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1. INTRODUCTION

The theory of Lie groupoids and algebroids in infinite-dimensional setting
is still very young. First results in the Banach context were obtained in [Anal1]
and [CP12]. Further results can be found in [BGJP19], where the definitions
of the notions of Banach Lie groupoid and algebroid have been proposed and
many analogues of finite dimensional results were proven. There was also
some work done in a more general context, see e.g. [SW15]
Sch22).

An interesting class of examples of Banach Lie groupoids was presented in

the paper [OS16]. Namely a structure of Banach Lie groupoid was constructed
1
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on set of partial isometries U () = L(9M) and set of partially invertible el-
ements G(OM) = L(IN) of a W*-algebra M. The base of these groupoids
is the lattice £(901) of projectors in a given W *-algebra. In follow-up papers
[OJS15//0JS18] the Lie algebroid and Poisson side of the picture was investi-
gated. A particular example can be obtained by taking as 21 the 1/ *-algebra
of bounded operators on a separable Hilbert space L>°(#). For simplicity we
will denote the groupoid of partial isometries in that case by U(H) = L(H).
This groupoid is also useful for the study of differential structure of orbits of
normal operators, see [BL23]. Moreover in the papers [GT24a, (GT24b] the
hierarchy of differential equations on U/ (H) was discussed.

Generally one can say that there are not so many examples of Banach Lie
groupoids and algebroids in the literature so far. The purpose of this paper
is to investigate the groupoid of partial isometries Upes = Gr, related to the
restricted Grassmannian Gr,.s. From an algebraic point of view it is a sub-
groupoid of U(H) = L(H ), but the topology and differential structure need
to be different. Another motivation is the hope that this groupoid will have
applications in the integrable systems related to the restricted Grassmannian.

The restricted Grassmannian Gr,es (known also as the Sato Grassman-
nian) is a strongly symplectic (or even Rédhler) manifold modelled on a Hilbert
space. It first appeared in the study of the RdV and KP equations, see [SS82,
SW85). It has however many other applications including quantum field the-
ory [SV94, Wur01] or loop groups [PS86) Ser10]. It also provides non-trivial
examples of Banach Lie—Poisson spaces, which are useful for studying inte-
grable Hamilton systems, see [BRT07,|GO10} [(GO12], and it is also connected
with Banach Poisson-Lie groups [Tum20] and Siegel disc [GBRT24]. As such
it is an important object in infinite dimensional differential geometry, see also
[Tum07| (AL08| Zel06] for wider context.

The structure of the paper is as follows. For the sake of self-consistency
we start by recalling basic notions and results which will be needed later on.
In Section 2] the definition of Banach Lie groupoid is presented in a particular
case of Hausdorff manifolds (see [BGJP19| for general case). Next in Section
[ the construction of the groupoid of partial isometries in the Hilbert space
is described (see [OS16]). The Section 4 recalls the definition and basic facts
about the restricted Grassmannian Gr,.s. The main results of the paper are
contained in Section [B] where the set U, of partial isometries over Gr, is
introduced and the structure of Banach Lie groupoid is defined on it. As said
before, there are Banach Lie groupoids associated to 1V *-algebras and even
unital associative Banach algebras.
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2. BanacH LIE GROUPOIDS

Before we start let us fix the terminology that will be used later on. Note that
various conventions are used in literature in general. In our paper a smooth
map f : N — M between two Banach manifolds will be called a submersion
if for each x € N the tangent map T'f : T, N — T'y(,yM is a surjection and
ker T, f is a split subspace of T;, V.

Let us recall briefly the definition of the Banach Lie groupoid from the paper
[BGJP19]. We restrict our attention here to Hausdorff case. For more detailed
discussion we refer to aforementioned paper.

Definition 2.1. A Banach Lie groupoid G = M is a pair (G, M) of Banach
manifolds and the following maps:

e surjective submersions s : G — M and t : G — M called source and
target maps, respectively.
e smooth map m : G® — G, where

G® = {(g,h) € G x G| s(g) = t(h)}

is endowed with the induced topology from the product G x G, called
a multiplication denoted m(g,h) = gh and satisfying associativity
condition in the sense that the product (gh)k is defined if and only if
g(hk) is defined and in this case they coincide.

e continuous embedding € : M — G called identity section such that
ge(z) =gforallg € s7'(x),and €(x)g = g for all g € t7'(x).

e diffeomorphism ¢ : G — G, called inversion, which satisfies g¢(g) =
€(t(9)), t(g9)g = €(s(g)) forall g € G.

The manifold M is called the base of the groupoid, and G is called the total
space of the groupoid.

It was proved in [BGJP19, Proposition 3.1| (see also [GI615]) that if those
conditions hold, the following facts are true:

(1) G? is a submanifold of G x G,
(2) the map € is smooth,
(3) (M) is a closed Banach submanifold of G.

Moreover conditions on ¢ can be relaxed as it is automatically a surjective
submersion given that s is a surjective submersion and ¢ is a diffeomorphism
as it uniquely defined by them ¢t = s o ¢.

Standard examples of Banach Lie groupoids include of course Banach Lie
groups, pair groupoid on Banach manifold, general linear Banach Lie groupoid
of a vector bundle or the the action groupoid of a smooth action of a Banach
Lie group on a Banach manifold.
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For each Banach Lie groupoid there exists a canonically associated Banach
Lie algebroid, but we will not present this construction and the necessary
definitions here.

3. BANACH LIE GROUPOID OF PARTIAL ISOMETRIES

In this section we recall some of the results of the paper [OS16] adapt-
ing them to the particular case of 1W*-algebra L>°(#) of bounded opera-
tors on a Hilbert space H. We focus only on the groupoid of partial isome-
tries U(L>®(H)) = U(H) and the other groupoid constructed in the paper
(groupoid of partially invertible elements) will be subject of a separate study.

By £(H) we denote the lattice of orthogonal projectors in Hilbert space H

LH)={peL*H)|p*=p" =p}.
For our purposes it will be useful to identify the projector with its image. In
this setting £(7?) can be seen as the Grassmannian of all closed subspaces of

H'The set U(H) of partial isometries acting on H is defined by
u€eEUH) <= u'ue L(H) <= uu” € L(H).
Alternatively they can be described as unitaries between orthogonal comple-
ment of their kernel and their image and they fulfill the following equalities
vuut =ut uwutu = u.

From the definition it is easy to see that L(H) C U(H).
The groupoid structure on U(H) = L(H) introduced in [OS16] is given
by the following natural maps:

s(u) = u*u (3.1)
t(u) = uu (3.2)
m(uq, ug) = uqusz, (3.3)
€(p) = p, (3:4)
t(u) =u, (3.5)

for u, uy, uy € U(H) such that uouy = uiuy and p € L(H).

Note that the condition uyu’ = uju; implies that the product u,us is again
a partial isometry which is not true in general.

In order to obtain Banach Lie groupoid structure on /(#) one needs first
to describe a differential structure on the Grassmannian £(7#). In the paper
[OS16] it is constructed in terms of W *-algebras but a more direct approach
from [AMR88| Section 3.1.8.G] for the case of split Grassmannian of a Banach
space is applicable. We will show more straightforward formulas that can be
obtained in this particular case.



BANACH LIE GROUPOID OF PARTIAL ISOMETRIES. .. 5

The construction goes through a family of charts ¢y : Uy — L°(W, W)
indexed by W € L(H) defined by

ow(V) = Pyo(Pwlv) ™", (3.6)
where
Uy ={VeLH)|VepW+=H]}, (3.7)

Py is orthogonal projection on W and @5 denotes a direct sum in the sense
of Banach spaces (i.e. not necessarily orthogonal). Note that the condition
V' € Uy is equivalent to invertibility of Py |y

The inverse map ¢;;' : L¥(W, W) — L(H) to a chart assigns to a
bounded operator its graph in W & W+ = H

ot (A) = {(w, Aw) € W x Wt | w e W} (3.8)

The transition functions can be computed explicitly, see e.g. [AMR88, PS86,
0OS16] and are homographies.

The differential structure on /() compatible with the groupoid structure
was described in details in [OS16]. We will not present the explicit formu-
las here. Note that one can adapt the expressions from the Section [5] one
only needs to be careful as ¢/(H) does not act transitively on £(H) and in
consequence one needs to consider each orbit enumerated by dimension and
codimension of the subspace separately.

One can also consider £(#) and U(H) as level sets inside L>°(#) and use
this point of view to define a differential structure, see e.g. [PR87,[ACMO5]. It is
straightforward to check that it would produce the same differential structure.

4. RESTRICTED GRASSMANNIAN AS A HILBERT MANIFOLD

In this section we will recall necessary information about the restricted
Grassmannian. More detailed exposition can be found in [PS86] or [Wur0{].

We fix an orthogonal decomposition (called polarization) of the Hilbert
space H

H=H,dH_ (4.1)

onto infinite dimensional closed subspaces H... We will denote by P, and
P_ the orthogonal projectors onto .. and H _ respectively.

LP(H) will denote the Schatten class of operators acting in H equipped
with the norm |- [| . The LP(H) spaces are ideals in associative algebra
L>(H) of bounded operators in H. In particular L' (#) denotes the ideal
of trace-class operators and L?*(#) is the ideal of Hilbert—Schmidt operators,
which possesses additionally the structure of Hilbert space. By L°(H) C
L (H) one denotes the ideal of compact operators, which is operator norm
||| closure of any Schatten ideal.
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In order to simplify the notation throughout the paper we will employ the
indices =+ or =+ to denote sets of operators acting in . For example L%
would stand for L'(# ) and L2 _ would stand for L*(H_,H ) (note the
order of signs in the last symbol). Similarly, one can introduce a block de-
composition with respect of the polarization of an operator A acting on :

_ | A A
am (e A, i
We will also identify the operators AL, : Hi — H. with PL AP, when it
won'’t lead to any confusion.

The restricted Grassmannian Gr, is defined as a set of closed subspaces
W C H such that:

i) the orthogonal projection p, : W — H, is a Fredholm operator;
ii) the orthogonal projection p_ : W — H_ is a Hilbert-Schmidt operator.

As said before, we identify a closed subspace IV with an orthogonal pro-
jector onto this subspace, which we denote Py,. Thus we identify Gr,es with
the set of projectors { Py | W € Gryes} C L(H).

From [SV94] one has the following equivalent description of Grg:

Proposition 4.1.
W € Gryes <= Py — P, € L?

Special role is played by operators of various classes satisfying additionally
condition [X, P,] € L*(H). It means that off-diagonal blocks X, X, _ of
block decomposition are L? class. Note that due to the fact that L?(H)
is an ideal, composition of operators satisfying this condition also satisfies this
condition.

One introduces the unitary restricted group Uyes:

Ues = {u € U | [u, P,] € L*}, (4.3)

where U is a unitary group of operators acting in #. It possesses the structure
of Banach Lie group with Banach Lie algebra

Ues = {2z € u|[x,Py] € L*}, (4.4)

where u is a Banach Lie algebra of skew symmetric operators on . It also
possesses the structure of Banach Poisson—Lie group, see [Tum20].

The Banach Lie group U, acts transitively on Gr,es and the stabilizer of
‘H . for this action is U, x U_, which is a Banach Lie subgroup of U, see
[Bel06, Definition 4.1]. In this way, Gr,cs can be seen as a smooth homoge-
neous space Uyes/(Us x U_).

The differential structure on Gr, is obtained using the same charts as in
the case of L(#). One notes though that in case of Gr, these charts take
value in the Hilbert spaces L?(W, W) and transition functions are smooth
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with respect to the L? topology, see also [PS86, Wur01]. For clarity we will
now write down some of the formulas in more details.

Analogously to the previous situation, the inverse of the chart ¢, = L2(W, W) —

Gr,es assigns to a Hilbert-Schmidt operator its graph in W & W+ = H or
equivalently the related projector. For particular case of W = H_ this map
assumes the form
1 (1+A*A)~1 1+ A*A) LA

¢?—L+( ) = ( A(l —I—A*A)_l A(l —i—A*A)_lA* ) (45)
for A € L2 _. One easily sees using the Proposition &.1]that indeed ¢, takes
values in Gr,.s. Namely, upper right corner of the block decomposition of
gb;& (A)—Preads (1+A*A)" 1 —1 = —(1+ A*A)~1 A* A. Itis easily seen
that this and all other terms are L2.

One can rewrite the formula as:
G (A) = (L, + A) (s, + A AP+ AP, (46)

As a consequence we get that for an arbitrary W € Gr, the inverse of the
chart can be written as

ot (A) = (I + A)(Ly + A*A) (P + A*Pyr). (4.7)

Now, modifying the formula (3.6) we get that the chart ¢4, : Qy, — L% _
can be expressed as

Ou, (p) = P_pPu(PipPy) ™ = p_i(psy) ' = p(pss) ' — P, (48)
where
Uy, = {p € Gryes | p44 is invertible in H }. (4.9)

This map indeed takes values in L? _ since P_p is Hilbert-Schmidt operator
by the definition of the restricted Grassmannian.
Thus by direct computation we get that the transition map is equal

U, w(A) = by, 0 oy} (A) = (4.10)

P_(1w+A) (Qw+A"A) " (P + A" Pyo ) Py (Py (L +A) (L +A*A) " (Py+A* Py )Py~

for A € L*(W, W+) such that ¢,/ (A) € Q4 . This condition on A means
that both the projections Py and P, restricted to graph of A are invertible.
Explicitly it is equivalent to the fact that the operator P, (1 + A)(1w +
A*A)~Y(Pw + A*Py 1)y, is invertible in H,. Observe that this operator
is a product of three terms and the middle one (1y + A*A)~! is always
invertible in 1. Moreover operator (1 + A) is an isomorphism from W to
the graph of A. In consequence the operator P, (1 + A) : W — P, under
the stated assumptions on A, is also invertible. It follows now that third term
is also invertible and inverting the expression term-by-term we obtain

Ga, w(A) = P_(1w + A)(Pe(Pw + A)) 7 (4.11)

1
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As expected, it is a fractional map and in consequence it is smooth as a com-
position of the inverse map in the space L>°(W,H ) which is smooth and
multiplication L*(W, H_) x L>®(Hy, W) — L*(Hy,H_) which is linear
and bounded.

Note that partial inverse (or Moore—Penrose inverse) is in general not smooth
and not even continuous, see the discussion in [BGJP19] and references therein.

5. BANACH LIE GROUPOID OF PARTIAL ISOMETRIES OVER RESTRICTED
(GRASSMANNIAN

Since Gr,s is a subset of £L(H), one can define a groupoid Uses = Gryes
as a subgroupoid of U/(H) by

ures - 5_1(Grres) N t_l(Grres) (51)
or equivalently
Ures = {u e U(H) | v u, uu™ € Gryes}. (5.2)

Directly from this definition it follows that this set is a subgroupoid of U ()
in the algebraic sense. However one still needs to introduce a differential
structure on it to make it into a Banach Lie groupoid in the sense of Definition

As a consequence of definition of U¢s we note that:
Proposition 5.1. For u € Uyes we have u, _,u_, € L%

Proof. First of all the conclusion holds trivially for the case v*u = uu* = Py,
ie. u € U,. Now since U, acts transitively on Gries, any u € Uses can be
written as u = gy ugs for & € U, and g1, g2 € Uyes. The proposition follows
since all operators on the right hands side of this expression have off-diagonal
blocks of Hilbert-Schmidt class. O

To avoid confusion let us note that unitary restricted group Uy is not con-
tained in Uyes (for example identity operator belongs to Uses, but not to Uses).
That also shows that the conditions from the Proposition .1l above are not
sufficient for u to belong to Ues.

In order to define a differential structure on U, we need first the following
fact:

Proposition 5.2. For every point W & Gr,s there exists a neighbourhood
Quw C Gryes and a smooth map oy : Qyy — Ules such that

VW' e QW W' = Uw(W/)H+. (53)

Proof. We treat Gryes as a homogeneous space Uses /(U x U_). If by 7 :
Ures — Grpes we denote the projection onto the orbits, then oy is a local
cross section of 7, ie. m o o = id.
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Since U, x U_ is a Banach Lie subgroup of Uy, the theorem [Bel06, The-
orem 4.19] implies the result. U

Using a family of such local cross sections we can transport every par-
tial isometry to a unitary operator oy (uu*)™' w oy (u*u)p, acting in the
Hilbert space # . In this way we construct injective maps:

Upes D 5 (W) NETHW) — Grpes X Glpes XUt (5.4)

given by

u = (uu®, wtu, oy (uu®) ™ w o (u) . ), (5.5)
which assign to a partial isometry its final space, initial space and a unitary op-
erator in H .. Naturally, knowing value of this map it is possible to reconstruct
the partial isometry.

Now we couple these maps with charts on the respective manifolds. Namely
let (V,,,%,) denote the atlas on U,, where V,, C U, are open sets and
Yo : Vo — ug. By (2, 05) denote a family of cross sections (5.3) covering
Gryes. Assume additionally that sets (25 are chosen open and small enough
that they are contained in chart domains of Gr,, i.e. there exists a map
Vs : Qs — L*(W;, W) for appropriately chosen Wy € Q5 C Gryes.

Denote by 2,3, the set
Qopy = {t € Ues | u*u € Qp, uu* € Q. (0, (uu®) ruog(uu))p, € Vot

(5.6)
and by @opy : Qapy — L*(W,, W) x L?*(Ws, W5) x u, the map

sy (1) = (s (wne’), Vs (w*u), Yo (o (uu”) " uos(u™u))pe, ). (5.7)

Theorem 5.3. The family (., Posy) constitutes a smooth atlas on the
set of partial isometries Uyes.

Proof. The collection of all sets €23, for all values of indices covers Vs and
the maps @4, are injective. Their inverses can be written as

.5, (A B, X) = o, (¢ () (X)os(d5 1 (B)) ™ (5.8)
for A € L*(W,, W), B e L*(Ws, Wy ), X € uy belonging to the image of
®,5. Note that we consider here ¢, '(X) as an operator in H by extending
it trivially from # ..

It remains to demonstrate that image is open and that the transition func-
tions @3, © (ID;,lﬁ,,y, are smooth.

To prove openness of 4, (€244,) notice that the sets V3(Qs), 1 (),
¥ (V,) are open. For any point in 43(Q5) X 1 (€2,) X ¥ (V,,) the right hand

side of formula (2.8) is well-defined and produces a partial isometry which by
construction belongs to €2,3,. Thus we conclude that the image ®,4,(03+)

coincides with the Cartesian product Q/)B(QB) X 1/)7( v) X Yo (Va).
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In order to prove smoothness of transition functions ®,3 o @;,lﬁ,y, we will
split them into three components:

., 0 @;,15,7, :(A,B,X)— (A", B, X'), (5.9)

where o
A=, 0T (A), (5.10)
B =005 (B), G.11)

X' = tha (0, (931 (A)) o (03 ()0 (X) o (05 (B) " 06 (B)) e )
(5.12)
The expressions on A’ and B’ are smooth since they are just transition
maps for the manifold Gr,.. The expression on X" is a composition of smooth
maps (between manifolds), operator multiplication and inversion map in the
Banach Lie group U,.s. In consequence it is also smooth. U

Now we proceed to prove that U, is a Banach Lie groupoid in the sense
of definition Note that source s and target ¢ maps given by and
in the introduced charts (5.7) are exactly projection onto first and second
component of the Cartesian product. As such they are submersions. Inversion
map ¢ (3.5) assumes the form

Ppary 000 Do (A, B, X) = (B, A ¢ (v 1(X))))  (5.13)

aBy
and taking into account the fact that * is an inversion map in the Banach Lie
group UL, it is smooth. Now, multiplication map can be written as

o (M( D5, (A, B, X), @5, (B, C, X)) = (A, C. o (v (X)) (X))
(5.14)
Again since U, is a Banach Lie group, the multiplication is smooth.
Identity section € (3.4) in the coordinates assumes the form

o 0 €015 (A) = (A, A,0), (5.15)

where )y is a particular chart on identity component of U, mapping unit
element to 0 € u,.
Thus we have proved what follows.

Theorem 5.4. The manifold of partial isometries Uy is a Banach Lie groupoid
with respect to the maps (3.1)-(3.9).

Unlike U(#), the groupoid U is transitive and pure, i.e. the map (s, 1) :
Ures — GTres X Gryg is surjective and both base and total space are modeled
on a single (up to isomorphism) Banach space.

Note that U, is not a Banach Lie subgroupoid of the Banach Lie groupoid
of all partial isometries U(7). The obstacle is evident even on the level of
bases of those groupoids. Namely, the restricted Grassmannian Gr, is not
a submanifold of the Grassmannian £(7). It is only a weakly immersed
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submanifold (see [BGJP19)) as the image of the tangent of the inclusion map
is not closed.

One might consider a family of more general p-restricted Grassmannians
Grb, 1 < p < oo or p = 0 by replacing L? space in the definition with
L?. Note that Grassmannian Gr? , was actually the first one to be introduced,
see [SW85]. For all those Grassmannians it is possible to define a structure of
Banach manifold in analogous way as in Section (4l
Proposition 5.5. The sets U2, defined

Ur = s (Gre )Nt (GrP,) (5.16)

res res

are Banach Lie groupoids modelled on the Banach spaces LP(W, W) x
LP(W!' W) x uy.

The proof is completely analogous to the proofs of TheoremsBb.3land5.4] As
before they are not Banach Lie subgroupoids due to the difference in topolo-
gies.

Proposition 5.6. The Banach Lie groupoid U", = Gr°_ is an immersed

res res

submanifold of Ures = L(H), but not split immersed submanifold.

Proof. It follows from the fact that the ideal of compact operators L° is closed
with respect to operator norm. However it doesn’t admit a complementary
Banach space, i.e. there is no such E that L’ @ E = L. O
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