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SOME CLASSIFICATIONS FOR GAUSS MAP OF TUBULAR
HYPERSURFACES IN E{ CONCERNING LINEARIZED OPERATORS L,

AHMET KAZANY™, MUSTAFA ALTIN? AND NURETTIN CENK TURGAY?

ABSTRACT. In this study, we deal with the Gauss map of tubular hypersurfaces in 4-dimensional
Lorentz-Minkowski space concerning the linearized operators £1 (Cheng-Yau) and £2. We obtain
the £1 (Cheng-Yau) operator of the Gauss map of tubular hypersurfaces that are formed as the
envelope of a family of pseudo hyperspheres or pseudo hyperbolic hyperspheres whose centers lie
on timelike or spacelike curves with non-null Frenet vectors in E} and give some classifications for
these hypersurfaces which have generalized L 1-type Gauss map, first kind Lg-pointwise 1-type
Gauss map, second kind L-pointwise 1-type Gauss map and Lg-harmonic Gauss map, k € {1,2}.

1. INTRODUCTION

Let (M, g) be a hypersurface of (n+1)-dimensional Minkowski space Ef™' A denote its Laplace
operator. A smooth mapping ¢ : M — E?™! is said to be finite type if it can be expressed as

¢ =00+ o1+ + P,

where ¢ is a constant vector and ¢; is an eigenvector of A corresponding to the eigenvector \; for
i=1,2,..., k. More precisely, if Aj, Ao, ..., Ay are distinct, then v is said to be k-type ([4], 6] [7]).
Several results on the study of finite type mappings were summed up in a report by B.-Y. Chen
in [5] (See also [8] 22]).

Let N denote the Gauss map of M. From the definition above, one can conclude that N is of
1-type if and only if it satisfies the equation

AN = \(N +C) (1.1)

for a constant A € R and a constant vector C'. However, Gauss map of some important submani-
folds such as catenoid and helicoid of the Euclidean 3-space E? satisfies

AN = f(N +C) (1.2)

which is weaker than (), where f € C*(M) is a smooth function, [I0]. These submanifolds
whose Gauss map N satisfying (L2) are said to have pointwise 1-type Gauss map. Submanifolds
with pointwise 1-type Gauss map have been worked in several papers (cf. [10} 20] 211, 22]).
On the other hand, the Gauss map of some hypersurfaces of semi-Euclidean spaces satisfies the
equation
AN = fiN + f,.C (1.3)

for some smooth functions f;, fo and a constant vector C'. A submanifold is said to have generalized
1-type Gauss map if its Gauss map satisfies the condition (IL3]), [25]. After this definition was given,
hypersurfaces of pseudo-Euclidean spaces have been considered in terms of having generalized 1-
type Gauss map, [17], [19, 25, [26].
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In the recent years, the definition of Ly-finite type maps has been obtained by replacing A in
the definition above with the sequence of operators Ly, L1, Lo, ..., L1, [1, 2]. Note that, by
the definition of these operators, one can obtain Lo = —A and £; = [ is called as the Cheng-Yau
operator introduced in [9]. By motivating this idea, notion of Li-pointwise 1-type Gauss map
and generalized £ 1-type Gauss map was presented in [14] and [18], respectively (see Definition
). After the case k = 1 is studied in these papers, many result obtained on hypersurfaces with
certain type of Gauss map, [11], 12 13| 19} 24] 25] 26].

On the other hand, in [3], the general expression of the canal hypersurfaces that are formed
as the envelope of a family of pseudo hyperspheres, pseudo hyperbolic hyperspheres and null
hypercones whose centers lie on a non-null curve with non-null Frenet vector fields in E{ has been
given and their some geometric invariants such as unit normal vector felds, Gaussian curvatures,
mean curvatures and principal curvatures have been obtained. Also, tubular hypersurfaces in E}
by taking constant radius function have been studied in [3].

In this paper, we study the tubular hypersurfaces in Lorentz-Minkowski 4-space E] with the
aid of L operators, k € {1,2}. In Sect. 2, we give basic notation, facts and definitions about
hypersurfaces of Minkowski spaces. In Sect. 3 and Sect 4, we consider some classifications of
tubular hypersurfaces by considering their Gauss maps in terms of their types with respect to the
operators L1 and L.

2. PRELIMINARIES

Let Ef*" be the (n + 1)-dimensional Lorentz-Minkowski space with the canonical pseudo-
Euclidean metric ( ,) of index 1 and signature (—, +, +, ..., +) given by

(,)=—dai +da +da5+ ... + dal 4

where (1, %3, ..., T,11) 1S a rectangular coordinate system in E?H.

If ' : M — E! is an isometric immersion from an n-dimensional orientable manifold M to
E"!, then the induced metric on M by the immersion I' can be Riemannian or Lorentzian. Let
N denotes a unit normal vector field and put (N, N) = ¢ = £1, so that e = 1 or € = —1 according
to M is endowed with a Lorentzian or Riemannian metric, respectively.

The operator L acting on the coordinate functions of the Gauss map N of the hypersurface
M in (n + 1)-dimensional Lorentz-Minkowski space E7! is

ﬁkN = —EQ:k (VH]H_l + (nHlHkH — (n — k- 1) Hk+2) N) . (21)

<Z)Hk:(_5)k“k’ ((Z):k,(nnilk),) (2.2)

ay = — Z?:l Ki,

ap = (—1)* Do cinenci, FirKige iy, K =2,3,..n
and Hj, is called the k-th mean curvature of order & of M.
Also, the constant € is given by

Here,

such that

(2.3)

¢ = ( kil ) (—e)*. (2.4)

(For more details about the linearized operator Ly, one can see [16].)
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Definition 1. Let m and n be non-zero smooth functions on M, C € E*! be a non-zero constant
vector and k € {0,1,2,....,n}.
If the Gauss map N of an oriented submanifold M in E} satisfies

i: LN =mN +nC, then M has generalized Ly, 1-type Gauss map;

ii: LN =mN, then M has first kind Ly-pointwise 1-type Gauss map;

iii: LN = m(N + C), then M has second kind Ly-pointwise 1-type Gauss map;
ivi LN =0, then N is called Ly-harmonic.

In this study, we will deal with Gauss maps of tubular hypersurfaces in 4-dimensional Lorentz-
Minkowski space E} concerning linearized operators L; and Ly. So, let us give some notions in
E4

Let W = (w1, ug, ug, uy), v = (v1, V9, v3,v4) and W = (w1, wo, w3, wy) be three vectors in Ef.
The inner product and vector product are defined by

<77 7) = —UV1 + U2V + U3V3 + UgV4 (25)

and

—€1 €9 €3 €4

UXx T xwW=det | 1 U2 U (2.6)
U1 Vg V3 V4 ’
w1 Wo W3 Wy

respectively. Here & (1=1,2,3,4) are standard basis vectors.

A vector W € Ef—{0} is called spacelike, timelike or lightlike (null) if (@, @) > 0 (or @ = 0),
(W, ) <0 or é W) = 0, respectively. A curve fB(s) in E? is spacelike, timelike or lightlike
(null), 1f all its VeIO(31ty vectors 3'(s) are spacelike, timelike or lightlike, respectively and a non-null
(i.e. timelike or spacelike) curve has unit speed if (4, ') = F1. Also, the norm of the vector 0
is || 7| = /1(¢, )] [15].

Let Fi, Fy, F3, F, be unit tangent vector field, principal normal vector field, binormal vector
field, trinormal vector field of a timelike or spacelike curve [3(s), respectively and {Fi, F, F3, F)}
be the moving Frenet frame along (3(s) in E]. The Frenet equations can be given according to the
causal characters of non-null Frenet vector fields Fy, Fy, F3 and F} as follows [23]:

If the curve B(s) is timelike, i.e. (F}, F1) = —1, (F;, F;) =1 (i = 2,3,4), then

Fl/ - le2>
Fé:lel+k2F3a (27)
Fy = —ko Iy + ks Fy, '
Fy = —k3F3;
if the curve ((s) is spacelike with timelike principal normal vector field Fy, i.e. (Fy, Fy) = —1,
(F,, Fy) =1 (i = 1,3,4), then
Fl/ = k1F27
FQ, — ]{ZlFl + ]ngg, (2 8)

Fé = ]{ZQFQ + ]{73F4,
Fy = —k3F3;
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if the curve f(s) is spacelike with timelike binormal vector field F3, i.e. (F3, F3) = —1, (F}, F;) =1
(1=1,2,4), then
Fl/ = le2>
Fy = —kiFy + ko I3,
Fy = ko Iy + k3 by,
Py = k3F3;
if the curve 3(s) is spacelike with timelike trinormal vector field Fy, i.e. (Fy, Fy) = —1, (F}, F;) =1
(1=1,2,3), then

(2.9)

Fll = k1F27
Fé - —]{ZlFl + k2F3,
Fé — —]{ZQFQ + ]{?3F4,
Fl = ksF.

Here ki, ko, ks are the first, second and third curvatures of the non-null curve (s).
Also, if p is a fixed point in E] and r is a positive constant, then the pseudo-Riemannian
hypersphere and the pseudo-Riemannian hyperbolic space are defined by

Si(p,r)={z €El: (x —p,x —p) =r’}

(2.10)

and
Hy(p,r) ={z € E{: (x — p,x —p) = —1?},
respectively.
If M is an oriented hypersurface in E}, then the gradient of a smooth function f(s,¢, w), which
is defined in M, can be obtained by

1 ((9%3 — g22033) fs + (—913923 + 912933) [t + (913922 — g12G93) fu) Os
Vi==| +((—913923 + 912933) fs + (915 — 911933) [t + (—g12013 + g11923) fu) O |, (2.11)
+ (913922 — 912923) fs + (—g12913 + g11G923) fr + (9%2 — g11922) fuw) Ow

where
g :9%3922 — 2912913923 + 911953 + 912933 — 911922933;
{s,t,w} is a local coordinat system of M; f, fi, fu are the partial derivatives of f and g1 =

<887 88) , g12 = <887 at> y 913 = <857 8’(1]) y §22 = <8t7 at> y 923 = <8t7 aw> y 933 = <8w7 aw>

3. SOME CLASSIFICATIONS FOR TUBULAR HYPERSURFACES GENERATED BY TIMELIKE
CURVES WITH L, OPERATORS IN E]

In this section, we obtain the £; (Cheng-Yau) and L5 operators of the Gauss map of the tubular
hypersurfaces 7 (s,t,w) that are formed as the envelope of a family of pseudo hyperspheres whose
centers lie on a timelike curve with non-null Frenet vectors in E] and give some classifications
for these hypersurfaces which have generalized L 1-type Gauss map, first kind £,-pointwise 1-
type Gauss map and second kind Lg-pointwise 1-type Gauss map and Li-harmonic Gauss map,
ke {1,2}.

The tubular hypersurfaces 7T (s,t, w) that are formed as the envelope of a family of pseudo
hyperspheres whose centers lie on a timelike curve with non-null Frenet vectors in E{ can be
parametrized by

T (s, t,w) = B(s) + r(costcoswFy(s) + sint coswF3(s) + sin wFy(s)). (3.1)
The unit normal vector field of (3.1)) is
N = —(costcoswFy + sint coswF3 + sinwkFy) (3.2)
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and so,
(N,N) = 1. (3.3)
The coefficients of the first fundamental form of ([B.I]) are
g1 = —(1 4 rk, cost cos w)2+(7’k2 cos t cosw — ks sinw)> 42 (k3+k3) sin® ¢ cos® w,
g12 = go1 = r?(ky cosw — kjz costsinw) cosw, gao = r? cos® w, (3.4)

G13 = g31 = r’kzsint, gog = gs2 =0, g3 =12
The principal curvatures of ([B.1) are
1 ki costcosw

K1 = Rg = —, K3 = .
r’ 14 rky costcosw

For more details about these hypersurfaces, one can see [3].

3.1. Some Classifications for Tubular Hypersurfaces Generated by Timelike Curves
with £; (Cheng-Yau) Operator in Ef.
The functions ay of the tubular hypersurfaces (3.1)) in E{ are obtained from (23)) and (3.5) by

—2 — 3rky costcosw 1+ 3rk; cost cosw k1
ay = , Qg = 5 ,a3:—2 . (36)
(1 4 rky cost cosw) r2(1 4 rky cost cosw) r2(rk; + sectsecw)
Also, from (2.11]), (34) and (B.6), we have
. 2 (Ky cost + kikgsint) cosw ki (2 cos? t cos(2w) + cos(2t) — 3) 7
2T r(1+ rky costcosw)? ! 2r2(1 4 rky cost cosw)? ?
2k, sint cos t cos® w 2k costsinw cosw (3.7)
r2(1 4 rkycostcosw)? ° r2(1 + rkycostcosw)? '
So, from (2.10), 22)), 32), B3)), 3.6) and (B1), we reach that
LN = _ 2(kikesint + K cost) cost1
r(1+ rky costcosw)?
2 (rky (3rky cos® t cos® w + 2 cos? t cos(2w) + cos(2t)) + cost cos w) P
r3(1 4 rky cost cosw)? ?
2(1 + 3rky cost cosw) sint cos w 2(3rk; costcosw + 1) sinw
_ - Fy. (3.8)

r3(1 + rky cost cosw) r3(1 + rky cost cosw)

Now, let us give some classifications for the tubular hypersurfaces (8.I]) which have generalized
L1 1-type Gauss map, first kind L;-pointwise 1-type Gauss map and second kind L;-pointwise
1-type Gauss map and L£i-harmonic Gauss map.

Let the tubular hypersurfaces 7 (s,t, w) have generalized £; (Cheng-Yau) 1-type Gauss map,
ie., LN = mN + nC, where C' = C1F; + CoFy + C3F3 + CyFy is a constant vector. Here, by
taking derivatives of the constant vector C' with respect to s, from (2Z7)) we obtain that

C1 + Coky =0,
Cé + Cllﬁ - Cg]fg - 0,
Cé + Cgl{?Q - 04]{73 - 0,
Ch + Csks = 0.

Also, by taking derivatives the constant vector C' with respect to ¢ and w separately, one can see
that the functions C; depend only on s.

(3.9)
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Firstly, let us classificate the tubular hypersurfaces 7 (s, ¢, w) which have generalized £; (Cheng-
Yau) 1-type Gauss map.

From ([3.2) and (3.8]), we get

2(1@& cos t+k1ko sin t) cos w C
T r(14rky costcosw)3 = nla,

2 (T’kl (3rk1 cos? t cos® w+2cos? ¢ Cos(2w)+cos(2t)) “+cos t cos w)

o r3(14rk1 cost cosw)? =m (_ cost cos w) + nCs,

> (3.10)

_ 2(143rk1 costcos w)sint cos w
r3(1+rk1 costcosw)

=m (—sintcosw) + nCs,

_ 2(1+3rk; costcos w) sinw —m (—SiIl w) + UC4.

r3(1+7rk1 costcosw)

/
Now let us investigate the non-zero functions m(s, ¢, w) and n(s, ¢, w) from the above four equa-
tions.
Firstly, let us assume that C; # 0.
In this case, from the first equation of (3.10]) it’s easy to see that
2 (kj cost + kikysint) cosw
(1 4 rky cost cosw)3C}
Here, when the equation (B.IT]) is successively substituted into the second, third and fourth equa-
tions of (3.10), we obtain

3rky cos® t cos® w
2 (rk1 ( 9 cos? £ cos (2w)-+ cos (21) +costcosw | Cy(1 + rk, costcosw)

(3.11)

n(s,t,w) = —

—Cor? (Ky cost + kikosint) cosw

m(87 tv ’UJ) = C17r3(1+7k1 cos t cos w)? cos t cos w )
m(s " w) _ 2(Cl(l+rk1 Costcosw)z('1+3rk1 Costcosw)—03r2(k’1 cot t—l—klkg))

» &y C173(1+7k1 cost cosw)3 ’
m(S " w) _ 2(Cl(l+rk1 cost cos w)?(14-3rky cost cos w)—C4r2(k’1 cost+kiko sint) cot w)

» Yy Cy73(1+7k1 costcosw)3 :

When we equate the functions m(s,t,w) found above to each other, we arrive at the following
equations:

(C3 — Cysintcotw) (k] cott + kiks) = 0, (3.12)
k1 (C, sectsecw + kyr(Cytant — Cysint cotw)) + r(C ki — Ky (C, costcotw — Cq)) =0, (3.13)
k1 (rky(Cs — Cytant) — Cysectsecw) — Cirk? + vk} (Cscott — Cy) = 0. (3.14)

In the equation (3.12), it holds that k] cott + kiks # 0. This is because, when kj cot t + ki ko = 0,
the function n(s, ¢, w) in the first equation of (BI0) becomes zero. This, in turn, contradicts the
definition of the function n(s, ¢, w) in our classification as £;N = mN +nC'". So, from the equation
BI2) and k| cott + k1ky # 0, we have C3 = Cy = 0. When C3 = C; = 0, substituting this into
the equation (3.14]) yields

(C’lrkf + C'grk:’l) cost + Crky secw + Corkikysint = 0.

Thus, we have
C1k} + Coky = C1ky = Cok1ky = 0
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and so C; = Cy = 0. This is a contradiction.
Secondly, let us assume that C; = 0.
In this case, from the first equation of the set of equations (3.9]) it’s easy to see that

Coky = 0. (3.15)
If £y =0 in ([B.I5), then from the second, third and fourth equations of (.10, it is calculated as

Cor3n(s,t,w) = (m(s,t,w)r> — 2) cost cos w,
Csr3n(s, t,w) = (m(s,t,w)r> — 2)sint cosw, (3.16)

Cyr*n(s,t,w) = (m(s,t,w)r? — 2) sinw,

respectively. Since the functions C; depend only on s, there is no solution for functions n(s, ¢, w)
in (316).
Now, let us assume that Cy = 0 in (3:I5). In this case, from the second equation of (3.I0), it’s
easy to see that
2 (cost cosw + rky (cos(2t) + 3rky cos® t cos® w + 2 cos? t cos(2w)))
r3(1 4 rky cost cosw)? cost cosw '

m(s, t,w) = (3.17)

Here, when the equation (B.17) is successively substituted into the third and fourth equations of

(3.10), we obtain

_ —2k1
ﬂ(S, 2 ’UJ)C3 T r2(14r costcos wky)? tant,

_ —2k;
n(s,t,w)Cy = T Trhrcos foonm)? SCC T tan w.

Here, there is no solution for functions n(s, t, w).
Hence, we can state the following theorem:

Theorem 1. There are no tubular hypersurfaces (31), obtained by pseudo hyperspheres whose
centers lie on a timelike curve in E}, with generalized L1 1-type Gauss map.

Now, let us classificate the tubular hypersurfaces 7 (s, ¢, w) which have second kind £;-pointwise
1-type Gauss map, i.e., LLN =m (N + C).
From ([3.2) and (3.8]), we get

2(k’1 cos t+k1ko sin t) cos w C
T r(14rky costcosw)3 = mlr,

2 (T’kl (3rk1 cos3 t cos® w+2cos? ¢ Cos(2w)+cos(2t)) “+cost cos w)

B r3(14rk1 cost cosw)? =m (_ cost cos U)+C2) )

(3.18)
A estesiesy i (in o Cy),
2(143rky cost cosw) sinw .
- (r—g(l—l—lrkl costcos)w) =m (—SIII w+C4) ) )
Here, from the fourth equation of (3.I8)) it’s easy to see that
2 (1 + 3rky costcosw) sinw
m(s, t,w) = — ( ! ) (3.19)

r3(1 + rky cost cosw) (—sin w+Cly)
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When the equation (319) is successively substituted into the second and third equations of
(B.18)), we obtain
3027’2]{:% cos® t cos® w + 4Cyrk, cost cosw + Cy — 1k = 0,
Cysintcosw — Cysinw = 0.
So, we have
ki =Cy=C5=C,=0. (3.20)
Now, when the components of the equation (.20 is substituted into the second or third equations
of (BI8), we calculated

m(s, t,w) = (3.21)

ﬁ.

Also, from the first equation of ([B.I8) and ([B.21]), we have C; = 0.
From the calculations made above for classificate the tubular hypersurfaces 7 (s, t, w) which have

second kind L£;-pointwise 1-type Gauss map, i.e., L;N = m (N + (), we can give the following

theorem:

Theorem 2. There are no tubular hypersurfaces (31), obtained by pseudo hyperspheres whose
centers lie on a timelike curve in Ef, with second kind L,-pointwise 1-type Gauss map.

Moreover, if the function m is constant in Definition [ (ii or iii), then we say M has first or
second kind Lg-(global) pointwise 1-type Gauss map. Thus, we can state the following theorem:

Theorem 3. The tubular hypersurfaces (31), obtained by pseudo hyperspheres whose centers lie

on a timelike curve in E$, have first kind L1-(global) pointwise 1-type Gauss map, i.e., LN = mN

if and only if ky = 0, where m(s, t,w) = 3.

Finally, in the equation (3.8]), since the coefficients of Fy, F,, F3 and F; cannot all be zero, we
can give the following theorem:

Theorem 4. The tubular hypersurfaces (31]), obtained by pseudo hyperspheres whose centers lie
on a timelike curve in Ef, cannot have L-harmonic Gauss map.

3.2. Some Classifications for Tubular Hypersurfaces Generated by Timelike Curves
with £, Operator in Ej.

Firstly, it is calculated from (ZI1]), (3:4]) and (B.6]) as
(ki cost + kikosint) cosw N k1 (2 cos® t cos(2w) + cos(2t) — 3)

r2(1 + rky costcosw)? 4r3(1 4 rky cost cosw)?
ky sint cost cos® w n kq cost sinw cos w

(1 + rky costcosw)? ° ' r3(1 + rky cost cos w)?

So, from (1), (22), (), @), [H) and @Z2), we have
(k| cost + kiky sint) cos w
LoN =
r2(1 4 rky cost cosw)3

iy 247k cost t cos w + 12 cos® t cos(3w) )

VCL3 = F2

Fy. (3.22)

k1 2\ +19costcosw + 9 cos(3t) cosw

N +6 cos? t cos(2w) + 3cos(2t) — 1 .
4r3(1 4 rky cost cosw)? ?

3k sint cost cos® w 3k1 costsin w cos w

3.23
(1 +rkycostcosw) (1 + rky costcosw) (3:23)
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Now, let us give some classifications for the tubular hypersurfaces (1) which have generalized
Ly 1-type Gauss map, first kind Lo-pointwise 1-type Gauss map and second kind Lso-pointwise
1-type Gauss map and Lo-harmonic Gauss map.

Now, let us classificate the tubular hypersurfaces T (s,¢,w) which have generalized £y 1-type

Gauss map. From (3.2) and (3.:23), we get

(k’l cos t+k1ks sin t) cosw ne
r2(1+rki costcosw)3 b

vky [ 247k cos' t cos w + 12 cos® t cos(3w)
kil 2\ +19costcosw + 9cos(3t) cosw

+6 cos? t cos(2w) + 3 cos(2t) — 1
( 4r3)(1+1“k1 cos t(cos)w)3 = m(—costcosw) +nCy, ( (3.24)
St sintessteotu i (_in t cos w) + nC,
k1 cos t sin w cos w .
T’i(i-i-rktl costcosw) m (_Sln w) + nCy. J
Firstly, let us assume that C; # 0.
In this case, from the first equation of (3.24]) it’s easy to see that
"cost + kikysint) cosw
(s, t,w) — LS+ Iy s ) (3.25)

r2(1 4 rky cost cosw)3Cy

Here, when the equation (B.25)) is successively substituted into the second, third and fourth equa-
tions of (3.24)), we obtain

2k1(—3C, costcosw + Cy sectsecw + Corkg tant) + 2Cork]
—6C 7%k} cos? t cos® w — Cyrk? (6 cos® t cos(2w) + 3cos(2t) + 1)

m(s, t ’UJ) = 2C17r3(1+7k1 cost cosw)3 !
" Cgr(ki cot t+k1k2)—301k1(1+rk1 cos t cos w)2 cost cosw

m(‘S? 9 ’UJ) - C17r3(1+7k1 costcosw)3 )
" C47’(k’1 cos t+k1 ko sin t) cot w—3C1k1(1+7rkq cost cos w)2 costcosw

m(s, ; ’UJ) - Cy73(1+7k1 costcosw)3 '

When we equate the functions m(s,t, w) found above to each other, we arrive at the following
equations:

(Cysintcosw — Cysinw) (k) cost + kikgsint) = 0, (3.26)
k1(Cysectsecw + mhy(Cytant — Cysint cotw)) + Cirk? + rkj(Cy — Cycostcotw)= 0, (3.27)
k1(Cysectsecw + rhy(Cytant — Cs3)) + Crrk? + 17k} (Cy — Cscot t) = 0. (3.28)

In the equation (3.20]), it holds that kjcost + kikasint # 0. This is because when & cost +
kikosint = 0, the function n(s,t,w) in the first equation of (3.24)) becomes zero. This, in turn,
contradicts the definition of the function n(s,¢,w) in our classification as L3N = mN + nC'. So,
from the equation (B.26) and k} cost + kikgsint # 0, we have C3 = Cy = 0. When C3 = Cy = 0,
substituting this into the equation (3.28]) yields

r (C’lkf + Cgki) cost + Corkikysint + Ck; secw = 0.

Thus, we have
Cik? + Coky = C1ky = Cokiky = 0
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and so C; = Cy = 0. This is a contradiction.
Secondly, let us assume that C; = 0.
In this case, from the first equation of the set of equations (3.9]) it’s easy to see that

Cokey = 0. (3.29)
If £y =0 in ([3:29), then from the second, third and fourth equations of (3.24]), it is calculated as

m(s,t,w) costcosw = n(s,t,w)Cy,
m(s, t,w)sintcosw = n(s,t,w)Cs, (3.30)
m(s,t,w)sinw = n(s,t, w)Cy,

respectively. Since the functions C; depend only on s, there is no solution for functions m(s, ¢, w)

and n(s, ¢, w) in (3.30).
Now, let us assume that Cy = 0 in (3:29). In this case, from the second equation of (3.24)), it’s
easy to see that

e 24Tk cos’ t cos® w + 12 cos® t cos(3w)
k1 '\ +19costcosw + 9 cos(3t) cosw
+12 cos? t cos(2w) + 6 cos(2t) — 2

8r3(1 + rky cost cos w)? cost cos w

m(s, t,w) = — (3.31)

Here, when the equation (3.31]) is successively substituted into the third and fourth equations of

(3:24), we obtain

_ ki(rkq sint cos w+tant)
ﬂ(S, t, ’UJ)C3 — r3(14+rky costcosw)3

_ ki(rk1 sinw+sec t tan w)
ﬂ(S, t, ’UJ)C4 — r3(1+rki costcosw)d

Here, there is no solution for functions n(s, ¢, w).
Therefore, we can give the following theorem:

Theorem 5. There are no tubular hypersurfaces (31), obtained by pseudo hyperspheres whose
centers lie on a timelike curve in E}, with generalized Lo 1-type Gauss map.

Now, let us classificate the tubular hypersurfaces T (s, ¢, w) which have second kind Ls-pointwise
1-type Gauss map, i.e., LoN =m (N + ).
From (3.2) and (3:23)), we get

(kﬁ cos t+k1ko sin t) cosw
r2(14rki cost cosw)3

= mC’l,

vy [ 247k cos t cos w + 12 cos® t cos(3w)
kif 2\ +19costcosw + 9cos(3t) cosw

+6 cos? t cos(2w) + 3 cos(2t) — 1
( 4r3)(1+7"k1 cos t(cos)w)?, =m (—costcosw+Cs), (3.32)
sin ¢ cos ¢ cos? w :
T’?';l?ll-i-rlzl costt cos w) =m (_Sln t cos w+C3) )
et (<sinuCy). )
Here, from the last equation of (3:32)) it’s easy to see that
3k; costsinw cos w
m(s, t,w) = ! (3.33)

r3(1 + rky cost cosw) (—sinw+Cy)
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Here, when the equation (3.33)) is substituted into the second equation of (B.32)), we obtain
—1 + 3C5 cost cosw + 3Cyrk; cos? t cos® w = 0.
Since the last equality is never zero, we can give the following theorem:

Theorem 6. There are no tubular hypersurface (31]), obtained by pseudo hyperspheres whose
centers lie on a timelike curve in Ef, with second kind Lq-pointwise 1-type Gauss map.

Now, let us classificate the tubular hypersurfaces T (s, ¢, w) which have first kind Lo-pointwise
1-type Gauss map, i.e., LN = mN.

From (3.2)) and (3:23)), we get

cos w (COS tk! +k1kz sin t)
r2(14rky costcosw)3

0,

. 247k cos t cos® w + 12 cos® t cos(3w) )
57’]{71

k1 +19 cost cosw + 9 cos(3t) cos w
+6 cos? t cos(2w) + 3 cos(2t) — 1

( 4r2’(1+rk1 COS(t co)s w)3 =m (_ cost cos ’UJ) ) (334)
Spmtemteote — m (—sint cosw),
3kicostsinwcosw __ :
r3(i+rk1 costcosw) m (—SIII w) : )

Here, from the last equation of (3:34)) it’s easy to see that
—3ky cost cosw
m(s, ¢, w) = . (3.35)

r3(1 + rky cost cosw)’

Here, when the equation (3.35]) is substituted into the second equation of (3:32]), we obtain
ki (rky + sectsecw) = 0.

Since the last equality is never zero, we can give the following theorem:

Theorem 7. There are no tubular hypersurfaces (31), obtained by pseudo hyperspheres whose
centers lie on a timelike curve in B}, with first kind Ly-pointwise 1-type Gauss map.

Finally, since the coefficients Fy, Fy, F3 and F} in equation (3.23) are all zero only for k; = 0,
we can give the following theorem:

Theorem 8. The tubular hypersurfaces (31), obtained by pseudo hyperspheres whose centers lie
on a timelike curve in £, have Lo-harmonic Gauss map if and only if ky = 0.

4. SOME CLASSIFICATIONS FOR TUBULAR HYPERSURFACES GENERATED BY SPACELIKE
CURVES WITH £; OPERATORS IN E}

In this section, we give the general formulas for £; (Cheng-Yau) and L, operators of the Gauss
maps of the six types of tubular hypersurfaces 74 (s, ¢, w) that are formed as the envelope of a
family of pseudo hyperspheres or pseudo hyperbolic hyperspheres whose centers lie on spacelike
curves 3(s) with non-null Frenet vectors in E} and give some classifications for these hypersurfaces
which have generalized L, 1-type Gauss map, first kind L;-pointwise 1-type Gauss map and second
kind L-pointwise 1-type Gauss map and Li-harmonic Gauss map, k € {1,2}.
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The tubular hypersurfaces 7 (s, ¢, w) that are formed as the envelope of a family of pseudo
hyperspheres or pseudo hyperbolic hyperspheres whose centers lie on a spacelike curve with non-
null Frenet vectors F; in Ef can be parametrized by

T2 (s, ¢, w) = B(s) + r(cosh t sinh wFy(s) + cosh wF3(s) + sinht sinh wFy(s)), )
T2~ (s,t,w) = B(s) + r(cosh t cosh wFy(s) + sinh wF3(s) + sinh t cosh wFy(s)),

T (s,t,w) = B(s) + r(sinh t sinh wFy(s) + cosh t sinh wF3(s) + cosh wFy(s)),
(s)),
)

T~ (s, t,w) = B(s) + r(sinh t cosh wFy(s) + cosh t cosh wF3(s) + sinh wFy(s (4.1)
T8 (s,t,w) = B(s) + r(sinh wFy(s) + sinh t cosh wF3(s) + cosh t coshwFy(s)),

T (s,t,w) = B(s) + r(coshwFy(s) + sinh ¢ sinh wF3(s) + cosh ¢ sinh w Fy(s))

respectively. Here, we suppose for 7V (s ¢, w) that

i) (Fj, F;) = —1=c¢jand fori#j, (F,, F;) =1=¢;,1,j € {1,2,3,4},

ii) if the tubular hypersurface is foliated by pseudo hyperspheres or pseudo hyperbolic hyper-
spheres, then A = 1 or A = —1, respectively (for more details, one can see [3]).

Now, let us write the following lemma which states the general parametric expressions of 6
different types of tubular hypersurfaces given by (4.1]) and obtained by pseudo hyperspheres and

pseudo hyperbolic hyperspheres whose centers lie on a spacelike curve with non-null Frenet vector
fields in Ef.

Lemma 1. The general expression of the tubular hypersurfaces TV (s, t,w) that are formed as
the envelope of a family of pseudo hyperspheres or pseudo hyperbolic hyperspheres whose centers
lie on a spacelike curve B(s) with non-null Frenet vectors Fi(s) in E} can be given by

TN (s,t,w) = B(s) +r (Liiamd (s, t,w) Fi(s)) (4.2)
where
B3 (s tow) = (s tw), pg(s,t,w) = (s, t,w)
and for j =2,3,4
117 (s, t,w) = (sinh w)% (cosh w)% cosh t,

. 1-x RSN
131 (s,t,w) = (sinhw) 2 (coshw) 2,

M?H(s,t, w) = (sinh w)% (cosh w)% sinh ¢.

Here, if the canal hypersurface is foliated by pseudo hyperspheres or pseudo hyperbolic hyperspheres,
then A =1 or A = —1, respectively.

Here, we can give the general parametric expressions of the unit normal vector fields, the
coefficients of the first fundamental forms and the principal curvatures of the tubular hypersurfaces
T 1A parametrized by ([@2).

The unit normal vector fields N¥ (j = 2,3,4) of (&2) are

NN — (-1 A F, (4.3)
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i, }(j 2,3,4) of (A2)) are
g™ = 12 (h)? (1) ()" + (1) (u

(=
T 12(ky)? ((—1><5—f>< D)+ (-1 (ui))
+2(=1) Dk pd + 2 (k)2 (03)” — 2(—1

The coefficients of the first fundamental forms g;j;

/—\

\_/
(e}
SN——
4

)OI 2 kg ks g,

g3 = g™ = 22w (1K (1), — (=) 'ky (1))

A 2
922 = = ((Nﬁl) )a ! (4.4)

91{32, A= ggf A= a2 (—kg cosht + kssinht),
913" = g31’ —\r2ks cosht,
gfg M= g§f‘ N )\T2k2 sinh ¢,

{7.A} {732} _ -0

923"~ = g3
A
giN = -2, )

The principal curvatures £ (j = 2,3,4) of @) are

B N R e P

r Y

4.5
{J Ay k1 (4:5)
= N k)
From Lemma [ (43), (£4) and (£3]), we get
(1= P TIP
LNUA = 2 (=(=1)0 'k‘lk‘z,u?) ‘|‘k513N2)F1
r((=1)@D' + rkyp3)
n —2X (13 + 3r2(p3)? (k1)* + K (Ar +4(=1)'r(13)?)) n
P ((—1) 0! + rhypad) i
—2X(=1)@=' i (1 + 3(=1) 4Dk =221 (=)D 4 3rky )
D (43D T rkagsg) o —20a (Z1) k) o (4.6)

3 ((=1)@=D + rkypd) 3 ((=1)@D' + rkypd)

Let 71 (s, ¢, w) have generalized L; (Cheng-Yau) 1-type Gauss map, i.e., £; N1 = m N13A -
nC, where C' = C1F; + CoFy + C3F5 + CyFy is a constant vector. Here, by taking derivatives of
the constant vector C' with respect to s, from (2.8)-(ZI0) we obtain for 71 that

Ci + (—1)(4_”!02]{31 = O,
Cé + Cllﬁ + (_1)(5_j)!03]€2 = 0,
Cé + CQ]{ZQ — (—1)(4_j)!C4]€3 = 0,
Cy+ C3ks = 0.

Also, by taking derivatives the constant vector C' with respect to t, w separately, one can see that

the functions C; depend only on s.
So, with similar procedure in Subsection 3.1, we can give the following theorems:

(4.7)
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Theorem 9. There are no tubular hypersurfaces (4.2), obtained by pseudo hyperspheres and
pseudo hyperbolic hyperspheres whose centers lie on a spacelike curve with non-null Frenet vector
fields F; in EY, with generalized L1 1-type Gauss map in Ef.

Theorem 10. There are no tubular hypersurfaces ({.3) obtained by pseudo hyperspheres and
pseudo hyperbolic hyperspheres whose centers lie on a spacelike curve with non-null Frenet vector
fields F; in EY with second kind Li-pointwise 1-type Gauss map in E}.

Theorem 11. The tubular hypersurfaces ({-3) obtained by pseudo hyperspheres and pseudo hy-
perbolic hyperspheres whose centers lie on a spacelike curve with non-null Frenet vector fields F;

in B have first kind L;-(global) pointwise 1-type Gauss map, i.e., LiNUA = mNUA 4 BY 4f
and only if ki = 0, where m(s,t,w) = W

Theorem 12. The tubular hypersurfaces ({.9) obtained by pseudo hyperspheres and pseudo hy-
perbolic hyperspheres whose centers lie on a spacelike curve with non-null Frenet vector fields F;

in B cannot have L1-harmonic Gauss map.

Also, from Lemma [Il (£3]), (£4) and (L), we get
N (=1 pgkaks — (=1 3k

LoNUM = _ 3 1
r? ((—1)(4_3)! + rkl,ué\)
N <2A(—1)(4‘j)’ —3(=1)7 (113)” = 3(—=1)C" ()" = 3(—1) ek, (#@3)
+ P8 ((—1)6-9)' Tklﬂ%f Fy
L N BED T ki) L N () ki) (4.8)

P (O (k) (CDE (k)
Thus, with similar procedure in Subsection 3.2, we can give the following theorems:

Theorem 13. There are no tubular hypersurfaces ({{.3) obtained by pseudo hyperspheres and
pseudo hyperbolic hyperspheres whose centers lie on a spacelike curve with non-null Frenet vector
fields F; in EY with generalized Lo 1-type Gauss map in Ef.

Theorem 14. There are no tubular hypersurfaces ({4.3) obtained by pseudo hyperspheres and
pseudo hyperbolic hyperspheres whose centers lie on a spacelike curve with non-null Frenet vector
fields F; in E} with second kind Ly-pointwise 1-type Gauss map in E}.

Theorem 15. There are no tubular hypersurfaces ({{.3) obtained by pseudo hyperspheres and
pseudo hyperbolic hyperspheres whose centers lie on a spacelike curve with non-null Frenet vector
fields F; in E? with first kind Lo-pointwise 1-type Gauss map in Ef.

Theorem 16. The tubular hypersurfaces ({4.3) obtained by pseudo hyperspheres and pseudo hy-
perbolic hyperspheres whose centers lie on a spacelike curve with non-null Frenet vector fields F;
in E} have Ly-harmonic Gauss map if and only if ky = 0.
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