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RELATIVE ENERGY METHOD FOR WEAK-STRONG UNIQUENESS OF THE
INHOMOGENEOUS NAVIER-STOKES EQUATIONS

TIMOTHEE CRIN-BARAT, STEFAN gKONDRIC"7 AND ALESSANDRO VIOLINI

ABsTRACT. We present a weak-strong uniqueness result for the inhomogeneous Navier-Stokes (INS)
equations in R? (d = 2,3) for bounded initial densities that are far from vacuum. Given a strong
solution within the class employed in [27] and and a Leray-Hopf weak solution, we establish that
they coincide if the initial data agree. The strategy of our proof is based on the relative energy method
and new W —1LP-type stability estimates for the density. A key point lies in proving that every Leray-
Hopf weak solution originating from initial densities far from vacuum remains distant from vacuum at
all times.

1. INTRODUCTION AND MAIN RESULTS

1.1. Presentation of the model and literature. We consider the inhomogeneous incompressible
Navier—Stokes equations in R? for d = 2, 3:

Op + div(pu) = 0, t>0, z €RY,

O (pu) +div(pu @ u) —vAu+VP =0, t>0, z € RY
(1.1) divu =0, t>0, z€RY,

p(0,2) = po(x), z € RY,

(0, z) = up(z), z € RY,

where p = p(t,z) > 0 is a scalar density function, P = P(t,r) € R is the pressure and u = u(t,r) € R? is
the wvelocity field of the fluid. The first equation of ([I]) represents the conservation of mass, the second
is the momentum equation and the third is the incompressibility condition.

The inhomogeneous Navier-Stokes system shares many properties with its homogeneous counterpart
((CI) with p = 1). Formally, its solutions satisfy the energy balance:

1 ! 1
(1.2) 5/ p(t)|u(t)|2dx+u/ / |Vu|*> drds = 5/ poluo|? dz,
R4 0 JRe R4

and they obey the same scaling symmetries as the solutions of the homogeneous Navier-Stokes equations.
More precisely, if (p,u, P) is a solution of the inhomogeneous Navier-Stokes equations, then, for every
A > 0, we have that (px,ux, Py), given by

(pa(t, ), ux(t, ), Pr(t,z)) = (p(N%t, Ax), \u(A%t, A\x), N2 P(\*t, \x)), (t,z) € (0,00) x R?,

is still a solution of the inhomogeneous Navier-Stokes equations.

These fundamental properties have significant implications for the theory of inhomogeneous Navier-
Stokes equations. Specifically, the energy equality (I2) suggests seeking weak solutions within a frame-
work similar to that of the homogeneous Navier-Stokes equations. In that direction, one of the first
existence result of global-in-time weak solutions, satisfying (L2)), was obtained by Kazhikhov in [21] for
densities bounded from below. Later, Simon [29] removed the lower bound on the density and Lions
and Desjardins [24] [16] constructed weak solutions for the density-dependent Navier-Stokes equations in
arbitrary dimensions. The uniqueness of these solutions remains, however, an outstanding open problem,
even in two dimensions.
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In [22], for C* initial densities and smooth enough initial velocities, Ladyzhenskaya and Solonnikov
established the first well-posedness result for the inhomogeneous Navier-Stokes equations in smooth
bounded domains of R? and R3. This was generalized to weakly differential initial densities by Des-
jardins [I7] and Danchin [I0].

In the present paper, we focus on initial densities that are only assumed to be bounded and that are far
from vacuum. Under this condition, critical spaces (for the initial velocity) provide natural frameworks
to establish well-posedness results. As mentioned, the inhomogeneous Navier-Stokes equations have the
same scaling symmetries as the homogeneous Navier-Stokes equations and, therefore, the same critical
spaces for the velocity, e.g.

(1.3) a2 NRY), BYPTHRY), BI2TH(RY),

withp € (1,00) and g € [1,00). See [4] for a review on the topic of critical frameworks for the homogeneous
Navier-Stokes equations. The uniqueness of solutions emanating from initial velocities in critical spaces
of the inhomogeneous Navier-Stokes equations is, so far, mostly unknown. One of the reasons is the lack
of Lipschitz estimates for the solutions of (1)) with initial values in (I3]). More precisely, let X be one
of the spaces in (L3) and let (p,u) be a solution of (1) with respect to the initial value (po,uo), with
ug € X. Then, for ¢ # 1, it is not clear how to show that the solutions of (1)) satisfy, for any T > 0,

T
(1.4) / IVull, dt < Jluollx -

Note that even the solutions of the heat equation do not satisfy such estimates in these critical frameworks.
For the heat equation, (L4)) becomes true if X = H*(R%) for s > d/2 — 1, or X = BZflp_l(Rd).

This observation is consistent with the results obtained by Paicu, Zhang and Zhang [27] and Chen,
Zhang and Zhao [6]. In [27], the authors proved the existence and uniqueness of solutions of (II]) when
up € H"(R?), with n > 0, and pg € L°°(R?) is bounded from below, i.e. far from vacuum. Furthermore,
in the three-dimensional case, the authors proved the existence and uniqueness of global-in-time solutions
of (1)) provided the initial value ug belongs to H!(R3) and satisfies the smallness condition

1/2 1/2
(1.5) luoll5/ | Vuo|s/? < e,

for €, > 0 a small enough constant. Without the smallness assumption, their construction provides local-
in-time unique solutions for (pg,up) € L>°(R3) x H'(R?). In [6], the authors generalized this statement
and obtained a global-in-time well-posedness result for initial velocities lying in H"(R3) with n > 1/2
and under the smallness condition

(1.6) HUOHH1/2 < .

More recently, Danchin and Wang [I5] showed the global-in-time well-posedness for initial velocities in

da

the critical Besov space B; ;1(Rd) with p € (1,d), and for small and only bounded initial densities. In
[15, Theorem 1.7], they suggest a way to derive weak-strong uniqueness results in 2d far from vacuum
and in 3d including vacuum. This is strongly related to our goal in the present paper, we discuss their
result in more detail in Remark [[7] Then, Danchin [I1] justified the global well-posedness when the
initial density is in L>° and the initial velocity lies in a subspace of L? obtained by interpolation. In the
case of smooth densities, the space defined in [IT] coincides with the critical space Bgl (R?), otherwise, its
construction depends on py. We also mention [I4] where Danchin and Vasilyev obtain a well-posedness
result in critical tent spaces where the initial velocities lie in a subspace of BMO™!.

In the presence of initial vacuum, i.e. pg > 0, the local and global well-posedness in bounded domains
was justified by Danchin and Mucha [I3]. Recently, in [28], Prange and Tan studied the existence and
uniqueness of solutions on R?, d = 2,3, with some special vacuum configurations. In [28, Proposition
4.1], they established a result concerning weak-strong uniqueness in R?, refer to Remark to see how
this compares to ours.

Under regularity assumptions on the initial density, Danchin [9] demonstrated the existence and unique-

ness of local-in-time solutions if

llp0 — 1”1’35/12 <e, and wug€ B;l,/f*l(Rd),
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and the global-in-time existence if the initial velocity is sufficiently small in Bd/ > 1(IRCI) This result was
extended by Abidi and Paicu [3] and Danchin and Mucha [12], for suitable initial densities, to the LP
framework:

up € BYPTH(RY),

for 1 < p<dand1<p< 2d, respectively. This was further generalized by Haspot [20] to cover the full
range p € (1,00). In these results, the philosophy is to balance the regularity between the initial velocity
and the initial density, see [20] Theorem 1.1]. Furthermore, Haspot removed the smallness assumption in
the case p = 2, see [20, Theorem 1.2|. Then, relying on L!-maximal regularity estimates, Xu [31] removed
the smallness condition in the case d = 3. In 2D, Abidi and Gui [I] established the well-posedness for
po € B3 1(R?) and ug € BY | (R?), lowering the regularity on the initial density. Recently, Abidi, Gui and
Zhang |2] generalized this result following the balance of regularity philosophy.

1.2. Aims of the paper and notions of solution. In this paper, we prove a weak-strong uniqueness
result for the inhomogeneous Navier-Stokes equations in both R? and R3 for initial densities in L> that
do not exhibit vacuum. We consider initial data satisfying

0 < co < po(z) < Cy < +oo for almost every z € R?,

1.7
o up € Ly (R RY),

for two positive constants ¢y and Cy and where L2 denotes the space of divergence-free L? vector fields.
The weak solutions we consider are the energy-admissible weak solutions or Leray-Hopf weak solutions
defined by Lions in [24].

Definition 1.1 (Leray-Hopf weak solution). We designate a pair (p,u) as a Leray-Hopf weak solution
of (LI) with initial data (pg, ug) satisfying (7)) if
(i) The solution satisfies
Vou € L2((0,00); L*(RY)),  p € L¥((0,00) x RY),
u € L3 ((0,00) x RY)) and Vu € L*((0,00); L*(R%)).
(ii) The first three equations of (L)) are satisﬁed in the sense of distributions:
e For every ¢ € C°([0,00) x R4 R

/ / p@scpdxdsf/ / pU - Vgpdzder/ pow(0) dz,
Rd Rd R4

e For every p € C2%([0,00) x R4 RY),

—/ / p@tgo-u—i—pu@u:V(pdxds—i—u/ Vu:Vgodxds:/ poug - »(0) dz,
R 0 JRrd R

e For every ¢ € C°([0,00) x R4 R

/ / u-Vedrds =0.
Rd

(iii) For every t € (0,00), the energy inequality holds:

(1.8) /R p(t)|u(t)|2dx+u/t/d Vu(s) dads < /R poluio|? dz.

In [7], Crippa demonstrated that weak solutions of transport equations with divergence-free LlOC
locity field can be modified on a time-set of measure zero such that it belongs to Ci,= ([0, 00); L>°(R%)).
Based on this observation, we assume that the density of a Leray-Hopf weak solution satisfies p €
Cw+([0,00); L®(R?)) in the rest of the manuscript.

Next, we recall the following existence result for weak solutions, see [24] Theorem 2.1].

Theorem 1.2 (|24]). Let (po,uo) satisfy (L0). There exists a global weak solution of (L)) with initial
data (po,uo) satisfying the energy inequality (L8)). Furthermore, for all 0 < ¢y < Cy < 00, the Lebesgue
measure of

(1.9) {z e RY| ¢y < p(t,xz) < Co}
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is independent of t.

Regarding the notion of strong solutions, we rely on the results obtained by Paicu, Zhang and Zhang
in [27, Theorem 1.1] and Chen, Zhang and Zhao in [6]. Before recalling their results, we introduce the
following quantities: for n > d/2 — 1 and o(¢) = min{1, ¢},

1 t
Al(t; p,u) :== = sup a(s)l_”/ |Vu(s,z)|* dz +/ U(s)l_"/ plowu|? + |V2u|* + |VP|* dz ds,
s€[0,t] R 0 R
1 t
Ad(t; p,u) == = sup 0(5)2_”/ plOwu)? + |V2ul? + |[VP* dx +/ 0(5)2_”/ |0, Vu|? dz ds,
s€[0,t] R 0 R
and
8"0,T) :={(p,u) | foreveryt e [0,T), there exists a C' > 0 s.t. AJ(¢;p,u), Ad(t;p,u) < C}.
Combining the results obtained in [27] and [6] leads to the following statement.

Theorem 1.3 (|27, [6]). Let (po,uo) as in (L1).

(1) Letd =2 and > 0. For ug € H"(R?), the system (1) admits a unique global-in-time solution
(p,u) € §"(0, 00).

(2) Let d =3 and n = 1. For ug € H'(R?), the system (L) admits a unique local-in-time solution
(p,u) € S10,T*) for the mazimal time T* = T*(||uoll,) > 0. Furthermore, there exists an
absolute constant e, > 0 such that, for every ug € H'(R?) satisfying the smallness condition

1/2 1/2
luoll5/ [ Vuo|s/? < e,

we have T™* = oo.
(3) Letd =3 andn > 1/2. There exists an absolute constant €, > 0 such that, for every ug € H"(R?)
satisfying

[woll /2 < e

the system (1) admits a unique global-in-time solution (p,u) € 8(0,00).

In each case, the solution (p,u) satisfies the energy equality:

t
Aot i= [ pOuOP oo [ [ [Vu@)Pdcds = [ poluslda,
R4 0 R4 R4

for every t € (0,T*), where T* denotes the mazimal time of existence of the solution.

Moreover, the density stays away from vacuum: there exist co,Co > 0 such that for almost every
(t,z) €[0,T) x RY,

(1.10) co < p(t,z) < Co,
and, for every t € [0,T*], we have

t
(1.11) / |V, dt < co.
0

Motivated by Theorem [[3] our definition of strong solutions is as follows.

Definition 1.4 (Strong solutions). Let 0 < T < oo and (po, uo) satisfy (7). We say that a Leray-Hopf
solution (p,u) of () is a strong solution of (LI on (0,T) if there exists an > d/2 — 1 such that
(p,u) € 8"(0,T). Furthermore, we define the maximal time 0 < T* < oo of the strong solution (p,u) by

T* :=sup{T € (0,00)|(p,u) € S"(0,T)}.

1.3. Main results. We are now ready to state our main result, which aims to close the gap between the
Leray-Hopf weak solutions from Definition [[LT] and the strong solutions from Definition [[41

Theorem 1.5 (Weak-strong uniqueness). Let d = 2,3 and (p1,u1) be a Leray-Hopf weak solution of (L))
associated with the initial data (po,uo) satisfying (LT). If there exists (p2,u2) a strong solution of (L))
on (0, T*) with the same initial data (po,uo), then (p2,us) = (p1,u1) for almost every (t,z) € [0,T*) xR?,
where 0 < T* < oo denotes the mazimal time of existence of the strong solution.
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Remark 1.6. Compared to previous results on weak-strong uniqueness for (L)), our result covers larger
classes of strong solutions. More precisely, the existence of our strong solutions holds for ug € H" with
n > % —1 whereas n > 2 (for d = 3) and 1) > 1 are needed in [I9] and [28], respectively.

In addition, our result is valid in the three-dimensional setting, whereas [28, Proposition 4.2] is re-
stricted to weak solutions lying additionally in critical spaces: u; € L*((0,7); L°(R?)). Our improvements
can be attributed to the different approach we employ: the relative energy method, and the fact that we
deal with initial densities far from vacuum, in contrast with [19, 28] where nonnegative initial densities
are considered.

Remark 1.7. In [15], the authors suggest a way to derive a weak-strong uniqueness result. For the strong
solutions we consider, it is not direct that they verify the conditions given in [I5, Theorem 1.7] to derive
a weak-strong uniqueness result, see Section for more details. Nevertheless, it is worth highlighting
that employing [I5] Theorem 1.7] would result in a weak-strong uniqueness result in 3d allowing initial
vacuum states.

The absence of vacuum formation is a key point in our analysis and as it is a result of independent
interest, we state it as follows.

Theorem 1.8 (No Vacuum Formation). Let (po,up) € L®(RY) x L2(R%RY) and assume that there
exists two constants cy, Cy such that, for almost every x € RY,

0 < co < po(x) < Co.
Let (p,u) be a weak solution of (L)) in the sense of Definition (LI with the initial data (pg,uo). Then,
for almost every (t,z) € [0,00) x R?,

0 <co < plt,x) < Cp.
Remark 1.9. In contrast with Theorem [[.2] where Lions proved the absence of vacuum formation for a

particular weak solution, Theorem [[.8 shows that this property holds for any weak solution of (L) in
the sense of Definition .1l

1.4. Strategy of proof of Theorem Our proof is based on the relative energy method, which
has multiple applications in fluid mechanics, as highlighted in [30] by Wiedemann. For applications to
hyperbolic conservation laws see [8] by Dafermos. We also borrow tools from the works of Li [23] and
Danchin and Wang [I5]. Let us briefly describe our approach. Let (p1,u1, P1) and (p2, us, Py) be two
regular solutions of (L)) with respect to the same initial data (pg,uo). While we assume the solutions
to be regular enough here, a major part of our proof consists in showing, with approximation arguments,
that the computations hold when (p1,u1) is a weak solution and (p2,us2) a strong solution. We define

op=p1—p2, Oou=u;—us and 6P =P — P;.
The error unknown (ép, du, 6 P) satisfies the following equations
Odp + div(dpuz) = — div(p1du),
(1.12) 01 (0rou + (u1 - V)ou) — Adu + VOP = —dpug — p1(du - V)ue,
0p(0) =0, 6u(0) =0,
where we used the material derivative notation
g = Opus + (uz - V)us.

Our proof is based on the relative energy method which boils down to bounding the relative energy:

1
Bra(®)i= 5 [ m@)1u(o)” da, t>0

Multiplying the second equation of (LI2) by du, for sufficiently regular solutions, and integrating in time
and space, we obtain

t t t
(1.13)  Ealt) + 1// / |Vou? deds = —/ dpts - dudrds — / / p1(0u - V)ug - dudxds
0 JRrd 0 JRe 0 Jre

t t
:—/ / 5pu2~5udzdsf/ / p10u ® du : Vug da ds.
0 JR4 0 JR4
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We emphasize here that obtaining (LI3) in our weak-strong setting is not straightforward. The difficulty
is that it is not clear how to bound

Orur  and  9(prur),

in order to apply Lions—Magenes lemma. In particular, applying the Leray projector to the equation only
allows to recover

OP(prur) € LY40,T; H~1(RY)).

Therefore, in our weak-strong framework, one cannot justify the following computations, which were used
in [15] 23] to derive (LI3J),

t t
1
// platéu-éudxds:// p16t§|(5u|2dxds
0 JR4 0 JR4
1 t 1
= p1(t)=[ou(t x — p1=|0u|” derds
su(t))*d ) Sul?dzd
Rd 2 0 ]R’i 2

1 t
= / pl(t)§|5u(t)|2 dz — / / p1(u1 - V)ou - dudz ds.
R 0o Jre

In Lemma [£T] we show that (LI3]) holds for (p1,u1) a Leray-Hopf solution, avoiding the above computa-
tions. To do so, employing approximation arguments, we establish in Section [Bl that the strong solutions
are admissible test functions for both the weak formulation of the transport and momentum equation.

Once (LI3) at hand, we aim to control the right-hand side terms to apply Grinwall’s inequality and
conclude E,q = 0. Under the condition that

(1.14) Vuy € L. (0,00; L®(RY)),
the estimate of the second r.h.s. of (LI3)) is straightforward and we have

t t
—/ / p10u ® du : Vug drds < / [[Vua(t)| o Erei(s)ds.
0 JRrd 0

Controlling the term

t
(1.15) // dpty - dudads
o JRra

is more difficult as it is not quadratic in \/prou, which is problematic to apply a Gronwall argument.

To control this term, we derive stability estimates for dp in well-chosen norms. The key observation
is that the strong solution ws satisfies the Lipschitz bound ([LI4), which implies that there exists a flow
X:[0,00) x R — R? generated by us. Assuming that p;du is smooth, from the first equation of (LI2),
we have the following representation formula, see [5, Proposition 6],

(1.16) Sp(t, X (t,2)) = —/0 div ((p10u)(r, X (7, 2)) dr.

Using (ILI6]), approximation arguments and commutator estimates, for p,q > 1 such that 1/p+1/q = 1,

we bound (LLIH) as

t t s
(1.17) —/ dptz - dudads < C/ / / (div (prow)) (7, X (1, x)) 2 - Sudr dzds
0 JRd 0o Jo Jre

<c / / (oadu)(r)l, dr [V (iaa(s) - bu(s))], ds,
0 0

where C' is a constant depending on the flow and its derivatives. In some sense, (I.I7) can be understood
as a W—1P stability estimate for dp.

Then, using Gagliardo-Nirenberg inequality, we derive LP bounds for p;du, which ensures that (LI3)
can be bounded by

c / £() 16u(s)|2 ds,
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where the constant C' and the function f can be controlled by norms of the strong solution us. Since we
exclude the vacuum formation in Section 2] for every s > 0, we obtain

1 2 2
= lou(s)I3 < |[Vor()outs)||
which allows us to conclude the weak-strong uniqueness using Gronwall’s inequality.

1.5. Comparison with existing literature. Let us briefly compare our approach with existing litera-
ture. A widely used technique to show the uniqueness of solutions of ([I.T)) is the transition to Lagrangian
coordinates, see |2} [6l [IT], 12} 27]. This gives a new system of equations which is equivalent to (LI]) under
high regularity assumptions on the velocity fields u; and ue, for instance, if u; satisfies

Vu; € L (0,00, L®(RY)) for i=1,2.

Therefore, the approaches based on such a transformation can only provide uniqueness results for classes
of solutions more regular than the one we deal with. Here, we rely on the so-called relative energy method
to work in a low-regularity framework. This method allows us to show that: if the existence of strong
solutions is known, then it is unique among a large class of weak solutions.

As described above, the goal is to apply Gronwall’s inequality to the equation satisfied by the relative
energy (LI3). Similar approaches were already employed in [23] and [I5]. Let us describe the main
differences.

In 23], the approach developed by Li cannot be used in our weak-strong setting as it is restricted to
weakly differentiable initial densities. The reason for this is that the control of the product term in (II5)
is done by deriving L3/? stability estimates for the transport equation in ([LI2), requiring a control on
Vpo. In [15], Danchin and Wang derived an estimate for the transport equation in H ~1(R9). For d = 2,
this requires the control of

(1.18) /0 (Hm(t)”io + Htv2u2(t)HZ) dt, 1 +-=2

and, if d = 3,

t
(1.19) / (||tu2(t)|\io + HtVQaQ(t)H3) dt,

0
quantities that are unlikely to be bounded for the strong solutions we are considering.

1.6. Outline of the paper. The rest of the paper is dedicated to the proof of Theorem It is
structured as follows: In Section 2, we show the absence of vacuum formation for every Leray-Hopf weak
solution. Section 3 is dedicated to showing that the strong solutions (as defined in Definition [[4)) are
admissible test functions for our weak solutions. In Section 4, we employ the relative energy method to
justify our weak-strong uniqueness result. Some technical lemmas are relegated to the appendix.

2. NO VACUUM FORMATION

In this section, we analyze the weak solutions of the continuity equation in dimensions d = 2, 3:

2.1) {atp +div(pu) =0, t€(0,T), z € R?

p(o,l'):po(l'>, :CERd,

where 0 < T < o0, p: [0,T) x R? — R is the unknown and u: [0,7) x R? — R? is a given velocity field
such that divu = 0. We analyze two different scenarios:

(1) The velocity field has the regularity of a Leray-Hopf weak solution in the sense of Definition [l
(2) The velocity has the regularity of a strong solution, i.e. there exists an > d/2 — 1 such that
u e S"0,7).
In case (2), we benefit from numerous favorable properties as u is regular, allowing us to apply standard
theory. In case (1), we need a suitable adaptation of the DiPerna-Lions theory. We will see that in both
cases there exists a flow associated with the velocity field and that the formation of vacuum is excluded.
This observation is crucial in our analysis to be able to employ the relative energy method.
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2.1. Flows and weak solutions. First, we assume that u is a strong solution of (II]). This implies that
u € 8"(0,T) and by Lemma [B:2] we have u € LL ((0,7); W1 (R?)). With this regularity property in

loc
hand, the existence and uniqueness of the flow associated to u is clear, namely the map X : [0,7) x R? —

R?, which solves, for every x € R?, the system of ordinary differential equations:

{X(t,:c) =u(t,X(t,z)), te(0,00),

22) X(0,z) ==

As a consequence of the Picard-Lindel6f/Cauchy-Lipschitz theorem from the theory of ordinary differ-
ential equations, we have the following properties.

Lemma 2.1. Let u € S"(0,T). Then the flow map X : [0,T) x RY — R? is well-defined and bi-Lipschitz,
ie. X(t,): R? — R? is an invertible Lipschitz mapping for every t € (0,T) and its inverse mapping
X1, ): R? — RY is Lipschitz continuous as well. Moreover, for every t € [0,T), we have

(23) exp (— / Tl ds) <X (0l < exp ( / vl ds) ,

and for every t € [0,T) and every x € R%, we have
(2.4) JX(t,z) =det DX (t,z) = 1.

When dealing with weak solutions, we need to relax the assumptions on u, as the Leray-Hopf weak
solutions do not satisfy a Lipschitz bound. From the result of DiPerna and Lions [I8, Theorem III.2], it
is known that one can also show the existence and uniqueness of a flow under the following assumptions:

u
(2.5) ue L0, T; WhH(RY)), T © LY0,T; LY(R?) + L®°(R?)) and divu = 0.
x
In Lemma[A2] we show that the Leray-Hopf weak solutions satisfy (23] so one can employ a characteristic
formulation for the continuity equation to show that there is no formation of vacuum. This is presented
in the next result.

Proposition 2.2. Let u € L} (0, T; WL (R®)) with divu = 0 for almost every t € (0,T). If
u

1+ |z

then Z0) admits a unique weak solution p € L>=((0,T) x RY) which, for almost every (t,z) € (0,T) x RY,
is given by

(2.6) € L'(0,T; LY (R?) 4+ L>=(R%)),

p(t’ ‘T) = pO(X_l(ta x))a
where X is the flow associated to u defined in (22).
Proof. The result is a direct consequence of [I8 Prop. II.1], [I8, Cor. II.1] and [I8, Thm. III.1]. O

Remark 2.3. The incompressibility condition divu = 0 implies that X (¢,-) and X ~1(¢,-) are measure-
preserving diffeomorphisms and, in particular, we have [24]). As a consequence, for a € {—1,1}, one
has

T T
/ Ft, Xt z))dzdt =/ f(t,z)dzdt
0 0

for every f € L1((0,T) x R9).

Remark 2.4. A key idea of the theory developed in [1§] is to show that every weak solution p of [2.1)) is
renormalized, i.e. for every 3 € C*(R?), it holds, in the sense of distributions,

9:B(p) +div(B(p) - u) = 0.

This is done by developing commutator estimates, for instance, from [24] Lemma 2.3, p.43], for v €
H'(R%R?) and g € L>(R?), there exists a constant C' > 0 independent of & such that

(2.7) [[div(gve — div(gsv))HL?(]Rd) <C ”vHWl,?(]Rd) ||9||Loo(1Rd) )

and

(2.8) Ehg%) [div((gv)e — gsv)HLZ(]Rd) -0,
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where f. denotes the mollification in space of a time-space function f in L{ _((0,7) x R%).

With these results in hand, if we show that a Leray-Hopf weak solution satisfies (Z8]), then the
characteristic formulation allows us to exclude the formation of vacuum. This step is done in Lemma [A.2]
and leads to the main result of this section.

Theorem 2.5 (No Vacuum Formation). Let (po,uo) € L= (R?) x L2Z(R%R?) and assume that
0 <co < po < Co.

Let (p,u) be a Leray-Hopf weak solution of (L) in the sense of Definition (1)) with the initial data
(po,uo). Then, for almost every (t,z) € [0,00) x R?,

0<co<p(t,r)<Cy and wu€ L®((0,00); L*(RY)).
Proof. First, we have that p is the unique solution of (1)) in L°((0,T) x R?) if u satisfies the conditions
stated in (23)). Under this assumption, by Proposition 222 we obtain that p satisfies
(2.9) p(t,) = po(X7H(t,0), t>0.
From (23), it follows directly that there is no formation of vacuum. Concerning the conditions in (23],

u € Llloc(OaT; Wl’l(Rd)) and divu=0

loc

follow from the definition of weak solutions and the condition

U
e LY(0,T; L*(RY) + L>=(R?
is satisfied thanks to Lemma O

3. ADMISSIBLE TEST FUNCTIONS FOR THE CONTINUITY AND MOMENTUM EQUATION

In this section, we show that the strong solutions are admissible test functions for the weak formulation.
Throughout the section, let ¢ > 1 and 0 < T < co. We define the spaces

Xy g7 = WH(0,T; L2(R?)) N L9(0, T; H*(R?)),
X401 = WH(0,T; L2(R?)) N L0, T; H*(R®)) N L*(0, T; L°(R?)).
In both cases d = 2, 3,
Xagr — C(0,T); L2(RY))  and  Xg,7 < L*0,T; H'(R?)).
Furthermore, we define the space
Byr ={p € Xaqr: € H (c,e ' NT; H'(RY)), e >0} .

Let 0 < t1 < ta < T and let ¢ € By r. From the paper of Masuda [25], we know that there exists a
sequence {@n tnen C C*([t1, t2]; C2% (R?)) such that

len = @l gy o @ayy 7 05

and, in particular, for every 7 € [t1,t2], we have

ln(r) = () s ey =+ 0.
The following lemma shows the convergence of the approximations of nonlinear terms.
Lemma 3.1. Let ¢ € Byr, 0 <t1 <ty <T and {¢n}nen be as above. Suppose that

ue L>®0,T; LARY) and Vu € L*(0,T; L*(R?)).
We have
-0, O -u, u®@: Vo, u@u: Vo € L((0,tz) x RY),

and the following convergence results hold in L'((t1,t2) x R?):

Orpn - o — Orp-p, Orpn-u — Op-u,

n— o0 n—0o0
U® On : Vo, 3 u®@: Vo, u®u:Ve, > u®u: V.

Next, we investigate the weak continuity of pu when (p,u) is a Leray-Hopf weak solution.
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Lemma 3.2. Let (po,ug) € L=(R?) x L2(R?) and (p,u) be a Leray-Hopf weak solution with respect to
(po,uo). There exists a set I, C [0,00) with A([0,00) \ I,) =0 and 0 € I, such that

(i) For every ¢ € H:(R%RY) and t, s € I, we have

[ ottt pda = [ ps)uc) - oda
(31) t t
= / pu®u:V<pd:I:dT—u/ Vu: Vepdxdr.
s JR4 s JRd

(i) pu € Cuy(Ly; Lg(Rd))'

Proof. Let (¢n)nen C C§%(RY) be a dense sequence in HX(R?) and I,, be the set of Lebesgue points of
the mapping

t— p(t)u(t)p, dz.
]Rti
By Lebesgue’s differentiation theorem, we have A([0, 00)\ I;,) = 0 for every n € N where X is the Lebesgue
measure. Defining

Ly = () I.u{0},
neN
one has A\([0,00) \ I,) = 0. In the next step, we justify (B.I]) for every n € N. Note that it suffices to show
is it true for every t € I, with ¢ > 0 and s = 0. The general case follows by subtraction. Let ¢: R — R
be a smooth, decreasing function and assume that ¢» = 1 on (—00,0) and ¢» = 0 on (1,00). For every
e > 0 and every n € N, set

9

pen(r ) = ¥ (t - ) on(2).

Then ¢, is an admissible test function for (p,u). Using Lebesgue’s differentiation theorem and the
dominated convergence theorem one concludes that, for every n € N,

[ o0ut)-pudo— [ oo e
Rd Rd

t t
:/ / pu®u:Vg0nd:ch—l// / VuV, dxdr.
0 JRd 0 JR4

The equality in ([B.)), for general ¢ € H}(R%;R?), follows by passing to the limit n — co and the fact
that pu € L>(0, 00; L2(R?)). This proves (i).
In order to show (ii), recall that, for every ¢ € H'(R%;R?), we have

pu@u: Ve, Vu: Vo € L ((0,T) x RY).

From (B0]), we deduce that, for every ¢ € I, and every ¢ € HL(R% RY),

(3.2) s lim p(s)u(s) - pdx = / p(t)u(t) - pda.

wIs—t JRd R4
Since pu € L*(0,00; L2(R%)) and HL(R?) is dense in L2(R?), we deduce that (3.2)) is true for every
¢ € L2(RY) which concludes the proof. O

The next lemma shows that functions in By can be used as test functions for (IL.I)).
Lemma 3.3. Let (p,u) be a weak Leray-Hopf solution of ({I1l) with respect to initial (po,up) € L>(R%) x
L2(R%)) and let ¢ € By r. For every t € (0,T), we have

1 1 t
63 / (D)l (0) do — / p(O)|(0)[? dz = / / PO+ pu o Vpdedr,
R4 R4 0 R4
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and, for almost every t € (0,T),

t
—/ / POy -u+puu: Vodrds +/ pt)u(t) - p(t) dz
0 JR4 Rd

¢
=-— 1// / (Vu, V) ds Jr/ poug - p(0) dz.
0 Jrd R4

Proof. We start with the verification of (B3). Fix 0 < s <t < oo and let ¢ € C*°((0,0)) be a cut-off
function with 1 = 1 on [s,] and v = 0 on (0,5/2) U (2t,00). Clearly, ¥ - ¢ € H*(0,2t; H*(R?)) and we
can find a sequence {@, } C C>([0,2t]; C>=(R?)) such that ¢, — ¥ in H'(0,2t; H'(RY)). In particular,
©On — @ in H'(s,t; H'(R?)) and due to the embedding H' (s, t; H'(R%)) < C'/2([s, t]; H'(RY)), for every
T € [s,t], we have

(3.5) on(T) — @(r) in L*(RY).

n—oo

(3.4)

Since p € Cy- ([0, 00); L>(R%)), Lebesgue’s differentiation theorem implies that, for every n € N,
1 1 t
36) 5 [ o0l de = [ polen@Pdr= [ [ poien-gu+pueion: Vo, dodr
2 Rd 2 R4 s Rd
Note that we used the identity
1 |2

§U~V|gan =u® pp, : V.

Thanks to ([33)), the terms on the left-hand side of ([3.6) converge to

1 1
5 [ o0leP =5 [ po)leo) do
2 Rd 2 Rd

With Lemma [31], we have

t t
/ / POron, - on AT + pu ® @, : Vo, dedr — / / POt - o+ pu® @ : Vodzdr.
s JR4 s JR4

n—oo

This gives B3) for every t, s > 0.
It remains to prove the statement for s = 0. Observe that

.1 1
tin 5 [ e e =3 [ mleOP do
s R4 R4

since
WHP(0,00; L2(R?)) < C([0,T); L*(R?))  and  p € Cop ([0, T); L (RY)).

The claim follows now from the fact that 9,0 - ¢, pu ® ¢ : Vo € L1((0,t) x R?).
We briefly discuss the proof of (34). For every ¢ € By r, we define

®,:0,T) =R, t— pt)u(t) - p(t) dz.
R
Since ¢ € C([0,7); L2(R?)), Lemma 3.2 implies that ®,|;, is continuous. Hence, for every ¢ € I, \ {0}
1 t+e
(3.7) lim — / O, (7)dr = D, (2).
t—e

Let ¢ € By r, t,s € I, \ {0} and ¢, {pn }nen be as above. As for the continuity equation, using (1), we
have

t
_/ / plat‘pn U+ PpUR U V(pn dzds + / p(t)u(t) ’ ‘pn(t) dz
0 JRd Rd

Z//Ot/Rqu:Vgander/de(s)u(s)~<pn(s)dx.

With Lemma B we see that (B.8]) remains true when n — oo for every ¢,s € I,, \ {0}. Let ($p)nen C
I,\{0} with s,, — 0. Note that (3.8) is true with s,, and ¢. Hence, using that ®,(s,) — &,(0) and
n—oo n—oo

Lemma [3.1] completes the proof. O

(3.8)
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Now that we have shown that B, r is a good admissible set, we show that the strong solutions we
consider belong to this set.

Lemma 3.4. Let (pg,uo) € L=(R?) x L2(R?) and let T > 0. Suppose that (p1,u1) is a weak Leray-Hopf
solution with respect to the initial data (po,uo) and that (p2,u2) is a strong solution of ([LI) on (0,T)
with respect to the same initial data (po,ug). Then there exists a g > 1 such that ug € Bq,r and B3)-

B4 hold for ¢ = ug and (p,u) = (p1,u1).

Proof. The proof follows from employing Lemma [3.3] thanks to the extra regularity properties on the
strong solution that we derive in Lemma O

4. WEAK-STRONG UNIQUENESS RESULT

In this section, we prove Theorem [[H Let (p1,u1) be a Leray-Hopf weak solution with respect to the
initial data (pg, up), and let (p2, us) be a strong solution of (L)) as in Definition [[.4] with respect to the
same initial data (pg, ug) with maximal existence interval (0, 7).

4.1. Relative energy method. The main goal of this section is the verification of (ILI3]), more precisely,
we prove Lemma [£.1] below. To this end, we introduce the notation

dp=p1—p2, Oou=u; —us and Uy = Ous+ (uz- V)us.

In this section, we fix (p1,u1) and (pa,u2) such that p1,p2 € Cu([0,7%); L°(RY)) and uy €
C([0,T*); L*(R%)).

Lemma 4.1. We have
1 2 t t
(4.1) 3 H\/pl(t)éu(t)H + 1// ||V5u||§ ds < f/ / dpusz - du + p1du ® du : Vug da ds
2 0 0 JRrd
for almost every t € (0,T*).

Proof. For t > 0, consider the functional

Eralt) = / i) (6) — () do = ||V @suo)|

Using the energy inequality (L8], for every ¢ € (0,7™), we have
Bra(t) =3 [Vor@us )] = (o1 (s (), a0, + 5 [ or Do)
@2 =3 |[Va@u|, - w0, w0y, + 5 |[Velen|, + 5 G, e

<l vpouoll3 = v / (IFeal + 1Vual2) ds — (s (Bha (1), a6} + 5 (Gp(e)ua(t) wale)

Thanks to Lemma [3:4] we infer that, for every ¢t € (0,7*) and i = 1,2,

= / pi(t)|u2(t)|2 dz — = / p0|u2(0)|2 do = / / piOyus - ug dz ds + / / pitt; @ ug : Vug da ds.
2 Jre 2 Jra 0 Jre o Jre

Subtraction yields

1 ¢
(4.3) 3 / 5p(t)|uQ(t)|2 dz = / / 0pdiusg - us + dpus @ us : Vug + p1ou ® us : Vus da ds.
Rd 0o JRrd

Furthermore, Lemma [34] implies that, for almost every ¢t € (0,7*),
t

(4.4) —/ / p10¢us - uy + prug @ uy : Vug dads Jr/ p1(H)uq(t) - ua(t) da

0 JR4 Rd

t
:—u/ Vuq :Vquxds—i—/ p0|u0|2dx.
0 JRrd R
Using ([{3)-(@4) in (£2), for almost every t € (0,T*), we have
t

t
Bra(t) < |ly/pouol? ,V/ (||vu1||§+y||vu2||§) ds+1// Vi : Vuy dz ds
0 0
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t
- H./pouong */ / p10us - uy + prug @ ug : Vug dx ds
0 Jrd

t
+ / OpOsus - us + dpus @ uz : Vug + p10u ® us : Vus dr ds.
0 JRrd
Using the identity
(v-Vvo-u=v®u:Vu, uvecH R,

multiplying the momentum equation of us by u; and integrating by parts, for every ¢ € (0,7*), we obtain

t t
/ / p20ius - uy + pous @ uq : Vugdards = 71// / Vup : Vug dx ds.
0 R4 0 Rd

Hence, for almost every ¢ € (0,7*),

t t
E.q(t) <-— 1// HV(S’U,”% der/ / p20ius - u1 + pous @ uy : Vug dads
0 0 Jrd
t
— / / P10¢us - ur + prug @ uy : Vus drds
0 Jrd

t
+ / / 0pOiug - us + dpug @ us : Vug + p1éu ® ug : Vug dz ds.
0 JRd

The identities
—0p0iun - 6u = pa0ius - up — p10:ug - Uy + 6pOsus - Uz
and
—dp(ug - V)ug - du — p1ou ® du : Vug = — dpus ® du : Vug — p1ou & du : Vus
= paug @ ur : Vug — prur @ uy : Vug
+ dpus @ ug : Vug + p1ou ® us : Vus,
yield, for almost every ¢ € (0,T%),

t t
E.(t) < —u/ |V éul3 ds —/ / dpuz - du + p16u ® du : Vug drds
0 0 JRe
(I

4.2. Stability estimate. We now bound the r.h.s. of @I). One key point is the following W ~=1?-
stability estimate.

Proposition 4.2. Let T € (0,T*). For every 8 > 0, there exists a constant C = C(B8,T) > 0 such that,
for every t € (0,T),

t t s 1/2
(4.5) / Spiis - Sudz ds gc/ o (s)1/2+F (/ 72 |l prou(r)| dT) IV (ia - 3], ds,
0 Rd 0 0

where p =4 if d =2 and p =3 if d = 3, and q denotes the conjugate index of p.

Proof. Fix T € (0,T*). We divide the proof in several steps.
Step 1. (Regularization) For a fixed £ > 0 and ¢ = 1,2, we have

O(pi)e + div((pi)eui) = div((pi)ewi — (pivi)e) =t Rie.

Here and in the following f. denotes the mollification in space of a function f € Li _((0,7) x R9).
Subtraction yields

(46) 0u(67)- + div(8p)euz) = — div((p1)-bu) + OR.,
where R, = R1 — Ra.. Recall that there exists a C' > 0 such that, almost everywhere,

—C < dp(t,x) < C,
since 6p € Cy- ([0, T]; L°(R?)) and that for every ¢ € (0,7) and almost everywhere on R?, we have
(4.7) (0p(t))e — dp(2).
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Step 2. (Truncation at zero) We introduce a family of smooth, non-decreasing cut-off functions
~:[0,00) = R parametrized by N € N such that ¢y = 0 for 0 <t < 1/N? and oy =1 for t > 1/N.
Since 1z - du € L1((0,T) x RY) and

|(5p(8))< (piiz) - ul < Clias - bul,

the dominated convergence theorem yields

¢ t
/ Optz - dudrds = lim hm/ (0p)c(pNtz) - dudxds.
0 JR4 Rd

N—o00e—0

Since (Jp). solves the transport equation (L6]), denoting with X : [0,7*) x RY — R? the flow associated
to ug, using [5, Proposition 6], for every x € R? and every s € (0,7), we have

(50)e(s, X (s,2)) = / [ div((p1)ebu) + 6Re] o rayy I

With a change of variables, for every ¢ € (0,T), we obtain

t
//5p1l2~5udzds
0 Jrd

t s
(4'8) = lim Hm/ /d/ (— div((p1)55u) +5R5)|(,,-7X(Tﬁz))((p]va2 : 5u)|(51X(511))d7‘dl‘dS
R

N—o0e—0 0

Step 3. (Fubini’s theorem) In the next step, we exchange the order of integration. To this aim, it is
necessary to show that the mapping defined by

(s,7,2) — (—div((p1)0u) + 5R5)|(T,X(T7z))(<p1vu2 . 5u)|(S,X(S,$)) =: I (7, 2)I2(s, x)
is in L1((0,T) x (0,T) x R?). Using Hélder’s inequality in time and space, we get

Tt T T
/0 /o e |1 (7, 2)I2(s, )] d:chdsﬁ/O /o 111(7)ll5 112(s)]], d7 ds
T 3 T
ST(/O ||I1(7‘)|2d7‘> (/0 |I2(3)|2d3>

With the transformation rule from Remark 2.3] Remark 2.4] Holder’s inequality in space and time, and
the inequalities

| div((p1(7))<0u(T))| < §I5U(T>| and  [[Ric(7)lly < Cllpi(7)ll o [lwi ()]l 111 5

we estimate I; as

T T 02 5 9
[ inmlyar<e | (— Jou(r)l + ||6Ra<r>|2) ar

T
32/0 Cu@IE+ 3 oI s |

1=1,2

Since du € L?(0,T; H*(R?)), by Theorem [L8, we conclude

T
/ |11 (7)]|5 dT < oo.
0

For the second term, we work differently for d = 2 and d = 3. In the case d = 2, employing Hdlder’s
inequality, Gagliardo-Nirenberg inequality and the definition of ¢y, we obtain

T 1 T 1/2
/ (/ |I5(s, z)|? dz> ds = / < lonis - dul? d:c) ds
0 R2 N-2 \JRd

T
< [ Mal oull as
N-2

1
2

T
< /N a3/ Va3 [6ulls’ [V oully/* ds
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. 1/2
<72 ( /N lially [zl N9l [Vl ds)

. 1/2
< 12Nz ( [ o il [Vl 6l [ Vo, ds)

1
1

T
< 2N (/ o(s)21 ia(5) 3 V()] ds)
0

x ( | 16u(s) 1 1v8u(s)13 ds)

gzﬂﬂmn(sup o<s>“||u2<s>|§> (/ o<s>“||vu2(s>|§ds>

1
4

1
1
s€0,t]

1/2
% (16l 2 1V3ull )

In the fourth step of the previous computation, we can introduce an arbitrary powers of o(s) under the
integral since we are integrating away from zero. In the three-dimensional case, we omit the precise
computation of the time weight. Using the interpolation inequality

£l < IFIS S NI < A7 I IS, F e HYRD),

we have

T 5 T
[l as< [ il e, ds
0 N—2

T ) 8 T ) 8
s(/ ||a2||2ds> (/ |vu2|2ds>
N—2 N—2
T % T %
><</ |5u|§ds> </ ||v5u|§ds>
0 0
T s T
SC(/ ()77 ||z ds) </ ()" || Vie|l5 ds)
0 0

1/4 3/4
x |ul) L% [V oullys -

T
. 4 . 4 4 4
< /N ol Vol 18w, [V oully™ ds

ooleo

3
8

In both cases, using Lemma [B.2] we conclude

T
|11 s < .
0
Then, for every t € (0,T'), employing Fubini’s Theorem, we rewrite (L8] as
t
/ dplio - dudx ds
0o Jre
t s
= lim lim/ / /d(f div((p1)cou) + 5Rs)|(T,X(T,I))(<,0N1'L2 . 5u>|(s7x(s7l)) drdrds
o Jo Jr

(4’9) N—00e—0

t s
lim lim / / / (— div((pl)géu) + 6R8)|(7—7I)(90Nu2 . 6U)|(S,X(S,X*1(T,z)) drdrds
0 Jo JR4

N —00e—0

=: lim lim 72\ (t) + I \ (1)

N—o00e—0
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where for every ¢ € (0,7")

t s
Iel,N(t) = / / 5R8|(T,z)(PNa2 : 5u|(s,X(s,X*1(T,z)) dzdrds,
0o Jo JRd

t s
I;N(t) = /O /O /Rd — diV((p1)€5U)|(T7I)@Nﬂ2 . 5u|(s,X(s,X*1(T,z)) dSC dT dS.

Step 4.(Commutator estimate) We aim to show that

(4.10) sup |ZZn(t)| =0 ase—0,N — oo,
te(0,T)

Using Holder’s inequality in space and time yields, for every t € (0,7,

T s
IIE,N(t)IS/O /0 I0R(T) ||, || (o tiz - du)(s)]|, AT ds
T s 1/2
S/Nf (/0 ||6RE(T)II§dT) ()2 || (tiz - du)(s)], ds
1/2

! I? dr T031/2 Ug - 0u)(s S.
g(/ I6R.( >|2d> [ o e - u)(s)l,

In order to conclude ([@I0), we claim that for every v > 0 there exists an g9 > 0 such that, for every
e € (0,g0) and every N € N,

sup |Z; v (1)] <7
te(0,T)

Since

T 1/2
2
</0 ||5R6(7)||2 dT) < ”RLEHL?(QT;L?) + ||R2,€||L2(07T;L2) Ejo 0,
it suffices to show that

T
/ o(5)1/2 (it - 6u)(5)]] ds
N72

is bounded uniformly in N.
In the case d = 2, using Gagliardo-Nirenberg inequality, we have

T 1 T 1 n 1 n 1 n
/ o) [tz - 6u)(s) ] ds < / o(s)" ¥ o(s) A o(s) 4 | (in - bu)(s)l], ds

N-—2 N-—2

S (
T 1
x ( / o(s)~H4 |6ully [ V5ull, ds>
N72

1 1
=T x T2
For the first term, we use Cauchy-Schwarz inequality and the bounds of Lemma [B.2] to get
2

T T
ﬂS(/ o) [l 2 ds> (/ o)™ | Vit 2 ds> <c.
N72 N72

For the second term, using again Cauchy-Schwarz inequality, we obtain

T 3/ .7
T < (/ o ()" |5l ds) (/ V5l ds)
N-2 N-2

1
T 2
< ldullog 2 [Voull5 o </N2 o(s)” 1+ ds)

N[

T
/ o(5) 5 Ho(s)H [laally [ Vi), ds)

N—2

2

1
2

2
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which is uniformly bounded in IV as n > 0. In the three-dimensional case, we have

3

/ o()F [z - Bu)(s), s < / o(5) 5 Fo(s) % o(s) | (g - bu) ()], s

N-2 N-2
T 1_n 3_sn 1/2 3/2 :
s/ o(s) i Ho(s) % [l Y2 | Vig]|?/? ds
N-2
" }
x ( [ oty e sl vsuly? ds>
N—2
=T x T}

For the first term, we use Hélder’s inequality and the bounds of Lemma [B.2 to get

¢ 1 t 3
T ([ ol as) ([ oerivalie) <c
N-2 N-2

For the second term, using again Hélder’s inequality, we get

T T 1
Ti < ( / o (s) 7 |6ul; ds) ( / IV5ul; ds)
N-—-2 N-2

t ,
< oullc 1V8ul [ ate)40as)

which is uniformly bounded in N as n > 1/2. The claim is now proved.
Step 5: (Analysis of the source terms). In the following, let p =4 if d =2 and p =3 if d = 3. Let ¢
be the conjugate index of p, i.e. 1/p+ 1/g = 1. With the transformation rule and integrating by parts,

we have
a0 e [ [ [ nannxi.x )

DXV (7,2)V (N - 0u)(s, X (s, X '(,2))) dz dr ds

1 3
1

D) [ [ Wbl a9 (e 5u)(s), ds
<c(T) / / 1(o1)ebul, dr ||V (s - 6u)(s)]], ds,

where we used Lemma [ZI] which implies that

C(T):= sup_||[DX(s, X '(r,2))DX\(1,2)|| < oo,
7,s€(0,T)

and the estimate
[V (et - su)(s)ll, < @n(s) V(2 - du)(s)ll, < V(a2 - su)(s)], -

Step 6.(Conclusion) Let v > 0 be arbitrary and fix g9 > 0 such that |Z y (t)| < v for every e € (0, 20),
every N € N and every ¢ € [0,T]. By (£9) and the previous estimates, we have

dpliz - dudx ds

<*y+th’ // [(p1)edull, d7 [V (t2 - 0u)(s)]], ds.

Rd

Since (p1)e is uniformly bounded and it is converging pointwise to p; (see [@1)), and since + is arbitrary,
for every t € [0,T], we get

dptis - dudz ds

<o [ [ sl ar 190w, ds

Rd
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Now, we pick 8 < 1/4 and we modify the right-hand side as

t s
| nul e ar 9 e - 5o, ds
0 JO

t S % S %
g/ (/ |p15u||12)7'2ﬁd7) </ T2ﬂd7) IV (it - Su)(s)]],, ds
0 0 0

t S s %
< T1/2+'B/ o(s)z ™’ (/ ||p15u||; =28 dT) [V (2 - du)(s)]l, ds
0 0
which concludes the proof of Proposition O
4.3. Proof of Theorem Fix some T € (0,7*). Thanks to Lemma [Tl for every ¢ € (0,T], we have

1 2 t t
5 H\/pl(t)(;u(t)HQ + Z//O ||V5u|\§ ds = —/ / dpuiz - duda ds

(4.11) / / p10u ® du : Vug dx ds
]Rd
I + 13
where, for every t € (0,T),
t t
I5(t) == —/ / p10u® ou: Vugdrds and I4(t) := —/ dpus - dudx ds.
0 Rd 0 Rd

With Lemma [B:2] we have, for every ¢t € (0,7,

o< [ IVul. Vo

To estimate the second term, we separate the cases d = 2 and d = 3. For clarity, we omit to compute the
constants appearing on the right-hand side. Knowing their exact value is not necessary to conclude our
weak-strong uniqueness result.

2
ds.
2

4.3.1. Proof in the 2d case. Using Proposition and the Gagliardo-Nirenberg inequality Hf”i <
IVfllo [1£]ly, for every t € (0,T), we get

1/2

L4 (t)] S/O (/057‘2‘3 o1 (7)Su(r); dT> o(s)/2P ||V (2 - 6u)ly 5 ds

< (/OtU(S)‘QB o (7)8u(s) 3 dS) "

< ( / ()7 ou(s)| 2 d5)1/4

< ( / () oy (ou(s)|2 ds)

where, in the last step, we used that the density is bounded from below. Then, using that

IV (s - ) 5 = [ Viadu + Voutiall, 5

t
o2 19 5wl
0

t
/ o ()28 ||V (i - 60 s || V|2
0

1/4 ¢
/0 o(s)/2H8 ||V (s - ou)ly/5 ds ||V5u||é,/22 ’

1/2 . 1/2
< || Vaoly [|ully? [|V8ull}5 + IV 8ully [y | Vaol s

we have

t t
/O o(s)l/2+ﬂ IV (2 - 5u)|\4/3 ds S/o 0(5)1/2+B+a Vs, o(s)™ Héqu/z ||V5u”1/2 ds

t
+/0 ()Y 22 || Vaul), ||azl|y |Vl ds

1 1
t 1 t 1
g( [ oty v ds) ( [ ot ||5u|3ds) IVoulld,
0 0
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¢ it 1
w ([ o iall as) ([ ot 1Tl as) [ 9sule
0 0

for a suitable « € (0,1/4), & > 0, and By, B2 > 0 verifying 51+ B2 = 1/2+  —e. We choose the parameters
such that

n
d e=-.
and &=

1
41 =1-n, 4P2=2-n, 04:511
Lemma [B:2] implies that there is C = C(T) > 0 such that, for every ¢ € (0, T,

t t
/ o(5)'7 a2 ds + / o(5)27" |[Vi|)2 < C.
0 0

We ignore the factor ¢ which is bounded on (0,7"). Hence

t
/ U(s)l/2+ﬁ |V (s - 5u)||4/3 ds < (/
0 0

1
t 1
< ( IR ds) IV8ulY2 4 [Voull,

where we used that /)1_1 € L>*(R?) in the last line. Gathering the above estimates, for almost every
t € (0,T], we have

13

t

o(5)~0= |15ul? ds) IV6ullY2 + [Vl

1

t 3 .
L) < ( [ ot sl ds) IVul,

1
t 4 3
([ oot ivmmsulg as) 1vsald,
0
t t
< [ oty 0 ypsul as+ 5 [ 195ul3, ds
0 0

The bounds on I3 and I yield, for almost every ¢t € (0,T],

1 v [t ! (11—
gIvasul+ 5 [ 1vsul} as < [ (19ull+ o970 |yzroul ds.
Since
t— ||Vu(t)], + o(t)~1=m e LY0,T),

we deduce with Gronwall’s inequality that, for almost every ¢ € (0,T),

I5u(t)|2 < | Var@oun)||. < o |Va@suo)], o,

which implies that u; = uy almost everywhere in [0, 7] x R%. Since T > 0 was arbitrary, we have that
u1 = uz almost everywhere in [0, 7%) x RZ. O

4.3.2. Proof in the 3d case. The proof follows the 2d case but with the embedding || f]|, < [V £I13/* || £]|5/*.

‘We have

o <( [ ()2 loa(r)bu(s)|2 1s)

1/2 t
c/ () /2P ||Vt - Su)l5 5 ds
0

1/2

§< / o(5)72 [|pr6u(s) |, 16u(s) I, ds) / o ()28 ||V (i - 6u) 5 ds

4

t 1/4 t /4t
< ([ o imouenzas) ([ IvsuenBas) [ ol V- g0l as
0 0 0

where, in the second step, we used the interpolation inequality || f||; < Hf||;/2 ||f|\é/2, in the third step,
that p; is bounded and, in the last step, Hélder’s inequality.
Using the product rule and Sobolev’s and Hélder’s inequality several times yield

IV (g - 6u)llg /o < [[Vially [[0ullg + lltallg [IVoully < [[Vislly [[Voully -
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Hence

t t
/ o ()28 ||V (g ou)|[3/5 ds < / o(s)/2tP (IVis|ly | Voull, ds
0 0

2

t 1/2 t 1/
< (/ o)1 | Vgl ds> (/ IV sull ds> .
0 0
Choosing 8 = max(0,1/2 — n/2), we have
pgel0,1/4) & 1/2—-n/2<1/4 & 1/2<n.
We conclude that there exists a C = C(T') > 0 such that
1/2

t t
/ o ()12 ||V (g - ou)l[3 ds < C (/ ||V§u|\§ ds) ,
0 0

which implies

¢ 1/4 ‘ 3/4
1) < ([ ot psu(ol as) - ([ 19u(o13 as)
0 0
t t
<C [ oty psu(e)|} ds+ 5 [ [VSu(s)] ds.
0 0
The rest of the proof follows exactly the R? case. This concludes the proof of Theorem (I
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APPENDIX A. DECOMPOSITION OF LERAY-HOPF SOLUTIONS
In this section, we show that the velocity field u of a Leray-Hopf solution satisfies

U
—— e LL (0,T; LY(RY) + L>=(R%)).
1+|.’L‘| loc( ( ) ( ))

This allows us to apply the DiPerna-Lions theory to study the evolution of the density in the continuity

equation. We begin with the following decomposition result which is a direct consequence of |26, Theorem
2.2].

Proposition A.1 (|26]). Letu € H} (R%RY) with Vu € L2(R?), then u can be decomposed in u = v+w
with

Vol < C VUl and  [Jw]g < CfIVul 2.

Proof. The key idea to prove Proposition [A1]is to consider a space mollifier ¢ and set
v=uxp and w=u—0.

Then the estimates for v and w follow from Hélder’s inequality and Poincaré’s inequality. (Il
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Tracking carefully the time dependence, we obtain the following decomposition result for Leray-Hopf
solutions.
Lemma A.2. Let (p,u) be a Leray-Hopf solution of (1)) in the sense of Definition [T}, i.e. we have
ue LE.((0,T) xRY)  and Vu € L?(0,T; L*(RY)).

As in the proof of Proposition[A1], we get

T T
/Hvuuiw At and / lwll. dt < oo,
0 0

and, in particular, we have

u
e LY0,T; LY (RY) + L= (R%)).
T © FOTEIRY + L (RY)

Proof. Using Proposition [AI] and integrating in the time on [0, T, we have

T T
/0 IVo(t)|7~ dt < C|Vull35 < oo and /0 lw(®)l[7: dt < C[Vul3 4 < co.

The bound on v implies that

T
/0 H(l + |$|)_1U||Lao dt < oo,
and the bound (1 + |z|)~tw € L*(0, T; L}(R%) + L>°(R%)) follows from the following chain of inclusions
HY(RY) ¢ L*(R?) ¢ L*(R?) + L>=(RY).
O
APPENDIX B. ADDITIONAL DECAY ESTIMATES FOR STRONG SOLUTIONS

We present some additional properties satisfied by our strong solution (p, ). Since the density p stays
away from zero, we have that the following quantities are bounded (according to Definition [[4):

T
sup u(s)]2 / IVu(s)[? ds,
s€[0,T) 0

B s oIV [ o (el + [T ds

t
sup (52" (|l9u(s) 32 + [|V2u(s)]|}.)  and /a(s>2*n 10:Vu(s) I3 ds.
s€[0,T] 0

Using Gagliardo-Nirenberg inequality, we can obtain additional bounds in other norms. Recall that if
d = 2 we require n > 0, while if d = 3 assume 7 > 1/2.

Lemma B.1. Let d = 2,3 and (p,u) be a strong solution in the sense of Definition[14]. We have

T T
/ lu(s)|Ze s and / o(s) 1 [ Vu(s)]| e ds.
0 0

Proof. For d = 2, using Gagliardo-Nirenberg inequality, we get, omitting the time dependence,

T T T T )
a7 ds < [ Jull2 [[V2ul] . ds < o ()7 |lullz2 ds a(s)' 7" || V?ull, ds
0 0 L 0 0 v

< Jull 5 ( / Ta(sw-l) ( / "o |92 ds)é ,

which is bounded thanks to 7 > 0 and (BI). For the second term, again by Gagliardo-Nirenberg inequality
and (B), we have

T T
/o o(s)27" | Vu(s)||7a ds < / o (527" [Vull7s ||V 2ul|}. ds

1
2 2

=
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) ( up o8 Hv%uiz) IVl
s€[0,T)
<(C.

This concludes the proof in the case d = 2. For d = 3, using Agmon’s inequality, we have ||u||2Loo <
C||u|l g1 |ull = and analyzing only the term of highest order, we have

T T T 2
/ IVull, [|V24]|, ds < (/ o ()" [Vl ds) (/ o(5) V2l ds>
0 0 0
3 T 3 T , 3
< < sup o(s)'" ||Vu||§> </ o(s)?n—2 ds> </ a(s)t=n HV2u||2 ds> ,
s€[0,T7] 0 0

which is finite thanks to > 1/2 and (B.)). The last estimate is obtained using Gagliardo-Nirenberg
inequality as follows

1
2

t t
/o ()2 [Vul|s ds < C / o ()27 [Vl 1 || V2ul [} ds
: .\
<C ||Vu||472 </ ‘7(5)8/37477/3 HVQUHLZ ds>
0

3 3
2 t 1
_ 2 _
<C ||Vu||472 < Sl[lp] o(s)*" HV2u||L2> (/ o(s) 4/3+2n/3 ds)
t 0

se|0,

<C,
where, on the last line, we used —4/3 + 21/3 > —1 and the fact that by (B.I) and n > 1/2, we have

t 2 t
/ [Vaully ds < | sup o(s)' ||V, / o(s)?"72ds < 0.
0 s€[0,t] 0
O

Lemma [BJ] allows us to estimate the material derivative & = dyu + (u - V)u of the velocity of our
strong solution.

Lemma B.2 (Additional decay properties). Let (p,u) a strong solution in the sense of Definition [1.7].
For d = 2,3, we have

T
/ o(s)' 7 li(s)ll7z + o(s)* " | Va(s)ll7z ds < C.
0
Moreover, since (p,u) solves (1)) as an identity in L?, we have

T
(B.2) /O IVu(s)| e ds < C.

Proof. Using Lemma [BJ] and (B)) we have
T T
[t il as < [ ot (1013 + e D)uls) as

T
< [ o= (jol e+l [ ul:) ds < c.

For the gradient of the material derivative, using again Lemma [Bl and (B), we get
T T
| ot il as < [ o2 (Joivals + [V 9uls) ds
0 0

T
< [ ot (1avullte + I9uTuls + 2l },) ds
0



WEAK-STRONG UNIQUENESS 23

T
_ 2
< [ ot (10r0uls + 19uls + Jull [V .) ds < C.

To derive (B.2)), for d = 2, the proof can be found in [27, Lemma 3.2| and, for d = 3, it comes from a

direct adaptation of [27, Lemma 3.2]. O
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