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STABILITY FOR A CLASS OF THREE-TORI WITH SMALL NEGATIVE
SCALAR CURVATURE

EDWARD BRYDEN AND LIZHI CHEN

ABSTRACT. We define a flexible class of Riemmanian metrics on the three-torus. Then, using Stern’s
inequality relating scalar curvature to harmonic one-forms, we show that any sequence of metrics
in this family has a subsequence which converges to some flat metric on the torus in the sense of
Dong-Song.

1. INTRODUCTION

General relationships between geometric quantities are as beautiful as they are useful, and they
are very useful. There are many famous examples of such relationships, all of which have far reach-
ing implications. Especially relevant for the current work are the volume growth and isoperimetric
inequalities implied by lower Ricci curvature bounds, the systolic inequality of Gromov giving a lower
bound on the volume of a Riemannian manifold in terms of its systole, and the relationship between
the negative part of the scalar curvature and the integral norm of the Hessian of harmonic maps into
St given by Stern in [Stel9).

It is natural to wonder what the extreme geometries are with respect to these relationships, and
in what sense, if at all, they are unique. This is the question of rigidity. For example, we have the
classical fact that any metric on the torus with non-negative scalar curvature must be flat, see for
example [GL80] and [SY79]. In fact, for three-tori this follows from Stern’s inequality in [Stel9],
mentioned above.

Once the hard work of establishing such a rigidity result has been done, it is natural to wonder what
can be said about those metrics which are nearly extremal, which is the question of stability. In the
context of this paper, the question is whether metrics on the three-torus whose scalar curvature has
small negative part must be close to a flat metric in some sense. This is a subtle question; for a more
in depth discussion of the ideas and difficulties involved one can read Sormani’s survey article [Sor23].

So far there seem to be at least three geometric phenomena that complicate the study of tori with
almost non-negative scalar curvature. The first two, other worlds and splines, have been expected to
occur since the work of Gromov-Lawson [GL80] and Schoen-Yau [SY79]. Rigorous examples showing
the existence and ubiquity of such objects have recently been constructed by Sweeney [Jr23]. The third,
drawstrings, was first observed in dimensions greater than 3 by Lee-Naber-Neumayer, see [LNN23].
Later, Lee-Topping showed that drawstrings can be used to produce counter intuitive convergence
results, see [LT22].

Roughly speaking, the spaces and notions of convergence proposed to study stability problems
involving scalar curvature lower bounds correspond to which of these three phenomena should be
considered ”small perturbations”, and which are to be eliminated, or controlled, by hypothesis. Take
for example the amazing result of Dong-Song on the stability of the Positive Mass Theorem [DS23].
One way to interpret this result is to say that for metrics with nonnegative scalar curvature and small
mass, such wild geometric phenomena as bubbles, splines, and drawstrings must be hidden behind a
surface with small area. In this way, they are small perturbations of the geometry.

At the opposite end of the spectrum, we may make an hypothesis which severely controls bubbles,
splines, and drawstrings. For example, one may restrict attention to metrics satisfying a uniform
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lower bound on their Ricci curvature. Results of this flavor are the stability of the Positive Mass
Theorem proven by Kazaras-Khuri-Lee in [KKL21], and the stability for tori proven by Honda-Ketterer-
Mondello-Perales-Rigoni in [HKM™23]. Results in a similar vein were obtained in [ABK22] through
controlling the geometry by assuming isoperimetric and integral Ricci curvature bounds.

Another approach has been to assume some geometric condition which eliminates the existence of
one, or perhaps two, of the wild geometries. This approach has seen some success using the Intrinsic
Flat distance on integral currents, which contain Riemannian manifolds as a subset. See for example
the work of Allen, Kazaras, and the first named author in [ABK23] and the work of Hirsch and
Zhang in [HZ23]. The specific hypotheses assumed in these results control bubbles, and eliminate
drawstrings, but allow splines to exist. Concerning the stability of tori, there is the work of Allen-
Vazquez Hernandez-Parise-Payne-Wang [AHVP19).

In a different direction, Lee-Naber-Neumayer [LNN23] give conditions under which splines and
bubbles are eliminated, but drawstrings are allowed to persist. They are then able to establish a scalar
curvature stability result using the d, distance, also defined in [LNN23]. In [MY24] Mazurowski and
Yao use the d,, distance to study the stability of the Yamabe invariant on S3.

In the present work we will study a family of metrics which allow splines, and a tamer version of
drawstrings to persist, but which eliminates bubbles. For this family of metrics we will prove that
metrics with small negative scalar curvature are close to a flat metric in the Dong-Song sense [Don22],
see Definition 2.2.

Theorem 1.1. Fiz V,R,A,n, M > 0 and let F(V, R, A,n, M) be the family of Riemannian metrics on
T3 such that
(1) ‘T3|g <V
(2) IR, llz2g) < R;
(3) IN1(g) > A;
(4) min{stabsys, (g), stabsys,(g)} > o
(5) k(g,m) < M, see Definition 4.4.
Let g; be a sequence of metrics in F such that
) tim (1B () = 0.
Then, there is a subsequence, also denoted g;, and a flat metric gr.. on T3 such that g; converges to

gr., in the sense of Dong-Song. That is, for any € > 0 there exists an N € N such that for all i > N
there is an open sub manifold €; with smooth boundary such that

2) 1061y, + 10, < e,
and
(3) don <<QZ’CZ%@) 7 (T?”dgFoc)) <e.

As a consequence of the above, we obtain the following two theorems.

Theorem 1.2. Let 0, K,V > 0, and define R(o, K, D) to be the collection of Riemannian metrics g
on T3 such that

(1) min{stsys, (g), stsys,(9)} > o;
(2) Ricy > —K;
(3) diamy(T?) < D.
Then, for any sequence of metrics {g;}32, C R(o, K, D) such that
(4) 11i>r£<> HRgiHLz(gi) = 07
lim; o0 | Ry, | 22(g,) = O, there exists a subsequence {g;;};2, and a flat metric gr,. on T® such that

9i; = gr,, in the sense of Dong-Song.

Theorem 1.3. Let gy be a fived Riemannian metric on T2, and let A,V > 0. We denote by V(go, A, V)
the collection of Riemannian metrics g on T3 satisfying the following properties:
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(1) g 2 go;
(2) IN1(g) = A;
(3) [Ty < V.

Then, for any sequence of metrics {g;}5°, C V(o, A, V) such that
(5) Jim {|Ry [l 22 (g0) = 0,

there exists a subsequence {g;; };";1 and a flat metric g, on T3 such that 9i; = gr,, n the sense of
Dong-Song.

The theorem above has the following corollary for Volume Above Distance Below (VADB) conver-
gence, a notion of convergence which implies volume preserving intrinsic flat convergence, see [APS21].

Corollary 1.4. Let go be a fived Riemannian metric on T2, let A, R,V > 0, and let V = V(go, A, R, V)
denote the collection of Riemannian metrics g on T3 which satify the following properties:

(1) g > gos

(2) IN1(g) > A;

(3) IR llz2g) < R;

(4) IT?ly < V.
Suppose that g; is a sequence of metrics in V' such that
(6) ‘T3|g7‘, - |T3‘90’
and
(7) Zgr& HRgi||L2(gi) =0.

Then, the metric go must be flat.

2. BACKGROUND

2.1. Convergence in the sense of Dong-Song. In [DS23] Dong-Song established the stability of
the Positive Mass Theorem with respect to a novel notion of convergence. Here we will offer a slight
modification of this notion. Let us begin by recalling the intrinsic length metric associated with a
subset of a Riemannian manifold.

Definition 2.1. Let (M, g) be a Riemannian manifold, and let Q@ C M be a subset of M. Furthermore,
let Ly(y) denote the length of v as measured by g. For any two points z,y in  let us define

(8) CZ?) (z,y) = inf{Lgy(7) : v connects = and y}
We can now use the above definition to define convergence in the sense of Dong-Song.

Definition 2.2. Let (M, g) and (NN, h) be two closed Riemannian manifolds. We say that (M, g) is
e-close to (N, h) in the Dong-Song sense if there exists a connected open domain 3, C M with smooth
boundary such that

9) |Q°| + 10| < e
and
(10) der ((N, h), (QM,JgM)) <e.

Remark 2.3. Note the asymmetry in the above definition. If the results of [LT22] hold for three tori,
then the results of this paper indicate that the above is not in general symmetric. However, notions
of nearness like the above do seem to be useful for stability problems, see [Don22] and [Don24].

The following lemma is crucial for establishing the type of convergence given in Definition 2.2.
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Lemma 2.4. Let (T3, h) be a flat Riemannian metric on the three Torus. For every e > 0 there exists
a 6 > 0 such that if @ C T? has smooth boundary and

(11) ] > 1% -

(12) |09 < 6,

then there exists a connected subset Q' C Q with smooth boundary such that
(13) 2] > |T?| &

(14) |0 | < ¢

(15) den (Y, dfy), (,d") <e.

2.2. Harmonic maps and Stern’s inequality. Let (M, g) be an arbitrary closed and oriented
Riemannian manifold. We begin by recalling the Hodge star map * : QP (M) — Q" P (M).

Definition 2.5. Let (M, g) be a closed and oriented Riemannian manifold, and let a € QP(M). Then,
we may uniquely define an element xa € Q" P(M) as follows. Set xa to be the unique differential
form such that

(16) /Mg(a,b)dng/ caAb

M
for all b € QP (M).

Recall that for each cohomology class in H*(M;R) there is an unique harmonic representative.
In particular, for any cohomology class the harmonic representative has minimal L? norm among
the representatives of the class, see [Pet06] for a quick introduction to harmonic forms and Hodge
decomposition. In the case that o € H'(M;Z), then there is an harmonic map u : (M,g) — S such
that du is the harmonic representative of a.

The existence and uniqueness of harmonic representatives of cohomology classes provides H?(M;R)
with an inner product structure, as is defined below.

Definition 2.6. Let (M,g) be a closed oriented Riemannian manifold, and let « and 8 be two
cohomology classes in HP(M;R). Furthermore, let a and b be the corresponding unique harmonic
representatives. Then, we define g(«, 8) to be

(17) g(a, B) = /M g(a,b)dV,.

Notation 2.7. Following Hebda [Heb23], for o« € HP(M;R) we let |a|5 denote v/g(a, @).

Specializing to three dimensions, Stern [Stel9] connected scalar curvature to harmonic forms with
the following powerful inequality.

Theorem 2.8 (Stern’s inequality). Let (M3, g) be a closed and oriented 3-manifold, letu : (M, g) — S
be a nontrivial harmonic map, and let R, denote the scalar curvature of g. For the level sets Yo =
u= {0} we let x(3Zg) denote the Euler characteristic of 9. Then, we have that

1
(18) zw/x ($g)df > = // (|du| 2|V du|® + R,)dA,df.
s 2 Js Jz,
By inspection, we see that if we could control x (), then we would have a very strong relationship
between R, and the Hessian of non-trivial maps into S. The following lemma is crucial in this regard.

Lemma 2.9 ([Stel9]). Let (M,g) be a closed oriented Riemannian manifold, and let u : (M, g) — S
be a nontrivial harmonic map. Then, for almost every 8 € S we have that X9 = u is smooth, and each
component is a non-trivial element of H,_1(M).
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Proof. That ¥g is smooth for almost every 8 € S is a standard consequence of Sard’s Lemma. In
particular, we may also assume that |Vul|y, > 0 for almost every 6 € S. Therefore, we will focus on
the second statement. Let 6y € S be such that X = ¥y, is smooth and is the disjoint union of its
connected components: ¥ = | |%;. Let 3;, be an arbitrary component of ¥, and suppose that it is a
trivial element in H,_1(M). Since u is harmonic, we have that *xdu is also harmonic, and in particular
is a closed element of H"1(M;R). Therefore, since 3;, is trivial, we have that

(19) / *du = 0.
ZiO

However, from the definition of xdu we see that

(20) /E

Since |Vul|y > 0, this leads us to a contradiction, and so it follows that 3;, could not have been a
trivial element of H,,_1(M). O

*du:/ [VuldA,.
b

ig ig

With this lemma and Stern’s inequality in hand, we immediately get the following important corol-
lary.

Corollary 2.10. Let (M?3,g) be a closed oriented three dimensional Riemannian manifold, let u :
(M,g) — S be a nontrivial harmonic map, and let R be the negative part of the scalar curvature.
Finally, suppose that Hy(M) has no non-separating 2-spheres. Then, we have that

|Vdul?

du

(21) 1R 2ol dull e = /N S,

Proof. Tt follow from our hypotheses, Lemma 2.9, and the classification of surfaces that for almost
every 0 € S we have

(22) X(Xg) < 0.
Therefore, we may rearrange Stern’s inequality to obtain
d 2
(23) - / RydA,df > / / VdulZ ;4 a0,
S /% sJx, |dul
The result now follows from an application of the coarea formula on both sides, the definition of R
and an application of Holder’s inequality on the left hand side. O

At this stage it is convenient to introduce the following notation.

Notation 2.11. For S' let df? denote the metric for which S' has length 1. Then, we let h =
(d6%)? + -+ - + (d6™)? be the product metric on T".

Recall that to each element of H'(T3;Z) we may associate a map to S, and so we see that every
element of H(T3;Z)r C H*(T?;R) corresponds to an harmonic map from (M, g) to S, which is unique
up to translation. Therefore, to any three elements of € H'(M;R) we may find three harmonic maps
u® such that [du’] = o', and from these three maps we get an harmonic map U : (T3, g) — (T3, h)
defined by

(24) U(z) = (u'(z),u’(2), u’(2))
for z € T3. From this expression we see that
(25) dU = (dul, du2,du3) .

This immediately leads us to the following proposition, which we will often make use of without further
comment.
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Proposition 2.12. Let U: (T3, g) — (T3, h), let x € M, and let v € T, T3. Then, we have that

N i 0
(26) dU(v) = du'(v) 50 = 9(Vu ,V)@
and
(27) VdU = (Vdu', Vdu®, Vdu?) .

Due to the above proposition, we see that the Hessian of U will be controlled in terms of Stern’s
inequality in the form of Corollary 2.10, which is the heart of this paper.

2.3. Lattices and Successive Minima. As may be suspected from the above section, it is important
to analyze how H!(T™;Z) sits inside of H'(T™;R) as a lattice. Let us now fix some notation and
terminology which will be helpful in this pursuit.

Notation 2.13. Let (M, g) be a closed and oriented Riemannian manifold. We denote by H?(M;Z)r
the lattice in HP(M;R) generated by H?(M;Z). If HP?(M;Z) is free, then H?(M;Z) ~ H?(M;Z)x.
Let us give HP(M;R) the inner product structure mentioned in Definition 2.6. Then, we define
det (HP(M;Z)R) to be the determinant of the lattice H?(M;Z)g C HP(M;R) with respect to the
inner product on HP(M;R).

To begin analyzing HP(T";Z)r as a lattice of HP(T™;R), one may use Poincare Duality and the
free-ness of HP(T™;Z) to show that tori have the following property.

Lemma 2.14 (Berger [Ber72]). For any p and any o € HP(T™;R) we have that if (U B)[T™] is in Z
for all B in H*P(T™ Z), then « is in HP(T™; Z).

Definition 2.15. Let M be any smooth closed manifold, and fix p € N. We say that M satisfies the
dual lattice condition in degree p if the conclusion of the above lemma holds for p-forms.

We now come to an important result relating the determinants of different cohomology groups to
each other.

Lemma 2.16 (Berger [Ber72]). Let (M,g) be a closed oriented n-dimensional Riemannian manifold
which satisfies the dual lattice condition in degree p. Then, we have that

(28) 1 = det (HP(M; Z)R)det (H”‘p(M; Z)R).

In order to make good use of Lemma 2.16, we need a few results from the Geometry of Numbers
and Systolic Geometry. Let us begin by reviewing the Geometry of Numbers. In what follows, most
definitions and results have generalizations which are not needed for this paper, but can be found in
the relevant sections of [Casl2].

Definition 2.17. Let L be a lattice in R, and let Fy(x) denote the Euclidean norm. Then, we define
(29) Fo(L) = inf{Fy(a) : a € L}.
We can go a step further to define the following quantity associated with Fj.

Definition 2.18. For Fj as above, we define §g as follows:

(30) dp = sup { cfe‘(Jt((I[//))

We have the following result bounding &g.

: L is a lattice in ]R"}

Lemma 2.19 ([Cas12]). Let |B(0,1)] be the volume of the unit ball in R™. Then, we have the following
upper bound on dy:

2'”
1 |
B % < B0, 1)
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Proof. From [Casl2, Theorem 1 Chapter 3|, we know that if |B(0,7)| is greater than det(L), then

there exists two points in B(0,r), say 1 and xs, such that z; —zs € B(0,7) N L, and so we see that
det(L)

Fy(L) < 2r. Therefore, if we choose r, = \/ﬁm, then we get that Fy(L) < 2rp, for all lattices L.
This gives the desired bound. O
For any given lattice L C R™ the quantity Fy(L) has the following useful generalization.

Definition 2.20. Let L C R” be a lattice, and let Fjy denote the Euclidean norm. We denote by Ag
the following quantity:

(32) A, = inf{\ : 3 linearly independent {v;}F_; C L such that Fy(v;) < AVi}.
We refer to Ay as the k" successive minima of L with respect to Fy. Observe that \; = Fy(L).

The importance of successive minima for this paper is contained in the following lemma.

Lemma 2.21. Let L be a lattice in R™, and let A1, ..., A\, be the successive minima of L with respect
to Fy. Then, there is a basis of L, say {b;}}_, such that
(33) |b1] = M1
1. .
(34) bl < 5% (2<5<n).

Proof. One may apply [Casl2, Chapter 8 Lemma 1] to find n linearly independent elements of the
lattice a1,...,a, such that |a;| = A; for all j = 1,...,n. Then, we may apply [Casl2, Chapter 5

Lemma 1] to find a basis by, ..., b, such that |b;| = A, and for each j > 2 we have
1 J
(35) |bj|Smax{|aj|,22|ai|}.
i=1

O

Remark 2.22. In fact, more can be said since we are working with the Euclidean norm. See [Rem38|
and [vdW56].

The above shows that we may always find a basis for a lattice whose norms are bounded by the
successive minima of the lattice. The following result is the key to estimating these successive minima.

Theorem 2.23 (Chapter 8 Theorem 1 [Casl2]). Let L be a lattice in R™, and let Ai,..., A\, be its
successive minima with respect to Fy, the Fuclidean norm. Then, we have that

(36) det(L) < Ay-+- Ay < dp - det(L).
Combining this theorem with Lemma 2.19 gives us the following useful corollary.

Corollary 2.24. Let L C R"™ be a lattice, and let A1, --- , A\, be its successive minima with respect to

the FEuclidean norm. Then, we have that
n

2
(37) A g < mdet(L).

2.4. Stable Systoles. We now turn to a quick review of some concepts in Systolic Geometry.

Definition 2.25 (Stable Norm of a Real Homology Class). The volume of a real k-dimensional Lips-
chitz cycle ¢ = ), r;0; is given by
Volg(c) = Z [ri| Vol (A, 07 g).
i
The stable norm ||« of a real homology class o € Hy(M;R) is defined as the infimum of the volumes
of all real Lipschitz cycles representing «.

Definition 2.26 (Stable Systoles). The stable k-systole, denoted stabsys; (M, g), is defined to be
the minimum of the stable norm on the nonzero classes of the integral lattice Hy(M; Z)g in Hy(M;R).
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Notation 2.27. Let a € H" P(M;R), we shall denote by PD(«) its Poincaré dual in H,(M;R).

The following proposition is [Heb86, Corollary 3], see [Heb23, Proposition 3.2] for its statement
using the stable norm.

Proposition 2.28. Let PD(a) € H,(M;R) be the Poincaré dual of the cohomology class « € H"P(M;R),
and let || PD(«)|| be the stable norm of PD(«). Then

IPD ()| < [M|5*C(n,p)lals,

where C(n,p) is a constant depending only on n and p, and |a| is the L? norm of «, see Definition

2.6 and Notation 2.7.
The above proposition has a simple, but important corollary:

Corollary 2.29. Let (M, g) be a closed Riemannian manifold. Then we have that
(33)  stabsys, (M, g) < |M|j min{|al; : a # 0;0 € H" P(M; Z) } = M]3 Fy (H"7(M;Z)z)
Proof. According to Proposition 2.28, for a« € HP(M;Z)g, 1 <p<n -1,

IPD(a)| < [M]y/*C(n,p)lals,

Since the Poincaré dual map is an isomorphism, we have that PD(«) # 0 in H,(M;Z)g. Therefore,
by the definition of the stable p-systole, we have that

(39) stabsys, (M.g) < || PD(a)]].

This gives the result. g
2.5. Isoperimetric constants. On a smooth Riemannian manifold, functions are bounded in terms
of their gradients. The character and quality of this bound can be determined by the character and

quality of isoperimetric bounds. Here we recall the definition of the Cheeger and Sobolev constants,
and the fact that they are closely related.

Definition 2.30. Let (M, g) be a given n-dimensional Riemannian manifold, and let o € [1, -"5]. We
denote by IN, (M, g) the following quantity:

09

w0 INa (M, g) = inf {mmmm}

:QCM}.

When « = 1, we call INy (M, g) the Cheeger constant of (M, g).
Next, we have the Sobolev constant of a Riemannian manifold.

Definition 2.31. Let (M, g) be a given n-dimensional Riemannian manifold, and let o € [1, -25].
Let us denote by SN (M, g) the following quantity:

S IV £ldV,
infrer ||f — kllza(g)

(41) SN. (M, g) = inf{ s fe Whi(M, g)}.

It is standard, see [Lil2, Theorem 9.6], that the Cheeger constant and SNy are equivalent:
Proposition 2.32. Let (M, g) be a given n-dimensional Riemannian manifold, then we have that

(42) INy (M, g) = SN1(M, g).
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3. STABLE SYSTOLE BOUNDS AND L2 ESTIMATES

In this section we will show that lower bounds on stabsys; (M, g) and stabsys,,_; (M, g) guarantee
the existence of a good basis for H!(T";Z)r. The following lemma and its proof are modeled on
[Heb86, Proposition 6].

Lemma 3.1. Let g be a Riemannian metric on T™ such that
(43) stabsys; (g) > o >0

and let M1, ..., \, be the successive minima of the lattice H'(T™; Z)r in H'(T™;R) with respect to the
inner product on H*(T";R) induced by g, see Definition 2.6. Then, we have that

(44) AL An < 227 B(0,1)20(T" 2 .

In particular,

(45) M < 4B, 1) oI,

Proof. From Corollary 2.24 we see that

(46) “3(207;1)‘& A < det (Hl(Tn; Z)R).

Letting pi1, .. ., ttn be the successive minima of H"~1(T"; Z)g, we get the following as well:
(47) “8(2077;1)‘;“ i < det (H”‘l(T"; Z)R).

Since T™ satisfies the dual lattice condition in all degrees, it follows from Lemma 2.16 that
(48) 272 B0, 1)PA1 - Ay - i < 1

Since p1 < pj for all 7 > 1, it follows that

(49) A A, <227 (B(0, 1)y

In fact, since A\; < A; for all j > 1 as well, we have

(50) NI < 227 B(0,1) P

Therefore, a lower bound on p; will give us our desired upper bound on A;. From Corollary 2.29, we
have that

1 1
(51) stabsys; (T", g) < |T"|Z min{|a|§ ra# 0 € H"_l(T”;Z)R} = |T"|Z p11.
This gives the desired lower bound on pq, and so the result follows. 0

We now know that A\; = inf{|b|3 : b # 0;b € H(T™;Z)r } is bounded above in terms of |T"|, and
o~ 1. However, in order to construct a useful harmonic map, it seems reasonable to suppose that we
need to use n one-forms, which together form a basis for H!(T"; Z)g. It turns out that a lower bound
on min{stabsys;(g), stabsys,,_;(g)} is sufficient to ensure the existence of such a basis.

Lemma 3.2. Let g be a Riemannian metric on T™ such that

(52) min{stabsys, (¢), stabsys,,_1(g)} > o > 0.

Then, there exists a basis oy, ..., a, of H'(T";Z)g with harmonic representatives aj such that
n—j . 1 i

(53) layll 2 <5 X “{/sz(o, 1)|o—(n+i=D|n|2("H 7Y,

Proof. We wish to apply Lemma 2.21, however first we must bound each successive minima. Equation
(45) gives the desired upper bound on A;. Therefore we must focus our attention on the higher
successive minima. Using that A\; < A; for ¢ < j, we may apply Lemma 3.1 to obtain

(54) AP <, < A U2 B(0, 1) 20 T g
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From Corollary 2.29, we have that

1 1
(55) stabsys, 1(T",g) < [T"[; min{Jals : a # 0; H(T" Z)a | = [T"[j Ar.
Thus, using Equation (55), we see that
—J+1 n —(n+j— n|5(n+i—1)
(56) AL < 920 B(0, 1) B (= e S,
Taking (n — j + 1)** roots and then applying Lemma 2.21 gives the desired result. O

Using the above results and notation, we can now establish the existence of an harmonic map
U: (T™,g) — (T™, h) with several desirable properties.

Corollary 3.3. Let g be a Riemannian metric on T" such that
(57) min{stabsys, (¢g), stabsys,,_,(g)} > ¢ > 0.
Then, there exists a surjective harmonic function U : (T™ g) — (T™, h) such that deg(U) =1 and

n

n—j+1 ) 1 n .
(58) 102 < Z "N 4n| B0, 1) 2o (D Y

Proof. Let o be a basis for the lattice H'(T"; Z)r with harmonic representatives a’ as in Lemma 2.21,
and let u’ : (T", g) — S be the harmonic map such that du’ = a’. Then, if we let U = (ul, . 7u”),
the estimate on [|dU||2(4) follows from Proposition 2.12.

Next, since the o' form a basis of H(T"; Z)g, it follows that their wedge product A;_, o forms a
basis of H"(T";Z)g. Let 0 be the i*" coordinate function for T", then we also have that A_, d6' is
a basis for H™(T";Z)r. As such, we may calculate the degree of U as follows:

(59) deg(U / U*/\d&l / /\a —

We may take U = (—u',u?,...,u") as necessary to ensure that deg(U) = 1. The surjectivity of
U follows from the general fact that degree one maps between Riemannian manifolds are surjective
[Eps66]. O

For the sake of completeness, let us give a simple proof of the fact that degree one maps between
tori are surjective.

Proposition 3.4. Let f: T" — T" be a degree one map. Then, it must be that f is surjective.

Proof. Since the result is purely topological, we may assume that T™ has the product metric Y., (d@i) 2,
Let a be an arbitrary point in T™. Using the flat metric, we can see that we may give T" the structure
of a CW-complex with one n-cell which contains a in its interior.

With the above reduction in place, let o € H,(T™;Z) be a fundamental class with respect to which
f:T" — T" is a degree one map:

(60) fia=a.

Suppose that f is not surjective, and so there is a point a € T™ such that a is not in the image of T"
under f. Since f(T™) is compact, it follows that there is an € > 0 such that

(61) d(a, F(T")) 2.

As stated above, we may give T™ the structure of a CW complex with one n cell, which contains a in
its interior. Then, by shrinking € as necessary, we may assume that B(a,e) C intD™, where D" is the
n-cell. We also have that f(T™) C B(a,€)¢. As such, we see that there is a homotopy of the map, say
ft, such that fo = f and fo(T™) is contained in the n — 1 skeleton of T™.
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Let X"~ ! denote the n — 1 skeleton of T" and let ¢ : X™~! — T" denote the inclusion map; we have
that H, (X" 1;Z) = 0. In particular, we see that (f).a = 0, in X?~!. Using the inclusion map, we
have that fi : T™ — T™ has the following decomposition, which is almost tautological:

(62) T Ly xn—1 L e

This shows that (f1).« =0 € H,(T™;Z). However, since f; is homotopic to fo = f, this shows that
a = f,a = 0. This is a contradiction, since « was assumed to be a fundamental class. O

4. FroM L? TO L® BOUNDS

From the previous section we know that given a Riemannian metric g on T", we may find an
harmonic map U : (T™, g) — (T", k) whose L? energy is controlled in terms of the volume of |T"|, and
min{stabsys, (¢), stabsys,,_;(g)}. In this section we will ultimately focus on the case that n = 3, and
study the relationship between the universal cover R? with its pullback metric 7*g and (T3, g). The
goal is to use this relationship along with Stern’s inequality, in particular Corollary 2.10, to improve
the L? bounds of the previous section to L3 bounds.

Of fundamental importance to this discussion is the notion of fundamental domain, which we recall
now.

Definition 4.1. Let 7w : R™ — T"™ be the covering map. Suppose that V C R™ is a closed subset such
that 7T(V) =T" and 7|,y is injective. If in addition V is path connected, and OV has measure zero,
then we call V a fundamental domain of T". Given a fundamental domain V, for v € Z" we let V¥
denote the image of V under the deck transformation associated to v € Z™ = 1 (T").

The following proposition lists some of the basic properties of fundamental domains.

Proposition 4.2. Let g be a Riemannian metric on T™, let U : T — T" be a map, and let u* denote
the components of U. Then, there exists lifts 0¥, and so a lift U, such that the following diagram
commutes:

[

Rr %, R

Pl

T 5, st

Furthermore, for any integrable function f : T™ — R and fundamental domain V we have that

(63) /VfOﬂ'dVTr*g :/w fdv,.

Proof. Note that T = R"/Z" and S' = R/Z. For the moment, let us denote elements of T™ by [z],
where © € R™: we have that [z] = Z"z. We denote elements in S similarly. We can define a lift 4%
as follows. First, denote by u” : Z" — Z the homomorphism between fundamental groups induced by
u*. Next, fix 0 in R”, and consider the points [0] in T™ and u*([0]). Pick any point yo € R such that
u*([0]) = Zyo. Abusing notation, we may use u? to define @*(c) for any a € Z" as @*(a) = u¥(z) +yo.
Every element x € R" can be written as * = & + «, where Z is in the same fundamental domain as
0, and a € Z". Then, we may set @*(z) = u¥(a) + yo @*(a(z)) = uF(a)uk(x) for a € Z", where
uf : Z" — 7 is the homomorphism between fundamental groups induced by u*. The second part
follows from the fact that OV has measure zero, that =, . is injective, and from the fact that the
image of measure zero sets under 7 have measure zero, since 7 is a smooth map. O

Working with fundamental domains allows us to treat maps U : T3 — T3 as maps U : R® — R3.
The next lemma is an example of this, and will play a vital role in strengthening our L? bounds to L3
bounds.
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Lemma 4.3. Let g be a Riemannian metric on T2 such that stabsysy(g) > o > 0, let u : (T3, g) — S!
be a nontrivial harmonic map, let & denote its lift, and let V be any fundamental domain in R3. Then,
we have that

1
(64) max i — min i < o T2 ||dul| p2(g)-

Proof. Here xvy will denote the indicator function for the set V. From the coarea formula, we have
that

maxy U
(65) / \da|dVy-, — / / v d A ydt.
A% miny 4 a—1{t}

For every t, let 6(¢t) =t mod 1, then it follows from the commutativity of the Diagram 4.2 and the
fact that W(V) = T3 that for all ¢t we have

(66) / YwdAn.y > / dA,.
a-1{t} u=1{0(¢)}

In particular, observe that for almost every ¢ we have that ¢ is a regular value for @ and 6(t) is a regular
value for u. From Lemma 2.9 it follows that for almost every ¢ the surface u={0(t)} is a nontrivial
element of Hy(T?). Therefore, by hypothesis we have that

(67) = 0(0)} ]y > o

Furthermore, since 7 : V — T? is surjective, it follows from the above inequality that for almost every
t we have

(68) @} O V]eg > u {O(0)}], > o

It now follows from the coarea formula that

AV, > i — mind).
(69) /V|dU|de g > a(m@xu min @)
We observe that |di| = |d(u o 7)| = |du| o 7, and so from Proposition 4.2 we have that
> i — mind).
(70) /TS |du|dVy > U(m@xu m§nu)
After applying Holder’s inequality to the left hand side, we get the desired result. O

We will actually need to understand supy, @ —infy, @, where > 0 and V,, denotes the n neighbor-
hood of V with respect to the distance function induced by the metric 7*¢. In order to obtain such
information, we are led to consider the following quantity.

Definition 4.4. Let g be a Riemannian metric on T2, let 7 : R3 — T2 be the covering map, and let
1 > 0. We define the constant x(g,n) to be the smallest integer such that there exists a fundamental
domain V such that

(71) sup |7z} NV, | < k(g,n).
zeT3

Let us refer to x(g,n) as the n-covering constant of g, and refer to V as a test domain for x(g,n). See
Figure 1 below.

Before we can estimate (suan @ —infy, ﬂ) more precisely, we need to understand how the different
copies of V cover V,. This is the content of the following lemma.

Lemma 4.5. Let g be a Riemannian metric on T2 and let V be a test domain for k(g,n), see Definition
4.4 above. Then there are k(g,n) copies of V, say Vi, generated by 7 (T?) such that the following
statements are true.

(72) v, c |Jm v

(73) V, NV £ .
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>T\VT’7
(10

FIGURE 1. A fundamental domain V with neighborhood V,. In the case loosely
depicted here, we have k(g,7) < 9.

/xo /\'—79

FIGURE 2. An example of a curve whose existence is established in Lemma 4.5.

Finally, for any zo and z1 in V,, there exists a curve c in |JV' and times {t;}} with | < r(g,n)
satisfying the following properties:

(1) ¢(0) = xo;

(2) c(tj) € Vi NV

(8) once c leaves a domain V¥i, it does not re-enter it.
See Figure 2
Proof. By definition, the fundamental domain V is path connected, and so we have that V, is as well.
Let co : [0,1] — R? be a curve in V,, connecting g to x1. We will describe a process for modifying
this curve to fit the criteria laid out above. Let iy be the smallest index such that Vi = V¥ contains
xo = ¢o(0). We define ¢y as follows:
(74) to =sup{t:co(t) € V°}
Since ¢ is continuous and V% is closed, it follows that
(75) co(ty) € Vo,
Since V' is path connected, we may replace CO|[0,t0] with a curve which lies entirely in V. Let ¢; be
the curve which results from this substitution, and let ¢; be as follows
(76) t=inf{t:ei(t) € Visi £ o}
Since there are only finitely many V¢, we find a smallest i; such that ¢ (;fvl) € Vi, By continuity, and

the fact that all V¥ are closed, we also have that ¢; (ivl) € Vi, and actually %vl is equal to tg. Continuing
as before, we let t; be defined as follows:

(77) t1 =sup{t:ci(t) eV}
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Since V is path connected, we may replace 01|[t0 t] by a path contained entirely in V1. Let ¢, be

the resulting curve, and continue in this manner. Since there are only finitely many V?, this process
will terminate. The resulting curve has the desired properties. O

We are now in a position to obtain a bound on sup V, % — inf V, .

Lemma 4.6. Let g be a Riemannian metric on T2 such that stabsys,(g) > o, let V be a test domain
for k(g,m), and let u : (T3, g) — S* be a nontrivial harmonic map. Then, we have that

(78) sup i — il < w(g,m)o [T dul 2
"

Proof. By definition, the subset V,, is contained in x(g,7) copies V¥ of V. Let 21 and z¢ be any two

points in V,, and connect them by a curve ¢ C |J,~ K(g " Such as in Lemma 4.5. Let {ti, } _1 be the
times such that c(t;,) € V" N'V"-1 and let x; = c( ;). Then, we may calculate as follows

!
(79) w(xy) — w(xo) < (xy) — a(xy) + Z w(xj_1).

1
From Lemma 4.3 each element in the sum on the right hand side is bounded above by o= T3 |2 || dul| .2(y)-
Therefore, we see that

(80) a(w1) = a(zo) < w(g,n)o ™ T°[3 |dul L2 )
O

The above sup bound is the key to the integration by parts argument in the proof of the following
lemma, as it allows us to avoid a Holder like inequality, and so obtain control over higher LP norms of
non-trivial harmonic maps.

Lemma 4.7. Let g be a Riemannian metric on T2, and suppose that

(81) min{stabsys, (g), stabsys,(g)} > o.
Given any nontrivial harmonic map, say u : (T, g) — S' we have that
2
13 L _ 5
(82)  lldullzsgg <L+ (14 w(g o™ T dull gy ) kg, m)dul gy )
2
— 1 3 _ 3 3
(83) + (14 K(gema T dulla(o) ) wlgs mlldul F )1 B5 12, )

Proof. Let V be a test domain for x(g,n), let V,, be the n neighborhood of V, let w be a lift of u. From
Lemma 4.6 we know that

(84) sup’ —inf @ < (g, o YT 2||dul L2 (g)-
\ n

Let N = [infvn ﬂ], and let @ = u — N. Then, @ covers u, di. = du, and

1L
(85) l[ul| o v,y < K(g,m)o T3 ||dul|2(g) + 1.
Finally, let f : R3 — R be a cutoff function such that

(1) xv < f <1
(2) Lip(f) <n~Y
(3) supp(f) C V,.
With these elements we can calculate as follows:

(86) /Ts |du|3dVg§/V g9(f|di|di, di)dVi,
n

(87) :—/V ﬁ(g(df,\dmdﬁ) +fg(d|dﬁ|7dﬂ))dvﬂ*g,

n
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where in the second line we integrated by parts and used the fact that @ is an harmonic function.
Taking the absolute value of both sides, and then using the Cauchy-Schwarz and Kato inequalities, we
obtain

(88) ldullZs(q) < llall o< v, (nllldﬁlliwn) +/V IdﬁIIVdﬂlde*g> :
The right most term of the above can be estimated as follows
d
(89) / |||V di| dVy-, :/ a9 gy .
. vy |daz
3
! |Vdu|2
H(‘?ﬂl) 7 . L
Since V,, € (J;27"V", it follows from Proposition 4.2 that
(91) [da| 2 (negv,) < w9, m)lldull7z ()
(92) ]| 73 negv,) < g, m)ldullzs g
and
|Vdal|? |V dul|?
(93) | B avees < stg.n) v,
Yy |dal ! s |dul !

Therefore, we may apply Stern’s inequality to the right hand side of Equation (93), see Corollary 2.10,
and Holder’s inequality to obtain

3 1 .1
(04) [ 1alVailavi-, < (g dul e ldul f ) 17 1,

n

Putting everything together gives us that
(95) [dullZa gy <lallpoev,yn ™" (g, mlldullZ2(q)

3 1 1
(96) + ||d||L°°(Vn)"i(9777)||dUH23(g)HdUHZ?(g)HRg ||z2(g)~

3
If [|dul| L3 (g) > 1, then we may divide both sides by Hdu||z3(g)7 otherwise we already have a good bound.
Therefore, we see that

§ ~ —
(97) ldull 25 gy <1+ Ml poe v,y w9, )l dul| 22
(98) + @l oo v,y Rl 77)||du||Lz IRy HLz(g)-

Including the bound on ||@[| Lo (v,) from Equation (85), and then taking the 2 root gives the result. [

5. APPROXIMATION BY CONSTANT MATRICES

The importance of obtaining L? estimates on non-trivial harmonic functions is twofold. The sec-
ond reason is in some sense the heart of Lemma 6.6 below. In this section, we will explore the
first reason for their importance. Consider two nontrivial harmonic functions from (T3, g) to S!, say
u/ and uF. Then, we can control ||Vg(du?,du®)|| 11, in terms of max{||du?||1s(g), |du¥| 13¢5} and

|Vdu

max{‘ ‘duj| Ll(g) H [duF]

be applied to harmonic maps in particular in Section 6. We begin with the following lemma.

1 )}. This will be carried out for smooth maps in general, and will
g
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Lemma 5.1. Let g be a Riemannian metric on T3 such that IN1(g) > A, let U : (T2, g) — (T3, h) be
a smooth map, and let u* denote the components of U. Then, we have that

Vduw2  \?
|du |

. 1
(99) ||Vg(du”,duk)||L1(g) < 2812}) ||du]\|23(g)\|duk||Ls(g) (/TS
J
Furthermore, letting g% denote g(duj, duk), there exists a constant symmetric and non-negative matriz
a = a’* such that
. 1
; : .1 Ydu’ |2 2
100 L. < 2A ' sup ||du? ||? du®|| 1 / |7
( ) Hg ”Ll(g) = jka ||L3(g)|| ||L3(9) s |dud|

Finally, we have that

1
dj2 2
|Vu|dv)

k| <931 A1 du? du® / ,
S}lkp|a | <2|T°|; SUPH u ||L3(g)|| w13 (g) s |dud]

+ T3

(101)

7! S}LplldujllL%g)Hd“ lz2(0)-
J

Proof. Once we establish (99), we have that (100) follows from the definition of INy(g). Furthermore
(101) also follows by writing |a/*| = ﬁ Jrs |a7%|dV,, then adding and subtracting ¢/*, applying the
triangle inequality, and then using (100).

Therefore, we need only establish (99). Using the Cauchy-Schwarz inequality and rearranging terms,
we estimate as follows

/ \Vg(du?, du*)|dV, </ | dwd | Y2 1y v,
(102) ek
+ [ Y% g,
|duk|>
Both integrals may be estimated using Holder’s inequality for three terms with exponents 3,6, and 2,
respectively. This gives (99), and so the other results as well. O

The above result can be used to show that on a subset of T3 the sup norm of |g/* —a7*| is controlled.

Corollary 5.2. Let g be a metric on T? such that IN1(g) > A, let U : T? — T2 be a smooth map, let
u? be the components of U, let g7* denote g(duj, duk), and let a’* be as in Lemma 5.1. Finally, let us
denote by E*(g,7) the following set

(103) El(g,T)z x:Z|gjk—ajk| <T

Set T to be as follows

1

. 1N 2
36 Va2 N}
o . <T3| 5P 10 s g e 2 </qrs|dujdvg> )

We have that if T < 1, then
1
(105) |EY(g,7)]g > §|T3|g'

Proof. The proof is shorter than the statement. After summing (100) over the indices j,k we can
apply Chebyshev’s inequality to the result to obtain

118 Vdui?  \?
1 c
(106) |E™(9,7)%lg < = 7 T4 S0P ||du3||L3(g)||dU 23 (9) (/T3 |duj|dvg>

1 Tirs
(107) 5|

lg-
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Thus, if 7 < %, we get the result. O

Once we have a good subset to begin with, we can use it to show that there exists an open connected
submanifold with smooth boundary on which |g’* — a7*| is controlled.

Lemma 5.3. Let g be a metric on T3 be such that INy(g) > A, let U: T3 — T3 be a smooth map, let
u? be the components of U, let g7F denote g(duj,duk), and let a?* be as in Lemma 5.1. Neat, let us
denote by E*(g, ) the following set

(108) E(g,r)=<Sx: Y | —d*P <7’
ik
Finally let T be given by
1

36 1 IV dud |2 2\ ”
1 = | mr— dul (|25, || du® —d
e ' <T3|gA sw e el ( [, Fi-av) )
If < é, then there exists an open connected submanifold Q(g,7) with smooth boundary and the

following properties:
(1) Q(g,7) C {x : sup; |g7* — a?®| < 27};
(2) 1Q(g, )| = 3|T°|y;
(3) |09 < 2|T3|,AT;
(4) g, 7)°| < 2|T?| .

Proof. From the coarea formula, we have that

472
(110) [, oErgvslas<z [ St - at|vgtay,,
T2 E2(g,271)

ik
Since we are working inside of E?(g,27), it follows that for all j,k we have that |¢g?* — a/*| < 27.
Therefore, the righthand side of the above is bounded by

(111) 36Tsup/ Vg |dV,.
jk JT3

Therefore, we may apply (99) to see that

472

(112) / |OE?(g,/s)|ds < 27|T3|,AT? = 2|T®|AT5.
7—2

Using Chebyshev’s inequality on the above equation shows us that

(113) {s:[0E*(g,v/s)| < 2|T?|gAr} N [r2, 477 > 272

Since 3, 19 k — a/¥|2 is smooth, we may apply Sard’s Lemma to conclude that almost every value is

regular. In particular, if the image of this function contains all of [72, 472], then we may find a regular
value tq € [72,472] such that

(114) 0B (g, Vio)| < 2|T°|4AT.

So, suppose that the image of ) . |g7* —a’*| does not contain [7?,47°]. Since the function is continuous,
and so has connected image, there is an ¢ > 0 such that the image lies either in [0, 472 —¢] or in [472, 00).

) . ) o\ 2
We now observe that 3, g7% — a?*|? < (ij g7* — a3k|) , and so
(115) E'(g,7) C E*(g,7)
Since 7 < § by assumption, we know from Corollary 5.2 that |E'(g,7)| > £|T?|,, and so we must have

that |E2(g,7)| > 1|T3|,. In this case, we must have that the image of Dk |g’% — a7%|2 must lie in
[0,472 — €]. Then, we see that E?(g,27) = T3, and the result is clear.
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So, let us continue by supposing that the image of > ik |g7F — a7¥|? does indeed contain [72,472],
and use Sard’s Lemma to find a t( in [72,472] such that OE?(g, /fo is smooth and satisfies

(116) |0E*(g,v/to)| < 2|T°|yAT.

E?(g,+/fy) can be decomposed into a union of disjoint connected components, say G;. Since

(117) V2|gjk—ajk\2

is nonzero and outward pointing everywhere on dE?(g, /%), it follows that

(118) OE*(g,\/to) = |_| dG;.

From this, we immediately see that if there exists an iy such that |G;,| > 1|T3|,, then we may take
Q(g,7) to be G-
So, suppose that no such index exists. Then, we have that

1 _ _
(119) STl < B0, Vi) = 32 1G] < A3 [0GH] = A~ 0B (g, Vo).
However, by the work done above, we know that the last term on the right has the bound

(120) AOE (g, vEo)| < 2T

Since we assumed that 7 < é, this last inequality gives us a contradiction. Therefore, there does

indeed exist some 4y such that |G;,| > 1|T3|,, and we let Q(g,7) = G; O

0

6. CONVERGENCE

In this section we will combine the estimates for smooth functions coming from control on IN;(g)
with the estimates on harmonic maps coming from the L? bounds obtained in terms of stable systoles,
and L? bounds which result from control on the covering constant of g, see Definition 4.4. This com-
bined control will lead to convergence in the sense of Dong-Song for certain sequences of Riemannian
metrics whose negative part of their scalar curvature tends to zero.

We begin by defining the family of metrics on T? for which the convergence result will hold.

Definition 6.1. Let V,R,A,o,n, M > 0, and define F = F(V,R,A,0,n, M) to be the family of
Riemannian metrics on T2 such that for all g € F we have that

(1) |T%], < V3

(2) 1Ry llz2¢g) < B

(3) IN1(g) > A;

(4) mln{stabsysl( ), stabsys,(g)} > o;

(5) k(g,m) <M.

The results of the previous section imply strong controls on metrics in F. In order to make this

clear, we will summarize the results obtained so far as they apply to F.

Notation 6.2. In order to avoid ever expanding equations and terms, we shall denote by B any
constant which depends only on V, R, A, 0,7 and M. It may be that from line to line B will change,
increasing to be as large as necessary. This will only happen a finite number of times.

Let us begin with a volume lower bound and the existence of well controlled harmonic maps for the
metrics in F.

Proposition 6.3. There exists a constant B > 0 depending only on V, R, A,o,n and M such that for
any g € F we have

(121) IT3|, > B~ > 0.



TORUS STABILITY 19

Furthermore, if U, : (T3, g) — (T3, h) is the harmonic map produced in Corollary 3.3 with components
u’, then for all j we have that

(122) ||dujHL2(g) < B;

|Vdu?|? _
123 —dV, < B||R ;
(123) [, v < IR e
(124) ”dujHLS(g) S B.

Proof. Since stabsys; (g) < sys;(g), the first result follows from Gromov’s systolic inequality. The next
inequality follows from applying Corollary 3.3 to metrics in F. Then, we have from Stern’s inequality
in the form of Corollary 2.10 that

|Vduj |2 < j _ < j _
(125) [ Ve < [ 1RV, < s 1By N
The final bound on the L? norms of the coordinate functions follows from substituting the above into
Lemma 4.7. g

Next, we see that for any g € F there is a constant matrix which approximates ¢ in an integral
sense, and the quality of the approximation depends on ||Rg l£2(g)-

Proposition 6.4. Fiz V,R,A,0,7n, and M greater than zero, and for every g € F let U = U, be the
degree 1 harmonic map U : (T3, g9) — (T3, h) given in Corollary 3.3, let u/ denote its components, and
let g7F = g(duj, duk). Then there exists a constant B depending only on V, R, A,o,m and M such that
for every g € F there exists a symmetric and non-negative matriz a’* with the following properties:

(126) [ 1% = a*1av, < BRI,

and

(127) sup [a’*| < B.
ik

. Jjl2
Proof. This result will follow from Lemma 5.1 if we can control sup; ||du’ || 13(4) and sup; [ %’:;j“ dv,
uniformly in terms of |[R; [|z2(y) and some constant B. Luckily, this is the content of Proposition

6.3. O

In fact, as we show in the following proposition, for any metric g € F whose negative part of the
scalar curvature is small enough we can find a large connected open sub-manifold with smooth and
small boundary on which ¢7* is uniformly well approximated by a constant matrix. Before diving in,
let us recall an elementary estimate on determinants, which will be a useful tool in the proof of Lemma
6.6 below.

Proposition 6.5. Let a and b be any two n X n matrices. Then, there exists a constant C = C(n),
depending only on n, such that

(128) |det(a) — det(b)| < C([lall + [[o])"~"[la — bll.
Proof. Let ¢(t) = (1 — t)a + tb, and use the cofactor expansion to calculate
d = d
(129) Zdet(c(t)) = ;(m — b)i;Cof (c(t)),, + c(t)i%cof(c(t))ij).
]:

Therefore, we may use an inductive argument to see that

(130) pdet(elo)| < COnall + I~ - o]

We are now in the position to prove the following Lemma.
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Lemma 6.6. Fiz V,R,A, 0,1, and M greater than zero, and for every g € F let U = U, be the degree
1 harmonic map U : (T3,g) — (T3, h) given in Corollary 3.3, let v’ denote its components, and let
g* = g(duj,duk). For every g € F let a’* be the constant symmetric non-negative matriz given in
Proposition 6.4. Then, there is a B such that for any g € F with

-~ 1
(131) 1R, [I2¢g) < B

there is a connected open submanifold Q(g) with smooth boundary, and which satisfies the following
properties:

(132) a(g)  {a: suply™ — ¥ < BIR, | b
(133) 29)°] < BIR; |12,
(134) 09 < B R, |I12(,)
(135) 14U 25 (gs200)) < BlIRg 1735
(136) 1+ B||R;||{% / det(dU)dV, > 1 — B||R, ||L2 (@)
(137) / det(dU)]aV, = | det(dU)av,;
Q(g) Q(g)
(138) [U(2(9)°) |n < BIIR’IIﬁ o
1\ 2 -

(139) det ( )}Q(g) ‘Q( )‘2 (1 - B”R;Hﬁ) - BHRg ”Lz(g);

. 1 1\ 2 1

k kv — 12
(140) det (™) 2 5 (1-BIR;1%) - BIR; Ik,

Proof. We begin by proving the first three results. In order to do this, we will apply Lemma 5.3 to
metrics in F. Let us recall that this lemma was stated in terms of a parameter 7 given as follows:

1
, 1\ 3
36 |Vdu |? 2
J k
(141) T= <T3| Asup||du HLJ(Q)Hdu L3 (g (/T% ]| dVg) ) .

1
We know from Proposition 6.3 that for 7 as above, we have that 7 < B[R ||£2(g). Thus, the require-
ment that 7 < § for Lemma 5.3 follows from assuming that | R, ||12(4) < 5, where B is chosen to be
sufficiently large. The first three results now follow from Lemma 5.3 and the expression of 7 in terms
1

of BlIR; |1}, |

We will begin by establishing an estimate for ||du’||13(g:0(g)e)- This will involve another integration
by parts argument, very similar to the one in the proof of Lemma 4.7. Let V be a test domain for
#(g,m) as in Definition 4.4. Using the L? bound in Proposition 6.3 together with Lemma 4.6, for any
j we find a lift of v/, say @/, such that

(142) supw’ —infw’! < B.
\ \

Let &/ = o/ — (inf\h7 Hj]. Then, @7 is a lift of 7 such that
(143) 17| o< v,y < B-
Finally, let f : R® — R be a cutoff function such that

(1) xv<f< T
(2) Lip(f) <n~%
(3) supp(f) C V,,.
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Then, letting 7 denote the outwards unit normal to 97 ~1Q(g)¢, we may use integration by parts to
calculate as follows:

(144) / |du?|*dV, </ g(f|dd? |di? , di? ) dVy-
Q(g)°
(145) / @ f|da? |da? (77)d A g
om—1Q(g)°
(146) - / W/ m*g(df,|da’ |dd’ ) AV ()
©—1Q(g)e
(147) - / @ fr*g(d|di|, di? ) dVie.
—1Q(g)°

We now observe that from the properties of the covering map and Q(g), we have that
(148) or10(g)" = 7 100g),

where we are looking at the full preimage. Therefore, taking the absolute value of these terms gives
us that

149 du? || <||a? || 7. / dt? |2 d A

(149) | du ||L3(Q;Q(g)c) <[l@?| ¢ (V) - 1asz(g)c| i’ | g

(150) +77_1H'&jHL°°(VT,)/ |d6? |2 d Ve g
Vynm=1Q(g)¢

(151) + ||ﬂj||Loo(V,7)/ |di? ||V da |dVr- ().
nNT—1Q(g)°

It now follows from the definition of x(g,n) and the fact that @/ covers u? that we have the following
inequalities:

(152) / |daj|2dA,T*g < /i(g,n)/ |du? |*dAy;
V,NTt=19Q(g) 9Q(g)

(153) / |t [Pd Vg < Ii(g,’l])/ |du? [2dVy;
V,Nr=1Q(g)° Q(g)°

(154) / |t ||V di? |dViey < ﬁ(g,n)/ |du? ||V du? |dV,.
V,Nm—1Q(g)¢ T3

We now recall that r(g,n) < M for all g € F by assumption. -
Since |g7? — a??] is small, see the first property of Q(g) in Lemma 6.6, and a’? is bounded, see the
second conclusion of Proposition 6.4, we have that |du’| < B on 9Q(g)¢. As the area of 9Q(g) is

bounded in terms of || R, ||%2(g), from the second property of Q(g) in Lemma 6.6, we have that
, 1

(155) / A, < 0)IB < BRI,

Next, we may apply Holder’s inequality to obtain

(156) [ v, < 106y

So, from the third property of 2(g) appearing in Lemma 6.6 and Proposition 6.3, we see that we have
the bound

(157) / \du |24V, < BR; || .
Q(g)¢
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Finally, rewriting |du?||Vdu/| as |du’ |3\%| and using Proposition 6.3 we have
wil|2

. . 1
(158) [ a9 aidiav, < BIR; s,

Thus, putting everything together results in the following inequality:
_— i )
9:2(9)°) < rlg,mB (HRQ ||L2(9) +2|R, ||L2(g)

1
(160) < BIR; |15,

Jn3
(159) a7,

5
where we got the last inequality by absorbing the bound (g,7) < M and the fact that |[R™||3 () 18

less than RT2 into the constant B. This gives us (135).
We will now use (135) to estimate fQ(g) |det(dU)|dV,. To do this, recall that because U is a degree
1 map, we have that

(161) / det(dU)dVy = 1.
T3
So, we see that
(162) / det(dU)dV, =1 — / det(dU)dV,.
Q9g) Q(g)°

Furthermore, we have the estimate |det(dU)| < |dU?, so

1
(163) /Q(g)c [det (dU)[dVy < [|dU|7s(ga(g)e) < BI Ry Il 23 )
Combined with the above, we get

1 L
(164) LB Iy 2 [ deaav, 21— BRI,

which is (136).
Next, we can use (163) and the area formula to see that

(165) [ wrthdv = [ det(@v)iav, < BIR; 15,
U(Q(g)°) Q(g)° '

Thus, it follows that

(166) U(2Ag)°) | < /

1
U= {y}dVi < B||R, |
v(2(g)e

12
L2(g)"

This gives us (138).
Since det(g’*) = det(dU)?, we have that

2
. 1
(167) / det(¢?*)aV, > o1 / (det(dU)|dV, | .
Q(g) 1©2(g)] Q(g)
As fQ(g) | det(dU)|dV, > fQ(Q) det(dU)dV,, it follows that

. 1 1 2
168 det(¢?M)dV, > —— (1—3 R||72 )
(168) gy 2 = ey 1= BBy 22
From the mean value inequality, we know that there exists a point z¢ € €(g) such that
. 1 1 2
k —
(169) det (¢ (0)) 2 07 (1-BIR; I33) -
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In order to turn this into a lower bound for all z € Q(g), we recall the first property of (g), namely
. , 1
that |g/* —a?*| < B||R; HE2(g) for all = € Q(g). We may combine this with Proposition 6.5 to see that
. . . . n—1 . .

(170) [det (g7 (z0)) — det (™) | < C(n) (g7 + )" lg?* — ¥

1
(171) < BIR; I}y,
One may use the triangle inequality to see that

4 1 & \° i
i _ _
(172) det (aJ ) > 10(9)]2 (1 - B|R, Hi%(g)) - BlRy ”fz(g)’
and

) 1 I —4
(173) det (¢*(z)) > I (1 - B|R, IIFz(g)) = 2B|[Ry |12y

Thus, we have (140) and (139), respectively.
Now, recall that Q(g) is connected, and so if det(dU) changes signs on €(g), then there must be a
point zg € Q(g) such that

(174) 0 = det (dU(z0))* = det (¢7%(x0)) -
Since [Q(g)|*> < |T3|, <V, there is a B depending only on V, R, A, 0,7 and M such that if

(175) 18 Nl < -
then

- 1 oL 2 _, 1 1
(176) det (")) 2 1575 (1-BIR; 1) —2BIR; I = 5

for all z € Q(g). In particular, the point 2o € 2(g) cannot exist in this case. Therefore, we see that
|det(dU(x))| > 0 for all = € Q(g). As a consequence, we have that

(177) / det (dU)|dV, = + / det(dU)dV,.
Q(g) Q(g)

It now follows from (136) that, once again, there is a B depending only on V, R,A,o,n and M such
that if

(178) 1R, [I2¢g) < B
then
(179) / |det(dU)|dV, = [ det(dU)dV,.
Q(g) Q(g)
Thus, we have established (137). This finishes the proof of the result. O

Now that we have established that the set Q(g) has quite a few good properties with respect to
the metrics g € F and harmonic maps U : (T3, g) — (T3, h), we can begin to show that sequences of
metrics whose negative part of their scalar curvatures tend to zero have sub-sequences converging to
flat metrics.

Lemma 6.7. Fiz V,R,A,n, M >0, and for every g € F(V,R, A, 0,17, M) let U="U, be the harmonic
map U : (T3, g) — (T3, h) given in Corollary 3.3, let u/ be the components of U, and let g% denote
g(duj,duk). Finally, for each g in F, let a be the associated symmetric nonnegative matriz as in
Proposition 6.4, and let Q(g) be the set described in Lemma 6.6. Then, there exists a B depending
only on V., R, A,n, M > 0 such that for any g € F with

_ 1
(180) 1By N2 = 5
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we have that there is an open neighborhood W (g) containing Q(g) such that U restricted to W (g) is
imjective. In particular, we have that

(181) U(00(g)) = 0U(2(g)).

Proof. From the fact that det (¢’*) = det (dU) and (139), we know that U is a local diffeomorphism
around points of ((g) for all g with [[R||r2(4) small enough, by continuity this is actually true of a
small connected neighborhood W (g) of (g), and in fact true of the compact closure W(g) of W(g).
We will begin by showing that y — [U~*{y}NW(g)| is continuous on U(W(g)), and so locally constant.
Fix yo € U(W(g)) Since W (g) is compact and U is local diffeomorphism about every point in W (g),
it must be that U= {yo} N W (g) is finite. As such, there is an open set V,, about yo and open sets
G; fori=1,...,ny, such that U is a diffeomorphism from G; to V,,,, and the G; are pairwise disjoint
and cover U™ {yo} N W (g). This shows that for any y € V,,, we have that n(y) > n(yo).

We will now argue by contradiction that n is actually continuous at yy. Suppose this were not the
case, then we would be able to find a sequence of y; converging to yo such that n(y;) > n(yo) for all 4.
In particular, this implies that for each i there exists an ; in U~!{y; } "W (g) which is not in | J ?:(ylo)Gi.
Since W (g) is compact, a subsequence of the z;, say x;;, converges to some element zg. The continuity

of U implies that U(xzg) = yo. However, this implies that xg € U?:(%O) G;. Since z;; — wo, for all j big

enough we must have that z;, € U:L:(Z{") G;. This is a contradiction to how we chose the sequence x; in
the first place, and so we see that y — n(y) is in fact continuous on W (g). Therefore, since W (g), and
so W(g), is connected, we see that y — n(y) is in fact constant on W(g), and so constant on W(g).

Let n = n(yo) be the value of n on W(g). From the area formula we have that

(182) nwm@»m:/ mwwuw:/ det(dU) [V,

u(2(g)) 2(9)
Recalling (137) and (136), we get that
1
(183) n|U(9))[n < 1+ BIIRS |1 3,)-
Furthermore, from (138), we have that
1
(184) U(Q9)) 1 = 1= BIRS [ 13,

since the fact that deg(U) = 1 implies that it is surjective, and so U(Q(g))c C U(Q(g)¢). Thus,
rearranging terms show us that

L BRI,

(185) < .

Therefore, there is a constant B depending only on V, R, A, n, M > 0 such that if ||R5 llL2(g) < %, then
n =1, and Ul is injective.

Since U is a local diffeomorphism around every point of W (g), it follows from the fact that U is
injective when resticted to W (g) that U(W (g)) is an open subset of T® and Ulyy () is a diffeomorphism.
Since Q(g) C W (g), we see that U(€2(g)) = cl (U(2(g))). As such, we have that 9U(Q(g)) € U(W(g)).
The result now follows from the fact that TU|W( g) 152 diffeomorphism. O

Consider a sequence of metrics g; € F such that ||[R | 12(y,) converges to zero, and let a; be the
corresponding sequence of matrices which approximate g; as in Proposition 6.4. As may have been
guessed, the constant matrices a; will be used to show that a subsequence of the metrics g; converge
to a flat metric in the sense of Dong-Song. The following Corollary gives this idea a clearer form.

Corollary 6.8. Fiz V.R,A,0,n,M > 0. For every g € F let U = U, : (T,g) — (T, h) be the
harmonic map given in Corollary 3.3, let v/ denote its components, let g7* = g(duj,duk), let a be
the symmetric and non-negative matriz approzimating g% as in Proposition 6.4, and let Q(g) be as in
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Lemma 6.6. Then, there is a B > 0 depending only on V, R, A,o,n, M such that for all g € F with
IR, ||12(g) < § we may find a flat metric gp on T3 such that

1
(186) lg — U*QFHQ;Q(Q) < B”RA;HEQ(Q)'

Proof. From (140) of Lemma 6.6, we know that there is a constant B depending only on V, R, A, o, n, M
such that if [[ Ry ||L2(g) < %, then the approximating symmetric matrix has the upper bound ||a| < B
and lower bound

1 s )2 _
(187) det(a) > OB (1 - Bl R, ||Ll,22(g)) - B[R, ||iz(g)'

Therefore, from (133) and the lower volume bound in Proposition 6.3, there is a B depending only on
V,R,A,0,m and M such that if || R} [[12(4) < %, then we have that
1
1 det > —.
(188) et(a) > 5

As such, we see that for some B not depending on g € F', the approximating matrix a for g is invertible
with a uniform bound on its inverse:

(189) max{]|all, [la~|]} < B.

Letting 67 denote the standard coordinates on T2, we may use the fact that a is invertible to define
the following flat metric on T3:

(190) gr = (a™"),, d6°d0".
We see that
(191) Utgr = (a_l)st du®du’.
At this point, we want to estimate ||g — U*gr||s.0(5)- To do this, observe that from the bound on
max{||a, ||,|la~ ||} and from (132) in Lemma 6.6, we have that
(192) max{ngﬂfnw(ﬂ(g)y (o™, (Q(g))} )
Thus, for any = € (g) and any two-form 8 over the point x, we have that
(193) B8] <BY_B(Vu/,VuF).
IT

In particular, we see that for any x € Q(g), we have that

(194) lg—U*grl; < BZ(g(x) — U*gr) (Vi VuF)
jk

(195) <BY (9% = (a")agg™)
jk

Adding and subtracting a7 gives
(196) > (gj’“ - (55 + (@ e (97 - aSj)) g”“) ==Y g™y (9% —a).
Jk Jk
Taking the absolute value of the right hand side, and using the bounds on [|a™!|| and ||g7*||

L= (2(9)’
along with the estimate in (132), we see that

1
(197) lg = Ugrllgac < BlR L2
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The above shows that there is a large set with a small boundary on which metrics in F with small
negative part of their scalar curvature are close to some flat metric in the C° sense. This is precisely
the setting of Dong-Song’s convergence and approximation result [DS23], which we recall here with
minor modifications to suite the present situation a little better.

Lemma 6.9. Let (M, g) be any smooth closed three dimensional Riemannian manifold. For anye > 0
there exists a 6 > 0 such that if Q is any connected open submanifold of M with smooth boundary such
that

(198) Q9| + 09 < 4,

then we may find another open connected submanifold Q with smooth boundary which satisfies the
following properties:

(199) Qco

(200) Q7| + 109 < &

for every z € M we have that

(201) d(z,9Q) <e;

and for every x,y € Q there exists a curve v C Q connecting them such that
(202) L(y) < d(z,y) +&.

The last two conditions imply the following:

(203) dan ((2.d8) (M, d%)) < 2e.

With all of the results up to now in hand, we can finally establish the main stability result of this
paper.
Theorem 6.10. Fiz V,R,A,n, M > 0 and let F(V,R,A,n, M) be the family of Riemannian metrics
on T? given in Definition 6.1. Let g; be a sequence of metrics in F such that
(204) Jim [[Ry (|29, = 0.

Then, there is a subsequence, also denoted g;, and a flat metric gr._ on T? such that g; converges to
gr., n the sense of Dong-Song. That is, for any € > 0 there exists an N € N such that for all i > N
there is an open submanifold ; with smooth boundary such that

and

(206) don ((ﬁi, Cig;_) (T?, dgpoc)> <.
Proof. Consider any sequence of metrics g; € F such that

(207) i (B2 = 0.

Let U; denote the harmonic maps U; : (T?, g;) — (T2, h) and let a; denote the non-negative symmetric
matrices which approximate g; as in Proposition 6.4. Since the terms HR; ll2(g) are tending towards
zero, we may always assume without loss of generality that || R, | 12(4) is small enough so that Lemma
6.6, Lemma 6.7, and Corollary 6.8 apply to g;, U;, a;, gr,, and Q; = Q(g;).

Then, we see that on ; = Q(g;) we have that

(208) lg: — Ui gr,
Furthermore, we have for all i that max{||a;||,[|a; ||} < B. As such, we see that there is a subsequence

@i(m) and a symmetric positive definite matrix a, such that
(209) lim @) = Goo-

m—» 00

1
90,0 = HR;HE'Z(gy
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Letting gr__ be defined by
(210) gr, = (a;ol)st do*do’,
we see that gp, converges to gr__ in the C? sense. Now, we will estimate
(211) ||U:(m) (gFi(m,) - gFoo)

From the bound on max{||a;|,||a; !||} and (132), we see that

Gi(m)s$i(m)

(212) maX{Hgffm)HLoo(Qi(m)) (g Z(M)) IHLOO(Qi(m))} <B
So, we have that for all z € ; that
* 2
(213) ||Uz(m) (gFi(m) — 9F. gb(m) = BZUz(m) ) <Vuz(m Vuz(m))

(214) < BZ (( 2<m)) (agol)st) 95y 9i(om)-

So, combined with the bounds on max{||a; ||, ||a; *||} and (212), the above shows that

(215) nzhl}loo ||U:<(m) (gFi(m,) - gFoo) 1843 (m) = 0
Therefore, using the triangle inequality, we see that
(216) "}E)noo ”gi(m) - Uz‘(m)gFoo ||gi(m)»ﬂi(m,) =0.

Now, we recall that because lim; o || R, |[12(g) = 0, we have that Lemma 6.7 applies to g; for all i
large enough. In particular, we may assume without loss of generality that U;
all m. Thus, it follows from (216) that

(m) |Qi(7n) is injective for

(217) lim max {Llp goiemy (Uitm)) » Lip gora ) (Ui_(}n))} =1

meree Pigm) Uiom) (2i(m)

From the fact that gr_ and h are two fixed Riemannian metrics on T3, they are uniformly com-
parable in the sense that there is a constant C' such that for any p € T? and any v € TpT?’ we have
that

1 gr. (v,v)

218 — <L L
(218) C ~ hvv) —
In particular, for any subset W C T2 we have that

|W|9F 3

219 — = < C°.

(219) e Wi T

Since each Uj(,,) has degree 1, and is therefore necessarily surjective by Proposition 3.4, we have that
Ui(m) (Qi(m))c C Ui(m)(Qf(m)). Therefore, equation (133) of Lemma 6.6 shows that

1

(220) ‘]Uz(m) (Ql(m)) |9FOO < B”Rg ||22(g7(m))
Similarly, for any 2 dimensional smooth submanifold ¥ C T% we have that

1 [Zlge 2
221 — < = < C%,
and so Lemma 6.7, along with the bounds on ‘dug(m) for points in €2;(,,), implies that

9i(m)

(222) 10U (Qigm)) lgre. = U (8Qi(m)) lgr.. < BlOQigm)lgicmy < BlIRy,.., IILz Gsom”
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Therefore, we may apply Lemma 6.9 to conclude that for all m large enough we may find open
submanifolds Qg(m) C Ui(m (Qi(m)) with smooth boundary so that

(223) im0 lgp =0

. 12 _
(224) im0l = 0

. / 79 Foo 3 J9Fe _
(225) lim_deu ((Qi(m),dgg(m) , (T3, dor )) —0.

By the above work, we may also conclude that for all m large enough, we may set ﬁi(m) = [Ui_(}n)Q;(m)

and obtain

(227) n}gnoo |8Qi(m) Ji(m) 0
. P 99i(m 37 oo .
(228) Jim e ( (B B ) (O i ) ) =0

where the map Uj(,,) gives the estimate on the above estimate on the Gromov-Hausdorff distance.
Therefore, the result now follows from the triangle inequality and Equation (217).
O

The convergence results stated in the introduction will now follow if we can show that the two
mentioned families of metrics both lie in F(V, R, A\, o,n, M) for some values of V, R, \,0,n, and M.

Theorem 6.11. Let 0, K,V, D > 0, and define R = R(o, K, D) to be the collection of Riemannian
metrics g on T? such that

(1) min{stsys,(g), stsys,(g)} = o;

(2) Ricy > —K;

(3) diam,(T?) < D.
Then, for any sequence of metrics {g;}52, C R(o, K, V) such that

(229) Jim ([ Ry, llr2(gi) =0,

there exists a subsequence {g;, };’;1 and a flat metric gr_ on T3 such that gi; = gr, n the sense of
Dong-Song.

Proof. Once we show that R(o, K, V) C F(Vy, Ro, Ao, 00,70, Mo) for some values Vg, Ry, Ao, 00, 10, Mo,
then we are done. Using volume comparison and the diameter bound, we may find an appropriate Vj.
Furthermore, we may take oy = o, by definition. It is then standard theory for smooth manifolds with
Ricci curvature lower bounds that INy(g) > Ao, where Ay depends only on K and diam,(T?), see for
example [Ber03, Theorem 114], [Gal88, Theorem 3], [PS98, Page 294]. Furthermore, see [DWZ18] for
more related results. )

Next, we have that R, > —nK, so we may take Ry = nKV?. It remains to show that we can find
1o > 0 and My such that for all ¢ € R we have that

(230) k(g,m0) < M.

Fix a € T3 and a9 € 7 *{a}, and let Dir(dg) be the fundamental domain about ao given in Lemma
7.11. We claim that diam(Dir(dg)) < 2diam,(T?). To see this, let § be an arbitrary element of Dir(dg).
By its construction we see that for any v € Z3 we must have d(ao,9) < d(a,,9). Let v be any length
minimizing geodesic connecting a to y = m(§), and let ¥ be the geodesic lifting v starting at . Then,
we see that there is an a,, such that

(231) d(ay,,9) = d(a,y) < diam,(T?).

But, then we must have that

(232) d(ag, §) < d(ay,,9) < diamy(T?).
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This gives the claim. As such, for all ¢ € R, we have that

(233) diam(Dir(ag) < 2D.
Once again, let § be an arbitrary element of Dir(ag), let 1o = 155, and let
(234) Jy;={veZ®: B (y 1100) N Dir(a,) # 0}.

For all v € Jyg, let

(235) :, €B (y 1%0) N Dir(a,).
Then, we have that

o o
236 d(y AV <dAV7AI/ 7§dAV7A 10N

o

237 <d(y,a —.
In particular, for all v € Jy we have that
(238) d(ay, a0) < 2D + %
Furthermore, as stabsys; (¢) < sys;(g), for all u,v € J we must have that
(239) d(ay, ay) > o,

and so B(ay, §) N B(ay, ) = 0. Finally, from the diameter upper bound, and volume lower bound
given by the systolic inequality and the lower bound on o, we see that there are constants py and Py
not depending on g € R such that any ball of radius § has volume at least py. Thus, we see that

(240) |Jglpo < |B (G0,2D + 0) |x+g < Fo.
Rearranging terms shows that

P
(241) |Jy| < 2o

Po

Now, by the doubling property and the volume upper bound, we may find a cover of Dir(ag) by at most

G balls of radius 55, where G does not depend on g € R. Any such cover will also cover Dir(a)

In particular, we see that

g _.
200

o GPy
242 ——) < .
(242) (9. 505) <
We can now apply Theorem 6.10 to R to obtain the result. O

The result also follows for families of Riemannian metrics which have a uniform lower bound in
terms of some background metric on T3, as in the following theorem.

Theorem 6.12. Let go be a fived Riemannian metric on T3, and let A, R,V > 0. We denote by
V(go, A, V) the collection of Riemannian metrics g on T3 satisfying the following properties:

(1) 9= go;

(2) IN1(g) = A;

(3) 1Ry lL2(q) < Ry

(4) Ty < V.
Then, for any sequence of metrics {g;}2, C R(o, K, V) such that
(243) Jim {|Rg [l z2g) = 0,

there erists a subsequence {g;; };";1 and a flat metric g, on T3 such that 9i; = gr,, in the sense of
Dong-Song.
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Proof. We need to show that there are Vy, Ry, Ag, 09,70, and My such that V C F. We may immedi-
ately take V) =V, Rg = R, and Ay = A. Since g > ¢, we have that

(244) min{stabsys, (¢), stabsys,(g) } > min{stabsys, (go), stabsys,(go)}.

Therefore, we may set oo = min{stabsys, (go), stabsys,(go) }-
Let 19 > 0 be arbitrary, then there is a My such that x(go,n0) < Mp. Let V be a test domain for
k(go,Mo). Since

(245) {z:d9(x,V) <no} C{z:d%(x,V) <no},
it follows that x(g,m0) < k(go,7n). Therefore, we may take My for our final piece of the puzzle, and
apply Theorem 6.10 to get the result. O

If in addition to a metric lower bound the sequence has volumes converging to the volume of the
metric lower bound, then we actually have that gg is flat.

Corollary 6.13. Let g be a fived Riemannian metric on T3, let A, R,V > 0, and letV = V(go, A, R, V)
denote the collection of Riemannian metrics g on T3 which satify the following properties:

(1) g > gos

(2) IN1(g) > A;

(3) IR, llz2(g) < R;

(4) Ty < V.
Suppose that g; is a sequence of metrics in V' such that
(246) ‘T3|gi - |T3‘go’
and
(247) Jim [[Rg,[lz2(q,) = 0.

Then, the metric go must be flat.

Proof. By Theorem 6.12, we know that a subsequence of {g;}2,, also denoted {g;}5°,, converges to a
flat metric gr in the Dong-Song sense. Let U; and ; be as in Theorem 6.12:
(248) lim_ (|91, + 0%, ) =0,

m— o0

Ui|ﬁ, is injective, and it induces
i

: O i 79: 3 19 _

(249) W}EHOO daon ((Qz(m)a d§1) ) (T yd F)) =0.
We will now observe several consequences of the inequality g; > go:

79i 790 .
(250) dﬁi > dﬁi’
(251) 1251g: > 12195 -
From (250) above we have the following sequence of inequalities:
(252) dg0|§i><§i < d%: < d%7

Furthermore, from (251) we have that
(253) lim |Q¢],, = 0.
71— 00

Since gp is a smooth Riemannian manifold, balls have a lower bound on their volume growth. Combined
with the above limit, this shows that the inclusion map gives

: 0O i 3 _
(254) lim dan ((Qi,dg ) (T ,d9°)> =0.
Next for each ¢, the identity map
(255) Id: (Q,d% ) — (,d*)
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is a Lipschitz one map. Since

(256) lim_don ((Qi(m), d%’i) (T3, dgF)) —o.
and
(257) 1im |4, = 0,
11— 00
it follows from the Arzela-Ascoli theorem that there is a Lipschitz one map
(258) F: (T? h) = (T?, go).
However, from the definition of gr, we have that |T3|,, = lim;,|T3|,,. Furthermore, it was an
hypothesis that lim; ,|T3|,, = |T?|,4,. Therefore, we must have that the map F' is an isometry, and
S0 go is flat.

O

7. APPENDIX

7.1. Dong-Song Curve Approximation. The goal of this section is to prove the following approx-
imation lemma. The proof presented here is a minor modification of the proof found in [DS23].

Lemma 7.1. Let (M?3,g) be any smooth closed three dimensional Riemannian manifold. For any
€ > 0 there exists a 6 > 0 such that if (2 s a_connected open sub-manifold of M with smooth boundary
such that |Q]° +10Q| < e, then we may find Q C Q, another open sub-manifold with smooth boundary,

such that ‘ﬁc

+ ‘8@‘ <, and for every x,y € Q there exists a curve v C Q connecting them such that

(259) L(y) < d(z,y) +¢.

Lemma 7.2. Let n,A > 0 be fized, let (M,g) be a compact smooth n—dimensional Riemannian
manifold, and suppose that INy (M, g) > A. Then, there exists a 6 > 0 depending only on n and A such
that if E is a smooth n—dimensional submanifold of M such that |E| > n and |0E| < §, then E has a
connected component, say §2, such that

1 1
260 Q| < — 109 < — |OE]|.
(260) 07 < £ 100] < £ [0F]
Proof. Let E; be the connected components of E. Since F is a smooth n dimensional sub manifold, it
follows that
(261) OE =| |0E;.

Suppose that there is an ig such that |E;,| > 3 |M|. Then, taking Q = E;,, we have from the definition

of INy (M, g) that

10

1
< = .
(262) 7] < <109

Suppose on the contrary that there is no such io: for all i we have that |E;| < 1 [M|. Then, it follows
from the definition of INy (M, g) that

1 0E|
(263) ﬂ§;|Ei|§K;|aEi\:T~

Choosing |0E| < nA gives a contradiction, and hence we obtain the result. O

Lemma 7.3. Let (M,g) be a smooth, compact, closed, two-dimensional Riemannian manifold. Let
A be a two-dimensional sub manifold of M with smooth boundary. Furthermore, suppose that every
component of 0A bounds a two-dimensional submanifold of M, and that A is connected. Then, for
any x,y in A there is a curve v lying entirely in A connecting x to y such that

(264) L(y) < d(z,y) + |0A].
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Proof. By our hypotheses, we have that M \ A is the disjoint and finite union of connected open two
dimensional submanifolds B;, with smooth boundaries 9B;. We claim that the boundaries B; must
be connected, and so correspond to the connected components of JA. For any ¢, suppose that >,
and Yo are two connected components of dB;. Such connected components can only bound connected
regions. Therefore, without loss of generality, we may find disjoint connected regions 2; and €, with
boundaries X1 and X such that QN B; = Q3N By = () and such that Q; N A # () as well as Q2N A # (.
Let x € Q1N A and y € Q2 N A. Then, any curve connecting x to y must pass through B;, which
contradicts the assumption that A is connected.

Let o be a unit speed length minimizing geodesic connecting x to y. We will modify vy so that it
lies entirely in A. First, we let s; be the first time that ~q lies in B and we let t; be the last time that
7o lies in B;. Since dB; is connected for all 4, we may connect vo(s1) € By to (t1) € By by a curve
¢1 lying in 9B; which has length less than |0B;|, though is not necessarily unit speed. We define v; to
be equal to o on [0, L(0)] \ [s1,t1] and equal to ¢; on [s1,%1]. We produce ;11 inductively as follows.
Let s;41 be the first time that v; lies in B;;1, and let ¢;.; be the last time 7; lies in B;;. Since 0B;
is connected for all 4, we may connect 7;(s;+1) € 9B;4+1 to vi(ti+1) € 0Bi+1 by a curve ¢;41 lying in
0B, 41 which has length less than |0B;11|. Then we let ;1 be ; on the interval [0, L(v0)]\ [Si+1, ti+1],
and equal to ¢;11 on [$;41,t;+1]. Since there are only finitely many regions B; to consider, this process
terminates at some yp. We then have that

»
(265) L(vp) < L(y) + Y 0Bi| < d(z,y) + |0A].

i=1

O

Lemma 7.4. Let (M3, g) be a smooth, compact, closed, three-dimensional Riemannian manifold. For
any L > 1 let rp be such that balls with radius less than or equal to rp are geodesically convex, and
the exponential map is L bi-Lipschitz. Let r be such that 24r < rp. Then, there is a constant §(r),
depending only on 1, such that if |Q°| +|0Q| < 6(r), then the following is true. In every ball B(a,20r)
we may find a connected subset D, C QN B(a,20r) with the following properties.

(1) For all p,q € D, there is a curve y(p,q) = v connecting them, which lies entirely in D,.
Furthermore, we have that

L(y) <967 + 8rLw + 2r~ ' | B(a, 20r) N 09| .
(2) We have that

2L5
IN, (S?)

(266) |B(a,20r) \ D,| < 2(243L°) < + L4> |B(a,20r) N 09Q) .

Proof. Let B(a,20r) be an arbitrary ball of radius 20r, and let v € T,, M be an arbitrary unit vector. Set
x = exp,(—4rv) and y = exp, (4rv). For the moment, we will focus our attention to a neighborhood of
z. Let f : 0Q — R be given by f(z) = d(z,z), and observe that f is smooth on (B(x,24r)\B(z, r))NoXL.
From the coarea formula, we have that

2r
(267) / |fHt}| at :/ |VfldA, < |B(z,2r)NoQ.
r f=1[r,2r]

Therefore, using Sard’s Lemma and a mean-value inequality, we may find o, € [r,2r] such that
OB(z,0,) NI = f~Ho,} is a smooth submanifold of 9Q and

1 1
(268) |0B(x,0,) NN < —|B(x,2r) NN < = |B(a,20r) N Q.
r r

We will define two sets on 0B(x,0,), estimate their volumes, and then study their interaction. To
begin, let G, = QN IB(x,0,), which has smooth boundary given by

(269) 0G, = 0(2NIB(z,0,)) = 0NN IB(z,0,).
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From (268), we see that |0G,| < 1 |B(a,20r) N09Q)|. Since exp, is L bi-Lipschitz, it follows that

IN; (0B(0,0)) 1 )
L5 2 o, L5 N(S7) 2 573
We eventually want to apply Lemma 7.2 to G,. In order to do this, it suffices to show that there is
an 17 > 0 such that for all [Q¢] + |0€| small enough, we have |G| > 7.
We may find such an 1 by estimating the number of radial geodesics which intersect 0€2. Let
us define proj, : B(x,24r)\ B(z,0,) — 0B(z,0,) to be the map projecting radial geodesics onto
0B(z,0,). Using exp, to compare with the Euclidean case, we see that this map has a Lipschitz

constant of at most L?. Now, consider H, = proj, ((B(x, 24r)\ B(x,r) N B(a,20r) N 89)) We see

that |H,| < L*|B(a,20r) N 09Q|. For w € dB(z,0,) we shall abuse notation slightly by identifying w
with the radial geodesic emanating from z, say =, such that v, (c,) = w. We will then write w(t) to
denote 7, (t).

With this convention in mind, we observe that for any ¢ € [0, 16r] and w € G& N HS we have that
w(t) lies in Q°. Therefore, using that exp, is L bi-Lipschitz, we have the following string of estimates:

(270) IN; (0B(z,0,)) > IN(S?).

(16

(271) Q] > [{w(t) 1w e G NHS; t € [04,167]}] 2 TL %) |GS N HE|

14T c
(272) > —5 (IG5 = [Hz])

147’ c 4
(273) Z (|G | — L*|B(a,20r) N 09) .
Rearranging terms and estimating shows us that

14
(274) 2]+ = 109] = = |65
L5
Since |0B(z,0,)| > L=2|0B(0,0,)| > %|SQ| we see that
L5

(275) |G |> |S2| —( |QC+L48§2>
Letting n = QTLZQ IS?|, we see that for all |Q¢] 4 |0€| small enough, depending only on 7 and L, we have

that |G| > 1. Therefore, we may apply Lemma 7.2 to G, to find a connected subset G, with smooth
boundary such that

(276) L < % |B(a, 20r) N 9|
and
(277) 6ol < 2 B a0rnan).
a, /s
= INy(0B(z,0,)) — IN;(S?)

Finally, we observe that since S? is simply connected, and Gm is connected, we may apply Lemma 7.3
to A = clG, to obtain the following: for any w,( € CIGJC7 there exists a curve v C G, connecting
them such that

(278) L(y) < d(w,¢) +

1
T+ - |B(a,20,r) N 00

1
(279) <2rLm+ - |B(a,20r) N O9Q.
Let us denote by D, the set given below:
(280) D, = ({w(t) cwe G, NHSt e [02,247]} N B(a, 207“)) U clG,.

From looking at the definitions, we may see that any two points in D, may be connected together by
a curve in D, which has length no greater than 48r + 4rLw + r~1|B(a, 207) N 99Q).
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Let us use the exact same construction in a neighborhood of y to construct the set D,. Ultimately,
we wish to set D, = D, U D,, and conclude that for any two points in D, there is a curve lying in
D, which connects them, and which has length no greater than

(281) 96r + 8rLm + 2r~'|B(a, 20r) N 0Q) .

In order to do this, it suffices to show that D, N D, # (). To do this, we will show that |D, N D,| > 0.
Let us observe that

(282) B(a,r) C {w(t) : w € 0B(z,0,);t € [0, 57|}

and

(283) Bla,r) C {u(t) : v € OB(y, 0,);t € [0y, 57]}
Therefore, we see that

(284) |D N Dy| >[B(a,r)]

(285) —1252° (| (G Hm) +|(Gyn Hy) )

So, we see that
1B(0,r)| 2L°
L3 IN; (S?)

Therefore, for all [Q¢] 4 |0€2| small enough, we see that D, N D, # 0, and so D, = D, U D, has the
desired path connected property given in (281).
Now, we need to estimate |B(a,20r) N Q\ D,|. To do this, observe that B(a,20r) is contained in

(287) {w(t) 1w € 0B(x,04);t € [0,24r]} U{v(t) : w € 0B(y,0,);t € [0y, 247]}.

(286) |D, N D,| > —250L° < + L4> |B(a,20r) N 09| .

Therefore, we see that
(288) 1B(a,20r) \ D < ‘{w(t) cw e (Gy N HE);t € [0, 24@}\
(289) +|{wt) v € (Gy N HYst € oy, 24T}

Using the estimates above, we see that

207
IN, (S?)

(290) |B(a,20r) \ D,| < 2(24%L) < + L4> |B(a, 20r) N 09Q) .
O

Lemma 7.5 ([DS23]). Let (M?3,g) be a smooth closed three dimensional Riemannian manifold. For
every € > 0 there exists a & such that if Q C M3 has smooth boundary, and we have that

(201) 0 = M| -3

(202) 9] <,

then there exists a connected subset Q' C Q with smooth boundary such that
(293) | > |M?| -«

(294) |09 <e

and

(295) dan (2. dfy), (V,d")) <.
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Proof. Fix L = (1+ %5), and fix 7 > 0 to be chosen later. We will however assume that 24r < rp,
where ry, is the constant appearing in Lemma 7.4. We may additionally assume that |[Q¢| + |09] is
small enough so that Lemma 7.4 applies to balls of radius 20r. Since M is compact, we may cover M
in finitely many balls of the form B(a;,r);

p
(296) 1< ZXB(ai,r) <P

i=1
For each i let D; C QN B(a;,20r) be the set given in Lemma 7.4. Let D = Ui1 D;, and consider
x,y € D such that d(z,y) < r. Since z,y € D, there exists i(x) and i(y) such that » € D;(,) and
y € D). Furthermore, since {B(a;,r)} covers M, there exists m(x) and m(y) such that € B (a(x))
and y € B (am(y),r). Finally there are z, € B (ai(x),20r) and z, € B (ai(y),r) such that d(x, z,) =
d(y,zy) =1, B(2y,7) C B (am(:c), 207‘) NnB (a,;(x), 201"), and B (zy,7) C B (am(y), 20r) NnB (ai(y), QOT).
Since d(z,y) < r, we also have that B(z,r) C B (am(l.), 20r) NnB (a 20r). As before, we can show
that for |2¢] 4 |0€2| small enough, we have that

m(y)s

(297) min{ [ Dice) 0 D] [Dicy) 0 Dot [Doniey 0 Doy} > 0,

and in particular the intersections are not empty. As such, we see from Lemma 7.4 that there is a path
v C D connecting x to y such that

(298) L(y) < 3r(96 + 8Lm +2r~209).
Lemma 7.4 also gives us the following volume estimate:
L/ oord
2 M\ D| < |Q°| +2(243L° —— + L") |B(a;,2 9
(209) DL <101 +20429 3 (g gy + ) 1BGas 200 000
< Q¢ 4+ 2P(243L° L) 109].
(300) <191+ 2P L) (g + 1) 109

At this point, D satisfies the requirement of local connectivity, but it does not necessarily have
a smooth boundary, nor need this boundary be small. Therefore, we must modify D. Following
Dong-Song [DS23], let f : Q@ — R be given by

(301) f(w) = da(z, D).

Although the Lipschitz constant of f depends on 2 and can be rather large, since 2 is a domain with
smooth boundary, the local Lipschitz constant of f is always bounded above by 2, independently of 2.
As such, for any n > 0, we may find a smooth map ¢ : Q — R such that |V¢| < 2 and ||f — ¢||1= <
Using the coarea formula, we have that

(302) /: }qﬁ‘l{t}ﬁmdt:/ o velav, <2000\ D).

32 QN¢~33,76

T
64"

Therefore, using Sard’s lemma and a mean-value inequality, we may find a ¢ty € [g3, 15] such that

¢~ Hto} C Qis a submanifold of M, possibly with corners. Furthermore, we have that
_ 32
(303) o7 (1o} < 210\ D).

Observe that ¢~ 1{ty} bounds the region ¢$~1[0,%,]. Let us smooth out ¢$~1{tg} in such a way that the
result 9’ bounds a region Q' C ¢~1[0,%0] C Q and

64
(304) 09 < 2]p o} < — 1@\ D
Next, observe that D C €', since [|f — ¢||L~ < g7. Therefore, we have that
(305) || < |De.
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Q' is very nearly the set we desire, however there is one more crucial property that it may not
satisfy: we want to find a set such that if 2,y are elements of the set, and d(x,y) < %, then there is a
path from z to y in ' which isn’t too long. Of course, this is true if z and y are in D, but for more
general z and y, there is more work to be done. Since 2 and Q' are domains with smooth boundary,
the topology generated by d(-,-), the topology generated by dq(-,-), and the topology generated by
dQ/('7 -) all agree. In particular, we have that Q' is compact, and furthermore cl(Q’ \ D) is compact.

Therefore, we may find a finite collection of points z; in cl(Q’ \ D) which form an g net with respect

to dg. In particular, by the definition of ', for each ¢ we may find a curve ¢; lying in Q connecting
zi to some Z; € D which has length less than or equal to g. Consider a small cylindrical neighborhood
C; of ¢;. We may choose the area of its boundary to be arbitrarily small, and for every point to be
within g of the center curve, by choosing an arbitrarily small radius. Furthermore, we may perturb

its boundary so that it intersects 9Q and 99’ transversely. We may smooth out
(306) ' J(Cing)
i
to produce a region Q with the following properties. First, we may assume that ’862’ < 2]0€Y|. Next,

we have that ’ﬁ” < |(¥)¢|. Finally, suppose that x and y are in Q such that d(z,y) < r. Let us

begin by assuming that z,y € cl(ﬁ \ D). Then there are z, and z, in the g net such that dey (z, 22)
and dor (y, z,) are less than g. Furthermore, by construction of €', there are 2, and 2, in D such that
de (22, 22) and dg(zy, 2,) are less than g. Thus, we see that

(307) d(Ze, 2y) < dg(20, 22) + dgy (22, ) + d(@,y) + dey (Y, 2y) + dgy (24, 2y)

(308) <.

Let us recall that L denotes the bi-Lipschitz constant of exp for balls with radius less than or equal
to rr, which are also geodesically convex by assumption. Since d(Z;,2,) < r, it follows from the

construction of D, see Lemma 7.4, that we may find a curve v in D connecting £, and 2, which has
length bounded as follows:

(309) L(v) < 7(96 + 8Lw + 2r~?|B(a,20r) N 9Q).

The other cases are similar, but use fewer applications of the triangle inequality.
To save space in the calculations below, we set K = K(|0Q|, L, r), where

(310) K(|0Q|,L,r) = 96 + 8Lx + 2r~2|B(a,20r) N 0%,

Let x,y be any two points in Q, and let ~ be a length minimizing geodesic connecting them. We may
16 diam(M,g)
16 diam(M.9)
any two successive sections of v, say y(xo, o) and ~;o41(z1,%1), with endpoints x;,y; for j = 0,1,

split v into at most [ —‘ segments of length [;, where %TL <l < ir,;. Let us consider

respectively. Let ¢g be the midpoint of v(zg, yo), and consider 7y = exp;o1 ('y(:ro, yo)) CTeyM. Let é’r

be the corresponding cylinder about 7 of radius g7; it is foliated by curves, as seen below:

o d _ .
(311) Cr= {% w(t) =t +wiw L o5t w] < SL}'

Consider exp_ ' (8(2), and let H = {w: 7, N exp;}l(aﬁ) # (}. By projecting the curve 7, onto w, we
observe that

(312) [H]| < |exp,! (09|
(313) <12 ‘aﬁ‘
(314) < 207109
(315) <2\ |,
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Now observe that for w € H¢ we have either that exp, (7.) C Q or exp,, (Yw) C Q°. Suppose that
for all w € H¢ that exp, (Yw) C Q°. Then, it follows that

> oz (= (7))

Lol (L)z
1505 — 8L/

This gives a contradiction for |Q¢| + |0€2| small enough depending only on r and L. Therefore, thre

is at least one w € H* such that exp,, (7.) C Q. Let wp denote such an element, and let Yo (%0, Yo)

denote exp,, (Vw), which has endpoints Zo and yo We may similarly find (1, y1) with end points 7,

and ;. Then, we have that

(316) ‘QC

Rearranging terms shows us that

(317) ‘QC

(318) L(vw, (@;,7;)) < Ld(x;,y;),
for j = 0,1. Furthermore, we see that
(319) d(7o, 1) < 2

As such, there is a curve connecting them, which lies entirely in Q and which has length less than or
equal to K7. Let us modify v along the section 7o and 71 by replacing v; with ¥,,, and connecting
their endpoints by the curve above. Doing this for all of the segments yields a curve 5 which lies
entirely in 2 and has length bounded above as follows:

(320) L(3) < (1ot | 4 9) Ky + Ld(w,y),

where the +2 comes from the fact that we may have to peturb the endpoints x,y of v in a similar way
as above. Therefore, for r chosen small enough, and |Q¢| 4 |0€2| small enough depending only on r and
L, the above has the following estimate:

(321) L(7) < (1 +e)d(z,y).
O

7.2. Fundamental Domains. In this section we give a construction of fundamental domains, which
can be found in [Cha06, Section IV.3].

Definition 7.6 ([Cha06]). Let (M, g) be a closed Riemannian manifold, and let p be any point in M,
and denote by S, the collection of unit vectors in T, M, and let SM denote the unit tangent bundle.
Finally, let 7 : TM :— M be the projection map. Let us define a map ¢: SM — (0, 00) as follows

(322) c(§) = sup {t = d(p, expﬂ(g)(tf)) = t}
We have the following important result

Theorem 7.7 ([Cha06)). Let (M,g) be a complete Riemannian manifold without boundary. Then,
the map ¢ : SM — (0, 00] is continuous.

Proof. Fix £ in SM and let & be a sequence approaching £. For notational convenience, let p = 7(&),
pr = 7(&), and dy, = c(&.

We will first show that limsup,,_, ., ¢(§) < ¢(§). Pick a subsequence dj,(;) such that lim; o diy =
lim supy,_, o, dg- If limsupy,_, ., dy = oo, then, for any 7" > 0 one has that dy;y > T for all i sufficiently
large. Since & — &, it follows that exp, (T (iyn) converges to exp,(T€). Since distance is a
continuous function, we see that

(323) d(p, exp,(T€)) = lim d(prci), Ték(s) = T

Therefore, by the definition of ¢ we see that ¢(§) > T. As T can be chosen to be arbitrarily large, we
see that ¢(§) = oo



38 E. BRYDEN AND L. CHEN

Next, suppose that limsup;_,., dr = § < 0o. Then, for any ¢ we may find an N so that for all
i > N we have that § — ¢ < dj ;). It follows that

(324) d(p, exp, (6 — 8)6)) = Zlggcd(pk(iy exp,, ., ((6—¢) fk(i))) =d—ec.

So, we see that ¢(§) > § — e, where ¢ was arbitrary.

Continuity will now follow if we can show that liminfx_, . dr > ¢(£). By way of contradiction,
suppose that liminfy_, . di + 2¢ < ¢(€). Let U, denote the open star-shaped region about p = 7(§)
on which exp,, is a diffeomorphism, let 7" = liminfx_, di, and let ;) be a subsequence such that
lim; o0 dj(iy = T Since &) — &, we have that limy, oo expy, (T +€)&)) = exp, (T +¢)E). Since
exp, (T€) € Uy, it follows that for all i large enough, we have that eXPp, i) ((T—i—s)fk(i)) € U,. However,
we also have for all 7 sufficiently large that c({(;)) = di(;y < T +¢. This is a contradiction, and so we
see that liminfy_,o di > ¢(§). This establishes the continuity of ¢ on SM. O

Remark 7.8. Here we avoided the second half of proof presented in [Cha06], since by the results in
[Mar93] conjugate loci are in general ill behaved.

Definition 7.9. Given a complete Riemannian manifold (M, g) and a point p in M, we will let D,
denote the following set:

(325) Dy ={c(§)§: € € SM},
the graph of the continuous function ¢ : S, — (0, 00]. Furthermore, let
(326) Gp={t{:t <c(§);£ € Sp}-

Proposition 7.10. Let (M,g) be a closed Riemannian manifold, and let p in M. Then, D, has
measure zero.

Proof. Observe that S, and M are compact. As such, it follows that ¢(S,) is contained in a compact
interval bounded away from zero. Since D, is the graph of ¢ over S,, it follows from using polar
coordinates and the Fubini-Tonelli theorem that

b
(327) /‘ Xaﬁ=/ /)mmW_KDJn@mdQ:Q
T, M Sy, Ja

P

0

Lemma 7.11. Let (M, g) be a closed Riemannian manifold, and let (M, 7*g) be its universal cover.
For any given p € M and p € M, let Dir(p) denote the following set

(328) Dir(p) = exp; o(dmp) " Gp.
Then, we have that Dir(p) is a fundamental domain.

Proof. We claim that Dir(p) is a fundamental domain. To begin, suppose that z,y € intDir(p) are
such that m(x) = 7w(y). This would mean that there are at least two length minimizing geodesics
from p to w(z) = m(y), but this contradicts the definition of G,. Observe that this implies that
Dir(p) = expgo(dmy)~'Gp, and as a consequence we also have that dDir(p) C expgo(dmy)~'D,.
Therefore, since D,, has measure zero and expgo(dnz)~! is a smooth map, it follows that dDir(p) has

measure zero. Finally, since G, is path connected, it follows that Dir(p) is as well. O
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