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Abstract

When swimming animals form cohesive groups, they can reap several benefits. Our understand-
ing of collective animal motion has traditionally been driven by models based on phenomenological
behavioral rules, but more recent work has highlighted the critical importance of hydrodynamic
interactions among a group of inertial swimmers. To study how hydrodynamic interactions affect
group cohesion, we develop a three-dimensional, inviscid, far-field model of a swimmer. In a group
of two model swimmers, we observe several dynamical phases, including following, divergence,
collision, and cohesion. Our results illustrate when cohesive groups can passively form through
hydrodynamic interactions alone, and when other action is needed to maintain cohesion. We find
that misalignment between swimmers makes passive cohesion less likely; nevertheless, it is possible
for a cohesive group to form through passive hydrodynamic interactions alone. We also find that
the geometry of swimmers critically affects the group dynamics due to its role in how swimmers

sample the velocity gradient of the flow.

I. INTRODUCTION

The collective motion of animals can be seen in numerous examples throughout the animal
kingdom [1]. A canonical example is a large fish school, which can be defined as a structured
and coordinated group of swimming organisms with synchronized movements [2]. Such
collective motion of swimming animals confers several benefits, including defence against
predators [3-5], enhanced foraging success [6], mating success [7], and increased swimming
efficiency [8]. Furthermore, groups are robust in the sense that if one individual leaves
the group, the group can still retain its advantages [9]. The benefits of collective motion
have even led roboticists to develop robot swarms that aim to attain similar functionality
[10, 11], but maintaining a cohesive group is a difficult task that requires unique strategies
to coordinate dynamically interacting individuals [12]. We are principally interested in
this aspect of schooling—the cohesion of groups—especially in the role that hydrodynamic
interactions play.

Since Weihs’ seminal work more than 50 years ago [8], substantial work has been done
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to understand how inertial swimmers may harness hydrodynamic interactions between each
other when schooling [13-28]. Synthesizing these studies, schooling can lead to reduced
energy expenditure when swimming under the right conditions. A swimmer can reduce
its energy expenditure by maintaining an appropriate phase offset between its kinematics
and those of its neighbors, with the phase offset depending on the relative location of a
swimmer to its neighbor. The phase relations arise as a result of direct interactions between
two swimmers, or due to the interaction between a follower and the vortical wake of the
leader. In dense schools, an effect similar to ground effect may arise [24]. In addition to
energy savings, some of the cited works also note that schooling can increase swimming

speed relative to swimming in isolation.

The hydrodynamic (and other) benefits of schooling can only be realized if the appropriate
group structure is maintained. Thus, the dynamics that dictate the trajectories of freely
moving swimmers become important. These dynamics are governed by the active decision-
making and social interactions of swimmers [29, 30], as well as by passive hydrodynamic
interactions. A substantial and important body of work on active decision-making and social
interactions exists, and it has produced a variety of agent-based models for the interactions
between individuals in a group [31-34]. These models range in complexity, but they tend
to neglect the role of hydrodynamic interactions, which are expected to have an outsized
effect on the collective motion of swimmers [35]. Here, we focus on passive hydrodynamic
interactions. Considering only the hydrodynamic interactions allows us to answer whether
a cohesive group can form passively, or whether feedback control is required to maintain a
cohesive group. Additionally, a deeper understanding of the hydrodynamic interactions may
change the inferences that one makes about social interactions between animals based on
observations of groups of animals, leading to improved agent-based models [36], and could
also lead to new physics-based models of underwater robots that could be used for improved

model-based control of groups.

Lighthill raised the possibility that the order observed within groups in nature may pas-
sively arise due to flow-mediated interactions between group members [37]. Several studies
have sought to understand the fluid-mediated dynamics of multiple swimmers interacting
with each other [17, 20, 36, 38-45], with nearly all of them being two-dimensional in nature.
Ristroph’s work has consistently shown that swimmers in schools passively and stably ar-

range themselves so that their trajectory has a particular phase offset from incoming vortical



wakes [42-44]. It is important to note that the experiments leading to this conclusion were
highly constrained, each model swimmer having only one unconstrained degree of freedom.

Additional unconstrained degrees of freedom may qualitatively change the dynamics.

Simplified vortex-dipole models that are still two-dimensional but do not constrain the
degrees of freedom have been developed to study the cohesion of groups of swimmers [36, 38—
40]. According to these models, purely hydrodynamic interactions are not always enough to

maintain cohesive groups; active control on the part of the swimmers is required.

It is unknown how three-dimensional hydrodynamic interactions, as well as the additional
degrees of freedom of a three-dimensional world, affect the stability and cohesion of schools.
However, it is immediately clear that the three-dimensional dynamics will be different from
the two-dimensional dynamics since the velocity field of a three-dimensional swimmer decays
with distance r as r—2, while the velocity field of a two-dimensional swimmer decays as
r~2. Any potential differences are important since our current understanding of the role of

hydrodynamics in collective motion is based on the two-dimensional scenario.

In this work, we take the first step towards understanding the passive group dynamics that
develop under three-dimensional hydrodynamic interactions between swimmers. This under-
standing is enabled by the development of a simple model of a freely moving inertial swimmer
that captures the correct leading-order hydrodynamic interactions between swimmers. We
consider the elemental interactions between a pair of swimmers. By focusing on their pla-
nar dynamics, we are able to conduct a comparative analysis between two-dimensional and
three-dimensional swimmers, thereby revealing the significance of three-dimensionality in
schooling behavior. Additionally, we make observations on how the geometry of a swimmer
affects the dynamics by comparing swimmers that are long and thin to those that are short

and fat.

II. MATHEMATICAL MODEL

At the large Reynolds numbers possessed by inertial swimmers, the flow away from their
bodies is well described by potential flow. Here, we develop a potential flow model of
hydrodynamic interactions between swimmers. First, we describe the flow induced by the

motion of one swimmer. Then, we develop a model for the dynamics of multiple swimmers.
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FIG. 1. Streamlines in a plane containing the swimmer. The swimmer is oriented along the z-axis.

The source is highlighted in red and the sink in blue.

A. Flow induced by one swimmer

The flow induced by the motion of a body can be expressed in a multipole expansion. For
a body of constant volume, the leading-order term is a dipole [46, Ch. 4.7|, otherwise called
a source doublet [47, Ch. 6.4]. This motivates modeling a swimmer as a source-sink pair of
equal strength separated by a fixed distance ¢, which yields a dipole flow at large distances
while also endowing a length scale absent from a doublet. Effectively, our model represents
the far field of a swimmer. As will become clear later, the separation between the source and
sink unlocks non-trivial rotational dynamics in our model swimmers. The streamlines in a
plane containing the source-sink pair are shown in Figure 1. From a physical standpoint,
the source represents the fore of a swimmer, which pushes fluid away as the swimmer moves
forward. Conversely, the sink represents the rear of a swimmer, where fluid must rush in to

fill the void left by the rear as the swimmer moves forward.

To validate the source-sink pair as an effective representation of a swimmer, we compare
the flow field generated by our model to that generated by a tuna, as calculated in the
simulations of Zhu et al. [48]. In their work, Zhu et al. employed a three-dimensional panel
method to simulate both fish and fish-like robots in an inviscid flow, which agreed reasonably
with experimental measurements. The streamlines produced by the source-sink pair are
shown in three different planes in Figures 1 and 2. The qualitative agreement with the

streamlines of the higher-fidelity tuna simulations is excellent outside of the wake region
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FIG. 2. (a) Cross-sectional view of the streamlines in the plane z = 0.5. (b) Cross-sectional

view of the streamlines in the plane z = —0.5. The swimmer is the same as in Figure 1.

(cf. Figure 5 in [48]). Even very close to the body (within a small fraction of the length of
the body) the qualitative agreement is excellent. The streamlines in the wake region differ,
which is to be expected since our model does not include vortex shedding. Despite this
limitation, our approach should reasonably model the far-field hydrodynamic interactions

between swimmers. We return to a discussion of the limitations of the model later.

Alternatively, one could model the swimmer as a thin vortex ring of fixed shape, whose
streamlines are shown in Figure 3. Although the flow induced by the vortex ring is quite
different from that induced by the source-sink pair close to the singularities, the far-field
flows are both dipolar and are therefore representative of what one would expect from a
swimmer. In prior two-dimensional work, swimmers have been modeled as counter-rotating

pairs of point vortices [36, 38-41], analogous to a thin vortex ring in three dimensions.

We explored modeling a swimmer as a thin three-dimensional vortex ring. In our model,
the ring was discretized into a set of evenly spaced material points, induced velocities were
evaluated using the Biot-Savart law as described in [49], the cut-off method was employed
to de-singularize induced velocity calculations [50, Ch. 11.1], and we developed a numerical
procedure to enforce that the shape of the vortex ring not change in time. Besides being
more complex and computationally expensive than the source-sink pair model, we believe
that the vortex ring model is less representative of typical swimmers for reasons that will

be clarified in the ensuing section. Thus, the work described here focuses on the source-sink
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FIG. 3. Streamlines in the plane of rotational symmetry for a vortex ring.

pair model.

B. Dynamics of freely moving swimmers

At a displacement r away from a source, the velocity induced by it is:

or
A r3’

(1)

u

where o > 0 is the volumetric flow rate, and r = |r|. The velocity induced by a sink is the
negative of the above expression.
The strength of the source and sink that comprise the model swimmer clearly should

be related to the speed of the swimmer. We take the swimmer’s speed U to be equal in

g

magnitude to the velocity that the source (sink) induces on the sink (source), U = %z,

but opposite in direction in order to be consistent with the physical picture that the source
corresponds to the fore of the body and the sink to the rear. An isolated swimmer moves in
the direction parallel to its body at a speed U, and we refer to its velocity as the self-propelled
velocity.

When more than one swimmer is present, they will mutually affect each other’s motions.
For each swimmer, we take the velocity of the source to be equal to the sum of the self-
propelled velocity and the velocity induced by the sources and sinks of all other swimmers.
The velocity of the sink is calculated the same way. In other words, the source and sink
are effectively treated as material points. Since swimmers have approximately the same

density as the surrounding fluid, treating the velocities of the source and sink in this way is
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FIG. 4. Representation of a single swimmer.

reasonable. In contrast, this may be a poor approach for flying animals (depending on their
size) since they are typically significantly denser than the air they fly in; the relatively high
inertia of a flying animal would lead it to respond much more slowly to its surrounding flow.

Left unconstrained, the distance between the source and sink would not remain constant,
corresponding to a swimmer whose length changes. To maintain a constant distance between
the source and the sink, we adopt the following procedure, which is applied to every swimmer.
Let x; be the position of the source, x; the position of the sink, and x. the position of the
swimmer’s center, so that x. = %(xf + x3). The swimmer’s configuration is completely
specified by the position of its center and its orientation, which is given by a unit vector n
that points from the sink to the source; see Figure 4. We express x; and x; in terms of x,

the swimmer’s length ¢, and the swimmer’s orientation:

1
Xf = Xc+ §€n,

: 2)
Xp = X — §€n.

The velocities of the source and sink are

d

] = Vs +An,
dx, =V, — An
dt b )

where vy and vy respectively correspond to the unconstrained velocities of the source and
sink due to the self-propelled velocity and interactions with other swimmers. The additional
term An, in which A\ may be thought of as a Lagrange multiplier, corresponds to an at-
tractive/repulsive velocity that ensures that the length of the swimmer remains constant:
Rl

< = 0. Adding this term is equivalent to a force that acts on the source and the sink to



either push them toward each other or pull them apart. Note that this term acts in the
direction of n and does not produce any net translation or rotation of the swimmer.
To find A, start with x; —x; = ¢n and take the time derivative of this equation to arrive

at

de dn
vf—vb—l—Q)\n—Enjtﬁa. (4)

Taking the dot product with n and recalling that ‘il—’t‘ has no component in the direction of
n yields
de¢ 1
(Vf—vb)-n+2)\:E:0:>)\:—§(Vf—vb)-n. (5)
With A in hand, we can find equations for the evolution of the swimmer’s position x. and

orientation n. From (3), the swimmer translates according to

dx, 1
1 —i(vf+vb)7 (6)

and from (4), its orientation evolves according to

((ii—rtl:%(Vf—vb+2)\n):%{Vf—vb—[(vf—vb)-n]n}. (7)
The swimmer translates at the sum of the self-propelled velocity and the average of the
induced velocities at its source and sink due to other swimmers. Thus, the swimmer’s body
acts to spatially filter the velocity field induced by all other swimmers.

The orientation dynamics are rather interesting. Remark that the swimmer can rotate
despite the flow being irrotational. This is possible because of the finite length of the
swimmer and the non-zero rate of strain in the flow. In (7), the term inside of the braces
is the component of vy — v, perpendicular to n, i.e., the component in the plane normal
to the swimmer’s body. The orientation dynamics are thus given by the gradient along
the unit normal of the component of the velocity in the plane normal to the swimmer’s
body. In other words, the swimmer samples the gradient of the crossflow along its body,
leading to rotation. A schematic explanation is illustrated in Figure 5. This is how a short,
inextensible material line would deform in a flow. For a swimmer modeled as a thin vortex
ring, it would sample the gradient of the body-parallel velocity in the plane of the vortex
ring (i.e., the gradient across the swimmer’s body rather than along it), which leads to
qualitatively different dynamics. The rotational dynamics are illustrated in Figure 6, and

should be contrasted with those of the source-sink pair in Figure 5. For swimmers that are



(a) (b)
FIG. 5. (a) A gradient along the body of the crossflow results in rotation. (b) A gradient across

the body of the body-parallel velocity does not result in rotation.

(a) (b)
FIG. 6. (a) A gradient along the body of the crossflow does not result in rotation. (b) A gradient

across the body of the body-parallel velocity results in rotation.

long and thin, the source-sink pair model is reasonable since the orientation dynamics of such
swimmers would be dominated by the crossflow velocity gradient along the length of their
bodies. Conversely, the orientation dynamics of short and fat swimmers would be dominated
by the velocity gradient across their bodies, making the vortex ring model appropriate in

that case. Since most swimmers are long and thin, we use the source-sink pair model.

A dynamical system is formed by concatenating the position and unit normal of each
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swimmer into one state vector and evolving it forward in time according to (6) and (7).
The dynamics are nonlinear, so we numerically evolve the system forward in time using the
fourth-order Runge-Kutta method. At each step, we re-normalize the unit normal of every
swimmer to have unit length since this is not maintained by the Runge-Kutta method.
The preceding discussion is unchanged for two-dimensional swimmers, except that the
velocity induced by a source in (1) is u = 5= %, where ¢ is the volumetric flow rate per unit

depth in two dimensions. In this case, the self-propelled velocity is U = 57;.

III. PLANAR DYNAMICS OF A PAIR

We present numerical examples of the three-dimensional dynamic interactions between a
pair of identical swimmers. Such pairwise interactions can be thought of as the elemental
interactions in a large school. To facilitate comparison with two-dimensional models, we
consider planar dynamics, where the swimmers’ bodies are co-planar initially and, therefore,
for all time. This also allows us to fully characterize the phase space. In what follows,
lengths have been non-dimensionalized by the swimmer’s length ¢ and velocities have been

non-dimensionalized by the self-propelled speed U.

A. Symmetry reduction

With two swimmers, the dimension of the state space is 12, with six variables for each
swimmer (three for the position of its center, and three for the unit normal describing its
orientation). For the planar motion of two swimmers, however, leveraging symmetry allows
us to describe the motion of the pair using only three variables. Specifically, due to a
translational symmetry, only the separation between the swimmers’ centers (rather than
their absolute positions) affects the dynamics. Similarly, a rotational symmetry makes it so
that only the relative angle between the swimmers (rather than their absolute orientations)
affects the dynamics. Without loss of generality, we place the swimmers in the x-y plane,
with one swimmer initially oriented in the positive y-direction, separated from each other
by (Az,Ay), and with a relative angle Af between them, as in Figure 7. In this smaller
three-dimensional symmetry-reduced phase space, we can fully characterize the possible

dynamics.
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FIG. 7. Symmetry-reduced configuration of a co-planar pair of swimmers.
B. Three-dimensional model

Several qualitatively different sets of dynamics are possible, some simple and expected,
others complex and unexpected. The simplest dynamics occur when the swimmers are
co-linear (Az = 0 and Af € {0,7}). In this case, the swimmers remain co-linear for
all time. When the swimmers have the same initial orientation (Af = 0) and do not

intersect (|Ay| > 1), they move at equal steady speeds, causing their separation Ay to remain

2|Ay|
(Ay2-1)2"

constant, no matter its value. Their speed depends on their separation as v =1+
The speed increases monotonically as the swimmers are positioned closer to each other,
reflecting a drafting phenomenon. The speed diverges as m as |Ay| — 17, and
approaches the self-propelled speed as ﬁ as |Ay| — oo, as shown in Figure 8. The
divergence in speed when the swimmers are very close is non-physical; we must keep in mind
that we model the far-field hydrodynamic interactions, which may poorly reflect reality when
the swimmers are very close. Since the separation remains constant, such in-line motion

forms a locus of relative equilibria.

When the swimmers are co-linear but have opposite orientations (Af = ), they can
either face each other (Ay > 1) or face away from each other (Ay < —1). When they face
each other, they approach each other at a speed % = -2+ ﬁ. Note that there
is a stable equilibrium at Ay ~ 1.684 where the swimmers directly face each other and

do not move. At smaller separations the swimmers push each other away, while at larger

12
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FIG. 8. Swimmers’ speed as a function of their separation for a co-linear configuration for the

three-dimensional model.

separations the swimmers approach this equilibrium. When the swimmers face away from

each other, they continually separate at a speed % =2 — ﬁ, quickly approaching

their self-propelled speeds as |Ay| 3.

For initial configurations where the swimmers are not co-linear, we observe several in-
teresting behaviors. To start, we consider the case when the swimmers have the same
orientation (A = 0). When the separation between the swimmers is small, they may col-
lide into each other. Such collisions are non-physical-—at least for the manner in which they
occur under our model, where the swimmers turn away from each other before their rears
suck each other in (Figure 9(a)). At larger separations, the swimmers can diverge from each
other (Figure 9(b)), they can become locked in a simple braid-like motion that is a relative
periodic orbit (Figure 9(c)), or they can become locked in a complex braid-like motion that
is also a relative periodic orbit (Figure 9(d)). Complex braid-like motions are those where
the path of a swimmer intersects itself. For the relative periodic orbits, the relevant symme-
try is the translational symmetry. The latter two types of motions correspond to a cohesive

pair of swimmers.

The possible behaviors for Af = 0 are summarized in the phase diagram in Figure 10,

which shows what behaviors are achieved for given initial configurations. There is a clear
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FIG. 9. Planar trajectories of two swimmers for different initial conditions with A9 = 0. (a) Af =
0, Az = 0.5, Ay = 0. In (a), the two swimmer’s bodies are represented by arrows whose colors
represent time (darker is a later time). (b) A6 =0, Ax =5, Ay = 0.5. (¢) A =0, Az =1,
Ay=1. (d) A§=0, Az =0.5, Ay =1.

division between configurations that lead to divergent motions and those that lead to cohe-
sive motions. The boundary between the two is especially of interest to us because we are
ultimately interested in whether cohesive groups can be formed by passive hydrodynamic
interactions alone. The boundary separates configurations that lead to cohesive groups from
those that do not.

To locate the boundary separating cohesive initial configurations from divergent config-

urations, we use the fact that a configuration on the boundary is a relative equilibrium of
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FIG. 10. Phase diagram for Af = 0 for three-dimensional swimmers.

the dynamical system. Moreover, in a boundary configuration, the swimmers do not rotate.
Since, without loss of generality, the swimmers’ unit normals both point in the positive
y-direction in their initial configuration, boundary configurations must satisfy 3 - e; = 0,
where e; is the unit vector in the positive z-direction. Applying this condition to one of the

swimmers yields an implicit equation for the boundary,

2Ax B Ax B Ax
(A2 + A2 [A22 4 (Ay - 1)) [A22 4 (Ay + 1)

=0, (8)

which we solve numerically using a root-finding algorithm. At large separations, the bound-
ary is given by |Ay| ~ %|Aa¢| The boundary is drawn in the phase diagram in Figure 10.
Note the mirror symmetry across both axes.

For initial configurations with Af # 0, in addition to the classes of motion observed when
Af = 0, we also observe orbital motions (Figure 11(a)) and complex orbital motions (Fig-

ure 11(b)). Complex orbital motions are those for which de + changes sign for each swimmer,
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FIG. 11. Planar trajectories of a pair of swimmers for different initial conditions with A # 0.

(a) A0 = 7, Az = —0.5, Ay = 1.5. (b) A0 =%, Az = 0.5, Ay = 1.0.

where 6 gives the orientation of a swimmer. Both of these classes of motion correspond
to relative periodic orbits, where the relevant symmetry is the rotational symmetry, not
the translational symmetry as for the braid-like motions. Without symmetry reduction,
the dynamics are quasiperiodic. Notably, swimmers undergoing these motions have no net
displacement.

The possible behaviors for Af # 0 are summarized in the phase diagrams in Appendix A,
which show what behaviors are achieved for given initial configurations. In contrast to when
Af = 0, the set of configurations leading to a cohesive group is compact and decreases in
size as |A#| increases. In other words, misalignment of the swimmers leads them to diverge
from each other.

We can gain some additional insight from the full three-dimensional symmetry-reduced
phase diagram. In Figure 12(a), we show the volume of configurations that lead to a co-
hesive group. The central column mostly consists of configurations causing the swimmers
to non-physically collide. The volume consists of a continuum of relative periodic orbits,
some of which are included for illustration in Figure 12(b). We have also plotted the bound-
ary separating cohesive configurations from divergent ones for Af = 0. Recall that the

boundary consists of relative equilibria. The bottom and top surfaces of the volume meet

16



Af 0+ Al 04«
—Tr — T >
-10 -10

(a) (b)
FIG. 12. (a) Configurations in the symmetry-reduced phase space that lead to a cohesive group.
(b) Dynamical features of importance: relative periodic orbits (solid red); locus of relative equilibria
(dashed black); and relative heteroclinic orbit (dash-dotted red) connecting two relative equilibria

(red points).

at this boundary. These bottom and top surfaces, therefore, contain a continuum of het-
eroclinic connections in the symmetry-reduced phase space, an example of which is shown
in Figure 12(b). Each relative heteroclinic connection corresponds to a transition from one

steadily moving configuration to another.

C. Two-dimensional model

The phase diagrams for the two-dimensional swimmers are shown in Appendix B. There
are no significant qualitative differences between them and the phase diagrams for three-
dimensional swimmers. The observations we have made regarding group cohesion for three-
dimensional swimmers transfer over to two-dimensional swimmers.

There are some quantitative differences worth noting. When the swimmers are co-linear,
have the same initial orientation (Af = 0), and do not intersect (|Ay| > 1), they move at
equal steady speeds that depend on their separation as v =1 + ﬁ. The speed increases
monotonically as the swimmers are positioned closer to each other. The speed diverges
as m as |Ay| — 17, and approaches the self-propelled speed as A%ﬂ as |Ay| — oo,
as shown in Figure 13. The speed is greater than in the three-dimensional model when
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FIG. 13. Swimmers’ speed as a function of their separation for a co-linear configuration for the

two-dimensional model.

|Ay| > 14 +/2, but is less for closer separations. When the swimmers are co-linear but have
opposite orientations (Af = ), they can either face each other (Ay > 1) or face away from

each other (Ay < —1). When they face each other, they approach each other at a speed

% = -2+ ﬁ. There is a stable equilibrium at Ay = /2, which is closer than in the
three-dimensional model. When the swimmers face away from each other, they continually
separate at a speed % =2 - ﬁ, quickly approaching their self-propelled speeds as

| Ay~
The two-dimensional model also shows a clear boundary in phase space separating co-
hesive and divergent configurations when Af = 0, corresponding to a locus of relative

equilibria. The phase diagram and boundary are shown in Figure 14. The boundary satis-

fies
2Ax Az Az

- - =0
A2+ Ay2 Az + (Ay—1)° Az + (Ay+1)°

(9)

At large separations, the boundary is given by |Ay| ~ %|A:):| The set of cohesive configu-
rations is larger for the three-dimensional model.

Although the two-dimensional swimmers largely have the same behavior as the three-
dimensional swimmers, we emphasize that we have only compared the planar dynamics

since two-dimensional swimmers are limited to planar dynamics. The three-dimensional
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FIG. 14. Phase diagram for Af = 0 for two-dimensional swimmers.

model we have developed allows for non-planar dynamics, thereby enabling the study of the

dynamics of three-dimensional schools.

D. Geometric effects

Finally, we briefly study the effects of geometry by comparing long and thin swimmers
(source-sink pairs) to short and fat swimmers (vortex ring model). The phase diagram
for the planar dynamics of two initially aligned (Af = 0) vortex-ring swimmers is shown
in Figure 15. The region where the vortex rings overlap is excluded. We observe four
types of motions: in-line motion, divergence, collision, and oscillatory motion. Oscillatory
motion is qualitatively similar to the braid-like motion in Figure 9, except that the paths
of the swimmers do not intersect, instead following an alternating pattern of convergence

and divergence. Although the types of motions are similar to what is observed for the
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FIG. 15. Phase diagram for Af = 0 for three-dimensional swimmers modeled as thin vortex rings.

source-sink model, the phase diagram differs substantially. First, the set of configurations
leading to a cohesive group is much smaller than for the source-sink model. Second, cohesive
configurations have small vertical separations, while for the source-sink model they had
large vertical separations. Third, the vortex rings collide only when Ay = 0; when they
collide, they do so by turning head-on towards each other. These qualitative differences
in the dynamics of short and fat swimmers compared to long and thin swimmers can be
rationalized by appealing to how these two types of swimmers sample the velocity gradient,
as was explained in Figures 5 and 6. Interestingly, the dynamics we observe in our vortex
ring model are qualitatively similar to the dynamics observed for toroidal swimmers in Stokes

flow [51], despite being at opposite ends of the Reynolds number spectrum.
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IV. CONCLUSION

The collective motion of inertial swimming animals confers several benefits, but they
can be realized only if a cohesive group can be maintained. Group cohesion depends on
the dynamics of freely moving swimmers, in which the passive hydrodynamic interactions
between individuals play a strong role. This naturally leads one to ask whether a cohesive

group can form passively through hydrodynamic interactions alone.

To understand the passive group dynamics, we developed a simplified model of the three-
dimensional hydrodynamic interactions between freely moving inertial swimmers. Our model
is based on the leading-order term of the multipole expansion of the velocity field, and is
therefore a far-field model. Nevertheless, the model accurately captures the flow created by
commonly found long and thin swimmers, at least qualitatively. Of note is the very low

computational cost of our model.

Since the passive dynamics of swimmers with three-dimensional hydrodynamic inter-
actions had not been studied before, we first sought to understand the role of three-
dimensionality. This was accomplished by studying the planar dynamics of a pair of
swimmers and comparing them to the dynamics of a pair of swimmers with two-dimensional
hydrodynamic interactions. We observed many interesting dynamics: braid-like motions,
orbiting motions, divergent motions, and others, which were thoroughly characterized by
phase diagrams. In state space, we observed relative equilibria, relative periodic orbits,
quasiperiodic orbits, and relative heteroclinic connections. Most importantly, we found that
certain configurations of the swimmers led to a cohesive group, and that misalignment of

the swimmers led them to diverge from each other.

The two-dimensional swimmers largely have the same planar dynamics as the three-
dimensional swimmers. However, our three-dimensional model enables the study of non-

planar dynamics and three-dimensional schools, which we will pursue in future work.

We also studied the effects of geometry, finding that long and thin swimmers have qual-
itatively different dynamics than short and fat swimmers. The differences are due to the
geometry affecting how the velocity gradient is sampled: the rotational dynamics of long
and thin swimmers are dominated by the gradient along their bodies of the crossflow, while
for short and fat swimmers they are dominated by the gradient across their bodies of the

body-parallel flow.
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In principle, models that make no simplifications can be developed. This would amount
to direct numerical simulations of schools of freely moving swimmers. The largest such
three-dimensional simulation that we are aware of is a recent simulation of a school of 350
swimmers [52]. This single simulation required parallel computing with adaptive meshing,
and significant compute time on a large computing cluster. With a Reynolds number of
4000 (using the flapping speed as the velocity scale), the simulated swimmers correspond to
a typical natural swimmer of roughly 1 cm in length [53]. This simulation is a feat of scientific
computing, but it also underscores that, as a community, we are incredibly far from having
the ability to conduct full-fidelity simulations of large groups of large swimmers. The model
we have developed in the present work allows us to explore this very interesting space of
large groups of inertia-dominated swimmers (at the cost of truncated physics). Ultimately,
we aim to provide insights into suspensions of inertial swimmers, as has been done in the

viscosity-dominated limit [54].
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Appendix A: Phase diagrams for three-dimensional model

This appendix contains the phase diagrams for the planar dynamics of a pair of three-

dimensional source-sink swimmers with Af = 0. Symbols and colors are as in Figure 10.
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FIG. A.1. Phase diagrams for |Af| = 7 for three-dimensional swimmers.
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FIG. A.3. Phase diagrams for [Af| = 7 for three-dimensional swimmers.
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FIG. A.4. Phase diagrams for [Af| = % for three-dimensional swimmers.
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FIG. A.5. Phase diagrams for |A#
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FIG. A.6. Phase diagrams for |Af| = F for three-dimensional swimmers.
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FIG. A.7. Phase diagrams for |A6| = IZ for three-dimensional swimmers.
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FIG. A.8. Phase diagrams for |Af| = 2L for three-dimensional swimmers.
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FIG. A.9. Phase diagrams for |A#
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FIG. A.10. Phase diagrams for |Af] = %’T for three-dimensional swimmers.
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FIG. A.11. Phase diagrams for |A#|
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FIG. A.12. Phase diagrams for |[Af| = 7 for three-dimensional swimmers.
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Appendix B: Phase diagrams for two-dimensional model

This appendix contains the phase diagrams for the planar dynamics of a pair of two-

dimensional source-sink swimmers with Af = 0. Symbols and colors are as in Figure 14.

Ay

Ay

10

w

AB= -1

0606006000038 000000¢0003 000000000l 00000000¢¥
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
0006060008000 008000000000000000000000000000909
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
) 6 6666666060600060060000000000600000000000006¢
) 6 6666666060600060060000000000600000000000006¢
1 0000060000000000000000000000000000000000¢

) 66606006000000000N
) 6 6660600000000000 N
1 0 6660600000000000E
(000000000000 0060600441
) 0 66606660000000000N
1 0666066060000000008
(0060600060606 060600600000
0666060660606 060000000x
[06000060600006006000006x
1 0 666666600000000044

o

(000000000000 0000600000000000000060000000009
AA

A00 0000000000000
A00 0000000000000
A00 0000000000000
38 080000060000000¢
AG0 0000000000000
AG0 0000000000000
12 440 0000000000000(

-10

(0060000060606 0060600.4.
(0666066060600 000000.
) 66006000000 0008

AA AGGGG 0000000000000
Aa
1 06660600600000000
AA
AA

1N 0 66660060060000000¢
AA00000000000000009
NS 3 8 00000000000000¢
0666666060060 00000. ALGGG 0000000000000
1 0 666066060000000000 1 N 0 6066006000000000¢
00000000000000000000000000000000000000000
[00000000000060000000000000000060600060000904
) 6 6666666060600060060000000000600000000000006¢
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
) 6 6666666060600060060000000000600000000000006¢
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
) 6 6666666060600060060000000000600000000000006¢

(0060000060000 0000.

>>>>>.xxx.>

0000000000000 00000090000000002000000000¢4
-10 -5 0 5 10
AX

10

w

Ay

10

w

o

-10

-10

£B=1

(e606¢0600008 0000000003 c¢00000000l00000000¢¥
) 666666666606006000000060000000000000000006¢
1 6066666660660000600000000000000000000000006¢
1 0000060000000000000000000000000000000000(¢
0006806000000 0000000080000000080000000000090909
) 666666666606006000000060000000000000000006¢
1 6066666660660000600000000000000000000000006¢
1 0000060000000000000000000000000000000000(¢
) 666666666606006000000060000000000000000006¢
00000000000000000000000000000000000000000
L &4

[0606606660606006000 000 1 0 066000000000006¢
0000000000000000 00000 1 000000000 00000(
(0000000000000 0004L4440440400000000000000000
(0000000000000 000L4404404000000000000000009
(0000000000000 000L4L04404000000000000000009
(0000000000000 00QLAAAAALALGIGIGG000000000009
(0000000000000 000L444044044000000000000000009
(0000000000000 000L44004404000000000000000009
(000000000000 000004L40000000000000000000¢90
0008060606000 00000000xx%X XXGPPLFG00000006060009
0000000000000 0000xx XX0000000000060000009
(0000000000000 000002xx X%0000060050000000009
(0000000000000 000000000.L.40000000000000000
0008000000000 00000LAAAAAAL0000000000000090909
(0000000000000 0000L44440040000000000000000
(0000000000000 0000.L44440040000000000000000
(0000000000000 0000LAAAAALALGIGIGGGG0000000009
0008000000000 00004LALAA0AAA000000000000090909

(0000000000000 0000.L444440440000000000000000
1 6066666660660000600000000000000000000000006¢
[00000000000000000006000000000000660000000009
) 666666666606006000000060000000000000000006¢
) 666666666606006000000060000000000000000006¢
1 6066666660660000600000000000000000000000006¢
1 0000060000000000000000000000000000000000(¢
) 666666666606006000000060000000000000000006¢
) 666666666606006000000060000000000000000006¢
1 6066666660660000600000000000000000000000006¢
1 0000060000000000000000000000000000000000(¢
) 666666666606006000000060000000000000000006¢

0000000009000 00000090000000002000000000¢

-5 0 5 10
AX

FIG. B.1. Phase diagrams for |Af| = {5 for two-dimensional swimmers.
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FIG. B.2. Phase diagrams for |Af)|
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FIG. B.3. Phase diagrams for |Af| =

AB= T

(0000000060000 00000000000000000000000000009
0006060008000 008000000000000000000000000000909
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
0006060008000 008000000000000000000000000000909
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
[0000000000000000000000000000000000000000
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
) 6 6666666060600060060000000000600000000000006¢
) 6 6666666060600060060000000000600000000000006¢
(0000000060000 00000000000000000000000000009
0000600080000 000000000044000000000000000009
20 86660600000000006(¢
1 50 6600000000000006¢
XX00000000600060000004
x
x

w

*
) 0 66606000000000008:0
0600000000006 000006xx
x
.

o

0666066606006 060000000x XGGOO 0000000000000
1 0 666066060000000008 1 3 80606600000000000¢
[0 0000000000000 000044000000000000000000090
(0000000060000 00000000000000000000000000009
0006060008000 008000000000000000000000000000909
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
0006060008000 008000000000000000000000000000909
(0000000000000 000000000000000000000000009
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
) 6 6666666060600060060000000000600000000000006¢
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
) 6 6666666060600060060000000000600000000000006¢
) 6 6666666060600060060000000000600000000000006¢
(0000000060000 00000000000000000000000000009

w

AX

Ay

Ay

10 005600060003 00060600030303000000073000000000¥

—5 [00608600080000000000000000000000000000000009

—10 2000600000040 00060000604006000000080600000000¢]

£6=]

10 005600060003 00060600030303000000073000000000¥
& * 0 4

G000000000000000000000000000000000000009
0006806000000 0000000080000000080000000000090909
) 666666666606006000000060000000000000000006¢
1 6066666660660000600000000000000000000000006¢
1 0000060000000000000000000000000000000000(¢
0006806000000 0000000080000000080000000000090909
) 666666666606006000000060000000000000000006¢
1 6066666660660000600000000000000000000000006¢
1 0000060000000000000000000000000000000000(¢
[000806000606000000000000000000000000000000009

w

1 0000060000000000000000000000000000000000(¢
) 666666666606006000000060000000000000000006¢
) 6666666666000060600000000000000000000000006¢
[0 000000000000 000004L4400000000000000000¢90
0008000000000 00004L4A440000000000000000090909
(0000000000000 000004L0.%000000000000000000]
(0000000000000 00000xx X%000006005000000000
[POGPOCCPC000000000xx XX0P0000000000000009
0008060606000 00000000xx%X XXGPPLGG0000000600009
(0000000000000 000000 2404000000000 00000000
(0000000000000 000000 0444400000000 000000009
(0000000000000 00 0000044400000 0000000000009
0006806000000 0000000080000000080000000000090909
) 666666666606006000000060000000000000000006¢
1 6066666660660000600000000000000000000000006¢
1 0000060000000000000000000000000000000000(¢
0006806000000 0000000080000000080000000000090909

o

—5 [00608600080000000000000000000000000000000009

1 6066666660660000600000000000000000000000006¢
1 0000060000000000000000000000000000000000(¢
) 666666666606006000000060000000000000000006¢

1 0000060000000000000000000000000000000000(¢
) 666666666606006000000060000000000000000006¢
) 666666666606006000000060000000000000000006¢
(0000000060000 000600000000000000000000000009

—10 2000600000040 00060000604006000000080600000000¢]

-10 -5 0 5 10
AX

for two-dimensional swimmers.

£O=T

(0000000060000 000600000000000000000000000009
0006806000000 0000000080000000080000000000090909
) 666666666606006000000060000000000000000006¢
1 6066666660660000600000000000000000000000006¢
1 0000060000000000000000000000000000000000(¢
0006806000000 0000000080000000080000000000090909
) 666666666606006000000060000000000000000006¢
1 6066666660660000600000000000000000000000006¢
1 0000060000000000000000000000000000000000(¢
5 [000806000606000000000000000000000000000000009
) 666666666606006000000060000000000000000006¢
1 6066666660660000600000000000000000000000006¢
1 0000060000000000000000000000000000000000(¢
) 666666666606006000000060000000000000000006¢
) 666666666606006000000060000000000000000006¢
(0000600006000 0000600000000000000000000000009
0008060000000 000000440000000000000000000909
(0000000000000 000004 X02%000000000000000009
(0000000000000 00000xx X%00000600080000000009
[POGPOCPP0000000000xx XX0P0P00000000000009
0006806006000 00000000xx%X XXGPPLGG00000006060000
(0000000000000 0000020 %X L0GGI0000000000000
[0 0000000600000 0000000044000000000000000090
(0000000060000 000600000000000000000000000009
0006806000000 0000000080000000080000000000090909
) 666666666606006000000060000000000000000006¢
1 6066666660660000600000000000000000000000006¢
1 0000060000000000000000000000000000000000(¢
0006806000000 0000000080000000080000000000090909

o

1 6066666660660000600000000000000000000000006¢
1 0000060000000000000000000000000000000000(¢
) 666666666606006000000060000000000000000006¢
) 666666666606006000000060000000000000000006¢
1 6066666660660000600000000000000000000000006¢
1 0000060000000000000000000000000000000000(¢
) 666666666606006000000060000000000000000006¢
) 666666666606006000000060000000000000000006¢
(0000000060000 000600000000000000000000000009

-10 -5 0 5 10
AX

FIG. B.4. Phase diagrams for |Af| = % for two-dimensional swimmers.
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FIG. B.5. Phase diagrams for |Af| = 2Z for two-dimensional swimmers.
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FIG. B.6. Phase diagrams for |Af| = 7 for two-dimensional swimmers.

35



Ay

Ay

10 0606006000038 000000¢0003 000000000l 00000000¢¥

w

o

6]

—10 [$0000000009000000000090000000002000000000¢

-10 -5 0 5 10

10 000600000035 000600000300000000070000000%0¥
o

w

o

w

—10 0000060060040 00060000609006000060008000000000¢]

-10 -5 0 5 10

= _7
AB= -3

) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
0006060008000 008000000000000000000000000000909
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
) 6 6666666060600060060000000000600000000000006¢
) 6 6666666060600060060000000000600000000000006¢
1 0000060000000000000000000000000000000000¢
1 0000000000000000000000000000000000000000(¢
) 6 6666666060600060060000000000600000000000006¢
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
) 6 6666666060600060060000000000600000000000006¢
1 6 666666060060000600000000000000000000000006¢
(000000000000 000000x%xX%X000000000000000000]
0006000606000 008000000xX%X XXGPPPFGGLGGG0000000
[ 0000000000000 00006xx%X XX000000000000000004
(000000000000 000000xx X%00000008000000000
(0000000000000 000000xxX%00000000000000000]
0006060008000 008000000000000000000000000000909
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
0006060008000 008000000000000000000000000000909
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
[00000000000060000000000000000060600060000904
) 6 6666666060600060060000000000600000000000006¢
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
) 6 6666666060600060060000000000600000000000006¢
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
) 6 6666666060600060060000000000600000000000006¢

AX

FIG. B.7. Phase diagrams for |Af)|
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FIG. B.8. Phase diagrams for |Af)|
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for two-dimensional swimmers.
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FIG. B.9. Phase diagrams for |Af)|
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FIG. B.10. Phase diagrams for |Af| = ‘%” for two-dimensional swimmers.

37



Ay

Ay

10 000600000035 000600000300000000070000000%0¥

—10 0000060060040 00060000609006000060008000000000¢]

-10 -5 0 5 10

10 0600600000030 000000001000000¢003000000000¥
*

—10 [$0000000009000000000090000000002000000000¢

—-10 -5 0 5 10

Ae= —1In

(0000000060000 00000000000000000000000000009
0006060008000 008000000000000000000000000000909
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
0006060008000 008000000000000000000000000000909
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
[0000000000000000000000000000000000000000
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
) 6 6666666060600060060000000000600000000000006¢
) 6 6666666060600060060000000000600000000000006¢
(0000000060000 00000000000000000000000000009
0000006060000 00000000XX%X00000000000000600009
(0000000060000 000000x%%X%000006000060060600006009]
(000000000000 000000xx X%00000008000000000
OGO CIPICIPIPPIPIIPOIXX X X0PPPCO000000000000
0006000606000 008000000x%X XXGPPPFGGISG00000000
(0000000000000 000000x%XX200000000000000000]
(000000000000 0000000x%X%X000000000000000000]
(0000000060000 00000000000000000000000000009
0006060008000 008000000000000000000000000000909
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
0006060008000 008000000000000000000000000000909
(0000000000000 000000000000000000000000009
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
) 6 6666666060600060060000000000600000000000006¢
) 6 6666666060600060060000000000600000000000006¢
1 066666660006060006000000060000000000000000006¢
1 0000000000000000000000000000000000000000(¢
) 6 6666666060600060060000000000600000000000006¢
) 6 6666666060600060060000000000600000000000006¢
(0000000060000 00000000000000000000000000009

w

o

w

AX

FIG. B.11. Phase diagrams for |Af)|
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FIG. B.12. Phase diagrams for |Af| = 7 for two-dimensional swimmers.
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