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In addition to Goldstone phonons that generically emerge in the low-frequency vibrational spec-
trum of any solid, crystalline or glassy, structural glasses also feature other low-frequency vibrational
modes. The nature and statistical properties of these modes — often termed ‘excess modes’ — have
been the subject of decades-long investigation. Studying them, even using well-controlled com-
puter glasses, has proven challenging due to strong spatial hybridization effects between phononic
and nonphononic excitations, which hinder quantitative analyses of the nonphononic contribution
Dc(w) to the total spectrum D(w), per frequency w. Here, using recent advances indicating that
Dg(w) =D(w) — Dp(w), where Dp(w) is Debye’s spectrum of phonons, we present a simple and
straightforward scheme to enumerate nonphononic modes in computer glasses. Our analysis estab-
lishes that nonphononic modes in computer glasses indeed make an additive contribution to the
total spectrum, including in the presence of strong hybridizations. Moreover, it cleanly reveals the
universal Dg(w) ~w? tail of the nonphononic spectrum, and opens the way for related analyses of

experimental spectra of glasses.

I. INTRODUCTION

The Hamiltonian of solids — glassy, crystalline or
otherwise — generically features translational invari-
ance, and therefore low-frequency waves (long wave-
length phonons) populate the vibrational spectra of
solids, independently of their microscopic structure [1].
In structural glasses formed by cooling a melt, additional,
nonphononic low-energy excitations emerge due to the
existence of structural frustration and disorder [2]. These
excitations are quasilocalized in space, i.e., they feature
a disordered core of linear size of 5-10 interparticle dis-
tances, decorated by far fields that decay at distance r
away from the core as = (¢~ in d spatial dimensions [2].

Quasilocalized excitations (QLEs) play important roles
in controlling the mechanical [3, 4] and thermody-
namic [5] properties of glassy solids. They have been
shown to follow a universal ~ w?® nonphononic spec-
trum [6, 7] in the low-frequencies w — 0 limit [8] in a
broad class of computer models of disordered solids [9-
11], independently of microscopic details [12], spatial di-
mension [13-16], and the nonequilibrium formation his-
tory/protocol [17, 18].

A major obstacle hindering a direct and clean inves-
tigation of the statistical-mechanical properties of QLEs
in computer glasses, including their nonphononic vibra-
tional density of states (VDoS) D¢ (w), is that they only
assume the form of harmonic vibrational modes (normal
modes) when their vibrational frequencies w fall below
or in between quantized phonon bands [21] in finite-size
glass samples. The range of frequencies w for which these
conditions are met shrinks with the size of the glass
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FIG. 1. (large panel) A vibrational mode in a 2D computer glass
of N = 8100 particles at frequency w = 0.037wp (wp is Debye’s
frequency [19], and see [20] for model details), which is comprised
of several hybridized QLEs with phonons. The red bar indicates the
wavelength of phonons having the same frequency w as that of the
vibrational mode. (smaller panels) 5 QLEs that were isolated and
dehybridized as explained in [20], see text for additional discussion
(each panel corresponds to the entire system shown in the large
panel).

(quantified by the number of particles N or the linear
size L~ N'/3 in three dimensions) [22], such that in large
systems low-frequency vibrations consist of spatially hy-
bridized (mixed) QLEs and phonons, up to and in the
vicinity of the boson peak frequency, as demonstrated in
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Fig. 1 and in [20]. At the same time, there is a need
to study large computer glasses since the nonphononic
VDoS may feature strong finite-size effects in smaller
samples [14, 23, 24]. These challenges led to the develop-
ment of various nonlinear methods to dehybridize QLEs
and phonons [25-29], having measurable success in shed-
ding light on the statistical properties of QLEs [2, 20, 30].
However, these methods are not yet fully exhaustive, and
their numerical implementation might be cumbersome
and computationally expensive.

Recently, it has been suggested [20, 31] that while
nonphononic excitations generically hybridize (mix) with
phonons in space, their number per frequency w con-
tributes additively to the total D(w). That is, it was
suggested that the latter follows an additive structure of
the form

D(w) = Dg(w) + Dp(w) , (1)

where Dp(w) is Debye’s VDoS of phonons. Similar sug-
gestions were made earlier in [32-35] and some prelimi-
nary support to Eq. (1) was provided in [20, 31]. In this
work, we directly validate Eq. (1) and in so doing we
develop a simple and straightforward approach to enu-
merate low-frequency nonphononic vibrational modes in
computer glasses. The approach developed here, which is
widely applicable to any computer glass, is useful in de-
termining the scaling regime of the universal Dg(w) ~w?
tail of the nonphononic spectrum, allows to overcome
the aforementioned finite-size effects in the nonphononic
spectrum, and also opens the way for related analyses of
experimental spectra of glasses based on Eq. (1).

The paper is organized as follows; in Sect. ITA, we
describe the model systems considered, the observables
measured and the numerical methods employed. In
Sect. IIB, we briefly recap Debye’s theory of phonons
in homogeneous, isotropic media, allowing to calculate
Dp(w). Section III presents our enumeration analysis of
excess vibrational modes in computer glasses based on
Eq. (1). We summarize our work and highlight future
research directions in Sect. IV.

II. METHODOLOGY

Equation (1) implies that the nonphononic VDoS is
given by Dg(w) = D(w) — Dp(w). Consequently, one
needs to generate computer glasses, measure their total
VDoS D(w), compute Debye’s VDoS of phonons Dp(w)
based on the measured elastic properties of the glass and
finally evaluate thier difference to obtain Dg(w). In this
section, we explain how this is done.

A. Computer glasses and the total VDoS D(w)

We employ two simple models of structural glasses in
three dimensions (3D) in which point-like particles inter-

act via an inverse power-law ~ r~'0 pairwise potential,
with r denoting the pairwise distance. The first model
— referred to in what follows as BIPL — is a 50:50 bi-
nary mixture of two types of particles with different ef-
fective sizes, whereas the second model is a polydisperse
glass former referred to in what follows as PIPL. De-
tails about the potential and parameters employed can
be found in [30] for the BIPL model, and in [36] for the
PIPL model. Ensembles of computer glasses were cre-
ated by a continuous quench from high-temperature lig-
uid states into the glass phase at a rate =102 for the
BIPL system (in simulational units, see [30]), whereas
in the PIPL we instantaneously quenched glasses from
equilibrium liquid states at parent temperature T, =0.32
(in simulational units, see [36]). Instantaneous quenches
were performed using a conventional conjugate gradi-
ent method. The total VDoS D(w) was calculated us-
ing ARPACK [37]. Elastic moduli, which are needed to
obtain Debye’s phononic VDoS Dp(w) next, were cal-
culated using the microscopic expressions as provided,
e.g., in [36].

B. Debye’s phononic VDoS Dp(w)

We consider isotropic, homogeneous materials of linear
size L in d dimensions, characterized by shear modulus G,
bulk modulus K and mass density p. At the continuum
level, under the assumption of small deformations, the
displacement field u(r, t) is governed by the Navier-Lamé
equation [38]

pit=(K+G/d)V(V -u) + G V3u . (2)
Plane-waves (long wavelength phonons) of the form
\I’sj(?") X Qg p ek (3)

correspond to oscillating solutions, ¥ o« —¥. Here, k
in the wavevector and as ¢ are polarization vectors that
satisfy ay - k/|k| =1 for sound (longitudinal) waves and
as - k/|k|=0 for d—1 orthogonal shear waves.

Under periodic boundary conditions, the wavevector k
assumes the form

k= Q%n, (4)

where n is a d-dimensional vector of integers. The os-
cillation frequency of these long wavelength phonons is
given by w = ¢s|k| for shear waves, with ¢, =+/G/p, or
w=cy|k| for sound waves, with c,= /(K +(2—2/d)G)/p.

The VDoS Dp(w) of these long wavelength phonons
corresponds to the number of orthogonal solutions ¥ in
a narrow frequency range around w. For macroscopically
large systems, i.e., in the thermodynamic L — oo limit,
the spectrum is continuous and follows Debye’s theory
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FIG. 2. (a) The low-frequency tail of the VDoS D(w) averaged over 10° independently formed BIPL computer glasses of N =4000 particles.
It is fitted to the quartic law Agw?* to extract Ay (as indicated). (b) The low-frequency cumulative VDoS C(w) for the same computer
glasses, this time with 100 realizations of N =10° particles. Using A, measured in panel (a), we superimpose the sum Cp(w)+ Agw®/5

to find very good agreement, see text for additional discussion. The dashed line represents C](DL_)OO)(w) =w3/wd. (c) C(w) — Cp(w) vs. w
on a double-logarithmic scale (dotted line), corresponding to the same data shown in panel (b). The superimposed solid line corresponds
to Cq(w) = Agw® /5, with Ag extracted in panel (a). The vertical line corresponds to the crossover frequency wy(L). See text for the

discussion of the results.

where Ap=d/wd is Debye’s prefactor and wp is Debye’s
frequency in d dimensions. In 3D (d=3), which we focus
on hereafter, one has

o = (MW)“’ |

2¢5% +¢,°

(6)

where the corresponding expression in 2D (d=2) is given
in [19] (see also the caption of Fig. 1). Finally, we note
that Debye’s cumulative VDoS (the number of long wave-
length phonons having frequencies < w) takes the form
CI(DLHOO)(W) = w3/wd in 3D. The superscript ‘(L — 00)’
serves to distinguish the above expression from its finite
L counterpart (recall that L ~ N'/3), to be considered
below.

A preliminary application of Eq. (1) to experimental
data of boron oxide glasses [31] invoked Eq. (5) with an
experimentally determined Debye’s prefactor Ap, as the
laboratory glasses were macroscopically large, L — oo.
When applying Eq. (5) to computer glasses of finite linear
size L, the low frequency spectrum becomes quantized,
i.e., composed of discrete phonon bands. Consequently,
Debye’s continuous VDoS of Eq. (5) is no longer valid at
the lowest frequencies w in finite computer glasses, and
one has to account for the emerging quantization.

In order to determine the finite L counterpart of
C](DLHOO)(W)7 one needs to enumerate the phonons in each
phonon band, appearing at discrete frequencies below w.
In the absence of glassy (structural) disorder, the phonon
bands are degenerated, i.e., multiple wavevectors feature
the very same frequency. In glasses, the disorder lifts the
degeneracy, resulting in a finite spectral width Aw per
band, which is well-understood theoretically [21]. How-
ever, as we are only interested in the number of phonons

per band, Aw is of no importance here (see some addi-
tional discussion of this point below), and we focus on
the degeneracy of each phonon band.

The degeneracy of phonon bands is obtained from the
d-dimensional integer sum-of-squares problem [21]

d
non=3) ni=q, (7)
i=1

where ¢ >0 is an integer that labels phonon bands. The
number N (q) of different solutions to Eq. (7) — including
permutations — is defined as the degeneracy of the ¢'"
phonon band. The finite L, Debye’s cumulative VDoS
Cp(w) is then given by

q"" (w) " (w)
@-1) Y. N+ Y. N
o q=1 g=1
where g2'j*(w) are the largest integers that satisfy
wL

9)

q:g"(w) = 2mes g ’

The resulting Cp(w) is a step-wise function, corre-
sponding to the underlying discrete phonon bands, which

(L—o0) . .

may approach Cp) (w) in a certain frequency range
for a given L (as demonstrated explicitly in Fig. 2b).
In what follows, we will employ the L-dependent, step-
wise Cp(w) of Eq. (8) in applying Eq. (1) to finite-size
computer glasses. That is, we will use the simple and
straightforward scheme described above for enumerating
the excess, nonphononic modes in finite-size computer
glasses based on the cumulative (integrated) version of

Eq. (1), Co(w)=C(w)—Cp(w).



III. RESULTS

Once the total and Debye’s VDoSs are at hand, the
nonphononic VDoS Dg(w) (or its cumulative counter-
part Cg(w)) is immediately obtained as Dg(w)=D(w) —
Dp(w), if Eq. (1) is valid, i.e., if indeed nonphononic
modes make an additive contribution to the total VDoS.
To assess the validity of the latter, one needs an indepen-
dent procedure to obtain Dg(w). As mentioned above, it
has been extensively demonstrated that D (w) = Agw? at
low frequencies [2], where the prefactor of the universal
quartic law, Ay, can be extracted by thoughtfully select-
ing small computer glass samples [6, 21]. Consequently,
our strategy would be to determine A, using small com-
puter glass samples and then test the validity of Eq. (1)
in significantly larger samples.

We first apply this procedure to the BIPL model. In
Fig. 2a, we show the low-frequency tail of the VDoS
D(w), measured in glassy samples of N = 4000 parti-
cles. In this case, a substantial number of QLEs are
observed below the lowest-frequency phonon band, al-
lowing to reveal the Dg(w) ~ w? scaling. The lowest-
frequency phonon band in this system resides at a fre-
quency 2mcs/L~1.54 (in simulational units), correspond-
ing to the small bump seen at the high end of the ~ w?
scaling regime in Fig. 2a. This dataset allows us to
cleanly extract the prefactor of the nonphononic VDoS
D¢ (w) = Ag w?, giving rise to Ay ~#6x107* (in simula-
tional units).
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FIG. 3. The participation ratio e (see text for definition) calcu-
lated for individual vibrational modes is scatter-plotted against the
mode’s frequency w for 3D BIPL glasses of (a) N =64000 and (b)
N = 256000 particles. The vertical lines mark the crossover fre-
quency w; (L) above which QLEs are typically hybridized in space,
see text for discussion.

With A, at hand, we can now perform the first validity
test of Eq. (1), which in turn allows us to accurately
enumerate excess modes in larger systems. We present
Eq. (1) in its cumulative, low-frequency form as

C(w) =Cp(w) + %Agw5 , (10)
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where we used Cg(w) = Agw’/5 for small w and com-
puted the step-wise Cp(w) as explained in Sect. IIB.
In Fig. 2b, we plot the directly measured cumulative
VDoS C(w) for N=10° (i.e., nearly 3 order of magnitude
larger than in panel (a)), and superimpose on it the sum
Cp(w)+Agw® /5, using the value of A, extracted in panel
(a). The step-wise contribution of Cp(w) is apparent, and
the agreement with the direct measurement is excellent.
In addition, we superimpose C](DLHOO)(w) = w3 /wd (see
legend, following Eq. (5)), demonstrating convergence to
it above some frequency.

The results presented in Fig. 2b do not yet support the
validity of Eq. (10), and hence of Eq. (1), because they
would have been the same for every nonphononic spec-
trum that satisfies Cq(w) < Cp(w), not specifically for
Ci(w) = Agw®/5. Consequently, we plot in Fig. 2c¢ the
same data, but as C(w) — Cp(w) on a double-logarithmic
scale and superimpose Cg(w) = Agw®/5, using A, of
Fig. 2a. The observe agreement between C(w) — Cp(w)
and Cg(w) = Agw®/5 is excellent, providing strong sup-
port to the additive structure of the VDoS of glasses in
Eq. (1), and constituting one of our major results.

Figure 2 demonstrates that the nonphononic VDoS
Dg(w) = Agw? of QLEs can be simply and straight-
forwardly obtained in computer glasses using Eq. (1),
despite the coexistence and spatial hybridization with
phonons. The latter do have a signature in Fig. 2c,
in the form of localized deviations from the continu-
ous Cg(w) = Agw®/5 line. These correspond to dis-
crete phonon bands and manifest themselves because
the bands are not strictly degenerate as in crystalline
solids, but rather feature finite spectral widths Aw [21],
as mentioned above. This issue is father discussed below,
even though it has no implications for the extraction of
Dg(w)=Ag w?.

Clearly distinguished, discrete phonon bands exist up
to an L-dependent crossover frequency scale wi(L) ~
L=2/(d+2) (see [21, 22]), marked by the vertical line
in Fig. 2c. For w > wy, phonon bands are no longer
distinguishable (they overlap one another, starting to
merge and form a continuous spectrum) and QLEs are
rather continuously hybridized with phonons (and with
other QLEs, cf. Fig. 1 above). The merging of phonon
bands and the nearly continuous hybridization of QLEs
with phonons are demonstrated in Fig. 3. In the figure,
we scatter-plot the participation ratio e = [N (-

,)?] ! (i denotes particle indices) of each individual vi-
brational mode W, calculated across 200 independently
formed glass samples of N = 64000 (panel (a)) and across
100 independently formed glass samples of N = 256000
(panel (b)) particles. It is observed that for w>wy, dis-
crete phonon bands are nearly indistinguishable and that
the participation ratio e attains values of O(1), indicative
of spatial hybridization with extended phonons (compare
to e~ O(1/N) away from phonon bands for w <ws, and
note the different y-axis range of the two panels).

Next, we ask whether Eq. (1) remains valid also in
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FIG. 4. Enumerating nonphononic modes in computer glasses of different sizes (indicated in the legends) using the developed scheme.
We follow the format of Fig. 2¢ and plot C(w)—Cp(w) in dotted lines in panels (a) and (b). The vertical lines correspond to the crossover

frequency wi(L) (see Fig. 3 and text for discussion).

The continuous green lines correspond to the cumulative nonphononic VDoS

Cg(w) = Agw® /5, with Ag independently extracted in Fig. 2a. The inset in panel (a) zooms in on the localized up and down deviations
from the continuous line, which are marked by the rectangle in the main panel. See text for discussion.

the presence of stronger, more continuous hybridiza-
tion between QLEs and phonons for w > w;. To ad-
dress this question, we plot in Fig. 4 C(w)—Cp(w) for
the glass ensembles shown in Fig. 3, and superimpose
Ci(w) = Agw®/5 in same format as in Fig. 2c. The
agreement between the two is excellent in both panels,
both below and above the crossover frequency w(L), yet
again supporting the additivity of the phononic and non-
phononic VDoSs in Eq. (1). In the inset of Fig. 4a, we
zoom in on the localized up and down deviations from the
continuous Cg(w) = Agw®/5 line marked by the rectan-
gle in the main panel. The inset clearly reveals that the
up and down deviations, of spectral span determined by
the corresponding width Aw of the disorder-broadened
phonon band [21], cancel out such that C(w)—Cp(w) re-
turns to the Cg(w)=Agw®/5 line.

To further demonstrate the validity of Eq. (1), and the
power and merit of the excess modes enumeration scheme
based on it, we conclude the paper with an analysis of the
PIPL model. This computer glass former is tailored for
the Swap-Monte-Carlo algorithm [39] such that it can be
deeply supercooled, down to very low equilibrium tem-
peratures. We supercooled PIPL liquid states to a very
low temperature 7}, = 0.32 (in simulation units, see de-
tails in [36]), which are subsequently quenched instanta-
neously to zero temperature, forming glasses (hence, T},
is termed the ‘parent’ temperature of the generated glass
samples). 2000 independent samples of N =16000 parti-
cles were generated, constituting a relatively large statis-
tical ensemble. Despite this, these ultrastable glasses fea-
ture a very small number of QLEs below the first phonon
peak. This is manifested in the noisy low-frequency tail of
the VDoS D(w) observed in Fig. 5a, which does not allow
to robustly extract the prefactor Ay in Dg(w)= Az w?.

In Fig. 5b, similarly to Fig. 2c and Fig. 4, we plot
C(w)—Cp(w) and fit it to Azw®/5. The fit is very good,
yielding Ag ~ 2.7 x 1076, which is used to superimpose

Dg(w) = Agw? in Fig. 5a (continuous green line). We
conclude that the developed procedure provides a much
more robust approach to enumerating nonphononic ex-
citations in ultrastable glasses, compared to alternative
approaches.

FIG. 5. Enumerating nonphononic modes in ultrastable 3D PIPL
computer glasses using the developed scheme (panel (b)), compared
to the conventional approach employed in the literature (panel
(a)). (a) The low-frequency VDoS D(w) (dotted line), revealing
that QLEs are too scarce below the first phonon band in order to
robustly extract the prefactor Ag of the tail of the nonphononic
VDoS, Dg(w) =Ag w*. The continuous green line is obtained from
the analysis of panel (b), explained next. (b) C(w)—Cp(w) vs. w
(dotted line), with a superimposed fit to Cg(w)= Agw®/5 (contin-
uous green line). The extracted Ag (the value is indicated) is used
to plot Dg(w)=Ag w* in panel (a). See text for discussion.



IV. SUMMARY AND OUTLOOK

In this work, we established two major, interrelated
results. First, we demonstrated that the total VDoS of
glasses, D(w), emerges from the sum of phononic, Dp(w),
and nonphononic, Dg(w), contributions according to
Eq. (1). This basic result indicates that while phonons
and QLEs strongly hybridize in space, hybridization in-
volves modes of narrowly distributed vibrational frequen-
cies near a given w such that the respective number of
each species contributes additively to the total VDoS per
w. This result also shows that all low-frequency excess
modes are QLEs, i.e., there are no other types of non-
phononic excitations.

Second, based on the validity of the additive structure
of Eq. (1), we developed a general, simple and straightfor-
ward scheme to enumerate nonphononic modes in com-
puter glasses. It only requires the computation of the to-
tal VDoS D(w) and of the elastic constants, from which
Debye’s phononic VDoS Dp(w) is obtained. Its great ad-
vantage is that it is insensitive to the hybridization of
phonons and QLEs in space, which was the main stum-
bling block for extracting the nonphononic VDoS D¢ (w)
for a long time. The validity of Eq. (1), established here,
also opens the way for related analyses of experimental
spectra of glasses, as demonstrated very recently in [40].

Another advantage of the developed approach is that
it allows to delineate the ~w? scaling regime of the non-
phononic VDoS (it is now well-established that QLEs
exist beyond the power-law scaling regime, up to and
in the vicinity of the boson peak frequency, see Fig. 1
and [20]). In the two models studied, we estimate the
upper limit frequency of the scaling regime, denoted we,
to be we~21.5 in BIPL computer glasses (cf. Fig. 4a), and
we ~ 2.0 for PIPL computer glasses (cf. Fig. 5b); inter-
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estingly, the ratios wc/Agl/5 ~0.35 for the BIPL model,

and we/Ag '/° 20.15 for the PIPL model, indicating that
this ratio decreases with increasing stability of the ana-
lyzed computer glasses (recall that A, has the dimension
of [1/frequency]®). Future research should reveal how

the ratio w./Ag 1/5 depends on different features of other
computer-glass models.

Our approach allows investigations of the nonphononic
VDoS in larger computer glasses, which is important
for mitigating finite-size effects. In particular, in small
computer-glass samples quenched quickly from high
parent temperature equilibrium states, Dg(w) ~ w? is
observed in the low-frequency tail with 5<4 [14, 23, 24].
The scheme presented here can substantially reduce
these finite-size effects and allow for a more accurate
determination of the prefactor A, of the nonphononic
spectrum, independently of the glass formation history.
Finally, we note that one could take into account also
the disorder-induced broadening of phonon bands [21],
resulting in lifting their strict degeneracy and giving rise
to a finite spectral width Aw, but this is unnecessary
as far as the number of modes is concerned, as we
demonstrated.
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