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Commuting probability for approximate

subgroups of a finite group

Eloisa Detomi, Marta Morigi, and Pavel Shumyatsky

Abstract. For subsetsX,Y of a finite groupG, we write Pr(X,Y )
for the probability that two random elements x ∈ X and y ∈ Y

commute. This paper addresses the relation between the structure
of an approximate subgroup A ⊆ G and the probabilities Pr(A,G)
and Pr(A,A). The following results are obtained.

Theorem 1.1: Let A be aK-approximate subgroup of a finite group
G, and let Pr(A,G) ≥ ǫ > 0. There are two (ǫ,K)-bounded
positive numbers γ and K0 such that G contains a normal sub-
group T and a K0-approximate subgroup B such that |A ∩ B| ≥
γ max{|A|, |B|} while the index [G : T ] and the order of the com-
mutator subgroup [T, 〈B〉] are (ǫ,K)-bounded.

Theorem 1.2: Let A be aK-approximate subgroup of a finite group
G, and let Pr(A,A) ≥ ǫ > 0. There are two (ǫ,K)-bounded
positive numbers γ and s, and a subgroup C ≤ G such that
|C ∩ A2| > γ|A| and |C′| ≤ s. In particular, A is contained in
the union of at most γ−1K2 left cosets of the subgroup C.

It is also shown that the above results admit approximate con-
verses.

1. Introduction

If G is a finite group and X, Y are subsets of G, we write Pr(X, Y )
for the probability that two random elements x ∈ X and y ∈ Y com-
mute. Thus,

Pr(X, Y ) =
|{(x, y) ∈ X × Y | xy = yx}|

|X| |Y |
.
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The number Pr(G,G) is called the commuting probability of G. It is
well-known that Pr(G,G) ≤ 5/8 for any nonabelian group G. Another
important result is the theorem of P. M. Neumann [7] which states that
if G is a finite group and ǫ is a positive number such that Pr(G,G) ≥ ǫ,
then G has a nilpotent normal subgroup R of nilpotency class at most
2 such that both the index [G : R] and the order of the commutator
subgroup [R,R] are ǫ-bounded (see also [4]).

Throughout the article we use the expression “(a, b, . . . )-bounded”
to mean that a quantity is bounded from above by a number depending
only on the parameters a, b, . . . .

There are several recent papers studying Pr(H,G), where H is a
subgroup of G (see for example [3, 5, 6]). In particular, it was proved
in [3, Proposition 1.2] that if H is a subgroup of a finite group G and
Pr(H,G) ≥ ǫ > 0, then there is a normal subgroup T ≤ G and a
subgroup B ≤ H such that the indices [G : T ] and [H : B], and the
order of the commutator subgroup [T,B] are ǫ-bounded.

Lately there also has been a considerable interest in studying ap-
proximate subgroups of finite groups.

Let K be a positive real number. A subset A of a finite group G is
said to be a K-approximate subgroup of G, or simply a K-approximate
group, if A contains 1 and the inverse of each of its elements, and if
there exists E ⊆ G with |E| ≤ K such that A2 ⊆ EA.

Here and throughout, given a positive integer j and a subset X of a
group G, we write Xj for the set of all products x1 . . . xj , where xi ∈ X .
The definition of approximate subgroups was introduced by Tao in [9].
Since then many important results on the subject have been estab-
lished. In particular, Breuillard, Green and Tao essentially described
the structure of finite approximate subgroups [2]. The reader is referred
to the book [10] for detailed information on these developments.

In the present paper we examine the relation between the structure
of an approximate subgroup and the commuting probability. Using the
well known analogy between approximate groups and groups, we aim
at extending the above mentioned group-theoretical results to approx-
imate subgroups. On the one side, we employ the group-theoretical
machinery already available, and, on the other side, ad hoc techniques
for approximate subgroups.

Proposition 1.2 in [3] says, roughly speaking, that a subgroup H of
a finite group G has many commuting elements with G if and only if
H has a large subgroup which almost commutes with a large normal
subgroup of G. Replacing H with an approximate subgroup A we
obtain that A has many commuting elements with G if and only if it is
commensurate with another approximate subgroup B which generates
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a subgroup H of G with the same properties as in the aforementioned
proposition. More formally, our result is as follows.

Theorem 1.1. Let A be a K-approximate subgroup of a finite group
G, and let Pr(A,G) ≥ ǫ > 0. There are two (ǫ,K)-bounded positive
numbers γ and K0 such that G contains a normal subgroup T and a
K0-approximate subgroup B such that

(i) |A ∩ B| ≥ γ max{|A|, |B|}, and
(ii) the index [G : T ] and the order of the subgroup [T, 〈B〉] are both

(ǫ,K)-bounded.

Throughout, 〈X〉 denotes the subgroup generated by a subset X of
a group.

Next, we study approximate subgroups A such that Pr(A,A) ≥ ǫ >
0. Roughly speaking, Neumann’s theorem says that if a finite group has
many commuting elements then it has a large subgroup which is almost
abelian, in the sense that it has a small commutator subgroup. It
turns out that if A is an approximate subgroup with many commuting
elements then a big part of A2 is contained in a subgroup C with small
commutator subgroup, and A itself is contained in boundedly many
cosets of C.

Theorem 1.2. Let A be a K-approximate subgroup of a finite group
G and assume that Pr(A,A) ≥ ǫ > 0. There are two (ǫ,K)-bounded
positive numbers γ and s, and a subgroup C ≤ G such that

(i) |C ∩ A2| > γ|A|, and
(ii) the commutator subgroup of C is of order at most s.

Moreover A is contained in the union of at most γ−1K2 left cosets of
the group C.

Furthermore, we show that each of the above theorems admits an
“approximate” converse.

Proposition 1.3. Let A,B be subsets and T a subgroup of a finite
group G. Set γ = |A ∩ B|/|A|, n = [G : T ] and m = |[T, 〈B〉]|. Then
Pr(A,G) ≥ γ

nm
.

Proposition 1.4. Let A be a K-approximate subgroup of a finite
group G, and let C ≤ G be a subgroup. Set γ = |C ∩ A2|/|A| and
s = |C ′|. Then

Pr(A2, A2) ≥
γ2

K4s
.

Note that some properties of the commuting probability of sub-
groups cannot be extended verbatim to approximate subgroups but
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they do hold when replacing an approximate subgroup A with A2

(compare Proposition 2.6 and Example 2.8). Clearly, A2 is a K2-
approximate subgroup, whenever A is a K-approximate subgroup (if
A2 ⊆ EA, then A4 ⊆ EA3 ⊆ E2A2).

The next section contains some general comments on the commut-
ing probabilities. In Section 3 we prove Theorems 1.1 and 1.2. The
last section is devoted to Propositions 1.3 and 1.4.

2. General comments on commuting probabilities

Note that if X, Y are subsets of a finite group G, we have

Pr(X, Y ) =
1

|Y |

∑

y∈Y

|CX(y)|

|X|
=

1

|X|

∑

x∈X

|CY (x)|

|Y |
.

It was proved in [3, Lemma 2.3] that if K and N are subgroups of
a finite group G, with N normal in G, then

Pr(K,G) ≤ Pr (KN/N,G/N) Pr(N ∩K,N).

We are interested in finding an “approximate” variant of this result.
We start by looking at symmetric subsets.

Proposition 2.1. Let G be a finite group, N a normal subgroup of
G, and assume that A is a symmetric subset of G. Then

Pr(A,G) ≤
|A5|

|A|
Pr

(

AN

N
,
G

N

)

Pr(A4 ∩N,N).

Proof. Let Ḡ = G/N and Ā = {hN | h ∈ A} = {h1N, . . . , hrN}.
Note that A is contained in the union of the subsets hi(N ∩ A2), for
i = 1, . . . , r. Indeed, A ⊆

⋃

i hiN and if a ∈ hiN , then h−1
i a = n for

some n ∈ N ∩A2 and so a = hin ∈ hi(N ∩ A2). Therefore

|A| |G|Pr(A,G) =
∑

x∈A

|CG(x)| ≤
∑

hN∈Ā





∑

x∈h(N∩A2)

|NCG(x)|

|N |
|CN(x)|





≤
∑

hN∈Ā





∑

x∈h(N∩A2)

|CḠ(hN)| |CN(x)|





=
∑

hN∈Ā

|CḠ(hN)|





∑

x∈h(N∩A2)

|CN(x)|





=
∑

hN∈Ā

|CḠ(hN)|

(

∑

y∈N

|Ch(N∩A2)(y)|

)

.
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If Ch(N∩A2)(y) 6= ∅ take y0 ∈ h(N ∩ A2) ∩ CG(y) and observe that
h(N ∩ A2) ⊆ y0(N ∩ A4). Indeed, y0 = hu with u ∈ N ∩ A2, whence
h = y0u

−1 and h(N ∩A2) ⊆ y0u
−1(N ∩ A2) ⊆ y0(N ∩A4). Therefore

Ch(N∩A2)(y) = h(N ∩ A2) ∩ CG(y)

⊆ y0CN∩A4(y),

whence |Ch(N∩A2)(y)| ≤ |CN∩A4(y)|. It follows that

|A| |G|Pr(A,G) ≤

(

∑

hN∈Ā

|CḠ(hN)|

)(

∑

y∈N

|CN∩A4(y)|

)

=
(

|Ā| |Ḡ|Pr(Ā, Ḡ)
)(

|N | |N ∩ A4|Pr(N ∩A4, N)
)

.

Thus

Pr(A,G) ≤
|Ā| |N ∩ A4|

|A|
Pr(Ā, Ḡ) Pr(N ∩ A4, N).

As |Ā| |N ∩A4| ≤ |A|5 by [10, Lemma 2.6.3], the result follows. �

The previous proposition says, in particular, that in a homomorphic
image Ḡ ofG the commuting probability of Ā in Ḡ is controlled in terms
of Pr(A,G). The next lemma deals with the commuting probability
Pr(Ā, Ā).

Proposition 2.2. Let G be a finite group, N a normal subgroup of
G, and assume that A is a symmetric subset of G. Then

Pr(A,A) ≤
|A3| |A5|

|A|2
Pr

(

AN

N
,
AN

N

)

Pr(A4 ∩N,A2 ∩N).

Proof. The proof is very similar to the proof of Proposition 2.1.
Thus we will sketch it, avoiding repetitions. Let Ḡ = G/N and Ā =
{hN | h ∈ A} = {h1N, . . . , hrN}. As shown in Proposition 2.1, A
is contained in the union of the subsets hi(N ∩ A2), for i = 1, . . . , r.
Moreover, for x ∈ A,

CA(x) ⊆
⋃

hN∈CA(x)N/N

hCN∩A2(x),

since, for a, h ∈ CA(x), the equality aN = hN implies h−1a ∈ N ∩ A2.
Therefore, as CA(x)N/N ⊆ CĀ(xN), we have

(1) |CA(x)| ≤ |CĀ(xN)|CN∩A2(x)|.
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It follows that

|A| |A|Pr(A,A) =
∑

x∈A

|CA(x)| ≤
∑

hN∈Ā





∑

x∈h(N∩A2)

|CA(x)|





≤
∑

hN∈Ā





∑

x∈h(N∩A2)

|CĀ(hN)| |CN∩A2(x)|





=
∑

hN∈Ā

|CĀ(hN)|





∑

x∈h(N∩A2)

|CN∩A2(x)|





=
∑

hN∈Ā

|CĀ(hN)|





∑

y∈N∩A2

|Ch(N∩A2)(y)|



 .

As in the proof of Proposition 2.1, the inequality |Ch(N∩A2)(y)| ≤
|CN∩A4(y)| holds for every h ∈ A. Therefore

|A| |A|Pr(A,A) ≤

(

∑

hN∈Ā

|CĀ(hN)|

)





∑

y∈N∩A2

|CN∩A4(y)|





=
(

|Ā| |Ā|Pr(Ā, Ā)
)(

|N ∩A2| |N ∩ A4|Pr(N ∩A4, N ∩ A2)
)

.

Thus

Pr(A,A) ≤
|Ā|2 |N ∩ A4||N ∩ A2|

|A|2
Pr(Ā, Ā) Pr(N ∩ A4, N ∩A2).

As |Ā| |N ∩ A4| ≤ |A|5 and |Ā| |N ∩ A2| ≤ |A|3 by [10, Lemma
2.6.3], the result follows. �

As |An|/|A| ≤ Kn−1 for any K-approximate subgroup A and for
every integer n ≥ 2, the following corollary is a straightforward conse-
quence of the above propositions.

Corollary 2.3. Let G be a finite group, N a normal subgroup of
G, and assume that A ⊆ G is a K-approximate subgroup. Then

• Pr(A,G) ≤ K4 Pr(AN/N,G/N) Pr(A4 ∩N,N),
• Pr(A,A) ≤ K6 Pr(AN/N,AN/N) Pr(A4 ∩N,A2 ∩N).

In particular,

• Pr(AN/N,G/N) ≥ (1/K4)Pr(A,G),
• Pr(AN/N,AN/N) ≥ (1/K6)Pr(A,A).
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More generally, the above corollary holds in the case where A is a
symmetric set containing 1 which has small tripling, i.e. |A3| ≤ T |A|.
To see this, observe that |A5| ≤ T 3|A| by [10, Proposition 2.5.3].

If H1 ≤ H2 are subgroups of a finite group G, then

(2) Pr(H1, G) ≥ Pr(H2, G)

(see [5, Theorem 3.7]).
As we will show in Example 2.8, the above inequality does not

hold if H1, H2 are K-approximate subgroups. Indeed, if H1 is a K-
approximate subgroup contained in H2, then Pr(H1, G) might be arbi-
trarily small compared to Pr(H2, G) (even if H2 is a subgroup). We will
show however that Pr(H2

1 , G) is bounded away from zero (see Propo-
sition 2.6). In the particular case where H1 is a subgroup of G and H2

is a K-approximate subgroup containing H1, we get

Pr(H1, G) ≥
1

K
Pr(H2, G)

(see Corollary 2.7).
To prove these results, we need a preliminary elementary lemma.

Lemma 2.4. Assume that G is a finite group, g ∈ G and A is a
symmetric subset of G. Then

(a) |CA(g)| |g
A| ≤ |A2|.

(b) |A| ≤ |CA2(g)||gA|.

Proof. Note that if gA = {ga1, . . . , gar}, then the subsets CA(g)ai,
for i = 1, . . . , r, are pairwise disjoint subsets of A2, so

|CA(g)|
∣

∣gA
∣

∣ =

∣

∣

∣

∣

∣

⋃

1≤i≤r

CA(g)ai

∣

∣

∣

∣

∣

≤
∣

∣A2
∣

∣ ,

and (a) holds.
To prove (b), observe that whenever a, b ∈ A are such that ga = gb,

we have ab−1 ∈ CG(g) ∩ A2 = CA2(g). �

The following result holds for approximate subgroups.

Lemma 2.5. Assume that G is a finite group, g ∈ G and A ⊆ G
is a K-approximate subgroup. Then |gA

n

| ≤ Kn−1|gA| for every n ≥ 1.

Proof. As A2 ⊆ EA where |E| ≤ K, we have An ⊆ En−1A. Since
A is symmetric, every element h ∈ An can be written as the inverse of
an element ea ∈ An ⊆ En−1A, with e ∈ En−1 and a ∈ A. So

gh = g(ea)
−1

= (ga
−1

)e
−1

,



8 ELOISA DETOMI, MARTA MORIGI, AND PAVEL SHUMYATSKY

and since there are at most Kn−1 elements in En−1, we deduce that
|gA

n

| ≤ Kn−1|gA|. �

Proposition 2.6. Let G be a finite group, and let A1 ⊆ A2 be
symmetric subsets of G such that |A2

1| ≤ K|A1| and |A2
2| ≤ K ′|A2|.

Then for any subset B ⊆ G we have

Pr(A2
1, B) ≥

1

KK ′
Pr(A2, B).

Proof. Let g ∈ G. As |A2
1| ≤ K|A1|, it follows from Lemma 2.4

(b) that
|CA2

1
(g)|

|A2
1|

≥
1

K|gA1|
.

Clearly, as A1 ⊆ A2, we have 1/|gA1| ≥ 1/|gA2|. Moreover, as |A2
2| ≤

K ′|A2|, we deduce from Lemma 2.4 (a) that

1

|gA2|
≥

|CA2
(g)|

K ′|A2|
.

Therefore

|CA2

1
(g)|

|A2
1|

≥
1

K|gA1|
≥

1

K|gA2|
≥

|CA2
(g)|

KK ′|A2|
.

We conclude that

Pr(A2
1, B) =

1

|B|

∑

g∈B

|CA2

1
(g)|

|A2
1|

≥
1

KK ′|B|

∑

g∈B

|CA2
(g)|

|A2|
=

1

KK ′
Pr(A2, B),

as claimed. �

Corollary 2.7. Let G be a finite group, and let H be a subgroup
contained in a K-approximate subgroup A ⊆ G. Then for any subset
B ⊆ G we have

Pr(H,B) ≥
1

K
Pr(A,B).

Proof. The result a straightforward consequence of the previous
lemma, taking into account that H is a 1-approximate subgroup and
H2 = H . �

Example 2.8. Here we show that for any positive integer K ≥ 2
and ǫ > 0 there is a finite group G with a subgroup H and a K-
approximate subgroup A ⊆ H of size at least K|H|/2K such that
Pr(A,G) ≤ ǫ Pr(H,G). In particular, Pr(A,G)/Pr(H,G) cannot be
bounded away from zero in terms of |A|/|H| and K.

Let V be an elementary abelian 2-group of rank n ≥ K, and let
g1, . . . , gn be a basis of V . Denote by g the automorphism of V which
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cyclically permutes g1, . . . , gn. Consider the natural semi-direct prod-
uct N = V 〈g〉 and let G = N × U , where U is a finite abelian group.
Then Z = Z(G) = 〈g1g2 · · · gn〉×U . Set z = |Z| = 2 |U | and note that

|G| = n2n|U | = n2n−1z.

Let k = K − 1 and set

A =
⋃

1≤i≤k

giZ ∪ {1} and H = 〈A〉 = 〈g1, . . . , gk〉Z.

Note that A is symmetric because the gi have order 2, moreover A2 ⊆
BA, where B = {1, g1, . . . , gk} has size k + 1 = K, so A is a K-
approximate subgroup. Moreover, as k < n, we have

|A| = kz + 1, |H| = 2kz,
|A|

|H|
=

kz + 1

2kz
>

k

2k
.

Since |aG| = n for every 1 6= a ∈ A, we have

Pr(A,G) =
1

|A|

∑

a∈A

|CG(a)|

|G|
=

1

|A|

(

∑

16=a∈A

|CG(a)|

|G|
+

|CG(1)|

|G|

)

=
1

|A|

(

|A| − 1

n
+ 1

)

=
1

kz + 1

(

kz

n
+ 1

)

<
kz + n

kzn
.

As H is contained in V U , which is an abelian subgroup of index n in
G, whenever x ∈ H we have [G : CG(x)] ≤ n. So we can estimate
Pr(H,G) as follows:

Pr(H,G) =
1

|H|

∑

x∈H

|CG(x)|

|G|
=

1

|H|





∑

x∈H\Z

|CG(x)|

|G|
+
∑

x∈Z

|CG(x)|

|G|





≥
1

|H|

(

|H| − z

n
+ z

)

=
1

2kz

(

2kz − z + nz

n

)

>
1

2kz

(nz

n

)

=
1

2k
.

Therefore

Pr(A,G)

Pr(H,G)
<

kz + n

kzn
2k =

(

1

n
+

1

kz

)

2k.

This can be arbitrarily small if n and |U | are chosen large enough.

Example 2.9. In the previous example A was quite small compared
to the subgroup H = 〈A〉, as |A|/|H| = (kz + 1)/(2kz) < (k + 1)/2k.
Now we show that, in the notation of the previous example, we can
choose G, A, and a K-approximate subgroup A0 ⊆ G containing A,
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such that |A|/|A0| > k/(k + 1) and Pr(A,G) ≤ Pr(A0, G). Moreover
the value of

Pr(A,G)/Pr(A0, G)

cannot be bounded away from zero in terms of |A|/|A0| and K.
Let G,A, Z be as in Example 2.8 and let A0 = Z ∪ A. Note that

A2 ⊆ BA and A2
0 ⊆ BA0, where B = {1, g1, . . . , gk}, so both A and A0

are K-approximate subgroups.
Note that |A| = kz + 1 and |A0| = (k + 1)z, where z = |Z|, and so

|A|/|A0| = (kz+1)/(k+1)z > k/(k+1). We know from the calculations
in Example 2.8 that

Pr(A,G) <
kz + n

kzn
=

1

n
+

1

kz
.

Moreover, as A0 = A ∪ Z and |CG(y)|/|G| ≥ 1
n
for every y ∈ A (see

Example 2.8),

Pr(A0, G) =
1

|A0|

(

∑

y∈Z

|CG(y)|

|G|
+
∑

16=y∈A

|CG(y)|

|G|

)

≥
1

(k + 1)z

(

z +
kz

n

)

>
1

k + 1
.

Therefore

(3)
Pr(A,G)

Pr(A0, G)
<

(

1

n
+

1

kz

)

(k + 1) .

If k is fixed and the group G is chosen with n and |U | = z/2 arbitrary
large, the righthand side of (3) becomes arbitrary small.

3. Proof of the main results

We start with two preliminary results, the first one being purely
group theoretical.

Lemma 3.1. Let m ≥ 1, and let G be a finite group containing a
subgroup B such that [G : CG(x)] ≤ m for all x ∈ B. Then there is a
normal subgroup T ≤ G such that the index [G : T ] and the order of
the commutator subgroup [T,B] are m-bounded.

Proof. Note that

Pr(B,G) ≥
1

m
.



COMMUTING PROBABILITY 11

By Proposition 1.2 of [3] there exists a normal subgroup R of m-
bounded index in G and a subgroup U of m-bounded index in B such
that [R,U ] has m-bounded order. By Remark 2.6 in [3], the normal
closure [R,U ]G has m-bounded order.

Passing to the quotient over [R,U ]G, we can assume that R ≤
CG(U). Take m-boundedly many elements b1, . . . , br in B such that
B = 〈b1, . . . , br, U〉. Since [G : CG(bi)] ≤ m for every i = 1, . . . , r and
CG(U) has m-bounded index in G, the intersection C of CG(U) and
all r subgroups CG(bi) has m-bounded index in G. So C contains a
normal subgroup T of G of m-bounded index with [T,B] = 1. This
concludes the proof. �

The following lemma tells us that if A is an approximate subgroup
and g1, . . . , gs are elements of G having few A-conjugates, then any
element of the subgroup 〈g1, . . . , gs〉 has few A-conjugates.

Lemma 3.2. Let G be a finite group, A a K-approximate sub-
group of G, and g1, . . . , gs ∈ G elements such that |gAi | ≤ m for every
i = 1, . . . , s. Then there exists a (K,m, s)-bounded integer u such that
|gA| ≤ u for every g ∈ 〈g1, . . . , gs〉.

Proof. It is sufficient to show that there exists a (K,m, s)-bounded
integer u and elements d1, . . . , du ∈ G such that

(4) A ⊆
⋃

1≤i≤u

CA2s (g1, . . . , gs)di.

Use induction on s. Let s = 1 and gA1 = {ga11 , . . . , gam1 }. If a ∈ A,
then there exists k such that ga1 = gak1 , thus aa−1

k ∈ CA2(g1) and a =
(aa−1

k )ak. Hence,

A ⊆
⋃

1≤i≤m

CA2(g1)ai,

as desired.
Now assume that the result is true for s − 1, that is, there are

(K,m, s)-boundedly many elements h1, . . . , hv ∈ G such that

A ⊆
⋃

1≤i≤v

CA2s−1 (g1, . . . , gs−1)hi.

Set D = CA2s−1 (g1, . . . , gs−1). Note that by Lemma 2.5 the size of
the class gDs is (K,m, s)-bounded. Write

gDs = {gb1s , . . . , gbrs }

for suitable b1, . . . , br ∈ D.
As above, it follows that D ⊆

⋃

1≤i≤r CD2(gs)bi. In particular, we
have
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D ⊆
⋃

1≤i≤r

CD2(gs)bi ⊆
⋃

1≤i≤r

CA2s (g1, . . . , gs)bi.

We know that A ⊆
⋃

1≤i≤v Dhi, whence (4) follows with u = rv.
This establishes the lemma. �

Built on the ideas of P. M. Neumann’s theorem [7], we get the next
proposition, which contains the core of the proofs of Theorem 1.1 and
Theorem 1.2.

Proposition 3.3. Let G be a finite group containing a K1-approximate
subgroup H and a K2-approximate subgroup U such that Pr(H,U) ≥
ǫ > 0. Then there exists a symmetric subset X of H, with 1 ∈ X, and
two positive numbers K0 and m depending only on K1, K2 and ǫ such
that

• |X| ≥ ǫ
2
|H|,

• X2 is a K0-approximate subgroup of G,
• |X2| ≤ K0|X|,
• |yU | ≤ m for every y ∈ 〈X2〉.

Proof. Set

X = {x ∈ H | |xU | ≤ 2K2/ǫ} = {x ∈ H | 1/|xU | ≥ ǫ/(2K2)}.

As |U2| ≤ K2|U |, from Lemma 2.4 (a) it follows that, for any g ∈ H\X ,

|CU(g)| ≤
K2|U |

|gU |
≤

ǫK2|U |

2K2
=

ǫ|U |

2
,

whence

ǫ|H| |U | ≤ |{(x, y) ∈ H × U | xy = yx}| =
∑

x∈H

|CU(x)|

≤
∑

x∈X

|U |+
∑

x∈H\X

ǫ

2
|U |

≤ |X||U |+ (|H| − |X|)
ǫ

2
|U |

≤ |X||U |+
ǫ

2
|H| |U |.

Therefore (ǫ/2)|H| ≤ |X|, that is,

|X| ≥ α|H|

for α = ǫ/2. Thus,

|X2| ≤ |H2| ≤ K1|H| ≤ (K1/α)|X|
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and also

|X3| ≤ |H3| ≤ K2
1 |H| ≤ (K2

1/α)|X|,

hence X has tripling K2
1/α.

It follows that B = X2 is a K0-approximate subgroup where K0

depends on K1 and α only (see Proposition 2.5.5 in [10]).
Note that |yU | ≤ (K2/α)

2 for every y ∈ B.
Let E be a minimal subset of G such that B2 ⊆ EB and |E| ≤ K0.

By minimality of E, for every element e ∈ E there are b1, b2, b3 ∈ B
such that b1b2 = eb3 and so every element e ∈ E can be written as
a product of at most 3 elements of B. Therefore |eU | ≤ (K2/α)

6 for
every e ∈ E.

It follows from Lemma 3.2 that there exists a (K0, K2, α)-bounded
integer n such that |gU | ≤ n for every g ∈ 〈E〉. Note that Bi ≤ 〈E〉B
for every i ≥ 2, and so there exists a (K0, K2, α)-bounded integer m
such that |yU | ≤ m for every y ∈ 〈B〉. As K0 and α depend only on
K1 and ǫ, the proof is complete. �

Now we are ready to proceed with the proof of our main results.
For the reader’s convenience we restate Theorem 1.1 here.

Theorem 1.1. Let A be a K-approximate subgroup of a finite group
G such that Pr(A,G) ≥ ǫ > 0. There are two (ǫ,K)-bounded positive
numbers γ and K0 such that G contains a normal subgroup T and a
K0-approximate subgroup B such that

(i) |A ∩ B| ≥ γ max{|A|, |B|}, and
(ii) the index [G : T ] and the order of the subgroup [T, 〈B〉] are both

(ǫ,K)-bounded.

Proof. Apply Proposition 3.3 with H = A, U = G, K1 = K and
K2 = 1. Deduce that there exists a subset X of A and two (K, ǫ)-
bounded numbers K0 and m such that B = X2 is a K0-approximate
subgroup while |B ∩A| ≥ |X| ≥ ǫ

2
|A| and |yG| ≤ m for every y ∈ 〈B〉.

Note also that

|B ∩ A| ≥
ǫ

2
|A| ≥

ǫ

2K
|A2| ≥

ǫ

2K
|B|,

so we can take γ = ǫ/(2K).
It follows from Lemma 3.1 applied to the subgroup 〈B〉 that there

exists a normal subgroup T ≤ G such that the index [G : T ] and the
order of the commutator subgroup [T, 〈B〉] are m-bounded. Since m is
(K, ǫ)-bounded, the result follows. �

We now deal with Theorem 1.2.
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Theorem 1.2. If A is a K-approximate subgroup of a finite group
G satisfying Pr(A,A) ≥ ǫ > 0, then there are two (ǫ,K)-bounded posi-
tive numbers γ and s, and a subgroup C ≤ G such that |C∩A2| > γ|A|
and |C ′| ≤ s. Moreover, A is contained in the union of at most γ−1K2

left cosets of the group C.

Proof. We apply Proposition 3.3 with H = U = A and K1 =
K2 = K and deduce that there exists a subset X of A and two positive
numbers K0 and m depending only on K and ǫ such that |X| ≥ ǫ

2
|A|,

the set B = X2 is a K0-approximate subgroup, and |yA| ≤ m for every
y ∈ 〈B〉.

As |B2| ≤ K0|B|, it follows from Lemma 2.4 (b) that for every
y ∈ 〈B〉 we have

|CB(y)| ≥
|B|

K0|yX|
≥

|B|

K0|yA|
≥ η|B|,

where η = 1/(K0m). Since

|CB(y)| ≥ η|B|,

for every y ∈ 〈B〉, we have

Pr(B, 〈B〉) =
1

|〈B〉|

∑

y∈〈B〉

|CB(y)|

|B|
≥ η.

Now we apply Proposition 3.3 with H = B and U = 〈B〉, where
K1 = K0 and K2 = 1, to deduce that there exists a symmetric subset
Y of B and two positive numbers K3 and n depending only on K0 and
η such that |Y | ≥ η

2
|B| and Y 2 is aK3-approximate subgroup satisfying

|y〈B〉| ≤ n for every y ∈ 〈Y 2〉.
It follows from Theorem 1.1 in [8] that the commutator subgroup of

the subgroup 〈(Y 2)〈B〉〉 has (K3, n)-bounded order. As 〈Y 2〉 = 〈Y 〉, we
deduce that the order of the commutator subgroup of 〈Y 〉 is (K3, n)-
bounded.

Taking into account that Y ⊆ B = X2 ⊆ A2, write

|A| ≤
2

ǫ
|X| ≤

2

ǫ
|X2| ≤

2

ǫ

(

2

η
|Y |

)

,

and

(5) |〈Y 〉 ∩A2| ≥ |Y ∩ A2| = |Y | ≥
ǫη

4
|A| = γ|A|,

for γ = ǫη/4.
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Finally, as

|AY | ≤ |A3| ≤ K2|A| ≤ K2 4

ǫη
|Y |,

it follows from [10, Lemma 2.4.4] (Ruzsa’s covering lemma) that there
exists a subset F ⊆ A with |F | ≤ 4K2/(ǫη) such that A ⊆ FY 2.
Therefore A is contained in the union of at most 4K2/(ǫη) left cosets of
〈Y 〉 (note that this follows also from (5) and Lemma 7.1.5 in [10]). �

4. The converse statements

In this section we prove Proposition 1.3 and Proposition 1.4, which
are roughly converse to Theorem 1.1 and Theorem 1.2, respectively.

We will also often use without mention the fact that if S, T are
subsets of a finite group G and g ∈ S then |gT | ≤ |[S, T ]|, because the
map gT → {[g, x] |x ∈ T} defined by gx 7→ g−1gx is a bijection.

Proposition 1.3. Let A,B be subsets and T a subgroup of a finite
group G. Set γ = |A ∩ B|/|A|, n = [G : T ] and m = |[T, 〈B〉]|. Then
Pr(A,G) ≥ γ

nm
.

Proof. Note that

|A ∩ 〈B〉| ≥ |A ∩B| ≥ γ|A|,

so |A∩〈B〉|/|A| ≥ γ and without loss of generality we can assume that
B is a subgroup. Moreover, if g ∈ A ∩B , then

[G : CG(g)] ≤ [G : T ] [T : CT (G)] ≤ nm,

since |[T, 〈B〉]| = m. Therefore

Pr(A,G) =
1

|A|

∑

a∈A

|CG(a)|

|G|
≥

1

|A|

∑

g∈A∩B

|CG(g)|

|G|

≥
|A ∩ B|

nm|A|
≥

γ

nm
.

�

Proposition 1.4. Let A be a K-approximate subgroup of a finite
group G, and let C ≤ G be a subgroup. Set γ = |C ∩ A2|/|A| and
s = |C ′|. Then

Pr(A2, A2) ≥
γ2

K4s
.



16 ELOISA DETOMI, MARTA MORIGI, AND PAVEL SHUMYATSKY

Proof. Since |C ∩ A2| = γ|A|, it follows from [10, Lemma 7.1.5]
that A is contained in the union of n ≤ γ−1K2 left cosets of C, say

A ⊆
⋃

1≤i≤n

fiC.

As A is symmetric, for every a ∈ A we have a−1 ∈
⋃

i fiC, whence
a = (fic)

−1 = c−1f−1
i for some i ≤ n and c ∈ C. It follows that

A ⊆
⋃

1≤i≤n

Cf−1
i .

Therefore, for every g ∈ G we have

|gA| ≤ |g
⋃

1≤i≤n
Cf−1

i | ≤
n
∑

i−1

|(gC)f
−1

i | = n|gC |.

When g ∈ C ∩ A2 we also have |gC| ≤ s, since |C ′| = s, hence

(6)
1

|gA|
≥

1

ns
.

Moreover, by Lemma 2.4 (b), |gA| ≥ |A|/|CA2(g)| ≥ |A2|/(K|CA2(g)|),
which gives

(7)
|CA2(g)|

|A2|
≥

1

K|gA|
.

Now, by (7) and (6)

Pr(A2, A2) =
1

|A2|

∑

a∈A2

|CA2(a)|

|A2|
≥

1

|A2|

∑

g∈C∩A2

|CA2(g)|

|A2|

≥
1

|A2|

∑

g∈C∩A2

1

K|gA|

≥
|C ∩ A2|

Kns|A2|
.

Moreover, as |A2| ≤ K|A|,

|C ∩ A2| = γ|A| ≥ γ|A2|/K.

Therefore

Pr(A2, A2) ≥
|C ∩ A2|

Kns|A2|
≥

γ

K2ns
.

Since n ≤ γ−1K2, we conclude that Pr(A2, A2) ≥ γ2/(K4s), as claimed.
�
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