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ON THE L2 VOLUME OF BERGMAN SPACES

SHENGXUAN ZHOU

Abstract. In this paper, we show that the Calabi volume and Mabuchi volume of Bergman
spaces on the product of a projective manifold and a projective space is infinite. Our result is

inspired by a conjecture of Shiffman-Zelditch in [16].
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1. Introduction

Let M be a n-dimensional projective manifold, L be a very ample line bundle on M , and
ω0 ∈ c1(L) be a Kähler metric on M . The pair (M,L) is called a polarized manifold. Then the
space of Kähler metrics and the space of Kähler potentials can be defined as follows:

(1) K = {ω : dω = 0, and ω > 0} ,
and

(2) H[ω0] =
{

f ∈ C∞(M ;R) : ωf = ω0 +
√
−1∂∂̄f > 0

}

.

By ∂∂̄-lemma, one can see that ω′ ∈ [ω0] = c1(L) if and only if ω′ = ωf for some f ∈ H[ω0], and
such f is unique up to an additive constant. Hence K[ω0] = K ∩ [ω0] ∼= H[ω0]/R. For example, see
[7, Chapter VI, Lemma 8.6] or [17, Corollary 2.2].

Since L is very ample, for any k ∈ N, one can construct an embedding M → CPNk by a basis of
H0(M,Lk), where Nk = dimH0(M,Lk) − 1. Now we can define the space of Bergman metrics as
following.

BM,Lk =

{

1

k
γ∗ωFS , γ :M → CPNk given by a basis of H0(M,Lk)

}

,(3)

where ωFS is the Fubin-Study metric of CPNk . Clearly, BM,Lk ⊂ K[ω0], ∀k ∈ N. The space of
Bergman metrics will also be abbreviated as Bk when we do not emphasize the manifold M and
the line bundle L.

The study of the approximation of subspaces BM,Lk to space K[ω0] is an important topic in
Kähler geometry. In the seminal work [18], Tian utilized his peak section method to prove that
Bergman metrics converge to the original polarized metric in the C2-topology. Consequently, K[ω0]

can be approximation by BL,k in the C2-topology. Following this approach, Ruan [15] proved
1
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that this convergence holds in the C∞ sense. Later, Zelditch [20], also Catlin [4] independently,
used the Szegö kernel to obtain an alternative proof of the C∞-convergence of Bergman metrics.
Furthermore, they provided an asymptotic expansion of Bergman kernel function, which is the
Kähler potential of the Bergman metric. Such an asymptotic expansion is called the Tian-Yau-
Zelditch expansion. This expansion can be also obtained by Tian’s peak section method, see
Liu-Lu [12]. By using the heat kernel, Dai-Liu-Ma [6] gave another proof of the Tian-Yau-Zelditch
expansion (see also Ma-Marinescu’s book [13]). There are many important applications of the
Tian–Yau–Zelditch expansion, for example, [8] and [19].

There are two natural metrics on the space K[ω0].

The Calabi metric [1, 2] serves as the natural L2 metric on K[ω0] defined by

GCa,K[ω0]
(ϕ̇, φ̇) =

∫

M

∆ωϕ̇∆ωφ̇dVω =

∫

M

(

trω
√
−1∂∂̄ϕ̇

)

·
(

trω
√
−1∂∂̄φ̇

)

dVω,(4)

where ω ∈ [ω0], and ϕ̇, φ̇ ∈ TωK[ω0]
∼= C∞(M,R)/R. It is known that the sectional curvatures

of the Calabi metric GCa,K[ω0]
on K[ω0] are all equal to 1, and K[ω0] does not have conjugate

points with respect to the Calabi metric [3]. Thus, the infinite-dimensional Riemannian manifold
(K[ω0], GCa,K[ω0]

) the space is a portion of an infinite dimensional sphere of constant curvature 1.

Another natural L2 metric on K[ω0] is the Mabuchi metric arised in [14]. At first, one can defined

an L2 metric on H[ω0] by

GMa,H[ω0]
(ϕ̇, φ̇) =

∫

M

ϕ̇φ̇dVωf
,(5)

where f ∈ H[ω0], ωf = ω0 +
√
−1∂∂̄f > 0, and ϕ̇, φ̇ ∈ TfH[ω0]

∼= C∞(M,R).
Clearly, GMa,H[ω0]

is invariant under the action Ac : H[ω0] → H[ω0], Ac(f) = f + c, ∀c ∈
R. Hence (5) gives an L2 metric GMa,K[ω0]

on K[ω0]
∼= H[ω0]/R such that the quotient map

(H[ω0], GMa,H[ω0]
) → (K[ω0], GMa,K[ω0]

) becomes a Riemannian submersion. By definition, we have

GMa,K[ω0]
(ϕ̇, φ̇) =

∫

M

(

ϕ̇−−
∫

M

ϕ̇dVω

)(

φ̇−−
∫

M

φ̇dVω

)

dVω ,(6)

where ω ∈ K[ω0], ϕ̇, φ̇ ∈ TωK[ω0]
∼= C∞(M,R)/R, and −

∫

M
φ̇dVω = 1

Volω(M)

∫

M
φ̇dVω .

Since [ω0] = c1(L) ∈ H2(M ;Z), we have BM,Lk ⊂ K[ω0]. Hence one can obtain a Riemannian
metric on BM,Lk by the restriction of the Calabi metric or the Mabuchi metric on BM,Lk . Let
GCa,M,Lk and GMa,M,Lk denote the restriction of the Calabi metric and the Mabuchi metric on
BM,Lk , respectively. Then GCa,M,Lk and GMa,M,Lk are invariant under the action of Aut(M) in
some sense. In fact, we have the following property.

Proposition 1.1. Let M be a n-dimensional projective manifold, L be a very ample line bundle
on M , and γ ∈ Aut(M). Then the pullback

γ∗ : BM,Lk → BM,γ∗Lk(7)

satisfies γ∗GCa,M,Lk = GCa,M,γ∗Lk and γ∗GMa,M,Lk = GMa,M,γ∗Lk .

Let µCa and µMa be the measures on BM,Lk corresponding to the Riemannian metrics GCa,M,Lk

and GMa,M,Lk , respectively. Combining Proposition 1.1 with the parameterization of BM,Lk (see
[16, Section 5] or Section 2), we can obtain the following result.
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Theorem 1.1. Let M be a projective manifold, and L be a very ample line bundle on M . Suppose
M =M1 ×CPn, where M1 is a projective manifold (which can be a single point) and n ∈ N. Then
for any k ∈ N, µCa(BM,Lk) = µMa(BM,Lk) = ∞.

Remark. Actually, Theorem 1.1 holds for any polarized manifold (M,L) such that the automor-
phism group Aut(M,L) is non-compact.

Our Theorem 1.1 is inspired by the following conjecture of Shiffman-Zelditch in [16].

Conjecture 1.1 ([16, Conjecture 5.1]). The Calabi volume µCa(BM,Lk) is finite for each k.

As highlighted by Shiffman-Zelditch in [16], if this conjecture is true, one can obtain a rigorous
definition of the Polyakov path integral over metrics, which used the Calabi metric to define its
volume form. Such a development would undoubtedly have an impact on both Kähler geometry
and mathematical physics, fostering new connections between the two fields.

Since Theorem 1.1 shows that Shiffman-Zelditch’s original conjecture may not always hold, we
pose the following problem as a modification of Shiffman-Zelditch’s original conjecture.

Problem 1.1 (Modified Shiffman-Zelditch’s conjecture). Let (M,L) be a polarized manifold, and
ω0 ∈ c1(L) be a Kähler metric on M . Assume that Aut(M,L) is compact.

(a). Is there an integer k0 ∈ N such that for any k ≥ k0, the Calabi volume µCa(BM,Lk) and the
Mabuchi volume µMa(BM,Lk) are finite?

(b). Is it possible to obtain a rigorous definition of the Polyakov path integral over metrics by using
the Calabi metric or the Mabuchi metric to define its volume form?

This paper is organized as follows. In Section 2, we recall the parameterization of BL,k and use
it to describe the Calabi volume form on BL,k. Then we will prove Proposition 1.1 and Theorem
1.1 in Section 3.

Acknowledgement. The author wants to express his deep gratitude to Professor Gang Tian
for constant encouragement.

2. The parameterization of BM,Lk

In this section, we recall the parameterization of BM,Lk . The following parameterization is known
(for example, see [16, Section 5]), but we include the details for convenience.

Let {Si}Nk

i=0 be a basis of H0(M,Lk), and let h be a Hermitian metric on L such that the Ricci
curvature ωh = Ric(h) > 0. For any matrix A = (ai,j)0≤i,j≤Nk

∈ GL(Nk +1,C), one can construct
a Kähler metric

ωA =
1

k
F ∗
AωFS =

1

2π
ωh +

√
−1

2kπ
∂∂̄ log







Nk
∑

i=0

∥

∥

∥

∥

∥

∥

Nk
∑

j=0

ai,jSj

∥

∥

∥

∥

∥

∥

2

hk






∈ BM,Lk ,(8)

where ωFS is the Fubini-Study metric on CPNk , and FA is the embeddingM → CPNk given by the

basis
{
∑Nk

j=0 ai,jSj
}Nk

i=0
. It is easy to see that ωA is independent of the choice of h, and a Kähler

metric ω ∈ BM,Lk if and only if there exists a matrix A = (ai,j)0≤i,j≤Nk
∈ GL(Nk+1,C) such that

ω = ωA.
Let B = (bi,j)0≤i,j≤Nk

∈ GL(Nk + 1,C). Assume that ωA = ωB. Then

√
−1

2π
∂∂̄ log







Nk
∑

i=0

∥

∥

∥

∥

∥

∥

Nk
∑

j=0

ai,jSj

∥

∥

∥

∥

∥

∥

2

hk






=

√
−1

2π
∂∂̄ log







Nk
∑

i=0

∥

∥

∥

∥

∥

∥

Nk
∑

j=0

bi,jSj

∥

∥

∥

∥

∥

∥

2

hk
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and hence there exists a constant ρ > 0 such that

Nk
∑

i=0

∥

∥

∥

∥

∥

∥

Nk
∑

j=0

ai,jSj

∥

∥

∥

∥

∥

∥

2

hk

= ρ2
Nk
∑

i=0

∥

∥

∥

∥

∥

∥

Nk
∑

j=0

bi,jSj

∥

∥

∥

∥

∥

∥

2

hk

.(9)

Let Ux be an open neighborhood of x ∈ M , and let ex be a local frame of L on Ux. Without loss
of generality, we can assume that there exists a biholomorphic map Fx : Ux → B1(0) ⊂ Cn. Write
Si = fie

k
x. Define

̺(z, w) =

Nk
∑

i,j,k=0

(ai,j āi,k − ρ2bi,j b̄i,k)fj(F
−1
x (z))f̄k(F

−1
x (w̄)) ∈ O(B1(0)).(10)

Then (9) implies that ̺(z, z̄) = 0, ∀z ∈ B1(0). Hence ̺ ∈ O(B1(0)) implies that ̺ = 0. Since

{Si}Nk

i=0 is a basis, it can be observed that {fi}Nk

i=0 is linearly independent. Now we can obtain from
(10) that AtĀ = ρ2BtB̄, and hence Q = ρ−1AB−1 ∈ U(Nk + 1), where At is the transpose of A,
and Ā is the conjugate of A.

IfA = ρQB for some ρ > 0 andQ ∈ U(Nk+1), then one can easily to see that ωA = ωB. It follows
that the corresponding A 7→ ωA gives a diffeomorphism (C∗×SU(Nk+1))\GL(Nk+1,C) → BM,Lk .
Thus, BM,Lk can be parametrized by (C∗×SU(Nk+1))\GL(Nk+1,C) = SU(Nk+1)\SL(Nk+1,C).

Proposition 2.1 ([16, Section 5]). The map

Ψ :

{

SU(Nk + 1)\SL(Nk + 1,C) → BM,Lk ,
[A] 7→ ωA

(11)

is well-defined, where A ∈ SL(Nk + 1,C) is a representative of [A] ∈ SU(Nk + 1)\SL(Nk + 1,C).
Moreover, Ψ is a diffeomorphism.

Now we can parameterize BM,Lk by SU(Nk + 1)\SL(Nk + 1,C). However, calculating the
integral over SU(Nk+1)\SL(Nk+1,C) is a bit complicated. Our next goal is to construct a global
coordinate of SU(Nk + 1)\SL(Nk + 1,C).

Let A ∈ SL(Nk + 1,C). By the Gram-Schmidt process, one can find Q ∈ SU(Nk + 1) such that

R = (ri,j)0≤i,j≤Nk
= Q−1A is an upper triangular matrix such that ri,i ∈ (0,∞) and

∏Nk

i=0 ri,i = 1.
This decomposition is the complex version of the famous QR decomposition [11, Theorem 2.1.14].

Now we assume that Q̃ ∈ SU(Nk+1) and R̃ = (r̃i,j)0≤i,j≤Nk
is an upper triangular matrix such that

r̃i,i ∈ (0,∞),
∏Nk

i=0 r̃i,i = 1 and Q̃R̃ = A. Then we can conclude that Q−1Q̃ = RR̃−1 ∈ SU(Nk+1)
is an upper triangular matrix such that the diagonal elements are positive numbers. It follows that
Q−1Q̃ = RR̃−1 = INk+1. Hence for each A ∈ SL(Nk + 1,C), the pair (Q,R) is uniqueness.

Let TNk
be the following submanifold of SL(Nk + 1,C):

TNk
=

{

R ∈ SL(Nk + 1,C) : ri,i ∈ R+,

Nk
∏

i=0

ri,i = 1, and ri,j = 0, ∀i > j

}

.(12)

By the QR decomposition as above, one can see that TNk
is a complete set of representatives of

SU(Nk + 1)\SL(Nk + 1,C), and the inclusion map TNk
→ SL(Nk + 1,C) gives a diffeomorphism:

Φ :

{

TNk
→ SU(Nk + 1)\SL(Nk + 1,C)

Ψ∼= BL,k,
R = (ri,j)0≤i,j≤Nk

7→ [R] ↔ ωR.
(13)
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Moreover, the elements ri,j give a diffeomorphism

Υ : RNk

+ × C
Nk(Nk+1)

2 → SU(Nk + 1)\SL(Nk + 1,C)
Ψ∼= BL,k.(14)

Then for any open subset Ω ⊂ BM,Lk , the Calabi volume or Mabuchi volume of Ω can be expressed
as

µG(Ω) =

∫

Υ−1(Φ−1(Ψ−1(Ω)))

√

det(Υ∗Φ∗Ψ∗G),(15)

and hence can be calculated on the Euclidean domain Υ−1(Φ−1(Ψ−1(Ω))) ⊂ R
Nk

+ × C
Nk(Nk+1)

2 ,
where G is the Calabi metric or Mabuchi metric, respectively.

3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1.
At first, we prove GCa,M,Lk and GMa,M,Lk are invariant under the action of Aut(M).

Proposition 3.1 (= Proposition 1.1). Let M be a n-dimensional projective manifold, L be a very
ample line bundle on M , and γ ∈ Aut(M). Then the pullback γ∗ gives a diffeomorphism

γ∗ : BM,Lk → BM,γ∗Lk .(16)

Moreover, we have γ∗GCa,M,Lk = GCa,M,γ∗Lk and γ∗GMa,M,Lk = GMa,M,γ∗Lk .

Proof. Let ω ∈ BM,Lk . Then we have an embedding Fω : M → CPNk such that F ∗
ωO(1) = Lk

and F ∗
ωωFS = kω, where ωFS is the Fubini-Study metric on CPNk . Hence kγ∗ω = γ∗F ∗

ωωFS =
(Fω ◦ γ)∗ωFS and (Fω ◦ γ)∗O(1) = γ∗Lk. It follows that γ∗ω ∈ BM,γ∗Lk . Clearly, the map

γ∗ : BM,Lk → BM,γ∗Lk is smooth. Similarly, (γ−1)∗ is also smooth, and it is the inverse map of γ∗.
Now we can conclude that γ∗ : BM,Lk → BM,γ∗Lk is a diffeomorphism.

By definition, for any ϕ̇, φ̇ ∈ TωBM,Lk ≤ TωK[ω0]
∼= C∞(M,R)/R, we have dγ∗ωϕ̇ = ϕ̇ ◦ γ. Hence

(

γ∗GCa,M,Lk

)

γ∗ω
(dγ∗ωϕ̇, dγ

∗
ωϕ̇) =

(

GCa,M,Lk

)

ω
(ϕ̇, φ̇)

=

∫

M

∆ωϕ̇∆ωφ̇dVω

=

∫

M

(

∆ωϕ̇∆ωφ̇
)

◦ γdVγ∗ω

=

∫

M

(∆γ∗ω(ϕ̇ ◦ γ)) ·
(

∆γ∗ω(φ̇ ◦ γ)
)

dVγ∗ω

=
(

GCa,M,γ∗Lk

)

γ∗ω
(dγ∗ωϕ̇, dγ

∗
ωϕ̇),

where ϕ̇, φ̇ ∈ TωBM,Lk . It follows that γ∗GCa,M,Lk = GCa,M,γ∗Lk . By a similar argument, one can
obtain γ∗GMa,M,Lk = GMa,M,γ∗Lk . �

Before proving Theorem 1.1, we need the following lemma.

Lemma 3.1. Let M be an n-dimensional projective manifold, and let L be a very ample line
bundle on M . Assume that there exist a subgroup Γ ≤ Aut(M) and ω ∈ BM,Lk such that γ∗L ∼= L,
∀γ ∈ Γ, and Γω = {γ∗ω : γ ∈ Γ} is an infinite discrete subset of BM,Lk. Then the Calabi volume
µCa(BM,Lk) and the Mabuchi volume µMa(BM,Lk) are infinite for each k.
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Proof. Since GCa,M,Lk is a smooth Riemannian metric on BM,Lk , one can find a constant ǫ > 0 such
that the metric ball B10ǫ(ω) is precompact in BM,Lk . By the discreteness of Γω, we can assume
that B10ǫ(ω) ∩ Γω = ∅. Note that for any γ ∈ Γ, γ∗ : BM,Lk → BM,Lk is isometric. Hence

µCa(BM,Lk) ≥ µCa (∪γ∈ΓBǫ(γ
∗ω)) =

∑

γ∗ω

µCa (Bǫ(ω)) = ∞.

By a similar argument, we can conclude that µMa(BM,Lk) = ∞, and the proof is complete. �

We are ready to prove Theorem 1.1 now. Let us begin with the special case M1 = ∗.
Proposition 3.2. Let M = CPn, and L = O(1). Then for any k ∈ N and ω ∈ BM,Lk), there
exists a subgroup Γ ≤ Aut(M) ∼= GL(n+ 1,C) such that Γω = {γ∗ω : γ ∈ Γ} is an infinite discrete
subset of BM,Lk. Moreover, for each k ∈ N, µCa(BM,Lk) = µMa(BM,Lk) = ∞.

Proof. Let (Z0 : Z1 : · · · : Zn) be the homogeneous coordinate ofM . Then {Zk00 · · ·Zknn }k0+···+kn=k
gives a basis of H0(M,Lk), and hence Nk + 1 = dimH0(M,Lk) = (n+k)!

n!k! .

By induction on d ∈ N, one can construct a lexicographic order on Zd≥0 such that (p1, · · · , pd) >
(q1, · · · , qd) if and only if:

• pd > qd, or
• d > 1, pd = qd, and (p1, · · · , pd−1) > (q1, · · · , qd−1).

Let Si = Z
k0,i
0 · · ·Zkn,i

n , i = 0, 1, · · · , Nk, be an arrangement of the basis {Zk00 · · ·Zknn }k0+···+kn=k
of H0(M,Lk) such that i ≥ j if and only if (k0,i, · · · , kn,i) ≥ (k0,j , · · · , kn,j).

Hence we have SNk
= Zkn and SNk−1 = Zn−1Z

k−1
n . Let R = (ri,j)0≤i,j≤Nk

= Φ−1(Ψ−1(ω)) be
the upper triangular matrix in (13), and

Γ = {γm = In+1 +mEn−1,n : m ∈ Z} ≤ GL(n+ 1,C) ∼= Aut(M),(17)

where In+1 = (δi,j)0≤i,j≤n, En−1,n = (δi,n−1δj,n)0≤i,j≤n, and δk,l is the Kronecker symbol.
By definition, we have γ∗m(Zi) = Zi −mδi,n−1Zn, and hence for 0 ≤ i < j ≤ Nk, there exists

ai,j,m ∈ C such that γ∗m(Si) = Si +
∑

0≤i<j≤Nk

ai,j,mSj . In particular, aNk−1,Nk
= −m. Write

Am = (δi,j + ai,j,m)0≤i,j≤Nk
. Fix a Hermitian metric h on L such that ωh = Ric(h) > 0. Clearly,

Am = Am1 . Since R = (ri,j)0≤i,j≤Nk
= Φ−1(Ψ−1(ω)), we have

γ∗mω = γ∗mΨ(Φ(R))

= γ∗m







1

2π
ωh +

√
−1

2kπ
∂∂̄ log







Nk
∑

i=0

∥

∥

∥

∥

∥

∥

Nk
∑

j=i

ri,jSj

∥

∥

∥

∥

∥

∥

2

hk













=
1

2π
γ∗mωh +

√
−1

2kπ
∂∂̄ log







Nk
∑

i=0

∥

∥

∥

∥

∥

∥

Nk
∑

j=i

ri,jγ
∗
mSj

∥

∥

∥

∥

∥

∥

2

γ∗

mh
k







=
1

2π
ωh +

√
−1

2kπ
∂∂̄ log







Nk
∑

i=0

∥

∥

∥

∥

∥

∥

Nk
∑

j=i

Nk
∑

l=j

ri,j(δj,l + aj,l,m)Sl

∥

∥

∥

∥

∥

∥

2

hk







= Ψ(Φ(RAm)).

Note that ωA is independent on the choice of h.
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Since for any m ∈ Z, Am is an upper triangular matrix with all elements on the diagonal
equal to 1, we observe that RAm ∈ SL(Nk + 1,C) is also an upper triangular matrix, and the
elements on the diagonal of R − RAm are all equal to 0. Hence the elements on the diagonal of
RAm ∈ SL(Nk+1,C) are all positive. By the argument in Section 2, {RAm}m∈Z derives a discrete
subset of SU(Nk+1)\SL(Nk+1,C) if and only if {RAm}m∈Z is a discrete subset of SL(Nk+1,C).

It is sufficient to show that {RAm}m∈Z is a discrete subset of SL(Nk+1,C) now. Write RAm =
(r′i,j,m)0≤i,j≤Nk

. Since aNk−1,Nk
= −m, we have r′Nk−1,Nk,m

= rNk−1,Nk
− mrNk−1,Nk−1. Then

rNk−1,Nk−1 > 0 implies that for any m0 ∈ Z, there exists an open neighborhood

Um0 =
{

B = (bi,j)0≤i,j≤Nk
: |bNk−1,Nk

− rNk−1,Nk
+m0rNk−1,Nk−1| ≤

rNk−1,Nk−1

2

}

of R such that Um0 ∩ {RAm}m 6=m0 = ∅.
It follows that {RAm}m∈Z is a discrete subset of SL(Nk + 1,C), and hence Γω = {γ∗ω : γ ∈ Γ}

is an infinite discrete subset of BM,Lk . By Lemma 3.1, one can conclude that the Calabi volume
µCa(BM,Lk) and the Mabuchi volume µMa(BM,Lk) are infinite for each k. This is our assertion. �

We now consider Theorem 1.1 in the case L = π∗
1L1⊗π∗

2O(k0) with k0 ∈ N, where π1 :M →M1

and π2 :M → CPn are the projections.

Theorem 3.1. Let M1 be a projective manifold (which can be a single point), and L1 be a very
ample line bundle on M1. Consider M = M1 × CPn for some n ∈ N, and L = π∗

1L1 ⊗ π∗
2O(k0)

with k0 ∈ N, where π1 : M → M1 and π2 : M → CPn are the projections. Then for each k,
µCa(BM,Lk) = µMa(BM,Lk) = ∞.

Proof. Let h1 and h2 be Hermitian metrics on L1 and L2 = O(k0), respectively. Assume that
ωh1 = Ric(h1) and ωh2 = Ric(h2) are Kähler metrics on M1 and CPn, respectively. Then h =
π∗
1h1 ⊗ π∗

2h2 is a Hermitian metrics on L such that ωh = Ric(h) = π∗
1ωh1 + π∗

2ωh2 is a Kähler
metrics on M . Fix x ∈ M1, and let Fx denote the natural embedding CPn ∼= {x} × CPn → M .
Clearly, F∗

x(L, h)
∼= (O(1), h2), and F∗

xω = Ric(h2) = ωh2 .

Let {Si}Nk

i=0 be a basis of H0(M,Lk), and let ω denotes the Bergman metric

ω =
1

2π
ωh +

√
−1

2kπ
∂∂̄ log

(

Nk
∑

i=0

‖Si‖2hk

)

∈ BM,Lk .

Let {S′
i}
N ′

k

i=0 be a basis of H0(CPn,O(kk0)). Then we can find constants ai,j ∈ C such that

F∗
xSi =

∑N ′

k

j=0 ai,jS
′
j , 0 ≤ i ≤ Nk, 0 ≤ j ≤ N ′

k. Hence we can use the Gram-Schmidt process to

show that for any 0 ≤ j, l ≤ N ′
k, there exist bj,l ∈ C such that

(

Nk
∑

i=1

‖Si‖2hk

)

◦ Fx =

N ′

k
∑

j=0

∥

∥

∥

∥

∥

∥

N ′

k
∑

l=0

bj,lS
′
l

∥

∥

∥

∥

∥

∥

2

hk
2

.
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It follows that

F∗
xω = F∗

x

(

1

2π
ωh +

√
−1

2kπ
∂∂̄ log

(

Nk
∑

i=0

‖Si‖2hk

))

=
1

2π
ωh2 +

√
−1

2kπ
∂∂̄ log

((

Nk
∑

i=0

‖Si‖2hk

)

◦ Fx
)

=
1

2π
ωh2 +

√
−1

2kπ
∂∂̄ log







N ′

k
∑

j=0

∥

∥

∥

∥

∥

∥

N ′

k
∑

l=0

bj,lS
′
l

∥

∥

∥

∥

∥

∥

2

hk
2






∈ BCPn,O(k0)k = BCPn,O(kk0).

Let Γ be the subgroup of Aut(CPn) ∼= GL(n+1,C) in Proposition 3.2 satisfying that Γ(F∗
xω) is

an infinite discrete subset of BCPn,O(kk0). Now we consider the group

ΓM = idM1 × Γ = {(idX1 , γ) : γ ∈ Γ} ≤ Aut(X).

It is easy to see that γ 7→ (idM1 , γ) gives a natural isomorphism Γ → ΓM . For any γ ∈ Γ, we have

F∗
x(idM1 , γ)

∗ω = γ∗F∗
xω,

and hence F∗
x (ΓMω) = Γ(F∗

xω) is an infinite discrete subset in BCPn,O(kk0). It follows that ΓMω is
an infinite discrete subset in BM,Lk . Now Lemma 3.1 implies that for each k ∈ N, µCa(BM,Lk) =
µMa(BM,Lk) = ∞, which proves the theorem. �

Now we show that the ample line bundle L on M is always isometric to L1 ⊗ π∗
2O(k0) for some

k0 ∈ N, where π1 : M → M1 and π2 : M → CPn are the projections. The following lemma is
known, but we give the proof here for convenience. See also [5, Lemme 11].

Lemma 3.2. Let M1,M2 be Kähler manifolds. Assume that H1(M2,C) = 0. Then the natural
homomorphism

π∗
1 ⊗ π∗

2 : H1(M1,O∗)⊕H1(M2,O∗) → H1(M1 ×M2,O∗)

is an isomorphism, where πi : M1 ×M2 → Mi is the projection, i = 1, 2. In particular, if L is
an ample line bundle on M1 × CPn, then L is isometric to L1 ⊗ π∗

2O(k0) for some k0 ∈ N, where
π1 :M → M1 and π2 :M → CPn are the projections.

Proof. By considering the long exact sequence derived from the exponential sequence on Mi,

0 ZMi
OMi

O∗
Mi

0,
2π

√
−1 exp

i = 1, 2, one can obtain the exact sequence

H1(Mi,OMi
) H1(Mi,O∗

Mi
) H2(Mi,Z) ∩H2(Mi,C),

exp c1

where H2(Mi,Z) ∩ H1(M2,C) is the image of the morphism iMi
: H2(Mi,Z) → H2(Mi,C) given

by the inclusion map Z → C. Clearly, ker(iMi
) = H2(Mi,Z)tor is the torsion part of H2(Mi,Z).

Then the projections πi :M1 ×M2 →Mi, i = 1, 2, yield the following commutative diagram

⊕2
i=1H

1(Mi,OMi
) ⊕2

i=1H
1(Mi,O∗

Mi
) ⊕2

i=1H
2(Mi,Z) ∩H2(Mi,C)

H1(M1 ×M2,OM1×M2) H1(M1 ×M2,O∗
M1×M2

) H2(M1 ×M2,Z) ∩H2(M1 ×M2,C).

exp

ϕ

c1

π∗

1⊗π
∗

2
ψ

exp c1
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By the Künneth theorem for H2(M1 ×M2,Z) [10, Theorem 3B.6], one can see that ψ is an
isomorphism. Note that H1(M2,Z) = 0 and H0(Mi,Z) ∼= Z, i = 1, 2. Similarly, one can apply the
Künneth theorem for H1(M1 ×M2,OM1×M2)

∼= H0,1(M1 ×M2,C) [9, p.103 (∗)] to show that ϕ is
also an isomorphism. Thus, the homomorphism

π∗
1 ⊗ π∗

2 : H1(M1,O∗)⊕H1(M2,O∗) → H1(M1 ×M2,O∗)

is an isomorphism, which precisely concludes the lemma. �

Now we return to the proof of Theorem 1.1.

Proof of Theorem 1.1: Let M1 be a projective manifold (which can be a single point), M =
M1×CPn for some n ∈ N, and L be a very ample line bundle on M . Then Lemma 3.2 implies that
L ∼= π∗L1⊗ π∗

2O(k0) for some k0 ∈ N, where π1 : M →M1 and π2 :M → CPn are the projections.
Hence one can apply Theorem 3.1 to show that the Calabi volume µCa(BM,Lk) and the Mabuchi
volume µMa(BM,Lk) are infinite for each k. This completes the proof of Theorem 1.1. �

References

[1] E. Calabi: The variation of Kähler metrics, Bull. Am. Math. Soc. 60 (1954), 167-168.
[2] E. Calabi: The space of Kähler metrics, Proceedings of the International Congress of Mathematicians (Amster-

dam, 1954), vol. 2, pp. 206-207. Noordhoff, Groningen, and North-Holland, Amsterdam, 1956.
[3] S. Calamai: The Calabi metric for the space of Kähler metrics, Math. Ann. 353 (2012), 373–402.
[4] D. Catlin: The Bergman kernel and a theorem of Tian, Analysis and geometry in several complex variables

(Katata, 1997), 1–23, Trends Math., Birkhäuser Boston, Boston, MA, 1999.
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Zürich, Birkhäuser Verlag, Basel, 2000.
[18] G. Tian: On a set of polarized Kähler metrics on algebraic manifolds, J. Differ. Geom. 32 (1990), 99–130.
[19] K.-W. Zhang: A quantization proof of the uniform Yau-Tian-Donaldson conjecture, J. Eur. Math. Soc. (2023).
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