estimates. In Section 3.1, we showed that the operator

trC4 TA (β) =
1
2

2∑

j=0

cj trC4

(
D0

mj
tanh

βD0
mj

2
− DA

mj
tanh

βDA
mj

2

)

is trace class when the magnetic potential A decays fast enough, namely when A ∈
L1
(
R

3,R3
)

∩ Ḣ1
div

(
R

3
)
. More precisely, in the proof of the first part of Theorem 2.2,

we write

TA (β) =
5∑

n=1

Tn (A, β) + T ′
6 (A, β) =

1
2β

5∑

n=1

∑

k∈Z

(Rn (ω (k, β) , A) + Rn (−ω (k, β) , A))

+
1

2β

∑

k∈Z

(
R′

6 (ω (k, β) , A) + R′
6 (−ω (k, β) , A)

)
,

with Rn, R′
6 given by (23) and (24), and we prove that the operators trC4 Tn (A, β) and

trC4 T ′
6 (A, β) are trace class. Nevertheless, our estimates involve non gauge-invariant

quantities (some Lp norms of A) and they require that A decays fast enough at infinity.
We are interested in estimates which involve only the norm ‖curlA‖L2 .
First of all, let us state the following lemma which says that the trace of the odd order
operators trC4 T1 (A, β), trC4 T3 (A, β) and trC4 T5 (A, β) vanishes. This is a consequence
of the charge-conjugation invariance which is usually known as Furry’s theorem in the
physics literature (see [25] and [32, Sec. 4.1]).
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Lemma 3.1. For A ∈ L1
(
R

3,R3
)

∩ Ḣ1
div

(
R

3
)

and n = 1, 3, 5, we have

1
β

∫ β

0
tr (trC4 Tn (A, b)) db

=
1

2β

∫ β

0

∑

k∈Z

tr (trC4 (Rn (ω (k, b) , A) + Rn (−ω (k, b) , A)))
db

b
= 0.

Proof. The proof is the same as in [28, Lemma 4.1]. �

We now compute exactly the second order term FPV,2 associated to the term T2 (A, β)
appearing in the decomposition of TA (β), assuming that A ∈ H1

(
R

3
)

and divA = 0.

Lemma 3.2. For A ∈ L2
(
R

3,R3
)

∩ Ḣ1
div

(
R

3
)
, we have

1
β

∫ β

0
tr (trC4 T2 (A, b)) db =

1
8π

∫

R3

(
M0 (q) + MT (q, β)

) ∣∣∣B̂ (q)
∣∣∣
2

dq = FPV,2 (B, β) ,

(25)
with

M0 (q) = − 2
π

∫ 1

0

2∑

j=0

cj log
(
m2

j + u (1 − u) q2
)

u (1 − u) du (26)

and

MT (q, β) = − 8
π

∫ 1

0

∫ ∞

0

2∑

j=0

cj

[
1

1 + e−Xj(β,u,q) cosh t
+

1
Xj (β, u, q) cosh t

(2 log 2

− log
((

eXj(β,u,q) cosh t + 1
) (

e−Xj(β,u,q) cosh t + 1
)))]

dt u (1 − u) du, (27)

where Xj (b, u, q) = b
√

m2
j + u (1 − u) q2 for j = 0, 1, 2.

The function M0 in formula (25) is the dielectric response of Dirac’s vacuum at zero
temperature which has already been rigorously computed in [28, Formula (2.21)] and is
well known in physics literature [32, Eq. (5.39)]. On the other hand, MT defined in (27)
is the contribution at finite temperature T to the dielectric response of Dirac’s vacuum.
Notice that the integral with respect to t in (27) is perfectly defined and converges for
q = 0, namely MT is bounded in a neighborhood of q = 0. This means that we cannot
expect an effect similar to the one shown in [33] for the reduced BDF model, where the
authors prove that due to the positive temperature the particles in the polarised Dirac
sea rearrange themselves so as to completely screen the external potential. As already
mentioned, this phenomenon is known as Debye screening in non-relativistic fermionic
plasma physics. After all, this could be explained by the nature of the magnetic field
which basically acts on charged particles by confining them in a space region rather than
attracting or repelling them.

Proof. First of all, in order to include a finite temperature notice that we simply have to
make the following formal replacements:

1
4π

∫

R

dω −→ 1
2β

∑

k∈Z

,

ω ∈ R −→ ω (k, β) =
(2k − 1) π

β
, k ∈ Z,
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where β = 1/T ∈ (0 , ∞), and then to consider the averaged primitive function with
respect to β of each term in the expansion. By keeping this prescription in mind, the
same computations as in the proof of [28, Lemma 4.2] yields

tr (trC4 T2 (A, β)) =
∫

R3
G (q, β)

∣∣∣Â (q)
∣∣∣
2

dq,

with

G (q, β) =
1

βπ3

∫

R3

∑

k∈Z

2∑

j=0

cj
(p · q) ω (k, β)2

(
p2 + m2

j + ω (k, β)2
)2 (

(p − q)2 + m2
j + ω (k, β)2

) dp.

We then use the identity (see [32, Chap. 5])

1
a2b

=
∫ 1

0

(∫ ∞

0
s2e−s(ua+(1−u)b) ds

)
u du

to rewrite

G (q, β) =
1

βπ3

∫ 1

0

∫ ∞

0

2∑

j=0

cje−s(m2
j +(1−u)q2)s2 ds u du

∫

R3
(p · q) e−s(p2−2(1−u)p·q) dp

×

∑

k∈Z

e−sω(k,β)2

ω (k, β)2


 .

This is justified by conditions (12) which allow us to apply Fubini’s theorem to recombine
the integrals. Since

∑

k∈Z

e−sω(k,β)2

ω (k, β)2 =
∑

k∈Z

e
−s 4π2

β2 (k− 1
2)2 4π2

β2

(
k − 1

2

)2

= − d
ds

θ2

(
0,

4πis

β2

)
,

where θ2 is a Jacobi theta function defined by

θ2 (z, τ) = eiτ π
4

+iπzθ

(
z +

τ

2
, τ

)
=

+∞∑

n=−∞

eiπz(2n+1)eiπτ(n+ 1
2 )2

, (28)

with

θ (z, τ) =
+∞∑

n=−∞

e2πinz+πin2τ

(to our knowledge, it does not exist an unambiguous definition in the literature, see [1,
Chap. 16] and [3] for example), and

∫

R3
(p · q) e−s(p2−2(1−u)p·q) dp = q · ∇x

(∫

R3
ep·x−sp2+2s(1−u)p·q dp

) ∣∣∣∣
x=0

=
(

π

s

)3/2

(1 − u) q2es(1−u)2q2
,

we get

G (q, β) = − q2

βπ3/2

∫ 1

0

∫ ∞

0

2∑

j=0

cj

(
d
ds

θ2

(
0,

4πis

β2

))
s1/2e−s(m2

j +u(1−u)q2) ds u (1 − u) du.

(29)
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By integrating by parts, we then have

G (q, β) =
q2

βπ3/2

∫ 1

0

∫ ∞

0

2∑

j=0

cjθ2

(
0,

4πis

β2

)
e−s(m2

j +u(1−u)q2)

×
(

1
2s1/2

− s1/2
(
m2

j + u (1 − u) q2
))

ds u (1 − u) du.

We now want to properly normalise the function G (q) so as to reproduce the dielectric
response of Dirac’s vacuum at null temperature when T goes to zero. As shown by Dittrich
in [16], this can be done by extracting the n = 0 term in the series defining the function
θ2 above:

θ2

(
0,

4πis

β2

)
=
∑

n∈Z

e
−s 4π2

β2 (n− 1
2)2

=
(

1
πs

)1/2 β

2


1 +

∑

n 6=0

e−
β2

4s
n2

e−iπn


 , (30)

where in the second equality we first use Poisson summation formula [3, Formula 6.5] and
then extract the n = 0 term. Thus, our result can be expressed so far as

G (q, β) = G0 (q) + GT (q, β) ,

where

G0 (q) =
q2

2π2

∫ 1

0

∫ ∞

0

2∑

j=0

cje−s(m2
j +u(1−u)q2)

(
1
2s

−
(
m2

j + u (1 − u) q2
))

ds u (1 − u) du

is the null temperature term, and

GT (q, β) =
q2

βπ3/2

∫ 1

0

∫ ∞

0

2∑

j=0

cj

(
θ2

(
0,

4πis

β2

)
−
(

1
πs

)1/2 β

2

)
e−s(m2

j +u(1−u)q2)

×
(

1
2s1/2

− s1/2
(
m2

j + u (1 − u) q2
))

ds u (1 − u) du

contains the non-zero temperature contribution. Let us now focus on the function G0. By
integrating by parts and again thanks to conditions (12), we have

∫ ∞

0

2∑

j=0

cje−s(m2
j +u(1−u)q2)s−1 ds

=
∫ ∞

0

2∑

j=0

cj log (s) e−s(m2
j +u(1−u)q2)

(
m2

j + u (1 − u) q2
)

ds.

The change of variables σ = s
(
m2

j + u (1 − u) q2
)

yields

∫ ∞

0

2∑

j=0

cje−s(m2
j +u(1−u)q2)s−1 ds =

∫ ∞

0

2∑

j=0

cj log

(
σ

m2
j + u (1 − u) q2

)
e−σ dσ

= −
2∑

j=0

cj log
(
m2

j + u (1 − u) q2
)

,
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and ∫ 1

0

∫ ∞

0

2∑

j=0

cje−σ dσ u (1 − u) du = −
∫ 1

0

2∑

j=0

cju (1 − u) du = 0,

thanks to conditions (12). Finally, we get

G0 (q) = − q2

4π2

∫ 1

0

2∑

j=0

cj log
(
m2

j + u (1 − u) q2
)

u (1 − u) du =
q2

8π
M0 (q) .

Let us now focus on GT which can be written as follows:

GT (q, β) =
q2

2π2

∑

n 6=0

(−1)n
∫ 1

0

∫ ∞

0

2∑

j=0

cje−s(m2
j +u(1−u)q2)−

β2n2

4
1
s

×
(

1
2s

−
(
m2

j + u (1 − u) q2
))

ds u (1 − u) du

We then use the identity (see [27, Formulas (3.324(1)) and (3.471(9))])
∫ ∞

0
xν−1 exp

(
−α

1
x

− γx

)
dx = 2

(
α

γ

)ν/2

Kν
(
2
√

αν
)

, Reβ, Reγ > 0,

to compute
∫ ∞

0

2∑

j=0

cj
1
2s

e−s(m2
j +u(1−u)q2)−

β2n2

4
1
s ds =

2∑

j=0

cjK0

(
βn
√

m2
j + u (1 − u) q2

)

and
∫ ∞

0

2∑

j=0

cje−s(m2
j +u(1−u)q2)−

β2n2

4
1
s

(
m2

j + u (1 − u) q2
)

ds

=
2∑

j=0

cjβn
√

m2
j + u (1 − u) q2K1

(
βn
√

m2
j + u (1 − u) q2

)
,

where K0 and K1 are modified Bessel functions of second kind [1, Chap. 9]. Finally, by
using the parity of Bessel functions, we get:

GT (q, β) =
q2

π2

∞∑

n=1

(−1)n
∫ 1

0

2∑

j=0

cj

[
K0

(
βn
√

m2
j + u (1 − u) q2

)

−βn
√

m2
j + u (1 − u) q2K1

(
βn
√

m2
j + u (1 − u) q2

)]
u (1 − u) du.

Now, by using the Sommerfeld integral representation [44, pp. 328] for Bessel functions of
second kind,

Kν (x) =
∫ ∞

0
e−x cosh t cosh (νt) dt, x > 0,

and by rearranging the integrals and the series thanks to conditions (12), we get

GT (q, β) =
q2

π2

∫ 1

0

∫ ∞

0

2∑

j=0

∞∑

n=1

(−1)n cj

(
e−nXj(β,u,q) cosh t

−nXj (β, u, q) cosh t e−nXj(β,u,q) cosh t
)

dt u (1 − u) du,
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where Xj (β, u, q) = β
√

m2
j + u (1 − u) q2 for j = 0, 1, 2. Finally, the identities

∞∑

n=1

(
−e−Xj(β,u,q) cosh t

)n
= − e−Xj(β,u,q) cosh t

1 + e−Xj(β,u,q) cosh t

and
∞∑

n=1

nXj (β, u, q) cosh t
(
−e−Xj(β,u,q) cosh t

)n

= Xj (β, u, q) cosh t e−Xj(β,u,q) cosh t d
dy

y

1 + y

∣∣∣∣
y=e−Xj(β,u,q) cosh t

= Xj (β, u, q) cosh t
e−Xj(β,u,q) cosh t

(
1 + e−Xj(β,u,q) cosh t

)2

yield

GT (q, β) = − q2

π2

∫ 1

0

∫ ∞

0

2∑

j=0

cj

e−Xj(β,u,q) cosh t
(
1 + Xj (β, u, q) cosh t + e−Xj(β,u,q) cosh t

)

(
1 + e−Xj(β,u,q) cosh t

)2

× dt u (1 − u) du. (31)

Now,

1
β

∫ β

0
GT (q, b) db = − q2

π2

∫ 1

0

∫ ∞

0

1
β

∫ β

0

2∑

j=0

cje−Xj(β,u,q) cosh t

×

(
1 + Xj (β, u, q) cosh t + e−Xj(β,u,q) cosh t

)

(
1 + e−Xj(β,u,q) cosh t

)2 dt u (1 − u) du

and integrating with respect to β we get

1
β

∫ β

0
GT (q, b) db = − q2

π2

∫ 1

0

∫ ∞

0

2∑

j=0

cj

[
1

1 + e−Xj(β,u,q) cosh t
+

1
Xj (β, u, q) cosh t

(2 log 2

− log
((

eXj(β,u,q) cosh t + 1
) (

e−Xj(β,u,q) cosh t + 1
)))]

dt u (1 − u) du.

Remarking that
1
β

∫ β

0
GT (q, b) db =

q2

8π
MT (q, β) ,

allows us to conclude the proof. �

Remark 3.3. Notice that by (30) it is easy to see that GT goes to zero as T goes to zero,
or equivalently β goes to infinity, so as to recover the well known formula for the dielectric
response of Dirac’s vacuum at null temperature [28, Lemma 4.2]. ⋄
Remark 3.4. In our framework, by doing the same calculations with an electric potential
V , we get a different function G since the beginning. By looking at the limit of this
function as β goes to infinity and replacing the Riemann sum by an integral, we recover
the same result found in [28, Formula (4.16)] in the null temperature case. ⋄
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Remark 3.5. In order to convince the reader that our framework is coherent with what the
authors have done in [33], let us come back to the functional F defined in (9). In presence
of a purely electrostatic potential, instead of applying the Pauli-Villars regularisation
technique, we could introduce a sharp cut-off by replacing the trace over the whole space by
a trace in the space of operators acting on functions whose Fourier transform is compactly
supported in a ball of radius Λ,

FΛ (V, β) = − 1
β

trΛ

[
log

(
2 cosh

βDV
m

2

)]
.

By adding the infinite constant (1/β) trΛ

[
log

(
2 cosh βD0

m/2
)]

, we get a cut-off-regularised
free energy functional. The Λ−trace results in integrals over B (0, Λ) in the momentum
space and our calculations reduce to the ones in [33]. Thus, at non-zero temperature we
get a response of Dirac’s vacuum to the magnetic field different from the one to the electric
potential, whereas it is known to be the same at null temperature. This explains once
more why an effect similar to the Debye screening appears only in presence of an electric
field. ⋄

In order to complete the study of the second order term, the following lemma states the
main properties of the non-zero temperature contribution MT to the response function:

Lemma 3.6. The function MT given by (27) is well defined, bounded and such that

M0 (q) + MT (q, β) ≥ 0,

where M0 is given by (26).

Proof. We start remarking that MT can be rewritten by means of Eq. (31) as:

MT (q, β) = − 8
πβ

∫ 1

0

∫ ∞

0

∫ β

0

2∑

j=0

cj

e−Xj(b,u,q) cosh t
(
1 + Xj (b, u, q) cosh t + e−Xj(b,u,q) cosh t

)

(
1 + e−Xj(b,u,q) cosh t

)2

× db dt u (1 − u) du,

where Xj (b, u, q) = b
√

m2
j + u (1 − u) q2 for j = 0, 1, 2. Every term in the Pauli-Villars

sum is obviously positive and can be estimated as follows:

e−Xj(b,u,q) cosh t
(
1 + Xj (b, u, q) cosh t + e−Xj(b,u,q) cosh t

)

(
1 + e−Xj(b,u,q) cosh t

)2

≤ e−Xj(b,u,q) cosh t (2 + Xj (b, u, q) cosh t)

≤ 2
(
e−Xj(b,u,q) cosh t + e− 1

2
Xj(b,u,q) cosh t

)

≤ 4e− 1
2

Xj(b,u,q) cosh t

≤ 4e
− 1

2
Xj(b,u,q)

(
1+ t2

2

)

,
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so that

4
β

∫ 1

0
u (1 − u)

∫ β

0
e− 1

2
Xj(b,u,q)

∫ ∞

0
e− t2

4
Xj(b,u,q) dt db du

=
2
√

π

3√
mjβ

∫ β

0

1√
Xj (b, u, q)

e− 1
2

Xj(b,u,q) db

≤ 4
√

π

3√
mj

1√
β

.

In particular, the previous calculations show that the function MT is well defined and
bounded. Now, in order to conclude the proof, let us recall that

q2

8π

(
M0 (q) + MT (q, β)

)
=

1
β

∫ β

0
G (q, b) db

and G (q, β) ≥ 0 by [31, Lemma 11]. Indeed,

d
ds

θ2

(
0,

4πis

β2

)
= −4π2

β2

∑

n∈Z

(
n +

1
2

)2

e
− 4π2

β2 s(n+ 1
2 )2

≤ 0

and in particular the function G is given by (29). �

Remark 3.7. The calculations in the previous proof show that MT vanishes as β goes to
infinity as expected since we isolated the zero temperature term M0. In addition, let us
notice that the terms corresponding to c1 and c2 goes to zero when m1, m2 −→ ∞, that
is in the large cut-off limit (recall formula (13)). Since the j = 0 term is negative, this
implies that MT stays negative for Λ large enough. ⋄
3.3. Proof of the second part of Theorem 2.2. First of all, given any A ∈ L1

(
R

3,R3
)
∩

Ḣ1
div

(
R

3
)
, we proved that the functional FPV is well defined and can be written as

FPV (A, β) = FPV,2 (B, β) + R (A, β) ,

where

FPV,2 (B, β) =
1
β

∫ β

0
tr (trC4 T2 (A, b)) db

and

R (A, β) =
1
β

∫ β

0
[tr (trC4 T4 (A, b)) + tr (trC4 T6 (A, b))] db.

Almost the same proof as in [28, Theorem 2.1] holds, by replacing [28, Lemma 4.1] by
Lemma 3.1 and [28, Lemma 4.2] by Lemma 3.2. In order to include a finite temperature,
as already remarked in Lemma 3.2, recall that we simply have to make the following formal
replacements:

1
4π

∫

R

dω −→ 1
2β

∑

k∈Z

,

ω ∈ R −→ ω (k, β) =
(2k − 1) π

β
, k ∈ Z

where β = 1/T ∈ (0 , ∞), and then to consider the averaged primitive function with
respect to β of each term in the expansion. In this case, it is important to notice that the
universal constant K in [28, Lemma 4.4] and [28, proof of Lemma 4.5] is O(β) as β −→ 0.
This is crucial in order to get the finite constant κ in (15). In addition, note that 0 is
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never an eigenvalue of the magnetic Dirac operator by Lemma 2.1. Finally, a proof of the
properties of MT can be found in Lemma 3.6. �

4. The regime of slowly varying magnetic fields: proof of Theorem 2.3

This section is devoted to the proof of Theorem 2.3. In order to do so, we will exploit
the general scheme used in the proof of [31, Proposition 17]. Thus, let us recall the general
setting: we consider a scaled magnetic field Bε (x) = B (εx) with B ∈ C0

(
R

3,R3
)

such
that divB = 0 and satisfying the assumptions (18). By [31, Lemma 5], let A be the unique
corresponding potential in Ḣ1

div

(
R

3
)

such that B = curlA, and let Aε be the potential
associated to Bε. We are interested in studying the asymptotic behaviour of the free
energy functional FPV (Aε, β) of Dirac’s vacuum as ε −→ 0, that is in the limit of slowly
varying purely magnetic fields.

Similarly to what has been done in Section 3.1, we rewrite Formula (20) as follows:

x tanh x =
∑

k∈Z

4x2

(2k − 1)2 π2 + 4x2
=
∑

k∈Z

(
1 − (2k − 1)2 π2

(2k − 1)2 π2 + 4x2

)
, (32)

in order to express the free energy functional FPV of Dirac’s vacuum as

FPV (A, β) =
1
β

∫ β

0
tr (trC4 TA (b)) db

=
1
β

∫ β

0

∑

k∈Z

Tr




2∑

j=0

cj




1
(
DA

mj

)2
+ ω (k, b)2

− 1
(
D0

mj

)2
+ ω (k, b)2







× ω (k, b)2 db

b
.

Notice that the series is convergent in the operator norm thanks to the following estimate:
∥∥∥∥∥∥∥

2∑

j=0

cj




1
(
DA

mj

)2
+ ω (k, β)2

− 1
(
D0

mj

)2
+ ω (k, β)2




∥∥∥∥∥∥∥
≤ C
(
m2 + ω (k, β)2

)3 .

In this section, we prefer working with Formula (32) rather than (21) in order to make
the square of the Dirac operator appear, which is positive definite and allows us to rewrite
TA (b) in a block-diagonal form in the two-spinor basis:

TA (b) =
1
b

∑

k∈Z

ω (k, b)2
2∑

j=0

cj

(
1

PA + m2
j + ω (k, b)2 − 1

P0 + m2
j + ω (k, b)2

)
⊗ 1C2,

where PA is the Pauli operator defined as PA = (σ · (−i∇ + A))2 = (−i∇ + A)2 − σ · B
such that

∣∣∣DA
m

∣∣∣
2

=
[PA + m2 0

0 PA + m2

]
=
(
PA + m2

)
⊗ 1C2 .

By Theorem 2.2, the operator TA (b) is trace-class when A ∈ L1
(
R

3
)

∩ Ḣ1
div

(
R

3
)
, but in

this section we simply have B ∈ L1
(
R

3
)

∩ L∞
(
R

3
)
, which does not imply the associated

potential A to be integrable. Thus, TA (b) is not necessarily trace-class in our framework.
Fortunately, the non-trace-class part can be easily isolated and is linear in A. Indeed, by
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adjusting [31, Proposition 6] to the non-zero temperature case by means of the previously
mentioned replacements, we know that, under our assumptions on B,

FPV (A, β) =
1
β

∫ β

0

∑

k∈Z

Tr




2∑

j=0

cj

(
1

PA + m2
j + ω (k, b)2 − 1

P0 + m2
j + ω (k, b)2

− 1

P0 + m2
j + ω (k, b)2 (p · A + A · p)

1

P0 + m2
j + ω (k, b)2

)]
ω (k, b)2 db

b
. (33)

As done in [31, Step 3], we introduce a family of Gaussian functions Gρ given by

Gρ (x) = (πρ)− 3
2 e

−
|x|2

ρ2 ,

and such that ∫

R3
Gρ (x − y)2 dy = 1, ∀x ∈ R

3,

which will play the role of a continuous partition of unity and allow us to localise the free
energy functional in order to work on sets of fixed size where the slowly varying magnetic
field is almost constant. We refer the reader to [31, Lemma 7] for some properties about
this Gaussian family. Now, by localising the operator inside the parenthesis by means of
the functions Gρ, the functional (33) can be rewritten as

FPV (Aε) =
2ε−3

β

∫ β

0

∫

R3

∑

k∈Z

fω(k,b) (Aε,y) ω (k, b)2 dy
db

b
,

where
Aε,y (x) = ε−1A (y + εx)

and

fω (A) = trL2(R3,C2)


Gρ

2∑

j=0

cj

(
1

PA + m2
j + ω2

− 1
P0 + m2

j + ω2

− 1
P0 + m2

j + ω2
(p · A + A · p)

1
P0 + m2

j + ω2

)
Gρ

]
.

Thanks to the localisation procedure, the term containing p · A + A · p, which was sub-
tracted because of its non-trace-class nature, becomes trace-class with vanishing trace [31,
Lemma 8]. As a consequence, fω can be simplified as follows:

fω (Aε,y) = trL2(R3,C2)


Gρ

2∑

j=0

cj

(
1

PAε,y + m2
j + ω2

− 1
P0 + m2

j + ω2

)
Gρ


 .

Now, the idea is to replace the potential Aε,y in the formula above by the potential
B (y)× x/2 of the constant field B (y), up to a small error. In order to do so, we first need
to extend the definition of fω to potentials with a linear growth at infinity. This is doable
thanks to [31, Proposition 9]. Then, applying [31, Formula (55)] to Aε,y gives

A (y + εx)
ε

= ∇x

(
x ·
∫ 1

0

A (y + tεx)
ε

dt

)
+ B (y) × x

2
+ εRε,y (x) ,

where

Rε,y (x) = x ×
∫ 1

0

B (y) − B (y + tεx)
ε

t dt.
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By gauge invariance we can now simplify the formula above, by imposing the potential A
to satisfy the Poincaré (also called multipolar or Fock-Schwinger) gauge,

x · A (x + y) = 0.

Finally, the free energy functional FPV of Dirac’s vacuum can be rewritten as

ε3FPV (Aε) =
2
β

∫ β

0

∫

R3

∑

k∈Z

ω (k, b)2 fω(k,b) (Aε,y) dy
db

b

=
2
β

∫ β

0

∫

R3

∑

k∈Z

ω (k, b)2 fω(k,b)

(
B (y) × ·

2
+ εRε,y

)
dy

db

b

=
∫

R3


 2

β

∫ β

0

∑

k∈Z

ω (k, b)2 fω(k,b)

(
B (y) × ·

2

)
db

b


dy

+
2
β

∫ β

0

∫

R3

∑

k∈Z

ω (k, b)2
[
fω(k,b)

(
B (y) × ·

2
+ εRε,y

)
− fω(k,b)

(
B (y) × ·

2

)]
dy

db

b
. (34)

Thus, it only remains to study the two terms in Eq. (34). This is the content of the two
following lemmas. We start by computing an explicit formula for the first term:

Lemma 4.1. Under the assumptions of Theorem 2.3,

2
β

∫ β

0

∑

k∈Z

ω (k, b)2 fω(k,b)

(
B (y) × ·

2

)
db

b
= f0

PV (|B (y)|) + fT
PV (|B (y)| , β) ,

where

f0
PV (a) =

1
8π2

∫ ∞

0




2∑

j=0

cje
−sm2

j


 (sa coth (sa) − 1)

ds

s3

and

fT
PV (a, β) =

1
4π2

∫ ∞

0

2∑

j=0

cje
−sm2

j (s |B| coth (s |B|) − 1)
∞∑

n=1

(−1)n e−
β2n2

4s
ds

s3
. (35)

Proof. By [31, Proposition 16], we know that, if B is constant,

fω

(
B × x

2

)
=

1
4π3/2

∫ ∞

0
e−sω2




2∑

j=0

cje−sm2
j


 (s |B| coth (s |B|) − 1)

ds

s3/2
.
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Therefore,

2
β

∫ β

0

∑

k∈Z

ω (k, b)2 fω(k,b)

(
B × ·

2

)
db

b

=
1

2βπ3/2

∫ β

0

∫ ∞

0




2∑

j=0

cje
−sm2

j


 (s |B| coth (s |B|) − 1)

∑

k∈Z

ω (k, b)2 e−sω(k,b)2 ds

s3/2

db

b

= − 1
2βπ3/2

∫ β

0

∫ ∞

0




2∑

j=0

cje−sm2
j


 (s |B| coth (s |B|) − 1)

d
ds

θ2

(
0,

4πis

b2

)
ds

s3/2

db

b

=
1

2βπ3/2

∫ β

0

∫ ∞

0

d
ds


 1

s3/2




2∑

j=0

cje−sm2
j


 (s |B| coth (s |B|) − 1)


 θ2

(
0,

4πis

b2

)
ds

db

b
,

where θ2 is defined by (28) and B denotes B (y) for fixed y. As done in the proof of
Lemma 3.2, we apply again Dittrich’s method [16] in order to isolate the non-zero tem-
perature contribution from the null temperature term. Thus, thanks to Eq. (30), we can
rewrite the equation above as follows:

2
β

∫ β

0

∑

k∈Z

ω (k, b)2 fω(k,b)

(
B × ·

2

)
db

b
= f0

PV (|B|) + fT
PV (|B| , β) ,

where

f0
PV (|B|) =

1
4π2

∫ ∞

0

d
ds


 1

s3/2




2∑

j=0

cje−sm2
j


 (s |B| coth (s |B|) − 1)


 1

s1/2
ds

and

fT
PV (|B| , β) =

1
2βπ2

∫ β

0

∫ ∞

0

d
ds


 1

s3/2




2∑

j=0

cje−sm2
j


 (s |B| coth (s |B|) − 1)




× 1
s1/2

∞∑

n=1

(−1)n e− b2n2

4s ds db.

Let us now focus on f0
PV. By computing the derivative of the product and integrating by

parts once more one of the resulting terms, we finally get

f0
PV (|B|) =

1
8π2

∫ ∞

0




2∑

j=0

cje−sm2
j


 (s |B| coth (s |B|) − 1)

ds

s3
,

which is the well known Euler-Heisenberg energy function at null temperature [31]. Then,
let us focus on fT

PV. Again, similarly to what we did for the zero temperature term, we
get

fT
PV (|B| , β) =

1
4βπ2

∫ β

0

∫ ∞

0

2∑

j=0

cje
−sm2

j (s |B| coth (s |B|) − 1)
∞∑

n=1

(−1)n e− b2n2

4s
ds

s3
db

− 1
4βπ2

∫ β

0

∫ ∞

0

2∑

j=0

cje−sm2
j (s |B| coth (s |B|) − 1)

∞∑

n=1

(−1)n b2n2

4s
e− b2n2

2s
ds

s3
db.
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Noticing that
1
β

∫ β

0

(
1 − b2n2

2s

)
e− b2n2

4s db = e−
β2n2

4s ,

we get Eq. (35) and this allows us to conclude the proof. �

Finally, it only remains to give an estimate of the remainder in the second line of (34):

Lemma 4.2. Under the assumptions of Theorem 2.3, we have, for every 0 < ε ≤ 1,
∫

R3

∣∣∣∣fω(k,b)

(
B (y) × ·

2
+ εRε,y

)
− fω(k,b)

(
B (y) × ·

2

)∣∣∣∣dy ≤ C
ε

(
m2 + ω (k, b)2

)2 ,

where C is a constant depending only on B, ρ and the cj ’s and mj’s.

Proof. The proof is the same as in [31, Proposition 17]. �

Formula (34) together with Lemma 4.1 and Lemma 4.2 allows us to conclude the proof.
�
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