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We include the effect of the frictional force caused by interactions between cosmic strings and
the particles of the background plasma in the computation of the stochastic gravitational wave
background generated by cosmic string loops. Although our results show that friction leads to a
partial suppression of the emission of gravitational radiation by cosmic string loops, we also find
that loop production is very intense in the early stages of the Kibble regime. We show that, in many
instances, this leads to a prominent signature of friction in the ultra-high frequency range of the
spectrum, in the form of a secondary peak. The signature of friction is not only sensitive to cosmic
string properties, but also to the initial conditions of the network and its surroundings. A detection
of this signature would then allow us to extract information about the physics of the early universe
that cannot be uncovered when probing the rest of the stochastic gravitational wave background

spectrum.

I. INTRODUCTION

We are swiftly moving into the era of Gravitational
Wave (GW) Astronomy. The LIGO-Virgo Collabora-
tion has observed, over the past years, numerous com-
pact object coalescence events [1, 2| and very recently
major millisecond pulsar timing arrays have announced
the detection of a Stochastic Gravitational Wave Back-
ground (SGWB) [3-0] in the nanohertz frequency range.
Gravitational radiation, unlike electromagnetic radia-
tion, travels freely through spacetime even in the very
early stages of the evolution of the universe and may
then allow us to study previously undetected sources.
Cosmic strings may be one such source. The early
universe is expected to have undergone a series of
symmetry-breaking phase transitions that may lead to
the production of these linelike topological defects. Cos-
mic strings are generally expected to survive until the
present time and, since they concentrate a significant
amount of energy and move with relativistic velocities,
they may potentially leave different observational signa-
tures [7, 8]. These remnants of the very early universe
may then allow us to probe particle physics up to very
high energies, even beyond the reach of current and fu-
ture collider experiments.

Although standard observational probes have failed
to detect cosmic strings, with the onset of GW Astron-
omy, we have a new promising way to probe them: the
SGWB they generate [9, 10]. The SGWB generated by
cosmic string networks is mainly sourced by the emis-
sions of the closed loops of string that are continuously
produced in string interactions. In the initial stages of
the evolution of the network, when the universe is quite
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dense, strings are damped by the frictional force caused
by the frequent interactions with particles of the sur-
rounding plasma [11-13]. Studies of the cosmic string
SGWB [9, 10, | often assume that loops created in
this friction-dominated era do not provide a significant
contribution to this spectrum and that GW production
only starts once the universe has rarified enough for fric-
tion to become irrelevant for string dynamics. However,
although friction should in fact lead to a decrease of
the GW emission of loops, string networks are expected
to be quite dense in the friction era, which means that
many loops should be produced. As a result, the con-
tribution of the loops created in the friction era may
not, in fact, be negligible as is usually assumed. Here,
we study the impact of friction on the GW emission of
loops and on the number of loops produced, with the ob-
jective of computing the contribution of the loops cre-
ated in the friction era to the SGWB. We show that
friction may lead to a distinct signature in the high fre-
quency range of the spectrum, in the form of a secondary
peak, and show that its properties are dependent on cos-
mic string properties and on the properties of the back-
ground plasma. The SGWB generated by cosmic strings
may then extend further into the ultra-high frequency
range of the GW spectrum than previously anticipated,
allowing us then to look further into the early stages of
the evolution of the universe.

This paper is organized as follows. In Sec. II, we in-
troduce the Nambu-Goto equations of motion for cosmic
strings with friction and outline how these may be used
to derive a model to describe the cosmological evolution
of cosmic string networks. Then, in Sec. III, we pro-
vide a brief overview of the computation of the SGWB
genereated by cosmic string networks. In Sec. IV, we
describe the impact of friction on the evolution of a cos-
mic string network. In Sec. V, we study the impact of
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friction on the evolution of cosmic string loops numeri-
cally and derive an analytical approximation to describe
the evolution of the length of loops during this era. Fi-
nally in Sec. VI, we characterise the signature of friction
on the SGWB and study its dependence on the network
and background plasma properties. We discuss the re-
sults and conclude in Sec. VII.

Throughout this paper, we will use natural units
with ¢ = A = 1, where c¢ is the speed of light in vac-
uum and £ is the reduced Planck constant. Moreover,
we will use cosmological parameters determined using
Planck 2018 data [18], where the values of the density
parameters for radiation, matter and dark energy at the
present time are respectively given by 2, = 9.1476-1075,
Qn =0.308, Qp = 1—Q, —Q, and the Hubble constant
is Hy=2.13-h-10733 eV, with h = 0.678.

II. THE EVOLUTION OF COSMIC STRING
NETWORKS

The evolution of cosmic string networks is deter-
mined mostly by four main physical processes. Strings
have tension that force them to move and, in the ab-
sence of strong damping forces, this accelerates them
to relativistic velocities. Cosmological expansion also
has a significant impact throughout their evolution: it
stretches long cosmic strings, rarefies the network den-
sity, and decelerates the strings. Also, as long strings
move, they often collide with other strings or self-
intersect. When this happens, the colliding strings ex-
change partners and reconnect, which may lead to the
formation of closed loops of string. These loops detach
from the network and evolve independently, thus result-
ing in energy loss. Finally, since cosmic string networks
are expected to form deep in the early universe, strings
inevitably interact with the particles of the background
plasma in the early stages of their evolution. As a re-
sult, strings also experience a frictional force, caused by
these interactions, which plays a key role in the early
stages of their evolution, when the universe was very
dense.

A. Cosmic String Evolution with Friction

In the cosmological context, local cosmic strings may
be regarded as infinitely-thin and featureless objects.
They sweep, in their movement, a 1 + 1-dimensional
worldsheet in spacetime, represented by
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where ¢? and o! are, respectively, a timelike and a
spacelike parameter of the worldsheet. Cosmic string
dynamics may then be described by the Nambu-Goto
action
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where p is the cosmic string mass per unit length
(which, in this case, coincides with the cosmic string
tension), v is the determinant of the worldsheet metric
Yab = Gy, with a,b = 0,1, and g, is the space-
time metric. This action, however, does not provide
a full description of the evolution of cosmic strings in
the early universe, as it does not take the interactions
with particles of the background plasma into account.
The frequent scattering of particles by cosmic strings
leads, in fact, to a frictional force per unit length of the
form [11]:
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where v is the string velocity. Here, we also introduced
the friction length, [;, that describes the characteristic
lengthscale for which friction plays an important role in
the dynamics of cosmic strings. For gauge strings, fric-
tion is mainly caused by Aharonov-Bohm scattering [19]
and this lengthscale assumes the form:

leﬁ’ (4)

where T is the background temperature and f is a pa-
rameter that depends on the number of particle species
that interact with the string. Including the effect of fric-
tion, the equation of motion for a cosmic string is of the
form [11]:
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where U” is the 4-velocity of the background fluid and
2,3 = 8y (v/=y7**x",) //=7 is the covariant Laplacian.

In a Friedmann-Lemaitre-Robertson-Walker
(FLRW) Dbackground, the line element is given
by

ds® = a(n)*(dn* — dy - dy), (6)

where a is the cosmological scale factor, dn = dt/a is
the conformal time, ¢ is the physical time and y are
cartesian coordinates, and the 4-velocity of radiation is
given by U = (a~*,0,0,0). In this case, it is convenient
to choose the temporal-transverse gauge, in which

o'=n and x-x' =0, (7)

where # = (n,x) and dots and primes represent, re-
spectively, derivatives with respect to n and ¢ = o'.
The equations of motion for a cosmic string take then

the form [11, 20]:
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where €2 = x2/(1 — %?).

B. Velocity-dependent One-Scale model

The cosmological evolution of a cosmic string net-
work may be described, on sufficiently large scales, using
the Velocity-dependent One-Scale (VOS) model [13, 21].
This model provides a quantitative description of the
cosmological evolution of cosmic string networks by fol-
lowing the evolution of two variables: the Root-Mean-
Squared (RMS) velocity @ of the network, defined as
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and its characteristic lengthscale L, defined in terms of
the energy density of long strings p as

7% = (x2) (10)

p=n/L?, (11)
where E = pa(n) [ edo is the energy of cosmic strings
and p o< Ea~3. For standard strings, without internal
degrees of freedom, L also measures roughly the average
distance between long strings. The evolution equations
for ¥ and L may then be found by averaging Eqgs. (8)
and (9) respectively! and by including a phenomeno-
logical term to account for the impact of collisions and
interactions between cosmic strings. These interactions
lead, as previously explained, to the production of cos-
mic string loops that detach from the Hubble flow and
that are expected to decay and evaporate. This then
results in an energy loss of the form [22]:

dp

dt loops
where ¢ = 0.23 £ 0.04 [21] is a phenomenological pa-
rameter that quantifies the efficiency of loop chopping.
By using Eqgs. (8)-(12), one finds that the evolution of

a cosmic string network on cosmological scales may be
described by [13, 21]:
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where k(v) is a phenomenological parameter that ac-
counts, to some extent, for the effects of small-scale

1 Note however that, in their derivation, it is assumed that (x*) =
(%2)2 = v

structure on long strings (here, we will use the ansat>
proposed in Ref. [21]), and H = da/dt/a is the Hubble
parameter. These equations enable us to describe quan-
titatively the cosmological evolution of cosmic string
networks from early to late cosmological times. We
briefly outline this evolution, with particular focus on
the impact of friction in early cosmological times, in
Sec. IV.

III. THE STOCHASTIC GRAVITATIONAL
WAVE BACKGROUND GENERATED BY
COSMIC STRING NETWORKS

After cosmic string loops are created, they detach
from the Hubble flow and start to evolve under the effect
of their tension. As a result, they oscillate periodically
with relativistic velocities and they are then generally
expected to decay by emitting GWs?. The superimposi-
tion of the GW bursts generated by the copious amounts
of loops that are created throughout the evolution of the
cosmic string network gives rise to a Stochastic Grav-
itational Wave Background (SGWB) [9, 10, 27]. This
SGWRB is generally characterized by the spectral energy
density of GWs,
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where pgy is the energy density of gravitational radia-
tion, p. = 3H3/(87Q) is the critical density of the uni-
verse at the present time ¢y (for the remainder of this
paper, the subscript ‘0’ is used to refer to the value of
the corresponding quantity at t = tg).

The frequency of the GWs emitted by cosmic string
loops is determined by harmonics of their length ¢ at
the time of emission ¢. They then arrive to an observer
at the present time ¢y with a frequency

gy =2 (16)
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where j is the harmonic mode of emission and the
subscript ‘5’ is used to label the contribution of the
j-th mode of emission to the corresponding quantity.
The spectrum of emission of cosmic string loops follows

roughly a power law [28-32] of the form
dE; . r
—1 =T,G th Tj=——571¢ 17
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where F = pf is the energy of the loops, ((g) is the Rie-
mann Zeta function and T' ~ 50 [28, 30, 32-35] is the

2 The potential role of the emission of scalar and gauge radia-
tion is currently still a matter of debate [23-26]. Abelian-Higgs
simulations indicate that this radiation may lead to the fast de-
cay of the majority of loops [23] and that less than 10% of the
loops produced would decay by emitting GWs [24]. It is argued
in [25, 26], however, that this may be a transient phenomenon.



GW emission efficiency ®. The spectral index ¢ depends
on the small-scale structure present in the cosmic string
loops. Loops are generally expected to have points that
move instantaneously at the speed of light, known as
cusps, that give rise to a spectrum characterized by
q = 4/3. Moreover, collisions between strings lead to
discontinuities in the string that travel along the string
at the speed of light. These kinks generate a spectrum
characterized by ¢ = 5/3 and, when two kinks collide,
by ¢ = 2.

The amplitude of the SGWB generated by cosmic
string loops is then given by (see e.g. [8]):
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is the contribution of the j-th harmonic mode of emis-
sion and ¢; = 2ja(t)/(fao) is the length of loops that ra-
diate, in the j-th harmonic, GWs that have a frequency
f at the present time. Moreover, t; is the time in which
significant emission of gravitational radiation by cosmic
string loops starts, which is often assumed to be the
end of the friction-dominated era. In this paper, we
will study the validity of this assumption and examine
whether there are signatures of friction on the SGWB.
We will then generally assume that ¢; coincides with the
time of creation of the network ¢.. We will also consider
the contribution of the fundamental mode of emission
(and drop the superscript ‘1’ that denotes this mode).
Note however that it is straightforward to compute the
contribution of any mode of emission once that of the
fundamental mode is known:

QL (GF) = Qg (), (20)
and thus considering j = 1 is sufficient to fully charac-
terize the SGWB.

The crucial ingredient to compute the SGWB gener-
ated by cosmic string loops is then the loop distribution
function, n(¢,t)d¢, which describes the number density
of string loops with lengths between ¢ and ¢ + d¢ that
exist at the time ¢:

n(t,) = / o f (6, 1) (“‘t”>)3 L
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where /, is the length of the loop at the time of birth
ty. Here f(¢,t)d¢ is the loop production function, which

3 Note that these studies only apply to cosmic strings without
internal degrees of freedom. If strings carry currents, for in-
stance, I' should be suppressed and the spectrum of emission
may be altered [306].

represents the number density of loops with lengths bek
tween ¢ and ¢+ d¢ produced per unit time. The amount
of energy that is lost as a result of loop production may
be inferred from the large-scale dynamics of the cosmic
string network using Eq. (12). If one assumes that the
length of loops at the moment of creation is proportional
to the characteristic length of the long string network
at that instant of time,

£(ty) = aL(ty), (22)

where a < 1 is a constant loop-size parameter, we then
have that [16, 17, 37]:
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where the factor of v/2 was introduced to account for the
effect of the peculiar velocities of loops [8]. Note that,
although the assumption that all loops are created with
the same length seems rather strong, this form of the
loop production function may be used to construct the
loop production function for any distribution of loop
lengths at birth [15, 37]. Moreover, the impact of the
length of loops following a distribution at the moment
of creation on the SGWB may also, to some extent, be
described by including a factor F < 1 in Eq. (22) [17,

]. Such a factor could also account for the possibility
that not all loops decay by emitting GWs. Here, for
simplicity, we take 7 = 1. We then have that the loop
distribution function is given by [16]:
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IV. IMPACT OF FRICTION ON THE
EVOLUTION OF COSMIC STRING
NETWORKS

Cosmic string networks are expected to form in the
early universe at a critical temperature T, that deter-
mines their mass per unit length: p ~ T2 [35]. The time
of string formation is then roughly given by:

Lty . T Gx (t) 1z
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where t,; = G'/2 is the Planck time and g.(t) is the
effective number of massless degrees of freedom (see
e.g. [39]). The friction epoch happens, in general, long
before the first change g.(t) predicted by the Standard
Model of Particle Physics (which is assumed throughout
our calculations). For the remainder of this paper, we
will then assume that x(t) = x(t.) = x throughout the
friction era.

Cosmic string networks, however, are generally ex-
pected to survive throughout cosmic history and, de-
pending on what damping mechanism dominates their




dynamics, they can go through different scaling regimes
in their evolution. In the early universe, interactions be-
tween cosmic strings and the particles of the surround-
ing plasma should be quite frequent and, as a result,
their dynamics should be dominated by friction. In this
case, string movement is heavily damped and they are
expected to move with non-relativistic velocities and, as
can be inferred from Eq. (13), their velocity is roughly
given by v ~ k.l /L, where k. = k(0) = 2/2/7. During
this friction-dominated era, two different scaling regimes
may emerge. The first is the Stretching Regime, during
which strings are frozen in comoving coordinates and
stretched by expansion:

Loxa and oo a?. (26)

Assuming that the friction-dominated epoch occurs
deep in the radiation era (which, as we shall see, should
in general be the case) we should have that, during this
regime,

£\ 2 t
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where L. and 0. = kclf(t;)/L. are the initial charac-
teristic lengthscale and the RMS velocity, respectively.
Note that, in general, we should have that I (t.) < L. <
t. [13].

During the Stretching regime, the movement of
strings is so damped by friction that there are almost no
interactions between strings. However, as the universe
expands and cools, the friction lengthscale [; grows
much faster than the characteristic length L (cf. Eq. (4)
and (27)) and interactions become increasingly relevant.
As the Hubble damping and friction terms in Eq. (14)
become comparable (i.e., when ly/L ~ HL), the Kibble
Regime, characterized by

1\ /2
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emerges. In this regime, a considerable amount of en-
ergy is lost as a result of interactions, since HL ~ ¢u,
which explains why the network evolves differently.
Loop production is not negligible during the Kibble
regime. As a matter of fact, as we will show, it is
quite significant, since networks are expected to be quite
dense during this stage.

More precisely, the Kibble regime should emerge
when the following condition is satisfied

Iy i
AHL = Lke(he + ), (29)

where A is a constant of order unity that was intro-
duced to obtain a better fit to the numerical evolution.
During the radiation era, we may express the friction

lengthscale as |

We then have that, during the Kibble regime,
L (kelke+0\? £\ (31)
te 0A te ’

) (D)

These equations may be confronted with the full numer-
ical evolution during the Kibble regime — described by
Egs. (13) and (14) — to determine the value of the con-
stant A in Eq. (29). Our analysis indicates that A = 3/2
provides an excellent fit for the relevant range of initial
conditions and for different values of 3.

To estimate the time in which the network enters the
Kibble regime, we may assume that the transition be-
tween the Stretching and Kibble regimes happens sud-
denly at a time t;, corresponding to the time in which
the condition in Eq. (29) is first satisfied. Assuming that
the network is in the Stretching regime characterized by
Eq. (27) for t < t, we have that

() (1) v

This expression shows that the time of emergence of
the Kibble regime depends on the initial conditions and
thus so does the duration of the Stretching regime. As
a matter of fact, the network only goes through the
Stretching regime if the conditions of existence of the
Kibble regime are not met initially (or, in other words,
provided that the initial characteristic length is not sig-
nificantly smaller than the horizon). However, the cos-
mic string network necessarily goes through the Kib-
ble regime in the early universe, either following the
Stretching regime or right after creation if its initial den-
sity is large enough. This may be seen clearly in Fig. 1,
where the evolution of L/t and v are plotted for differ-
ent initial conditions. Therein, one may see that, if the
initial characteristic length of the network is smaller,
the Kibble regime starts earlier and the duration of the
Stretching regime decreases.

The friction-dominated era of cosmic string evolu-
tion is, however, necessarily transient. As the friction
lengthscale continues to increase rapidly, it will even-
tually become larger than the characteristic length of
the network and the impact of friction on the dynamics
of cosmic string networks will become negligible. As-
suming as before that this transition to the frictionless
epoch happens suddenly at a time ¢; in which the Hub-
ble damping term 2H becomes comparable to the fric-
tion damping term 1]71, we have that:

ty = 0%.. (34)
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Figure 1. Evolution of a cosmic string network with friction
for G = 1072, The top panel displays the characteristic
length divided by the physical time and we plot the RMS
velocity on the bottom panel. The solid lines of different
colours correspond to different initial conditions. The verti-
cal dashed line represents the value of the scale factor at the
end of the friction dominated epoch, ay.

Using this one may show that, unless cosmic string ten-
sion is very small, string dynamics should become fric-
tionless before any variation of x(t) (according to the
Standard Model of Particle Physics) and well before the
radiation-matter transition, which justifies our assump-
tion that friction happens deep in the radiation era.

After ¢y, when friction becomes negligible to cosmic
string dynamics, the movement of strings is no longer
so heavily damped and the network evolves towards a
Linear scaling regime characterized by:

dv
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This regime is an attractor solution of the VOS equa-
tions when a o« t¥, with 0 < v < 1, and its existence has
been verified in numerical simulations. In this regime,

cosmic strings reach relativistic velocities and, as a rd
sult, interactions between strings and loop production
are quite frequent. As Fig. 1 illustrates, the evolu-
tion of the cosmic string network during the frictionless
epoch, for ¢ > t¢, does not depend on the initial condi-
tions. Note that the cosmic string network is temporar-
ily “knocked out” of the Linear Scaling regime as a result
of the decrease in the effective number of massless de-
grees of freedom, as the universe cools. This is the cause
of the small bumps seen, during the radiation-era Lin-
ear scaling regime, in Fig. 1 (these are more evident in
the plot for L due to the scale of the plot, but also show
up in the plot for o in the form of a small temporary
decrease). Also, later the universe transitions to the
matter-dominated era and the network starts to evolve
towards a new Linear Scaling regime. However, this
regime is not reached before the present time due to the
emergence of dark energy. Once this happens, cosmic
string movement is heavily damped by the fast expan-
sion, which leads to a new stretching regime of the form
L < a and ¥ — 0. In this case, the Stretching regime is
sustainable because the accelerated expansion ensures
that the network remains frozen, with non-relativistic
velocities.

V. IMPACT OF FRICTION ON THE
EVOLUTION OF COSMIC STRING LOOPS

To include the contribution of the loops created dur-
ing the friction-dominated regime in the computation of
the SGWB, we need to start by studying the evolution
of a cosmic string loop in the presence of friction. Al-
though this has been studied previously in [40], therein
the impact on gravitational wave emission — which is
crucial for our study — was not considered. Here, we
follow a similar approach and consider a circular loop
with a coordinate radius ¢:

X = Q(U) (Sind)y cos ¢, O) ’ (37)

and choose the spacelike worldsheet parameter to be ¢.
In a FLRW universe, the physical length of the loop ¢
— defined such that E = pf, where E is the energy of
the loop — is given by

¢ = 2nyqla, (38)
where v = ¢ is the velocity of the loop and v = (1 —
v?)~1/2,

Cosmic string loops are usually assumed to emit
GWs at a roughly constant rate given by

al
il =T
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with T' = 50 (as may be seen from Eq. (17), by summing
over all the harmonic modes of emission). However,



more generally, the energy loss caused by the emission
of gravitational radiation, which may be estimated using
the quadrupole formula, may be written in the following
form [13]:

¢
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(40)
where I is a parameter evaluating the efficiency of GW
emission. The approximation in Eq. (39), in fact, only
describes the decrease of the length of loops caused by
the emission of gravitational radiation in an averaged
sense. Cosmic string loops, in the absence of friction
and provided that expansion has a negligible impact,
oscillate periodically with an average squared velocity
of (v?) = 1/2. In these oscillations, they reach ultra-
relativistic velocities periodically and they should, in
fact, emit GWs dominantly in the stages of the oscilla-
tion in which their velocities are significant. In general,
for these freely oscillating loops, assuming a constant
rate of GW emission provides an adequate description of
their evolution on time-scales much larger than their os-
cillation period. Here, since we are including the impact
of friction — which damps the movement of loops and
may significantly delay their oscillations [10] —, we use
the form in Eq. (40) to account for the possibility that
the rate of GW emission can no longer be assumed to
be constant. As proposed in [13], for counsistency, given
the fact that for freely-oscillating loops (v%) = 5/16, we
take IV = 16/5-T' = 160 *.

By introducing Eq. (37) into Egs. (8) and (9) and
using Egs. (38) and (40), one finds that the equation of
motion for ¢ is given by:
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To study the impact of friction on the evolution of cos-
mic string loops and on their GW emission, we solved
this equation numerically, with initial conditions of the
form

aL(tb)
2may,

ap = and vy, =¢p, =0,

(42)
for a wide range of the loop-size parameter o and of the
birth time of loops ¢,. This choice of initial conditions
is natural since it is well known that a free circular loop
will oscillate with amplitude ¢, having vanishing veloc-
ity when the loop radius is at a maximum. This exten-
sive study was done with the objective of determining
which physical processes play an important role in the
evolution of subhorizon loops — the main contributors
to the SGWB — and to aid us in the development of an
analytical approximation to the evolution of /.

Our results have shown that for very large loops
(with lengths larger or comparable to the horizon),

4 In Ref. [13], the authors take IV = 8T since, by mistake, they
assume that (v6) = (v2)3.

the expansion of the background stretches loops signitz
icantly thereby increasing their energy — and partic-
ularly so in the presence of friction as was also found
in [12, 41] — but small enough loops do not feel its ef-
fects even when friction is present. Here, since we are
considering sub-horizon loops, we will then neglect the
expansion term in Eq. (41), as is usually done in the
absence of friction. Notice however that the impact of
expansion on the evolution of the friction lengthscale
cannot be neglected, as it is determined by the density
of the background plasma which is strongly dependent
on the expansion.

We have also verified numerically that, for sub-
horizon loops, even deep in the friction-dominated
regime, we have (v2) ~ 1/2 as for free loops evolving
in the absence of expansion, friction and GW emission.
One may then conclude that, during the friction era,
sub-horizon loops also emit GWs at a roughly constant
rate, with I' = 50, and, in fact, we have verified nu-
merically that the average energy lost in the form of
gravitational radiation in a period of oscillation com-
puted using Eq. (40) is well described by the simpler
expression in Eq. (39).

Finally, our results also show that the dynamics of
any loop will eventually become frictionless. This may
be explained by the fact that ¢ decreases over time as
a result of the energy loss caused by friction and by
the emission of gravitational radiation, while the friction
lengthscale increases (see Eq. (4)). Thus as time goes
by, the impact of friction becomes smaller and smaller
until loop dynamics becomes frictionless and, once this
stage is reached, the rest of the energy of the loop will be
radiated in the form of GWs. Notice that the later in the
friction era a loop is created, the sooner this frictionless
regime will be reached and then an increasingly larger
fraction of the energy of loops will be converted into
GWs as time ellapses. For instance, for a loop with
Gu = 107'2 and o = 0.1 created deep in the friction
era (t, = 1075 - t¢) only about 0.2% of its energy will
remain by the time this frictionless stage is reached.
However, closer to the end of the friction epoch (for
t, = 1072 - t5), without the inclusion of GW emission,
the loop still has about 56 % of its initial energy at this
stage. This shows that, in fact, there is GW emission
throughout the friction regime.

To calculate the number density of loops with a
length ¢ at a time ¢, we need to find the time of forma-
tion of these loops, which means that we need to follow
their evolution since the time of birth. However, for the
physically relevant values o and Gp, loops lose energy
very slowly during most of the evolution and undergo a
very large number of oscillations before evaporating. As
a result, the numerical computation of their evolution is
time costly. It is then convenient to find an analytical
approximation to describe the evolution of cosmic string
loops, including the effects of friction and GW emission,



to make the computation of the SGWB more efficient.
Neglecting, as suggested by our analysis, the Hubble
damping term in Eq (41) and assuming that GW emis-
sion happens with the constant rate given by Eq. (39),
the evolution of ¢ should then be well described by

dl ?
7 I Gu, (43)

as may be found by combining Egs. (38) and (41) under
these assumptions. Let us start by considering the case
of a loop evolving only under the effect of friction and
curvature and drop the GW emission term in Eq. (43).
To find an analytical approximation to describe the evo-
lution of £ on time scales much larger than a period of
oscillation, we may then average this expression over
one period of oscillation and assume that (v?) = 1/2.
We then find that

{ = lyexp [t}/Q (t71/2 — tb_l/Q)] . (44)

This expression is equivalent to the expression found in
[10] and also supports the observation that the effect
of friction will eventually become negligible. Indeed,
when t — oo, we see that ¢ does not vanish. The loop
then does not evaporate completely as a result of friction

and at least a fraction of exp (—t}/ 2 / tll;/ 2) of the initial

length of the loop should be converted into GWs.
Introducing the energy loss caused by the emission
of gravitational radiation in Eq. (44), we have:

0= tyexp {ti/z (t*l/z - tb_lmﬂ —TGu(t—1t) . (45)

We have compared this approximation extensively to
the full numerical evolution described by Eq. (41), in-
cluding the curvature, friction and GW radiation terms
in their complete form. Our results show that this ap-
proximation provides a good description for the evo-
lution of the length of the loops produced during the
Kibble regime — which is enough since the contribu-
tion of the loops created during the Stretching regime
to the SGWB is negligible (as we shall see later). In
Fig. 2, we display some examples of the evolution of
the length of the loops throughout their lifetime (com-
puted numerically) alongside the analytical approxima-
tion derived here. We plot (¢, — £)/¢}, as a function of
(t—tp)/(tey —ts), where te, denotes the moment of evap-
oration of the loop, since this choice allows us to reflect
all stages of their evolution and to plot several cases on
the same figure. We display loops with ov = 1072 for four
different values of cosmic string tension so that, as ten-
sion decreases, the impact of friction becomes stronger.
Since the period of oscillation of loops is proportional to
their length and, for small values of G, they lose energy
very slowly, the numerical study of the later stages of
their evolution is computationally costly. For this rea-
son, for illustration purposes, we opted to display the

(Lo — D)/l

1073 1072 107! 10°

(t - tb)/(tev - tb)

Figure 2. Evolution of loops with a = 1072 and ¢, = 1 in
the presence of friction for different values of cosmic string
tension Gu. Here, the solid lines correspond to the evolu-
tion predicted by the analytical approximation in Eq. (45),
while the dashed lines represent that computed numerically
by solving Eq. (41).

evolution of loops with unphysically large tensions too
(Gu = 1072 and Gu = 1079) as this allows us to fol-
low the evolution of loops numerically until ¢., in the
case of strong GW emission. The slope of the tangent
vector of each curve at the time of evaporation char-
acterises the fraction of energy which was lost in the
form of GWs, reaching its maximum when GW emis-
sion is at its strongest for the largest Gu. This figure
clearly shows that our approximation provides an excel-
lent description of the evolution of a loop when friction
is strong (the beginning of the evolution for the lowest
tension) — which demonstrates the validity of our as-
sumption that (v?) ~ 1/2 — and when its effects are
negligible and the evolution is determined by the emis-
sion of GWs instead (high tensions). When the impacts
of friction and GW emission becomes comparable, how-
ever, our approximation predicts a slightly faster decay
of the loops, which results in an underestimation of the
time of evaporation of the loop. Note however that this
does not have a significant impact on the quality of the
results we will derive since assuming a faster decay leads,
in general, to smaller contributions to the SGWB. These
results are then conservative and may then be seen as a
lower bound on the amplitude of the spectrum.



VI. THE SIGNATURE OF FRICTION ON THE
SGWB

It is usually assumed in the literature that the loops
created during the friction-dominated epoch do not pro-
vide a significant contribution to the SGWB, since their
motion would be effectively damped by friction. How-
ever, during this era, the network is very dense, which
makes intersections and, consequently, the creation of
loops more probable. Also, as we have seen, although
friction is effective in the initial stages, the evolution
of loops eventually becomes frictionless and, from this
point on, their energy is lost only in the form of gravi-
tational radiation. The combination of these two effects
may result in a significant contribution to the SGWB.

In this section, we fully characterize the signature of
friction on the SGWB, which involves a detailed compu-
tation of the loop distribution function during this era.
Notice that the impact of friction on n(¢,t) is twofold.
On the one hand, friction, by significantly affecting the
large-scale evolution of the cosmic string network — so
much so that it can no longer be assumed to evolve in a
linear scaling regime — affects the loop production func-
tion. Here, we use the method introduced in [16] (and
summarized in Sec. III) and solve the VOS Egs. (13)
and (14), coupled with the Friedmann equation, to fully
characterize f(¢,t) throughout the evolution of the cos-
mic string network. Our results show that indeed there
is an intensive loop production during the friction epoch.
For instance, for Gu = 107'2 the number of loops pro-
duced at the beginning of the Kibble regime is 400 times
larger than what one would have if the network was in
a linear scaling regime. On the other hand, n(¢,t) is
also affected by the change in the rate of energy loss of
the loops caused by this additional decay mechanism,
which may reduce the lifetime of the loops significantly.
Here, we use the analytical approximation in Eq. (45)
to find the Jacobian dt;/dl;, needed to fully characterize
the loop distribution function in Eq. (24):

a, _ (i

e, dt
and to find the time of birth ¢, of the loops that con-
tribute to the given frequency.

OéL(tb) 1/2
T t/ "+ TGu (46)
b

ty

A. The signature of friction

We now have all the ingredients to characterize the
signature of friction on the SGWB. Since the friction-
dominated era of cosmic string dynamics happens right
after the formation of the network, and thus in the very
early universe, this will result in a contribution in the
ultra-high frequency range. As a matter of fact, as il-
lustrated by Fig. 3, the inclusion of the GWs emitted by
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Figure 3. The Stochastic Gravitational Wave Background
generated throughout the full evolution of a cosmic string
network with Gu = 107*°, o = 107%, 8 = 1, L. = t..
Here, the solid line represents the spectra including the con-
tribution of the loops created during the friction-dominated
era of cosmic string network evolution, while the dashed line
corresponds to the spectra one obtains by assuming that sig-
nificant GW emission by cosmic string loops starts only at
the beginning of the frictionless regime.

the loops that are produced during the friction era ex-
tends the range of the spectrum significantly, typically
leading to a prominent bump at very high frequencies
that may be regarded as a secondary peak. Since fric-
tion is often assumed to completely suppress the emis-
sion of loops, it is generally assumed that cosmic string
networks start contributing to the SGWB in the end of
the friction era (at t = ty¢). As a result, a cut-off is in-
troduced artificially in the high-frequency range of the
spectrum and this secondary peak is neglected. How-
ever, as the results of Sec. V show, the GW emission of
loops during the friction era, although partially reduced,
is not completely suppressed (especially during the end
stages of the life of the loops and/or towards the end of
this era). This partial reduction of the GW emission in
many instances does not lead to a complete suppression
of the SGWB, since a large number of loops may be
created during the friction era. This is well illustrated
by Fig. 4, where we plot the SGWB sourced during the
friction era with and without the inclusion of the sup-
pression of GW emission caused by friction (the latter
case was also briefly discussed in [42]). Therein one may
see that, although this suppression may indeed lead to
a significant reduction of the amplitude of the friction
signature on the SGWB, the increase in the number of
loops may be so significant that this signature may still
survive.

The signature of friction is, as shown in Fig. 5, gen-
erated mostly in the Kibble regime and, in fact, the con-
tribution of the loops created in the Stretching regime
may be considered generally negligible. During the lat-
ter, cosmic strings are so effectively damped that their
velocities are extremely small, which makes collisions
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Figure 4. The impact of the inclusion of friction in the evo-
lution of cosmic string loops on the signature of friction.
The solid line represents the full SGWB generated by a cos-
mic string network during the friction era for Gu = 10710,
a =108 B8 =1, L. = t.. The dashed line corresponds
to the SGWB one would obtain by completely neglecting
the contribution of the loops created during the friction-
dominated era of cosmic string network evolution, while the
dash-dotted line represents that one would obtain if the im-
pact of friction on cosmic string loops was not included.
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Figure 5. The signature of friction on the SGWB generated
by a cosmic string network with Gu = 107'° o = 1077,
B =1, L. = t.. The shaded areas with different colors
correspond to the contributions to the spectrum generated
by loops that where produced before different instants of
time in the friction-dominated era. Here, At =ty — tx.

and intercommutations unlikely. In the beginning of thd
Kibble regime, however, not only the RMS velocity is
somewhat larger but the networks are also denser (in co-
moving coordinates), resulting in loops being profusely
produced. Because of that, the dominant contribution
to the peak generated by friction is, in fact, sourced in
the earlier stages of the Kibble regime — when the num-
ber of loops produced per unit volume is quite large and
friction is still quite strong — and not when friction is
at its weakest. This shows that the number of loops
produced may, in some instances, be the determinant
aspect in having a signature of friction and not how
strong the suppression of GW emission is.

B. Impact of cosmic string parameters on the
signature of friction

As we have seen, a clear signature of friction is ex-
pected if the loops created in the early stages of the
Kibble regime, when the network is very dense and co-
pious amounts of loops are created, lose a considerable
amount of energy in the form of gravitational radiation.
This signature should then depend not only on the size
of loops, parameterized by «, but also on the large-
scale properties of the cosmic string network during this
regime, which are determined by cosmic string tension,
the initial characteristic length, and the strength of fric-
tion (characterized by (). In this section, we investi-
gate these dependencies in detail. Since the friction-
dominated era happens early in the evolution of the
cosmic string network (and, in fact, quite early in cos-
mic history) and the characteristic lengthscale may be
quite small at this stage, some care must be taken to
avoid considering unphysical scenarios. Here, we only
consider the potential emissions of the loops that are
created with lengths that are larger than the Planck
length, [,;, and assume that GW emission starts only
once the gravitational backreaction scale is well defined,
with TGpL > 1.

Let us start by considering the impact of the loop-
size parameter « on the signature of friction. As pre-
viously explained, as loops evolve and their length de-
creases, they eventually reach a regime in which their
dynamics becomes essentially frictionless. This hap-
pens, roughly, once their length becomes smaller than
the friction lengthscale and, therefore, loops with a
smaller a will reach this regime earlier and consequently
lose a larger portion of their energy in the form of GWs.
This generally results in a stronger signature of friction
as « decreases, as is clearly shown in Fig. 6, and this
signature is at its strongest in the small-loop regime,
with @ < I'Gu. In this case, in fact, GW emission leads
to the evaporation of the loops effectively immediately
on cosmological time scales [43] and, as a result, they
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Figure 6. The SGWB generated by cosmic string networks

with Gu = 107'°, 8 = 1, L. = t. for different values of
«. The solid lines represent spectra with friction, while the

dashed lines correspond to spectra without friction.
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Figure 7. The SGWB generated by cosmic string networks
with o = 1071 8 = 1, L. = t. for different values of
Gpu. The solid lines represent spectra with friction, while
the dashed lines correspond to spectra without friction.

are barely affected by friction °. The secondary peak
caused by friction is then only present for small enough

loops, but how small these loops actually need to be also
depends, as we shall see, on the other parameters of the

5 Note that, in the small-loop regime, if o is decreased further,
the shape and amplitude of the spectrum is no longer affected
and the spectrum is merely shifted towards higher frequencies

(see e.g. [16, 43]). Recall, however, that loops cannot be made
to be arbitrarily small.
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Figure 8. The SGWB generated by cosmic string networks

with Gu = 107147 o= 107127 L. = t. for different values of
B. The solid lines represent spectra with friction, while the

dashed lines correspond to spectra without friction.
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Figure 9. The SGWB generated by cosmic string networks

with Gu = 107, o = 10712, 3 = 1 for different values of
L.. The solid lines represent spectra with friction, while the
dashed line correspond to spectra without friction.

model. In this particular case, the peak starts to form
only when loop size approaches the gravitational back-
reaction scale. However, for larger loops, there is also a
signature of friction, although more subtle: the transi-
tion between the cut-off of the spectrum and the linear-
scaling radiation era plateau is somewhat slower than

in the frictionless case. Note also that at the beginning
of this transition the spectrum without friction exceeds
the spectrum with friction. This is explained by the fact



that, around ¢y, loops still experience a weak frictional
force that is not taken into consideration in the compu-
tation of the spectrum without friction, which causes a
slight suppression of their GW emission (recall that ¢,
corresponds to the instant of time in which the Hubble
and friction damping terms become comparable).

The impact of varying cosmic string tension is
slightly more complex. As tension is decreased and
strings become lighter, friction damps strings more effi-
ciently (see e.g. Eq. (4)). Although one would naively
expect this to lead to a progressive suppression of this
signature, the network also becomes significantly denser
during the Kibble regime — as may be seen in Eq. (31)
— and the number of loops then increases with decreas-
ing Gu, leading to a more prominent signature instead.
Moreover, GW emission becomes slower when we de-
crease G, which means that, for a fixed a;, we are mov-
ing further into the large-loop regime, in which the sig-
nature becomes less visible. These contradictory effects
may be seen in Fig. 7, which shows the signature of
friction in the SGWB for different values of Gu and
a fixed a. Although, initially a decrease of tension
leads to an increase of the relative height of the fric-
tion peak ©, the friction signature starts to become less
prominent as the tension is decreased further. More-
over, since t; ~ (Gu)~*?, decreasing of the tension
also causes a shift of the friction peak towards lower
frequencies and the Kibble regime actually lasts longer
(since ty ~ (Gu)~2), thus affecting a broader range of
frequencies.

Increasing 8, which depends on the number of parti-
cle species that interact with the strings and thus quan-
tifies the strength of friction, increases the duration of
the friction era. As a result, the friction peak is broad-
ened and the SGWB spectrum is affected by friction up
to lower frequencies, as Fig. 8 shows. However, an in-
crease in 3 also means that the network becomes denser
during the Kibble regime, leading to an increase of the
height of the friction peak, and that this regime hap-
pens at later times, causing the very slight shift of the
peak frequency that may be seen in this figure.

Finally, as discussed in Sec. IV, if one decreases the
initial characteristic length of the network, the Kibble
regime, in which this signature is created, will start ear-
lier and the network will be much denser in this stage.
This leads, as shown in Fig. 9, to a significant increase
of the height of the peak and to an extension of its
range towards even higher frequencies. Note however
that for very small L., I'GuL and ol necessarily be-
come unphysically small at the very early stages of the
evolution of the network.

6 The very pointy peak and sharp cut-off seen in the spectra with
Gu = 10710 and Gu = 10~8 are caused by the conditions im-
posed to ensure that gravitational backreaction scale and the
length of loops are physical and well defined. We have, how-
ever, verified that the behaviour is qualitatively similar if these
conditions are not enforced.

VII. DISCUSSION 12

We have shown that friction may leave a distinct
signature, in the form of a secondary peak, in the ultra-
high frequency range of the SGWB spectrum generated
by cosmic string loops. This signature has been ne-
glected in the literature, since it is usually assumed that
friction leads to a very strong suppression of the GW
emission of cosmic string loops. We found, however,
that the end stages of the life of loops will necessarily
be frictionless and that their emission is only partially
reduced. As a matter of fact, during the Kibble regime,
when the network is very dense and intercommutations
are very frequent, loop production is very intensive and
the superposition of their numerous individual emissions
despite being weakened may still generate a prominent
characteristic imprint.

The signature of friction uncovered here may poten-
tially allow us not only to probe cosmic string tension
(and through it the energy scale of the string-forming
phase transition), but also the details of the underlying
particle physics scenario. As we have seen, the height
and broadness of the secondary peak caused by friction
depends on the number of particle species of the sur-
rounding plasma that interact strongly with the strings,
quantified through the parameter . This parameter
necessarily depends on the nature of the fields that con-
stitute the string and, therefore, one may expect differ-
ent string models to generate distinguishable signatures.
This signature is also sensitive to the initial conditions
of the cosmic string network, which may also allow us
to uncover more about the symmetry breaking process
that originated the strings. As a matter of fact, an ini-
tial characteristic length of the order of the cosmologi-
cal horizon would be expected in slow first order phase
transitions, while smaller L. (up to L. ~ t./6 [13]) may
result from second-order phase transitions [3, 13]. Note
that the evolution of the cosmic string network in the
frictionless regime is insensitive to these two aspects
and, therefore, this signature of friction offers the pos-
sibility of extracting information about the physics of
the early universe that the rest of the SGWB does not
allow us to access.

Our results show that the existence of this signature
is also strongly dependent on the size of loops and, in
fact, this signature is more prominent roughly when the
length of loops is not much larger than the gravitational
backreaction scale (but this, as we have seen, depends
on a number of other aspects too). Nambu-Goto numer-
ical simulations [14] indicate that 10% of the energy lost
by the network as a result of interactions is in the form
of large loops with o ~ 0.34 and that the rest of the
energy is lost in the form of small loops with a ~ I'Gp
and thus the majority of the loops created is, in fact,
quite small. So, although the contribution of the large
loops (that may provide the dominant contribution to



the SGWB in the frictionless regime) would be highly
suppressed in the friction era, the numerous small loops
could still give rise to a prominent signature in the ultra-
high frequency range. Note that loop production in the
presence of friction has not yet been studied in detail
and there is the possibility that the production of small
loops may be suppressed in these early stages of the evo-
lution, since friction could potentially erase small-scale
structure on long strings on time scales smaller than a
Hubble time [7, 27]. However, since during the Kibble
regime collisions and intercommutations between strings
are quite frequent, new kinks should be copiously pro-
duced during this regime. Friction should also only be
effective in removing structure on scales that are larger
than the friction lengthscale. Whether the kink decay
caused by friction is effective in smoothing long strings
and in suppressing the production of small loops is then
a subject that warrants further investigation.

We also noticed that unphysically small scales for
the length of loops and for the gravitational backreac-
tion scale may arise during the friction epoch. Since this
could mean that the classical treatment of cosmic strings
might not be well justified anymore and that quantum
effects may have to be considered (if thermal fluctua-
tions are not large enough to prevent the existence of
strings at these scales), we have introduced cut-offs to
address these situations in our computations. Quan-
tum fluctuations on straight strings in Minkowski space-
time in the weak coupling limit were studied in [44] and
the results indicate that these fluctuations are generally
small enough, when compared to string thickness, to be
neglected. However, if quantum corrections are indeed
necessary, in principle, they may leave a signature in the
SGWB in the ultra-high frequency range (which would
appear in the spectra where the cut-off we have imposed
have a visible effect).

A detection of the signature of friction in the ultra-
high frequency range of the SGWB spectrum is cur-
rently challenging. This range of the spectrum has,
however, been garnering a lot of attention in the litera-
ture and several observational concepts to probe it have
been proposed (see e.g. [45] for a recent review). Given
the location of the signature, experiments based on the
inverse Gertsenshtein effect [16, 47], also known as mag-

netic conversion, are of particular interest, as they mé!}%
in principle, be designed to detect GWs with frequen-
cies above 1 THz. This effect — the conversion of GWs
into photons in the presence of an external magnetic
field — may also take place in current and upcoming
axion-search experiments, in which axion-like particles
may convert into photons in the presence of a strong
magnetic field. In [48], the authors use ALPS, OS-
QAR and CAST data to constrain the amplitude of
isotropic ultra-high frequency GWs in two frequency
bands: (2.7 — 14) x 10'* Hz and (5 — 12) x 10'® Hz.
Besides experiments based on artificial magnetic fields,
there are suggestions to also use astronomical magnetic
fields such as those of pulsars [19], planetary magneto-
spheres [50] or galaxy clusters [51] to detect GWs. The
former [19] constrain SGWBs around 10'3 — 10%7 Hz,
precisely in the relevant frequency range to probe fric-
tion. Moreover, in [52], the authors proposed a new
method based on the inverse Gertsenshtein effect that
resorts to high-energy laser beams instead of magnetic
fields. They find that the best sensitivity is reached
when the GW frequency is twice the frequency of the
lasers used and thus, given the wide range of lasers’ op-
erational frequencies (102 — 10! Hz), this method may
allow us to probe GWs in a broad frequency range in the
future. So, although this signature is currently out of
reach of GW detectors, the sensitivity to SGWBs in the
ultra-high frequency range of the spectrum is expected
to increase, thus opening the prospect of probing the
imprints of friction directly in the future.
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