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TORSORS ON MODULI SPACES OF PRINCIPAL G-BUNDLES ON
CURVES

INDRANIL BISWAS AND SWARNAVA MUKHOPADHYAY

ABSTRACT. Let GG be a semisimple complex algebraic group with a simple Lie algebra g, and let
MY denote the moduli stack of topologically trivial stable G-bundles on a smooth projective
curve C. Fix a theta characteristic kK on C' which is even in case dim g is odd. We show that there
is a nonempty Zariski open substack U, of M% such that H'(C, ad(Eg)®k) = 0,1 = 1, 2, for
all g € Uy. It is shown that any such Eg has a canonical connection. It is also shown that the
tangent bundle T'U,; has a natural splitting, where Uy is the restriction of U, to the semi-stable
locus. We also produce an isomorphism between two naturally occurring Q}VI&S —torsors on the
moduli space of regularly stable Mg°.

1. INTRODUCTION

Let C be a smooth complex projective curve of genus g, with ¢ > 2, and let G be a complex
semisimple affine algebraic group with a simple Lie algebra g. Denote by MOG the moduli stack
of topologically trivial stable G-bundles on C'. Fix a theta characteristic K on C. We assume
that x is even when dim g is odd. We prove that the following (see Corollary [.2]):

Theorem 1.1. There is a nonempty Zariski open substack U, of ./\/l% such that
H°(C, ad(Eg) ® k) = 0 = HY(C, ad(Eg) ® k)
for all Eq € U,.

Using the above result (see Corollary [£.2)) the following is proved (see Theorem [5.2). This
theorem generalizes earlier results of [BH]|, [BeBi] for G = SL(n,C):

Theorem 1.2. Any principal G-bundle Eg € U,. has a natural algebraic connection.

Let M[’ (respectively, Mgiss) denote the locus of regularly stable (respectively, semi-stable)
principal G-bundles which are topologically trivial. We note that M’ is the smooth locus of

M** except the only case where g = 2 and G = SL(2,C).

The tangent bundle T'(U, (\ M{’) of U, (\ M{® (the intersection is happening in the moduli
stack of regularly stable bundles and then is projected to the moduli space) decomposes into a
direct sum of vector bundles. This raises the natural question whether distributions on U, (| M’
given by these direct summands are integrable. (See Question [T11)

Now we focus our attention to two natural torsors on U, (| M{® for its cotangent bundle
T* (U (ME?). The first T (U, (| ME?)-torsor is defined by the moduli space of connections Cg.
More precisely, Cg is the moduli space of pairs of the form (Eg, D), where Eg € U, (| M}’ and
D is an algebraic connection on Eg.
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Fix an ample line bundle L on U, (M. The second T*(U. () M{’)-torsor is given by
the sheaf of connections Conn(L) on L. It is shown that these two T™(U, () M{’)-torsors are
isomorphic (see Section [6]). This was proved earlier in [BH] for G = SL(n,C).

We end the introduction by briefly commenting on the organization of the paper. We start by
recalling the notion of conformal embeddings of semisimple Lie algebras and the branching rule
of the affine Lie algebras arising from the adjoint representations. Conformal embedding are
special as they force finiteness of the branching rules of some infinite dimensional representation
of affine Kac-Moody algebras. Next we discuss functorial maps between spaces of conformal
blocks induced by conformal embeddings and use the identifications of conformal blocks with
global sections of line bundles on Mg to prove Theorem [[LII Theorem is established in
Section Section [0 shows the above mentioned isomorphism of torsors. In Section [ the
decomposition of the tangent bundle is constructed and Question [.1]is posed.

2. CONFORMAL EMBEDDING AND ADJOINT REPRESENTATIONS

In this section, we first recall the notion of conformal embedding for affine Lie algebra and
consider a particular case of a conformal embedding given by the adjoint representation. We
also recall the branching rule for this case.

2.1. Conformal Embedding. Let g be a simple finite dimensional Lie algebra over C. Consider
the corresponding untwisted affine Lie algebra

g = g®C((¢)) & Cc,
where c is a central element. Fix a Cartan subalgebra of g and also a Borel subalgebra containing
the Cartan subalgebra. Let (, ) be the normalized Killing form on g such that (¢, §) = 2

where 6 is the highest root of g, and P, denotes the set of dominant integral weights. For any
positive integer ¢, consider the set

Pig) == {re P | (NO) <0} C Py (2.1)

The set P;(g) parameterizes irreducible, integrable representations of the Lie algebra g. Let
A € Py(g); then the corresponding integrable representation will be denoted by Hy ¢(g). We
will often drop ¢ and g from the notation of integrable highest weight modules when the context
is evident. They satisfy the following properties:

e 7, is graded.
e The finite dimensional g module V) is contained in H) as the degree zero part.
e The scalar ¢ acts on H) as multiplication by the integer £.

Now consider a orthonormal basis {J!, ---, J4™8} of the Lie algebra g. The Sugawara
construction
dim g
Lgtl = €+hV ZZ o (m)J*(n —m)g
meZ a=1

gives an action of the Virasoro algebra on H, at level £. Here h"(g) denotes the dual Coxeter
number of g and X(m) := X ® ™ for any X € g. We recall the definition of conformal
embedding from Kac-Wakimoto [KW, p. 210, Section 4.2].

Definition 2.1. An embedding ¢ : g — g2 of simple Lie algebras is conformal if the following

equality holds
d,dimg;  dimgs (2.2)
dy+hY(g1)  1+hY(g2) '
where d, is the ratio of the normalized Killing form of the embedding ¢ which is also known as

the Dynkin index.
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A key feature of conformal embedding is the equality of Virasoro operators Lifdw = Lf’ﬁl

as operators on level one integrable representation of go under the obvious restriction via ¢
(see [KWI p. 201, Corollary 3.2.1-3.2.2]). Conformal embedding of semi-simple Lie algebras
into simple Lie algebras has been classified by Schellekens—Warner [SW] and independently by
Bais—Bouwknegt [BaBo]

2.2. The adjoint representation. Let g be a simple Lie algebra. Consider the adjoint repre-
sentation

adg : g — so(g). (2.3)
We will drop in the subscript g in the notation of adjoint representation when there is no scope
for any confusion. The Dynkin index of the embedding ad is just the dual Coxeter number
hV(g) and it is easy to check that ad satisfied the identity in (2.2)). Hence the embedding ad is
conformal.

Observe that the Dynkin index of the natural embedding of so(g) — sl(g) is of index two
and the embedding g — sl(g) is not conformal since it factors through so(g). Moreover, if G is
any connected Lie group with Lie algebra g, by definition of the adjoint representation the center
Z(G) C G maps to the identity element in SLgim,. However the natural map Sping,, —
SLgimg factors through SOgimg, hence it is not necessarily true that the center of the simply

connected group G maps to identity element under the natural lifting Ad: G — Spingim g of

the adjoint representation. However the image of Z (é) under the map Ad is contained in the
following kernel ps:
1 — p2 — Spingimg — SOdimg — 1. (2.4)

The embedding ad in (23]) gives an embedding of the corresponding untwisted Lie algebra
ad : § — s0(g)
X®fr— adX)® f and ¢ — hY(g)c.

Let us briefly recall that an element of the center Z(G) of the simply connected group can be
identified with the subgroup of diagram automorphisms of the affine Dynkin diagram of g. This
induces a bijection of the set Py(g) of level ¢ weights of g.

The non-trivial central element o € o acts on the level one weights of the affine Lie algebra
$0(g) by interchanging the zero-th fundamental weight Ag with the first fundamental weight A;.
Thus we have the following elementary fact:

Proposition 2.2. The highest weight integrable moduli H., a.,(8) appears with multiplicity one

in the branching of the level one module Ha, 1(s50(g)). Let ¥ be a non-trivial element in Z(G),

and let Ad(X) € po be its image under the adjoint representation. Then Hyiwg.d,,(9) appears

with multiplicity one in the branching of H@(E).AO ((s0(g)). Here * (respectively, ®) denotes the

action of the center on level dnq (respectively, 1) weights arising from diagram automorphisms.

We refer the reader to Kac—Wakimoto [KW, p. 214, Eq. 4.2.13] for a complete description of
the branching rule for this conformal embedding.

3. CONFORMAL BLOCKS AND ADJOINT REPRESENTATION

In this section, we first recall the notion of conformal blocks and then analyze the func-
toriality of conformal blocks under the adjoint representation. We use the identification be-
tween conformal blocks and the space of non-abelian G theta functions, i.e global section
of natural line bundles on Mg to study the image of Mg under the adjoint representation
Ad: Mg — MSO(dimg)-
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3.1. Conformal blocks. Let 7 : ¥ — B be a family of stable n-pointed curves satisfying
the following conditions:

e There are disjoint sections s; : B — %, 1 < i < n, of the family 7, marking smooth
points in the fiber %}.

e ¢\ U, s;(B) is affine.

e There are isomorphisms Oy /siB) = Op[[&]], where &1, - -+ &, are formal parameters.

We will denote the above family along with a choice of formal parameters by X. Let S :=
L?_ si(B).
J=17t

For any choice of n-tuple X = (A1, -+, Ap) of level ¢ weights of g, one can associate the
quasi-coherent sheaf of covacua

(*5 ®c Os)
g @ T (O (x5)) - (Hy ®c Op)’
where Hy = Hy, ¢(9)®---®@H, ¢(g). Here the action of gom. (O (5)) on H;®Op is given by

Laurent expansion using the formal parameters §;. This sheaf of covacua was first constructed
in the work of Tsuchiya—Ueno—Yamada [TUY]. The dual of the sheaf of covacua is known as

the sheaf of conformal blocks and it is denoted by V;(%, g,7).

VX(%y g9, E) =

We will recall some of it basic properties; the reader is referred to [TUY] for a proof.
Theorem 3.1. The sheaf of covacua enjoys the following properties:

e (Local freeness): The sheaf V5(X, g, {) is locally free of finite rank. Its rank is given by
the Verlinde formula.

o If ™ : € — B is a family of smooth curves, then the sheaf Vy(X, g, {) carries a flat
projective connection constructed out of the Segal-Sugawara action of thg on integrable

modules.
e (Propagation of vacua): Let s be a new section for a family of nodal curve m : € — S
disjoint from s1, -+, sp, and let X' denote the new data. Then there is an isomorphism

VX(%y 9, E) = VX,AO(%/v 9, E)a
where Ag is the vacuum representation at level £.
e (Factorization theorem): Let m : C — S be a family of nodal curves and
S1y -+ Sny 41, G2

are disjoint sections of it marking smooth points, and let D — S be the family obtained
by gluing C along q1 and qo. Then there is an isomorphism

@LN : VX(%, 4d, 6) = @ VX’M’MT(xla g, 6)7
HEPy(g)

where X (respectively, X') is associated to the family D — S (respectively, C — S).

3.2. Functoriality for conformal blocks. Let ¢ : gg — g be a homomorphism of simple
Lie algebras; this induces a homomorphism ¢ : g7 — @ between the affine Lie algebras. Let

—

A = (A1, -+, A,) be a choice of level one weights of g, and let X o= (A1, --+, An) be a choice
of level d, weights of g such that

Haid,(81) = Ha1(9).

By functoriality, we get a homomorphism of the corresponding conformal blocks

@ - VX(%yglydgo) — VK(%7971)7 (31)
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where X is the data associated to family of n-pointed nodal curves with a choice of n-formal
parameters. Moreover we have the following:

Proposition 3.2. ([Bell Proposition 5.8]) Assume that the embedding ¢ is conformal (Defini-
tion[21)), and the family X is smooth. Then the functorial map ¢ : V5(X,g1,d,) — Vz(X,9,1)
in (BI)) is flat with respect to the projective connections. In particular, the rank of ¢ is constant.

3.3. The case of adjoint representations. We now restrict ourselves to the special case
of the adjoint representation. Using the branching rule in Proposition together with the
functoriality described above, we get a linear map

ad 1 Vs (C, 8, dag) — VAVd(Z)-AO(C’ so(g), 1), (3.2)
where C is a smooth one-pointed curve of genus g. The following question is natural:

Question 3.3. Is the map ad in [B2) non-zero?

3.3.1. The case where X% is trivial. Henceforth, we will restrict to the case where X is trivial.
Therefore, (8:2) becomes

ad 1 Vo (C, g, daqa) —> Va,(C, so(g), 1). (3.3)

Theorem 3.4. The map ad in B.3) is non-zero for any smooth curve C of genus g.

Proof. We first note that it is enough to find a curve such that map is non-zero for that curve.
Indeed, this follows from the fact that the embedding ad is conformal and the induced map (also
denoted by ad) is flat with respect to the projective connections and hence the induced map
preserves rank (see Proposition B.2)).

~

We proceed by induction on the genus of the curve. In the genus zero case V,,, (P!, g, duq) =
(Vio)¥, where V,,, = C is the trivial representation of g. Similarly Vs, (P!, so(g), 1) = C. Since
the trivial so(g)-module restricts to the trivial g module, the result follows in genus zero by
taking invariants of the trivial representation.

Now consider a family X over C[[t]] such that for ¢ # 0, the fibers are all one pointed smooth
curve of genus g and X is a nodal curve with exactly one node. By functoriality, we get a map
of sheaves over C[[t]]:

ag VJ‘\O(Xa 50(9)7 1) — VI}Q(X7 g9, dad)-
We have the following diagram:

Darerio V/T\(),A,AT (X, s0(g), 1) —2 V] (X0, s0(g), 1)

laat:o
1

Vizo(X()) g, dad) L) @Aepdad(g) VT (X7 g, dad).

WU:N:NT
(3.4)
Let a,, be the following map obtained by restricting the composition of maps in (3.4):
an i Viaa(X,s0(e), 1) — V! (X, g, daa). (3.5)

Observe that the genus of X is g — 1, and taking A = Ap and p = wy it follows from [BP,
Proposition 4.4] (see also [Mull, Proposition 4.3] and [Mu2]) that the above map ay, , is zero if
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1 # wg. Now we have the following commutative diagram for X:
V/T\g,AO,AO (X’ 50(9)7 1) deo,wo,wo (X, g9, dad)

F F (3.6)

VITXO(‘SZa 50(9)1 1) %d Voto()?a 9, dad)

QNG ,wq

The vertical isomorphisms in (3.6 are given by the propagation of vacua. By the induction
hypothesis the map ay, ., is non-zero. This applied to (3.4]) yields that

adi=p : V/T\O(X(]a 50(9)7 1) - VLO(X07 9, dad)

is non-zero. Consequently, the proof is completed by using semi-continuity. O

4. UNIFORMIZATION AND CONFORMAL BLOCKS

In this section, we recall the uniformization theorems connecting conformal blocks with global
sections of line bundles on moduli stacks. We then have a reinterpretation of Theorem B.41

4.1. Non-abelian theta functions and functoriality. Let G be a connected semi-simple
group such that the Lie algebra g is simple. Let Mg be the moduli stack of principal G—
bundles on a smooth projective curve C'. The connected components of the moduli stack Mg
are parametrized by the fundamental group 71 (G). We denote by ./\/150 the component of Mg
corresponding to § € 71(G). We will mostly be interested the neutral component MOG of the
moduli stack corresponding to the trivial element in the fundamental group (it is the connected
component of M containing the trivial principal G-bundle). Denote by G the simply connected
cover of GG. The natural map w; : G — G induces a map

TG Mg — Mg (4.1)

The kernel of the above map w; will be denoted by A which is just the fundamental group of
G. It is known that A is a product of finite cyclic groups; denote J4 := H'(C, A). Then by
Beauville-Laszlo-Sorger [BLS| Proposition 1.5], we have a long exact sequence

0 — Ja — Pic(Mg) — Pic(M%) — 0.

It is known that the Picard group of the moduli stack M is infinitely cyclic [BLS|, DN, [KNR].
We denote the ample generator of PiC(M%) by Zz. The space of global sections H oM G fge )
is known as the space of non-abelian theta functions.

Given any nonzero homomorphisms 4 : g1 —> g of simple Lie algebras, consider the
corresponding homomorphism ¢” : Gy — G between the associated simply connected groups;
note that ¢’ is necessarily injective. This ¢” induces a map of the corresponding moduli stacks
via the associated construction

¢ Mg — Mg (4.2)
It follows from [KNJ p. 59, Section 5] that p*.Z5 = fg)d“’ for the map in ([@.2), where d, is the
1

Dynkin index of the embedding ¢”. This isomorphism induces a map of the global sections
* ®d,
p": H' (Mg, L) — H' (Mg, Z27) (4.3)

Now via the uniformization theorems of Beauville-Laszlo [BL], Kumar-Narasimhan-Ramanathan
[KNR], Faltings [Fa], Laszlo-Sorger [LS], we get an isomorphism

HO(Mé7 zg)f) = V/T\O(%v g, 6)7 (44)



TORSORS ON MODULI SPACES OF PRINCIPAL G-BUNDLES 7

where X is the data of a smooth curve C' with one marked point along with a choice of a formal
parameter at the marked point and Ag is the vacuum representation at level £. The following
diagram is commutative:

H (Mg, Zg) —5— H' (Mg, Z5%)

F E (4.5)

VJ;O(}:) g, 1) # V;r\o(%’ g1, d(,@)

4.2. The adjoint representation. Recall that a square root of the canonical line bundle K¢
of C' is called a theta characteristic on C'. The set of theta characteristics of C' is a torsor over
the group of two torsion points Jo(C') of the Jacobian. Now identifying Jo(C') with the dual

J2(C) via the Weil pairing, we see that the space of theta characteristics is a torsor for Jo(C).

For every theta characteristic k of C, Laszlo-Sorger [LS| p. 517, Section 7.8] constructed a
natural square-root P, of the determinant of cohomology on Msg, — which is known as the
Pfaffian line bundle — along with a canonical Pfaffian section s,. The divisor corresponding to
the Pfaffian section consists of the following associated bundles:

Ex = {E € Mso, | i°(E® k) # 0} € Mso,. (4.6)

Let us recall the following results [Be2| (for Mgor) and [MW) Proposition 3.5] (for Mg )
about these Pfaffian sections s, being non-zero. Consider the decomposition

Mso, = M(S)OT. L MS_OT.’
where Mg parametrizes bundles with non-trivial Stiefel-Whitney class. Then, we get:

(1) If r is even and & is any theta characteristic, then H°(MZq , P) is one dimensional.
(2) If r is even and & is any theta characteristic, then H°(Mgg , Py) is zero dimensional.
(3) If r is odd, then H°(MZ, , Py) is one dimensional if and only if « is even.
(4) If r is odd, then HO(MgoT, P,;) is one dimensional if and only if  is odd.
(5) Each Pfaffian section s, is projectively flat with respect to the Hitchin connection.
(6) The Pfaffian sections {s,} are linearly independent and hence

e if r is even, then dimg¢ HO(./\/lsp;nr, Lspin,) = 229 and

e if r is odd, then dimg¢ HO(./\/lsp;nr, Lspin,) = 297129 4+ 1).

5
6

A choice of a theta characteristic induces an action of Jo(C) on H O(Mspinr, Zspin,) and conse-
quently there is a decomposition (see [Be2l p. 2], [MW, p. 14, Proposition 3.7])

HO(MSpinTy $Spinr) = @ HO(MgOT.y Pn ® EX)) (47)

xE€J2(C)

where £, is the line bundle associated to the character x. Moreover by [BLS| Proposition 5.2],
[Be2l, Proposition 2.2], [MW), Proposition 3.9] we have P,® L, = P/, where «’ is just the image
of k under the action of xy € J2(C).

The adjoint representation of any connected semisimple group G gives a homomorphism

AdG G — SOdimg
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whose kernel is finite, and we have the following commutative diagram

G —2d SPiNdimg

WGJ \Adé lﬂ (4.8)
™~

% .
G Adg Sodlmga

where G is the simply connected cover of G. In particular, when G = é, we have the following
commutative diagram:

MSpingim g
Ad lﬁ
Mg —Adg — M(S)Odlmg (4.9)
I =
M,

The following is a consequence of Theorem [3.41

Corollary 4.1. If dimg is odd (respectively, even), then a choice of an even (respectively, any)
theta characteristic k gives a non-zero map

Adg : H(Ms0g: Pe) — HO (Mg, Z2),

where dnq is the Dynkin index of the adjoint representation of g < so(g). Moreover, this map
factors through HO(M%, Py), where P, is a line bundle on MOG which is pulled back from Py ;
in other words, there is a commutative diagram

Ads
HO(Msodimg, P.) — HO(Mé, fgad)

T ]

HOY(MY, 2,).

We note an immediate consequence of Corollary A.1]

Corollary 4.2. If dimg is odd (respectively, even), let k be an even (respectively, any) theta
characteristic. Then the image of the morphism

M% — MSOdimg’
given by Adg in ([A8]), is not contained in the divisor =, (see (4.4)).
Proof. Under the above assumption we know that dim H(Mso,;,.., Px) = 1 [Be2 MW], and

the divisor for any nonzero section of P, is Z,. Therefore, if the image of the above morphism
MY — Mso,,,, . is contained in Z,, then the homomorphism

HO(MSOdimg7 Pi) — HO(M07 '@X)

g9

in the statement of Corollary .1l becomes the zero map. But Corollary [4.1] says that this map
is nonzero. In view of this contradiction we conclude that the image of the morphism

0
Mea — Msog,

is not contained in the divisor Z. O
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5. A NATURAL CONNECTION

The main goal of this section is consider the non-empty Zariski open substack in M% given
by Corollary as the set of algebraic principal G-bundles on C' such that Ad(E¢) is not in
the divisor Z,, and show that every element of this set admits a natural algebraic connection.

Let E¢ be an algebraic principal G-bundle on C'. An algebraic connection on Eg produces an
algebraic connection on any algebraic fiber bundle associated to Eg, in particular, an algebraic
connection is induced on the adjoint vector bundle ad(Eqg). Let C(Eg) and C(ad(Eg)) be the
spaces of algebraic connections on Fg and ad(Eq) respectively. Let

Py C(Eg) — C(ad(E(;))
be the above map.

Lemma 5.1. There is a natural map
P . C(ad(Eg)) — C(Eg)
such that ® o @ = Ide(gg)-

Proof. Consider the adjoint homomorphism g — g ® g* = gl(g) . We have the symmetric
bilinear form on gl(g) defined by A ® B +— trace(AB). Its restriction to g is a constant scalar
multiple of the Killing form of g. Consider the corresponding orthogonal decomposition

gl(g) = g@g™.
Let

P :gllg) — g (5.1)
be the projection constructed using the above decomposition of gl(g). The adjoint action of G

on g produces an action of G on g ® g* = gl(g). The projection P in (5.1J) is a homomorphism
of G-modules.

Let Egr,(g) be the principal GL(g)-bundle C' corresponding to the vector bundle ad(Eg). We
note that Egy,) is the quotient of Egx GL(g) where (z, B) is identified with (zg, Ad(g~')BAd(g))
for all g € G. We have a natural map

v . EG — EGL(g)
that sends any z € Eq to the equivalence class of (z, Idy).

Let V be an algebraic connection on ad(Eg). So V is an algebraic 1-form on Egp,q), with
values in gl(g), satisfying certain conditions. Therefore, Po(¥*V) is a g—valued algebraic 1-form
on Eg, where P is the projection in (5.I]). Using the fact that P in (5.I)) is a homomorphism of
G—modules it is straightforward to check that P o (U*V) satisfies the two conditions needed to
define a connection on Eg. It is also evident that the map

& : C(ad(Eg)) — C(Ec)

constructed this way satisfies the condition ® o &g = Id¢(g,,)- O

Take a theta characteristic k on C'. We assume that if dim g is odd, then « is an even theta
characteristic. There is no condition on x when dim g is even.

Consider the map
F : MOG — Msodimg
in Corollary that sends any E¢ to ad(Eg) equipped with the Killing form on the fibers.
Take any principal G—bundle Fg € ./\/l% such that

F(Eq) ¢ Ex (5.2)
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(see ([£H); from Corollary we know that the locus, in M, of all such Eg is a nonempty
Zariski open substack. From (5.2)) we know that

H°(C, ad(Eg)® k) = 0 = H(C, ad(Eg) ® k), (5.3)
which implies that ad(F¢) is semistable. This in turn implies that the principal G-bundle E¢
is semistable.

Since HY(C, ad(Eg) ® k) = 0 = H'(C, ad(Eg) ® ), from [BeBi], [BH| we know that
ad(E¢) has a canonical algebraic connection. We will now briefly recall the construction of this
connection on ad(Eg).

Fori = 1,2, let p; : C x C — C be the natural projections. Let

A= {(z,z) e CxClz eC}cCxC

be the reduced diagonal divisor. We will identify A with C using the map =z — (z, x),
where z € C. The restriction of (pjr) ® (p5k) to A is evidently identified with Kc. Also,
the restriction of Ocxc(A) to A is identified with the tangent bundle T'C' using the Poincaré
adjunction formula (see [GH, p. 146]). Therefore, we have the following short exact sequence of
coherent sheaves on C' x C"

0+ (pi(ad(Eg) ® ) @ (p3(ad(Eg)))) @ k) + (pi(ad(Eq) @ k) @ (p3(ad(Ec) @ k) @ Ocxc(A) j

L ad(Eg)®? 0

where ad(Eg)®? is supported on A = C. Let

0 —— H(C x C, (pi(ad(Ec) ® £)) ® (p5(ad(Eg) @ K)))

!

HO(C' x C, (pi(ad(Eg) @ k) ® (p(ad(Eq) ® 1)) ® Ocxc(A)) + HO(C, ad(Ea)®?) j

[ﬁ HY(C x C, (pi(ad(Eg) @ k) ® (p3(ad(Eg) @ K)))
(5.4)
Since
H™(C x C, (p1(ad(Eg) ® k) @ (p3(ad(Eg) ® £)))
= P H(C, ad(Eg) @ k) ® H™(C, ad(Eg) ® k)
i=0
from (5.3]) we conclude that
H™(C x C, (pi(ad(Eg) @ k) ® (p3(ad(Eg) @ k))) = 0
for all m > 0. Consequently, from (5.4)) it is deduced that
H°(C x C, (pi(ad(Eg) ® k) @ (p(ad(Eg) ® &) ® Ocxc(A)) = H(C, ad(Eg)®?).  (5.5)
The isomorphism
ad(Eg) — ad(Eg)* (5.6)
given by the fiberwise Killing form on ad(E¢g) produces a section

v € HO(C, ad(Eg)®?). (5.7)
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From the construction of + it is evident that the composition of homomorphisms
ad(Eg) — ad(Eg)* — ad(Eg) (5.8)
coincides with the identity map of ad(E¢), where the first isomorphism is the one in (5.6)

Let
I € H(Cx C, (pi(ad(Eg) ® k) ® (p3(ad(Eg) ® &) ® Ocxc(A)) (5.9)
be the section taken to 7 (see (5.1)) by the isomorphism in (5.5). On the other hand, the
restriction of (pj ® k) ® (p5 @ k) ® Ocxc(A) to the subscheme 2A C C x C has a canonical
trivialization [BR) p. 688, Theorem 2.2]. Restricting the section [ in (B9) to 2A, and invoking
the trivialization of the restriction of (pj ® k) ® (p5 @ k) ® Ocxc(A) to 2A C C x C, we obtain
a section
I' € H (24, ((piad(Eg)) ® (psad(Ea)))|,a) - (5.10)
The restriction of I' to A C 2A evidently coincides with v (see (5.7))) using the identification
of A with C. Since the composition of homomorphisms in (5.8]) coincides with the identity map
of ad(E¢), it follows that T' defines an algebraic connection on the vector bundle ad(E¢).

Now using lemma [5.1] the above algebraic connection on ad(FE¢q) produces an algebraic con-
nection on the principal G-bundle FEg. Therefore, we have the following:

Theorem 5.2. Take a theta characteristic k on C. We assume that if dimg is odd, then k is
an even theta characteristic. Take any principal G-bundle Eq € MOG that lies in the nonempty
Zariski open subset of./\/l% whose image under the map F' in Corollary[{.2 lies in the complement
of the divisor E,;, C Msoy,,,,- Then Eg has a natural algebraic connection.

6. ISOMORPHISM OF TORSORS

Let Y be a smooth complex variety. A torsor on Y for the cotangent bundle ¢ : Q1. — Y
is an algebraic fiber bundle p : ¥V — Y together with an isomorphism

D:Vxy O — VxyV
such that

(1) Yops = po®, where ps : V xy Q) — QL is the natural projection, and
(2) ¥ defines an action of the fibers of Q1. on the fibers of V.

Let M/’ denote the moduli space of regularly stable topologically trivial principal G-bundles
on C. Recall that the a G bundle is regularly stable if it is stable and it’s automorphism group is
the center Z(G) of the group G. It is known that M® is the smooth locus [BiHo| of the moduli
space of semistable topologically trivial principal G-bundles on C' except in the only one case
where G = SL(2,C) and genus(C) = 2.

On M(?, there are two natural torsors for the cotangent bundle Q}V[és which we will now

describe. Note that any Eg € M’ admits an algebraic connection [Ral, [AB].

The first torsor. Let Cg denotes the moduli space G-connections such that the underlying
principal bundle is in M{®. In other words, Cg parametrizes pairs of the (Eg, D), where Eg €
Mg’ and D is an algebraic connection on E¢g. Let

(I):Cg—>Més

be the natural projection that sends any (Fg, D) to Eg. If a principal G-bundle Fg admits
an algebraic connection, then the space of all algebraic connections on Fg is an affine space for
H°(C, ad(Eg) ® K¢). Therefore, for the projection ®, the moduli space Cg is a torsor over Mg?
for the cotangent bundle Q}Was.



12 I. BISWAS AND S. MUKHOPADHYAY

The second torsor. To describe the second torsor over M’ for the cotangent bundle lewés,
first recall that

Pic(M{’) = Z @ Tor, (6.1)
where Tor is a finite abelian group [BLS|, p. 184, Theorem (a)]. Any line bundle £ of finite order

has a canonical integrable algebraic connection. In fact, if £%” is the trivial line bundle, then
there is a unique connection on ¢ which induces the trivial connection on the trivial line bundle

Take a line bundle L on M. Let Conn(L) denote the sheaf of algebraic connections on L,
meaning the space of sections of Conn(L) over any open subset U C M/’ is the space of all
algebraic connections on L|U. To describe Conn(L) explicitly, let

0 — Omg — At(L) — TMg — 0

be the Atiyah exact sequence for L [At]. Tensoring it with Q}Més we get the exact sequence

0 — Qhps — AL(L) ® Qe — (TME) ® Uy = End(TME) — 0. (6.2)

Let \I/_I(IdTMas) C At(L)®Q} s be the inverse image, under the map VU in (6.2]), of the image
of the section M{¥ — End(TM(®) given by the identity map of TMf’. From (6.2)) it follows
immediately that U= (Idr M) is a torsor over M for Q}V[&s.

This Q}V[és—torsor \P_I(IdTMas) is identified with the Q}Vlés—torsor Conn(L).

From the above observation that any line bundle £ of finite order has a canonical integrable
algebraic connection it follows immediately that

Conn(L) = Conn(L ® &).

Now let L be such that ¢;1(L) # 0 (equivalently, L is not of finite order because of ([6.1])). We
have the following theorem, that was originally shown in [BH] for the group G = SL(r,C).

Theorem 6.1. The above two Q}V[és—torsors Ca and Conn(L) over M# are isomorphic up to a
constant rescaling of the action. This means that there is an algebraic isomorphism

I: Conn(L) — Cq (6.3)
of fiber bundles over M7, and a nonzero number ¢ € R, such that

I(z+v) = I(z)+cv
for all z € Conn(L),, y € M{, andv € (Q}\J&s)y.

Proof. In view of Corollary and Theorem [5.2], the proof of [BH] works for any semisimple G
whose Lie algebra is simple. Therefore, the above result of [BH] holds for any such G. However,
from the above result on SL(r,C) it is possible to deduce the same result for all semistable G
whose Lie algebra g is simple; this will be described below.

Take any semisimple G whose Lie algebra g is simple. The dimension of g is denoted by r.
Let

P Més — MSL(T,(C) (64)
be the finite morphism that sends any E¢ to the vector bundle ad(E¢). Let
P*I P*COHH(L) — P*CSL(T,(C) (65)

be the pullback of the isomorphism in (63]) by P in (€4). Note that both P*Conn(L) and

P*CSL(T,(C) are torsors over M.’ for the pulled back vector bundle P*Q}stw o

Next we will describe a subbundle of P*Q}stw o
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Consider the injective homomorphism
g — sl(g) = sl(r,C)

given by the adjoint action of G on g. The image of g in sl(g) will also be denoted by g. The
Killing form on sl(g) restricts to a nonzero constant multiple of the Killing form on g. Let

slg) = g g” (6.6)
be the orthogonal decomposition with respect to the Killing form on sl(g).

The decomposition of sl(g) in (6.6) is a decomposition of G-modules. Therefore, for any
principal G-bundle E¢g on C, the decomposition in ([6.6]) produces a decomposition

End’(ad(Eg)) = ad(Eg) ® V(Eg), (6.7)

where End’(ad(Eg)) € End(ad(Eg)) is the subbundle of co-rank one defined by the endomor-
phisms of trace zero and

V(Eg) = Ec(g™)
is the vector bundle on C' associated to E¢ for the G-module g+ in (6.8). Let
HY(C, End®(ad(Eg)) ® K¢) = H°(C, ad(Eg) ® Ko) @ H(C, V(Eg) ® K¢) (6.8)

be the decomposition corresponding to the decomposition in (6.7). Note that for any Eg € M7,
the fiber of P*Qurg, o) (see (6.4) over Eg is H°(C, End’(ad(Eg)) ® K¢).

Let V denote the vector bundle over M whose fiber over any Eg € M is HY(C, V(Eg) ®
Kc). From (6.8)) we conclude that V is a direct summand of P*Qrg, , -

Consider the isomorphism P*I in (6.5) between the two P*Q}WSL(T,C)_torSOTS P*Conn(L) and
P*Cg1,(r,c)- Quotienting both P*Q}\JSL(T.,C)"EOTSOTS P*Conn(L) and P*Csy,(,c) by the subbundle
YV C P*Q}WSLWC) we obtain a generalization of the isomorphism I in (6.3)) for any semisimple G
whose Lie algebra is simple. O

7. A DECOMPOSITION OF THE TANGENT BUNDLE

Take a theta characteristic k on C'. We assume that if dim g is odd, then « is an even theta
characteristic. We further assume that x has a section (there is always such a k). Take any

m
Z,ui.ci S |H,
1=1

so the line bundle O¢ (>, pi.ci), where {¢;}I", are distinct points of C' and y; are positive
integers, is holomorphically isomorphic to k. Note that

m
=1

; (7.1)

where g = genus(C). Let

U c Mg (7.2)
denote the nonempty Zariski open subset that parametrizes all Eg € M’ such that
HY(C, ad(Eg) @ k) = 0 = HY(C, ad(Eg) ® k); (7.3)

from Corollary 4.2] we know that I/ is nonempty. (Since x(ad(Eg) ® k) = 0, there is only one
condition in (7.3]).)
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For any Eq € U (see (T2)), the vector bundle ad(Eq) ® Oc (>, pi-ci) will be denoted
by ad(E¢g) for notational convenience. Consider the natural short exact sequence of coherent
sheaves on C'

0 — ad(Eg) — ad(Eg) — Y ad(Eg)|,. — 0. (7.4)
=1

Let

H(C, ad(Eg)) — Y0, ad(Eg)|

=2 HY(C, ad(Eg)) U
HiCi

(7.5)

L HY(C, ad(Eg))
be the long exact sequence of cohomologies associated to the short exact sequence of sheaves in
(T4). From (73] it follows immediately that the homomorphism ® in (7)) is an isomorphism.
Note that H'(C, ad(E¢)) is the fiber of the tangent bundle M’ at the point Eg € ME.
For1l < i < m,let

WZ' — U (76)
be the vector bundle whose fiber over any Eq € M’ is ;&(Eg)
universal adjoint bundle

pics” Note that there is a unique

A — Cx M. (7.7)

It should be clarified that there may not be a universal principal G-bundle over C' x M{’. The
vector bundle W; in (7.6) is the restriction of A ® piOc(d 1", pi-;) to (pici) x U C C x M,
where p; : C x M{¥ — C' is the natural projection and A is the vector bundle in (Z1). Since
® in (73] is an isomorphism, we have the following decomposition:

TU = éw (7.8)
i=1

We have the following natural question:

Question 7.1. Take any 1 < i < m. Is the holomorphic distribution
W, ¢ TU
onU (in (C8)) integrable?

Next assume that all m; = 1 for all 1 < i < m (see (I])). So we have m = g — 1.

Note that the Poincaré adjunction formula says that the fiber of Oc(ci + -+ -4 ¢4—1) over any
¢i, 1 < i < g—1, is identified with the fiber T, C of the tangent bundle over the point ¢; (see
[GHl p. 146]). For 1 < i < g—1, let

L = Ux(T,0)%* — U (7.9)

be the trivializable line bundle over U with fiber (T,,C)®?. The Killing form on g produces a
fiberwise nondegenerate symmetric pairing

A®A — Ocxmyy,
where A is the vector bundle in (7.7)). Using it we have a homomorphism
@i W, W, — ,Ci, (7.10)

where W; and £; are the vector bundles constructed in (7.6) and (7.9]) respectively. The homo-
morphism ¢; in (ZI0) is evidently symmetric and fiberwise nondegenerate. Now using (7.8) we
get a holomorphic symmetric fiberwise nondegenerate bilinear form on TU.
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