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Abstract

We introduce the coupled instanton equations for a metric, a spinor, a three-form, and a connection on a bundle,
over a spin manifold. Special solutions in dimensions 6 and 7 arise, respectively, from the Hull-Strominger and the
heterotic G2 system. The equations are motivated by recent developments in theoretical physics and can be recast
using generalized geometry; we investigate how coupled instantons relate to generalized Ricci-flat metrics and also
to Killing spinors on a Courant algebroid. We present two open questions regarding how these different geometric
conditions are intertwined, for which a positive answer is expected from recent developments in the physics literature
by De la Ossa, Larfors and Svanes, and in the mathematics literature on Calabi—Yau manifolds, in recent work by the
second-named author with Gonzalez Molina.

We give a complete solution to the first of these problems, providing a new method for the construction of
instantons in arbitrary dimensions. For Ga-structures with torsion coupled to Gz-instantons, in dimension 7, we
also establish results around the second problem. The last part of the present work carefully studies the approximate
solutions to the heterotic Ga-system constructed by the third and fourth authors on contact Calabi—Yau 7-manifolds,
for which we prove the existence of approximate coupled Gz-instantons and generalized Ricci-flat metrics.

1 Introduction

The study of instantons in higher dimensional manifolds is driven by the hope of defining invariants [DT98], emulating
the Donaldson invariants obtained from the moduli space of anti-self-dual connections in four dimensions (cf. [DK90]).
This programme has motivated substantial activity in recent decades, particularly in the realm of manifolds with special
holonomy, such as Calabi—Yau manifolds, see e.g. [SE15, Ste23], and 7-manifolds endowed with a torsion-free Go-
structure, see e.g. [Wall3, SEW15, Wall6, LO18, MNE21, ST24]. A new phenomenon that has recently emerged in
the physics literature is the construction of instantons from instantons in the study of compactifications and domain
wall solutions of heterotic string theory on a 7-dimensional manifold M [dIOLS18a, dIOLS18b]. The basic idea is to
start with an integrable Gy-structure ¢ and a Go-instanton connection ¢ on a bundle P — M, that is,

Fo ANy =0,
for ¢ = xp, solving the so-called heterotic Bianchi identity
dH = (Fy \ Fy). (1.1

The four-form (Fy A Fy) € Q4(M) depends on a choice of invariant bilinear form on the Lie algebra of the structure
group of P, often dependent on a real (non-zero) constant denoted «’, and represents a multiple of the first Pontryagin
class of P via Chern—Weil theory. The three-form H € Q?(M) corresponds to the torsion of the characteristic
connection constructed by Friedrich and Ivanov [FI03], and can be written in terms of the torsion forms of ¢ as

1
H = gTogo—Tl 2% — T3.
From this data, one obtains an instanton D on the extended bundle @ = T'M & adP (Theorem 4.6), with respect to
the same Ga-structure ¢:
Fp Ay =0. (1.2)

The connection D has an intricate yet explicit dependence on ¢, which motivates branding a solution of (1.2) a coupled
Go-instanton.
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Analogues of this interesting new phenomenon have recently been exploited in complex geometry, leading to
obstructions to the existence of canonical metrics on a compact non-Kihler Calabi—Yau manifold endowed with
solutions of the Hull-Strominger system and pluriclosed Hermitian metrics with vanishing Bismut—Ricci form (see
[GFGM23, GFJS23]). Coupled instantons on Calabi—Yau manifolds also play an important role in recent developments
in non-Kidhler mirror symmetry [ACDAdLHGF24], and they are expected to provide instantons in higher gauge
theory, where the structure group of the bundle is replaced by a mild category [GFRT20a, TD24].

Motivated by these instances, we introduce and study a general notion of coupled G-instanton, for a class of G-
structures arising from parallel spinors on an oriented spin manifold M endowed with a principal bundle P. The
unknowns for the equations are tuples (g, H, 6,7), where g is a Riemannian metric on M, (H, ) is a solution of the
heterotic Bianchi identity (1.1), and 7 is a non-zero real spinor. We say that such a tuple satisfies the coupled instanton
equation if

Fp-n=0, (1.3)

where D is the connection on the extended tangent bundle 7'M @ ad P defined by

- i
D:(YF 59) (1.4)

Here, V™ is the spin connection on M with skew-symmetric torsion —H, given by

VT =VI— 1g_lH7
2
and F € Q'(Hom(7,adP)) is a suitable tensor determined by the curvature of § with formal adjoint F' (see (2.36)
for a more precise definition).

Coupled G-instantons are motivated by the unifying language of generalized geometry [Hit03]. As a matter of
fact, the basic building blocks for the construction of coupled instantons in six and seven real dimensions correspond
to solutions of the gravitino equation on a Courant algebroid of string type [GF19]. More explicitly, those tuples
(g9, H,0,n) satisfying the heterotic Bianchi identity (1.1) and the gravitino constraints

Vtn=0, Fy-n=0, (1.5)

where VT = V9 + % g~ ' H is the spin connection on M with skew-symmetric torsion H. When supplemented with
the so-called dilatino equation, formulated in terms of a Dirac-type operator acting on 7 (see Lemma 2.12), these
equations correspond to the Killing spinor equations on a Courant algebroid [GFRT16, GF19] (see Definition 2.11),
and hence they are closely related to the Hull-Strominger system [Hul86, Str86] on Calabi—Yau manifolds and also to
the heterotic Go system [FIUV11, dIOLS18a, CGFT22].

In the present work we investigate how coupled instantons and solutions of the gravitino equation are intertwined,
and ask whether any solution of (1.5) and the heterotic Bianchi identity (1.1) induces a coupled instanton: see Problem
1. We also study how coupled instantons are related to generalized Ricci-flat metrics, given by solutions of the system
of equations

1 1
1%(3—11{2 + <iU¢F9;i’U1‘F9> + §Lcng = 0,

d*H —d¢ + i H = 0, (1.6)
dyFy + x(Fo N xH) +ics Iy = 0,

for a tuple (g, H, ), as before, and a one-form ¢ € Q. In this respect, we propose as an open question in Problem 2
to characterise the precise conditions a coupled instanton needs to satisfy, in terms of the G-structure determined by
the spinor, in order to solve (1.6) for a suitable choice of one-form (.

When ( = d¢ for a smooth function ¢, the equations (1.6) match the equations of motion of the heterotic
supergravity for the metric, the three-form flux, and the gauge field, in the mathematical physics literature, see e.g.
[GF14, Mol24]. The parallelism with the physics setup (see Remark 2.16) leads naturally to ask whether the equations
(1.6) imply that the analogue of the equation of motion for the dilaton field is satisfied. This is a scalar equation, given
by the vanishing of the function

1 y o
Ry — S|HI* + [Fp|* = 2d°C = [¢|* € C>(M). (1.7)
This scalar quantity plays an important role in the theory of generalized Ricci flow, being closely related to the

volume density of the generalized Perelman energy functional, see [AMP24, GFS20, SV20, SSCV24]. We explore
this interesting aspect in Section 2.4.



We prove three main results in the present work. Theorem 2.32 provides a precise answer to Problem 1 for
oriented spin manifolds of arbitrary dimension, from which we derive in particular Theorem 4.6 for Gy-structures
with torsion coupled to Gs-instantons. Specialising henceforth to dimension 7, Theorem 4.9 investigates the relation
between coupled instantons and generalized Ricci-flat metrics, in relation to Problem 2. More precisely, the coupled
Go-instantons constructed in Theorem 4.6 are, in fact, generalized Ricci-flat, and we reach the strong conclusion that
the gravitino equations (1.5) together with the heterotic Bianchi identity (1.1) actually imply solving the full heterotic
Go system (3.12), as known to be the case for coupled Spin(7)-instantons, see Remark 4.10. These two results rely on
some aspects of the theory of parallel spinors and G-structures for connections with skew-symmetric torsion, initiated
in the seminal paper [FI03] and further developed in [FKMS97, AF03, AF10, ACFH15]. Third, Theorem 5.15 is
devoted to the study of examples arising from the analysis of the heterotic G2 system on certain 7-manifolds which
are circle bundles over Calabi—Yau 3-orbifolds and carry natural integrable Go-structures [CARDSE20, LSE23]. On
these contact Calabi—Yau 7-manifolds, we find approximate coupled Gs-instantons and generalized Ricci curvature
which is approximately zero in a precise quantitative sense, relative to the (string) constant o’ > 0 appearing in the
heterotic G2 system. In these examples, as o’ — 0, the circle fibres necessarily shrink to zero size.

This paper is organized as follows. In Section 2 we recall the background in generalized geometry and introduce
our equations of interest: the gravitino equation, the dilatino equation with parameter A € R (see Theorem 2.11) and
the coupled instanton equations (see Theorem 2.26). Collectively, we call a solution of the first two sets of equations a
Killing spinor with parameter \. In Section 2.5 we propose two open questions which relate solutions of the gravitino
equation (1.5) with coupled instantons (see Problem 1), and also to generalized Ricci-flat metrics (see Problem 2). In
Section 3 we specify to the case where the base manifold is seven-dimensional. After briefly reviewing the necessary
background on Ga-structures, we characterise the Killing spinors with parameter A in terms of Ga-structures with
torsion coupled to Go-instantons, via a mild generalisation of the heterotic Go system (where the torsion class 71 may
not be necessarily exact) (see Proposition 3.6). The rest of this section is devoted to prove, by means of generalized
geometry techniques [GF19, CSCW11], that any solution of this system gives a generalized Ricci-flat metric with
constant generalized scalar curvature, for a suitable choice of divergence operator. Section 4 is devoted to give a
precise answer to Problem 1 and to make progress in Problem 2 in the case of a seven-dimensional oriented spin
manifold. Finally, Section 5 introduces and studies a notion of approximate instanton, based on [LSE23], and provides
conditions for approximate generalized Ricci-flatness, which are shown to hold in the contact Calabi—Yau examples
from [LSE23].

Acknowledgements: The authors thank Lucia Martin-Merchdn and Jeffrey Streets for valuable discussions and Ratil
Gonzdlez Molina for helpful comments and a careful reading of the manuscript. MGF was partially supported by
the Spanish Ministry of Science and Innovation, through the ‘Severo Ochoa Programme for Centres of Excellence in
R&D’ (CEX2019-000904-S) and under grants PID2022-141387NB-C22 and CNS2022-135784. JDL was partially
supported by the Simons Collaboration on Special Holonomy in Geometry, Analysis, and Physics (#24071 Jason
Lotay). HSE was supported by the Sao Paulo Research Foundation (Fapesp) [2021/04065-6] BRIDGES collaboration
and a Brazilian National Council for Scientific and Technological Development (CNPq) [311128/2020-3] Productivity
Grant level 1D. ASJr was supported by the Sdo Paulo Research Foundation (Fapesp) [2021/11603-4]. JDL and HSE
benefited from a Newron Mobility bilateral collaboration (2019-2023), granted by the UK Royal Society [NMG\R1\191068].

2 Coupled instantons and Killing spinors in generalized geometry

2.1 Background on string algebroids

We recall the necessary background material on Courant algebroids of string type following [GFRT20b] (see also
[BH15, GF14]).

Definition 2.1. A Courant algebroid (E, (-,-),[-,-] ,m) over a manifold M consists of a vector bundle E — M
endowed with a non-degenerate symmetric bilinear form {-,-) and a (Dorfman) bracket [-,-] on Q°(E), and a bundle
map 7: E — T, called an anchor map, such that the following axioms are satisfied, for all a,b,c € Q°(E) and
feC>(M):

(1) la,[b,c]] = [[a, 0], c] + [b, [a, ]}, (4) m(a) (b, c) = ([a, 0], ) + (b, [a, ]),

(2) mla,b] = [x(a), 7 (b)],

(3) la, fb] = [ la,b] + 7(a)(£)b,

Here, D: C>(M) — Q°(E) denotes the composition of the exterior differential d: C*°(M) — QY(M), the dual
map 7 : T* — E* and the isomorphism E* = E provided by (-, -).

(5) [a,b] + [b,a] = D {a,b).



We will denote a Courant algebroid (E, (-, "), [, ], 7) simply by E. Using the isomorphism (-, ) : E — E*, we
obtain a complex of vector bundles

7" 5 E -5 T (2.1

We will say that I is transitive if the anchor map 7 in (2.1) is surjective. Given a transitive Courant algebroid E' over

M, there is an associated Lie algebroid
Ap = E/(Ker 7)*.

Furthermore, the subbundle
adp := Ker /(Ker 7)* C Ap

inherits the structure of a bundle of quadratic Lie algebras. Therefore, the bundle E fits into a double extension of
vector bundles

0T "S5 E— Ap — 0,
(2.2)

A classification of transitive Courant algebroids has been obtained in [GFRT20b, Proposition A.6] for the special case
in which Ag is isomorphic to the Atiyah algebroid of a smooth principal bundle; such a Courant algebroid is said to
be of string type. In order to state a more precise definition, we briefly discuss the basic example which we will need.

Example 2.2. Let K be areal Lie group, whose Lie algebra  is endowed with a non-degenerate bi-invariant symmetric
bilinear form

() tet—R.
Let p: P — M be a smooth principal K-bundle, and consider the Atiyah Lie algebroid Ap := TP/ K. The smooth
bundle of Lie algebras ad P := Ker dp C Ap fits into the short exact sequence of Lie algebroids

0—adP — Ap — T — 0.

We construct next a transitive Courant algebroid such that the second sequence in (2.2) is canonically isomorphic
to the exact sequence of Lie algebroids above. Assume that the first Pontryagin class of P associated to (-,-) via
Chern—Weil theory is trivial:

p1(P) =0¢€ Hip(M,R). (2.3)

Then, given a choice of principal connection 6 on P, with curvature Fy, there exists a smooth real three-form H € 03
such that the Bianchi identity holds:

dH — (Fg N Fp) = 0. (24)
Given such a pair (H, #), we define a Courant algebroid Ep g ¢ with underlying vector bundle
T@adPdT™,
non-degenerate symmetric bilinear form
(X+r+X +r+¢) =X)+ (r,m), (2.5)

bracket given by
[X+T+§5Y+t+77] = [va] 7F9(X7Y)+d§(tid€/ri [Tat]
+ Lxn—ydl+yexH (2.6)
+ 2(d’r,t) 4+ 2(x Fy, t) — 2(1y Fo, 1),

and anchor map 7(X +r + ¢) = X. For simplicity, we will abuse notation and use the same symbol for the pairing on
the Lie algebra £ and E, which should lead to no confusion. Under the previous hypothesis, E'p i ¢ defines a smooth
transitive Courant algebroid over M . A

Transitive Courant algebroids as in Example 2.2 fit into the category of string algebroids [GFRT20b], which
motivates the following definition. The notion of isomorphism we use is the standard one for Courant algebroids,
given by (base-preserving) smooth orthogonal bundle morphisms which preserve the bracket and the anchor map (cf.
Remark 2.4):

Definition 2.3. A Courant algebroid E over M is of string type if it is isomorphic to a Courant algebroid Ep g, as
in Example 2.2, for some triple (P, H, 0) satisfying (2.4). In this case, we will refer to E simply as a string algebroid.

Remark 2.4. Note that the Courant algebroid E in Example 2.2 carries a natural bracket-preserving map £ — Ap,
induced by the identification Ap = T @ adP provided by the connection §. This data is often regarded as part of
the structure of a string algebroid, and morphisms in the string algebroid category are compatible with this map (cf.
[GFRT20b, Definition 2.3]). O



2.2 Weak Koszul formula and generalized Ricci tensor

Let M be an oriented manifold endowed with a string algebroid E. In this section, we recall basic aspects of
generalized Riemannian geometry, following [GF19, GFS20].

Definition 2.5. A generalized metric on a string algebroid E is an orthogonal decomposition E = V. ® V_, so that
the restriction of (-, -) to V. is positive definite and that mty, : Vy — T is an isomorphism.

A generalized metric V. C F is equivalent to a pair (g, o), where g is a Riemannian metric on M and o: T —
FE is an isotropic splitting, see e.g. [GF14]. Alternatively, a generalized metric can be encoded in an orthogonal
endomorphism G : E — E such that G2 = Id. The orthogonal decomposition £ = V. @ V_ is then recovered from
the eigenbundles
Vi =Ker (G F1d).

We will use the following notation for the induced orthogonal projections
1
Ty = §(G:|:Id): E—Vi:a— ay.
More explicitly, in our case of interest, the isotropic splitting o: T — E determined by G induces an isomorphism
E2T@adPa T,

and hence an explicit string algebroid structure as in Example 2.2, with bracket (2.6), for a uniquely determined
H € Q3(M) and principal connection § on P satisfying (2.4), cf. [GF14, Proposition 3.4]. Furthermore, via this
identification we have

Vi={X+gX:XeT}, V.={X+r—gX:XeT,readP}, 2.7)

as well as

o

o

QI
—

S
o

with orthogonal projections

(X4 = g (XX g7 CH0), T (X hrh Q)= 5(X —gX — g+ Q) 4

It will be useful to introduce the notation

or:T — Vi

X—or(X):=X+gX. 28)

Remark 2.6. If we take the string algebroid of the form E' = Ep g, g,, as in Example 2.2, then a generalized metric
G on E is equivalent to a triple (g, b, ), for b € 92, and the three-form H above is determined by
H = Hy+2(ahFy,)+ (aNda) + (aAlaAa])+ db, (2.9)

where a = 0y — 0 € Q!(adP). Condition (2.9) can be expressed more invariantly by the following equivalent
condition on the equivariant cohomology of the principal bundle:

[p*Hy — CS(6p)] = [p*H — CS(9)] € H3(P,R)¥,

where p: P — M is the canonical projection and C'S(6) € Q3(P)¥X is the Chern-Simons 3-form of §. The class
[p*Ho—CS(6p)] € H3(P,R)X can be regarded as the isomorphism class of a K -equivariant (exact) Courant algebroid
over the total space of P, from which the (transitive) Courant algebroid E is obtained by reduction [BH15, GF14]. O

In order to introduce natural curvature quantities associated to a generalized metric G, the main difficulty is that
there is no uniquely determined analogue of the Levi-Civita connection [CSCW11, GF19]. Instead, there is a weak
version of Koszul’s formula: a generalized metric G on E determines a pair of differential operators

DY:T(V) »T(V*@Vy) and DI:T(V.)»T(Vi®V.), (2.10)
defined on sections a_ € I'(V_) and b, € I'(V.) respectively by

(a—,D*by) =mifa_,by] and (by,Dia_)=m_[by,a_]. (2.11)



In the sequel, we will abuse notation and write simply D, b, := (a_, DTb,), and similarly for D . They satisfy
natural Leibniz rules, with respect to the anchor map, for any smooth function f € C*°(M):

(a—)(f)b-i- + fDa7b+,
Dy, (fa—) =m(bs)(f)a- + fDa,a—.

To give an explicit formula for the operators in (2.10), we fix a generalized metric G on E and consider the
associated isomorphism £ = T @ adP @ T* and pair (H, 6) satisfying (2.4). Define a pair of metric connections V+
on (T, g) with totally skew-symmetric torsion by

1 1
VLY = V%Y + 5g*H(X, Y,:), and VY =V%Y — 59’1H(X, Y, "), (2.12)

where VY is the Levi-Civita connection of g.

Lemma 2.7 ([GF14, GFRT16]). Let G be a generalized metric on a string algebroid E and let (H, 6) be the uniquely
determined solution of (2.4). Then, the differential operators (2.10) and the metric connections (2.12) on (T, g) are
related by:

Dy a_=0_(VyX — g iy Fp, 1)) + dir — Fo(Y, X),

(2.13)
Daib+ = 0’+(V;Y — g_1<iYF95 T)),

where Fy is the curvature of 0 and

a_=o_(X)+r=X+r—gX,
(2.14)
by =04 (Y) =Y +gY.
Even though the “right” notion of curvature tensor in generalized geometry is still unknown, one can construct a
pair of generalized Ricci tensors associated to a generalized metric. For this, it is customary to consider divergence
operators on the string algebroid &2 which keep track of the conformal geometry of E, cf. [GF19].

Definition 2.8. A divergence operator on a string algebroid E is a map div: Q°(E) — C>°(M) satisfying
div(fa) = fdiv(a) + w(a)(f), forfe C®(M).

By definition, the space of divergence operators on F is affine and modelled on the space of sections of E* = E.
Note that the generalized metric has an associated Riemannian divergence defined by
LXvOIIW

dive (X 4+r+¢) = =——X, (2.15)
VOl]\/[

where voly, is the volume element of g. As a result, any divergence div on E can be expressed in the form
div = div® — (g, )

for a uniquely determined section € € T'(E).
Naturally associated to a pair (G, div), given by a generalized metric G and a divergence operator div, one can
construct a pair of generalized Ricci tensors (see Proposition A.2):

RC-’(_},div e V_ ® V+ and RC(_;,div E V+ ® V_.

The first general definition of a Ricci tensor in generalized geometry was provided in [GF19], using torsion-free
generalized connections. A simpler definition has been introduced in [SV20], which makes explicit use of the
divergence operator. Both definitions agree on string algebroids, as recently proved by the second author jointly
with R. Gonzalez Molina and J. Streets [GFS20, GFGM23]. We now recall an explicit characterisation of generalized
Ricci tensors on string algebroids, as originally computed in [GF14] using Levi-Civita connections. A brief account
of the motivation for the following formula will be given in Appendix A using the method from [GF14, GF19], for
completeness. In the sequel, we will identify Vi = V via the natural isomorphism provided by the pairing on E.

Proposition 2.9. Let (G, div) be a pair given by a generalized metric G and a divergence operator div on a string
algebroid E over an n-manifold M. Definee € T'(E) by (e, ) := div® — div. Via the isomorphism E = T®ad POT™
provided by G, we can uniquely write

e=op () +z+0.(¢)



for ¢+ € T'(T*) and z € T'(adP). Then, one has

Re& aiy (0 b4) = ivix (Regs + 3 iv, Foy in, Fo) + V¢4 )
j (2.16)
- iy<d;§F9 F (1) % (Fy A*H) + iCiFg,r>,

Reg g (b1ra-) = z'Xiy<Rcvf +> i, Fo,iv, Fo) — V(- + (Fo, z>)
j 2.17)
- iy<d§F9 +(—1)" # (Fg AxH) — d”z — i s Fy, r>.

where a_, by are as in (2.14) and {v;} is an orthonormal frame for g.

2.3 Killing spinors with parameter \

In this section, we introduce a natural system of coupled equations, which provides a mild generalisation of the Killing
spinor equations in generalized geometry [GFRT16, GF19]. In particular, these equations accommodate the Hull—
Strominger system and the heterotic G4 system as particular cases (Lemma 2.12). As we will see in Proposition 2.15,
an important motivation for their study is that their solutions give special examples of generalized Ricci-flat metrics.

To introduce the equations, we fix a string algebroid E over a spin manifold M of dimension n. Given a pair
(G, div), where G and div denote, respectively, a generalized metric and a divergence operator on F, the fixed spin
structure on M, combined with the isometry

g4 (T,g) — V+ (218)
X+— X 49X,
determines a real spinor bundle S for V. (upon a choice of irreducible representation of the real Clifford algebra

Cl(n,R)). Associated to the pair (G, div), there are canonical first-order differential operators [GFRT16, GF19] (see
also [CSCW11)):

D5:0%8) = Q°(V*® S), and I :Q0S) — Q°S). (2.19)

The operator D° corresponds to the unique lift to S of the metric-preserving operator D in (2.10). The Dirac-type

operator EJF is more difficult to construct, as it involves torsion-free generalized connections (see proof of Proposition
2.18 and Appendix A). In our situation of interest, both operators can be described explicitly in terms of the affine
metric connections with totally skew-symmetric torsion in (2.12). The formula for D in the next result is, for
instance, a direct consequence of the second equation in (2.13).

Lemma 2.10 ((GFRT16]). Let (G, div) be a generalized metric and a divergence operator on a string algebroid E,
and let (H, 0) be the unique pair satisfying (2.4) determined by G, where H € Q3(M) and 0 is a principal connection
on P. Denote div® —div = (¢,-), set ¢ = g(mey,-) € T*, and identify S with a spinor bundle for (T g), via the
isometry (2.18). Then, for any spinorn € Q°(S) anda_ = X +r — g(X) € T'(V_), one has

Di n=Vin—(Fo,r) n,
Pry=Y""n-1n,
where V%BY = VLY + %g_lH(X, Y,:) and Wl/g is the associated Dirac operator.
We are ready to introduce our first system of equations of interest.

Definition 2.11. Let E be a string algebroid over a spin manifold M, and fix a constant A € R. A triple (G, div,n),
given by a generalized metric G, a divergence operator div, and a spinor n € Q°(S), is a solution of the Killing
spinor equations with parameter A, if

DSn=0,
L (2.20)
Dn= .

From their origins in theoretical physics, we will refer to the first equation in (2.20) as the gravitino equation, and to
the second equation in (2.20) as the dilatino equation.



The previous definition can be generalized, in the obvious way, to complex spinors. In even dimensions, the system
(2.20) for a complex pure spinor 7 forces A = 0, since 7 is necessarily chiral and the Dirac operator lﬁJr changes
chirality. In odd dimensions, or for non-pure spinors, equations (2.20) are more general than the ones considered in
[GFRT16, GF19]. The next result provides an explicit characterisation of the Killing spinor equations with parameter
A, in terms of classical tensors. The proof is a straightforward consequence of Lemma 2.10 and the classification of
string algebroids in [GFRT20b, Proposition A.6], almost identical to the proof of [ACDAdLHGF24, Lemma 3.8], and
it is therefore omitted.

Lemma 2.12. Let E be a string algebroid over a spin manifold M. Let (G, div,n) be as in Lemma 2.10, and consider
the associated data (g, H, 0,7, () . Then the following holds.

1. (G, n) solves the gravitino equation in (2.20) if and only if (g, H, 0, 1) solves

Vtn=0, Fy-n=0. 2.21)

2. (G,div,n) solves the dilatino equation with parameter X in (2.20) if and only if (g, H, 0,1, ¢) solves

13 1
(W/§Q-nm. (2.22)

Conversely, any solution (g, H,0,n) of (2.21) (resp. (g9, H,0,n,¢) of (2.22)) satisfying the heterotic Bianchi
identity (2.4) determines a string algebroid as in Definition 2.2, endowed with a solution of the gravitino equation
(resp. dilatino equation) in (2.20).

Remark 2.13. In the mathematical physics literature, the name gravitino equation is often reserved for the first equation
in (2.21), while the second receives the name of gaugino equation, referring to the superpartners of the graviton field
and the gauge field, respectively (see e.g. [1105]). The unified treatment of the equations (2.21) is motivated by the way
they appear in generalized geometry via the weak Koszul formula (2.11) and is borrowed from [ACDAJdLHGF24].

O

We next prove a first structural property of the Killing spinor equations (2.20) with parameter A in relation to
generalized Ricci-flat metrics, which motivates Definition 2.11. This is based on an interesting formula for the

generalized Ricci tensor in terms of operators D and 17)+, discovered in the physics literature [CSCW11] (without
proof) and first established in [GF19, Lemma 4.7].

Lemma 2.14 ([GF19]). Let (G, div) be a pair given by a generalized metric and a divergence operator on a string
algebroid E over a spin manifold M. Then, for any a_ € Q°(V_) and any spinor nn € Q°(S), the generalized Ricci
tensor Rca aiv € Vo @ V4 satisfies

<a—7RC-’(_},div> /e 4(m+DaS, - Df,lDJr - Z'Uj : Df,[vj,a,])n7
j=1

where {v;} is any choice of local orthonormal frame for V..

As a direct consequence of the previous formula, any solution of the Killing spinor equations with parameter \ is
generalized Ricci-flat.

Proposition 2.15. Let (G, div,n) be a solution of the Killing spinor equations (2.20) with parameter A € R, on a
string algebroid E over a spin n-manifold M. Provided that 1) is nowhere-vanishing on M, the pair (G, div) satisfies

I{CJCS'v,diV =0.
More explicitly, in terms of the tuple (g, H, 0,1, ¢) determined by (G, div), c¢f. Lemma 2.10, and a local orthonormal
frame {v;} for g, one has
1, , , 1
quH’+§]%J@%ﬁw+§Qm:Q
J

. (2.23)
d*H —d¢ + i H = 0,

dpFy 4 (—1)" % (Fg A*xH) +ic: Fy = 0.



Proof. Applying Lemma 2.14 to a solution of the Killing spinor equations (2.20), we have
(a—,Re i) 1= —4D5 Py =—4ADS n=0,
for every a_ € Q°(V_). Consequently,

|<a—7RCE,div>|277 = <a—7RCE,div> : <a—7RCE,div> =0,

and therefore |{(a_, Rca aiv)|? = 0 for every section a_, since 7 is nowhere-vanishing. The first part of the proof
follows now from the fact that the pairing on V. is positive-definite. As for the second part of the statement, equations
(2.23) follow from the explicit formula for the generalized Ricci tensor (2.16), together with the unique decomposition
of Rey+ and V(¢ into symmetric and skew-symmetric 2-tensors, see e.g. [GFS20, IP01]:

1 1

RCV+ = I{szff2 — §d*H,

1 1 1 2.24)
V(= iLgug + §dC - EiguH-

O

Remark 2.16. When ¢ = d¢, for a smooth function ¢, equations (2.23) match the heterotic supergravity equations
of motion for the metric, the 3-form flux, and the gauge field, in the mathematical physics literature, see e.g. [GF14,
Mol24]. This suggests that solutions of (2.20) with closed, or even exact, one-form (, play a special role; we explore
this interesting aspect in Section 2.4. O

2.4 Generalized scalar curvature

A comparison with the physics setup (see Remark 2.16) leads naturally to asking whether equations (2.20) imply the
analogue of the equation of motion for the dilaton field. This is a scalar equation, given by the vanishing of the function

1
Ry — S |H[* + [Fp|* = 2d°C = |(]* € C>(M), (2.25)

where (g, H, 0,7, ¢) is the associated data as in Lemma 2.10. This scalar quantity plays an important role in the theory
of generalized Ricci flow, being closely related to the volume density of the generalized Perelman energy functional,
see [GFS20, GFGMS24]. In (2.25), and in the sequel, we use the Hodge norm on differential forms, given by

1 n o
181> Volg = BA 3 = il Z By B

i10ein =1
for 8 € QF. Note further that the summand |Fp|? in (2.25) is computed using the bilinear form (-,-) : €@ £ — R, via
|Fp|? Volg = (Fa AxFa),

and hence it might not be non-negative as a function on M.
To describe the dynamics of the dilaton field and provide an answer to the above question, we start by giving an
interpretation of the scalar (2.25) in generalized geometry, using the operators (2.19). We build on a Lichnerowicz-type

formula for the cubic Dirac operator Wl/ 3 due to Bismut [Bis89], see also [AF03, Theorem 6.2]. We follow closely
[GFS20, Proposition 3.39], see also [CSCW11] (alternative approaches can be found in [AMP24, SV20, SSCV24]).
Given a pair (G, div), we can define a rough Laplacian operator

A% Q0%(S) = Q°%9)
by the formula
A3y :=try (D~ @ DS)(D%n),

where we recall that D%n € Q°(V* ® S) and D~ is the operator defined in Lemma A.3. It is not difficult to see
that A9 is actually independent of the choice of G-compatible torsion-free generalized connection with divergence

div (see Appendix A), similarly as for lb+ (see [GF19, Lemma 3.4]), and hence it is a natural quantity associated
canonically to the pair (G, div). We give next an explicit formula for A¥ .



Lemma 2.17. Let (G, div) be given by a generalized metric and a divergence operator on a string algebroid E. Let
E=T®adP ®T* and (H,0) be the isomorphism and the solution of (2.4) uniquely determined by G, respectively.
Define ¢ € Q°(E) by (e, ) := div® — div. We can uniquely write

e= 0y (¢h) +2+o-(¢H)
for (x € O and z € Q°(adP). Then, for any spinorn € Q°(S), one has
1 1
NSy = (VE)VEn+ L (Fg A Fg) - — 3| Fo*n = Vi 0+ (F, 2) -, (2.26)
where VT is as in (2.12).
Proof. Taking a_,c_ € Q°(V_), we have
(DZ @ DE)(DEn),a- @ c_) := D; D7 n—Dp, . 1.
To calculate the different elements in this formula explicitly, consider the natural isometries, cf. (2.7),
(T,9) > Vi: X - X 49X, (T,—g)® (adP, (-,)) > V_: X +r—> X +r—gX. (2.27)
Via the identification T' @ adP = V_, we have, cf. (A.2),
Dy (Z+1) = VX2 = 37 ixFo, 1) — §g~ iz F,7)
+dit — 2Fp(X,Z) — L[ 1]
+ gt () — 9(X, 2)) (2 + ¢E) = ((z,) = (D)X +7)).
Identifying .S with a spinor bundle for (7', g), the Clifford bundle C1(T") is defined via the relation (we follow [LM90])
XX =—g(X,X)
and, consequently, in a local orthonormal frame {e’} of 7T, the 2-forms e’ A e/ € s0(T) = A>T embed as e’ - €/
into C1(T"), cf. [LM90, Proposition 6.2]. Hence, we have an identification of DS with the operator, cf. Lemma 2.7,
D%y = Vin — (Fg,r) -1,

for any local spinor 7. We choose a local orthogonal frame {v,,} of V_ and let v* denote the corresponding metric
dual frame, so that <qu oY) = 0., which we assume without loss of generality to be of the form

X if1 <p<n, -X if 1 <p<n,
T 0 B I
® Tu—n ifn<p<dimt+n, rP= i n < p < dim€+n,
where X, lie in T" and r,, lie in ad P, and analogously for their metric duals. Using this, we calculate

n n dim ¢
> D505 =3 D%, (V) + X0 D5, (~(For") )
pn=1 p=1 p=1

n dim ¢
— VR VE R+ Y (Fan) (Fart)
p=1 p=1
n 1 n
S VL VE s D (R XX
p=1 irjok,d=1
n 1 1
- _ Z V}MV}MU + Z<F9 NFp)-m— Z|F0|277-
p=1
Note that the element dim
Qe = Z [ru,mH] €t
p=1

is independent of the choice of local frame {7, } and therefore

dim €

Qg = Z [7’“,7’#] = 79{2 =0.

p=1
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Using this fact, we also have

dim &+n

g DUM vy =
pu=1

Il
M: uM:

+
2 =
g

dim €

JrZD r#

Vot X+ 3Fa(Xps Xp) + s O (2 4+ €)= (- (X)) X))

1(
(-

P ]+ ey O (2 + €)= (5,79)7))

=
Il
—

j;j(
-3 (v

n=

) + m(nzﬁL (n—1)¢-)+ m((dim{%f 1)z + dim &%)

)—f—Cn + 2.

—

From the last formula

n

> Db =~ ZvngnJernn (Fp,2)
=1

p=1

Using now [AF03, Theorem 6.1], which states

(V' Vin==> (VL Vin+V x, M)
p=1
we conclude
1
ASp = (V+)*V+77+Z<Fe/\Fe> 77*—|F0| n— V 77+<F0, z) . O

We are ready to prove the main technical result of this section.

Proposition 2.18. Ler (G, div) be given by a generalized metric and a divergence operator on a string algebroid E.
Consider the pair (H, 0) satisfying (2.4) uniquely determined by G. Define ¢ € Q°(E) by (e, -) := div® — div. Via
the isomorphism E 2T & adP & T* provided by G, we can uniquely write

=0 (¢H) +2+0-(¢E)
for ¢, ¢ € Q%(T*) and =z € Q°(adP). Then, for any spinor n € Q°(S), one has

(@07 -2

where é_ = o_ (¢t + ) + z and

- D;?,)n = i(8+ —2d¢) -1 (2.28)

1
St =R, — §|H|2+|F9|272d*§7 2. (2.29)
Proof. For the proof, we use the same notation as in Lemma 2.17 and its proof. Via the natural isometries (2.27) we
identify S with a spinor bundle for (T, g). Then, the operator Di in Lemma A.3 is given by the following affine
metric connection in the tangent bundle
((Y)X)

~ 1
VxY = VY 4 (X, V)

1
= vy + mg*l(Xb AO)Y)

and the operator 17)+, defined as the Dirac operator for Di (see [GF19, Lemma 3.4]), is therefore IZ)+77 = Y~777. Hence,
given a local spinor 1, we have

_ 1
VXU:V§(/377+H(*C'X+X'C)'77

11



Moreover, writing { = >, Cwe®, we have

Yn=v""n+ D Grel - (—ek el el eb)

gk

1/3 1 i k
— _— 24 J—2 .
Vi n+ n=1) Jgk Cr(26,€” —2€") -

4(n—1)

1/3 1
:77/77*5077-

With these preliminaries, following the proof of [GFS20, Proposition 3.39], we compute
=2 1/3\ 2 1 1 1, 1
Y= (W / ) n— 52 (ej'V‘éjCJrgej'H(ej,Cﬁ,-)) 0+ Vi = gicH n - Z|C|2777
J

where we have used that e/ - o« + v - €7 = —2q;, for any o = Zj ajej € T*. Now, for any o, 5 € T*, we have
(cf. [LM90, Proposition 3.9])
(@npB)-n=(a-B)-n+(aspB)n

and hence
e VICn=> (e, AV =Y (e aVLC)-n=(d+d*¢)-n
J J J
Moreover,
1 . ik 1 j
it = ]zk:lCl ki€’ Ne 'U—E;MQHW@ : U———Zeg (€5, ¢5°) -

We deduce that ) . 1 1
=2 1/3 "
V0= (V") n—5d¢-n—sd"n+Vin— I .
2 2 ¢ 4
Applying now Lemma 2.17 and using the Lichnerowicz-type formula [Bis89], cf. [AF03, Theorem 6.2],
2 1 1 1
(V%) = (V1) V* = 2R, — < |HP + zdH
4 8 4
we conclude, applying the Bianchi identity (2.4),

1 1 . 1
((WF—AS)-nzz(Rg—§|Hl2+|Fe|2—2d <—|C|2)77+ZdH-n— 3¢+ Vim
1
—2{Fa AFo) m+Vin— (Fy,2)) -

1
= 1 (Ry =GP P — 20— (G ) = S on+ 95 o= {Faz) o0 O

et T

The previous result motivates the following definition of the generalized scalar curvature of a pair (G, div) on a
string algebroid E.

Definition 2.19. Let (G, div) be given by a generalized metric and a divergence operator on a string algebroid E.
Define £ € Q°(E) by (¢, ) := div® — div. Via the isomorphism E = T & adP & T* provided by G, we can uniquely
write

e=0u () +z+0-(¢h)

for ¢,¢— € Q9(T*) and =z € Q°(adP). The generalized scalar curvature
§% = 85 € CX0M)
of the pair (G, div) is defined by

= 4((12)*)2 A5 DS ¢ %dg) “n, (2.30)

for any spinor n € Q°(S), where é_ = o_(¢* + Cﬂf) + z. This is well-defined, and explicitly given by (2.29), by
Proposition 2.18.

12



Remark 2.20. As we will see shortly, the generalized scalar curvature plays a distinguished role when ¢ € Q°(ker )

and [e, -] = 0; in other words, when ¢ gives a symmetry of the Dorfman bracket lying in the kernel of the anchor map.
In this case, one has ( = —(_ and consequently &_ = z. Furthermore, the condition [¢, -] = 0 implies
d¢ +2(Fy,2) =0, d?z =0, [z,-] = 0.

A particularly interesting instance arises when z = 0, that is, when ¢ lies on the cotangent subbundle 7" C E, as
in this case d( = 0 and é_ = 0. An important fact about Sé: dive Which we will see in the proof of Proposition

2.23, is that it does not always coincide with the trace of the symmetric part of the generalized Ricci tensor Rca div
(cf. [GFS20, Remark 3.42]).

Remark 2.21. We can regard (2.30) as a local formula on M, so that there is no obstruction for the existence of the
spinor bundle. Therefore, we can define the generalized scalar curvature of a pair (G, div) by (2.29), for a string
algebroid over an arbitrary smooth manifold. O

We finish this section establishing the desired relation between the generalized Ricci-flat condition, the Killing
spinor equations (2.20), and the generalized scalar curvature. The next general result about generalized Ricci metrics
was proved by Gonzalez Molina in [Mol24, Proposition 6.4.5].

Proposition 2.22 ([Mol24]). Let (G, div) be a pair given by a generalized metric and a divergence operator on a
string algebroid E over an n-manifold M. Denote dive —div = (,-), and set { = g(wey.,-) € T*. Then, assuming
that Rcadiv =0, ¢f. (2.23), one has

dST = (=1)" % (d¢ A +H). (2.31)

In particular, if d¢ = 0, the generalized scalar curvature of (G, div) is constant and furthermore one has

d<IHl2lFel2d*< |C|2> =0 (2.32)

Formula (2.31) follows from an explicit calculation in local coordinates while the proof of (2.32) follows by
subtracting ST minus the trace of the symmetric tensor in the generalized Ricci-flat equations (2.23), cf. Remark 2.20.
In the last result of this section we establish that solutions of the Killing spinor equations have constant generalized
scalar curvature.

Proposition 2.23. Provided that (G, div,n) is a solution of the Killing spinor equations (2.20) with parameter \ € R,
then the generalized scalar curvature satisfies

(ST —4X* —2d¢) - =0,
where div® — div = (e,")and ¢ = g(wey,-) € T*. In particular, if d = 0 and 1 is nowhere-vanishing, one has
St = |HP — |Fyf* —d¢ — | = 122,

Proof. Combining the Killing spinor equations (2.20) with (2.28), we conclude immediately

(8T —2d¢)n = 4((l25+)2 —AS — D?,)n =4\,

The last part of the statement follows, as in the proof of Proposition 2.22, by subtracting ST minus the trace of the
first equation in (2.23). O

Remark 2.24. Equation (2.31) implies that, for a Ricci-flat pair (G, div) with d¢ = 0, the dilaton equation of motion
ST = 0 is satisfied, up to an overall constant on the manifold. Furthermore, for any solution of the Killing spinor
equations (2.20) with d¢ = 0 and parameter A # 0, one has ST > 0. O

Remark 2.25. For a solution (G, div,n) of the Killing spinor equations in dimension 6 with 7 # 0, one has that
A = 0 (because 7 is pure). Imposing further that { = d¢, one has that (G, div, ) is equivalent to a solution of the
Hull-Strominger system [GFRT16] and the previous result implies that ST = 0 in this case. O
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2.5 Coupled instantons

We now introduce a second natural system of coupled equations on a string algebroid E over a spin manifold M of
arbitrary dimensions. This is inspired by recent developments on coupled instantons, both in the physics [dIOLS18a,
dlOLS18b] and mathematical literature [GFGM23, GFJS23]. These equations are closely related to Killing spinors and
generalized Ricci-flat metrics (see Problem 1 and Problem 2 below), and play an important role in recent developments
around the Hull-Strominger system and non-Kéahler mirror symmetry [ACDAdLHGF24].

To introduce our equations of interest, we fix a string algebroid E over an oriented spin manifold M. Given a
generalized metric G on I, we note that the operator D in (2.10) has a natural curvature endomorphism

Fp- € NV, @ AV,

defined by
FD; (a+,b+)c_ = Da+Db+C_ — Db+Da+C_ — Da+7r[a+,b+]c—

for any sections a, b4 of V; and c_ of V_.

Definition 2.26. Let E be a string algebroid over an oriented spin manifold M™. A pair (G, ), given by a generalized
metric G and a spinor n € Q°(8), is a solution of the coupled instanton equation, if

Fp--n=0. (2.33)

When 1 is nowhere-vanishing, denoting by G the stabilizer of 1) in Spin(n), we will refer to a solution of (2.33) as a
coupled G-instanton.

We present next two problems, which relate the coupled instanton equation (2.33) to the Killing spinor equations
(2.20) and generalized Ricci-flat metrics, providing an important motivation for their study. We first observe that, if
M™ is even-dimensional with n = 2m, then any solution of the gravitino equation in (2.20) (see also Lemma 2.12),
with complex pure spinor 7 and integrable complex structure is, in fact, a coupled SU(m)-instanton, in the sense of
Definition 2.26, cf. [GFGM23, Lemma 5.4]. In this case, solutions of the Killing spinor equations (2.20) with ) pure
and ¢ exact are in correspondence with solutions of the Hull-Strominger system on complex Calabi-Yau manifolds,
with the Hermitian Yang—Mills Ansatz, see [GFGM23]. This motivates the following.

Problem 1. Let E be a string algebroid over an oriented spin manifold M™. Let (G, n) be a solution of the gravitino
equation in (2.20), i.e.
D%y =0.

Then, (G, n) satisfies the coupled instanton equation (2.33).

More explicitly, the data (E, G, ) in the hypothesis of the previous Problem is equivalent to a tuple (g, H, 6, 7)
solving the equations, cf. Lemma 2.12,

Vtn =0, Fy-n=0, dH — (Fy A\ Fy) = 0. (2.34)

Furthermore, coupled SU(m)-instantons which satisfy the gravitino equation in (2.20) with integrable complex structure
are generalized Ricci-flat by [GFGM23, Proposition 5.6], for a suitable choice of divergence operator canonically
determined by the Lee form of the SU(m)-structure. This motivates our second problem.

Problem 2. Let E be a string algebroid over an oriented spin manifold M™. Let (G,n) be a solution of the coupled
instanton equation (2.33). Find the precise conditions, in terms of the G-structure determined by n, which imply that

Rca,divo = 07
for a canonical choice of divergence operator divy = div(G, n) uniquely determined by the pair (G, 7).
Remark 2.277. Notice that the generalized Ricci tensor Rca aiv only depends on ¢ in the decomposition
e=op () +z+0. (),

where (¢, -) := div® — div, for (x+ € I(T*) and z € T'(adP), see Proposition 2.9. We expect a solution of (2.21) to
determine the divergence uniquely, by imposing the constraint e € T™. O
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In Section 2.6 we present a complete answer to Problem 1 in arbitrary dimensions, via a spinorial proof, cf.
Theorem 2.32. Section 3 and Section 4 are devoted to study those two Problems in the 7-dimensional case, where any
nowhere-vanishing spinor determines a Go-structure. In particular, by direct application of Theorem 2.32, in Theorem
4.6 we extend a result by De la Ossa, Larfors and Svanes in seven dimensions in the physics literature [dIOLS18a,
dIOLS18b]. Before going into those specifics, we conclude this section by giving an explicit characterisation of the
coupled instanton equation (2.33) in arbitrary dimensions, which we will use for the proof of Theorem 2.32. To that
end, we consider a generalized metric G as in Definition 2.26, and observe that there exists an anti-isometry

o_: (T®adP, (-, — V_ (2.35)
X+r— X+r—gX,

where (X + 7, X +7)% = g(X, X) — (r, 7). Using this, and the isometry o : T — V. from (2.8), the operator D"
in (2.10) can be identified with the ordinary connection (see Lemma 2.7)

V- Ff
D= < g ) , (2.36)
where F € Q! (Hom(T, adP)) is the Hom(T', ad P)-valued 1-form
(ixF)(Y) = Fp(X,Y) (2.37)

and FT € Q! (Hom(adP, T)) is the corresponding (-, -)°-adjoint
(ixE")(r) = —g~H{ix Fo, 1)’

We will use the standard notation Ry for the curvature of V™~ and also V%~ for the covariant derivative induced by
0 and V~ on A2T* @ adP. In particular,

(VY Fp)(X,Y) = dY(Fe(X,Y)) — Fo(V;X,Y) — Fp(X,V,Y)

for any triple of vector fields X,Y,Z on M. An explicit formula for the curvature of D has been computed in
[GFGM23, Lemma 4.7] as follows.

Lemma 2.28 ((GFGM23]). The curvature of D is given by

_( Ry- —FiATF -1t
Fp = ( I [Fy, ] —FAFt )° (2.38)

where
iyixFIAF(Z) = g Yiy Fy, Fo(X, Z)) — g~ Wix Fy, Fo(Y, Z)),
ivixI(Z) = (V5 F)(X,Y) + Fo(X, g VigiyH) — Fy(Y,g Vigix H),
ivixFAFN(r) = Fy(Y, g Wix Fo, 1)) — Fo(X, g9 Wiy Fp, 7).

The desired explicit characterisation of the coupled instanton equation (2.33) follows now from the previous
formula.

Proposition 2.29. Let E be a string algebroid over an oriented spin manifold M. A solution (G, n) of the coupled
instanton equation (2.33) on E determines a tuple (g, H, 0,n), as in Lemma 2.10, solving the coupled instanton system

(Ry- —F'AF) -9 =0,
VOFTFy.n=0,
[Fy-n,-] —FAF'-n=0,
dH — (Fy A\ Fy) = 0.

(2.39)

Conversely, any solution of (2.39) determines a string algebroid as in Example 2.2, endowed with a solution of the
coupled instanton equation (2.33).

Proof. Note that
iwivI(Z) = (V5 Fp)(V,W) — Fy(V,g ' H(Z,W)) + Fo(W, g H(Z,V))
= dY(Fy(V,W)) — Fg(V,V ;W) — Fo(V,V,W) — Fp(V,g " H(Z,W)) + Fp(W,g" ' H(Z,V))

= dy(Fo(V, W) = Fy(V, V4 W — %gle(z, w)) - Fa(V5V - %gle(Z, V), w)
— Fy(V,g" H(ZW)) + Fy(W,g" ' H(Z,V))

= dy(Fy(V, W) = Fy(V, VW + %g_lH(Z, W) - Fo(V4V + %g_lH(Z, V)W)

= (V5 E)(V.W).
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The statement follows now directly from (2.38). O

Remark 2.30. More explicitly, choosing an orthonormal frame {v; } for (T, g), the first three equations in (2.39) can
be written as (cf. proof of Proposition 2.18)

(Ry- (vi,v5) — g~ ((in, Fo, Fy(vi,)) — (iv, Fo, Fy(vj,-))))vivs - n = 0,
(VO Ey) (v, vj)vv5 - = 0, (2.40)
([Fo(vi,v5)), -] = (Fo (v, 9™ (i, Fo, ) — Fo(vi, g~ (v, Fo, ) Jviv; - = 0.

2.6 Gravitino solutions and instanton towers

In this section, we present a complete solution to Problem 1 in arbitrary dimensions. We also discuss a curious
phenomenon which creates infinite numbers of instantons, with increasing rank, from solutions of the gravitino
equation (2.21) with dH = 0. Concrete examples of these instanton towers are discussed in Section 4.3 in the
seven-dimensional case, by application of Theorem 4.6. Key to our development is the following symmetry, originally
due to Bismut [Bis89] (see also [GFS20, Proposition 3.21]), between the curvatures of the metric connections v+
with totally skew-symmetric torsion £ H € Q2 defined in (2.12):

9(Re+(X.Y)Z W) = g(Ry-(Z,W)X.Y) + ZdH(X,Y, 2,V) (241)

We will also need the following basic technical lemma, which provides a generalization of [dlIOLS18a, Lemma 5],
originally proved in dimension 7, to arbitrary dimensions.

Lemma 2.31. Let (M™, g) be an oriented spin manifold Riemannian manifold of dimension n. Let o, 3 € Q? a pair
of two forms on M and n € T'(S) an arbitrary spinor. Then, we have

o, Bl =77 (2.42)
where, for any choice of local orthonormal frame {e;} for g, v € Q*(M) is defined by

n
¥ = Zieja/\ie]ﬂ.
j=1

Proof. Writing the 2-forms in the standard way o = 2;c;;¢" and 8 = 4;3;;€/ and using the canonical embedding
of Q2 into the Clifford algebra e/ A el = eIk %ejek, we have

1
a-(B-n) = —aijBueiejere -1

19 (2.43)
B-(a-n) = Tﬁaijﬁklekeleiej 1)
Furthermore, v € Q2 is given by v = be; 0 N, B = ozjkﬂjlekl = % (kb1 — 0iBjk) e and, consequently,
1
vn=g (kB — cifBjn) exer - . (2.44)
The basic Clifford identity e;e; = —eje; — 20;; implies
epeleie; = —epeeie; — 20;ex€;
= epeieje; + 26 ee; — 205 €5
= —ejereje; — 20;e5e; + 20 epe; — 20;e€;5
= e;ejere; + 2060 — 20;e5e; + 265665 — 20;e€;.
Using the previous expression and substituting in the first equation in (2.43), we then have
1
B-(a-n) = 1—6aij5kl (esejerer + 20 ,e.e1 — 20;e €1 + 20 166 — 20;€5€5) - 1)
1 1 1 1
=a-(B-n)+ gaijﬂjleiel - gaijﬂilejel + gaijﬂkj ere; — gaijﬂkiekej -
1 1
=a-(B-n)+ *Zaijﬂuejel + Zﬂjkajiekei -7
=a-(B-n) =7
as desired. O
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As in the previous section, we consider a string algebroid £ over an oriented spin manifold M ™. By application
of Lemma 2.12, a solution (G, n) of the gravitino equation in (2.20) is equivalent to a tuple (g, H, 8, 7) solving the
equations (2.21) and the heterotic Bianchi identity (2.4). Similarly, by Proposition 2.29, the coupled instanton equation
(2.33) on E is equivalent to a tuple (g, H, 8, n) solving the coupled instanton system (2.39). With these preliminaries,
our next result provides a complete solution to Problem 1 in arbitrary dimensions.

Theorem 2.32. Let P — M be a principal K-bundle over an oriented spin manifold of arbitrary dimension. Then
any solution (g, H, 0,7) of the equations

Vtn=0, Fy-n=0, dH — (Fp N F) =0 (2.45)

solves the coupled instanton system (2.39), and consequently the connection on T' @ ad P defined in (2.36) by
V- Ff
o= (% )

FDUZO

is an instanton with respect to 1, i.e.

In particular, given any solution (g, H,0,n,() of the gravitino equation (2.21) and the dilatino equation (2.22),
satisfying the heterotic Bianchi identity (2.4), the tuple (g, H, 0,n) solves the coupled instanton system (2.39).

Proof. To prove that the first equation in (2.39) is satisfied with our hypothesis, we start by writing (using the
summation convention, as we shall use throughout the proof):

1
FI AT := kawe”@)e ® e € (M, End(TM))

in a local orthonormal frame {e;} of T'. The coefficients are computed as follows:

= l(zejzelF ANF(eg))

=e ( ze Fy, Fy(ei,ex)) — _1<ieiF9,F9(ej,ek)>)

el( (Fjpe?, Fir) — g~ (Fype?, Fi)) = €' (B, Fi) — (i, Fjn)ep))
= (Fy', Fir) — (B, Fie),

k’Lj

where Fy := Fm,e“” and F,, := Fy(e,, e,) € Q°(adP). Note that
o 3
(F' N Fr) = (F'i, Frj)e = 3 ((F's, Fij) — (F'j, Fra)) €,
i.e.
(F'5, Fri) — (F'5, Frg) = flei; = —(F' A Fr)i
On the other hand,

(Eyi, Fyj)e!™

A~ =

(Fop \ Fp) =
((Fuis Frj) — (Fik, Fig) + (Fij, Fik)) eliki

((Fii, Frg) = (Fij, Fra) — (Fi, Fyj)) e'™

— —
w|"w|"

1 o
=1 (—(Fy A Fi)ij + (Fu, Fij)) €9,

which gives the components
1
—(Fy AN Fr)ij + (Fig, Fij) = *§<Fe N Fp) ik -
Combining the above and introducing the heterotic Bianchi identity dH = (Fy A Fp), we therefore have
flkij = *<Fl /\Fk>ij

1
= §<Fe A Fg) i — (Fo, Fli)ij

kij

1
= —5(dH)' 45 = (Fo, F'y)sij

kij
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From formula (2.41), relating the curvatures of V™ and V~ = V9 — % ¢~ 'H, we deduce:

1

2

1L/ 1 ! 1 1\ Lij ook
313 kij — (Fos Fi)ij + 5 kij — (Ro+)ij'x | e’ ®@e” Qe

Applying now the first equation in (2.45), we also have

9(Rv+(X,Y)ei ej)eie; 0= VEVyn —VyVin — Vi yn =0,

for arbitrary vector field X, Y € T'(T). Hence, the first equation in (2.39) follows from
T 1 1 k
(Ry- —F'AF)-n= 1 (9(Ro+(er,ex)eis ej)eie; -+ 2(Fg -, F'y)) @ e @ e = 0.

We next prove that the second and third equations in (2.39) are satisfied. Since V1 = 0 and Fy - = 0 by hypothesis,
we have
(VOFFp) - =VO*(Fy-n) =0, and [Fy-n,]=0,

50, it only remains to show that F A FT . 5 = 0. To see this, taking an orthonormal basis {¢;} for the Lie algebra &,
write

1 iy
FAFT = 5hl,“-je” ® F @ ¢ € Q*(M,End(adP)),
where the coefficients are given by
Ry = ¢ (ieyie, F AFT(C)) = ¢ (Foles, 97 ie, Fo, Ci)) — Folei, g~ (ie, Fo, (k)

= (' (Fo(ej, (Fi"€as k) — Fo(ei, (Fj%€q, Ci)))
= Cl (Fe(ej; <Faiaea & g(lv §k>) - F0(€i7 <Fajaea oy g(lv §k>))
= (" (Fy(ej, Fri“ea) — Fy(ei, Frj%ea) = CH(F®jaFri®Ca — F%iaFr;"Ca)
= Flu B — FliaFiy®.

Those are precisely the coefficients of the 2-form

Y= (ej 2 F") A(ej 1 Fy) (2.46)

J
and hence the proof follows from Fj - n = 0 by direct application of Lemma 2.31. O

We discuss next the salient implications of the previous result for instanton engineering on the oriented spin n-
manifold M. To start the iteration scheme, consider M endowed with a metric g, a spinor 7, a three-form H € Q3,
and a connection # on a principal K-bundle P — M, satisfying

Vtn =0, Fy-n=0, dH = 0.

We consider the Lie algebra £ of the structure group K of P endowed with a biinvariant pairing (,). Using that
(d?)2 = [Fp,], it follows that the covariant derivative V! = d’ on the orthogonal bundle V; = (adP, (,)) is an
instanton with respect to 7. Let P, be the principal bundle of split orthogonal frames of V; & V;, with structure group
K1 = S0(r1) x SO(ry), for r; = dim ¢ (here we abuse notation for the special orthogonal group, since (, ) may have
arbitrary signature), and Lie algebra £; endowed with the neutral pairing

(s )1 = trao(ry) — trsa(ry) -

The product connection D* = V! x V1! provides a new solution (g, H, D', n) of the gravitino equation (2.21),
V=0, Fp1-n=0,

together with a trivial split solution of the Bianchi identity (cf. (2.4)):

dH =0, (Fpr A FD1>1 = trso(rl)(Fvl N Fvl) — trgo(rl)(Fvl A Fgi)=0. (2.47)
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This type of ansatz for solving the (supersymmetry) equations is known in the supergravity literature as the standard
embedding, cf. [GFRST22].
Applying now Theorem 2.32, from the data (g, H, D', 1) we can construct an instanton V2 on the bundle

Vo=T & adP;

for the same metric ¢ and spinor 7, explicitly given by (2.36) (with 0 replaced by D'). Note that V5 is an orthogonal
bundle with metric
(X+rX+re=9X,X)—(r,r,

and the connection V2 is compatible with this metric. As before, let P, be the principal bundle of split orthogonal
frames of V5 @ Vs, with structure group Ko = SO(rq) x SO(rs), for ro = n+r1(r1 — 1), and Lie algebra ¢; endowed
with the neutral pairing

()2 = trga(ry) — tao(ry) -
The product connection D? = V? x V? provides a new solution (g, H, D?,7) of the gravitino equation (2.21) and a
trivial split solution of the Bianchi identity (2.47). Iterating this scheme we obtain, by induction, an infinite tower of
instantons with rank going to infinity on a fixed manifold. We summarise the construction in the next result.

Proposition 2.33. Let M be an oriented spin manifold of dimension n endowed with a metric g, a three-form H € 3,
a spinor n, and a connection 0 on a principal K -bundle P — M, solving the equations, cf. (2.12),

Vtn=0, Fy-n=0, dH = 0.

Then, there exists an infinite sequence of instantons {(Vi, V¥)}ren on M, for the same metric g and spinor n, where
Vi is a real orthogonal bundle of rank

e =n+7rp_1(rg—1 — 1), ry = dim K,
and V* is a linear orthogonal connection on Vj.

Remark 2.34. Given a solution (g, H, n) of the equations
Vtn=0, dH =0,

the proof of Theorem 2.32 implies that the connection V~ on the orthogonal vector bundle (7', g) is an instanton. This
is a direct consequence of the identity (2.41). Hence, in this setup one can always choose § = V™ to start the iteration
scheme. O

Remark 2.35. Note that the proof of Theorem 2.32 is local in nature and hence it applies, in particular, to solutions
of the Hermitian- Yang-Mills equations on a Hermitian bundle V' over a complex manifold, provided that ¢; (V') = 0.
Consequently, by [GFJS23, Proposition 4.4] and the proof of Proposition 2.33 any pluriclosed Hermitian metric with
vanishing Bismut-Ricci form leads to an instanton tower, cf. Remark 2.34. O

Remark 2.36. We speculate that this curious phenomenon holds for more general coupled instantons, not necessarily
obtained via the standard embedding ansatz. O

3 Killing spinors and the heterotic G, system

3.1 Gs-structures

A Gy-structure always exists on an oriented spin manifold M7, cf. [Gra69], and it is equivalent to a 3-form ¢ € Q3 (M)
pointwise modelled on (we are following the conventions in [FKMS97] to define the form)

o = e127 + e347 +€567 +€135 o e146 o e236 o 6245. (31)

Given that G is a subgroup of SO(7), ¢ induces a metric via

gtP(Xa Y) =

ixp Niyo Ao, (3.2)
6volys

where X and Y are vector fields on M, and vol,; is the volume form of M. We denote its Hodge dual under * = *,,
by
V= xp € QY (M).
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The pointwise model of 1 is 19 € A*R™ which is expressed as:
o = 3150 4 (1250 | 1284 _ 2467 | 2357 | 1457 4 1367 (3.3)

With our conventions, we have |¢|? = [¢)|? = 7. Following [Kar08], we have the following natural decomposition of
the space of forms on a manifold with Gs-structure (M, ).

Proposition 3.1 (Decomposition of forms). On a 7-manifold M with Go-structure o, the spaces of differential forms
QF decompose orthogonally into irreducible G-representations as follows, where the | in Qf denotes the rank of the
subbundle in question.

1. The spaces of O-forms and 1-forms are irreducible over Ga:
Q=)  ol=qol
2. The space of 2-forms decomposes as
0 =020,
where
D ={X_p: XeTM}={BeQ*: (Bup)ap=38={Be€Q®: By =28}, (34
Dy ={BeQ:pry=0}={Be€Q*:Bp=0}={BQ?: By =—p} (3.5)

Furthermore, we have the projection formulas for these spaces
1 1 1
m(8) = 5(Bo9) o9 = 5(B+ 5 v), ma(f) =326 Bo0). (3.6)

3. The space of 3-forms decomposes as
PM) =% 603, =200 e SFR),
where
0 ={fp: feC>(M)},
Q2 ={X_,¢y: X ecQ'},
M ={1eP:ynp=07yAy=0}.
4. For4 < k <7, the space QF breaks into irreducible components using the isomorphism induced by the Hodge
star operator x: QF =2 Q7=F_qas follows:

O =01 007 0 Dy, P=000,; 9=, Q" = Q7.

As first observed in [MCMS94], Go-structures are classified by their torsion forms, cf. [Kar08, Theorem 2.23].

Lemma 3.2 ((MCMS94]). Let (M,” ¢) be a seven-dimensional manifold with Go-structure @. Then there are unique
differential forms o € Q°, 71 € QY, o € Q32, and 73 € O3, called the torsion forms of o, satisfying

dp = o1 + 311 A + %73, 3.7
dy =4 ANp+ 19 A p. (3.8)

In the present work, integrable Go-structures (such that 7o = 0) play a distinguished role, as they admit compatible
connections with totally skew-symmetric torsion.

Proposition 3.3 ([FI03]). Let (M”, o) be a 7-manifold endowed with Ga-structure . Then, there exists an affine
connection V on T with totally skew-symmetric torsion preserving o, that is, Vo = 0, if and only if 7o = 0. In this
case, we say  is integrable, and the connection V is unique and given by

1 1
V:v9+§g*1H¢, H :vafﬁwfm, (3.9)

where V9 is the Levi-Civita connection of g = g, and H,, € Q3(M) is the torsion of V. The connection V is called
the characteristic connection of (.

In particular, the compatibility of V with the Go-structure implies that the endomorphism part of its curvature Ry
lives in Qﬁ C 02, that is, for any pair of vector fields X, Y on M,

g(Ry(X,Y)-,-) € O3, (3.10)
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3.2 The heterotic G, system

In this section, we establish a relation between the Killing spinor equations (2.11) in seven dimensions and the heterotic
G2 system. We define the heterotic Gg system following closely [dIOLMS20], on a fixed oriented and spin manifold
M7 endowed with a principal K-bundle P. We assume that £ = Lie(/) is endowed with a non-degenerate bi-invariant
symmetric bilinear form

() tet—R.

We also assume that the first Pontryagin class of P, associated to (-, -) via Chern—Weil theory, is trivial:
p1(P) =0 € Hyp(M,R). (3.11)

Definition 3.4. Let M7 be an oriented spin manifold, endowed with a principal K -bundle P, as before. A pair (i, 0),
where @ is a Ga-structure on M and 0 is a principal connection on P, satisfies the heterotic Go system if there exists
a constant A € R such that

Fo Ay =0,
d 12)\1/1 +3n Ao+
= — T KT
¥ 7 1N\P 35 (3 12)
d’l/) = 47’1 A\ ’l/),
ng, - <F9 AN F9> =0,
where 5
H, = ?)\gp—ﬁ a1 — T3,
Remark 3.5. Ttis clear that there are no solutions to the final equation in (3.12) if p; (P) # 0, so the assumption (3.11)
is clearly necessary for the theory to be non-empty. O

In particular, the system (3.12) implies the following conditions on the torsion components:

12
T0=—AER, T2 = 0.
7
Hence, by Proposition 3.3, the characteristic connection V of ¢ exists, and it coincides with the metric connection
with totally skew-symmetric torsion H,, that is,

1
V=Vt:=VI+ 5gflm,.

When the torsion component 71 € 2}(M) is exact, solutions of (3.12) provide compactifications of ten-dimensional
heterotic string theory to three dimensions with N = 1 supersymmetry, in the supergravity limit. In this case,
supersymmetry constrains the 3-dimensional geometry to be Anti de Sitter (AdS3) or Minkowski and the natural
scale for the 3-dimensional cosmological constant is set by —)\2, cf. [dIOLMS20].

We now show that the heterotic Gy system (3.12) is equivalent to the Killing spinor equations with parameter
A on M7, cf. (2.20). To see this, recall that a Go-structure on M is equivalent to a nowhere-vanishing spinor field
n € Q°(S), where S = Py X @, A7, for Pyy — M the principal Spin(7)-bundle and A~ the irreducible real spinor
representation, see Appendix B.1. More precisely, any nowhere-vanishing spinor 7 defines a Ga-structure via

(X, Y, Z)=(X-Y - -Z -n,n). (3.13)
Conversely, any positive three-form ¢ determines a non-vanishing spinor via the identification
S = (g) @ O3 (3.14)
provided by (B.6). To state the next result, we follow the notation in Lemma 2.12.

Proposition 3.6. Let E be a string algebroid over an oriented spin manifold M". Let (G,div,n) be a solution of
the Killing spinor equations with parameter A € R on E, cf. (2.20). Assume that the real spinor 1 is non-zero and
consider the tuple (g, H,0, ) determined by (G, div), cf. Lemma 2.10, as well as the Ga-structure o defined by 1 via
(3.13). Then (p, 0) satisfies the heterotic Gy system (3.12) and

1 7
9= Gy, H=H,:= 67’@(,0 —T1 1 — T3, ¢ =4m, A= ET@. (3.15)
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Furthermore, provided that E = Ep g, ¢, as in Definition 2.2, one has

1
gfow—flﬂ/}—q-g:H0—|—2(a/\F90>+<a/\d9°a>+§<a/\[a/\a])+db,

for a uniquely determined b € 02, where a = 0y — 0 € Q' (adP).

Conversely, any solution (p,0) of the heterotic Gy system (3.12) determines a string algebroid Ep p, ¢ as in
Definition 2.2, endowed with a solution (G, div, n) of the Killing spinor equations with parameter A, as in (2.20), and
nowhere-vanishing spinor. The tuple (g, H,0, () determined by (G, div) satisfies (3.15) and the spinor 1 is given by
(3.14), where we identify S, the spinor bundle for V., with a spinor bundle for (T, g) via (2.18).

Proof. By Lemma 2.12 and Remark 2.6, it suffices to prove the equivalence between solutions of the heterotic Go
system (3.12) and solutions (g, H, 8, (,n) of the coupled system defined by (2.21), (2.22), and the heterotic Bianchi
identity (2.4). Given such a tuple (g, H, 0, (), consider the Go-structure ¢ defined by the real spinor 7 via (3.13). Note
that, as Go < SO(7), we have g = g,,. Then, V5 = 0 implies that V¢ = 0 and hence, applying Proposition 3.3,

1
T =0, H:H¢::670@—71J1/1—T3.
Furthermore, by the identity (B.5), the condition Fy - = 0 is equivalent to 6 being a Go-instanton, that is,
Fo ANy =0.
Using V!/3 = V* — 1 H, we have
13 1 + 1 1 1 1
= (9= 1) =9 - b= Len= -t - Lo
n=Y 5¢) n=Y -l -n-5Cn=—gH-n-5Cn

On the other hand, applying (B.7) in Lemma B.2, it follows that

1 21
H'UZ(670¢—M'(/7—7Lg)'UZ—ETO'U—GH'U (3.16)
and thus
1 1 7 1 1 7
= by L= Tason - hes (o0 1) e (e a) o
n=—gH-n—5Cn=15m0 n+2mn—5Cn=(2n—5() 0+ (357 U
Using now that (271 — £¢) -n € ()t = Q! C S, cf. Appendix B.2, it follows that:
7
C:4T1, )\:ET().

Conversely, given a solution (¢, 6) of the heterotic Gy system (3.12), consider the real nowhere-vanishing spinor n
defined by (3.14). Then, by the third equation in (3.12), 79 = 0 and hence

Vtp=0=VTty=0,
where VT = V9 + %g_lH and H = H,, see (3.15). As before, Iy A = 0 implies Fyp - n = 0, while the second

equation in (3.12) implies A = 57, by Lemma 3.2. Finally, setting ¢ = 471, we have
/3 1 ) ( + 1 1 ) 7 1 7
o W N S W D LI 0
(W 5¢) n=1(¥ 3H 5C) =g n+2m = SCn= 500 1

Remark 3.7. Given a solution (¢, ) of the heterotic G2 system, the associated string algebroid is Ep, H,,6 as in
Definition 2.2, and the corresponding generalized metric is

0 0 g;l
G, = 0 —-Id O ,
9o 0 0

with eigenbundles
Vi={X+g,X:XeT}, Vo={X+r—9,X:XeT,recadP}.
The divergence operator associated to a solution, given by
div = div®e — (e, ),

is uniquely determined provided that we impose the natural condition € € 7. In this case, € = 87y; that is, it coincides
up to a constant multiple with the Lee form of the Go-structure. O
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3.3 Curvature constraints on the heterotic G, system

We will derive various curvature constraints for solutions of the heterotic Go system. Our results follow from the
characterisation of the system using generalized geometry, in Proposition 3.6, combined with Proposition 2.15 and
Proposition 2.18.

We keep the notation of the previous section. In particular, we fix an oriented spin manifold M’ endowed with
a principal K-bundle P with trivial first Pontryagin class, see (2.3). Our first result gives an interpretation of the
heterotic Go system as a special class of generalized Ricci-flat metrics.

Theorem 3.8. Given a solution (¢, 0) of the heterotic Ga-system (3.12) on (M, P), the associated Riemannian metric
g = g, satisfies, for a local orthonormal frame {v;}:

1 : , 1
RC_ZH2 + Z<ZUjF95’L’UjF9> + §Lgﬁg = 0’
J

, (3.17)
d*H —d¢ + i H =0,

dpFp — x(Fo A+H) + iCan =0,

where H and ( are uniquely determined by the torsion components of p, via

2
H:?)\(‘D—TlJ’L/J—Tg, ¢ =4m.
Proof. By Proposition 3.6, (¢, §) determines a solution (G, div?, 7, ) of the Killing spinor equations with parameter
A on the string algebroid Ep i 9. More explicitly, the generalized metric G, is as in Remark 3.7 and

div® = divee — (87, -).
Applying now Proposition 2.15, we have RCEW dive = 0, and the result follows from (2.23). O

By the proof of the previous result, a solution (¢, #) of the heterotic G2 system determines a generalized Ricci-
flat metric. Alternatively, we can think of (¢, 8) as solving the equations of motion of heterotic supergravity for the
metric, the three-form flux, and the gauge field, in the mathematical physics literature, see Remark 2.16. In our next
result, the analogue of the equation of motion for the dilaton field is satisfied up to an overall constant on the manifold,
explicitly given in terms of the parameter A in (3.12). In other words, solutions of the heterotic Gy system have
constant generalized scalar curvature, proportional to the square of the torsion component 7.

Theorem 3.9. Given (i, 0) a solution of heterotic Ga-system (3.12) on (M, P), one has

dmy NxH =0,
1 49 (3.18)
S* =Ry~ SH* +|F|* = 8d"r1 = 16| [* = 273,

where H = %)\(,077’1 2 — T3,

Proof. As in the proof of Theorem 3.8, (¢, §) determines a solution (G, div¥®,n,,) of the Killing spinor equations
with parameter A = %7’0 on the string algebroid Ep 9. Applying now Proposition 2.18, we have

(8T —8dm)-n= 4((1D+)2 —AS — D?,)n =4\ = % 0N,

where
1
St=R, - 5|H|2 + |Fp|? — 8d* 1 — 16|71 |°. (3.19)

The proof follows from the orthogonal decomposition S = (n) ® !, combined with dr; -1 € Q! (see Appendix B.2),

which implies ST = g—grg and dr; - = 0, combined with formula (2.31) in Proposition 2.22. Note that the condition

dry -m = 0is equivalent to dm A v = 0, which is trivially satisfied since dy) = 411 A . O
‘We conclude this section with an alternative form of the scalar equation in (3.18).

Corollary 3.10. Given (¢, 0) a solution of heterotic Ga-system (3.12) on (M, P), one has

7
5 3+ 12|72 +4d* T — |2+ | Fe? = 0. (3.20)
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Proof. Applying the result in Theorem 3.9 and the fact that

1 1 7
|H|2:H4H:67@@4670<p+(7141/))4(7141/))+7'347'3:% 34 + |

where we have used |p|? = 7 and (77 1) 2t = —471. On the other hand, we have (cf. [Bry03, Equation (4.2)])

21 1
R, = ng + 30| | - 5|Tg|2 + 12d*7y.

which gives us

49 1 .
%Tg =R, — §|H|2 —8d*1 — 16|71 |* + | Fy|?
21 9 2 1 2 % 1 2 * 2 2
:§ 0+30|T1| 7§|7'3| +12d 7'17§|H| 78d 7'1716|7'1| +|F9|
21 1 . 1
:§ 02+14|T1|27§|7'3|2+4d 7'1*§|H|2+|F9|2
21 1 N 1/7
= §7_02 + 14|T1|2 — 5|7’3|2 +4d T — 5 <% 02 +4|7’1|2 =+ |7'3|2> + |F‘9|2
21 7
_ (g _ i) 2 4 120m P + ddory — [l + |Fol?
91 , 2 * 2 2
= %’7’0 + 12|71 |* + 4d* 1 — |73]|° + | Fo|
and the result follows. |

4 The coupled G,-instanton equations

4.1 Coupled instantons and the gravitino equation

We introduce the coupled Ga-instanton equations, a particular instance of the system (2.29) in seven dimensions. We
will also establish the relation to the gravitino equation (2.21), by application of Theorem 2.32 in the present setup.
As in the previous section, we fix an oriented spin manifold M”. Given a Go-structure ¢ on M and a three-form
H € Q3, we introduce the following quantity, which plays a similar role to the Bismut—Ricci form in the theory of
coupled SU(n)-instantons, see [GFGM23, GFJS23]. Recall that the vector cross product x : T'® T" — T associated
to ¢ is defined by
gtP(X xY,Z)=p(X,Y,Z)

forany X,Y € T.

Definition 4.1 (Bismut-Ricci form). The Bismut-Ricci form associated to a pair (@, H), where ¢ is a Go-structure
and H € Q3(M), is the vector-valued 2-form

p=plp, H) € Q*(M,T)

defined by

1
p(XaY) = 5 Z(RV+ (Xa Y)ej) X €j (4])

J

in terms of the vector cross product, where {e;} is a local orthonormal frame on T, and NVt is the metric connection
with skew-symmetric torsion

1
vVt =vY+ 5g—lH.
Remark 4.2. An interesting special case of the previous definition follows when we take

1
H:H[P = 67‘0(,0—7‘1J’L/J—7‘3.

In this case, we say that p, = p(p, H,,) is the Bismut—Ricci form of the Go-structure. O

As we observe in the next result, the Bismut—Ricci form is an obstruction to the integrability of the Ga-structure.

24



Lemma 4.3. Assume that (p, H) satisfies Vo = 0. Then, (@, H) has vanishing Bismut—Ricci form.:

plp, H) = 0.

Proof. Assuming V*p = 0, the endomorphism part of the curvature tensor Ry + lives in Q2, C 02, i.e. for any
vector fields X, Y on M,
Q(RV+ (X7 Y)a ) € 9%4

The proof follows from the identity

1 1 ) 1
9(p(X.Y),e) = 5 > 9((Ro+(X,Y)e;) x e, €1) = 3 > R+ (X,Y)kgler x ej,e1) = 3 > juRe+ (X, V)
J J.k i,k

and Proposition 3.1. Now, by Proposition 3.3, the assumption V¢ = 0 implies that ¢ is integrable and furthermore
(3.9) holds, so

1
H:H(P::ETogD—TlJ’L/J—T& o

To introduce our equations of interest, we fix a principal K-bundle P — M. The Lie algebra ¢ = Lie(K) is
endowed with a non-degenerate bi-invariant symmetric bilinear form (-, -), and we assume that P has vanishing first
Pontryagin class, cf. (3.11).

Definition 4.4. Let P — M be a principal K -bundle over an oriented spin T-manifold. For a triple (p, H,0), where
w is a Go-structure on M, H € Q3 (M), and 0 is a principal connection on P, the coupled Ga-instanton equation is

ple, H) + (Fy, (Fy 5 @)") =0,
(V" Fp) s =0,
[FGJ()D,']fF/\]FTJ(P:O,
dH — (Fy N Fy) =0,

4.2)

where F AT € Q%(End(adP)) is defined as in Lemma 2.28 by
ivixF AT (r) = Fp(Y, g~ Wix Fy,r)) — Fo(X, g~ iy Fy, 7).

In the next result we establish a bijection between the solutions of the coupled Go-instanton equation (4.2) and
the coupled instanton equations formulated in terms of spinors, in Proposition 2.29. Recall that a Ga-structure on
M is equivalent to a nowhere-vanishing spinor field n € Q°(S), via (3.13) and (3.14). Note that the system (2.39),
introduced in Proposition 2.29, can be regarded as a system for tuples (g, H, 0, n).

Proposition 4.5. Let P — M" be a principal K -bundle over an oriented spin T-manifold. Then, any solution of
the coupled Go-instanton equations (4.2) determines a solution (g, H,0,n,) of (2.39). Conversely, any solution
(9,H,0,n) of (2.39) determines a solution of the coupled Go-instanton equations (4.2) of the form (¢, H, §), where
oy is defined by (3.13).

Proof. The equivalence between the second and third equations in (2.39) and (4.2) follows easily from (B.5). It
remains therefore to prove the equivalence between the first equation in (4.2) and the first equation in (2.39), so long
as the Bianchi identity dH = (Fy A Fp) is satisfied. Arguing as in the last part of the proof of Theorem 2.32, the
desired equivalence now follows from (B.5):

(Ry- —F'AF)-n=0 «< Ry- —F' AF €0},
< (Ry- —F'AF) bp=0

1
— ((Fp, F'i)ij + (Ry+) ij') pijpe? @ " @ e, =0

= om
<— ((Fp gﬁ)ﬂ,Flkek ®ep) + P =0
= ((Fyap), Fy)+p=0. O

As a direct consequence of the previous result and Proposition 2.29, it follows that any solution of the coupled
G2-instanton equation (4.2) corresponds to a Go-instanton on 7' & ad P, given by the connection (2.36).
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To finish this section, we prove that any solution of the gravitino equation (2.21) in seven dimensions provides a
solution of the coupled Gs-instanton equation (4.2), by application of Theorem 2.32. Note that, in the present setup,
the gravitino equation is given by (see Lemma 2.12 and Appendix B.2)

Ve =0, Fy Ay =0, 4.3)

where the unknowns are pairs (¢, 0) as before and V™ = V9 + %g’lH@ for (see Proposition 3.3)

1
H,:= 67090 —T1 1% — T3. 4.4)

We are mainly interested in solutions of the gravitino equation solving also the heterotic Bianchi identity (2.4)
dH, = (Fy A\ Fy). 4.5)
Our result provides an alternative proof of, and is inspired by, some results in [dIOLS18a, dIOLS18b].

Theorem 4.6. Let P — M" be a principal K -bundle over an oriented spin T-manifold. Then any solution (i, 0) of the
gravitino equation (4.3) and the Bianchi identity (4.5) determines a solution (, Hy, 8) of the coupled Go-instanton
equation (4.2), and the connection on T' @& ad P defined in (2.36) by

v- F
= (% )

Fp A =0.

is a Go-instanton with respect to p =: 1, i.e.

In particular, given a solution (i, 8) of the heterotic Ga-system (3.12), the triple (@, H,, 0) solves the coupled Go-
instanton equation (4.2).

Proof. The proof follows by direct application of Theorem 2.32, combined with Proposition 4.5. The last part of the

statement follows from Proposition 3.6.
O

As a straightforward consequence of Theorem 4.6 and Proposition 2.33 we obtain the following:

Corollary 4.7. Let (M7, @) be a 7-manifold with an integrable Ga-structure ¢ and closed torsion, endowed with a
Go-instanton connection 0 on a principal K-bundle P — M with respect to ¢ =: *1), that is, solving the equations,

T =0, dH, =0, Fy ANy =0,

cf. Proposition 3.3. Then there exists a sequence of Ga-instanton bundles {(Vi., V) }ren over M with respect to o,
such that each Vy, is a real orthogonal bundle of rank

rE = 7+7‘k_1(7“k_1 - 1), ry = dim K,

and V* is a linear orthogonal connection on V.

4.2 Gravitino solutions and generalized Ricci-flat metrics

We will provide a partial answer to Problem 2 on any oriented spin manifold M ”. The approach consists in considering
solutions (¢, ) of the gravitino equation (4.3) and the heterotic Bianchi identity (4.5), and proving that they induce
generalized Ricci-flat metrics for a canonical choice of divergence determined by the Lee form of the Gy-structure (.
In particular, this implies that any solution of the coupled Gs-instanton equation (4.2) constructed via Theorem 4.6
induces a generalized Ricci-flat metric, as stated in Problem 2. Incidentally, we reach the strong conclusion that our
hypothesis imply solving the full heterotic G2 system (3.12), as known to be the case for coupled Spin(7)-instantons,
see Remark 4.10.

We start with a technical Lemma about the failure of a Gy-instanton to satisfy the Yang-Mills equations, which is
valid for arbitrary Gs-structures.

Lemma 4.8. Let P be a principal K -bundle over 7-manifold M” with Ga-structure @. Given a Go-instanton 6 on P,
that is, a principal connection 0 satisfying Fy N\ » = 0, one has

dZFg — *(Fg AN *H) + 4inF9 =0. 4.6)
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Proof. Recall that the instanton condition for 6§ is equivalent to the following equations
gAY =0 <= Fpap=0 <= Fpop=—F) < FyNp=—xFy.
Taking covariant derivatives in the last expression, and using the usual Bianchi identity dg Fy = 0, we obtain:
dg x Fg = do(—Fy N ) = —Fp N dy,

which implies
dpFo + Fy 2d*y = 0.

Applying (3.7), we have d*¢ = xdyp = 19 — 311 19 + 73, and therefore
Food v =10Fysp —3Fp a(m1 24) + Fp a3

17
:(_6+6)TOF9M F(1—4)m o (Fp o) + Fy o3

= —FQJH-FgToFQJQD—‘LTl aFy 5
=—Fy o H+4m 4 Fp.
Recalling that, in seven dimensions, one has
Xoa= (-1 (X" Axa), for acQF XeT,

and the Hodge star operator squares to the identity, the statement now follows from

1 . :
i (€ A x((ed A )

1 . .
*(Fg N *H) = EFH x (e" Nel NxH) = 51

(=™ i ; (=17 ;
= TFZ]*(G /\*(EJJH)): ol Fij(eiJejJH)
— Fy . H,
where Fy = o; i, F;je' A el in alocal orthonormal frame. O

Our next result establishes the desired relation between solutions of the seven-dimensional gravitino equation,
generalized Ricci-flat metrics, and the the heterotic Ga system (3.12). Via Theorem 4.6, it can be regarded as a partial
answer to Problem 2. For the proof we will use a general formula for the Ricci tensor of the characteristic connection
of an integrable Go-structure, from [IS23, Theorem 4.5], combined with the spinorial formula for the generalized
Ricci tensor in Lemma 2.14.

Theorem 4.9. Let P — M be a principal K -bundle over a connected, oriented, spin 7-manifold, and let (i, 0) be
a solution of the gravitino equation (4.3) and the Bianchi identity (4.5). Then the Riemannian metric g = g, on M
determined by the Go-structure satisfies, for a local orthonormal frame {v;} for g,

1 R
Re——H? + ijFe, iv; Fo) + 2L 59 = 0,
J
d*H — 4dry +4i sH =0, .7)
dpFyg — x(Fg ANxH) + 4i'rfF9 =0,

where H = H,. Consequently, (p, ) is a solution of the heterotic G system (3.12) with A\ = 1—727'0 and

dm NxH =0,
1 49
St =Ry = SHI” +|Fy|* = 8d"m — 16]n|* = =75,

Proof. The third equation in (4.7) follows from Lemma 4.8 and the hypothesis (4.3). For the first two equations in
(4.7), we use the integrability of (o, which implies from [IS23, Thrm 4.5] that

) 1
(Ricy+)ij — E(db{)alw%bw— +4Vir,; =0. (4.8)
Choosing an orthonormal frame {(, } for the pairing (-, -) on the Lie algebra £, we express the curvature of 6 by

1 . .
Fg = EFO‘ijez AN 6] X ga;
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where the {e;} form a local orthonormal frame for the tangent bundle and here (and throughout the proof) we use
summation convention. Using this, we now have

(Fop N Fp) = <%Faab e @ (o A %Fﬂkl el ® Cﬁ> = iFaabFBkzeabkl (CasCp) = %FaabFakleabkl-
By the heterotic Bianchi identity (4.5), we have dH = (FyAFy) = 1 F® , Fo €%, which reads in local components:
(dH); = F®;, Foype?.
Contracting this expression with 1); = %wmupe“”p, and using the instanton condition for 6, we conclude:
(dH); aj = FYPF P = —2F %  Fyojp.

On the other hand,

(dH)abuil/]abuj = _QFQiMFaju = (dH)abuil/]abuj = _12FauiFauj;

| =

(dH)i a9 =

and hence
(Ricy+)ij = —F*piFau — 4V = —((ie, Foyie, Fo))ij — 4V 71;. (4.9)

The first and second equations in (4.7) now follow from the unique decomposition of Rey+ and V17 into symmetric
and skew-symmetric 2-tensors given by (2.24), since Rc and <iuj Fo, iy, Fy) are symmetric tensors.

To prove the last part of the statement, we use the explicit formula for the generalized Ricci tensor (2.16), see also
(4.7), which implies that (g, H,,, 8,471 ) determine a solution of the generalized Ricci flat equation

Reg, dive =0 (4.10)

on the string algebroid E'p 1, ¢ from Example 2.2. Here, G, is obtained as in Remark 3.7 and the divergence operator
is uniquely determined by the Ga-structure via the explicit formula given by Remark 2.27:

div® = divee — (87, -).

Consider 7, the non-vanishing spinor on (T, g) determined by the Go-structure ¢, cf. (3.14). Applying now
Lemma 2.14 and formula (3.16), arguing as in the proof of Proposition 3.6, we have

+ 7 7
0= (a-,Rebq) -1 = —4D5 By = —2D5 (m) = —5(x(a-)o)n,
for every a_ € Q°(V_). Consequently, drp = 0 and hence ¢ is a solution of the heterotic Go-system (3.12) with
A= 1—727'0. The statement follows now from Theorem 3.9. O

Remark 4.10. The proof of the previous theorem boils down to the fact that any solution of the gravitino equation and
the Bianchi identity in seven dimensions is also a solution of the heterotic Go-system (3.12) for a suitable choice of
A € R. A similar phenomenon occurs for Spin(7)-structures 2 € Q* in dimension 8, where the gravitino equation
and the Bianchi identity read

VtQ =0, #(Fy A Q) = —Fy, dHq — (Fy N Fy) =0,

cf. (2.34). In this case, we have the torsion forms defined by d2 = 71 A Q2+ %73 and H = Hq = *%Tl 20— 73
is the unique torsion three-form determined by €2 [Iva04] (see also [IP23, MM18]), cf. Proposition 3.3. A pair ({2, 6)
solving the previous equations determines uniquely a solution of the dilatino equation (2.22) with A = 0 and { = %71,
by direct application of [Iva04, Theorem 1.1]. In particular, Proposition 2.15, Proposition 2.23, and Theorem 2.32

apply in this situation, giving more examples of generalized Ricci flat metrics and coupled Spin(7)-instantons. O

To finish this section, in the following result we investigate the failure of generalized Ricci-flatness when we
remove the instanton condition on 6 from the hypotheses of Theorem 4.9. We focus on the Yang—Mills-type equation
given by the third equation in (4.7), which we relate to the second equation in the coupled Gz-instanton equations
(4.2). This situation can be then compared to the case of SU(n)-structures (w, ¥) with integrable complex structure
studied in [GFGM23, Proposition 4.9], see Remark 4.12. A similar analysis can be adopted for the first and second
equations in (4.7), following carefully the proof of Theorem 4.9. This technical result will be key for the proof of the
main results in Section 5.2.
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Lemma 4.11. Let (M7, ) be a 7-manifold endowed with an integrable Ga-structure . Let P be a principal K -
bundle over M and 0 an arbitrary principal connection on P. Then the following identity holds:

1
d Fy + 41 3 Fy — %(Fy A <H) = 61 2w Fy + Smomr Fy 00— 3mrFy 275 — 3 > ie,m VT Fy (4.11)
J

for a local orthonormal frame {e;} on M. In particular, if (V% * Fp) 5 o = 0, we have
dgFy + 41 s Fp — x(Fp ANxH) =671 amrFy + %T07T7F9 2@ — 37 Fy 173, (4.12)
Proof. Writing the expression for ngr Fy explicitly, we have
VO Fy(V, W) = dS (Fp(V, W) — Fo(VEV, W) — Fy(V,VEW)
= & (B (VW) = Ey(VXVW) — Ey(V, VW) — < (Fy(H(X, V), W) + Ey(V, H(X,)))
= Vi F(V,W) — %(FQ(H(X, V), W)~ Fy(H(X,W),V).)
Define K € Q'(A%T* @ adP) by ngrF@ =: Vg)(’gF.g — %ICX. Now, using

7T7V§(’+F9 = (VAGX’JFFG + VAGX’JFFG J 1/)) ,

Wl

in a local orthonormal frame {e;}, we obtain

33 e, VT Fy = e, VT Fy +ic, (VI Fy L)
J J

= i, VO Fy + VOV Fy sie, ¢
J

= Z ic; V2}+F9 - szF@ ax(ej Ap)
J

= Ziejvsz@ - *(VZ}+F9 Aed A ).
J

We compute the first summand in the last expression:

1
Do VEFE) = Y i, VIR — 5 (FaH(es e5).) + Fales H(ey, )
J J

1
= Zej | VZ;QFQ — §ij1Fjl ek
J
=—dyFyp+Fy o H
= —szg-i-*(Fg/\*H).

To compute the second summand, we can write the covariant exterior derivative as dg = > y el ANV »9, so that the
Bianchi identity dg Fp = 0 gives

) ) 1 . 1 .
Zeﬂ A vﬁfng = Zej A VZJ’_QF@ - §€J ANEe; = —5 Zeﬂ AKe, -
J J J
Therefore )
—djFy + Fp o H + 5D #(e/ NKe, Ap) =3 Jie,m7 Ve Fy.
J J

Setting K; = K, and computing directly (now using summation convention for efficiency)

. 1 i 1 j
¢/ NKj = 5(Kj)as €7 = 5 (Hjo" Fyp — Hjp" Fra) €7
1 o ] «
= 5((Hjav e’ ) A (Fvﬂ 66) + (Hjﬂ7 eJB) A (Fva € ))

= QiGW(H’Y A\ Fg),
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we obtain
#(e7 ANICj A o) =2 (ie,(H NFp) Np) =2 (ie; (H' N Fy N p) — H N Fy Nie,p).
Using now that 75 = 0, we have (cf. [dIOLS18a, Section 2.3])
d(p:Z(eJJH (ej 1) ZHJ/\(pJ,
J
we deduce

Z*(Hj/\Fg/\goj):*(Fg/\d(p):*(Fg/\**d**(p)
J

= Fy 5 d*,
= Z* ie; (H NFy N p)) = Z*(iej(Hj Ax(Fp 31))) = Zej A x(HI A x(Fy 29))
j j j
:Zej/\(H (FGJ’I/) ZHJM FG Jw) lej
J jkl
= %Z(Fer)lejklej
Jokl
= (Fp uv) s H.

From this, we conclude that

D w(e? NKjN @) =2(Fy ad v — (Fy av) 2 H)

J
and, as desired,

d5Fy+ 41 o Fy — x(Fg AxH) =47y S Fy+ (Fg 2tp) o H — Fy od™ — 3Zz‘ej7r7v§;_+F9
J
1
=47m 2 Fy + §TO7T7F9 Jp—T1 ((Fe 41/1) 41/))

_ (Fg J'lp) 13 —ToFp o0+ 371 (Fg a) — Fy a1y — 3Ziej7r7vg;+F9
J
1
=671 o Fy + g’f(ﬂer a9 —3mFp 4T3 — 3Ziej7r7vg;_+F9.
J

The last part of the statement follows by noticing that V% Fy 4 = 0 & 7, V% Fy = 0, cf. Proposition 3.1. O

Remark 4.12. Equation (4.12) above shows us that the second equation in the coupled Go-instanton equations (4.2),
given by
VO Fy S =0,

does not imply, in general, the Yang—Mills equation with torsion, given by the third equation in (4.7). An explicit
example where this is indeed the case is not known to the authors. This situation stands out in comparison to SU(n)-
structures (w, ¥) with integrable complex structure studied in [GFGM23, Proposition 4.9], for which the equation
(VO Fp) Aw™™! = 0 combined with FeO 2 = 0is equivalent to the corresponding Yang—Mills equation with torsion.

O

4.3 Examples

In this section we discuss some examples of coupled Gs-instantons which can be found scattered in the literature,
but which apparently have not been identified as such. The first examples arise from solutions of the heterotic Go
system (3.12), by Theorem 4.6 and Proposition 3.6. Such solutions with exact torsion one-form 71 = d¢ have been
constructed in e.g. [GNO95, FIUV11, Noll12, FIUV1S, dIOG21, CGFT22, GS24], motivated by the concept’s origins
in heterotic string theory, which require a globally defined dilaton field ¢ whose vacuum expectation value determines
the string-coupling constant. The approximate solutions constructed in [LSE23] deserve a special treatment, since
they do not exactly solve the first equation in (3.12), and we postpone their analysis to Section 5.
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Since we are mainly concerned with solving the coupled instanton equation (4.2), we will work with Theorem 4.6
and consider solutions of the gravitino equation (4.3) and the Bianchi identity (4.5). Incidentally, by Theorem 4.9,
these conditions are sufficient to imply a solution of the heterotic G5 system, with our relaxed definition (3.12). Note
that our equations barely impose any constraint on the torsion one-form 77, and therefore are more flexible than the
ones usually considered in the mathematical physics literature, yet are still strong enough to prove Theorem 3.8 and
Theorem 4.6.

Our first two examples are given by the product of a flat torus with a manifold carrying an SU(n)-structure which
is integrable and has closed torsion, also known in the literature as twisted Calabi-Yau [GFRT20b] or, more generally,
Bismut Hermitian—Einstein metrics [GFJS23]. The seven-dimensional geometry is given by a strong integrable Go-
structure (see Proposition 3.3), i.e. such that

72=0 and dH, =0.

Example 4.13. Let N* be a four-dimensional manifold endowed with SU(2)-structure (w, ¥), with almost complex
structure .J and Hermitian metric g = w(-, J-). Its Lee form 6,, :== —J*d*w € Q'(N) is defined by

dw =106, Nw.
In this setup, a solution of the gravitino equation is a triple (w, ¥, H) such that, cf. [FI03, Theorem 10.1],
H=—-dw +g(NJ7 ')7

where NN is the Nijenhuis tensor of J, which in particular must be skew-symmetric.
Suppose that (w, ¥) satisfies the twisted Calabi-Yau equation, introduced in [GFRST22]:

dU =0, AV, df,=0, ddw=0. (4.13)

Then, it was proved in [GFRST22, Lemma 2.2] that N; = 0 and that it determines a solution of the gravitino equation
with H = —d“w, which also solves the Bianchi identity dH = 0. Note that compact solutions of these equations in
four dimensions are rather rigid, as they only exist on tori and K3 surfaces, with H = 0 = 6,,, and diagonal Hopf
surfaces, with H # 0 # 0, cf. [GFRST22, Proposition 2.10].

To build the seven-dimensional geometry from a solution of (4.13) we follow closely [FMMR23]. We consider
M = N x T3, where T3 is a three-dimensional flat torus. Denote

Yy = Re(P), _ = TIm(7P).
Define a Ga-structure on M by
0 =dat Ada® Ada® +dat Aw +da? Ay —dxP A, 4.14)
where (71,72, 23) € R are coordinates in the universal cover of 7. Then, ¢ is strong and integrable with
T0 =0, 0, = 4m, H, =dw.
For the proof we follow [FMMR23, Proposition 3.5]. For instance, since w, 14 and ¥ _ are Hodge self-dual on N 4
*(p = %wQ—i—dacQ/\dacs/\w—dxl Adz3 Napy — dat Ada® A

Since dw = 0, Aw and d¥ = 6, A ¥, we obtain d * ¢ = 0, A *p. Thus, ¢ is an integrable Ga-structure with Lee
form 6 = 6,,, and
do Ao =0, A (de' Aw+da® Apy —da® Ap_) A =0,

since the self-dual forms w, ¥4+ and 1_ are pairwise orthogonal. The torsion of ¢ is
Hy, =#(0 A g — dp) = x(0, Adz' ANda® Nda?) = — %4 0, = Jdw = d°w,

since 0, = J %4 d x4 w = %4 Jdw and Jw = w.
Applying now Theorem 2.32, we obtain a coupled Gz-instanton on 7'M given by the connection

1
V™=V — 5g;%@,. (4.15)

Incidentally, this connection is actually flat [FMMR23], and the tower of coupled Go-instantons over this manifold
given by Corollary 4.7 is also flat. A
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The following example is given by the product of the Calabi—Eckmann 6-manifold S® x 3 with a circle. Similarly
as in the previous example, by application of [FMMR23, Proposition 3.5] the seven dimensional torsion classes are
inherited from the six dimensional geometry. Consequently, this example is also strong and integrable, but unlike the
previous one has dr; # 0, which reflects the fact that the Calabi—Eckmann complex threefold does not admit balanced
hermitian metrics. Note that this example provides a solution of the heterotic Gz system (3.12) according to our lax
Definition 3.4, but it escapes from the orthodoxy for these systems of equations in the literature, precisely due to the
fact that 7 is non-closed.

Example 4.14. Let
N®={C% xC%}/C~ 53 x S?,

with its (non-Kihler) Calabi-Eckmann SU(3)-structure (w, ¥). Following [GFS20, Example 8.35], if we let 7; :
S$3 — CP' denote the Hopf fibration on each of the two factors in IV, for j = 1, 2, and let 1; denote the 1-form on S 3
such that

dp; = mjwepr

for j = 1,2, where w¢p is the Kéhler form for the Fubini—Study metric on CP!', then we can write w explicitly as:
W = Tiwept + Tawepr + p1 A pe.

It is straightforward to show that if we let
0, = H2 — [1
then
d¥V =0,AN¥ and dd°w=0.

However, note that
db, = mywepr — wjwepr # 0

and so the second equation (4.13) in the definition of twisted Calabi—Yau is not satisfied, though the rest are.
As in Example 4.13, we now let 1+ denote the real and imaginary parts of W respectively. We may then define a
product Go-structure on M7 = N x S by
p=wAdt+ s,

where dt is the standard nowhere vanishing 1-form on S'. The Hodge dual v of ¢ is then given by
Ly
As in [FMMR?23, Proposition 3.5], one sees from these formulae that the Gs-structure ¢ is integrable with
70=0, T =0, H,=dw=mjwep A1 — mowepr A .

Hence, dH, = dd°w = 0 and thus ¢ is also strong.

Even though 7 is not closed, one may still apply Theorem 2.32 and obtain a coupled Ga-instanton V™~ on T'M as
in (4.15), which is again flat. The tower of coupled Gs-instantons we obtain from Corollary 4.7 are also flat. Notice
that the Go-structure presented here is fundamentally different from that obtained on G = SU(2)? x S* as a Lie group,
in [FMMR23, Proposition 6.2]. A

Remark 4.15. Given the observations in Examples 4.13 and 4.14, it would be interesting to find Ga-structures which
are both strong and integrable but for which the connection V™ in (4.15) is not flat, or even irreducible. O

Remark 4.16. No irreducible compact homogeneous spaces admitting invariant Go-structures, up to a covering,
admit (invariant) strong integrable Go-structures, cf. [FMMR23, §5]. On the other hand, the same authors find
numerous examples of such structures on reducible spaces, which according to their preference have closed Lee
form, cf. [FMMR23, §6]. Several of those examples can be easily adapted to provide more general solutions of the
gravitino equation (4.13). O

Our final example, originally found in [I105, §6], provides a solution of the heterotic Ga-system (3.12) with 7y # 0
and non-flat instanton 6 in the nearly parallel seven-dimensional sphere. In particular, the coupled Go-instanton
obtained from this solution via Theorem 4.6 is non-flat.
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Example 4.17. Let M = S7 be the standard 7-sphere, viewed as a sphere in the octonions. It is well-known that the
embedding of S” in the octonions induces a natural Spin(7)-invariant Ga-structure ¢ on S” which is nearly parallel
in the sense that

dy = 4k (4.16)

where 1) = *¢ as usual and x # 0 is constant. Note that the metric determined by ¢ has constant curvature 2.
We clearly see that all the torsion forms vanish, except 79 = 4k # 0 and is constant. Hence, ¢ is an integrable
Go-structure but since

2
we see that 8
dH:§f<;2w7é0 (4.18)

by (4.16) and thus ¢ is not strong.
Take P to be the Gy-frame bundle of S7, and let € be the connection on P determined by V7. It is observed in
[1I05, §6] that V*‘H@ = 0, and consequently, cf. (2.41),

g(Ry+ (X, Y)Z, W) = g(Rv+(Z,W)X,Y).

Arguing as in the proof of Theorem 2.32, it follows that 6§ is a Go-instanton. Furthermore, it is shown in [I105, §6] that

the curvature Fjy of 6 satisfies

32k
o . 4.19)

Combining (4.18) and (4.19), we see that the heterotic Bianchi identity (1.1) is satisfied, for a suitable choice of scaling
of the Killing form on the Lie algebra of Gg. Overall, we see that (¢, H, 6) defines a coupled Go-instanton on S7. A

tr Fg AN Fy = —

Remark 4.18. An interesting example in six dimensions where Theorem 2.32 applies is the 6-sphere with the standard
nearly Kéhler structure inherited from the imaginary octonions. According to [II05, §6], this provides a solution of
the gravitino equation and the Bianchi identity with instanton connection V* and non-closed torsion given by the
Nijenhuis tensor of the SU(3)-structure, with a structure very similar to Example 4.17. O

S Approximate solutions

As we have seen, there is a connection between solutions of the heterotic G2 system, solutions of the coupled G-
instanton equations and the vanishing of generalized Ricci curvature. In [LSE23], “approximate” solutions to the
heterotic G, system were given in the sense that the connections involved were only “approximate” Go-instantons:
here the “approximate” pertains to dependence on the non-zero constant o’ which appears in the heterotic Bianchi
identity as o/ — 0. Motivated by this and our results thus far, in this section we propose a new definition of /-
approximate Go-instantons and show that it not only leads to approximate solutions to the coupled Ggo-instanton
equations, but also to generalized Ricci curvature which is approximately zero in a quantitative sense as o/ — 0.
We also demonstrate that the aforementioned examples from [LSE23] provide a’-approximate Go-instantons and thus
lead to approximate coupled Go-instantons and approximate generalized Ricci-flatness.

5.1 Motivation: contact Calabi-Yau 7-manifolds

In [LSE23], the heterotic Go system was studied in the context of contact Calabi—Yau 7-manifolds, which admit a
natural 1-parameter family of Go-structures that we now recall.

Definition 5.1. Let (V,w, Q) be a Calabi—Yau 3-orbifold, i.e. a Kiihler 3-orbifold with Kéihler form w and holomorphic
volume form <) satisfying
w3 1
VOlV = ? = ZRGQ A\ ImQ,
where voly is the volume form associated with the Kdihler metric gy on V. Suppose that the total space of an S'-
(orbi)bundle w : M7 — V is a contact Calabi—Yau 7-manifold, i.e. M is endowed with a connection 1-form 1 such

that dn = w. For every £ > 0, we define an S*-invariant Go-structure . on M7, with dual 4-form 1), by
1
Y. =enAw+ReQ and . = 5w2 —en A ImQQ. (5.1
The metric induced from this Ga-structure and its corresponding volume form on M are

ge =2 Q@0+ gv, vol, = en A voly. 5.2)
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Note that varying ¢ in (5.2) amounts to rescaling the S* fibres of m : M — V, so that ¢ — 0 corresponds to collapsing
the fibres to zero size.

We now recall some basic observations about the family of Go-structures . in (5.1) on the contact Calabi—Yau
7-manifold M from [LSE23, Lemmas 2.4 & 2.5]. We see that

dpe = ew®,  dyp. =0,

so the Go-structures are co-closed. The torsion forms of (. are:

6 8 5 6
To = ?5; 1=0 T=0 1= ?5 nAw— ?sReQ.
In particular, we observe that the structures are integrable (i.e. 7 = 0) and admit a connection with totally skew-
symmetric torsion

H. = —&*n Aw + eRe, (5.3)
which satisfies
dH, = —&%u°.

The above facts are important for showing that one can build approximate solutions to the heterotic Ga-system
on M, using the Ga-structures ¢.. To describe these approximate solutions, it is necessary to introduce a useful (and
natural) local coframe which is adapted to the geometry of M.

Definition 5.2. Given ¢ > 0, let (M7, ¢.) be as in Definition 5.1. We choose a local Sasakian real orthonormal

coframe on M:
P =en, e, €2, €, Jeb, Je?, Je?, 54

where J is the transverse complex structure (from the Calabi-Yau V) so that {e',e? €3, Jel, Je?, Je3} is a basic
SU(3)-frame for V. In this frame, the Kihler and holomorphic volume forms are given by:

w=e'AJet e nTe+ et AT and Q= (er +iJe') A(e? +ide?) A (e* +ided).

By [LSE23, Proposition 3.2], we know that if we write e = (e; ez e3)T then the following structure equations
hold:

€o 0 %JeT —%eT €o
d e =—| —5Je a b—Seol | A e , (5.5)
Je se —b+ Seol a Je

where a is a skew-symmetric 3 x 3 matrix of 1-forms, b is a symmetric traceless 3 x 3 matrix of 1-forms, and [ is the
3 x 3 identity matrix. Therefore, if we define

0o 0 O 0 JeT  —eT
A= 0 a b and B = —Je 0 —eol (5.6)
0 —b a e eol 0

we see that A + $B is the local matrix representing the Levi-Civita connection of g. with respect to the local
orthonormal coframe introduced in Definition 5.2. If we then let

00 O 0 JeT —€T
I=| 0 0 —I and C=| —Je —[e] [Je] | —eol, (5.7
0 I O e [Je] e
where
€1 0 €3 —€2
€2 = —€3 0 €1 5 (58)
€3 €2 —eq 0

one can define a family of connections on 7'M as follows [LSE23, Proposition 3.21].

Definition 5.3. Let (M”, ¢.) be as in Definition 5.1 for some € > 0. Recall the local coframe on M in Definition 5.2
and the matrices A, B, C, 1 defined with respect to this coframe in (5.6)~(5.7). For k € R\ {0} and §,m € R we
define a connection ngi‘;’l onT'M by the formula

ke kes .k
0l = A+ TB+ T2CH o

eol. (5.9)
Note that this local expression determines a globally defined connection on T'M, that takingd = m =0and k = 1 in

(5.9) yields the Levi-Civita connection V9 of the metric g. on M, and taking § = k = 1 and m = 0 in (5.9) yields
the Bismut connection V' associated with g. and torsion H..
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Remark 5.4. We can interpret the various parameters appearing in Definition 5.3 as follows. First, the parameter
k can be viewed as a “squashing” parameter, allowing us to rescale the connection along the fibres of 7 : M — V'
independently of the parameter €. The matrix C is equivalent (up to a factor of €) to the torsion H. in (5.3) by [LSE23,
Proposition 3.10], so the parameter § varies the torsion of the connection along a canonical line, which contains the
Bismut, Hull and Levi-Civita connections when £ = 1 and m = 0. Finally, the parameter m can be viewed as an
additional “twist” parameter acting in the transverse directions for the fibration of M over V. O

n [LSE23, Corollary 3.27], it was described how 95 %k in Definition 5.3 fails to be a Go-instanton.

Proposition 5.5. Using the notation of Definition 5.3, (5.7) and (5.8), the curvature R5 k of the connection 95:% on
T M satisfies:

ke2(6(1 — 5 +m) + k(1 —6)(1+35)) w3 k2e? w2

0,k .= 1 — AM? .1
R N e = 1 30 + 1 2' A (5.10)
where
0 (14+m —56)(1 +6)eT (1+m—58)(1+4d)JeT
an: (56 —1—m)(1+6e (62 —2(2+m)d —1)[J¢] (62 —2(2+m)§ — 1)[e]
(56 —1—m)(1+d)Je (62—2(2+m)d—1)[e] —(6%—2(2+m)s—1)[Je]
In particular, 95 k is never a Go-instanton.

The main result on the heterotic G2 system in this contact Calabi—Yau setting is the following [LSE23, cf. Theorem
1].

Theorem 5.6. Let 7 : M7 — V as in Definition 5.1 be a contact Calabi—Yau 7-manifold. Let A be the pullback of
the Levi-Civita connection of the Calabi—Yau metric on 'V, defined on E = w*T'V .

Forall o/ > 0 there existe = e(a’) > 0, k = k() > 0, both tending to zero as o/ — 0, and §, m € R so that if
M is endowed with the Ga-structure . as in (5.1), the connection 95 k in Definition 5.3 on T M and the connection A
on E, then we have a solution to the heterotic Gy system, except that 9 v, is never a Ga-instanton but instead satisfies

IRYE Adely. =0(d)? asa’ — 0. (5.11)

Concretely, three separate regimes are presented in [LSE23] of choices of the parameters ¢, k, §, m so that the
conclusion of Theorem 5.6 holds for any positive o’ sufficiently close to 0.
8
- 2 _ -3 .2 _ N
Casel.éER\{O,—l},m—6—1,kz —(Oé/) , € —m(@)
8
(1+m)(1+3(a')?)
8 "8
s
We shall return to the examples in Theorem 5.6 at the end of this section to understand in what sense the condition
(5.11) gives “approximate” Go-instantons and thus approximate solutions to the heterotic Ga system.

Case2.0=0,m< —1,k=(a/)73,e2 = - (o)®.

Case3.0=—1,m> -2, k= (/) 3,2 =

5.2 Approximate G,-instantons, coupled Gs-instantons and generalized Ricci curvature

We now return to the general setting of 7-manifolds with integrable Go-structures. Given the relationship between
solutions of the heterotic G2 system, coupled Ga-instantons and the vanishing of the generalized Ricci curvature as
seen in Section 4, and based on the results in Theorem 5.6, we are motivated to define a suitable notion of approximate
G2-instantons, and then to show that this leads to an appropriate sense of both approximate coupled Go-instantons and
approximate generalized Ricci-flatness.

Given this goal, we propose the following definition of approximate Go-instantons in our context.

Definition 5.7. Suppose that for a sequence of non-zero real numbers o — 0 we have the following data.

Let (M7, o) be a 7-manifold endowed with an integrable Ga-structure with induced metric g, dual 4-form ¢ and
torsion 3-form H. Let P — M be a principal K -bundle over M, where the Lie algebra t is endowed with an o'-
independent, non-degenerate, bilinear, symmetric pairing (-,-) : €@ €t — R. Let 0 € Q(P,¢) define a connection
on P with curvature Fy and recall the induced connection V. Suppose finally that the heterotic Bianchi identity is
satisfied:

dH = o' (Fy N Fy). (5.12)
We say that the connections 0 are o/ -approximate Gy-instantons if
|Fy A 1/;|g =0()*  and  |[VOTEA w}g =0()? asd —0. (5.13)
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Remark 5.8. Note that if ¢ is integrable, then VT preserves ¢ and hence ), and so
VOH (Fy Ay) = VITEy A (5.14)

In particular, if § is a Go-instanton then V% Fy At = 0. Hence Go-instantons give trivial examples of o -approximate
G2-instantons. O

In general, the first condition in (5.13), which is the one considered in [LSE23] (see Theorem 5.6), does not imply
the second. Definition 5.7 therefore gives a stronger notion of approximate G-instanton which we shall see appears
to be more natural, at least in our context.

Remark 5.9. As is well-known, Gs-instantons can bubble, which means that in a family their curvature can blow-up
pointwise. To avoid this, it is natural to impose that their curvature stays bounded (pointwise), and so we can ask
the same of our approximate Go-instantons. It is in this setting that we can achieve our main results concerning
approximate solutions. O

We now show that o’-approximate Go-instantons yield approximate coupled Go-instantons in the following sense.

Theorem 5.10. Suppose that we have o -approximate Gy-instantons on a principal K-bundle over (M, ) with
integrable Go-structure ¢ and torsion H satisfying (5.12) as in Definition 5.7. Recall p(p, H) given in Definition 4.1
and F N given in Lemma 2.28.

If the curvature Fy of 0 is bounded as o/ — 0, then (p, H,0) give approximate solutions to the coupled G-
instanton equation (4.2) in Definition 4.4 in the following sense as o/ — 0:

|o(p, H) + (Fo, (Fs 5 9)F)|g = O(a)?,

(VO Fy) 5 ly = O(a')?,

[Foa@,] —FAFT Jol, =0()?,
dH — Oél<F0 A F9> =0.

(5.15)

Proof. Since ¢ is integrable, p(p, H) = 0 by Lemma 4.3. The first equation in (5.15) is then an immediate
consequence of the boundedness of Fp and the first condition in (5.13) of o’-approximate Go-instantons. The second
equation in (5.15) is precisely the second condition in (5.13). The fourth equation in (5.15) is satisfied by assumption.
We are therefore only left with the third equation in (5.15).

The first term in the third equation is of order O(a/)? by the first condition in (5.13). In (2.46) in the proof of
Theorem 2.32, we saw locally we can write F A F' as:

- Z (5 0 () (G2 Fp)) A (e 2 (e o Fy)) @ CF @ ¢,

where {e;} form a local orthonormal frame on M " and {(;} give an orthonormal basis for the Lie algebra of K. By
Lemma 2.31 and the proof of Theorem 2.32, we deduce that 77(Fy) = 0 forces 77(IF A F') = 0 and, moreover, there
is a universal constant C' > 0 so that

|72 (F AFY)|g < C|Fglglmr(Fo)lg-
The third equation in (5.15) now follows from the boundedness of Fy and the first condition in (5.13). o

Now, as we have seen, taking Go-instantons € in Definition 5.7 leads to generalized Ricci-flatness because in this
case, the following two terms, which are the components of the generalized Ricci curvature, must vanish:

dyFy+4m 2 Fy— Fy o H,  Ric™ + 'Y (iy, Fy,in, Fp) + V1. (5.16)
J
We now examine each of these terms in turn for o/-approximate Go-instantons.

Proposition 5.11. Let 0 be o/ -approximate Gs-instantons over (M7, ) as in Definition 5.7. Then the curvature Fy
satisfies
dyFy+ 41 2 Fy —FgJH’g =0()? asd —0.

Proof. Recall that, by Lemma 4.11, we have

7
1
dy Fy + 471 2 Fy — Fp 2 H = 67y 2o Fy + SromeFy 2ip = 3m7Fy 275+ 3Y ej umVITE,. (5.17)
j=1
The result now immediately follows from the o’-approximate G'2-instanton condition (5.13). o
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‘We now turn to the second term in (5.16).

Proposition 5.12. Let (M7, ¢) be a 7-manifold with an integrable G-structure and 6 be a connection on a principal
K-bundle over M as in Definition 5.7 so that the heterotic Bianchi identity (5.12) is satisfied. Then

Rict + /Y (i, Fy, io, Fp) + 4V = 30> (in, Fy, i, 77 Fp). (5.18)
J J
In particular; if 0 are o -approximate Ga-instantons as in Definition 5.7 with bounded curvature Fy as o — 0, then
Rict + 0’y (i, Fo,iv, Fo) +4V7 | = O(a’)’ asa’ = 0. (5.19)
J

Proof. In (4.8) we saw that

. 1
Rlcjj - E(dH)abuiwabuj + 4V;’_(7‘1 ); =0, (5.20)
so it suffices to study the second term in (5.20) to obtain (5.18).
Note that i
(dH)l - djj = 6 (dH)abuil/]abuj .

This observation, together with the heterotic Bianchi identity (5.12), then implies that

1 1 o 5
E(dH)abuﬂ/fabuj = g(dH)i 2y = 3(F9)Bi“(Fe)ﬁ PYjpvp-
Using the decomposition
FgJ’lb:27T7F9—7T14F9:37T7F9—F9. (521)
we deduce that i
T (A ) abpitavyg = o' (= (Fo)” i (Fo) g + 3(Fo)” " n7 Fo ) - (5.22)
Inserting (5.22) in (5.20) gives (5.18). The final result then follows from the condition (5.13) in Definition 5.7 of
o’ -approximate Go-instantons, together with the assumption that Fy is bounded as o — 0. o

Combining Propositions 5.11 and 5.12, we immediately obtain the following.

Theorem 5.13. Let 0 be o -approximate Ga-instantons on a principal K-bundle over (M, o), endowed with an
integrable Ga-structure with torsion H satisfying the heterotic Bianchi identity (5.12), as in Definition 5.7. Suppose
further that the curvature Fy is bounded as o/ — 0.
Let Q = TM @& adP @ T*M have the Courant algebroid structure defined by the pair (H,0). If the divergence
is given by
div = div'™* — 2(47y,-), (5.23)

then a torsion-free V. -compatible generalized connection D € Dy (V. ,div) is an approximate generalized Ricci-flat
connection, in the sense that the generalized Ricci curvature has norm of order O(a’)? as o/ — 0.

5.3 Approximate solutions on contact Calabi-Yau 7-manifolds

In this subsection, we revisit the setting of contact Calabi—Yau 7-manifolds 7 : M — V endowed with the Go-
structures ¢, as in Definition 5.1. Recall that ¢. are integrable Gg-structures with torsion H.. Recall also the
connections ngfﬁ on T'M in Definition 5.3 and that we can define the bundle £ = 7*T'V and endow it with the
pullback A of the Levi-Civita connection from the Calabi—Yau 3-orbifold V. Given this leads us to the following
definition.

Definition 5.14. Let K = Gy x SU(3) and identify Gz and SU(3) with their standard matrix representations (acting
on R” and C3 respectively). We can define a principal K-bundle P over M whose natural associated vector bundle
is TM @ E. We can then define a connection 0 on P using the pair of connections Hg:fn and A.

We also endow the Lie algebra t of K with the pairing (-, ) : t®€ — R with respect to the splitting € = go Dsu(3):

<(X1,Y1),(X2,Yv2)> = —tr(Xng) +tr(Y1Y2) (524)

Clearly, (-,-) is non-degenerate, bilinear and symmetric.
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Theorem 5.6 then states that if we are given any sequence o’ — 0, then we can choose positive parameters
e = e(d), k = k(<) and real parameters 6, m independent of o' so that H = H. and 6 given in Definition 5.14
satisfy the heterotic Bianchi identity (5.12) with (-, -) as in (5.24) (which we notice is o/-independent). Moreover,
since A is a Go-instanton by [LSE23, Lemma 3.1], (5.11) in Theorem 5.6 also gives that the curvature Fy of  satisfies
the first condition in (5.13).

Theorems 5.10 and 5.13 imply that if 6 also satisfies the second condition in (5.13) and has bounded curvature as
o’ — 0, then the “approximate” solutions to the heterotic G2 system given by Theorem 5.6 give rise to approximate
coupled Ga-instantons and an approximate generalized Ricci-flat connection on the associated Courant algebroid.
This is what we now show.

Theorem 5.15. Let M7 be a contact Calabi—Yau 7-manifold as in Definition 5.1. Suppose we are given any sequence
of positive numbers o/ — 0. Lete = (o) > 0, k = k(o) > 0, §,m € R be the associated parameters given by
Theorem 5.6 and let M be endowed the integrable Go-structure @, given in (5.1) with torsion H = H.. Let P, 6, (-, )
be the principal K -bundle, connection and pairing on € given in Definition 5. 14.

Then the heterotic Bianchi identity (5.12) is satisfied and 0 are o -approximate Go-instantons in the sense of
Definition 5.7 with bounded curvature as o/ — 0. Hence, (¢, He,0) are o/ -approximate coupled Gz-instantons in
the sense of (5.15) and the Courant algebroid Q = TM @ adP & T*M with structure (H, 8) and divergence as in
(5.23) has a torsion-free V. -compatible generalized connection with generalized Ricci curvature with norm of order
O()?as o’ — 0.

Proof. As explained before the statement, we need only show that the curvature Fj is bounded and that the second
condition in (5.13) holds. By (5.14), we see that this second condition is equivalent to

(VOH(Fy Ave)|, = O()? asa — 0. (5.25)

ge
We already remarked that the connection A on E is a Ga-instanton and that it is pulled-back from V. Hence, its
curvature F'4, and the norm of F4, are o’-independent since the metric g. on M is o’-independent when restricted to
basic forms by (5.2). Moreover, F)4 A 1. = 0 and so (5.25) is trivially satisfied for Fp = F4.
Given this discussion and the definition of 0, it now suffices to show that the curvature R2'%, of #2'%, has bounded
norm as o’ — 0 and satisfies '

s

’V(’flfn»Jr(Rg»k A wa)‘ga =0()? asa —0. (5.26)

In [LSE23, Proposition 3.17], the curvature R‘g'k was written in terms of the local orthonormal coframe given in

m
Definition 5.2 as: 2 2

. 1 k
ROF =Fa+ §k52(1 —d+m)wl + 45 o,
where F'4 is the curvature of the connection A as above, I is given in (5.7) and an depends only on ¢ and m (and the
local coframe), so is independent of o’. Since all the terms except F4 involve at least a factor of ke, which tends to
zero as o' — 0, we deduce that

|ROY — Falg. =0 asd/ —0.

Since we already established that F'4 has bounded norm as o/ — 0, the same must be true for Rgfn.

We already saw the expression for Rg:f’n A1e in (5.10). Note there that the matrix an is again independent of .
Recall that ngﬁl is given in (5.9) and note that taking § = 1, m = 0 and £ = 1 in this expression leads to the Bismut
connection VT, and instead taking § = m = 0 and k¥ = 1 yields the Levi-Civita connection. Altogether, we see

S,k .

that taking derivatives using VYim:* cannot decrease the powers of k and ¢ that already appear in (5.10). Therefore,
S,k . .

the norm of VGEWWL’JF(R‘gfn A 1b.) must have at least the same order as o/ — 0 as the norm of ROk A ). Since

we are already given that this latter quantity is of order O(a/)? as o/ — 0 by (5.11), we deduce that (5.26) holds as
desired. o

Remark 5.16. Theorem 5.15 shows that it is justified to say that the results in [LSE23], summarised in Theorem 5.6,
truly lead to “approximate” solutions to the heterotic G system. O
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A Generalised Ricci tensor

In this section, we briefly recall the construction in [GF14, GF19] of the generalized Ricci tensor using torsion-free
generalized connections. We fix a string algebroid £ over a smooth manifold M, as in Section 2.2. Recall that a
generalized connection on F is given by a differential operator

D:QYE) = QYE*®E)
satisfying the anchored Leibniz rule and compatibility with the pairing on F, that is,
Da(fb) = m(a)(£)b+ fDab,  w(a)(b,c) = (Dab, ) + (b, Dac).
Associated to a generalized connection D there are two natural quantities, given by the torsion tensor T € Q°(A3E)
Tp(a,b,c) = (Dub — Dpa — [a,c],c) + (D.a,b)
and the divergence operator divp: Q°(E) — C(M)
divp(a) = tr Da.

Given a generalized metric G on E, there are many Levi-Civita generalized connections [CSCW11, GF19], that is,
torsion-free and compatible, in the sense that DG = 0 or, equivalently,

D(Q°(Vy)) € Q°(Va),

and this phenomenon persists even if we fix the associated divergence operator. To see this, note that the compatibility
with G implies that we can decompose D in terms of four differential operators

DI:Q(Vy) = Q(VieVy), DYV - (Ve Vy), A
DI:Q°(Vo) = Q%(Vie V), DIZ:QM(V.) = (Ve Vo). '
We refer to [GF19, Section 3.1] for a more precise statement of the next result.

Lemma A.1 ([GF19]). Let (G,div) be a pair given by a generalized metric G and a divergence operator div on
a string algebroid E. Then, any torsion-free generalized connection compatible with G has mixed type operators
DT and D7 uniquely given by (2.10). Furthermore, there exists a non-empty affine space of torsion-free generalized
connections compatible with G and with divergence div, modelled on the sections of

Trex;,
where SV the space of trace-free symmetric two-tensors and Eoi = (S3Ve @ Vy)/S3Vy.

With the previous classification in hand, we can define the generalized Ricci tensors of a pair (G, div), as follows.
Firstly, given a generalized connection D on E, we can define its curvature operator

Rp(a,b)c:= Dy Dyc — DyDyc — Diq pc

acting on a triple of sections a,b,c € Q°(E). This is not a tensorial object, unlike in ordinary geometry [Gual0].
Recall also from Section 2.2 that a pair (G, div) determines uniquely an isomorphism F 2 T'® adP & T* and a tuple
(g9, H, 0, () satisfying the Bianchi identity (2.4) (cf. Proposition 2.9).

Proposition A.2 ([GF14, GF19]). Let (G, div) be a pair given by a generalized metric G and a divergence operator
div on a string algebroid E. Then, there are well-defined generalized Ricci tensors

RC-’(_}.,div ev_ & V+ and RC(_},div S VJr (24 V,,

uniquely determined by (G, div) via the formula

Rcadiv(a,,bJr) = try, <d+ — RD(dJr,a,)bJr), Reg giy (04,a-) = try_ (c, — RD(c,,bJr)a,),
where Rp(a.b)c := [Dq, Dy|c — Dy y)c for any choice of torsion-free generalized connection D compatible with G
and with divergence div.

Furthermore, in terms of the isomorphism E = T @ adP ® T* and the tuple (g, H,0,(,(_) determined by
(G, div), the generalized Ricci tensor Rcadiv (resp. Reg g;,) is explicitly given by (2.16) (resp. (2.17)).
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An explicit formula for the generalized Ricci tensors in Proposition 2.9 was first computed in [GF14] via a specific
choice of torsion-free generalized connection. Here we recall the expression for such a generalized connection,
following [GFRT16]. We will need this expression for the proof of Proposition 2.18.

Lemma A.3 ((GFRT16])). Let (G,div) be a pair as before, on a string algebroid E over a smooth manifold of
dimension n > 2. Then, there exists a G-compatible torsion-free generalized connection D with divp = div,

with pure-type operators DI and D~ constructed as follows: define ¢ € Q°(E) by (g,-) = div® — div. Via the
isomorphism E =T @& adP & T provided by G, we can uniquely write

e=op () +z2+0.(¢F)
for (1 € Q9(T*) and z € Q°(adP). Then, D is defined by

Dy dy = 0 (V3 W) + 5704 (g(V, W) = G (W)Y),
Do e =0 (Vx"*Z = 297 WixFy, t) — L9~ Wiz Fy, 1))

) N ) (A.2)
+ dXt — EFQ(X, Z) — E[T, t]
+ g () = 9(X, 2)(z + 0-(¢E) = ((2,1) = ¢ (£))ar),
+1/3v, _ w9 1,-1
where Vi '°Y = VLY £+ 597 H(X,Y,-) and
a_=o_(X)+r=X+r—gX,
by = Y)=Y +g4Y,
+=04(Y) g (A3)
ce=0_(2)+t,
dy =0y (W)
B Special linear algebra
B.1 Flat G,-structure and decomposition of forms
On Euclidean space R” endowed with the canonical basis e1, ..., e; and the orientation voly = e! A ... A €7, the

standard flat Go-structure is the three-form ¢y € A3(R7)* explicitly given by (3.1). It induces the (flat) Euclidean
metric defined by

90(X7 Y) =

1 .
1x 0 Niypo N ©o, (B.1)
6V010

and has Hodge dual (3.3). The Lie group Go < SO(7) is defined as the stabiliser of ¢ in SO(7), acting on the space
of three-forms A%(R7)*.
Consider the space of degree k, skew-symmetric, multi-linear forms on R7, which we denote by

AR = AF(RT)*

Following [Kar08], we have the following natural decomposition of the spaces of forms A* into irreducible Go-
representations (as it is standard, the subscript denotes the dimension of the subspace, and irreducible representations
are omitted):

A=A oA =N ag

AM=ANaoAaAd, 2N oA o SR

A* =A@ AT AS;

A% = AE7) @AY
where S2(R") denotes the space of trace-free symmetric two-tensors. In particular, taking the wedge product with ¢y

yields an isomorphism
A2 = A% B — BAY

and hence, for 3 € A2, one has that
BeA,2gy < BAYy=0.
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B.2 Spin linear algebra
Let CI(R”) denote the Clifford algebra of (R, go), given by the tensorial algebra of R” modulo the relation
X X =—g(X,X),

for X € R”. The algebra C1(R7) is isomorphic to End(R®) & End(IR®), and it admits a real representation A7 ~ R®
with generators (see [FKMS97, p. 261]):

e1 = FEig+ Eo7 — E3s — Eys, ez = —Fi7+ Fag+ F35 — Fag,

e3 = —Fig+ Eas — E3g + Eyy, es = —Fi15— Fy— E37 — FEug, (B.2)
es = —Fi13— Eay+ Es7+ Egs, e6 = F14— Fa3 — FEsg + Fgr, '
er = B3 — E34 — Es6 + Erg,

where E;; is the standard basis of the Lie algebra so(8): it is —1 in the position ¢, j and skew-symmetric. Upon
restriction of this representation to Spin(7) C CI(R”) we obtain the (irreducible) real spin representation

K : Spin(7) — SO(A7).
The group Spin(7) acts transitively on the sphere and G2 can be identified with the subgroup of Spin(7) preserving a

spinor (see e.g. [FKMS97]).

Proposition B.1. The Lie group G is canonically isomorphic to the subgroup of Spin(7) preserving the spinor
1o := (1,0,---,0) € Az:
Gz 2 {g € Spin(7) : gm0 =10} (B.3)

As a Ga-representation the space of spinors A7 splits into irreducible components as
Ay ~RE~ROR” ~ () @ AL,

corresponding to the real and purely imaginary octonions. The identification of A! inside A7 is simply the embedding
a € A al - ny € Ay, cf. [FKMS97, p. 262]. The relation between the descriptions of Gy as stabiliser of a 3-form
o and as a spinor 7g are related by [ACFHI15, p. 545]:

Following [FKMS97], there is a natural Ga-equivariant map
,U,ZA2—>A7Zﬁ}—)6-7’]0.

Using the isomorphisms A? ~ Al & go and A7 ~ (o) & A, one can easily see that u|,, = 0 by invariance.
Furthermore, as demonstrated in [FKMS97, p. 262], 11|51 is an embedding. This leads to a characterization of the Lie
algebra go:

go={B€A’: 3 -1 =0} C A (B.5)

Consider the action of 3-forms on the spinor 79
viA3 = Ariy =y
3

Using A? ~ (po) @ A! & A3;, the different pieces in this decomposition act on 7y via the following formulae (see
[FI03])

®o - o = — 1o, (X atbo) -mo=4X "m0,  7y-m =0, (B.6)
forall X € R” and v € A3;. Consider now the induced *Dirac-type’ map y : A> — A, defined by

y:AB%A7:7»—)77~770:Zjej~(ej4'y)~770
Using A7 ~ (o) @ A, we can describe how the irreducible components of A2 behave under y:

Lemma B.2. Under the decomposition A3 ~ (pg) & A' & A3, the irreducible components of A* under the map y

acts as 921
$o 10 = =5 Mo, ixto o =6X -1, F-mo =0, B.7)

forall X € R" and y € A3,

41



Proof. First, let v = %%jkeij ¥ an arbitrary 3-form, then €y 1y = %'yw-k ¢’* and consequently

1 )
7 emo = et (ep 1) -mo= Eyw»ke“ NG /\ek) “No.

Using the canonical embedding spin(7) ~ so0(7) = A% — CI(R7) givenby e/ A e* € A2 Le - ek € CI(RT), in
accordance with the convention v - v = f|v|2, cf. [LM90, Prop. 6.2], we then have

1 ,
7m0 = Z'Yujkeu el ek .

Using the explicit representation (B.2) and 79 = (1,0,---,0) € A7 ~ R®, the last equation 7m0 =0fory € A3,
holds by invariance. The first equation holds, by a direct computation. For the second one, it is enough to prove for
X = e; € R7, hence by invariance for the whole irreducible representation. We have in this case

. 256 234 457 367
ixPo =e" + e e e

and
e’ no = (E1s + Ear — E36 — Euz) - 1o = E1g - 1m0 = (0,--+,0,1).
On the other hand,
M'UO = (Oa 7056)
and the result follows. O

42



References

[ACDAJALHGF24] Luis Alvarez-Cénsul, Andoni De Arriba de La Hera, and Mario Garcia-Ferndndez. Vertex algebras

[ACFH15]

[AFO3]

[AF10]

[AMP24]

[BHI15]

[Bis89]

[Bry03]

[CARDSE20]

[CGFT22]

[CSCW11]

[dIOLMS20]

[DK90]

[dIOG21]

[dIOLS18a]

[dIOLS18b]

[DT98]

[FI03]

[FIUV11]

from the Hull-Strominger system, 2024. (©" 2, 8, and 14.)

Ilka Agricola, Simon G. Chiossi, Thomas Friedrich, and Jos Holl. Spinorial description of SU(3)
and Gy-manifolds. Journal of Geometry and Physics, 98:535-555, December 2015. (" 3 and 41.)

Ilka Agricola and Thomas Friedrich. On the holonomy of connections with skew-symmetric
torsion, 2003. (" 3,9, 11, and 12.)

Ilka Agricola and Thomas Friedrich. 3-Sasakian manifolds in dimension seven, their spinors and
Go-structures. Journal of Geometry and Physics, 60(2):326-332,2010. (" 3.)

Anthony Ashmore, Ruben Minasian, and Yann Proto. Geometric flows and supersymmetry.
Communications in Mathematical Physics, 405(1):Paper No. 16, 50, 2024. (" 2 and 9.)

David Baraglia and Pedram Hekmati. Transitive Courant algebroids, string structures and 7'-
duality. Advances in Theoretical and Mathematical Physics, 19(3):613-672,2015. (" 3 and 5.)

Jean-Michel Bismut. A local index theorem for non-Kiahler manifolds. Mathematische Annalen,
284(4):681-699, 1989. (" 9, 12, and 16.)

Robert L. Bryant. Some remarks on Gs-structures. Proceedings of 12th Gokova Geometry-
Topology Conference, 0(May 2003):75-109, 2003. (I 24.)

Omegar Calvo-Andrade, Lazaro O. Rodriguez Diaz, and Henrique N. S4 Earp. Gauge theory and
(G2-geometry on Calabi-Yau links. Revista Matemdtica Iberoamericana, 36(6):1753-1778, feb
2020. (7 3.)

Andrew Clarke, Mario Garcia-Ferndndez, and Carl Tipler. 7'-dual solutions and infinitesimal
moduli of the Go-Strominger system. Advances in Theoretical and Mathematical Physics,
26(6):1669-1704,2022. (" 2 and 30.)

André Coimbra, Charles Strickland-Constable, and Daniel Waldram. Supergravity as generalised
geometry I: type II theories. Journal of High Energy Physics, 11:091, 35, 2011. ( 3, 5,7, 8, 9,
and 39.)

Xenia de Ia Ossa, Magdalena Larfors, Matthew Magill, and Eirik E. Svanes. Superpotential of
three dimensional N = 1 heterotic supergravity. Journal of High Energy Physics, 01:195, 2020.
(T 21.)

Simon K. Donaldson and Peter B. Kronheimer. The geometry of four-manifolds. Oxford
Mathematical Monographs. The Clarendon Press Oxford University Press, New York, 1990.
Oxford Science Publications. (" 1.)

Xenia de la Ossa and Mateo Galdeano. Families of solutions of the heterotic G3-system, 2021.
(r 30.)

Xenia de la Ossa, Magdalena Larfors, and Eirik E. Svanes. The infinitesimal moduli space of
heterotic G5 systems. Communications in Mathematical Physics, 360(2):727-775,2018. (" 1, 2,
14, 15, 16, 26, and 30.)

Xenia de la Ossa, Magdalena Larfors, and Eirik E. Svanes. Restrictions of heterotic G5 structures
and instanton connections. In Geometry and physics. Vol. II, pages 503-517. Oxford Univ. Press,
Oxford, 2018. (" 1, 14, 15, and 26.)

Simon K. Donaldson and Richard P. Thomas. Gauge theory in higher dimensions. In The
geometric universe (Oxford, 1996), pages 31-47. Oxford Univ. Press, Oxford, 1998. (" 1.)

Thomas Friedrich and Stefan Ivanov. Parallel spinors and connections with skew-symmetric
torsion in string theory, 2003. (" 1, 3, 20, 31, and 41.)

Marisa Fernandez, Stefan Ivanov, Luis Ugarte, and Raquel Villacampa. Compact supersymmetric
solutions of the heterotic equations of motion in dimensions 7 and 8. Advances in Theoretical and
Mathematical Physics, 15(2):245-284,2011. (© 2 and 30.)

43



[FIUV15]

[FKMS97]

[FMMR23]

[GF14]

[GF19]

[GFGM23]

[GFGMS24]

[GFJS23]

[GFRST22]

[GFRT16]

[GFRT20a]

[GFRT20b]

[GFS20]

[GNI5]

[Gra69]

[GS24]

[GualO]

[Hit03]

[Hul86]

[1105]

Marisa Fernandez, Stefan Ivanov, Luis Ugarte, and Dimiter Vassilev. Quaternionic Heisenberg
Group and Heterotic String Solutions with Non-Constant Dilaton in Dimensions 7 and 5.
Communications in Mathematical Physics, 339(1):199-219,2015. (" 30.)

Thomas Friedrich, Ines Kath, Andrei Moroianu, and Uwe Semmelmann. On nearly parallel G5-
structures. Journal of Geometry and Physics, pages 259-286, 1997. (" 3, 19, and 41.)

Anna Fino, Lucia Martin-Merchédn, and Alberto Raffero. The twisted Gy equation for strong
Go-structures with torsion, 2023. (7 31 and 32.)

Mario Garcia-Ferndndez. Torsion-free generalized connections and heterotic supergravity.
Communications in Mathematical Physics, vol. 332:pag 89-115,2014. (" 2,3, 5, 6,9, 39, and 40.)

Mario Garcia-Ferndndez. Ricci flow, Killing spinors, and T-duality in generalized geometry.
Advances in Mathematics, 350:1059-1108,2019. (" 2,3,5,6,7,8,9, 11, and 39.)

Mario Garcia-Fernandez and Raul Gonzédlez Molina. Futaki invariants and Yau’s conjecture on
the Hull-Strominger system, 2023. (" 2, 6, 14, 15, 24, 28, and 30.)

Mario Garcia-Ferndndez, Raul Gonzdlez Molina, and Jeffrey Streets. Generalized Ricci flow and
the Hull-Strominger system, 2024. (" 9.)

Mario Garcfa-Fernandez, Joshua Jordan, and Jeffrey Streets. Non-Kéhler Calabi-Yau geometry
and pluriclosed flow. Journal de Mathématiques Pures et Appliquées. Neuvieme Série, 177:329—
367,2023. (" 2, 14, 19, 24, and 31.)

Mario Garcia-Ferndndez, Roberto Rubio, Carlos Shahbazi, and Carl Tipler. Canonical metrics on
holomorphic Courant algebroids. Proceedings of the London Mathematical Society, 125(3):700—
758,2022. (" 19 and 31.)

Mario Garcia-Ferndndez, Roberto Rubio, and Carl Tripler. Infinitesimal moduli for the Strominger
system and Killing spinors in generalized geometry. Mathematische Annalen, 369(1-2):539-595,
sep 2016. (" 2, 6,7, 8, 13, and 40.)

Mario Garcia-Fernandez, Roberto Rubio, and Carl Tipler. Gauge theory for string algebroids.
arXiv:2004.11399, to appear in Journal of Differential Geometry, 2020. (" 2.)

Mario Garcia-Ferndndez, Roberto Rubio, and Carl Tipler. Holomorphic string algebroids.
Transactions of the American Mathematical Society, 373(10):7347-7382, jul 2020. (" 3, 4, 8,
and 31.)

Mario Garcia-Ferndndez and Jeffrey Streets. Generalized Ricci Flow. American Mathematical
Society (AMS), 2020. (F 2,5, 6,9, 12, 13, 16, and 32.)

Murat Gunaydin and Hermann Nicolai. Seven-dimensional octonionic Yang-Mills instanton and
its extension to an heterotic string soliton. Physics Letters B, 351:169—172, 1995. [Addendum:
Phys.Lett.B 376, 329 (1996)]. (" 30.)

Alfred Gray. Vector cross products on manifolds. Transactions of the American Mathematical
Society, 141:465-504,1969. (" 19.)

Mateo Galdeano and Leander Stecker. The heterotic Go system with reducible characteristic
holonomy, 2024. (©" 30.)

Marco Gualtieri. Branes on Poisson varieties. In The many facets of geometry, pages 368-394.
Oxford Univ. Press, Oxford, 2010. (”" 39.)

Nigel Hitchin. Generalized Calabi—Yau Manifolds. The Quarterly Journal of Mathematics,
54(3):281-308, 09 2003. (" 2.)

Chistopher M. Hull. Compactifications of the heterotic superstring. Physics Letters B, 178(4):357—
364, 1986. (I 2.)

Petar Ivanov and Stefan Ivanov. SU(3)-instantons and Go, Spin(7)-heterotic string solitons.
Communications in Mathematical Physics, 259(1):79-102,2005. (© 8, 32, and 33.)

44



[IPO1]
[IP23]
[1S23]
[Iva04]
[Kar08]
[LM90]
[LO18]

[LSE23]

[MCMS94]

[MM18]
[MNE21]

[Mol24]
[Nol12]
[SE15]
[SEW15]
[SSCV24]
[ST24]
[Ste23]

[Str86]
[SV20]

[TD24]
[Wall3]

[Wall6]

Stefan Ivanov and George Papadopoulos. Vanishing theorems and string backgrounds. Classical
and Quantum Gravity, 18(6):1089, mar 2001. (" 9.)

Stefan Ivanov and Alexander Petkov. The Riemannian curvature identities for the torsion
connection on Spin(7)-manifold and generalized Ricci solitons, 2023. (" 28.)

Stefan Ivanov and Nikola Stanchev. The Riemannian curvature identities of a (G5 connection with
skew-symmetric torsion and generalized Ricci solitons, 2023. (I 27.)

Stefan Ivanov. Connections with torsion, parallel spinors and geometry of Spin(7) manifolds.
Mathematical Research Letters, 11(2-3):171-186, 2004. (" 28.)

Spiro Karigiannis. Flows of G-structures, 1. The Quarterly Journal of Mathematics, 60(4):487—
522, jul 2008. (" 20 and 40.)

H. Blaine Lawson and Marie-Louise Michelsohn. Spin Geometry. Princeton University Press,
1990. (7 10, 12, and 42.)

Jason D. Lotay and Goncalo Oliveira. SU(2)2—invariant Giy-instantons. Mathematische Annalen,
371(1-2):961-1011,2018. (" 1.)

Jason D. Lotay and Henrique N. S4 Earp. The heterotic Ga-system on contact Calabi—Yau 7-
manifolds. Transactions of the American Mathematical Society, Series B, 10(26):907-943, 2023.
(" 3, 30, 33, 34, 35, 36, and 38.)

Francisco Martin Cabrera, Maria D. Monar, and Andrew Swann. Classification of Go-structures.
Journal of the London Mathematical Society, 53, 09 1994. (I 20.)

Lucfa Martin-Merchdn. Spinorial classification of Spin(()7)-structures, 2018. (I 28.)

Grégoire Menet, Johannes Nordstrom, and Henrique N. S4 Earp. Construction of Go-instantons
via twisted connected sums. Mathematical Research Letters, 28(2):471-509,2021. (7 1.)

Radl Gonzalez Molina. New approaches to the Hull-Strominger system: Futaki invariants and
harmonic metrics. PhD thesis, Universidad Auténoma de Madrid, 2024. (" 2,9, and 13.)

Christoph Nolle. Homogeneous heterotic supergravity solutions with linear dilaton. Journal of
Physics A, 45:045402,2012. (" 30.)

Henrique N. Sd Earp. Ggy—instantons over asymptotically cylindrical manifolds. Geometry &
Topology, 19(1):61-111,2015. (" 1.)

Henrique N. Sa Earp and T. Walpuski. Gy—instantons over twisted connected sums. Geometry &
Topology, 19(3):1263-1285,2015. (" 1.)

Jeffrey Streets, Charles Strickland-Constable, and Fridrich Valach. Ricci flow on Courant
algebroids. arXiv:2402.11069,2024. (" 2 and 9.)

Jakob Stein and Matt Turner. Ga-Instantons on the Spinor Bundle of the 3-Sphere. Journal of
Geometric Analysis, 34(5):Paper No. 149, 2024. (" 1.)

Jakob Stein. SU(2)2-invariant gauge theory on asymptotically conical Calabi-Yau 3-folds. Journal
of Geometric Analysis, 33(4):55,2023. Id/No 121. (" 1.)

Andrew Strominger. Superstrings with torsion. Nuclear Phys. B, 274(2):253-284,1986. (" 2.)

Pavol Severa and Fridrich Valach. Courant algebroids, Poisson-Lie T-duality, and type II
supergravities. Communications in Mathematical Physics, 375:307-344,2020. (" 2, 6, and 9.)

Roberto Tellez-Dominguez. Chern correspondence for higher principal bundles.
arXiv:2310.12738,2024. (I 2.)

Thomas Walpuski. Gy —instantons on generalised Kummer constructions. Geometry & Topology,
17(4):2345—-2388,2013. (' 1.)

Thomas Walpuski. Go—instantons over twisted connected sums: an example. Mathematical
Research Letters, 23(2):529-544,2016. (" 1.)

45



	Introduction
	Coupled instantons and Killing spinors in generalized geometry
	Background on string algebroids
	Weak Koszul formula and generalized Ricci tensor
	Killing spinors with parameter 
	Generalized scalar curvature
	Coupled instantons
	Gravitino solutions and instanton towers

	Killing spinors and the heterotic  system
	-structures
	The heterotic G2 system
	Curvature constraints on the heterotic  system

	The coupled -instanton equations
	Coupled instantons and the gravitino equation
	Gravitino solutions and generalized Ricci-flat metrics
	Examples

	Approximate solutions
	Motivation: contact Calabi–Yau 7-manifolds
	Approximate G2-instantons, coupled G2-instantons and generalized Ricci curvature
	Approximate solutions on contact Calabi–Yau 7-manifolds

	Generalised Ricci tensor
	Special linear algebra
	Flat -structure and decomposition of forms
	Spin linear algebra

	References

