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EQUIVARIANT ALGEBRAIC K-THEORY AND DERIVED COMPLETIONS II: THE

CASE OF EQUIVARIANT HOMOTOPY K-THEORY AND EQUIVARIANT

K-THEORY

GUNNAR CARLSSON, ROY JOSHUA, AND PABLO PELAEZ

Abstract. In the mid 1980s, while working on establishing completion theorems for equivariant Algebraic
K-Theory similar to the well-known Atiyah-Segal completion theorem for equivariant topological K-theory,
the late Robert Thomason found the strong finiteness conditions that are required in such theorems to be
too restrictive. Then he made a conjecture on the existence of a completion theorem in the sense of Atiyah
and Segal for equivariant Algebraic G-theory, for actions of linear algebraic groups on schemes that holds
without any of the strong finiteness conditions that are required in such theorems proven by him, and also
appearing in the original Atiyah-Segal theorem. In an earlier work by the first two authors, we solved this
conjecture by providing a derived completion theorem for equivariant G-theory. In the present paper, we

provide a similar derived completion theorem for the homotopy Algebraic K-theory of equivariant perfect

complexes, on schemes that need not be regular.

Our solution is broad enough to allow actions by all linear algebraic groups, irrespective of whether
they are connected or not, and acting on any normal quasi-projective scheme of finite type over a field,
irrespective of whether they are regular or projective. This allows us therefore to consider the Equivariant
Homotopy Algebraic K-Theory of large classes of varieties like all toric varieties (for the action of a torus)
and all spherical varieties (for the action of a reductive group). With finite coefficients invertible in the
base fields, we are also able to obtain such derived completion theorems for equivariant algebraic K-theory
but with respect to actions of diagonalizable group schemes. These enable us to obtain a wide range of
applications, several of which are also explored.
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1. Introduction

Recall that the paper [CJ23] by the first two authors applied the technique of derived completion to
obtain a derived completion theorem for equivariant Algebraic G-theory, which is the algebraic K-theory of
the category of equivariant coherent sheaves on any suitably nice scheme provided with the action of a linear
algebraic group or a smooth affine group scheme. When the scheme is regular, the resulting equivariant G-
theory identifies with equivariant K-theory and therefore, in this case, the above derived completion theorem
applies to provide a derived completion theorem for equivariant Algebraic K-theory. That left open the
problem of obtaining a similar derived completion theorem for equivariant Algebraic K-theory in general,
that is, the algebraic K-theory of the category of equivariant vector bundles and/or equivariant perfect
complexes on schemes that need not be regular.

The goal of this paper is to address this problem: we extend the derived completion theorem of [CJ23] to
equivariant homotopy algebraic K-theory. Accordingly, the problem we are considering in this paper can be
summarized as follows. Let X denote a scheme provided with the action of a linear algebraic group G. Then
let K(X,G) denote the spectrum associated to the symmetric monoidal category of G-equivariant vector
bundles on X. Next let EG → BG denote a principal G-bundle with BG the classifying space for G in a
certain sense as made clear later on. Then the pull-back along the projection p2 : EG×X→ X induces a map
of spectra p∗2 : K(X,G) → K(EG × X,G) ≃ K(EG ×G X), where EG ×G X is the Borel construction. The
main goal of the present paper is to prove that the map p∗2 becomes a weak-equivalence after a certain derived
completion has been performed at the spectrum level on K(X,G), provided one replaces the spectrum of
algebraic K-theory by the spectrum of homotopy algebraic K-theory. The basic underlying principle behind
our present work is similar to the one for [CJ23].1 2

In addition we discuss several applications, which are left to the accompanying sequel to this paper:
[CJP24]. One of the applications we discuss in detail is to Equivariant Riemann-Roch theorems. These
extend various results and formulae previously known, such as those classical results in [AB], [AS68] as well
as the Riemann-Roch theorems of Gillet in [Gi] and the coherent trace formulae of Thomason in [Th86-1,
Theorem 6.4].

Our main results will be stated only under the following basic assumptions.

Standing Hypothesis 1.1. (i) We will assume the base scheme S is the spectrum of a perfect infinite
field k of arbitrary characteristic p. The schemes we consider will always be assumed to be separated
and of finite type over S. The group schemes we consider will be smooth affine group schemes which
are finitely presented and separated over S: we refer to them as linear algebraic groups over k. When
we say a group scheme G is affine, we mean that it admits a closed immersion into some GLn,S, for
some integer n > 0. Observe that any finite group G may be viewed as an affine group-scheme over S
in the obvious manner, for example, by imbedding it as a subgroup of the monomial matrices in some
GLn.

(ii) We will fix an ambient bigger group, denoted G̃ throughout, and which contains the given linear algebraic

group G as a closed sub-group-scheme and satisfies the following strong conditions: G̃ will denote a
connected split reductive group over the field k so that it is special (in the sense of Grothendieck: see

[Ch]), and if T̃ denotes a maximal torus in G̃, then R(T̃) is free of finite rank over R(G̃) and R(G̃) is

Noetherian. (Here R(T̃) and R(G̃) denote the corresponding representation rings.)

(iii) The above hypothesis is satisfied by G̃ = GLn or SLn, for any n, or any finite product of these groups.
It is also trivially satisfied by all split tori.(A basic hypothesis that guarantees this condition is that

the algebraic fundamental group π1(G̃) is torsion-free: see section 1.2.)

1In [CJ23], we had already provided a detailed comparison with existing completion theorems in the literature: we pointed
out there that none of them make use of the technique of derived completions, and as a result are all quite restrictive in terms
of the range of applications. We will assume the basic context and the basic terminology of [CJ23].

2It may be worthwhile pointing out that as Equivariant algebraic K-theory is not an A1-invariant in general, our methods
do not apply to it, but only to Equivariant Homotopy Algebraic K-theory, which is an A1-invariant. This will become apparent,
as at several points along the course of this paper, we will need to strongly make use of the fact that the form of Equivariant
Algebraic K-theory we consider is A1-invariant.



Equivariant Algebraic K-Theory and Derived completions II 3

(iv) In general, we will restrict to normal quasi-projective schemes of finite type over S, and provided with
an action by a linear algebraic group in Theorem 1.4.3

Moreover, in order to consider Riemann-Roch transformations with values in suitable equivariant
Borel-Moore homology theories, we need to restrict to the following class of schemes: X is a normal
G-scheme over S so that it is either G-quasi-projective (that is, admits a G-equivariant locally closed
immersion into a projective space over S on which G-acts linearly), or G is connected and X is a normal
quasi-projective scheme over S (in which case it is also G-quasi-projective by [SumII, Theorem 2.5]).

Next, it seems important to clarify our basic strategy as discussed in the following key reductions 1.2 as
well as Proposition 1.3 below: these are essentially the same as those adopted in [CJ23].

Key Reductions and the Basic strategy 1.2. (i) Observe that any linear algebraic group G can be

imbedded into G̃ (as a closed sub-group-scheme), where G̃ is a general linear group (that is, a GLn) or
a finite product of such groups. Our basic strategy is to show by the following arguments that we may
reduce to considering the action of the ambient group G̃, which will be a finite product of GLns. Then
we reduce to considering actions by a maximal split torus, and eventually to the case of a 1-dimensional
torus.

Let X denote a scheme as in 1.1(iv) and provided with an action by the not-necessarily connected
linear algebraic group G. We will let K(X,G) (KH(X,G)) denote the K-theory spectrum obtained
from the category of G-equivariant perfect complexes on X: see (2.0.1) (the corresponding homotopy
K-theory spectrum on X: see 2.3).

(ii) Assume the above situation. Then we let G̃ × G act on G̃ × X by (g̃1, g1) ◦ (g̃, x) = (g̃1g̃g
−1
1 , g1x),

g̃1, g̃ ǫ G̃, g1 ǫ G and x ǫ X. Now one may observe that G̃×G has an induced action on G̃×
G
X (defined

the same way), and that G̃×G acts on X through the given action of G on X. (Here G̃×
G
X denotes the

quotient of G̃×X by the action of G given by g(g̃, x) = (g̃g−1, gx).) The maps s : G̃×X→ G̃×
G
X and

r = pr2 : G̃×X→ X are G̃×G equivariant maps and the pull-backs

s∗ : K(G̃×
G
X, G̃)→ K(G̃×X, G̃×G) and r∗ : K(X,G)→ K(G̃×X, G̃×G)(1.0.1)

s∗ : KH(G̃×
G
X, G̃)→ KH(G̃×X, G̃×G) and r∗ : KH(X,G)→ KH(G̃×X, G̃×G)(1.0.2)

are weak-equivalences of module-spectra over K(S, G̃ × G). (See Lemma 2.5 below for more details.)

Moreover, if X is a quasi-projective scheme, then so is G̃×
G
X. These observations, along with Proposi-

tion 1.3 below, enable us to just consider the equivariant KH-theory with respect to the action of the
ambient group G̃.

(iii) One may also observe that the induced action by the closed subgroup G̃ × {1} of G̃ × G on G̃×
G
X

identifies with the left-action by G̃ on G̃×
G
X. (Similarly the induced action by the closed subgroup

G ∼= {1} ×G of G̃×G on X identifies with the given action of G on X.)

(iv) If G is a connected split reductive group, then R(G) ∼= R(T)W, where W denotes the Weyl group of G
and T denotes a split maximal torus of G. Therefore R(G) is Noetherian, and one may find a closed
imbedding G→ GLn1 × · · ·GLnm for some n1, · · · , nm such that the restriction R(GLn1 × · · ·GLnm)→
R(G) is surjective, so that [CJ23, Theorem 1.6] applies. Moreover the same conclusions apply to any
linear algebraic group G for which R(G) is Noetherian.

(v) In view of these observations, assuming the ambient group G is a finite product of GLns is not a serious
restriction at all.

We will let EG̃gm denote the geometric classifying space for G̃ which is constructed in 3.1 as an ind-
object of schemes. We let ρG : K(S,G) → K(S) denote the map of commutative ring spectra defined
by restriction to the trivial subgroup-scheme. For a prime ℓ 6= p, let ρℓ : S → H(Z/ℓ) denote the mod−ℓ

3The need to restrict to such schemes comes from Proposition 2.6.
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reduction map, where S denotes the sphere spectrum and H(Z/ℓ) denotes the (usual) Z/ℓ-Eilenberg-Maclane
spectrum. Let ρℓ ◦ ρG : K(S,G) → K(S)∧

S

H(Z/ℓ) denote the composition of ρG and the mod−ℓ reduction

map idK(S) ∧ ρℓ : K(S) → K(S)∧
S

H(Z/ℓ). The derived completions with respect to the above maps are

defined in (4.0.2).

We then state the following Proposition that completes the reduction to considering actions by the ambient
group G̃.

Proposition 1.3. (i) Making use of the weak-equivalences in (1.0.1) as module-spectra over K(S, G̃ ×G),
one obtains the weak-equivalences:

s∗ ρ̂G̃×G
: KH(G̃×

G
X, G̃) ρ̂G̃×G

≃
→KH(G̃×X, G̃×G) ρ̂G̃×G

and r∗ ρ̂G̃×G
: KH(X,G) ρ̂G̃×G

≃
→KH(G̃×X, G̃×G) ρ̂G̃×G

.

(ii) Since the restriction maps R(G̃ × G) → R(G̃) = R(G̃ × {1}) and R(G̃ × G) → R(G) = R({1} × G)
are split-surjective, [CJ23, Theorem 1.6], the observation 1.2(iii) above and the connectivity statement in
Theorem 2.7(ii), provide the weak-equivalences:

KH(X,G) ρ̂G̃
≃ KH(G̃×

G
X, G̃) ρ̂G̃

≃ KH(G̃×
G
X, G̃) ρ̂G̃×G

and KH(X,G) ρ̂G ≃ KH(X,G) ρ̂G̃×G
.

(iii) Combining (i) and (ii) we obtain:

KH(X,G) ρ̂G̃
≃ KH(G̃×

G
X, G̃) ρ̂G̃

≃ KH(X,G) ρ̂G .

(iv) Corresponding results also hold for the completions with respect to the composition with ρℓ.

With the above reductions in place, we obtain the following main result.

Theorem 1.4. Assume that the base scheme S = Spec k for a perfect infinite field k and that X denotes any
normal quasi-projective scheme of finite type over S and provided with an action by the not-necessarily-
connected linear algebraic group G. Let G̃ denote a fixed ambient linear algebraic group satisfying the
hypotheses in 1.1(ii) containing G as a closed sub-group-scheme and let EG̃gm×

G
X denote the ind-scheme

defined by the Borel construction as in section 3.1. (The K-theory and the homotopy invariant K-theory of
these objects are defined in Definition 3.4.)

(i) Then the map KH(X,G) ≃ K(S,G)
L
∧

K(S,G)
KH(X,G)→ KH(EG̃gm,G)

L
∧

K(S,G)
KH(X,G)→ KH(EG̃gm×

X,G) ≃ KH(EG̃gm×
G
X) factors through the derived completion of KH(X,G) at ρG and induces a weak-

equivalence

KH(X,G) ρ̂G

≃
→KH(EG̃gm×

G
X).

The spectrum on the left-hand-side is the derived completion of KH(X,G) along the map ρG. (See
section 3 for further details.) The above map is contravariantly functorial for G-equivariant maps.
It is also covariantly functorial for proper G-equivariant maps (between schemes) that are perfect: a
map of schemes is perfect if the derived push-forward sends perfect complexes to perfect complexes, see
Definition 2.1.

(ii) Let ℓ denote a prime different from the characteristic of k. Then one also obtains a weak-equivalence

KH(X,G)ℓ ρ̂G

≃
→KH(EG̃gm×

G
X)ℓ

where the subscript ℓ denotes mod−ℓ-variants of the appropriate spectra. (See (4.0.4) for their precise
definitions.). Therefore, one also obtains the weak-equivalence:

KH(X,G) ρ̂ℓ◦ρG

≃
→KH(EG̃gm×

G
X) ρ̂ℓ

.

The spectrum on the left-side (right-side) denotes the derived completion of KH(X,G) (KH(EG̃gm×
G
X))

with respect to the composite map ρℓ ◦ ρG̃ (the map ρℓ, respectively). The functoriality statements as
in (i) also hold for this theory.
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(iii) When G is special, one obtains a weak-equivalence: KH(EG̃gm×
G
X) ≃ KH(EGgm×

G
X), where EGgm×

G
X

denotes the ind-scheme associated to G and defined by the Borel construction as in section 3.1.

In fact, if one restricts to actions of split tori, one may also consider more general base schemes than a
field: but we choose not to discuss this extension in detail, mainly for keeping the discussion simpler. See also
Corollary 6.2, which discusses completion theorems for K-theory with finite coefficients again only for actions
of split tori. The strategy we adopt to proving the above theorem is an extension of the strategies we employed
for proving a corresponding derived completion theorem for equivariant G-theory in [CJ23]. Homotopy
invariance is essential to our proof, so that there is no analogue of the above theorem for equivariant algebraic
K-theory in general and our proof invokes certain subtle properties of equivariant homotopy K-theory as in
Theorem 2.7, which also seem to be not known before.

At this point it may be important to point out the main differences with the results and techniques in
[CJ23], where the first two authors prove similar results for G-equivariant G-theory.

(i) The very first difference shows up in the proof of Proposition 3.6, where we prove that the Borel
style equivariant homotopy Algebraic K-theory is independent of the choice of a geometric classifying
space: since we also allow singular schemes, we are able to prove this only for groups that are special.
Moreover, there are more stringent hypotheses on what are called geometric classifying spaces: see 3.1.

(ii) As a consequence, the third statement in Theorem 1.4 holds only for linear algebraic groups that are
special: the corresponding statement for equivariant G-theory holds for all linear algebraic groups as
shown in [CJ23, Theorem 1.2].

(iii) We also need to know that the spectrum of equivariant homotopy K-theory with respect to the action
of any linear algebraic group is −n-connected for some sufficiently large integer n: this is proven in
[HK] in the setting of algebraic stacks where the stabilizer groups are all linearly reductive, and using
it for the action of split tori in [KR, Theorem 1.2]. It is proved in general in Theorem 2.7(ii). (In
contrast, the spectrum of equivariant G-theory is always −1-connected.)

(iv) In addition, we also follow a somewhat different route to proving Theorem 5.8, than the one adopted
in [CJ23]. This is because in order to establish Riemann-Roch theorems, it is essential to prove
Proposition 5.7: therefore we make use of Proposition 5.7 to obtain a somewhat different and simpler
proof of Theorem 5.8.

As in [CJ23], our results in this paper also have several similarities as well as some key differences with the
proof by Atiyah and Segal (see [AS69]) of their theorem. All proofs proceed by reducing to actions by groups
that are easier to understand. In our case, we first reduce to the case where the given linear algebraic group
G is replaced by the ambient connected split reductive group G̃, then where this group G̃ is replaced by a
finite product of GLns and then finally where this product of GLns is replaced by its split maximal torus.
The key difference between our proof and the proof of the classical Atiyah-Segal theorem is in the use of
the derived completion, which is essential for our proof. Moreover, unlike in the classical case, for a closed
sub-group-scheme G in G̃, the derived completion of a K(S,G)-module spectrum with respect to the maps

ρG : K(S,G)→ K(S) and ρG̃ : K(S, G̃)→ K(S) will be different in general. The main exception to this was
discussed [CJ23, Theorem 1.6].

[Th88, Proposition 4.1] shows the analysis in [Seg, Corollary 3.3] carries over to show that the represen-
tation ring of any linear algebraic group over any algebraically closed field of characteristic 0 is Noetherian.
[Serre] shows that for any connected split reductive group G̃ defined over a field, the representation ring

R(G̃) is Noetherian. Therefore, in the present framework, the need for derived completion is only so as
not to put any strong restrictions on the schemes whose equivariant homotopy K-theory and G-theory we
consider. Recall that we also showed in [CJ23, Theorem 1.7] that the derived completions reduce to the
usual completions at the augmentation ideal for all projective smooth schemes over a field.

1.1. Basic conventions and terminology.

(i) First we clarify that all spectra used in this paper are symmetric S1-spectra which, when restricted
to the category of smooth schemes over S are presheaves on the big Nisnevich site of smooth schemes
(or a suitable subcategory) over the given base S and are A1-homotopy invariant when restricted to
smooth schemes over S. This category will be denoted SptS1(S), with the sphere spectrum denoted S.
An example to keep in mind is the equivariant K-theory spectrum (with respect to the action of a fixed
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linear algebraic group G) which is defined only on schemes or algebraic spaces provided with actions
by G). It is important to observe that some such spectra admit extensions to schemes that are not
necessarily smooth over S, as well as to algebraic spaces, the main examples of which are the equivariant
G-theory and K-theory spectra. Ring and module spectra will have the usual familiar meaning, but
viewed as objects in SptS1(S). An appropriate context for much our work would be that of model
categories for ring and module spectra as worked out in [SS, Theorem 4.1] as well as [Ship04].

(ii) We will make extensive use of the model structures defined in [Ship04] to produce cofibrant replacements
for commutative algebra spectra over a given commutative ring spectrum. The commutative ring
spectra that show up in the paper are largely the K-theory spectra and the equivariant K-theory
spectra associated to the actions of a linear algebraic group.

(iii) Let SptS1(S) denote the category of spectra and let I denote a small category. Then we provide the
category of diagrams of spectra of type I, SptS1(S)I, with the projective model structure as in [BK,
Chapter XI]. Here the fibrations (weak-equivalences) are maps {f i : Ki → Li|i ǫ I} so that each f i is
a fibration (weak-equivalence, respectively) with the cofibrations defined by the lifting property with
respect to trivial fibrations. Since the homotopy inverse limit functor is not well-behaved unless one
restricts to fibrant objects in this model structure, we will always implicitly replace a given diagram
of spectra functorially by a fibrant one before applying the homotopy inverse limit. If {Ki|i ǫ I} is
a diagram of spectra, holim{Ki|i ǫ I} actually denotes holim{R(Ki)|i ǫ I} where {R(Ki)|i ǫ I} is a
fibrant replacement of {Ki|i ǫ I} in SptS1(S)I.

1.2. Properties of the representation ring. Assume (again) that the base scheme S is the spectrum of a
field k. First recall that the algebraic fundamental group associated to a split reductive group G over k may
be defined as Λ/X(T), where Λ (X(T)) denotes the weight lattice (the lattice of characters of the maximal
torus in G, respectively): see for example, [Merk, 1.1]. Then it is observed in [Merk, Proposition 1.22],
making use of [St, Theorem 1.3], that if this fundamental group is torsion-free, then R(T) is a free module
over R(G). Here T denotes a maximal torus in G and R(G) (R(T)) denotes the representation ring of G (T,
respectively). Making use of the observation that SLn is simply-connected (that is, the above fundamental
group is trivial), for any n, one may conclude that π1(GLn) ∼= π1(Gm) ∼= Z where Gm denotes the central
torus in GLn. Therefore R(T) is free over R(GLn), where T denotes a maximal torus in GLn.

1.3. Outline of the paper. We review the basic properties of Equivariant Homotopy K-theory, Equivariant
K-theory and Equivariant G-theory in section 2. This is followed by a discussion of geometric classifying
spaces of linear algebraic groups and the basic properties of equivariant homotopy K-theory on the Borel
construction in section 3. Section 4 is devoted to a quick review of several basic results on derived completion
that we use in later sections of the paper, with most of the key results already worked out in detail in [CJ23,
section 3]. Sections 5 and 6 are devoted to a detailed proof of Theorems 1.4, with section 5 discussing the
reduction to the case where the group is a split torus. In this section, we also re-interpret Theorem 1.4 in
terms of pro-spectra. Section 6 discusses the proof of Theorem 1.4 for the action of a split torus. A short
appendix discusses a couple of technical results. Various applications of the derived completion theorems
proved in this paper are discussed in the accompanying paper, [CJP24], the most notable of them being a
variety of Riemann-Roch theorems.

2. Equivariant K-theory and Equivariant Homotopy K-theory: basic terminology and

properties

Throughout the paper we will let S = Spec k , where k is a perfect infinite field of arbitrary characteris-
tic. G̃ will denote a split reductive group satisfying the standing hypothesis in 1.1, quite often this being
a GLn or a finite product of GLns. Let G denote a closed linear algebraic subgroup of G̃. (In particular,
it is a smooth affine group-scheme over the base field.) Let X denote a scheme of finite type over S pro-
vided with an action by G as above and let Z denote a (possibly empty) closed G-stable subscheme. Let
PscohZ(X,G) (PerfZ(X,G)) denote the category of pseudo-coherent complexes of G-equivariant OX -modules
with bounded coherent cohomology sheaves with supports contained in Z (the category of perfect complexes
of G-equivariant OX -modules with supports contained in Z, respectively). Recall that a G-equivariant
complex of OX -modules is pseudo-coherent (perfect) if it is quasi-isomorphic locally on the Zariski topol-
ogy on X to a bounded above complex (a bounded complex, respectively) of locally free OX-modules with
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bounded coherent cohomology sheaves. We provide these categories with the structure of bi-Waldhausen
categories with cofibrations, fibrations and weak-equivalences (see [ThTr, 1.2.4 Definition] or [Wald, 1.2])
by letting the cofibrations be the maps of complexes that are degree-wise split monomorphisms (fibrations
be the maps of complexes that are degree-wise split epimorphisms, weak-equivalences be the maps that are
quasi-isomorphisms, respectively).

(2.0.1) G(X,G) (K(X,G), K(X onZ,G))

will denote the K-theory spectrum obtained from Pscoh(X,G) (Perf(X,G), PerfZ(X,G), respectively).

One may also consider the category Vect(X,G) of G-equivariant vector bundles on X. This is an exact
category, and one may apply Quillen’s construction (see [Qu]) to it to produce another variant of the
equivariant K-theory spectrum of X. If we assume that every G-equivariant coherent sheaf on X is the
G-equivariant quotient of a G-equivariant vector bundle on X, then one may observe that this produces a
spectrum weakly-equivalent to K(X,G): see [ThTr, 2.3.1 Proposition] or [J10, Proposition 2.8]. It follows
from [Th83, Theorem 5.7 and Corollary 5.8] that this holds in many well-known examples. It is shown in
[J02, section 2] that, in general, the map from the K-theory spectrum to the G-theory spectrum (sending a
perfect complex to itself, but viewed as a pseudo-coherent complex) is a weak-equivalence

(2.0.2) K(X,G) ≃ G(X,G),

provided X is regular. In general, such a result fails to be true for the Quillen K-theory of G-equivariant
vector bundles, which is the reason for our preference to the Waldhausen style K-theory and G-theory
considered above.

In view of our assumption that the base scheme S is the spectrum of a field k, clearly the spectra G(S,G)
and K(S,G) identify, and these also identify with the (Quillen) K-theory spectrum of the exact category of
G-equivariant vector bundles on S.

2.1. Pseudo-coherence and Perfection. (See [ThTr, 2.5.2, 2,5,3 and 2.5.4].)

Definition 2.1. Let f : X→ Y denote a map between schemes of finite type over the base scheme. Then f
is n-pseudo-coherent if for each x ǫ X, there is a Zariski open neighborhood Ux of x and a Zariski open V ⊆ Y
so that f : Ux → Y factoring as g◦i, where i : Ux → Z is a closed immersion with i∗(OUx

) n-pseudo-coherent
as a complex on Z (see [SGA6, I]), and where g : Z → V is smooth. (It is observed there, that f being
n-pseudo-coherent depends only on the map f , and is independent on the choice of Z.) Then f is said to be
pseudo-coherent if it is n-pseudo-coherent for all integers n.

Such a morphism f : X→ Y is perfect if it is pseudo-coherent and locally of finite tor-dimension.

Then the following are discussed as examples of morphisms that are either pseudo-coherent and/or perfect:

(i) If Y is Noetherian, any map f : X → Y that is locally of finite type is pseudo-coherent. (For Y not
Noetherian, the above conclusion is false even for f a closed immersion.)

(ii) Any smooth map is perfect: so are regular closed immersions and morphisms that are local complete
intersection morphisms.

Theorem 2.2. (See [ThTr, 2.5.4 Theorem].) Let f : X→ Y denote a proper map of schemes of finite type
over the base scheme S. Assume that f is pseudo-coherent (perfect, respectively). Then if E• is a pseudo-
coherent (perfect) complex on X, Rf∗(E

•) is a pseudo-coherent complex (perfect complex, respectively) on
Y.

2.2. Negative K-Theory. Let X denote a scheme of finite type over S provided with an action by G as
above and let Z denote a (possibly empty) closed G-stable subscheme. Now observe that C = PerfZ(X,G) has
the structure of a complicial bi-Waldhausen category. Therefore, we will adopt the framework of [Sch, 5.10]
to define Negative K-theory. Observe that the cofibrations (fibrations) in the category PerfZ(X,G) are the
degree-wise split injections (degree-wise split surjections, respectively). Observe also that it is closed under
canonical homotopy pushouts and canonical homotopy pull-backs which are defined as in [ThTr, 1.1.2.1,
1.1.2.5]. The weak-equivalences are the maps that are quasi-isomorphisms. One may also verify that the
axioms discussed in [ThTr, 1.2.11 and 1.9.6] are true for PerfZ(X,G), so that PerfZ(X,G) has the structure
of a Frobenius category (in the sense of [Sch, Definitions 3.3, 3.4], where the projective-injective objects are
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the complexes in PerfZ(X,G) that are acyclic. In fact let C0 denote the full subcategory of C consisting of
complexes K for which the map 0 → K is a weak-equivalence. Then (C, C0) is a Frobenius pair in the sense
of [Sch, Definition 3.4]. Therefore, we define the negative K-groups of C as the homotopy groups in negative
degrees of the K-theory spectrum associated to the Frobenius pair (C, C0): see [Sch11, 3.2.26].

We will presently recall this construction briefly. First we associate to any complicial bi-Waldhausen
category C, its K-theory space (defined as in [Wald, 1.3] or [ThTr, 1.5.2]). This will be denoted K(C). Next
one defines a suspension functor for complicial bi-Waldhausen categories as in [Sch11, 2.4.6, 3.2.33]. For
this one first takes the countable envelope of C, whose objects are direct systems of cofibrations indexed by
the natural numbers with values in C. The morphisms are just the morphisms of such ind-objects. This
category has the structure of a complicial bi-Waldhausen category. Finally the suspension SC is the quotient
of the countable envelope of C by the subcategory C. This has the structure of a Waldhausen category with
cofibrations and weak-equivalences, where the weak-equivalences are the maps in countable envelope of C
which are isomorphisms in the quotient of the triangulated category associated to the countable envelope by
the triangulated category associated to C.

Then it is shown in [Sch11, 3.2.26] that there are natural maps

(2.2.1) K(C)→ ΩK(SC)

Therefore, one defines the spectrum K(C) by the sequence of spaces whose n-th space is given by K(SnC)
and where the structure maps are defined by the maps in (2.2.1). Taking C = PerfZ(X,G), this defines the
spectrum K(X onZ,G).

Proposition 2.3. Let G denote a linear algebraic group acting on the scheme X and let G̃ denote a linear
algebraic group containing G as a closed sub-group scheme. Let Z denote a G-stable closed subscheme of X.
Let p : G̃×G→ G̃×G X and q : G̃×G→ X denote the obvious maps. Then the pull-backs:

p∗ : PerfG̃×GZ(G̃×G X, G̃)→ PerfG̃×X(G̃×X, G̃×G) and q∗ : PerfZ(X,G)→ PerfG̃×X(G̃×X, G̃×G)

induce equivalences of the associated triangulated categories, showing that induced maps:

p∗ : K(G̃×GXon G̃×GZ, G̃)→ K(G̃×Xon G̃×Z, G̃×G) and q∗ : K(X onZ,G)→ K(G̃×Xon G̃×Z, G̃×G)

are weak-equivalences.

Proof. Observe that both p and q are flat maps. Therefore, the fact that the functors p∗ and q∗ induce
equivalences of the associated triangulated categories follows readily from descent theory. Now the last
statement follows from [Sch11, 3.2.29]. �

Proposition 2.4. Let T denote a linearly reductive group acting on on the scheme X and let Z denote a
T-stable closed subscheme of X. Let U denote the complement of Z in X. The one obtains the fiber sequence:

K(X onZ,T)→ K(X,T)→ K(U,T)

Proof. The main observation needed is that since T is linearly reductive, the T-equivariant perfect complexes
on X (or equivalently the perfect complexes on the quotient stack [X/T]) are compact and the derived
category Dqc([X/T]) ≃ Dqc(X,T) is compactly generated by the perfect complexes. This is proven in [HK,
Theorem 4.5] using [HR, Theorem D]. Therefore, the same proof as in [ThTr, 5.5.1 Lemma and 6.6 Theorem]
completes the proof, modulo an agreement of the negative K-groups defined using the approach in [ThTr,
sections 5 and 6] with the approach using Frobenius pairs as in [Sch]. This follows along the same lines as
in [Sch, section 7].

�

2.3. Homotopy K-Theory and Equivariant Homotopy K-Theory: Definitions. We let ∆S[n] =
S[x0, · · · , xn]/(Σixi− 1). As n varies, we obtain the cosimplicial scheme ∆S[•]. Given a scheme of finite type
X over S with Z a closed subscheme, we let KH(X onZ) = hocolim

∆
{K(X ×S ∆S[n] on Z×S ∆S[n]|n}, which

is the homotopy colimit of the simplicial spectrum given by n 7→ K(X×S ∆S[n] on Z×S ∆S[n]).

Let G denote a smooth affine group-scheme defined over S and acting on the scheme X defined over S.
Let Z denote a closed G-stable subscheme of X. Then one defines

KH(X onZ,G) = hocolim
∆

{K(X×S ∆S[n] on Z×S ∆S[n],G)|n}.
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2.4. Homotopy K-Theory and Equivariant Homotopy K-theory: Basic properties.

(1) By first replacing perfect complexes by a functorial flat replacement, one may see that KH is a
contravariant functor from the category of separated schemes of finite type over S to spectra, while
KH( ,G) is a contravariant functor from separated schemes of finite type over S and provided with
an action by G, to spectra. By first replacing perfect complexes by a functorial flabby replacement
(for example, given by the functorial Godement resolution), one may also see thatKH (KH( ,G)) is
covariantly functorial for proper morphisms of such schemes that are also perfect (proper morphisms
of such schemes with G-action that are also G-equivariant and perfect).

(2) The pairings K(X ×S ∆S[n]) ∧K(X ×S ∆S[n]) → K(X ×S ∆S[n]) which are compatible as n varies,
provide a multiplicative pairing

(2.4.1) KH(X) ∧KH(X)→ KH(X),

which is contravariantly functorial in X. The projections pn : S[x0, · · · , xn]/(Σixi − 1) → S provide
a map p∗ : K(X) → KH(X) which sends the multiplicative pairing K(X) ∧K(X) → K(X) to the
pairing in (2.4.1). It follows that KH(X) is a ring spectrum and that the ring structure on KH(X)
is compatible with the ring structure on the spectrum K(X), with all of these being contravariantly
functorial in X.

(3) Similarly one sees that KH(X,G) is a ring spectrum, with the ring structure on the spectrum
KH(X,G) contravariantly functorial in X and G-equivariant maps.

(4) Moreover, it follows from [Wei81, Proposition 2.4] that KH(X × A1) ≃ KH(X), that is, KH is
homotopy invariant. Similarly, KH(X× A1,G) ≃ KH(X,G).

(5) For a closed subscheme Y in X, a basic result following from [ThTr] is that there is a natural weak-
equivalence: KH(X on Y) ≃ KHY(X), whereKHY(X) denotes the homotopy fiber of the restriction
KH(X)→ KH(X−Y). (We may also denote KHY(X) as KH(X,X−Y).)

In other words, the presheaf of spectra X 7→ KH(X) has localization sequences in the following
sense. If Y ⊆ X is a closed subscheme of X, with complement U = X − Y, there exists a stable
cofiber sequence of S1-spectra:

KH(X on Y) ≃ KHY(X)→ KH(X)→ KH(U).

(6) More generally if T is a split torus, the presheaf of spectra X 7→ KH(X,T) from the category of
normal quasi-projective schemes of finite type over S with T-actions to S1-spectra has localization
sequences in the following sense. If Y ⊆ X is a closed T-stable subscheme of X, with complement
U = X − Y, there exists a stable cofiber sequence of S1-spectra (see [KR, Theorem 1.2], which in
fact follows readily from the localization sequence considered in Proposition 2.4):

KH(X on Y,T) ≃ KHY(X,T)→ KH(X,T)→ KH(U,T),

where KH(X on Y,T) is defined as the homotopy K-theory of the category of T-equivariant perfect
complexes on X which are acyclic on X−Y.

(7) The presheaf of spectra X 7→ KH(X) satisfies cdh descent on the big cdh-site of the base scheme S.
(See [CHH04] and [Cis].)

(8) The natural maps K(X) → KH(X) and K(X,G) → KH(X,G) in (2) are weak-equivalences when
the scheme X is regular.

2.5. Remaining Key properties of Equivariant K- and KH-theories. Assume as in 1.2 that the
scheme X is provided with an action by the linear algebraic group H and that G is a bigger linear algebraic
group containing H as a closed subgroup scheme. Then we let G × H act on G × X by (g1, h1) ◦ (g, x) =
(g1gg

−1
1 , h1x), g1, g ∈ G, h1 ǫ H and x ∈ X. Now one may observe that G×H has an induced action on G×

H
X

(defined the same way), and that G×H acts on X through the given action of H on X. (Here G×
H
X denotes

the quotient of G× X by the action of H given by h(g, x) = (gh−1, hx).) The maps s : G× X→ G×
H
X and

r = pr2 : G×X→ X are G×H equivariant maps.
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Lemma 2.5. Then one obtains the commutative diagram

K(S,G×H) ∧KH(G×
H
X,G)

id∧s∗

��

//
KH(G×

H
X,G)

s∗

��

K(S,G×H) ∧KH(G×X,G×H)
//
KH(G×X,G×H)

K(S,G×H) ∧KH(X,H)

id∧r∗

OO

//
KH(X,H)

r∗

OO

Moreover both the maps s∗ and r∗ are weak-equivalences. Corresponding results also hold for K-theory in
the place of KH-theory.

Proof. First one observes that the pairing on the top row factors through the composite map

K(S,G×H) ∧KH(G×
H
X,G)

pr∗1→K(G× S,G×H) ∧KH(G×
H
X,G)→ K(G×

H
S,G) ∧KH(G×

H
X,G)

where pr1 denotes the projection to the first factor. Now it suffices to show that a corresponding diagram
of tensor-product pairings of categories of equivariant perfect complexes commutes, which will prove the
commutativity of the top square. The bottom square commutes for similar reasons. The fact that s∗ and r∗

are weak-equivalences follows by observing that the equivariance data and faithfully flat descent provides an
equivalence of categories, Perf(G×

H
X,G) ≃ Perf(G×X,G×H) ≃ Perf(X,H), which denote the corresponding

categories of equivariant perfect complexes. �

(i) Let H denote a closed subgroup scheme of G. The G-equivariant flat map π : G×
H
X→ X, (gh−1, hx) 7→

gh−1hx = gx induce a map π∗ : K(X,G) → K(G×
H
X,G) ≃ K(X,H) which identifies with the corre-

sponding map obtained by restricting the group action from G to H. A corresponding result also holds
for equivariant homotopy K-theory KH in the place of K.

(ii) Next assume that G is a split reductive group over S and H = B, that is, H is a Borel subgroup of G.
Then using the observation that G/B is proper and smooth over S and Rnπ∗ = 0 for n large enough,
one sees that the map π also induces push-forwards π∗ : K(G×

B
X,G) → K(X,G). (Such a derived

direct image functor may be made functorial at the level of complexes by considering perfect complexes
which are also injective OX-modules in each degree.) A corresponding result also holds for K replaced
by KH.

(iii) Assume the above situation. Then the projection formula applied to Rπ∗ shows that the composition
Rπ∗π

∗(F) = F⊗ Rπ∗(OG×
B
X) ∼= F, since

Rnπ∗(OG×
B
X) = OX, if n=0 and(2.5.1)

= 0, if n > 0.

It follows that π∗ is a split monomorphism in this case, with the splitting provided by π∗. (See (5.0.9)
where this is applied to reduce equivariant KH-theory with respect to the action of a split reductive
group G to that of a Borel subgroup B and hence to that of a maximal torus T invoking Lemma 2.8.)

Proposition 2.6. Let X denote a normal quasi-projective scheme of finite type over S = Spec k, or more
generally a normal Noetherian scheme over S which is provided with an ample family of line bundles. Assume
T denotes a split torus acting on X. Then KH(X,T) is −n-connected for a sufficiently large positive integer
n. Moreover, the above conclusion holds if X is a scheme of finite type over the given base scheme, provided
with the action of a split torus T and X has an ample family of T-equivariant line bundles.

Proof. A key first step is to observe that, under either of the hypotheses, the corresponding quotient stack
[X/T] has affine diagonal. When X is a normal quasi-projective scheme, Sumihiro’s theorem [SumI, Theorem
1], shows that X admits an equivariant locally closed immersion into a projective space onto which the
action by T extends, so that one concludes that every T-equivariant coherent sheaf on X is the T-equivariant
quotient of a T-equivariant locally free coherent sheaf. (Observe that the latter property is what is called
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the resolution property in [Tot04].) Similarly if X is normal and is provided with an ample family of line
bundles, one invokes [SumII, 1.6] to arrive at the same conclusion as is worked out in [Th87, Lemmas 2.4.
2.6. 2.10. 2.14]. Under the more general assumption that X is of finite type over S and is provided with
a family of T-equivariant ample line bundles, [Tot04, Theorem 2.1] shows that the corresponding quotient
stack [X/T] has the resolution property.

Therefore, [Tot04, Proposition 1.3] shows that, under any of the above hypotheses, the above quotient
stacks [X/T] all have affine diagonal. At this point it suffices to observe that all the hypotheses of [HK,
Theorem 1.1] are satisfied so that op. cit provides the required conclusion. �

2.6. Localization sequences. Next we proceed to show that one has localization sequences in Equivariant
Homotopy K-Theory, not just with respect to actions by linearly reductive groups, but with respect to
any linear algebraic group. Let X denote a scheme of finite type over k provided with the action of a
linear algebraic group G. Let Z denote a closed and G-stable subscheme of X. Let PerfZ(X,G) denote
the category of all G-equivariant perfect complexes on X with supports contained in Z. This has the
structure of a complicial bi-Waldhausen category, where the cofibrations (fibrations) are split injections (split
surjections, respectively) and where the weak-equivalences are those maps that are quasi-isomorphisms. The
non-connective K-theory spectrum of this bi-Waldhausen category will be denoted by K(X onZ,G). Let
j : U→ X denote the obvious open immersion of U = X− Z into X.

Theorem 2.7. (i) Under the above assumptions, one obtains a fibration sequence of spectra:

KH(X onZ,G)→ KH(X,G)→ KH(U,G)

(ii) The spectrum KH(X onZ,G) is −n-connected for n sufficiently large.

Proof. Observe that when G is linearly reductive, the above localization sequence follows readily from the
localization sequence in Proposition 2.4. We will first imbed G as a closed subgroup of some GLn.

We let this ambient group GLn be denoted by G̃ from now on-wards. We will replace X (Z, U) by G̃×GX

(G̃×GZ, G̃×GU, respectively). In view of the weak-equivalencesKH(G̃×GXon G̃×GZ, G̃) ≃ KH(X onZ,G),

KH(G̃×GX, G̃) ≃ KH(X,G) andKH(G̃×GU, G̃) ≃ KH(U,G), we may assume that G denotes G̃, X denotes

G̃×G X, Z denotes G̃×G Z, U denotes G̃×G U, B denotes B̃ which is a Borel subgroup of G̃, and T denotes
a maximal torus of G̃ contained in B.

Next we observe the homotopy commutative diagram

(2.6.1) KH(X onZ,G)
αG //

π∗

��

KH(X,G)
//

π∗

��

KH(U,G)

π∗

��

KH(G×B XonG×B Z,G)
//

π∗

��

KH(G×B X,G)
//

π∗

��

KH(G×B U,G)

π∗

��

KH(X onZ,G)
αG //

KH(X,G)
//
KH(U,G)

One may observe also that the composition of the maps in each row is null-homotopic and that the com-
position of the two vertical maps in each column is the identity: this last observation follows from (2.5.1).
Now the terms in middle row identify as follows:

KH(G×B XonG×B Z,G) ≃ KH(X onZ,B) ≃ KH(X onZ,T),

KH(G×B X,G) ≃ KH(X,B) ≃ KH(X,T) and KH(G×B U,G) ≃ KH(U,B) ≃ KH(U,T).

Observe that the first weak-equivalence in each case comes from Proposition 2.3, while the second weak-
equivalence in each case comes from Lemma 2.8 discussed below. In view of the above weak-equivalences,
the middle row now identifies with

KH(X onZ,T)
αT−→KH(X,T) −→ KH(U,T)

which is a fibration sequence as observed above.
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Since the composition of the maps in each row in (2.6.1) is null-homotopic, it follows that one obtains a
homotopy commutative diagram:

Cone(αG)
//

��

KH(U,G)

��

Cone(αT)
//

��

KH(U,T)

��

Cone(αG)
//
KH(U,G).

Now it is straightforward to check using the fact that the middle map induces an isomorphism on all homotopy
groups that the map in the top row is injective on homotopy groups while the map in the bottom row is
surjective on homotopy groups. Since the maps in the top row and the bottom row are the same, it follows
that it induces an isomorphism on all homotopy groups, proving the first statement in the theorem.

To prove the connectivity statement in (ii), observe that since the compositionKH(X onZ,G)
π∗

→KH(G×B

XonG×B Z,G)
π∗→KH(X onZ,G) is the identity, it suffices to prove that KH(G×B XonG×B Z,G) is −n-

connected for n sufficiently large. In view of the identification of the latter with KH(X onZ,T) this is
clear in view of Proposition 2.6. Observe that the connectivity proven here plays a key role in the proof of
Proposition 1.3(ii). �

Lemma 2.8. Let G denote a reductive group acting on the scheme X, with B denoting a Borel subgroup of
G and T denoting a maximal torus contained in B. Then the obvious restriction KH(X,B)→ KH(X,T) is
a weak-equivalence.

Proof. Making use of the fact that B acts on X, we first observe the isomorphism B ×T X ∼= B/T × X of
schemes with B actions. Therefore, one obtains the weak-equivalence:

KH(B×T X,B) ≃ KH(B/T×X,B).

Since B/T = Ru(B), which is the unipotent radical of B and hence an affine space, one obtains: KH(B/T×

X,B) ≃ KH(X,B). On the other hand the weak-equivalences in Proposition 2.3 with G = T and G̃ = B
provides the weak-equivalence: KH(B×T X,B) ≃ KH(X,T). �

Proposition 2.9. (Thom isomorphism for equivariant vector bundles) Let E denote a G-equivariant vector
bundle on the G-scheme Y and let i : Y → E denote the zero-section immersion. Then there exists a
Thom-class λ−1(E) in π0(KH(E onY)), so that cup product with λ−1(E) induces weak-equivalences:

KH(Y)→ KHY(E) = KH(E , E −Y) and KH(Y,G)→ KHY(E ,G) = KH(E , E −Y,G).

Proof. Let ǫ1 denote the trivial vector bundle of rank 1 on Y. Then the Thom-space E/E − Y identifies up
to A1-homotopy with the homotopy cofiber Proj(E ⊕ ǫ1)/Proj(E). Now the projective space bundle formula
for KH(Proj(E ⊕ ǫ1),G) and KH(Proj(E),G) show readily that the required conclusion holds. �

3. Equivariant Homotopy K-theory on the Borel construction

3.1. The geometric classifying space. We begin by recalling briefly the construction of the geometric
classifying space of a linear algebraic group: see for example, [Tot, section 1], [MV, section 4]. Let G denote
a linear algebraic group over S = Spec k , that is, a closed subgroup-scheme in GLn over S for some n. For a
(closed) embedding i : G→ GLn, the geometric classifying space Bgm(G; i) of G with respect to i is defined
as follows. For m ≥ 1, let

(3.1.1) EGgm,m = Um(G) = U(Anm)

be the open sub-scheme of Anm where the diagonal action of G determined by i is free. By choosing m large
enough, one can always ensure that U(Anm) is non-empty and the quotient U(Anm)/G is a quasi-projective
scheme. Moreover we will assume that the following conditions are satisfied (see [MV, Definition 2.1, p.
133]):

(i) Um(G) has a k-rational point and
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(ii) For each m, let Zm = Anm − Um(G). Then, for any m, there exists an m′ > m so that the natural

map Um(G) = Anm − Zm → Um′(G) = Anm′

− Zm′ factors through the map Anm − Zm → (Anm)2 − Z2
m of

the form v 7→ (0, v).

We recall the particularly nice construction of a geometric classifying space discussed in [CJ23, (2.1.1)]
and [K, 3.1]. We start with a faithful representation W of G, and an open non-empty G-stable subscheme
U of W on which G acts freely, so that the quotient U/G is a scheme.

We now let

(3.1.2) Wi = W×
i

,U1 = U and EGgm,i = Ui+1 = (Ui ×W) ∪ (W ×Ui) for i ≥ 1.

where Ui+1 is viewed as a subscheme of W×
i+1

. Moreover, we let the map Ui → Ui+1 be given by ui 7→ (0, ui).
Observe that

(3.1.3) EGgm,i = Ui+1 = U×W×i ∪W ×U×W×i−1 ∪ · · · ∪W×i ×U.

Setting Y1 = Y = W − U and Yi+1 = Ui+1 − (Ui ×W) for i ≥ 1, one checks that Wi − Ui = Y×
i

and

Yi+1 = Y×
i

⊕ U. In particular, codimWi (Wi −Ui) = i(codimW(Y)) and codimUi+1 (Yi+1) = (i + 1)d −
i(dim(Y))− d = i(codimW(Y)), where d = dim(W). Moreover, Ui → Ui/G is a principal G-bundle and that
the quotient Vi = Ui/G exists as a smooth quasi-projective scheme (since the G-action on Ui is free and
U/G is a scheme).

In particular, if G = GLn, one starts with a faithful representation on the affine space V = An. Let
W = End(V) and U = GL(V) = GLn.

In case G = T = Gn
m, ET

gm,i will be defined as follows. Assume first that T = Gm. Then one may let
ETgm,i = Ai+1 − 0 with the diagonal action of T = Gm on Ai. Now BTgm,i+1 = Pi, which clearly has a
Zariski open covering by i + 1 affine spaces. If T = Gn

m, then

(3.1.4) ETgm,i = (Ai+1 − 0)×n

with the j-th copy of Gm acting on the j-th factor Ai+1 − 0. Now BTgm,i = (Pi)×n. We imbed ETgm,i into
ETgm,i+1 by sending u 7→ (0, u), u ∈ (Ai+1 − 0)×n and (0, u) ∈ (Ai+2 − 0)×n.

Lemma 3.1. For the constructions of the geometric classifying spaces given by (3.1.2), (3.1.3) and (3.1.4),
the hypotheses (i) and (ii) in 3.1 hold.

Proof. We will first consider the construction in (3.1.2). It is clear that the action of G on each Um(G) is free
and that by making sure U1 has a k-rational point, all the Um(G) also will have k-rational points. One may
now identify each Ym in this construction with the scheme Zm = Anm−Um(G). Now Z2m = Y2m = Y×2m =
Y×m ×Y×m = Zm × Zm. Therefore, U2m(G) = An.2m − Z2m = Anm ×Anm − Z2m = Anm ×Anm − Zm × Zm.
This shows that by taking m′ = 2m, the condition (ii) in (3.1.1) is also satisfied in this case. We skip the
verification that the conditions (i) and (ii) in 3.1 are satisfied in the case of the construction in (3.1.4) as it
is quite straightforward to check. �

Proposition 3.2. Assume the above situation. Then U∞ = lim
m→∞

Um(G) is A1-acyclic on the cdh-site of

Spec k.

Proof. We show that the proof given in [MV, Proposition 2.3, p.134] for the Nisnevich site extends to the cdh
site. Let Sing∗ denote resolution functor as in [MV, pp. 87-88] that takes a simplicial sheaf and produces
an A1-fibrant simplicial sheaf. The idea of the proof is to show that for any commutative diagram

(3.1.5) δ∆[n]
//

��

Sing∗(U∞)(S)

��
∆[n]

//

88♣
♣

♣
♣

♣
♣

∗,

where ∆[n] is the simplicial n-simplex and δ∆[n] is its boundary and S denotes the spectrum of any Hensel
ring, there exists a lifting indicated by the dotted arrow. Observe that Sing∗(U∞)(S) denotes the stalk of
the simplicial presheaf Sing∗(U∞) on the cdh-site, and not the Nisnevich site. Apart from this change the
proof is exactly the same as proof of [MV, Proposition 2.3, p.134] which takes place on the Nisnevich site.
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We provide the following details mainly for completeness. As observed in the proof of [MV, Proposition 2.3,
p. 134], by adjunction, the above diagram corresponds to

(3.1.6) δ∆[n]A1
S

//

��

U∞

��
∆[n]A1

S

//

;;
✇

✇
✇

✇
✇

∗,

where ∆[n]A1
S
= Spec(OS [x0, · · · , xn]/Σixi − 1) and δ∆[n]A1

S
is its boundary. Making use of the fact that

all schemes we consider are affine, we conclude first that the closed immersion δ∆[n]A1
S
→ ∆[n]A1

S
induces

a surjection Hom(∆[n]A1
S
,Au) → Hom(δ∆[n]A1

S
,Au) for any u, where Hom denotes maps in the category

of schemes. Let f : δ∆[n]A1
S
→ Um(G) denote any map. Then above observation shows f extends to a

map f ′ : ∆[n]A1
S
→ Anm. Let Zm = Anm − Um. Since (f ′)−1(Zm) ∩ δ∆[n]A1

S
= φ, one can find a map

g : ∆[n]A1
S
→ Anm so that it restricted to δ∆[n]A1

S
is the constant map sending everything to 0, and it

restricted to (f ′)−1(Zm) is the constant map sending everything to a fixed point x of Um(G). (The existence
of such a map g follows from Lemma 3.3.) Then the product map g × f ′ : ∆[n]A1

S
→ (Anm)2 takes values in

the complement of Z2
m and agrees with the composition of f with the morphism 0× id : Anm → (Anm)2 on

δ∆[n]A1
S
. �

Lemma 3.3. Let A,B denote two closed subschemes of an affine scheme X, so that A∩B = φ. Then, given
a map f : A ⊔ B→ An, there exists an extension F : X→ An, that is, the triangle

A ⊔ B
f

//

��

An

X

F

;;
✇
✇
✇
✇
✇
✇
✇
✇
✇

commutes.

Proof. We skip the proof as it is essentially the same as on the Nisnevich site. �

Let BGgm,m = Vm(G) = Um(G)/G denote the quotient S-scheme (which will be a quasi-projective
variety) for the action of G on Um(G) induced by the (diagonal) action of G on Anm; the projection
Um(G)→ Vm(G) defines Vm(G) as the quotient of Um(G) by the free action of G and Vm(G) is thus smooth.
We have closed embeddings Um(G) → Um+1(G) and Vm(G) → Vm+1(G) corresponding to the embeddings
Id × {0} : Anm → Anm × An. We set EGgm = {Um(G)|m} = {EGgm,m|m} and BGgm = {Vm(G)|m} which
are ind-objects in the category of schemes. (If one prefers, one may view each EGgm,m (BGgm,m) as a sheaf
on the big Nisnevich (étale) site of smooth schemes over k or on the cdh-site of schemes over k, and then
view EGgm (BGgm) as the the corresponding colimit taken in the corresponding category of sheaves.)

Given a scheme X of finite type over S with a G-action satisfying the standing hypotheses 1.1 , we let
Um(G)×

G
X denote the balanced product, where (u, x) and (ug−1, gx) are identified for all (u, x) ǫ Um × X

and g ǫ G. Since the G-action on Um(G) is free, Um(G)×
G
X exists as a geometric quotient which is also a

quasi-projective scheme in this setting, in case X is assumed to be quasi-projective: see [MFK, Proposition
7.1]. (In case X is an algebraic space of finite over S, the above quotient also exists, but as an algebraic space
of finite type over S.)

It needs to be pointed out that the construction of the geometric classifying space is not unique in
general. When X is an algebraic space or a scheme in general, we will let {Um(G)×

G
X|m} denote the ind-

object constructed as above for a chosen ind-scheme {Um(G)|m ≥ 0}. When X is restricted to the category
of smooth schemes over Spec k, one can apply the result below in (3.1.7) to show that the choice of the
ind-scheme {Um(G)|m ≥ 0} is irrelevant.

Definition 3.4. (Borel style equivariant K-theory and Homotopy K-theory) Assume first that G is a linear
algebraic group or a finite group viewed as an algebraic group by imbedding it in some GLn. We define
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the Borel style equivariant K-theory of X to be K(EGgm×
G
X) = holim

∞←m
K(Um(G)×

G
X). KH(EGgm×

G
X) =

holim
∞←m

KH(Um(G)×
G
X) = holim

∞←m
hocolim

∆
{K(Um(G)×

G
X×S ∆S[n])|n}. If ℓ is a prime different from the charac-

teristic of the field k, then K(EGgm×
G
X) ρ̂ℓ

= holim
∞←m

K(Um(G)×
G
X) ρ̂ℓ

. KH(EGgm×
G
X) ρ̂ℓ

is defined similarly.

Since the G-action on EGgm is free, one obtains the weak-equivalences:

K(EGgm ×X,G) ≃ K(EGgm×
G
X), KH(EGgm ×X,G) ≃ KH(EGgm×

G
X)

and similarly for the ρℓ-completed version.
Next we make the following observations.

• Let {EGgm,m|m} denote an ind-scheme defined above associated to the algebraic group G. If X is any
scheme or algebraic space over k, then viewing everything as simplicial presheaves on the Nisnevich
(or cdh) site, we obtain lim

m→∞
EGgm,m×

G
X ∼= ( lim

m→∞
EGgm,m)×

G
X = EGgm×

G
X. (This follows readily

from the observation that the G action on EGgm,m is free and that filtered colimits commute with
the balanced product construction above.)
• It follows therefore, that if E is any A1-local spectrum and X is a smooth scheme of finite type over
k, then one obtains a weak-equivalence:

Map(EGgm×
G
X,E) ≃ holim

∞←m
{Map(EGgm,m×

G
X,E)|m}.

where Map( ,E) denotes the simplicial mapping spectrum. It is shown in [CJ23, Appendix B], making use
of the properties of motivic slices that for any two different models of geometric classifying spaces given by

{EGgm,m|m} and {ẼG
gm,m

|m}, one obtains a weak-equivalence for any A1-local spectrum E and any smooth
scheme X:

(3.1.7) holim
∞←m

{Map(ẼG
gm,m
×
G
X,E)|m} ≃ holim

∞←m
{Map(EGgm,m×

G
X,E)|m}.

We proceed to extend such comparison results for the Borel constructions, when the scheme X is not neces-
sarily smooth.

Lemma 3.5. Assume {Yn|n ≥ 0} is a direct system of schemes of finite type over the base scheme S, and
that for each fixed n, {φm,n : Xm,n → Yn|m} is a direct system of maps of schemes of finite type over S
which are compatible as n varies, in the sense that the squares

Xm,n

//

φm,n

��

Xm+1,n+1

φm+1,n+1

��

Yn
//
Yn+1

commute. Assume E is a presheaf of S1-spectra on the big cdh-site of the base scheme S. Then one obtains the
following, where Hcdh denotes the hypercohomology spectrum computed on the cdh-site, and E|Xm,n

denotes
the restriction of E to Xm.n.

(1) There exist spectral sequences

Es,t
2 = π−s(Hcdh(Yn, π−tholim

∞←m
Rφm,n∗(E|Xm,n

)))⇒ π−s−t(holim
∞←m

Hcdh(Xm,n,E)),

Es,t
2 = π−s(Hcdh(Yn, π−t(E)))⇒ π−s−t(Hcdh(Yn,E)).

(2) The natural maps E|Yn
→ Rφm,n∗(E|Xm,n

) induces a map of the second spectral sequence to the first.

Moreover, one may identify the stalks holim
∞←m

Rφm,n∗(E|Xm,n
)y = Hcdh(Xm,n×

Yn

SpecOcdh
Yn,y

,E), where Ocdh
Yn,y

denotes the Hensel ring forming the stalk of OYn
in the cdh-site, at the point y ǫ Yn.

Proof. For an S1-spectrum E, we will denote by {E[t, t]→ E[−∞, t]→ E[−∞, t− 1]|t} the Postnikov tower.
Considering this tower for the spectrum Rφm,n∗(E|Xm,n

), one obtains the tower

{Rφm,n∗(E|Xm,n
)[t, t]→ Rφm,n∗(E|Xm,n

)[−∞, t]→ Rφm,n∗(E|Xm,n
)[−∞, t− 1]|t}, and the tower

{Hcdh(Yn, holim
∞←m

Rφm,n∗(E|Xm,n
)[t, t])→ Hcdh(Yn, holim

∞←m
Rφm,n∗(E|Xm,n

)[−∞, t]

→ Hcdh(Yn, holim
∞←m

Rφm,n∗(E|Xm,n
)[−∞, t− 1]|t}.
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On taking the homotopy groups of the last tower, one obtains the exact couple that provides the first spectral
sequence. One may take Xm,n = Yn for all m with φm,n the identity map, to obtain the second spectral
sequence. Since the maps E|Yn

→ Rφm,n∗(E|Xm,n
) are natural in E, we obtain the map of the spectral

sequences considered in the lemma. Recall that the cdh-site is finer than the Nisnevich site. Therefore, the
stalk of OYn

in the cdh-site, at the point y ǫ Yn, is a Hensel ring and the identification of the stalks of
Rφm,n∗(E|Xm,n

) follows. �

Proposition 3.6. Let G denote a linear algebraic group and H a closed linear algebraic subgroup so that H
is special. Let {BGgm,m|m} ({BHgm,m|m}) denote finite degree approximations to the classifying space of G
(H, respectively) with {EGgm,m|m} ({EHgm,m|m}) denoting the corresponding universal principal G-bundle
(H-bundle, respectively). Let X denote a scheme of finite type over the base scheme and provided with an
action by G. Then the inverse system of maps

(3.1.8) {KH(EGgm,m ×H X)→ KH(EGgm,m × EHgm,m)×H X)← KH(EHgm,m ×H X)|m}

induce weak-equivalences on taking the homotopy inverse limit as m→∞.

Proof. We invoke the last Lemma with the following choices: either Xm,n = (EGgm,m × EHgm,n)×H X and
Yn = EHgm,n ×H X or Xm,n = (EGgm,n × EHgm,m) ×H X and Yn = EGgm,n ×H X with φm,n denoting the
obvious projections and E denoting the S1-spectrum representing homotopy K-theory. This spectrum will
be denoted KH.

We start with the observation that both f : EGgm,m×X→ EGgm,m×HX and g : EHgm,n×X→ EHgm,n×H

X are H-torsors. Therefore, we can find a Zariski open cover {Ui|i} of EG
gm,m×HX and a Zariski open cover

{Vj|j} of EH
gm,m×HX so that f (g) is trivial over the cover {Ui|i} ({Vj|j}, respectively). From this, it follows

readily that the induced map (EGgm,m×EHgm,n)×HX→ EGgm,m×HX restricted to the Zariski open cover
{Ui|i} looks like {Ui×EHgm,n → Ui|i}. Similarly the induced map (EGgm,m×EHgm,n)×HX→ EHgm,n×HX
restricted to the Zariski open cover {Vj|j} looks like {Vj×EGgm,m → Vj|j}. Therefore, the fibers of the map
lim

m→∞
φm,n : lim

m→∞
Xm,n → Yn for both choices of {Yn|n} are A1-acyclic and each map φm,n is locally trivial

on the Zariski site of Yn.

Therefore the stalks of lim
m→∞

φm,n in the cdh-site, at a point yn in Yn, identify with either

lim
m→∞

EGgm,m ×Spec k Spec(Ocdh
Yn,yn

) or lim
m→∞

EHgm,m ×Spec k Spec(Ocdh
Yn,yn

),

where Ocdh
Yn,yn

denotes the Hensel ring forming the stalk of OYn
in the cdh-site at the point yn. The A1-

acyclicity of these objects is proven in Proposition 3.2 making strong use of the hypotheses in (i) and (ii)
in 3.1.

Recall that homotopy K-theory is an A1-invariant. It follows therefore that with the spectrum E denoting
the spectrum representing homotopy K-theory on the cdh-site, the map of spectral sequences considered in
Lemma 3.5 induces an isomorphism at the E2-terms. For a fixed n, the space Yn being either EGgm,n×HX or
Yn = EHgm,n×H X has finite cohomological dimension for the cdh topology, so that both the above spectral
sequences converge strongly. This provides an isomorphism at the abutments of these spectral sequences,
and therefore a weak-equivalence, for each fixed n:

holim
∞←m

Hcdh(Xm,n,KH) ≃ Hcdh(Yn ,KH).

Finally one takes the homotopy inverse limit holim
∞←n

to obtain the weak-equivalence:

holim
∞←n

holim
∞←m

Hcdh(Xm,n,KH) ≃ holim
∞←n

Hcdh(Yn ,KH).

This proves the proposition, since the spectrum representing homotopy K-theory has cdh-descent. �

3.2. Remaining Key properties. Assume as in 1.2 that X is provided with an action by the linear algebraic
group H and that G is a bigger linear algebraic group containing H as a closed subgroup scheme.

(i) Let H denote a closed subgroup scheme of G. Then, as observed above, one obtains the weak-
equivalences: K(X,H) ≃ K(G×

H
X,G) and KH(X,H) ≃ KH(G×

H
X,G). Under the same hypotheses,
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one also obtains the weak-equivalences of inverse systems (that is, a weak-equivalence on taking their
homotopy inverse limits):

{K(EGgm,m ×H X)|m} ≃ {K(EGgm,m×
G
G×

H
X)|m} in general and

{KH(EHgm,m×
H
X)|m} ≃ {KH(EGgm,m×

G
G×

H
X)|m},

when H is assumed to be special. (The first is clear and the second follows readily in view of Proposi-
tion (3.6).)

For the remaining items (ii) through (vi), we will assume that the action of the subgroup H on X
extends to an action by the ambient group G. Moreover, where these properties are used is in section
4, G will denote a split reductive group, and H will denote either a Borel subgroup or a maximal split
subtorus.

(ii) The G-equivariant flat map π : G×
H
X→ X, (gh−1, hx) 7→ gh−1hx = gx induce a map

π∗ : K(EGgm,m×
G
X) → K(EGgm,m×

G
(G×

H
X)) which identifies with the corresponding map obtained by

restricting the group action from G to H. A corresponding result also holds for equivariant homotopy
K-theory KH in the place of K.

(iii) In view of the above properties, given any linear algebraic group G, we will fix a closed imbedding
G→ GLn for some n and identify

K(EGLn
gm,m×

G
X) with K(EGLn

gm,m ×
GLn

(GLn×
G
X)) and

KH(EGLn
gm,m×

G
X) with KH(EGLn

gm,m ×
GLn

(GLn×
G
X)).

(iv) Next assume that G is a split reductive group over S and H = B, that is, H is a Borel subgroup of G.
Then using the observation that G/B is proper and smooth over S and Rnπ∗ = 0 for n large enough, one
sees that the map π also induces push-forwards π∗ : K(EGgm,m×

G
G×

B
X)→ K(EGgm,m×

G
X), induced by

the derived direct image functor Rπ∗. (Such a derived direct image functor may be made functorial at
the level of complexes by considering perfect-coherent complexes which are also injective OX-modules
in each degree.) A corresponding result also holds for K replaced by KH.

(v) Assume the above situation. Then the projection formula applied to Rπ∗ shows that the composition
Rπ∗π

∗(F) = F⊗ Rπ∗(OG×
B
X) ∼= F, since

Rnπ∗(OG×
B
X) = OX, if n=0 and(3.2.1)

= 0, if n > 0.

It follows π∗ is a split monomorphism in this case, with the splitting provided by π∗. (See (5.0.9) where
this is applied to reduce equivariant KH-theory on the Borel construction with respect to the action
of a split reductive group G to that of a Borel subgroup B and hence to that of a maximal torus T.)

(vi) Assume the situation as above with T = the maximal torus in G. Then B/T = Ru(B)= an affine space.
Now one obtains the weak-equivalences:

KH(EBgm,m×
B
X) ≃ KH(EBgm,m×

B
B×

T
X) ≃ KH(EBgm,m×

T
X) ≃ KH(ETgm,m×

T
X)

where the first weak-equivalences are from the homotopy property of KH-theory and the observation
that Ru(B) is an affine space over S. The last weak-equivalence is from Proposition 3.6. A corresponding
result also holds for equivariant KH-theory replaced by equivariant G-theory.

4. Derived completions for equivariant Homotopy K-theory

This section will be quick review, as almost all the basic results we need on derived completions have been
worked out already in [C08] and [CJ23]. As before, we will assume that S is the spectrum of a field and that
G is a linear algebraic group defined over k. We denote the restriction map

(4.0.1) K(S,G)→ K(S) by ρG and the Postnikov-truncation map K(S)→ H(π0(K(S))) by < 0 > .
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The composite map K(S,G) → H(π0(K(S))) will be denoted ρ̃G. Observe that π0(K(S,G)) = R(G)= the
representation ring of G. Clearly the restriction ρG induces a surjection on taking π0: this is clear, since
if V is any finite dimensional representation of G of dimension d, the d-th exterior power of V will be a
1-dimensional representation of G. The Postnikov-truncation map < 0 >: K(S) → H(π0(K(S))) clearly
induces an isomorphism on π0. Therefore, the hypotheses of [C08, Theorem 6.1] are satisfied and it shows
that the derived completion functors with respect to the two maps ρG and ρ̃G identify up to weak-equivalence.
Therefore, while we will always make use of the completion with respect to the map ρG, we will often find
it convenient to identify this completion with the completion with respect to ρ̃G.

Observe that the above completion ρG has the following explicit description. LetMod(K(S,G)) (Mod(K(S)))
denote the category of module-spectra over K(S,G) (K(S), respectively). Then sending a module spectrum

M ǫ Mod(K(S,G)) to M
L
∧

K(S,G)
K(S) and then viewing it as a K(S,G)-module spectrum using the ring map

K(S,G)→ K(S) defines a triple. The corresponding cosimplicial object of spectra is given by

T •
K(S,G)(M,K(S)) : M

⇒

← M
L
∧

K(S,G)
K(S)

⇒

← · · ·M
L
∧

K(S,G)
K(S)

L
∧

K(S,G)
· · ·

L
∧

K(S,G)
K(S) · · ·

with the obvious structure maps. Then the derived completion of M with respect to ρG is

(4.0.2) M ρ̂G = holim
∆
T •K(S,G)(M,K(S)).

The corresponding partial derived completion to degree m will be denoted ρG,m.

We may also consider the following variant.

If ℓ is a prime different from the residue characteristics, ρℓ : S → H(Z/ℓ) will denote the obvious map
from the sphere spectrum to the mod−ℓ Eilenberg-Maclane spectrum. Then we let

(4.0.3) ρℓ ◦ ρG : K(S,G)→ K(S)/ℓ = K(S)∧
S

H(Z/ℓ)

denote the composition of ρG and the mod-ℓ reduction map idK(S)∧ρℓ. The derived completion with respect
to ρℓ ◦ ρG clearly has a description similar to the one in (4.0.2).

If X is a scheme or algebraic space provided with an action by the group G, we let

KH(X,G)ℓ =

n
︷ ︸︸ ︷
KH(X,G)∧

S

H(Z/ℓ) · · · ∧
S

H(Z/ℓ)

KH(EGgm×
G
X)ℓ =

n
︷ ︸︸ ︷
KH(EGgm×

G
X)∧

S

H(Z/ℓ) · · · ∧
S

H(Z/ℓ)

(4.0.4)

for some positive integer n, where the smash products above are all derived smash products. If it be-
comes important to indicate the n above, we will denote KH(X,G)ℓ (KH(EGgm×

G
X)ℓ) by KH(X,G)ℓ,n

(K(EGgm×
G
X)ℓ,n, respectively). One defines K(X,G)ℓ and K(EGgm×

G
X)ℓ similarly.

Next we proceed to compare the derived completions with respect to the map ρG : K(S,G)→ K(S) for a
split reductive group G and the derived completion with respect to the map ρT : K(S,T)→ K(S), where T is
a maximal torus in G. Given a module spectrum M over K(S,T), res∗(M) will denote M with the induced
K(S,G)-module structure, where res : K(S,G) → K(S,T) denotes the restriction map. Clearly there is a
map: res∗(M) → M (which is the identity map on the underlying spectra) compatible with the restric-

tion map K(S,G) → K(S,T). Therefore one obtains induced maps res∗(M)
L
∧

K(S,G)
K(S) · · ·

L
∧

K(S,G)
K(S) →

M
L
∧

K(S,T)
K(S) · · ·

L
∧

K(S,T)
K(S), which induces a map from the derived completion of res∗(M) with respect to

ρG to the derived completion of M with respect to ρT. (Similar conclusions hold for the maps ρℓ ◦ ρG and
ρℓ ◦ ρT.) These observation enable us to prove the following theorem: see [CJ23, Theorem 3.6].

Theorem 4.1. Assume that S = Spec k for a field k and that the split reductive group G has π1(G) torsion-
free. Let M be a −n-connected module spectrum over K(S,T) for some integer n. Then the inverse system
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of maps defined above,

{res∗(M )̂ ρG,m →M ρ̂T,m|m}

induces a weak-equivalence on taking the homotopy inverse limit as m → ∞. A corresponding result holds
for the completions with respect to ρℓ ◦ ρG and ρℓ ◦ ρT.

Remark 4.2. One may take M = KH(X,T): then Proposition 2.6 shows that M = KH(X,T) is −n-
connected for large n. For the applications in the rest of the paper, we will restrict mostly to the case
where the group G = GLn for some n or a finite product Πm

i=1 GLni
, since the hypotheses of Theorem 4.1are

satisfied in this case.

5. Reduction to the case of a torus in G and proof of Theorem 1.4

Recall the following hypotheses of Theorem 1.4: let X denote a scheme of finite type over the base scheme
S = Spec k , and provided with an action by the not-necessarily connected linear algebraic group G. Let G̃
denote a finite product of GLns containing G as a closed subgroup scheme. We begin with the following
Proposition which shows we may reduce to just considering actions by the ambient group G̃.

Proposition 5.1. If the derived completion with respect to the map ρG̃ induces a weak-equivalence:

KH(G̃×
G
X, G̃) ρ̂G̃

≃
→KH(EG̃gm×

G̃

(G̃×
G
X))

then one obtains a weak-equivalence:

KH(X,G) ρ̂G

≃
→KH(EG̃gm×

G̃

(G̃×
G
X)) ≃ KH(EG̃gm×

G
X).

Proof. We first make use of the identification KH(X,G) ≃ KH(G̃×
G
X, G̃) (see Lemma 2.5), and Proposi-

tion 1.3 to obtain the weak-equivalence: KH(X,G) ρ̂G ≃ KH(G̃×
G
X, G̃) ρ̂G̃

. The identification

KH(EG̃gm×
G
X) ≃ KH(EG̃gm×

G̃

(G̃×
G
X)) is clear. �

Observe also that if X is a normal quasi-projective scheme over S, then so is G̃×
G
X. Therefore, we may

assume without loss of generality, in the rest of this section that G = GLn for some n ≥ 1 or a finite product
of such GLns.

Next we recall the construction of the geometric classifying spaces when the linear algebraic group G is
GLn, a finite product of GLnj

s and when G = T is a split torus. In the case of GLn, we let V denote a faithful

representation of GLn, W = End(V) and then choose EGgm,i as in (3.1.2), (3.1.3). When G = Πm
j=1GLnj ,

we let EGgm,i = Πm
j=1EGLgm,i

nj
. When G = T is a split torus, we let EGgm,i be defined as in (3.1.4).

Then we obtain the following preliminary result.

Proposition 5.2. (See [CJ23, Proposition 2.2].) If G = GLn, a finite product of GLns or a split torus, then
there exists a finite Zariski open covering, {Vα|α} of each BGgm,i with each Vα being A1-acyclic, that is,
each Vα has a k-rational point pα so that Vα and pα are equivalent in the A1-homotopy category. In fact,
one may choose a common k-rational point p in the intersection of all the open Vα. Moreover, in all three
cases, one may choose a Zariski open covering of BGgm,i of the above form, to consist of i+1 or more open
sets.

Remark 5.3. Let G = T = Gn
m. Now we have already two constructions for ETgm,i. The first, which

we denote by ETgm,i(1) starts with ETgm,1(1) = GLn with the successive ETgm,i(1) obtained by applying

the construction in (3.1.2) with ETgm,i(1) = EGLgm,i
n . Let ETgm,i(2) denote the second construction with

ETgm,i = (Ai+1−0)n as in (3.1.4). The explicit relationship between two such constructions is often delicate.
The main result that is relevant to us in this context is Proposition 3.6.

Proposition 5.4. Let G denote GLn for some n or a split torus. Let X denote a scheme of finite type over
k. Then, with the choice of the classifying spaces as in (3.1.2) and (3.1.4), the following hold.
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(i) If IG denotes the homotopy fiber of the restriction map K(Spec k ,G)→ K(Spec k), then the (obvious)
map

KH(X,G)→ KH(EGgm,m ×X,G) ≃ KH(EGgm,m ×G X)

factors through KH(X,G)/ILm
′+1

G KH(X,G) for some positive integer m′ ≥ m. Here

ILm
′+1

G KH(X,G) =

m′+1
︷ ︸︸ ︷

IG
L
∧

K(Spec k ,G)
IG · · ·

L
∧

K(Spec k ,G)
IG

L
∧

K(Spec k ,G)
KH(X,G),

IG is the homotopy fiber of the restriction K(Spec k ,G) → K(Spec k) and KH(X,G)/ILm
′+1

G KH(X,G) is

the homotopy cofiber of the map ILm
′+1

G KH(X,G)
L
∧

K(Spec k ,G)
KH(X,G)→ KH(X,G).

(ii) It follows that the map KH(X,G) → KH(EGgm,m × X,G) factors through the partial derived com-
pletion KH(X,G) ρ̂G,m′ for some positive integer m′ ≥ m + 1. If π : X → Y is any G-equivariant map
(G-equivariant proper map which is also perfect as in Definition 2.1), then the above factorization is com-
patible with the induced map π∗ : KH(Y,G) → KH(X,G) (the induced map π∗ : KH(X,G) → KH(Y,G),
respectively.)

(iii) More generally, if Gi, i = 1, · · · , q are either general linear groups or split tori, the map

KH(X,G1 × · · · ×Gq)→ KH(EGgm,m
1 × · · · × EGgm,m

q ×X,G1 × · · · ×Gq)

factors through
KH(X,G1 × · · · ×Gq) ρ̂G1×···Gq ,m

′

for some positive integer m′ ≥ m + 1. If π : X → Y is any equivariant map with respect to the action
of G = G1 × · · · × Gq map (which is also proper and perfect as well), then the above factorization is
compatible with the induced map π∗ : KH(Y,G1 × · · · × Gq) → KH(X,G1 × · · · × Gq) (the induced map
π∗ : KH(X,G1 × · · · ×Gq)→ KH(Y,G1 × · · · ×Gq), respectively.)

Proof. This parallels the original proof in [AS69] for the usual completion for equivariant topological K-
theory. We proved a corresponding result for equivariant G-theory in [CJ23, Proposition 4.5]. There, some
of the key arguments needed are shown to hold for equivariant K-theory, and then one makes use of the fact
that the equivariant G-theory spectrum is a module spectrum over the corresponding equivariant K-theory
spectrum. In fact, one may invoke the proof there to observe that the map

K(Spec k ,G)→ K(EGgm,m,G) factors through K(Spec k ,G)/IL∧
n

G

for some n ≥ m, where K(Spec k ,G)/IL∧
n

G is the homotopy cofiber of the map IL∧
n

G → K(Spec k ,G). Finally

one makes use of the pairing: K(Spec k ,G)
L
∧KH(X,G)→ KH(X,G) and the homotopy commutative square

(where the vertical maps are the obvious ones)

(5.0.1) IL∧
n

G

L
∧KH(X,G)

//

��

K(Spec k ,G)
L
∧KH(X,G)

//

��

KH(X,G)

��

K(EGgm,m,G)
L
∧KH(X,G)

//
K(EGgm,m,G)

L
∧KH(X,G)

//
KH(EGgm,m ×X,G),

which shows the composite map from the top left-corner to the bottom-right corner is null-homotopic. This
proves the first statement since we have let m′ = n ≥ m+ 1.

Next we consider the second statement as well as the functoriality of the factorization in (i). Recall (see
[C08, Corollary 6.7]) that the partial derived completion KH(X,G) ρ̂G,m′ = the homotopy cofiber of the
map

m′+1
︷ ︸︸ ︷

ĨG ∧
K(Spec k ,G)

ĨG · · · ∧
K(Spec k ,G)

ĨG ∧
K(Spec k ,G)

˜KH(X,G)→ I∧
m′+1

G ∧
K(Spec k ,G)

˜KH(X,G)

→ K(Spec k ,G) ∧
K(Spec k ,G)

˜KH(X,G) = ˜KH(X,G)
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which maps into (K(Spec k ,G)/IL∧
m′+1

G ) ∧
K(Spec k ,G)

˜KH(X,G). Here ĨG → IG ( ˜KH(X,G) → KH(X,G)) is

a cofibrant replacement in the category of K(Spec k ,G)-module spectra. This proves the first statement in
(ii). The functoriality of the factorization in (i) and (ii) follows readily by observing that both π∗ (when π is
flat) and π∗ (when π is proper and also perfect) are module maps over K(Spec k ,G). Therefore, these maps
will induce maps between the diagrams in (5.0.1) corresponding to X and Y.

To prove the last statement, one first observes that K(X,G1 × · · · × Gq) is a module spectrum over
K(Spec k ,G1 × · · · ×Gq). Now the homotopy commutative square (where the vertical maps are the obvious
ones)

K(Spec k ,Πq
i=1Gi) ∧KH(X,Πq

i=1Gi)
//

��

KH(X,Πq

i=1Gi)

��

KH(EGgm,m
1 × · · ·EGgm,m

n ,Πq
i=1Gi) ∧KH(X,Πq

i=1Gi)
//
KH(EGgm,m

1 × · · ·EGgm,m
n ×X,Πq

i=1Gi)

and an argument exactly as in the case of a single group, proves the factorization in the last statement. The
functoriality of this factorization in X may be proven as in the case of a single group. �

Definition 5.5. For each linear algebraic group G acting on a scheme X satisfying the hypotheses as in 1.1
and each choice of geometric classifying spaces as in 3.1.1, we will define a function α : N→ N, by α(m) = m′

where m′ ≥ m+ 1 is some choice of m′ as in the last Proposition.

Lemma 5.6. Let G denote either GLn or a finite product of general linear groups. Then adopting the
terminology above, one obtains a strictly commutative diagram of towers

�� ��

K(Spec k ,G) ρ̂G,α(m+1) = K(Spec k ,G)/I
L∧α(m+1)
G

//

��

K(EGgm,m+1,G)

��

K(Spec k ,G) ρ̂G,α(m) = K(Spec k ,G)/I
L∧α(m)
G

//

��

K(EGgm,m,G)

��

Proof. One first applies Lemma 7.2 to the strictly commutative diagram

I
Lα(m+1)
G

//

��

K(Spec k ,G)
//

id

��

K(EGgm,m+1,G)

��

I
Lα(m)
G

//
K(Spec k ,G)

//
K(EGgm,m,G)

which results in the homotopy commutative diagram:

(5.0.2) K(Spec k ,G) ρ̂G,α(m+1) = K(Spec k ,G)/I
L∧α(m+1)
G

//

��

K(EGgm,m+1,G)

��

K(Spec k ,G) ρ̂G,α(m) = K(Spec k ,G)/I
L∧α(m)
G

//
K(EGgm,m,G).

Now one invokes Lemma 7.1 with the fibration qm denoting the right vertical map to complete the proof. �

Proposition 5.7. Assume G is as in Lemma 5.6, and that f : X→ Y is a G-equivariant map (f : Y → X
is a G-equivariant map that is also proper and perfect). Then one obtains a diagram (of towers)
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(5.0.3)

KH(Y,G) ρ̂G,α(m+1)

��

hm+1

**❯❯
❯❯

❯❯
❯❯

❯❯
❯❯

❯❯
❯❯

❯

//
KH(Y,G) ρ̂G,α(m)

hm

tt❥❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥

��

KH(X,G) ρ̂G,α(m+1)
//

��

KH(X,G) ρ̂G,α(m)

��

KH(EGgm,m+1 ×X,G)
//
KH(EGgm,m ×X,G)

KH(EGgm,m+1 ×Y,G)

gm+1

44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐

//
KH(EGgm,m ×Y,G)

gm

jj❚❚❚❚❚❚❚❚❚❚❚❚❚❚❚❚

that strictly commutes for m ≥ 0, for pull-back by f (coherently homotopy commutes for m ≥ 0, for derived
push-forward by f , when f is a G-equivariant map that is also proper and perfect, respectively). Here the
maps {hm|m} and {gm|m} are the maps induced by pull-back by f (push-forward by Rf∗, respectively).
Therefore one obtains the homotopy commutative diagram:

(5.0.4) holim
∞←m

{KH(Y,G) ρ̂G,α(m)|m}

��

//
holim
∞←m

KH(EGgm,m ×Y,G)

��

holim
∞←m

{KH(X,G) ρ̂G,α(m)|m}
//
holim
∞←m

KH(EGgm,m ×X,G)

The corresponding statements also hold for the equivariant homotopy K-theory replaced by equivariant G-
theory provided the map f is also flat when considering pull-backs by f (proper when considering push-
forwards, respectively).

Proof. We will explicitly consider only the case of equivariant homotopy K-theory, since the proof for equi-
variant G-theory is entirely similar. We take the derived smash product of the strictly commutative diagram
provided by Lemma 5.6 over K(Spec k ,G) with KH(Y,G) to obtain the strictly commutative diagrams:
(5.0.5)

K(Spec k ,G)/I
L∧α(m+1)
G

L
∧

K(Spec k,G)
KH(Y,G)

//

��

K(EGgm,m+1,G)
L
∧

K(Spec k,G)
KH(Y,G)

//

��

KH(EGgm,m+1
× Y,G)

��

K(Spec k ,G)/I
L∧α(m)
G

L
∧

K(Spec k,G)
KH(Y,G)

//
K(EGgm,m,G)

L
∧

K(Spec k,G)
KH(Y,G)

//
KH(EGgm,m

×Y,G),

(5.0.6)

K(Spec k ,G)/I
L∧α(m+1)
G

L
∧

K(Spec k,G)
KH(X,G)

//

��

K(EGgm,m+1,G)
L
∧

K(Spec k,G)
KH(X,G)

//

��

KH(EGgm,m+1
× X,G)

��

K(Spec k ,G)/I
L∧α(m)
G

L
∧

K(Spec k,G)
KH(X,G)

//
K(EGgm,m,G)

L
∧

K(Spec k,G)
KH(X,G)

//
KH(EGgm,m

× X,G).

The strict commutativity of the last squares in (5.0.5) and (5.0.6) follow from the functoriality of pairings
in equivariant K-theory and equivariant homotopy K-theory. One may now observe that the outer (inner)
square in (5.0.3) corresponds to the diagram (5.0.5) ( (5.0.6), respectively), with the top horizontal map (the
second horizontal map) in (5.0.3) corresponding to the left vertical map in (5.0.5) (in (5.0.6), respectively).
(Similarly the left vertical map (the second vertical map) in (5.0.3) corresponds to the composite map forming
the top row in the diagram (5.0.5) ( (5.0.6), respectively).

Since K-theory and therefore, homotopy K-theory is contravariantly functorial, and so are the pairings
between K-theory and homotopy K-theory appearing in the last squares of the diagrams (5.0.5) and (5.0.6),
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we first see that if f : X→ Y is a G-equivariant map, pull-back by f induces a map of the diagram (5.0.5)
to the diagram (5.0.6) so that all the resulting squares strictly commute. This proves the statement on the
strict commutativity of the diagram (5.0.3) for pull-back by f , which results in the commutativity of the
corresponding diagram (5.0.4).

Next we consider the derived push-forward by the map f . In view of Lemma 5.6, clearly the derived
push-forward by f induces a map from the left-square in (5.0.5) to the left square in (5.0.6), showing that
the resulting diagram strictly commutes. Therefore, it suffices to show that the derived push-forward by
f induces a map from the right square in (5.0.5) to the right square in (5.0.6) resulting in a coherently
homotopy commutative diagram. This should be clear, since the pairings in the right squares in (5.0.5)
and (5.0.6) are natural, and in view of the covariant functoriality of the equivariant homotopy K-theory
spectrum with respect to proper equivariant maps that are also perfect as pointed out in 2.4(1): however,
we will provide a detailed discussion to show this is indeed the case.

Therefore, we will now consider the following diagram, where the outer square (inner square) corresponds

to the right square in (5.0.5) ( (5.0.6), respectively), and where ∧ denotes
L
∧

K(Spec k ,G)
:

(5.0.7)

K(EGgm,m+1,G) ∧KH(Y,G)

��

id∧f∗

++❱❱
❱❱

❱❱
❱❱

❱❱
❱❱

❱❱
❱❱

❱❱
❱

//
KH(EGgm,m+1

× Y,G)

(id×f)∗

tt✐✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
✐

��

K(EGgm,m+1,G) ∧KH(X,G)
//

��

KH(EGgm,m+1
× X,G)

��

K(EGgm,m,G) ∧KH(X,G)
//
KH(EGgm,m

×X,G)

K(EGgm,m,G) ∧KH(Y,G)

id∧f∗

33❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
//
KH(EGgm,m

× Y,G)

(id×f)∗

jj❯❯❯❯❯❯❯❯❯❯❯❯❯❯❯❯

The functoriality of homotopy K-theory with respect to pull-backs and pairings, shows immediately that
the outer square, the inner square and the left-most square strictly commute. We proceed to consider the
remaining squares.

Next we consider the commutativity of the right square in (5.0.7). Now it is important to observe that
the squares

EGgm,m ×Y

id×f

��

im×idY//
EGgm,m+1 ×Y

id×f

��

EGgm,m ×X
im×idX//

EGgm,m+1 ×X

are Tor independent (where two schemes A and B over C are Tor-independent if TorOC

i (OA,OB) = 0 for
all i > 0), so that the base-change morphism L(im × idX)∗R(id × f)∗(F ) → R(id × f)∗L(im × idY )

∗(F )
is a quasi-isomorphism for all pseudo-coherent G-equivariant complexes F on EGgm,m+1 × Y: see [Stacks,
36.21: Cohomology and Base Change]. By defining the right derived functors using the canonical Godement
resolutions and the left derived functors using functorial flat resolutions (in fact, using the Koszul complexes
associated to the regular closed immersions EGgm,m → EGgm,m+1 → · · · → EGgm,m+k), we see that the above
base-change morphisms are natural, and that there are higher order base-change identities corresponding to
chains of Tor-independent squares:

EGgm,m ×Y

id×f

��

im×idY//
EGgm,m+1 ×Y

id×f

��

im+1×idY
//
· · ·

//
EGgm,m+k ×Y

id×f

��

EGgm,m ×X
im×idY//

EGgm,m+1 ×Y
im+1×idX

//
· · ·

//
EGgm,m+k ×X
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which then make the right square in (5.0.7) coherently homotopy commutative. These observations show
that the maps denoted (id× f)∗ in (5.0.7) provides a coherently homotopy commutative map of towers:

(5.0.8)

�� ��

KH(EGgm,m+1 ×Y,G)
(id×f)∗

//

��

KH(EGgm,m+1 ×X,G)

��

KH(EGgm,m ×Y,G)
(id×f)∗

//

��

KH(EGgm,m ×X,G)

��

(In fact one may first show this with the spectrum KH replaced by K: then the functoriality of the con-
structions involved in the passage from K to KH shows the same conclusion holds for the spectrum KH.)
The construction of the homotopy limit of a tower, involving all the higher order homotopies between the
various compositions of the structure maps in the tower, shows that one obtains an induced map forming
the right vertical map in (5.0.4).

Next we consider the top and bottom squares in (5.0.7). Observe that the passage from the equivariant K-
theory spaces to the corresponding equivariant homotopy K-theory spectra is functorial. Therefore, it suffices
to show that the corresponding squares, when the equivariant homotopy K-theory spectra appearing there
have been replaced by the corresponding equivariant K-theory spaces are coherently homotopy commutative.
Here, one may consider a suitable model for K-theory, so we can provide explicit interpretations for K-
theory classes. For us it may be simplest to adopt the Gillet-Grayson G-construction, which interprets the
G-equivariant K-theory space associated to a G-scheme X as given by the simplicial set whose n-simplices
are a pair of sequences of cofibrations

(K0  K1  · · · Kn, L0  L1  · · · Ln)

with each Ki, Li a G-equivariant perfect complex on X, provided with isomorphisms Ki/K0 ≃ Li/L0 com-
patible with G-actions.

The coherent homotopy 4 commutativity of the top square in (5.0.7) therefore amounts to showing there

is a natural quasi-isomorphism (P ⊠ Rf∗(Q))
≃
→R(id× f)∗(P ⊠Q), where P (Q) is a G-equivariant perfect

complex on EGgm,m+1 (Y, respectively). To see this, we make use of the canonical Godement resolutions
to define Rf∗. For a bounded below complex F , we let G(F ) denote the total complex defined as the total
complex of the double complex obtained from F by applying the canonical Godement resolution to F . Then
we send, (P, f∗(G(Q)) to P ⊠f∗(G(Q)), which has a natural map to G(P )⊠f∗(G(Q)) = (id×f)∗(G(P ⊠Q)),
and which is a quasi-isomorphism. Therefore, the top square in (5.0.7) commutes up to homotopy, by a
homotopy which is natural in the arguments P and Q as well as the level m + 1 of the towers that are
involved in the above pairings. (The last statement simply means the pull-back of the pairings from the
m + 1-th level of the tower to the m-th level of the towers defines a corresponding pairing there: that is,
if im : EGgm,m → EGgm,m+1 is the given closed immersion, then the corresponding pairing is given by
(i∗m(P ), Q) 7→ (i∗m(P ), f∗G(Q)) 7→ (i∗m(Q) ⊠ f∗G(P ) 7→ (id × f)∗(G(i∗m(P ) ⊠ P )). It follows that the same
argument shows the coherent homotopy commutativity of the bottom square in (5.0.7). (This approach
makes it essential to work with flabby resolutions in the category of all O-modules such as those given by
the Godement resolutions: however, one may make use of the quasi-coherator (as in [ThTr, Appendix B] to
get back functorially into the category of quasi-coherent O-modules, if so desired.)

Next we proceed to show that all the maps in the square (5.0.4) exist. The functoriality of the derived
completion functor with respect to ρG : K(Spec k ,G) → K(Spec k) shows the existence of the left vertical
map in (5.0.4). The map in the top row of (5.0.4) is induced by the coherently homotopy commutative map of
towers forming the diagram (5.0.5), while the map in the bottom row of (5.0.4) is induced by the coherently
homotopy commutative map of towers forming the diagram (5.0.6). We already proved the existence of the
right vertical map in one of the earlier paragraphs.

4Here coherent homotopy means by means of naturally chosen higher order homotopies.
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Therefore, it suffices to show that the square (5.0.4) commutes up to homotopy. Since f∗ induces a strictly
commutative diagram from the first square in (5.0.5) to the first square in (5.0.6) it suffices to invoke [CP,
the Proposition on p. 270] with the coherently homotopy commutative diagrams F (G) in op.cit denoting
the tower

{KH(EGgm,m+1,G) ∧KH(Y,G)→ KH(EGgm,m,G) ∧KH(Y,G)|m}

defined by the left-most vertical map in (5.0.7) (the tower

{KH(EGgm,m+1 ×X,G)→ KH(EGgm,m ×X,G)|m}

defined by the third vertical map in (5.0.7), respectively) and with f (in op. cit) denoting the composition
of the inclined maps in the left-most-square followed by the horizontal maps in the middle square of (5.0.7).
The map g will then denote the map starting at the same source, and going along the top and bottom
horizontal maps in (5.0.7) followed by the inclined maps in the right most square there. Observe that the
map denoted f is a strict map of towers and therefore a map of coherent diagrams, while the map denoted
g is only a homotopy commutative map of such towers. The above Proposition of [CP] now shows one may
replace g by a coherently homotopy commutative map g′ of towers, which in each degree of the tower agrees
with the given map g, together with a coherent homotopy from f to g′. These observations therefore show
that on taking the homotopy inverse limits, one obtains the homotopy commutative square in (5.0.4).

�

The main result of this section will be the following Theorem.

Theorem 5.8. Let G denote a finite product of general linear groups acting on a normal quasi-projective
scheme X of finite type over a field k. Let T denote a split maximal torus in G. Then the map

{KH(X,G) ρ̂G,α(m)|m} → {KH(EGgm,m×
G
X)|m}

of pro-spectra induces a weak-equivalence on taking the homotopy inverse limit as m → ∞, provided the
corresponding map

{KH(X,T) ρ̂T,α(m)|m} → {KH(ETgm,m×
T
X)|m}

of pro-spectra induces a weak-equivalence on taking the homotopy inverse limit as m→∞.

Proof. The main idea of the proof is as follows. Observe that the maps π∗ and π∗ associated to π : G×
B
X→ X

induce maps that make the following diagram homotopy commute, for each fixed m:
(5.0.9)

KH(X,G) ρ̂G,α(m)

π∗

��

//
KH(EGgm,m×

G
X)

π∗

��

KH(X,B) ρ̂G,α(m) ≃ KH(G×
B
X,G)ρG,α(m)

π∗

��

//
KH(EGgm,m×

B
X) ≃ KH(EGgm,m×

G
(G×

B
X))

π∗

��

KH(X,G) ρ̂G,α(m)
//
KH(EGgm,m×

G
X)

.

In fact, since π is a proper smooth map, Proposition 5.7 shows that we may view the above diagram, as
m varies, as a level diagram of pro-spectra or towers of spectra. Observe that B/T is an affine space and
hence A1-acyclic. Therefore, in view of Lemma 2.8, we may replace the Borel subgroup B everywhere by its
maximal torus T.

We will next show how to replace the middle-map up to weak-equivalence by a corresponding map when
the derived completions with respect to ρG are replaced by derived completions with respect to ρT. We will
then show that the middle map induces a weak-equivalence on taking the homotopy inverse limit as m→∞.
Since the top horizontal map (which is also the bottom horizontal map) is a retract of the middle horizontal
map (see Proposition 5.7, (3.2.1)), it follows that the top horizontal map also induces a weak-equivalence on
taking the homotopy inverse limit as m→∞. This will prove the theorem.
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Therefore, the rest of the proof will be to show that the middle horizontal map induces a weak-equivalence
on taking the homotopy inverse limit as m→∞. Next we invoke [CJ23, Lemma 3.5] with A = K(Spec k ,G),

B = K(Spec k ,T) and C = K(Spec k): we will assume that we have already replaced C with C̃ and B

with B̃ following the terminology of [CJ23, Lemma 3.5]. Let IG denote the homotopy fiber of the composite
restrictionK(Spec k ,G)→ K(Spec k ,T)→ K(Spec k) and let IT denote the homotopy fiber of the restriction
K(Spec k ,T)→ K(Spec k). For each integer n ≥ 1, we will let

(5.0.10) IL∧
n

G =

n
︷ ︸︸ ︷

IG
L
∧

K(Spec k ,G)
IG · · ·

L
∧

K(Spec k ,G)
IG and IL∧

n

T =

n
︷ ︸︸ ︷

IT
L
∧

K(Spec k ,T)
IT · · ·

L
∧

K(Spec k ,T)
IT

Now [CJ23, Lemma 3.5 and (3.0.2)] provide the following inverse system of commutative squares:

(5.0.11) {KH(X,T) ρ̂G,α(m)|m}

��

{KH(X,T)/IL∧
α(m)+1

G |m}≃
oo

��

{KH(X,T) ρ̂T,α(m)|m} {KH(X,T)/IL∧
α(m)+1

T |m}≃
oo

Making use of Proposition 5.4(i) and making a suitable choice of the function α following the terminology in

Definition 5.5, so that the map KH(X,T)→ KH(EGgm,m×X,T) factors through KH(X,T)/IL∧
α(m)+1

G and

also the map KH(X,T) → KH(ETgm,m × X,T) factors through KH(X,T)/IL∧
α(m)+1

T , the above diagrams
now provide the inverse system of diagrams:
(5.0.12)

{KH(X,T) ρ̂G,α(m)|m}

��

{KH(X,T)/IL∧
α(m)+1

G |m}

��

≃
oo //

{KH(EGgm,m ×X,T)|m}

��

{KH(EGgm,m × ETgm,m ×X,T)|n}

{KH(X,T) ρ̂T,α(m)|m} {KH(X,T)/IL∧
α(m)+1

T |m}
//

≃
oo

{KH(ETgm,m ×X,T)|m}

OO

HereKH(X,T)/IL∧
α(m)+1

G denotes the homotopy cofiber of the map IL∧
α(m)+1

G

L
∧

K(Spec k ,G)
KH(X,T)→ K(X,T)

and

KH(X,T)/IL∧
α(m)+1

T denotes the homotopy cofiber of the map IL∧
α(m)+1

T

L
∧

K(Spec k ,T )
KH(X,T) → KH(X,T).

The map {KH(X,T)/IL∧
α(m)+1

G |m}
//
{KH(EGgm,n ×X,T)|m} exists because of the identifications:

KH(X,T) = KH(G×
T
X,G) and KH(EGgm,n ×X,T) = KH(EGgm,n×(G×

T
X),G).

Recall from Remark 5.3 that there are two distinct models of the direct system of geometric classifying
spaces for split maximal tori T in GLn. The product of the universal T-bundles of these two models is
yet another model for the universal bundle over a direct system of geometric classifying space for T, which
shows up in {KH(EGgm,m × ETgm,m ×X,T)|m}. The projections EGgm,m×X← EGgm,m×ETgm,m×X→
ETgm,m ×X are flat which provide the right-most two vertical maps.

The left most square is simply the commutative square in (5.0.11), which therefore commutes. To see the
commutativity of the right square, one may simply observe that the two maps are two different factorizations
of the map corresponding to the functor that pulls-back a T-equivariant perfect complex on X × ∆[n] to
a T-equivariant perfect complex on EGgm,n × ETgm,n × X ×∆[n]. The left-vertical map clearly is a weak-
equivalence on taking the homotopy inverse limit n → ∞ by Theorem 4.1 and by Proposition 2.6. The
top and bottom horizontal maps in the right square are provided by Propositions 5.2 and 5.4. The bottom
horizontal map there induces a weak-equivalence on taking the homotopy inverse limit as n→∞ as shown
in Theorem 6.3. The following Proposition now proves that the homotopy inverse limit of the maps forming
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the top row in the right square of diagram 5.0.12 also induces a weak-equivalence. Therefore, modulo
Theorem 6.3 and the following Proposition, this completes the proof of Theorem 5.8. � �

Proposition 5.9. Assume the above situation. Then, assuming Theorem 6.3, the map in the top row of
the right square in the diagram 5.0.12 induces a weak-equivalence on taking the homotopy inverse limit as
n → ∞. It follows that the middle row in the diagram (5.0.9) induces a weak-equivalence on taking the
homotopy inverse limit as n→∞.

Proof. Proposition 3.6 with H there replaced by T shows that the vertical maps on the right in the dia-
gram 5.0.12 induce a weak-equivalence on taking the homotopy inverse limit as n→∞. In view of what we
already observed, we now obtain the homotopy commutative diagram:

(5.0.13) KH(X,T) ρ̂G

≃

��

//
holim
∞←n

{KH(EGgm,n ×X,T)|n}

≃

��

holim
∞←n

{KH(EGgm,n × ETgm,n ×X,T)|n}

KH(X,T) ρ̂T

≃ //
holim
∞←n

{KH(ETgm,n ×X,T)|n}

≃

OO

Observe that the left vertical map is a weak-equivalence by Theorem 4.1 and Proposition 2.6. Since all
other maps in the above diagram are now weak-equivalences except possibly for the map in the top row, it
follows that is also a weak-equivalence. This proves the first statement. The second statement is clear. �

6. Proof in the case of a split torus

In view of the above reductions, it suffices to assume that the group scheme H = T = Gn
m= a split torus.

In case the group scheme is a smooth diagonalizable group-scheme, we may imbed that as a closed subgroup
scheme of a split torus. Then, making use of the remarks following [CJ23, Theorem 1.6], one may extend the
results in this section to actions of smooth diagonalizable group schemes also. However, we will not discuss
this case explicitly. Thus assuming H = T = Gn

m= a split torus, a key step is provided by Theorem 6.1
below.

The following observations will play a major role in the proof of Theorem 6.1.

(i) First observe that if T = Gn
m is an n-dimensional split torus, then ETgm,m = (Am+1 − 0)n and

BTgm,m = (Pm)n. We now obtain a compatible collection of maps

{KH(X,T)→ KH(X×T ETgm,m,T)|m ≥ 0},

where X is a scheme of finite type over S provided with an action by the split torus T.
(ii) For i = 1, · · · , n, let ρTi : K(S,Gm) → K(S) denote the map induced by the restriction map where

Gm is the i-th factor in the split torus T = G×nm . Let ρT = ρT1 ∧ · · · ∧ ρTn . Then making use of
[CJ23, Proposition 5.2, (5.0.4) and (5.0.5)], we proceed to establish the following weak-equivalences (in
Theorem 6.1), where X is as in (i):

KH(X,T) ρ̂T,m1,··· ,mn ≃ KH(X×T (ETgm,m1,··· ,mn)) = KH(X×T (Am1 − {0} × · · ·Amn − {0})), and

(6.0.1)

KH(X,T) ρ̂T ≃ KH(X×T ETgm) = holim
∞←m

KH(X×T (Am − {0} × · · · × Am − {0})).

Corresponding statements hold for the completion with respect to the map ρℓ ◦ρT : K(S,T)→ K(S)→
K(S)∧

S

H(Z/ℓ) for a fixed prime ℓ different from char(k) = p.
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Theorem 6.1. Assume the base scheme S is a field k, that T = Gn
m is a split torus over k and X is

a scheme of finite type over S provided with an action by T. For each i = 1, · · · , n, let Ti denote the
Gm forming the i-th factor of T. Let ρT : K(S,T) → K(S) denote the restriction map. Then the map
KH(X,T)→ K(ETgm,m×X,T) = KH(ETgm,m×TX) factors through the multiple partial derived completion

KH(X,T) ρ̂T,m,··· ,m = holim
∆≤m

σ≤m · · · holim
∆≤m

σ≤mT
•,··· ,•
K(S,T1),··· ,K(S,Tn)

(KH(X,T),K(S))

and induces a weak-equivalence:

KH(X,T) ρ̂T,m,··· ,m ≃ KH(ETgm,m ×T X).

Corresponding results also hold for the homotopy K-theory spectra replaced by the mod-ℓ homotopy K-theory
spectra defined as in (4.0.4).

Proof. Since all the arguments in the proof carry over when the K-theory spectrum K is replaced by the
mod-ℓ K-theory spectra, we will only consider the K-theory spectrum. First observe that

π∗(K(S,T)) = R(T)⊗
Z

π∗(K(S)) ∼= Z[t1, · · · , tn, t
−1
1 , · · · , t−1n ]⊗ π∗(K(S))(6.0.2)

Step 1. Let Ti denote a fixed 1-dimensional torus (that is, Gm) forming a factor of T: it corresponds to the
fixed generator ti of R(T). Let λi denote the 1-dimensional representation of T corresponding to ti. For each
m ≥ 0, (λi − 1)mi+1 defines a class in π0(K(S,T)) = R(T) ⊗ π0(K(S)). Viewing this class as a map S →

K(S,T) (recall S denotes the S1-sphere spectrum), the composition S∧K(S,T)→ K(S,T)∧K(S,T)
µ
→K(S,T)

defines a map of spectra

K(S,T)→ K(S,T),

which will be still denoted (λi − 1)m+1. (Here µ is the ring structure on the spectrum K(S,T).) The heart
of the proof of this theorem involves showing that the homotopy cofiber of the map (λi − 1)mi+1 identifies
with the partial derived completion to the order mi, along the restriction map ρTi : K(S,Ti)→ K(S).

Step 2. Let X×Ami+1 denote the vector bundle of rank mi+1 over X on which the torus T acts as follows: it
acts diagonally on the two factors, and where the action on Ami+1 is through the character corresponding to
λi on each fiber Ami+1. The Koszul-Thom class of this bundle is π∗(λi−1)mi+1, where π : X×Ami+1 → X is
the projection. This defines a class in π0(KH(X× Ami+1,X× (Ami+1 − 0),T)). Next consider the diagram:

(6.0.3) KH(X,T)
(λi−1)

m+1

//

≃

��

KH(X,T)
//

≃

��

cofiber((λi − 1)mi+1)

��

KH(X× Ami+1,X× (Ami+1 − 0),T)
//
KH(X× Ami+1,T)

//
KH(X× (Ami+1 − 0),T)

where the bottom row is the stable homotopy fiber sequence associated to the homotopy cofiber sequence:
X× (Ami+1 − 0)→ X×Ami+1 → (X×Ami+1)/(X× (Ami+1 − 0)) in the A1-stable homotopy category. The
top row is the homotopy cofiber sequence associated to the map denoted (λi − 1)mi+1.

The left-most vertical map is provided by Thom-isomorphism, that is, by cup-product with the Koszul-
Thom-class π∗(λi − 1)mi+1: see Proposition 2.9. Therefore, this map is a weak-equivalence. The second
vertical map is a weak-equivalence by the homotopy property. It is also clear that the left-most square
homotopy commutes. Therefore, the right square also homotopy commutes and the right most vertical map
is also a weak-equivalence. If T = T′i × Ti, then one also obtains the identification:

KH(X× (Ami+1 − {0}),T) ≃ KH(X×Ti (A
mi+1 − {0}),T′i).

Step 3. Next we take mi = 0. Then it follows from what we just showed that the map cofiber(λi − 1) →
KH(X × (A1 − 0),T) ≃ KH(X×Ti (A

1 − {0}),T′i) = KH(X,T′i) (forming the last vertical map in (6.0.3))
is a weak-equivalence. Now the map KH(X × A1,T) → KH(X,Ti) forming the bottom row in the right-
most square of (6.0.3) identifies with restriction map KH(X,T) → KH(X,T′i) induced by the inclusion
T′i ⊆ T. Therefore, by the homotopy commutativity of the right-most square of (6.0.3), it follows that the
homotopy fiber of the restriction map ρTi : KH(X,T)→ KH(X,T′i) identities up to weak-equivalence with
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the homotopy fiber of the map KH(X,T) → cofiber(λi − 1), that is, with the map (λi − 1) : KH(X,T) →
KH(X,T).

Step 4. Next recall (using [C08, Corollary 6.7]) that the partial derived completion KH(X,T) ρ̂Ti
,mi may

be identified as follows. Let ĨTi → ITi denote a cofibrant replacement in the category of module spectra over
K(S,T), with ITi denoting the homotopy fiber of the restriction K(S,T)→ K(S,T′i). Then

KH(X,T) ρ̂Ti
,mi = Cofib(

m+1
︷ ︸︸ ︷

ĨTi ∧
K(S,T)

ĨTi ∧
K(S,T)

· · · ∧
K(S,T)

ĨTi ∧
K(S,T)

KH(X,T)→ KH(X,T)).

What we have just shown in Step 3 is that the homotopy fiber ITi of the restriction map K(S,T)→ K(S,T′i)

identifies with the map K(S,T)
(λi−1)
→ K(S,T) and hence is clearly cofibrant over K(S,T): that is, ĨTi = ITi

is simply K(S,T) mapping into K(S,T) by the map (λi − 1). Therefore the homotopy cofiber

Cofib(

mi+1
︷ ︸︸ ︷

ĨTi ∧
K(S,T)

ĨTi ∧
K(S,T)

· · · ∧
K(S,T)

ĨT ∧
K(S,T)

KH(X,T)→ KH(X,T′i)) = Cofiber(KH(X,T)
(λi−1)

mi+1

→ KH(X,T)).

Making use of the the diagram (6.0.3), these observations prove that

KH(X,T) ρ̂Ti
,mi ≃ cofiber(λi − 1)mi+1 ≃ KH(X×Ti (A

mi+1 − 0),T′i) = KH(X×Ti ET
gm,mi

i ,T′i).

One may observe that the above argument in fact completes the proof for the case T is a 1-dimensional
torus. (It may be worthwhile pointing out that classical argument due to Atiyah and Segal for the usual
completion for torus actions in equivariant topological K-theory is similar: see [AS69, section 3, Step 1].)

Step 5. In case the split torus T = Πn
i=1Gm, one may now repeat the argument with X replaced by

X ×Ti ET
gm,m
i and T replaced by T′i. An ascending induction on n, then completes the proof in view of

[CJ23, Proposition 5.3 (i) and (ii)]. �

We obtain the following corollary to Theorem 6.1.

Corollary 6.2. Assume as in Theorem 6.1 that the base scheme S is the spectrum of a field k, T = Gn
m is

a split torus over S and X is a scheme of finite type over S provided with an action by T. Then we obtain
the weak-equivalences for any n invertible in k, where S/n denotes the mod-n Moore spectrum, and where
K( ,T) denotes the K-theory spectrum defined in (2.2.1):

(i) (S/n∧
S

K(X,T))ρT,m ≃ S/n∧
S

(K(X,T)ρT,m) ≃ S/n∧
S

K(ETgm,m ×T X,T),m ≥ 1, and

(ii) (S/n∧
S

K(X,T))ρT ≃ S/n∧
S

K(ETgm ×T X,T).

Proof. We start with the sequence of maps

{KH(X,T)ρT,m
≃
−→KH(ETgm,m ×T X,T)|m}

provided by Theorem 6.1. Now we smash all the terms with S/n over S. In view of [ThTr, Theorems 9.5,
9.6] and [Wei83, p. 391], one obtains the compatible identifications:

{S/n∧
S

KH(ETgm,m ×T X,T) ≃ S/n∧
S

K(ETgm,m ×T X,T)|m}.

One also obtains the compatible identifications:

{S/n∧
S

(KH(X,T)ρT,m) ≃ (S/n∧
S

(KH(X,T)))ρT,m ≃ (S/n∧
S

(K(X,T)))ρT,m ≃ S/n∧
S

(K(X,T)ρT,m)|m},

in view of [KR, Corollary 5.5(1)]. (To see that the finite homotopy inverse limits involved in the partial
derived completions along ρT commute with the smash product with S/n, one needs to consider instead

the homotopy fiber of the map induced by the map {S ∧ Am
n∧id
→ S ∧ Am|m} for any truncated cosimplicial

object of spectra {Am|m}. This clearly commutes with homotopy inverse limit of the truncated cosimplicial
object.) Therefore, it remains to take the homotopy inverse limit as m→∞. While such homotopy inverse
limits again do not necessarily commute with smash products, in this case it does because of the following
observation. Since we are working stably, it suffices to observe that the homotopy inverse limit over m→∞

commutes with taking the homotopy fiber of the map induced by the map {S ∧ Am
n∧id
→ S ∧ Am|m} for any

cosimplicial object of spectra {Am|m}. �
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Theorem 6.3. Assume the base scheme S is a field k and that X is a scheme of finite type over k. Let
H = T = Gn

m denote a split torus acting on X. Then, for each fixed positive integer m, the map

KH(X,H)→ KH(EHgm,m×X,H) ≃ KH(EHgm,m×
H
X)

factors through the partial derived completion KH(X,H) ρ̂H,m and the induced map

KH(X,H) ρ̂H → holim
∞←m

KH(EHgm,m×
H
X)

is a weak-equivalence. Moreover, this weak-equivalence is natural in both X and H. The corresponding
assertions hold with the KH-theory spectrum replaced by the mod-ℓ KH-theory spectrum (defined as in (4.0.4))
in general, and by the K-theory and mod-ℓ K-theory spectrum when X is regular. It also holds with the
spectrum KH replaced by the spectrum S/n∧

S

K when n is invertible in the base field k.

Proof. The proof follows readily by taking the homotopy inverse limit as m→∞ of the weak-equivalence

KH(X,T) ρ̂T,m,··· ,m ≃ KH((ETgm,m × · · · × ETgm,m)×T X)

established in Theorem 6.1 above. The last statement follows from Corollary 6.2. �

We conclude this section with the proof of Theorem 1.4.

Proof of Theorem 1.4. Observe that Theorem 6.3 proves Theorem 1.4 when the group-scheme is a split
torus and Theorem 5.8 then proves Theorem 1.4 when the group-scheme is a finite product of GLns. Next let
G denote a not necessarily connected linear algebraic group over k : we imbed G as a closed linear algebraic
subgroup of G̃, which is a connected split reductive group over k satisfying the Standing Hypotheses 1.1(ii).

(Observe that, in particular, G̃ is special.) Then, we may imbed G̃ as a closed sub-group-scheme in a finite

product GLn1 × · · ·×GLnq
so that the restriction map R(GLn1 × · · ·×GLnq)→ R(G̃) is surjective. Therefore

we obtain the weak-equivalences:

KH(X,G) ρ̂G ≃ KH(X,G) ρ̂G̃
≃ KH(G̃×G X, G̃) ρ̂G̃

≃ KH(G̃×G X, G̃) ρ̂GLn1
×···×GLnq

≃ KH((GLn1
× · · · ×GLnq

)×G X,GLn1 × · · · ×GLnq) ρ̂GLn1
×···×GLnq

where the first and third weak-equivalences are by Proposition 1.3 (see also [CJ23, Theorem 1.6]), and the

second and fourth are clear. Now we may assume G̃ is in fact GLn1 × · · ·×GLnq
. By Theorems 6.3 and 5.8,

then KH(G̃×G X, G̃) ρ̂G̃
identifies with

KH(EG̃gm ×G̃ (G̃×G X)) ≃ KH(EG̃gm ×G X).

This completes the proof of Theorem 1.4(i). The proof of Theorem 1.4(ii) is similar and is therefore skipped.
Since G is assumed to be special, Proposition 3.6 provides the weak-equivalence:

KH(EG̃gm ×G X)) ≃ KH(EGgm ×G X)

which proves Theorem 1.4(iii). This completes the proof of Theorem 1.4. �

7. Appendix: diagrams of towers of fibrations of S1-spectra

We begin with following Lemma.

Lemma 7.1. Let E denote an S1-ring spectrum. Let {pm : Xm+1 → Xm|m ≥ 0} denote a tower of maps of
E-module spectra and let {qm : Ym+1 → Ym|m ≥ 0} denote a tower of fibrations of E-module spectra.

Assume that one is given, for each m, a map fm : Xn → Ym, so that each of the squares

Xm+1

pm
//

fm+1

��

Xm

fm

��

Ym+1

qm
//
Ym

homotopy commutes in the category of E-module spectra. Then one may inductively replace each of the maps
fm up to homotopy by a map f ′m, m ≥ 0, so that the maps {f ′m|m ≥ 0} define a map of inverse systems of
maps {Xm|m} and {Ym|m} of E-module spectra.
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Proof. We will construct the replacement f ′m by ascending induction on m, starting with f ′0 = f0. Assume
we have found replacements of the maps fi, by f ′i , for all 0 ≤ i ≤ m, so that (i) each of the maps f ′i is
homotopic to the given map fi for all 0 ≤ i ≤ m and that the diagram

(7.0.1) Xm

f ′
m

��

pm
//
· · ·

p1
//
X0

f ′
0

��

Ym

qm
//
· · ·

q1
//
Y0

strictly commutes. Let H : Xm+1 × ∆[1] → Ym denote a homotopy so that, H(x, 1) = qm+1 ◦ fm+1 and
H(xm , 0) = fm ◦ pm+1, for all x ǫ Xm+1. Observe that all we need is that Xm+1 ×∆[1] be a cylinder object
for Xm+1 in the sense of [Hov, Definition 1.2.4]. Now we consider the diagram:

Xm+1

fm+1
//

i1

��

Ym+1

qm+1

��

Xm+1 ×∆[1]
H //

H′

88
qqqqqqqqqq

Ym

Xm+1

i0

OO

pm+1
//
Xm

fm

OO

Here the homotopy H′ is a lifting of the given homotopy H: observe that such a lifting H′ exists because the
map i1 is a trivial cofibration and qm+1 is a fibration.

Now we will replace the map fm+1 by the map f ′m+1 = H′ ◦ i0. Then one may observe that H′ provides a
homotopy between the two maps fm+1 and f ′m+1. Moreover, the diagram

Xm+1

f ′
m+1

��

pm+1
//
Xm

f ′
m

��

pm
//
· · ·

p1
//
X0

f ′
0

��

Ym+1

qm+1
//
Ym

qm
//
· · ·

q1
//
Y0

strictly commutes. Clearly, one may repeat the above arguments to complete the proof. �

Lemma 7.2. Let E denote an S1-ring spectrum. Let

(7.0.2) A1

i1 //

pA
1

��

X1

p1

��

f1
//
Y1

q1

��

A0

i0 //
X0

f0
//
Y0

denote a strictly commutative diagram of E-module spectra, so that the composite maps f1 ◦ i1 and f0 ◦ i0
are null-homotopic. Then the resulting diagram

(7.0.3) X1 ⊔A1 cA1
//

��

Y1

��

X0 ⊔A0 cA0
//
Y0

homotopy commutes in the category of E-module spectra, where cAi denotes the cone on Ai, i = 0, 1.

Proof. Recall that the diagram (7.0.2) commutes strictly. Therefore, it suffices to show that the square

(7.0.4) cA1

H1 //

cpA
1

��

Y1

q1

��

cA0

H0 //
Y0
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commutes up to homotopy, where Hj : cAj → Yj, j = 0, 1, are the maps induced by the given null-homotopies
of the composite maps fj ◦ ij , j = 0, 1.

Let H̃j : cAj ×∆[1] → Yj, j = 0, 1, be the maps defined as H̃j(aj , t, s) = Hj(aj, ts), aj ǫ Aj, tj , s ǫ ∆[1].

Here we also assume Hj(aj, 0) = ∗ for all aj ǫ Aj, and that Hj( , 1) is the given composite map Aj
ij
→Xj

fj
→Yj.

Therefore, H̃j is a homotopy from the given Hj : cAj → Yj to the trivial map sending everything to the base

point ∗. It follows that q1◦H̃1 is a homotopy from q1◦H1 to the trivial map cA1 → Y0. Similarly, H̃0◦cp
A
1 is a

homotopy from H0 ◦p0 to the trivial map cA1 → Y0. Observe that the above notion of homotopy is actually
a left homotopy in the sense of [Hov, Definition 1.2.4]. Making use of the injective model structures, all our
presheaves of spectra are cofibrant, so that the relation of two maps being left-homotopic is an equivalence
relation: see [Hov, Proposition 1.2.5 (iii)]. Therefore, this proves the Lemma. �
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