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Flat bands may offer a route to high critical temperatures of superconductivity. It has been pre-
dicted that the quantum geometry of the band as well as the ratio of the number of flat bands to the
number of orbitals determine flat band superconductivity. However, such results have assumed at
least one of the following: an isolated flat band, zero temperature, mean-field theory, and/or uniform
pairing. Here, we explore flat band superconductivity when these assumptions are relaxed. We con-
sider an attractive Hubbard model for different extensions of the Lieb lattice. The superconducting
order parameter, critical temperature, superfluid weight, and Berezinskii-Kosterlitz-Thouless tem-
perature are calculated within cluster dynamical mean-field theory. We find that while the flat-band
ratio and quantum geometry are good indicators of superconductivity near zero temperature, at fi-
nite temperatures the behavior is more complicated. Our results suggest that the properties of the

other bands near the flat band(s) are crucial.

I. INTRODUCTION

Both theory and experiments suggest that flat bands
can be beneficial for superconductivity. Studies of super-
conductivity on twisted bilayer graphene, a material with
(nearly) flat bands at certain twist angles, have shown one
of the highest T, to charge carrier density ratios ever mea-
sured.® On the theory side, even the simple Bardeen-
Cooper-Schrieffer (BCS) theory predicts that the critical
temperature for flat bands is proportional to the effective
attractive interaction |U|,%7 while the critical temperature
for dispersive bands is given by T, o exp (—1/|U|po), where
po is the density of states at the Fermi surface. This indi-
cates that T, could be greatly enhanced in flat bands.

Furthermore, it has been theoretically shown that flat
bands can have a non-zero superfluid weight and thus sup-
port dissipationless transport,® which is not immediately
clear since non-interacting flat-band states are localized. In
an isolated perfectly flat band, the superfluid weight (stiff-
ness) D is completely of quantum geometric origin, i.e. a
non-zero quantum metric,’ Berry curvature or Chern num-
ber enables supercurrent.®'9 It has also been shown that
the superfluid weight at zero temperature, for flat bands
isolated from other bands by a gap larger than the interac-
tion scale |U| (7isolated flat bands”) and fulfilling the so-
called uniform pairing condition'! which requires the order
parameters to be equal at all orbitals where the flat band
states reside, is proportional to the minimal quantum met-
ric®!1? and to the ratio of the number of degenerate flat
bands to orbitals where the flat band states reside (”flat-
band ratio”).!® These results have been derived both within
mean-field theory®'? and by exact calculations at zero tem-
perature' 13 — always assuming the isolated flat band and
uniform pairing conditions.

In the search of new superconducting materials with high
critical temperatures and other desirable properties such as
high critical currents, efficient rules of thumb as well as re-
lations between superconductivity and simple band struc-
ture properties (quantum geometry, number of flat bands),
would be immensely useful. It is therefore of interest to
explore whether the existing simple relations hold beyond

the restrictive conditions for which they have been derived.
The analytical prediction that the flat band superfluid
weight and critical temperature is linearly proportional to
the interaction, Dy o |U|, derived by mean-field for iso-
lated flat bands,® has been verified by various numerical
methods including quantum Monte Carlo, density matrix
renormalization group and dynamical mean-field (DMFT)
calculations.!* 2! There exist also a few studies on how to
describe the case of flat bands touching other bands,?? 24
within mean-field or effective theories. For some lattice
models, expressions have also been obtained for the zero-
temperature mean-field superfluid weight in flat bands not
fulfilling the uniform pairing condition.'” Systematic finite-
temperature, beyond-mean-field studies of the validity of
the relations between the superfluid weight and the quan-
tum metric, as well as the flat-band ratio, are missing. The
goal of this article is to take the first steps in this direction.

We chose as our model system various extensions of the
Lieb lattice, since this will allow us to systematically change
the number of flat bands and the quantum geometry. The
calculations of the superconducting order parameter and
the superfluid weight are done using DMFT, as it can de-
scribe the local (in our case within the unit cell) quantum
and thermal fluctuations exactly. We show by comparison
to a mean-field calculation that such a beyond mean-field
approach is necessary.

In Section II, we present the different lattice models stud-
ied in this work and provide the Hamiltonian used. In sec-
tion III, we give a brief review of the DMFT algorithm and
describe how the superfluid weight is calculated with it. In
section IV, we present the results of the DMFT calcula-
tions. We show that the quantum metric and the flat-band
ratio can be good predictors of superconductivity at zero or
very low temperatures, even if the system is not in the iso-
lated flat band and uniform pairing limit. However, while
they still give some guidelines at finite temperatures, the
behavior is more complex, indicating that the properties of
the nearby bands play an important role.
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Figure 1. A) Different two-dimensional extensions of the Lieb lattice called extended, connected and twice-extended. B) Different
three-dimensional extensions. C) Different versions of the two-dimensional extended Lieb lattice.

II. THE SYSTEM

In this study, we investigate different extensions of the
Lieb lattice in two and three dimensions. The two-
dimensional Lieb lattice is a bipartite lattice (see Fig.1 A)
without the diagonal line from site A to another site A) fea-
turing a single zero-energy flat band. Its extensions allow us
to change the number of flat bands and tune the quantum
metric of the lattice. Fig.1 A) shows three different exten-
sions in two dimensions, all constructed by connecting the
next nearest A sites with either a straight hopping term or
additional orbitals. We name the different extensions in the
following way: the straight hopping connection is the con-
nected Lieb lattice, one additional orbital is the extended
Lieb lattice and the extension with two additional orbitals
is the twice-extended Lieb lattice. The blue lines give the
allowed hoppings with a hopping energy of ¢ = 1. All en-
ergies and temperatures in this article are given in units
of the hopping ¢, and we set the Planck’s and Boltzmann
constants and the electron charge to unity, h = ky = e = 1.

Fig.1 B) shows different three-dimensional extensions of
the Lieb lattice, which are constructed by stacking two-
dimensional Lieb lattices and connecting them from the
A sites with either a direct hopping connection or with
additional orbitals. The three-dimensional extensions are
named similarly to the two-dimensional extensions. All of
these extensions in both two and three dimensions preserve
the original zero-energy flat band of the Lieb lattice since
the localized flat-band states in the Lieb lattice reside only
on the B/C orbitals and we make the extensions from the A
orbitals. In the Lieb, connected and twice extended lattices,
there is a single flat band with states residing at the B/C
orbitals. In the extended Lieb lattice, there are two flat
bands with states residing at the B/C/D orbitals. The
ratio of the number of degenerate flat bands, Ny, to the
number of orbitals at which the flat band states reside,
Ny, called the flat-band ratio, is therefore different: in the
Lieb, connected and twice extended lattices Ny/Noy = 1/2,
whereas in the extended Lieb lattices Ny /Noy = 2/3.

Fig.1 C) presents different versions of the two-

dimensional extended Lieb lattice, called the diagonal, x-
directional, and decorated versions. In the diagonal ver-
sion, the extension is made diagonally from the A site to
the A site of the next-nearest unit cell, while in the x-
directional version, the extension is made to the next unit
cell in the x-direction. In the decorated Lieb lattice, an
additional orbital is added to the unit cell and connected
only to the A orbital of the same unit cell. All of these
different versions have two flat bands with states residing
at three different orbitals, resulting in a flat-band ratio of
Ny¢/Noy = 2/3. The hoppings are altered with a hopping
parameter §, which increases the hoppings inside the unit
cell (blue lines) and decreases the hoppings between unit
cells (orange lines). Setting § # 0 will allow us to open a
band gap in those lattices that have a Dirac cone touching
the flat band, which makes the integrated quantum metric
of the flat band, used in our analysis, finite.

We study the multi-band Hubbard Hamiltonian with an
attractive onsite interaction U < 0

H = Z t, n/cmcn g—|—,uz cmcm—FUZ c TC”TCT 1Cnds
<n,n’>
(1)

where n = i, labels the unit cell ¢ and the orbital a.
The solutions of this Hamiltonian are given by Green’s
functions, with the Nambu-Gorkov formalism where, for
a lattice with M orbitals in the unit cell, both the Green’s
functions and self-energies are 2M x 2M matrices. This is
essential since we have to include anomalous components
that describe Cooper pairing in the system. The Green’s
functions and the self-energy are then given by

Gilien) = | i) G ?
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where G;(iw,) and 3;(iw,) (F;(iw,) and S;(iw,)) are the
normal (anomalous) components of the Green’s function
and the self-energy, respectively. All of these components
are M x M matrices. We assume the Green’s functions and



self-energies depend only on the relative unit cell index 7
because of the translational invariance of the lattice. The
order parameters of each orbital can be obtained from the
diagonal elements of the anomalous components of the local
Green’s functions Fj,.(iwy,)

Aa = [Eoc(iwn)]a)a . (4)

III. METHODS

The usual mean-field treatment, where the interaction is
replaced by an interaction with a mean-field, does not ac-
count for any of the fluctuations in the system. To include
fluctuations at the local level, we use dynamical mean-field
theory (DMFT), where the full lattice problem is mapped
to an Anderson impurity model, in which the impurity is
coupled to a bath of non-interacting particles.?® 27 We use
the unit cell of the lattice as an impurity and thus manage
to account for fluctuations inside the unit cell. This ver-
sion of DMFT is called the cluster DMFT.?® The essential
approximation of DMFT is that the self-energy of the full
lattice model is approximated by the self-energy of the im-
purity problem. This results in a self-energy that is local
to each unit cell and varies only within unit cells but not
between them, i.e., 3; o; g(iwn) = 0;j3aps(iwy), where 4, j
and «, 8 are the indices of the unit cells and orbitals respec-
tively and w,, = 7(2n + 1)T are the fermionic Matsubara
frequencies and 7T is the temperature.

Here we briefly describe how the DMFT works in the
multi-band case described above. The full Green’s function
can be obtained from the non-interacting Green’s function
GY(iw,,) and the self-energy with the Dyson equation

1
GV (iwy,) 1 — X, (iwy,) (5)

Gi (an) =

Since the self-energy is local to the unit cell, the non-local
full Green’s function is just the non-interacting Green’s
function, i.e., Gixo(iw,) = G%éo(iwn). After a Fourier
transformation, the Dyson equation for the local Green’s
function can be rewritten in momentum space as

Z G (iwy,) ™ — B(iw,)’

where Ny, is the number of unit cells, i.e momentum points
and GY(iw,)~! is the non-interacting Green’s function in
momentum space. The self-energy is a constant in mo-
mentum space because it is local to the unit cell in the real
space. From this local Green’s function and the self-energy,
we can obtain the dynamical Weiss mean-field, which is es-
sentially the non-interacting local Green’s function

1
Gloc (iwn)7 1
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(6)

I (iw,) =

. 7
+ 3 (iwy,) ( )
Then I'(iw,,) is used to define the Anderson impurity prob-
lem which we solve with the interaction expansion of con-
tinuous time Monte Carlo solver (CT-INT).?8:29 We solve

the self-energies and Green’s functions self-consistently and
then obtain the order parameters for each orbital from the
anomalous components of the local Green’s functions ac-
cording to equation (4).

In two-dimensional systems, the transition to super-
conductivity occurs at the Berezinskii-Kosterlitz-Thouless
(BKT) temperature T which can be obtained from the
relation30-32

s
TerT = g det[Ds(TBKT)]. (8)
The superfluid weight is therefore a central quantity in this
study. In DMFT, the superfluid weight can be obtained
from the current density (j,) induced by a constant vector
potential A, with the linear response formula33

(Ju) = =D}, Au. (9)

Here, the constant vector potential A enters the hopping
parameters by the usual Peierls substitution
TitSa A(r)dr

tho5(A) = e rivas

iajf tiaj,@

— efi('r'rHS,lfrj7613)~Atioéjﬁ7 (10)
where the r; and r; denote the positions of unit cells and d
and 6 are the intra unit cell positions of the orbitals o and
B. The current density operator at direction u € {z,y, z}
can be obtained as the first derivative of the Hamiltonian
with respect to a component of vector potential A%34
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(11)

Then, the expectation value of the current operator can be
calculated in the momentum space with3?

() = %Z e — = ZZMka (iwn),  (12)
k

where M}, is the matrix representation of the current op-
erator in k-space, Gg(iw,) is the Green’s function in mo-
mentum and frequency space and N is the number of k
points.

Now, the superfluid weight can be obtained using the fol-
lowing procedure: First, a constant small vector potential
A = A, in direction v € {xz,y, 2z} is introduced to the hop-
pings with the Peierls substitution. Then the Green’s func-
tions of the system are calculated with the cluster-DMFT
algorithm and the induced current in direction p € {z,y, z}
is obtained with Eq.(12). Finally, the u, v component of the
superfluid weight can be obtained from Eq. (9).

This procedure of calculating the superfluid weight does
not work for every method and system, since a constant
vector potential A is usually gauge-equivalent to a zero vec-
tor potential, which does not produce any supercurrent.>?
However, at the DMFT level, we impose that the anoma-
lous component of the self-energy, including the order pa-
rameters, is uniform in space, which breaks this gauge sym-
metry. Then the constant vector potential produces a phase
twist on the order parameters and the off-diagonal anoma-
lous components, which can not be gauged away.
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Figure 2. A) (C)) Absolute values of order parameters as a function of temperature for the original Lieb lattice (two-dimensional
extended Lieb). The order parameters of orbitals B and C (B, C and D) of the Lieb (two-dimensional extended Lieb) lattice are
equal and thus visible as one line only. B) (D)) the components of the superfluid weight and v/detD for the original Lieb lattice
(two-dimensional extended Lieb lattice). Both the diagonal components Dy, and Dy, are equal in the original Lieb and the extended
Lieb lattices, and Dy = Dys.
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Figure 3. A) Absolute values of the order parameters as a function of temperature for the two-dimensional extended Lieb lattice
(Fig.1A)) with different interlayer hoppings, with the interaction strength |U| = 1 and the chemical potential i = 0. B) The square
root of the determinant of the superfluid weight for the two-dimensional Lieb lattice, with interaction strength U = 1 and chemical
potential p = 0.

IV. RESULTS superfluid weights become zero at the critical temperature
of the order parameters of the corresponding lattices. How-
ever, the real critical temperature is given by the BKT tran-
sition temperature, which is T =~ 0.51 for the extended
Lieb lattice and Tgrr ~ 0.47 for the original Lieb lattice.

A. Two-dimensional extensions

In this section, we present the results of DMFT calcula- These results indicate that this extension of the Lieb lattice
tions for the different two-dimensional extensions shown in benefits superconductivity because of the larger Tgxr.
Fig.1 A). The quantities of interest are the order param- Next, we present the results of the same calculation for
eters and superfluid weight as a function of temperature. 4]l two-dimensional extensions shown in Fig.1 A). Figure 3
Figures 2 A) and C) show the order parameters of the origi- ~ A) shows |Ap| for these extensions and the original Lieb
nal Lieb lattice and two-dimensional extended Lieb lattice, lattice. It is enough to look only at |A | since, even though
respectively. The interaction strength is [U| = 1 and the  the order parameters do not have the same amplitude at all

chemical potential is y = 0, corresponding to a half-filled  orbitals, they vanish at the same temperature. These re-
flat band in both of the lattices. We see that the critical  gults are obtained from DMFT calculations with attractive
temperatures of the order parameters, i.e., the tempera-  interaction strength |U| = 1 and chemical potential ;= 0.
ture at which the order parameters vanish, increase from  We see that while the critical temperature Te of |Ag| for
the original to the extended Lieb lattice. Moreover, the  the extended Lieb lattice is increased from the original Lieb
absolute values of the order parameters are larger for the lattice, T stays approximately the same for the connected
extended Lieb geometry. Lieb lattice.

Figures 2 B) and D) show all the components of the su- These findings are qualitatively in line with the mean-
perfluid weight and the square root of its determinant for  field result T ~ |U|Ny/(4Nos), which shows that the crit-
the original and extended Lieb lattices, respectively. The ical temperature for the order parameters is approximately



proportional to the flat-band ratio N¢/N,¢. This result
has been obtained assuming the uniform pairing condition
(see appendix VIIB). In the Lieb and connected lattices
N¢/Noy =1/2 and T¢ is approximately equal while in the
extended Lieb lattice Ny /Noy = 2/3 and T¢ is larger. How-
ever, in the twice-extended Lieb lattice the flat-band ratio
is also 1/2, but T¢ is less than in the Lieb and connected
lattices. This shows that the estimate Tc ~ |U|Ny/(4Noy5)
does not capture the full behavior of the critical tempera-
ture.

Figure 2 B) shows the square roots of the determinants
of the superfluid weights and the BKT transition temper-
atures for the two-dimensional extensions. The superfluid
weights vanish at the same temperatures as the order pa-
rameters, and thus, these critical temperatures of the su-
perfluid weights also mirror the behavior of the flat-band
ratio for the connected, extended and Lieb lattices. How-
ever, the BKT transition temperatures behave qualitatively
differently. The original Lieb lattice has a larger Tpxr
than the connected Lieb lattice, even though these have
the same flat-band ratio. This shows that while the flat-
band ratio succeeds at explaining the behavior of T for
the Lieb, connected and extended lattices, it fails to fully
explain the behavior of the BKT transition temperature.

B. Influence of the quantum metric

We also study different versions of the extended Lieb lat-
tice shown in Fig.1 C). These different versions are called
the diagonal, the x-directional and the decorated versions.
All of these lattices have two degenerate flat bands at zero
energy and three orbitals where these flat bands reside, re-
sulting in a flat-band ratio of 2/3, which is larger than the
1/2 ratio of the original Lieb lattice. Thus, based on the
results from the previous section, we could expect the crit-
ical temperatures of all the different versions to be larger
than that of the original Lieb lattice. However, as seen from
Fig.4 A), the x-directional and decorated versions have a
nearly identical critical temperature to the original Lieb
lattice. Thus, in this case, the behavior in the critical tem-
peratures for these versions fails to follow the flat-band ra-
tio.

Figure 4 B) shows the square roots of the determinants
of the superfluid weights and the BKT transition tempera-
tures for the different versions. The flat-band ratio does not
predict the behavior of Tg i1 since all the different versions
have different BKT temperatures while having the same
flat-band ratio. Furthermore, T is larger for the orig-
inal Lieb lattice than the decorated version, even though
the decorated version has a larger flat-band ratio. These
results show that while the flat-band ratio gives good pre-
dictions of the behavior of the critical temperature for some
extensions of the Lieb lattice, it does not work for all of
them. This suggests that there is some other key quantity
affecting the behavior.

The quantum metric, known to determine many physical
quantities of isolated flat bands, could be such a quantity.
The quantum metric of a certain set of bands S is the real

part of the quantum geometric tensor
Bij(k) = 2TrP(k)0; P(k)0; P(k), (13)

where P(k) = 55 |Bk) (Bk| is the projector of the eigen-
states to the Bloch states of the bands in the set S. In the
isolated flat-band limit the square root of the determinant
of the zero temperature superfluid weight is proportional
to the minimal quantum metric M™in;12,13

= 4f(1 — f) & min
detD; = (2m)D-1 Nof\U|\/detM , (14)

where D is the dimension, f is the filling factor of the flat
bands, U the attractive interaction strength, and No¢ (Ny)
is the number of orbitals where the flat band states reside
(degenerate flat bands). Here detM ™ denotes the deter-
minant of the minimal quantum metric which is obtained
by minimizing the trace of the integrated quantum metric

— 1 2 .
Mij - % B.7. d k Re(ﬂ” (k))ﬂ (15)

with reference to the positions of the orbitals in the unit
cell, while tight-binding parameters are kept constant. In
addition to the isolated flat-band limit, Eq. (14) assumes
the presence of time-reversal symmetry and uniform pair-
ing, i.e. that order parameters are equal in those orbitals
where the flat band states reside.

Table I shows the predicted zero-temperature superfluid
weights from the minimal quantum metrics for the different
versions of the extended Lieb lattice shown in Fig. 1 C) with
a hopping staggering § = 0.3. We have to use a non-zero
¢ since both the original Lieb lattice and the x-directional
version (for § = 0) have a singular band touching point?>
where the quantum metric diverges. The staggering pa-
rameter § increases the hoppings inside the unit cell and
decreases them from one unit cell to another, which opens
the band gap.

Fig.4 C) shows vdet D for the different versions of the
extended and the original Lieb lattice with a staggering
parameter 6 = 0.3. The critical temperatures of v/det D
behave similarly as in the = 0 results, i.e., the diagonal
version has a larger critical temperature while the other
versions have approximately the same critical temperature.
The zero temperature superfluid weights predicted from the
quantum metric with § = 0.3, shown in Table I, overesti-
mate the DMFT results (Fig. 4 C extrapolated to zero tem-
perature) for all lattices, but correctly captures that the
diagonal extended lattice has the highest zero-temperature
Dy, followed by the x-directional extended, the decorated
Lieb lattice and finally the usual 2D Lieb lattice. Moreover,
the ratios of the estimates obtained from the quantum met-
ric are quite close to the ratios of the low-temperature D,
obtained for the different lattices using DMFT.

In Fig. 5, we compare the zero temperature superfluid
predicted using Eq. (14) and the superfluid weight from
DMFT calculations at 7" = 0.01 (which should be almost
equal to the zero temperature superfluid weight). In the
DMFT calculations the interaction strength is |U| = 1 and
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the chemical potential is ¢ = 0, corresponding to a half-
filled flat band in all of the lattices. We find that the
predicted superfluid weight overestimates the DMFT su-
perfluid weight for all lattices. However, if the prediction
obtained from the quantum metric is multiplied by a fac-
tor of %, the superfluid weights match well for all of the
lattices when the band gap is sufficiently large. For the di-
agonal and decorated versions, the analytically predicted
superfluid weight (scaled by the factor of 3/4) matches
the DMFT one extremely well, while the prediction fails
for the x-directional version and original Lieb lattice with
small §. This difference stems from differences in the band
structures of these lattices shown in appendix VII A. The
Lieb and the x-directional lattices have band touchings with
6 = 0, while the flat bands of the diagonal and decorated
lattices are always separated.

In addition to the isolated flat band condition, Eq. (14) is
derived assuming uniform pairing. From Fig. 2 C), we see

that |A 4] is different from the other order parameters for
the diagonal version of the extended Lieb lattice. This is
in fact true for all the different extensions and the original
Lieb lattice. The flat-band states reside on the B, C' and
D orbitals, which is why the different A4 does not affect
the prediction much: we need uniform pairing at the or-
bitals where the flat band states reside, whereas the order
parameters at the other orbitals should be small in the iso-
lated flat band limit. Interestingly, |[A¢| differs from |Apg]|
and |Ap| in the x-directional version and |Ap| differs from
|Ag| and |A¢| in the decorated version. Despite these dif-
ferences in the order parameters, the scaled quantum metric
prediction works well for the lattices when the band gap is
sufficiently large. This indicates that the prediction works
also when the uniform pairing condition is not perfectly
met on the orbitals that have flat bands. Note also that
the isolated band condition is very poorly fulfilled: for the
diagonal Lieb lattice the band gap between the flat and the
other bands is about 2, to be compared to the interaction
U =1, and for the decorated only about 1. The match of
the DMFT and the scaled analytical prediction in Fig. 5 is
therefore surprisingly good in many ways.

Fig.4 D) shows v detD for the different versions with such
6 parameters that all the lattices have the same determi-
nant of the minimal quantum metric of 1.3. The predicted
zero-temperature superfluid weight is 0.121 for all three
versions of the extended Lieb lattice and 0.091 for the orig-
inal Lieb because of the smaller flat-band ratio. Now, the
flat-band ratio prediction works better since detM™™ for
the different versions is identical. We also find that v/detD
at higher temperatures is controlled by other factors be-
sides the flat-band ratio and quantum metric. The critical
temperatures Tp of vdetD (and the BKT temperatures)
of the different versions are clearly different, even though
they have the same predicted zero-temperature superfluid
weight. At higher temperatures, the dispersive bands play
a bigger role, which could cause the difference between the
different lattices since they have different dispersive bands.

From Appendix VIIA, we see that when detA™" ig
1.3, the diagonal and decorated versions have the largest
band gaps, but also the largest almost flat parts in their



Table 1. Predicted zero-temperature superfluid weights for the
different versions of the extended Lieb with § = 0.3. Here
detD(0) is calculated using Eq. (14).

Lattice \/m from quantum metric
original Lieb 0.073
Diagonal extended 0.130
X-directional extended 0.091
Decorated 0.077
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Figure 6. Dy, components of the superfluid weights of the

different three-dimensional extensions and v detD of the two-
dimensional Lieb lattice.

dispersive bands. Both of these versions have larger Tp
than the decorated x-directional Lieb lattice, which has a
smaller band gap. This indicates that at higher tempera-
tures, partly flat (or completely flat) bands away from the
flat band(s) can enhance the superfluid weight. Yet, the
decorated version has a larger Tp than the diagonal ver-
sion while having less flat features in the dispersive bands.
However, the band gap is significantly smaller for the dec-
orated version, which in turn indicates that both the flat
features of the dispersive band and its vicinity to the flat
band(s) enhance superconductivity.

C. Three-dimensional extensions

Fig.1 C) shows how the two-dimensional Lieb lattice can
be extended to three dimensions in a similar way as in
Fig.1, A), i.e., the different extensions are made from the
smaller sublattice. This preserves the flat band of the two-
dimensional Lieb lattice. Once again, the (twice-) extended
three-dimensional Lieb lattice has (two) one additional or-
bital(s) between the 2D planes. In the connected three-
dimensional Lieb lattice, there is a straight hopping con-
nection between the A sites. The flat-band ratios are the
same in the three-dimensional extensions as in the two-
dimensional ones, i.e., 2/3 in the extended, whereas the
twice-extended and connected lattices have the same flat-
band ratio of 1/2 as the Lieb lattice.

Fig.6 b) shows D,, for the different three-dimensional
extensions of the lattice and vdetD for the original two-
dimensional Lieb lattice. The temperatures at which the
superfluid weight vanishes for the three-dimensional exten-
sions follow the flat-band ratio similarly as in the two-
dimensional extensions, i.e., the extended lattice has the
largest critical temperature while connected has the sec-
ond largest and twice extended the lowest. The tempera-
ture at which v/ det D vanishes for the two-dimensional Lieb
equals the critical temperature of the connected extension.
However, in the two-dimensional lattice, the real critical
temperature of the superfluid weight is given by the BKT-
transition temperature shown in Fig.6. In three dimen-
sions, long-range order exists, and the real critical temper-
ature of the superfluid weight is given by the temperature
at which the superfluid weight vanishes. Thus, the critical
temperature of superconductivity increases for all three-
dimensional extensions compared to the two-dimensional
Lieb lattice.

We have tested how important the fluctuations included
in the DMFT method are by a comparison to a mean-field
calculation, see Appendix VIIC. It turns out that a mean-
field calculation at high temperatures produces not only
quantitatively but also qualitatively different results: there
seems to be an optimum for critical temperature in a quasi-
two-dimensional regime. However, this does not appear in
DMFT where the three-dimensional systems always lead
to the highest T.. This indicates that in predicting finite-
temperature properties of flat-band superconducting sys-
tems, a beyond mean-field treatment is essential, while at
T = 0, mean-field theory can give qualitatively accurate
predictions as shown e.g. in Fig. 5.

V. CONCLUSIONS

We investigated the critical temperature for supercon-
ductivity in several two- and three-dimensional extensions
of the Lieb lattice with DMFT. While the superconducting
properties for these extensions differ in various ways, we
found that the flat-band ratio, i.e. the ratio of the number
of flat bands at the Fermi energy to the total number of
bands (or orbitals), plays a role in determining the criti-
cal temperature. For some of the models considered, the
temperature at which the superconducting order parame-
ters and the superfluid weight vanish increases when the
flat-band ratio is increased. In a sense, this result can be
expected, since the number of states at the Fermi energy
is increased with the number of flat bands. However, other
features of the band structure also seem to play a role at
high temperature: for instance, the diagonal extension of
the two-dimensional Lieb lattice, which features partially
flat dispersive bands, has an increased critical temperature
compared to other versions of the extended Lieb lattice.

The importance of quantum geometry in the zero-
temperature superfluid weight of flat bands is well-
established, and has been verified for instance by quan-
tum Monte Carlo and DMFT computations.'* 619 In this
T = 0 limit, it is known that both the flat-band ratio and



the minimal quantum metric play a role. Our results show
that in this limit, the simple mean-field analytical result
for the superfluid weight agree qualitatively with DMFT
calculations even when the isolated flat band and uniform
pairing conditions used in its derivation are poorly met.
A higher flat-band ratio can in priciple result in a higher
zero-temperature superfluid weight, but the quantum met-
ric becomes zero when the ratio is brought to its maximal
value of one (meaning that the system consists of only de-
generate flat bands).

The zero temperature superfluid weight typically only
gives an upper bound for the critical temperature. The
precise determination of Tgir requires knowledge of the
superfluid weight also at nonzero temperature. Our re-
sults suggest that the behavior of Dy at high temperatures
is influenced by overall properties of the band structure:
in addition to the flat-band ratio and the quantum met-
ric of the flat band, the dispersion properties (or quantum
metric) of the other bands also plays a role. Since a high
flat-band ratio can both increase the zero-temperature su-
perfluid weight and the temperature at which the super-
fluid weight vanishes, it can be expected to enhance Tgi .
Further studies could shed light on the behavior of Dy at
intermediate temperatures, crucial for the determination
of Tgxr. At these temperatures, the behavior is probably
dictated not only by the properties of the flat band(s) but
also by the band dispersions, flat features and quantum ge-
ometric quantities of the nearby bands. Such studies could
find out general properties favourable for high temperature
superconductivity.

Our results point to a potential method to design flat
band systems with increased critical temperatures: the ad-
dition of orbitals resulting in an increased number of flat
bands at the Fermi energy. The possible enhancement of
the critical temperature is especially high if this exten-
sion adds a third dimension to a two-dimensional system,
since reaching the BKT transition is no longer required.
In our example case, this would be at the expense of the
critical current at low temperatures since there the two-
dimensional superfluid weight is larger.

Flat band models have been realized in ultracold atom
experiments,?6 39 including the Lieb lattice.?%*! The high
tunability of these systems makes them good candidates
for the realization of lattice extensions. Moiré and other
two-dimensional quantum materials®®1%:42-44 offer unique
possibilities for tuning the number of flat bands, orbitals
in the (moiré) unit cell, and the quantum metric. One
more interesting area of further study are stoichiometric
three-dimensional flat band materials*® where the number
of relevant orbitals, flat bands and their quantum metrics
can be obtained from ab-initio calculations and could help
searches of materials with high critical temperatures and
critical currents.
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APPENDIX

A. Band structures

The first and second rows of Fig. 7 show the band structures of the different versions and the original Lieb lattice
with staggering parameters 6 = 0 and 0.3, respectively. The original Lieb lattice and the x-directional version have band
touchings at the high-symmetry point M when § = 0, which are opened with § = 0.3. The band structures of the diagonal
and decorated versions have no band touchings even with § = 0. Furthermore, both dispersive bands of the diagonal Lieb
lattice have a flat band portion along the high symmetry line from point M to point X. The last row of Fig. 7 shows
that the diagonal and the decorated versions have the largest band gaps when the lattices have the same determinant
of the minimal quantum metric of detM™™ = 1.3. We also note that the band structures of the original Lieb and the
x-directional extension look similar in this case.

Lieb diagonal x-directional decorated
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Figure 7. Band structures plotted along the high symmetry lines of the first Brillouin zone for the different versions of the extended

Lieb lattice and the original Lieb lattice with § = 0 (first row), § = 0.3 (second row) and with such ¢ that detM™" = 1.3

row). The Lieb lattice has one flat band at zero energy for all §, and the different versions all have two degenerate flat bands at

Zero energy.

(third
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B. Mean-field critical temperature

In this section, we compute the temperature Tgcg at which the order parameters vanish within mean-field theory in
isolated flat bands with uniform pairing. We use a mean-field approximation of the interacting part of the Hubbard model

(Eq. (1)),

~ 2
UZCIQTCiaTCIaicia¢ ~ Z [AaczaTCIai + H.c. - |Ai0¢| /U ’ (16)
e 2
where A, = U(CialCiat) is the mean-field order parameter. Assuming that A;, = A, is independent of the unit

cell, the Hamiltonian in momentum space can be written in terms of the Bogoliubov-de-Gennes Hamiltonian Hpqg as
H = Zk CLHBdGCk7 with

o Hk.—p, A
Hpac = ( Al _m, +M> ) (17)

Cc = (Ck1T7""CkNOT7CTfk1L’"'7C—kNo¢)T' (18)

Here, [Hilag =Y, toa,weik'(ma_”f’), where r;5 is the position of the lattice site i3, and [A]ag = Aydas. We assume now
that the pairing is uniform throughout the lattice, i.e. A, = A, so that A = Al. We also assume time-reversal symmetry,
implying Hy = H*,, and take A real.

The non-interacting kinetic Hamiltonian Hy can be diagonalized as Hy = lekg,i, where [ex]m,n = €n(K)0mn contains
the band dispersions and [Gk|an = {(a|ng) the Bloch functions. We can thus rewrite Hpac as

(G O [e—p A Gl o
H; = . 19
pae (0 gk>< A —ek+u><o g,i) 19

The matrix Hpqg is now easily diagonalized, and has eigenvalues and vectors

EE(k)=+E, = £/ (em(k) — )2 + A2, (20)
¢y (k) = (un(K)|+) + vn(K)[-) @ |ni), (21)
1y, (k) = (—vn(k)|+) + un(k)|=)) @ [nk), (22)

(23)

where

_ L e gy L emlE) —
AV B W= TR @9

The vectors |t+) are the eigenvectors of the Pauli matrix o, corresponding to eigenvalues £1. The full BAG Hamiltonian

can thus be rewritten in a diagonal form H =), 'y,LEk'yk + C, where C is a scalar which does not impact the following
calculations and

Ey, = diag(E{ (k),... Ef (k), By (k),...,Ey (k)), (25)
Vi = (Vie1s -« s VhNos Vhlms - - s ViNg— ) s (26)
Ckat = Z(O“nw [un(k)’ykn-&- - Un(k)'Ykn—] ) (27)
oy = D) [vn (k) Yens + (k) Yien—] (28)

n

The order parameters can be solved from the gap equation

U
Ag = | |Z (c—kaiChat) (29)

- 'U'ZDam 2 [0 )0 ) (3 Vi) = 100 )0 () )] (30)

|U|A ZZ |2W' (31)
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Because we assume uniform pairing,
1 |U|A tanh / 2)
A=— o= _— 2
RSSO &2

We now consider a set S of Ny degenerate flat bands at energy e. Then Eq. (32) becomes

‘U|thanh(ﬁ\/ €Eq — +A2/2) ‘U|

tanh (S )/2)
1= 2N, (en — ) T AZ QNkN Z};Z ( ) (33)

Setting p = ez and taking the limit T — Tpcs where |A| — 0% yields the critical temperature for a half-filled flat band

|U|Nf ‘U| tanh |En €ﬁ|/(2TBcs))
T . 34
BOS = N, 2NkN Z Z len (k) — €ﬁ|/TBCS (39

If the flat band is isolated so that |e,, (k) — 7| is very large at all momenta, the second term can be ignored and we obtain
a critical temperature proportional to the flat-band ratio,

|U|N¢

i (35)

Tpcs ~

This result can be generalized to models where the pairing is uniform only at those orbitals where the flat band states
reside, and vanishingly small at other sites. In such cases, N, should be replaced by the number of orbitals at which the
flat band states reside, Nys. In the two-dimensional Lieb lattice, where the flat band states reside at the B/C sites, this
gives an estimate of |U|/8 for Tpcs in the isolated band limit. In the three-dimensional once-extended extension, where
the states of the two flat bands reside at the B/C/D sites, the estimate for an isolated band is |U|/6. As can be seen from
Fig. 8, this can be close to the mean-field Tgcs even when the bands are not isolated. The critical temperature obtained
from DMFT is lower than the mean-field estimate.

C. Mean-field results

The decision to use DMFT calculations in this study was motivated by the quantum fluctuations that it manages
to account for. One can also perform similar calculations with mean-field theory and obtain the order parameters and
superfluid weights. However, in this case, all of the quantum fluctuations in the system are neglected. In this section, we
investigate how mean-field results compare to the DMFT results. Fig.8 shows the absolute values of the order parameters
for the three-dimensional extended Lieb lattice calculated with mean-field theory. We have introduced a hopping parameter
d that gives the hopping strengths in z-direction. When d = 0, the system consisted of stacked two-dimensional Lieb
lattices with disconnected orbitals between them and when d = 1, we have the three-dimensional extended Lieb lattice
shown in Fig. 1 C). Using this aparameter we can tune our system continuously from the two-dimensional Lieb to the
three-dimensional extended Lieb lattice.

The mean-field order parameters shown in Fig.8 are both qualitatively and quantitatively different from the DMFT
order parameters. First, the critical temperatures of these order parameters are significantly larger than in the DMFT
results. At the DMFT level, the local fluctuations are included, reducing the critical temperatures. More interesting is
that now the critical temperature of the order parameters with d = 0.5 is larger than with d = 0 or with d = 1, which
indicates that this critical temperature is maximized in the quasi-2D regime, i.e., with d between 0 and 1. In the DMFT
context, the critical temperature of the three-dimensional extended Lieb lattice with d = 0.5 was between the d = 0 and
d = 1 critical temperatures and the critical temperature was maximized with d = 1. Thus, the mean-field behavior is
clearly different from that of the DMFT results.

This behavior can be explained by the order parameter of the disconnected D site (Ap) in the d = 0 case. When
d =0, Ap is zero in the DMFT results but nonzero (and large) in the mean-field results. this shows that in the absence
of fluctuations, i.e., at the mean-field level, Cooper pairing is possible in the disconnected D orbitals. Furthermore, Ap
has a larger critical temperature than other orbitals when d = 0. For small but non-zero d these strong Cooper pairs in
the D sites with large critical temperatures seem to enhance Cooper pairing in other orbitals, which raises the critical
temperatures of these orbitals. This results in the critical temperature being maximized in the quasi-2D regime. However,
this large order parameter is only an artifact of the mean-field approximation and not physical since it is not present in
the more precise DMFT calculations. Thus, DMFT calculations are needed to produce reliable results for the different
extensions.
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Figure 8. Absolute values of mean-field order parameters as a function of temperature for the extended three-dimensional Lieb

lattice with different values of the interlayer hopping d. When d = 0 or d = 0.5, |Ap| and |A¢| are equal and with d =1 all |Ag],
|Ac| and |Ap| are equal.

It was also confirmed that even in real-space DMFT results, the order parameter of the orbital D is zero when d = 0.
In the real-space DMFT, each orbital is mapped to its own impurity problem, while in the cluster DMFT used earlier,
the impurity was the entire unit cell. This real-space DMFT includes the fluctuations inside the orbitals, while cluster
DMFT also includes fluctuations between different orbitals in the unit cell. However, also these intra-orbital fluctuations
can break the Cooper pairing in the disconnected D sites, producing zero Ap when d = 0.
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