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THE FREE ENERGY OF DIRAC’S VACUUM IN PURELY MAGNETIC
FIELDS

UMBERTO MORELLINI

ABSTRACT. The QED vacuum is a non-linear polarisable medium rather than an empty
space. In this work, we present the first rigorous derivation of the one-loop effective
magnetic Lagrangian at positive temperature, a non-linear functional describing the free
energy of quantum vacuum in a classical magnetic field.

We start by properly defining the free energy functional using the Pauli-Villars regular-
isation technique in order to remove the worst ultraviolet divergence which represents
a well known issue of the theory. Then, we study the limit of slowly varying classical
magnetic fields. In this regime, we prove the convergence of this functional to the Euler-
Heisenberg formula with thermal corrections, by recovering the effective Lagrangian first
derived by Dittrich [16] in 1979.
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1. INTRODUCTION

The non-linear polarisable nature of the vacuum in quantum field theory has been
known for a long time [14, 22, 55]. In this framework, the classical action is replaced by
an effective action taking the quantum corrections into account while guaranteeing the
validity of the principle of least action. In quantum electrodynamics, a standard way to
get the effective action is by integrating out fermions in the path integral (see for instance
[47, Ch. 33]). In this manner, we obtain a functional of a classical electromagnetic field
treated as an external one. In [28], the authors derive in a rigorous way the effective
Lagrangian action for time-independent fields in the Coulomb gauge,

L(A) = ~Fac(eAVre [ (o A@) = pox () V (@) doto— [ (1B @) P = 1B @) ) do,

where e is the elementary charge of an electron, A = (V, A) is a classical R*—valued elec-
tromagnetic potential with corresponding field F = (E, B) = (=VV, curlA4), and peyx; and
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Jext are given external charge and current densities. The corresponding Euler-Lagrange
equations are the classical linear Maxwell equations with non-linear and non-local correc-
tion terms. These quantum corrections are negligible in the everyday regime and they
start to be significant only for extremely large electromagnetic fields. The threshold above
which the electromagnetic field starts behaving in a non-linear way is known as Schwinger
limit and it is several orders of magnitude above what can be currently produced in a
laboratory (E, ~ 10'® V/m and B, ~ 10° T'). To give an idea, such an electric field would
accelerate a proton from rest to the maximum energy attained by protons at the Large
Hydron Collider in only approximately 5 micrometers. However, the detection of these
non-linear effects is still a very active area of experimental research [0, 43]. On the other
hand, it is known that such a magnetic field strength is attained on the surface of mag-
netars, that is neutron stars with really large magnetic field, where these terms play an
important role [2, 12, 40]. In particular, the observation of one of these effects has been
recently announced [23, 42].

The vacuum energy Fy,c is a complicated non-local functional which suffers from ul-
traviolet divergences. In [28], the authors deal with them by using the Pauli-Villars reg-
ularisation method in order to give a rigorous definition of the functional. A simple and
useful approximation, very well known in the physics literature, consists in replacing the
complicated vacuum energy term Fy,. by a superposition of local independent problems,
that is

Fone ~ /R fune (¢E (x) B (x)) da, (1)

where fyac (eF,eB) is the energy per unit volume for a constant electromagnetic field
F = (E, B). The function fy,. was first computed by Euler and Heisenberg [37] in 1936.
Some alternative derivations were then presented by Weisskopf [55] and Schwinger [418],
who introduced a largely renowned method in the physics literature known as proper time
method. Since the integrand in the Euler-Heisenberg formula [31, Formula 4] can have
poles on the real line, a proper definition needs to rotate the integration path into the
complex plane by replacing the integral variable s by s + in and taking the limit n — 0
[48]. In this manner, the function fy,. gains an exponentially small non-zero imaginary
part which was interpreted by Schwinger as the electron-positron pair production rate and
explains the instability of the vacuum [17][32, Paragraph 7.3]. Nevertheless, in the case of
a purely magnetic field, the Euler-Heisenberg formula is absolutely convergent and real, as
expected. For this reason, this situation has been deeply studied in the physics literature
[7, 51, 52, 41] and the function fy,. can be simplified as follows:

0o ,—sm? 2,212
fvac (0,eB) = 8—7112/0 ¢ 3 (es]B\ coth (es|B|) — 1 — %) ds. (2)

In the non-perturbative physical examples above, the fields exist in a thermal bath
or in some non-equilibrium background which is very different from the vacuum. For
this reason, the study of finite temperature effects in quantum field theory attracted the
interest of many physicists in the past decades. In particular, several authors [38, 54, 18]
considered what happens when a system of elementary particles described by a quantum
field theory is heated. They found that symmetries which are spontaneously broken at
zero temperature (such as those of the weak interactions) may be restored at sufficiently
high temperatures, and calculated the critical temperature at which such a restoration
takes place. To do this kind of calculation, one needs to know the Feynman rules for
a field theory at finite temperature. For a non-gauge theory, these rules can be derived
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using well known methods [24]. However, for a gauge theory, a more powerful technique is
needed to cope with several new problems that arise [1]. In any case, the Feynman rules
at finite temperature 7T consists in the zero temperature rules with the following formal

replacements:
d*p i d3p
/(%)4 N B;/W’
po = iwn, (3)

B

7

@m)r 6t (pr+pa+...) (2m)2 6 (wny + wny +..) 3 (L + P2+ ...),

where f = 1/T and

2nmi - for hosons,

Pn = {W for fermions.

In 1979, Dittrich studied thermal effects in quantum electrodynamics. In particular, in
[16], he calculates the one-loop effective potential at finite temperature for scalar and spinor
QED in the presence of a constant magnetic field, namely the Euler-Heisenberg Lagrangian
at positive temperature. In his work, he shows that the one-loop effective potential at
finite temperature represents - in the language of thermodynamics - the contribution of
the vacuum energy to the total free energy in presence of an external constant field.
By employing the proper time method and using the replacements (3), the following
Lagrangian at finite temperature is derived:

(Wi)l/Q oL g s .9 ds
2 )y e ™ (esB)cot (esB) Z ’8“”85/2,

n=—oo

L(B,T)=

which is obviously an ill-defined function. Notice that the cotangent here can be explained
by a simple rotation of the integral domain in the imaginary plane as it will be discussed
later. This is a standard technique in the physics literature allowing to avoid the poles of
the integrand function. This explains also why the imaginary exponential appears in the
integral above. After some further manipulations, this formula can be expressed as

L£(B,T)=L"(B)+ LY (B,T), (4)

where £° is the Euler-Heisenberg Lagrangian at null temperature given by (2) and the
term LT, containing all the thermal effects, is expressed as follows:

T L[ _ism? n n2s% ds
L' (B,T)= W/o e (esB) cot (esB) Z (=1)" e 5 (5)
n#0

This result can be related to well known findings of statistical thermodynamics, by study-
ing the case of massless fermions (and bosons). In order to do so, setting B = 0 and m = 0
in £T yields

2 LWQ k4T4,
3120
where Lg stands for the fermionic choice of w,, and k is the Boltzmann constant. Thanks

to the following formula:

00 xZn—l |B2 |
d — 1 _ 2172n 2 2n n
/0 et +1 v ( ) (27) in ’

Lr(0,T)=
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where B,, are the Bernoulli numbers, one can finally gets

21 [~ 23
[,F(O,T)—gp/o 76:v/kT+1dx’
which is the correct Fermi-Dirac distribution, confirming the coherence of these calcula-
tions within the statistical framework. Later, the thermal effective action for a constant
magnetic field [16, 19] has been generalised to arbitrary constant electromagnetic fields in
[20]. In other words, here the one-loop effective action for a constant electromagnetic field
[18] has been generalised to finite temperature and chemical potential.

It is now clear that the calculation of the effective action at positive temperature has
been an interesting physical question for some decades, particularly because the imaginary
part of the effective action is expected to give the vacuum decay rate and one would like
to understand the influence of the temperature on this rate. There have been several
attempts to generalise Schwinger’s proper time method to the finite temperature case
in order to determine the temperature dependent effective actions, leading to conflicting
results in the physics literature. The subtleties behind these results have to do with the
imposition of the anti-periodicity condition required at positive temperature as well as on
the finite temperature formalism used to carry out the calculation. We refer the interested
reader to [8], based on the previous papers [9, 10, 11], for more details about the argument.
We also refer the reader to [17, Chapter 3.5] for a complete review about QED at finite
temperature.

The aim of this paper is first of all to properly define the vacuum free energy FL .
of a quantised Dirac field at positive temperature T'. Again, this quantity suffers from
divergences in the high energy regime which need to be regularised. In order to do so, we
use the Pauli-Villars technique as in [28].

In Section 2, we derive the model starting from the Hamiltonian of a second-quantised
fermionic field in a given electromagnetic potential A = (V;A). After obtaining the
vacuum energy, we then consider the associated vacuum free energy by introducing an
entropy term. The whole framework is discussed in detail and main results are presented.
In Section 3, the first part of Theorem 2.2 stating the well-posedness of the vacuum
free energy functional is proved. Then, thanks to additional gauge-invariant estimates,
we give a proof of the second part of the theorem providing the main properties of the
addressed functional and allowing us to extend it to the most natural function space for
this problem. In particular, we find replacements similar to (3) which need to be applied to
the null temperature setting [28, 31] in order to get the right calculations for the non-zero
temperature case. Due to these prescriptions, the integration by parts with respect to the
discretised variable does not hold anymore adding some additional technical difficulties to
this problem. Partly for this reason, we restrict our study to the purely magnetic case.
Moreover, Lemma 3.2 shows that we cannot expect an effect similar to the one shown in
[33] for the reduced Bogoliubov-Dirac-Fock (BDF) model, where the authors prove that
the thermal effects make the particles rearrange in the polarised Dirac sea in order to
completely screen the external potential. This is a classical phenomenon in the field of
non-relativistic fermionic plasma physics, known as Debye screening.

Later, in Section 4, we provide the first rigorous derivation of the purely magnetic Euler-
Heisenberg formula for the vacuum free energy at positive temperature, in the regime where
B is slowly varying in space. In this limit, we prove the convergence of the free energy to
the null temperature Euler-Heisenberg formula corrected by some thermal contributions,
by recovering a Pauli-Villars regularised effective Lagrangian which coincides with the one
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first derived by Dittrich [16] in 1979 (see (4) and (5)), up to some standard mathematical
manipulations needed so as to make the integral meaningful as it will be discussed in this
section. Even though the null temperature case has been rigorously studied in [31], to
the best of our knowledge the non-zero temperature problem has been treated only in the
physics literature. More specifically, we consider a magnetic field of the form B (ex) and
look at the limit ¢ — 0. Notice that in this context we get a strong magnetic potential
given by A. (z) = e 'A(ex). Nevertheless, this is not a source of additional difficulties
from a spectral point of view (see Lemma 2.1). Indeed, briefly speaking, the presence of
a purely magnetic field ensures us to keep the spectrum of the Dirac operator far apart
from zero without adding any additional hypothesis on the size of the potential (as we
would expect to do if an electric potential was turned on). In this regime, as stated in
Theorem 2.3 below, we recover an asymptotic Euler-Heisenberg formula for the vacuum
free energy of the following form:

.7-"3;C (0,eA:) ~ / fg;c (0,eB (ex))dx = 573/ fg;c (0,eB (z)) dz,
e—0 JRr3 R3

T is a suitable function describing the free energy per unit volume.

where fo,.

2. DERIVATION OF THE MODEL AND MAIN RESULTS

We want to define the free energy of QED vacuum at positive temperature. In order to
do so, we first consider a fermionic second-quantised field placed in a given electromagnetic
potential A = (V, A). The potential is kept fixed and we look for the ground state energy
of the Dirac field in the given A. The Hamiltonian of the field reads

1
H = 2 (¥ (@) DA () — @ (2) DAY () da, (6)
R3
where WU (x) is the second-quantised field operator which can physically be interpreted
as the annihilation of an electron at z and mathematically is defined by means of the
following anticommutation relation:

U (2), ¥ (y), + ¥ (y), ¥ (2), = 200,0 (x — y).

Here 1 < o,v < 4 are the spin variables and ¥ (x), is an operator-valued distribution.
The Hamiltonian H¢4 formally acts on the fermionic Fock space,

F=Co Q}}V\L2 (%, 1),

N>1 1

and has the interesting property of being charge conjugation invariant,
CHeAcfl _ erA

(where C is the charge-conjugation operator in Fock space), when the integrand in (6) is
interpreted as follows:

V* (2) DtV (2) — W (2) Dyt ()
4

-y (\IJ (2),, (Ds)

pr=1

¥ (@), - ¥ (@), (D), ¥ (@),)

M?V M7V

In formula (6),
DA = - (—iV — eA) + eV +mp
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is the electromagnetic Dirac operator acting on L? (R?’, (C4). We work in a system of units
such that the speed of light and Planck’s reduced constant are both set equal to one,
¢ = h = 1. The four Dirac matrices a = (o, a2, 3) and (3 are given by

|0 o |12 0
O"“_Lk 0}’ 5_[0 12]’

with Pauli matrices o1, o9 and o3 defined as

0 1 0 —i 10
T e R R

The spectrum of the free Dirac operator is not bounded from below [50]. Indeed,
o (D?n) = (—o0,—m|U[m,00).

This led Dirac to postulate that the vacuum is filled with infinitely many virtual particles
occupying the negative energy states (Dirac sea) [13, 14, 15]. As a consequence, a real
free electron cannot be in a negative state due to the Pauli exclusion principle. Moreover,
Dirac conjectured the existence of "holes" in the Dirac sea interpreted as positrons, having
a positive charge and a positive energy. Dirac also predicted the phenomenon of vacuum
polarisation: in the case of an external electric field, the virtual electrons align their
charges with the field direction and the vacuum obtains a non-constant density of charge.
Actually the polarised vacuum modifies the electrostatic field and the virtual electrons
react to the corrected field. We refer the reader to [21] for a detailed review about the
difficulties arising from the negative part of the spectrum of the free Dirac operator.

Returning to the electromagnetic Dirac operator, it is natural then to introduce the
following Coulomb-gauge homogeneous Sobolev space:

i, (R?) = {4 = (v,4) € 1° (R*,C") | divA = 0 and F = (=VV,curld) € L? (R*,R%) },
endowed with its norm
HAH%C}W(Rs) = |VV[Zos) + llcurlAl|72gs) = [|F||72gs):

The equation divA = 0 should be interpreted in a distributional sense. The assumption
on F being in L? (Rg) trivially means that the electromagnetic field has a finite energy,

/3 B2 + |BJ? < .
R

The proof of the following lemma, which recalls some spectral properties of the electro-
magnetic Dirac operator DA, can be found in [28, Lemma 2.1]:

Lemma 2.1. Let m > 0.

(i) The operator DEA is self-adjoint and its essential spectrum is
Oess (D,enA) = (—o0,—m|U[m,o0).

(ii) There exists a universal constant C' such that, if ||A||H1l ®3) < n/m, for some
number n < 1/C, then

o (D;A) A(=m(1-Cn),(1-Cnpm)=2.

(iii) Finally, if V =0, then o (DeA) N(—m,m)= .

m
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The expectation value of the energy in any state in Fock space can be expressed as

1
@A) = [Dit (v 5)| = B ). 7)
where v is the one-particle density matrix associated to a given state, namely

Y (@Y)y, = (V7 (2), ¥ (y),)-

The renormalised density matrix in (7) is a consequence of charge-conjugation invariance.
The interested reader can find more details in [35]. Since electrons are fermions, they obey
the Pauli exclusion principle, which implies that v has to satisfy 0 <~y <1 on L? (R3,C*%).
On the other hand, any operator ~ verifying 0 < v < 1 arises formally from one state
in Fock space. Since the energy depends on the state of the electrons only through the
density matrix v, we can reformulate our problem by focusing on the simpler operator ~y
and the corresponding energy (7).

Recall that we are interested in finding the ground state of the vacuum at positive
temperature T, therefore we need to consider the following free energy:

F()=EMM+Tw[SM), (8)
where
S(x)=zlogz+ (1 —x)log(l—2x),
and the minimisation of the free energy functional with respect to v has to be addressed.
For atoms and molecules, we should add a charge constraint of the following form:

1
—— | =N.
tr(’y 2)

In this section, we set the electric potential V' to be equal to 0 and focus on the derivation of
Dirac’s vacuum free energy in an external magnetic field at positive temperature 1. Thus,
we have not any other constraint than 0 < < 1. The reason of this choice will be clearer
in the following sections, but essentially working with a magnetic Dirac operator ensures
us to keep the spectrum far away from 0 without adding some additional hypothesis on
the size of the potential and allowing us to localise the energy to sets of fixed size. By [20,
Lemma 1.1], we know that the only critical point v* of functional (8), which is also the
unique minimiser by convexity, is given by
. 1 B e—Dit /2T . L 1 B oDt /2T

T T T+ DT T 2cosh (DeA /2T’ T T e DT T 2cosh (DeA /2T

Then, the corresponding value of the free energy formally is

Fy) =t s (v = 5)] + Terls o)

eA

1 4 BD5 | _
=3 tr llog (2 cosh 5 )] = F (eA,pB). (9)

Of course this free energy is infinite except if our model is settled in a box with an
ultraviolet cut-off [35]. In order to give a clear mathematical meaning to (9), we proceed
as follows. First, we can subtract the (infinite) free energy of the free Dirac sea and define

the relative free energy as

eA
Frel (€A, B) = %tr [log <2 cosh ﬁl;%) — log <2 cosh Bl;m )] . (10)
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By subtracting an infinite constant, we do not formally change the variational problem
that we are interested in, so we also do not change the resulting equations. However, the
functional (10) is not well defined yet because of the well known ultraviolet divergence

of this theory. Indeed, the operator log (2 cosh (8D, /2)) — log (2 cosh (,BDan/Q)) is not

trace class as long as A # 0. This can formally be seen by expanding the trace in a power
series of eA. As we will see later, the first order term vanishes and the second order term
is infinite as long as no ultraviolet cut-off is imposed.

It is then clear that a UV cut-off has to be imposed. The choice of this regularisation
is extremely important. As shown below, in the expansion of (10) as a power series of
eA, several terms vanish because of gauge invariance. This is an extra reason to preserve
the gauge symmetry, in addition to well known physical motivations. In [29], the authors
studied two ways of dealing with UV divergence in the purely electrostatic case, but both
of them would not work here because of their lack of gauge symmetry.

Here, we will use the regularisation technique introduced by Pauli and Villars [45] in
1949. Of course, this is not the only possible choice when gauge invariance has to be con-
served (see for instance [39] for an alternative approach). The Pauli-Villars method con-
sists in introducing J fictitious particles into the model with very high masses m1,...,my
playing the role of ultraviolet cut-offs. Indeed, note that m has the dimension of a mo-
mentum since in our system of units 7 = ¢ = 1. The only role of these additional particles
is to regularise the model at high energies and they have not a physical meaning. Indeed,
these particles being really massive, they do not affect the low energy regime. In our
framework, the Pauli-Villars method consists in introducing the following energy func-
tional:

J 0 eA
Fpv (eA,B) = %tr Z cj <log (2 cosh 61;””) —log (2 cosh /Bl;m] )) . (11)

J=0

Here, mg = m and ¢y = 1, and the coefficients ¢; and m; are chosen such that

J J
Z cj = chmg =0. (12)
7=0 7=0

It is well known in physics literature [15, 32, 5] that only two auxiliary fields are necessary
to fulfill these conditions, hence we shall take J = 2 in the rest of this work. In this case,
condition (12) is equivalent to

md —mj3 m? —m}
a=_—5— 5 and &o=—s—02.
ms — mj ms—m

We shall always assume that mg < m; < mg, which implies that ¢; < 0 and c5 > 0. The
role of the constraint (12) is to remove the worst linear ultraviolet divergences. Indeed, the
Pauli-Villars regularisation does not avoid a logarithmic divergence when mi,mo — o0.
In order to better understand this, we can define the averaged ultraviolet cut-off A as

log (AQ) =— iocj log (m?) . (13)

Of course, once the value of A is fixed, we cannot uniquely determine mq,ms. Practically
speaking, we usually choose the masses as functions of A such that the Pauli-Villars
coefficients ¢1, ¢y stay bounded when A — oo. As already mentioned, the logarithmic
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divergence in the averaged cut-off A can explicitly be seen in the second order term in the
expansion which will be studied in detail in the sequel of this work. A renormalisation of
the elementary charge e is necessary in order to remove this remaining divergence, but we
will not address this problem here.

Now, for technical reasons, that is to make our computations simpler, we would like
to rewrite the Pauli-Villars-regularised free energy functional (11) in an integral form. In
order to do so, we derive (11) with respect to 5 by getting:

eA
(ﬁfpv (eA,B)) = %tr LZO cj (DO tanh ——~ oD 2 DEA tanh 51; )} )

B

which implies

0 eA
Frv (A, B) = %/ tr {Z cj (DO tanh ——~ *Dm DeA bD2 )] db. (14)

Notice that thanks to conditions (12) the value of Fpy goes to zero as 3 goes to zero. Let
us remark that in the following the elementary charge e will be set to be equal to 1.

We can now state one the main results of this paper stating the well-posedness of the
PV-regularised free energy functional Fpy and giving its properties. The proof of this
theorem will be given in Section 3.

Theorem 2.2. Assume that c; and m; satisfy

2
co=1, m9>mi>myg>0 and ch:chm?:O.
§=0

2 0 A
z:: <DO tanh /Bl; ﬂDQ )

(i) For any A € L' (R3R3) N HL (R3), the operator trca Ta (B) is trace class on
L? (R?’, C), well defined with respect to B and bounded in a neighbourhood of 8 = 0.
In particular, Fpy (A, ) is well defined in this case by

Let

T (B

l\')l»—\

1 1B
Fov (A.6) = 5 /0 r (tres Ta (b)) db.
(i) Let A € L' (R? R3) N H}., (R?). We have
Fpv (A4, 8) = Fpve (B,B) + R (A, 8),

where B = curlA. The functional R is of class C* on H(}iv (R3) and there exists
a universal constant k = k () such that

2
R (4.5) sm((z’;j‘) 1B + (Z —z) rB\\%2<Rs>)- (15)
j=0 =0 "

The functional Fpy 2 is the nonnegative and bounded quadratic form on L? (]R3 , Rg)
given by

Fova (B6) = o [ (M(a)+ M7 (0.9) B )] da,

87 Jr3
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with
0 2 (1 2 2
M (q):_;/ chlog(mj+u(1—u)q)u(l—u)du
0 =
J=0

and
1 1

T _ § 1 poo 2 '
M~ (q,p) = T /0 /0 ]Z:;C] 1 + e—X;(B,u,q) cosht * X; (B,u,q)cosht
~log ((exj(g,u,q) cosht | 1) (efXj(B,wq) cosht | 1)))} dtu (1 —u)du,

where X; (b,u,q) = b\/mg +u(1l—u)q® forj=0,1,2.
Indeed, the function M° is well defined and positive on R3, and satisfies
2log A

(2log 2

0<M°(q) < M°(0) = ===, (16)
where A is defined by (13). Moreover, MT is well defined, bounded and such that
MO (q) + MT (¢,8) > 0. (17)

In particular, the functional Fpy can be uniquely extended to a continuous mapping
on H}. (R3)
div :

The function MY describes the linear response of the Dirac sea at zero temperature and
is very well known in physics literature [32, Eq. (5.39)]. From a mathematical point of
view, it has been proved in [28] that

2log A > 2243
im (2552 - a0g)) v =t [ EE .
A—oo \ 3T A Jo 1+ |q* (1 —22) /4

where the function U in the right-hand side was first computed by Serber [19] and Uehling
[53]. The same function appears in previous mathematical works studying the purely
electrostatic case [36, 34, 30]. As already mentioned, the Pauli-Villars regularisation allows
us to remove only the worst linear ultraviolet divergence. Indeed, the second order term
is still logarithmically divergent in the high frequencies domain because of MY, as shown
n (16). On the other hand, MT is the contribution at finite temperature 7' to the linear
response of Dirac’s vacuum. Estimate (17) guarantees Fpy to be a well defined energy
functional from both a mathematical and a physical point of view. For all of these reasons,
Theorem 2.2 is the equivalent of [28, Theorem 2.1] at positive temperature 7" and will be
discussed much more in detail in Section 3.

The boundedness of the second order term Fpy 2 and of the remainder R allows us to
uniquely extend the PV-regularised free energy functional to the whole space H Clliv (R?’).
This property is important for the second main result of this work, which derives an Euler-
Heisenberg formula for the vacuum free energy starting from the PV-regularised free energy
functional, in the regime of slowly varying purely magnetic fields. Thus, we consider a
scaled magnetic field of the form B. (z) = B (ez), with a given B = curlA € L? (R3) and
AecH clliv (R3). The following theorem requires a bit more regularity:

Theorem 2.3. Let B € CY (R3,R3) be such that divB = 0,
BelL! (R3) nL> (R3) , VBelLl (R3) nLS (R?’) , (18)
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and let A be the associated magnetic potential in H} (R3). Let A, (x) = e A (ex). Then,

Ty (A B) = [ (v (B @D+ (B @)].8)) de +0).

where

ds

oy (a) = 8772/ (Zcﬂ st) (sacoth (Sa)—l)g

and
5 (a, B / Zc] =sm3 (5| B| coth (5| B) _12 et S (1)

The function fgv is the well known Euler-Heisenberg energy function at null temperat-
ure, which has been introduced for the first time in [37]. Actually, the authors here derive
a concave-decreasing and negative function given by (2) and diverging faster than |B|2 at
infinity. For this reason, the total energy of the system, given in the limit by an effective
local Lagrangian, is unbounded from below and the model is unstable. Then, the same
function has been mathematically studied in the same regime of slowly varying purely
magnetic fields in [31], where the authors derive a non-negative Euler-Heisenberg energy
function which guarantees the corresponding model to be stable. Moreover, they find out
that the instability of the previous Lagrangian was due to the charge renormalisation [31,
Section 2.3]. On the other hand, the function fgv is the non-zero temperature contribution
to the total Euler-Heisenberg energy function. To our knowledge, this is the first rigorous
derivation of this term, which can be found in physics literature in [16] and [17, Equa-
tion (3.162)]. Notice that actually Eq. (19) is slightly different from Eq. (5) appearing in
[16]. Indeed, the thermal Euler-Heisenberg formula found in the physics literature is not a
well defined object because of the well known ultraviolet divergence in QED. As previously
explained, here we deal with this issue by using the Pauli-Villars regularisation technique.
In our framework, it correponds to the appearance of the sum in j and consequently of
the masses m;’s. Moreover, the cotangent in (5) makes the integral obviously ill-defined
due to its infinitely many poles. The concurrent presence of the imaginary exponential
suggests to rotate the integration path in order to replace the cotangent by the hyperbolic
cotangent by getting a formula closer to ours. This procedure is standard in the physics
literature, but of course should be carefully justified from a mathematical point of view.
The proof of Theorem 2.3 can be found in Section 4.

3. RIGOROUS DEFINITION OF THE PV-REGULARISED FREE ENERGY FUNCTIONAL

3.1. Integrable magnetic potentials: proof of the first part of Theorem 2.2. Our
starting point is the following formula:

422

ztanh x = 20
%(2]{3—1)271'2—{—4562 (20)

i(2k—1)m i(2k—1)7
__Z< 2x+z(2k—1) +2x—i(2k—1)7r>' (21)

keZ
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When S is a self-adjoint operator on L? (R3,R*), with domain D (), it follows from (21)
using standard functional calculus [16] that the hyberbolic tangent tanh S of S is given by

Stanh5:12<2_ iCk—r . i2k—Dnr >

25 25 +i(2k—)w  2S—i(2k—1)x

Notice that this series is convergent when seen as an operator from D (52) to the ambient
Hilbert space. Indeed,

452
452 + (2k — 1)

< min{1, ((2k - 1) m) 7> 457 1.

D(S2)— L2(R3,R4)

7T2
D(S2)—L2(R3,R%)

2 2
Since the domain of (ngj) and (D;%j) are both equal to H? (R?,C*), we can write

iw (k, B) iw (k, B)

/2;) (DA +iw(k,B) Dj —iw(k,B)
iw (k, B) iw (k, B)

_D9nj +iw (k, B) * Dy, —z‘w(k:,ﬂ)) » (22)

m

on H? (R3,C*), where
2k—1)m
B

Lemma 2.1 guarantees us that 0 is not an eigenvalue of the magnetic Dirac operator D;%.
In any case, this would not have been a problem since w (k, 8) # 0, Vk € Z.

In order to prove the theorem, we want to prove that the (C4—trace of the series in the
right-hand side of (22) defines a trace class operator whose Schatten norm can be estimated
according to the following equality:

3 chtr@( iwk B iw(k,B)

keZ ||j=0 DA +ZW(k‘,ﬁ) DAj_iw(k’ﬁ)

w(k:’ﬂ) =

m

w(kp) o w(kf) ) _0(8).

_Dgnj—i_zw(kaﬁ) D%j_iw(k76)

(31

as B — 0, which can be proved when A € L' (R3,R?) N H* (R3,R3).
We just need to derive estimates in Schatten spaces of the operator

iw (k, B) iw (k, B)
R (w(k,B), ZCJtTC‘l <DA +iw(k,B) DA —iw(k,p)

7=0 m;

_iw(k,B) n iw (k, B)
DY, Fiw (k) | DY, —iw(kp))

which we can then sum with respect to k € Z. To this end, by using the resolvent formula

iw (k, B) iw(k,B) B iw (k, B) (- A) 1
DA tiw(k,B) DY +iw(k,B) Da +iw(k,p) DY, i (k, B)
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and iterating it six times, we get

5
R(w(k,B),A) = tres (Ry (w(k,B),A) + Ry (—w (K, B) , A))
n=1

with

and

R iw (k, B) 1 6
R (w( Z JDA + iw (k, B) <(a"4) Dy, +iw(k,ﬁ)> ' (24)

Basically, by replacing the mtegral with respect to w with the series with respect to &, the
same proof as in [28, Theorem 2.1] holds giving that

> (Z ltrcs (R (w (K, B), A) + R (—w (k, B), A)) s,
keZ
+[ltres (R (@ (k, B), A) + B (—w (k, 8), ) s, ) = O(8),
as 8 — 0. O

3.2. Gauge-invariant estimates. In Section 3.1, we showed that the operator

13 sDY,,  BDn,
trea Ty (B) = 5 Z ¢jtrea | D, tanh ——= 5 5

is trace class when the magnetic potential A decays fast enough, namely when A €
Lt (R3,R3) NnH éiv (R?’). More precisely, in the proof of the first part of Theorem 2.2,
we write

n=1

5 5
=Y Tu(A,B)+ T4 (A B) %ZZ(Rn(w(k,ﬁ),A)—i—Rn(—w(k,ﬁ),A))
+ =3 (R (w(k, B), A) + Rf (—w (k. B) , A)) ,

with R, R given by (23) and (24), and we prove that the operators trca T), (A, §) and
trea T (A, B) are trace class. Nevertheless, our estimates involve non gauge-invariant
quantities (some LP norms of A) and they require that A decays fast enough at infinity.
We are interested in estimates which involve only the norm ||curlA||, ..

First of all, let us state the following lemma which says that the trace of the odd order
operators trcs 11 (A, B), trea T3 (A, 8) and trea T5 (A, B) vanishes. This is a consequence
of the charge-conjugation invariance which is usually known as Furry’s theorem in the
physics literature (see [25] and [32, Sec. 4.1]).
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Lemma 3.1. For A€ L' (R3 R%) N HL (R%) and n = 1,3,5, we have

1 1B
: /O tr (trgs Ty (A, b)) db

db
T b (trcn (B 0 (5,). 4) + B (0 (k. B), 4)) 5 =0
O kez
Proof. The proof is the same as in [28, Lemma 4.1]. O

We now compute exactly the second order term Fpy o associated to the term T5 (A, )
appearing in the decomposition of T4 (3), assuming that A € H' (R?) and divA = 0.

Lemma 3.2. For A € L? (R?,R%) N H}, (R3), we have

ﬁ/ r (b1 T (A, b)) db = 81%/ (MO (q) + M7 (0.9) |B (@) dg = Fova (B.5).
, (25)
wit
:——/ chlog m +u(l—u) 2)u(l—u)du (26)
and

8 [l [0 1 1
MT = __/ / , 2log 2
(q, 5) m™Jo Jo j;ocj ll + e—X;(Bu,q)cosht + Xj (/87 u, q) cosht ( ©8
—log ((er(ﬁ,u,q) cosht | 1) (e*XJ'(ﬁﬂLvCI) cosht 1)))} dtu(l —u)du, (27)

where X (b,u,q) = b\/mj2 +u(l—u)qg? for j=0,1,2

The function MY in formula (25) is the dielectric response of Dirac’s vacuum at zero
temperature which has already been rigorously computed in [28, Formula (2.21)] and is
well known in physics literature [32, Eq. (5.39)]. On the other hand, MT defined in (27)
is the contribution at finite temperature 7" to the dielectric response of Dirac’s vacuum.
Notice that the integral with respect to ¢ in (27) is perfectly defined and converges for
q = 0, namely M7 is bounded in a neighborhood of ¢ = 0. This means that we cannot
expect an effect similar to the one shown in [33] for the reduced BDF model, where the
authors prove that due to the positive temperature the particles in the polarised Dirac
sea rearrange themselves so as to completely screen the external potential. As already
mentioned, this phenomenon is known as Debye screening in non-relativistic fermionic
plasma physics. After all, this could be explained by the nature of the magnetic field
which basically acts on charged particles by confining them in a space region rather than
attracting or repelling them.

Proof. First of all, in order to include a finite temperature notice that we simply have to
make the following formal replacements:
1 / Z
A B iz
(2k: -7

weR—-w(k,p)= 5

, kez,
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where § = 1/T € (0,00), and then to consider the averaged primitive function with
respect to § of each term in the expansion. By keeping this prescription in mind, the
same computations as in the proof of [28, Lemma 4.2] yields

tr (trea T (4, B)) / ¢ (0.5) A \ dq,

with

. (p-q)w(k,B)° d
G e, et /R%Ejz; p +m§+w(k:,ﬁ)2)2((p—Q)2+m§+w(k‘aﬁ)2) !

We then use the identity (see [32, Chap. 5])

1 1 0
I / </ S2efs(ua+(lfu)b) d8> wdu
a2b 0 0
to rewrite

1 1 o 2 _s(m2 —w)a? s B .
G(q,B) = W/O /0 Z()cje ( 24+ (1-u)q )82 dsudu/RS (p-q)e (P?—2(1-u)p-q) dp
J:

(gr=n)
kEZ

This is justified by conditions (12) which allow us to apply Fubini’s theorem to recombine
the integrals. Since

4x? 1\2 42 2 ;
3 e kB (k, B)2 = 3 oG (k=3) 4% (k _ l) — _igz (O 4”;5) 7
kez ke p 2 p

where 05 is a Jacobi theta function defined by
“+o00o

0y (Z,’T) _ eiT%Jriwze (Z + I,T) _ Z eiwz(2n+1)ei7r7'(n+%)2’ (28)
2 n=-—00
with
+Cx> . . 2
0 (Z,’T) _ Z 627rmz+7mn T
n=-—00

(to our knowledge, it does not exist an unambiguous definition in the literature, see [I,
Chap. 16] and [3] for example), and

/ (p-q) 6—8(p2—2(1—u)p~q) dp=gq-V, (/ P r—sp*+2s(1-u)p-q dp)
R3 R3

3/2
_ (E) / (1 u) eI’

S

=0

2 .

_ T 1/°° A(i ( @)) 12,5 (m2+u(1-u)e?) _
G(q,p) = ,8773/2/0 ; jz:;)c] d802 0, 52 s/%e i dsu (1 —wu)du.
(29)
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By integrating by parts, we then have

2 1 oo 2 ;
q j : dmis 7s(m2.+u(17u)q2)
(Q718) 67'('3/2 /0 /0 = C] 2 ( ) 52 > (& J

X (2311/2 — s1/? (mJQ +u(l—u) q2)) dsu (1 —u)du.

We now want to properly normalise the function G (¢) so as to reproduce the dielectric
response of Dirac’s vacuum at null temperature when 7" goes to zero. As shown by Dittrich
in [16], this can be done by extracting the n = 0 term in the series defining the function
0o above:

o (0.4707) = o Oy (L)

™8

B2
1+Ze weT (30)
n#0

where in the second equality we first use Poisson summation formula [3, Formula 6.5] and
then extract the n = 0 term. Thus, our result can be expressed so far as

G(g,8)=G" () +G" (¢,8),

where
GO - q2 1 0o 2 73(m2_+u(1*u)q2) 1 2 1 2 d 1 d
=3, |, Lo (35~ (mf + =) ) asuit—wyan

is the null temperature term, and

GT(q,8) = ﬁj—; /0 1 /0 h icj <92 (0, 4;#) ~ (%)” ? g) J—s(mHu(l-w?)

J=0

1
X (251/2 —s1/2 (m?—i—u(l —u)qQ)) dsu(l —u)du

contains the non-zero temperature contribution. Let us now focus on the function G°. By
integrating by parts and again thanks to conditions (12), we have

o 2
/ che_s(m%u(l_”)qas’lds
0 5
o0 2 2 2
= / Z cjlog(s) ¢s(mi+ull—u)g®) (m? +u(l—u) qZ) ds.
0 %

The change of variables o = s (m? +u(l—u) q2) yields

—s(mul-u)e?) —1 4 —/ 1 o —7q
cie j s tds = cilo e o
/0 ZJ 0 jz:;)] & m?—l—u(l—u)q2

Jj=0

2

:—chlog(m§+u(1—u)q2),
j=0
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// e “dou(l—u) u:—/ Zc] (1—u)du=0,

thanks to conditions ( ) Finally, we get

and

L[ Eeralo e -ai)e-an- Lo

Let us now focus on G which can be written as follows:

1 co 2 9 5 8202
G' (g, / / ¢je e (miHui-ue’) ==
=Ly AR

n#0

X (2%— (m?—i—u(l—u)qQ)) dsu (1l —u)du

We then use the identity (see [27, Formulas (3.324(1)) and (3.471(9))])

o0 1 l//2
/ ' Lexp (—a— - ’yx) de =2 (2) K, (2y/av), Rep,Rey >0,
0 x Y

to compute

/ ZC] s m? 2tu(l—u)g? )

202 ) ds = i ¢; Ko ([3n\/m§ +u (1 — u) qz)
j=0

and

2

/ ch s ms 24u(1— u)qQ)—BQT"% (m? +u(1 . u) q2) ds

= icjﬂn\/nﬁ +u(l—u)q’K;y (ﬁn\/m? +u(l—u) q2) ,
=0

where Ky and K; are modified Bessel functions of second kind [I, Chap. 9]. Finally, by
using the parity of Bessel functions, we get:

[e.9]

o q2 n e ) 2 2
67 (0.0 = T3 3 (1" [ e [Ko (sny/m + w1 =) ?)
n 7=0

s -1

—ﬂn\/m? +u(l—u)¢’Kq (ﬂn\/mj2 +u (1l —u) q2)} u (1l —u)du.

Now, by using the Sommerfeld integral representation [44, pp. 328] for Bessel functions of
second kind,

[e.e]
K, (x) = /0 e~ vosht cosh (vt) dt, = > 0,

and by rearranging the integrals and the series thanks to conditions (12), we get

- / / Z Z ; (e_"Xj(ﬁvu,q) cosht

j=0n=1
—nX; (B,u,q) cosht e~ Xi(Bua) COSht) dtu (1 — u)du,



18 UMBERTO MORELLINI

where X (8,u,q) = ,8\/m§ +u (1 —u)q? for j =0,1,2. Finally, the identities

i (_e*Xj(ﬁvuyfI) cosht)n _ e X;(B,u,q) cosht
14+ efXj(B,u,q) cosh t

n=1
and
3 n
Z an (/87 u, Q) cosht (—e_Xj (B,u,q) cosh t)
n=1
d y
= X, (B,u,q)coshte” X;(Bu,q)cosht
j (6 q) dy 1 + y _Xj(ﬁﬂt,q) cosh t
—X;(B,u,q) cosht
= X, (B,u,q) cosht :
(1 4 e Xi(Buq) COSht)
yield
T ( q2 1 poo i e—Xj(B,u,q) cosht (1 + Xj (,8, u, q) cosht + e—Xi(Buq) Cosht)
G"(¢.8) == / / .
J (1 4 e—X;(Buq) Cosht)2
X dtu (1 — u) du. (31)
Now,

= GT ,b db:——// _/ cie j(B,u,q) cosht
s [t ana=-5 [ 72 Z]

(1 + X; (ﬁ, u, ) cosh t + e~ Xi(Biu.a) cosh t)

X
(1 + e=Xi(Byuq) Cosht)2

dtu (1 —u)du

and integrating with respect to 5 we get

1 B q2 1 roo
— [ GT(g,b db:——/ /
ﬂ/o (4:0) 72 Jo Jo

“log ((er(ﬁ,u,q;cosht n 1) (B*Xj(ﬁ,u,q) cosht 1)))} dtu (1 — u) du.

1 1
1+ e—Xj(B,u,q)cosht + Xj (ﬂ’u, q) cosht (

2log 2

Remarking that
/ GT db__MT(Q76)7

allows us to conclude the proof. O

Remark 3.3. Notice that by (30) it is easy to see that GT goes to zero as T’ goes to zero,
or equivalently 8 goes to infinity, so as to recover the well known formula for the dielectric
response of Dirac’s vacuum at null temperature [28, Lemma 4.2]. o

Remark 3.4. In our framework, by doing the same calculations with an electric potential
V, we get a different function G since the beginning. By looking at the limit of this
function as g goes to infinity and replacing the Riemann sum by an integral, we recover
the same result found in [28, Formula (4.16)] in the null temperature case. o
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Remark 3.5. In order to convince the reader that our framework is coherent with what the
authors have done in [33], let us come back to the functional F defined in (9). In presence
of a purely electrostatic potential, instead of applying the Pauli-Villars regularisation
technique, we could introduce a sharp cut-off by replacing the trace over the whole space by
a trace in the space of operators acting on functions whose Fourier transform is compactly
supported in a ball of radius A,

Fa(V,58) = —%tr,\ [log (2 cosh %)] .

By adding the infinite constant (1/3) tra [log (2 cosh 3DY, /2)], we get a cut-off-regularised
free energy functional. The A—trace results in integrals over B (0,A) in the momentum
space and our calculations reduce to the ones in [33]. Thus, at non-zero temperature we
get a response of Dirac’s vacuum to the magnetic field different from the one to the electric
potential, whereas it is known to be the same at null temperature. This explains once
more why an effect similar to the Debye screening appears only in presence of an electric

field. o

In order to complete the study of the second order term, the following lemma states the
main properties of the non-zero temperature contribution M7’ to the response function:

Lemma 3.6. The function MT given by (27) is well defined, bounded and such that
M° (q) + M7 (q,8) 2 0,
where M° is given by (26).

Proof. We start remarking that M7 can be rewritten by means of Eq. (31) as

M7 (q,p

7

/ / / Z X (b,u,q) cosht (1—|—X (b U q) cosht 4+ e~ X; (bu,q)cosht)
Cq
/ (1 + efXj(b,u,q)cosht)
x dbdtu (1 — u) du,

where X; (b,u,q) = b\/mz +u(l—u)g? for j = 0,1,2. Every term in the Pauli-Villars
sum is obviously positive and can be estimated as follows:
efXj(b,u,q) cosht (1 + Xj (b, u, Q) cosht + efXj(b,u,q) cosht)
(1 + e—Xj(b,u,q)cosht)2

< e_Xj(b,u,q) cosht (2 + Xj (b’ u, q) cosh t)

<2 (B—Xj(b,u,q) cosh t + e—%Xj(b,u,q) Cosht)

< 4o~ 3X;j(bu,q) cosht

2

- )
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so that

1 B 0o
%/ u(l—u)/ e*%Xf(b“q)/ e T X0 4t dh du
0 0

3\/_ﬁ/ buq

X;(bu.9) qp

4\/_ 1

3,/ \/—
In particular, the previous calculations show that the function M7 is well defined and
bounded. Now, in order to conclude the proof, let us recall that

q—Q(MO()JrMT / G (g,b
8w ’

and G (q,5) > 0 by [31, Lemma 11]. Indeed,
d 47is 472 1\2 _ﬁs(m_l)?
—9 = —— — 32 2 <
2 (0%) ﬁ?%("U)Q =Y

and in particular the function G is given by (29). O

Remark 3.7. The calculations in the previous proof show that M7 vanishes as 3 goes to
infinity as expected since we isolated the zero temperature term M°. In addition, let us
notice that the terms corresponding to ¢; and ¢y goes to zero when mq,mo — o0, that
is in the large cut-off limit (recall formula (13)). Since the j = 0 term is negative, this
implies that M7 stays negative for A large enough. o

3.3. Proof of the second part of Theorem 2.2. First of all, given any A € L' (R? R3)N
H éiv (R?’), we proved that the functional Fpy is well defined and can be written as

Fev (A, B) = Fpve (B,B) + R(A,5),

where 5
1
Fova(B.6) =5 [ tr(tre T (4.0) db
0

and
R(A,B) = %/B [tr (trea Ty (A,D)) + tr (trea Ts (A, b))] db.
0

Almost the same proof as in [28, Theorem 2.1] holds, by replacing [28, Lemma 4.1] by
Lemma 3.1 and [28, Lemma 4.2] by Lemma 3.2. In order to include a finite temperature,
as already remarked in Lemma 3.2, recall that we simply have to make the following formal

replacements:
/dw - —
dr keZ
2k —
where § = 1/T € (0,00), and then to consider the averaged primitive function with

respect to [ of each term in the expansion. In this case, it is important to notice that the
universal constant K in [28, Lemma 4.4] and [28, proof of Lemma 4.5] is O(8) as 8 — 0.
This is crucial in order to get the finite constant x in (15). In addition, note that 0 is
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never an eigenvalue of the magnetic Dirac operator by Lemma 2.1. Finally, a proof of the
properties of M7 can be found in Lemma 3.6. O

4. THE REGIME OF SLOWLY VARYING MAGNETIC FIELDS: PROOF OF THEOREM 2.3

This section is devoted to the proof of Theorem 2.3. In order to do so, we will exploit
the general scheme used in the proof of [31, Proposition 17]. Thus, let us recall the general
setting: we consider a scaled magnetic field B; (z) = B (ex) with B € CY (R3,R3) such
that divB = 0 and satisfying the assumptions (18). By [31, Lemma 5|, let A be the unique
corresponding potential in H, éiv (]R?’) such that B = curlA, and let A. be the potential
associated to B.. We are interested in studying the asymptotic behaviour of the free
energy functional Fpy (A., 8) of Dirac’s vacuum as € — 0, that is in the limit of slowly
varying purely magnetic fields.

Similarly to what has been done in Section 3.1, we rewrite Formula (20) as follows:

4a? (2k — 1)* 2
xtanhx—z 5 5 —Z 5 )2 Sk (32)
(2k —1)" w2 + 4z ( —1)"n% 4+ 4x

keZ keZ

in order to express the free energy functional Fpy of Dirac’s vacuum as

Fpv (4, =3 / tr (trea Ta (b)) db

/0 ZTr ch ! - !

kez  |i=0 (D,f,‘bj)2+w(k,b)2 (D,(J,Lj)2+w(k,b)2

db
X w (k,b)? —.
b
Notice that the series is convergent in the operator norm thanks to the following estimate:
2 1 1 C
Z € L \2 > 1o \2 5 = ) Nk
i\ (p4) +wp? (DY) +w(kp) (m? +w(k,8)°)

In this section, we prefer working with Formula (32) rather than (21) in order to make
the square of the Dirac operator appear, which is positive definite and allows us to rewrite
T4 (b) in a block-diagonal form in the two-spinor basis:

2
Ty (b) = bz (k.b) Z ( ! ! (kb)2>®11@,

ez =0 \Pa+mitwlk, b)? Po—i-m?—i-w

where P4 is the Pauli operator defined as Py = (0 - (—iV 4 A))? = (—=iV+ A)* —¢ - B
such that

2 [Pa+m? 0

a 0 Pa+m
By Theorem 2.2, the operator T4 (b) is trace-class when A € L' (R3) N H}. (R?), but in
this section we simply have B € L' (R%) N L> (R3), which does not imply the associated
potential A to be integrable. Thus, T4 (b) is not necessarily trace-class in our framework.
Fortunately, the non-trace-class part can be easily isolated and is linear in A. Indeed, by

22|

2} = (Pa+m?) @1c.
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adjusting [31, Proposition 6] to the non-zero temperature case by means of the previously
mentioned replacements, we know that, under our assumptions on B,

Fpv (A / Z Tr

1 1
C —
jZOJ<PA+m§+w(k,b)2 Po +m? +w (k,b)°

O kez
1 1 5 db
— p-A+A-p w(k,b)"—. (33
Po+m§+w(k,b)2( )Po+m§+w(k,b)2>] (h,0)" - (33)

As done in [31, Step 3], we introduce a family of Gaussian functions G, given by
_l=?
Gy (@)= (mp) 2 e 7,
and such that
/BGP(ﬂ:—y)Qdy: 1, VzeR3
R

which will play the role of a continuous partition of unity and allow us to localise the free
energy functional in order to work on sets of fixed size where the slowly varying magnetic
field is almost constant. We refer the reader to [31, Lemma 7] for some properties about
this Gaussian family. Now, by localising the operator inside the parenthesis by means of
the functions G, the functional (33) can be rewritten as

-3
Fpv (Ae) :26 /RSwakb (k?b)ddbb
keZ
where
Ay () = e 1A (y +ex)
and

fu(A) = trLQ(R3,C2)

1 1
G . —
pjz:%c] <PA+m§+w2 Po + m? + w?

1 1
——————(p A+ A p)=——5—|G,|.
Po+m§+w2(p * p>7?0+mj2+w2> ”]

Thanks to the localisation procedure, the term containing p - A + A - p, which was sub-
tracted because of its non-trace-class nature, becomes trace-class with vanishing trace [31,
Lemma 8]. As a consequence, f, can be simplified as follows:

fuw (A&y) = trLQ(RS,CQ)

1 1
G cj — G, .
pjz() ]<77A5,y+m?+w2 770+m?+w2> p]

Now, the idea is to replace the potential A., in the formula above by the potential
B (y) x /2 of the constant field B (y), up to a small error. In order to do so, we first need
to extend the definition of f, to potentials with a linear growth at infinity. This is doable
thanks to [31, Proposition 9]. Then, applying [31, Formula (55)] to A, , gives

A PA(y+t

szx<x./ Mdt>+3(y)xf+s}€€,y(:ﬂ),
€ 0 € 2

where

LB(y)— B(y+t
Re,y($):x></0 ) €(y+ =), dt.
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By gauge invariance we can now simplify the formula above, by imposing the potential A
to satisfy the Poincaré (also called multipolar or Fock-Schwinger) gauge,

z-Ax+y)=0.

Finally, the free energy functional Fpy of Dirac’s vacuum can be rewritten as

SFoy (4= 5 [ [ S w0 fue (o)

keZ

ﬂ/ /]R?’kz ) ik (B(y)X§+aRg7y)dy?
S

[ [ S nkm(<>x§)%]®
db

[fw k,b) (B (y) x 5 + €Re,y) — Jo(k,b) (B (y) x )} dy— L (34)

db

keZ
Az

Thus, it only remains to study the two terms in Eq. (34). This is the content of the two
following lemmas. We start by computing an explicit formula for the first term:

kEZ

Lemma 4.1. Under the assumptions of Theorem 2.3,

2 S i (B x5) T = v (B + B (B5).

keZ
where
Iy (a) = 1 /OO i cie”™ (sacoth (sa) — 1) ds
and
T —sm = /32 2ds
v@m =1z [ Zc] (s Bleoth (s1B) ~ 1) 3 (-1 ™5 5. (@)

Proof. By [31, Proposition 16], we know that, if B is constant,

1 (B « %) _ 47r—3/2/0 (z:j ) 1B coth (s|B) — 1) 575,
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Therefore,

L[ Eeori (523) 2

— 71 v 2 2 ds db
B _ E —sw(k,b)
2,871'3/2 /0 /0 (Z cje ) ‘ ’COth( ’B‘) 1) w(k7 b) € 53/2 b

kEZ

1 g oo d 4mis\ ds db
:_72&73/2/0/0 (ch ) 5|B|coth (s yB\)—1)£92 (0,—b2 )W?

4mi db
zgﬂw / / s lss/z (ch ) s |B] coth (s rBD—l)]ez(o,z—f)ds?

where 603 is defined by (28) and B denotes B (y) for fixed y. As done in the proof of
Lemma 3.2, we apply again Dittrich’s method [16] in order to isolate the non-zero tem-
perature contribution from the null temperature term. Thus, thanks to Eq. (30), we can
rewrite the equation above as follows:

db
2 St e (B 5) 5 = i 1B+ 5 (1B1 ).

keZ

where

0o 2
fov (|B]) = 4—;/0 P [33/2 (Z ) s|B| coth (s |B|)—1)] sl%ds

and

fov (1B 25%// E[i/ (che ) s |B|coth (s|B]) —1]

7=0
1 &
_/ Z

Let us now focus on va- By computing the derivative of the product and integrating by
parts once more one of the resulting terms, we finally get

ds

v B = o5 [ (Zc] ) s|Beoth (s 1B]) = 1) 5,

which is the well known Euler-Heisenberg energy function at null temperature [31]. Then,
let us focus on fgv. Again, similarly to what we did for the zero temperature term, we
get

fov (1B, 8) = 152 // ch (s|B|coth (s|B|) —17; _Sdb

4[5’7?// ch ~"5 (s |B|coth (s [B]) = 1) > (-
n=1

b2 2 _pp2d
e 5 db.

S
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B 2,2 2,2 2,2
l/ 1_ b n 67645 db:eiﬁT’
B Jo 2s

we get Eq. (35) and this allows us to conclude the proof. O

Noticing that

Finally, it only remains to give an estimate of the remainder in the second line of (34):

Lemma 4.2. Under the assumptions of Theorem 2.3, we have, for every 0 < e <1,
€

ol (0= 8) e (0= s

where C' is a constant depending only on B, p and the c;’s and m;’s.

2

Proof. The proof is the same as in [31, Proposition 17]. O

Formula (34) together with Lemma 4.1 and Lemma 4.2 allows us to conclude the proof.
O
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