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NONEXISTENCE OF TIME-PERIODIC SOLUTIONS OF THE
DIRAC EQUATION IN KERR-NEWMAN-(A)DS SPACETIME

MENGZHANG FANT, YAOHUA WANGT, AND XIAO ZHANG’®

ABSTRACT. In this paper, we study the nonexistence of nontrivial time-periodic
solutions of the Dirac equation in Kerr-Newman-(A)dS spacetime. In the
non-extreme Kerr-Newman-dS spacetime, we prove that there is no nontrivial
L? integrable Dirac particle for arbitrary (A,p) € R X [2,+00). In the ex-
treme Kerr-Newman-dS and extreme Kerr-Newman-AdS spacetime, we show
the equation relations between the energy eigenvalue w, the horizon radius,
the angular momentum, the electric charge and the cosmological constant if
there exists nontrivial LP integrable time-periodic solution of the Dirac equa-
tion, and further give the necessary conditions for the existence of nontrivial
solutions.

1. INTRODUCTION

General relativity is a theory of space, time, and gravity proposed by Einstein
in 1915. In general relativity, spacetime is a 4-dimensional manifold M equipped
with a Lorentzian metric g. The metric g is determined by the stress-energy tensor
T by the following Einstein field equation [27, 30]

8rG
G;w + Ag/w = CTT;UM (11)

where the constant A is the cosmological constant, G, is the Einstein tensor with
respect to the metric g

1
G}LV = RNV — §Rg/'“" (1.2)

With the development of the times and the progress of science and technology,
general relativity has passed almost all experimental tests (such as the deflection
angle of light, the precession of Mercury, the gravitational redshift [20], etc.). Tt
is of great significance for the study of the structure and evolution of celestial
bodies and the universe, and it is also the core theory of modern mathematical
physics and other related fields. It is no exaggeration to say that one of the most
exciting predictions of Einstein’s theory of gravity is the existence of black holes,
whose gravitational fields are so strong that no physical entity or signal can pull
away from them or escape. In 2019, the first photograph of a black hole was
taken, and Einstein’s general relativity was once again confirmed. In addition,
deep connections have been found between black hole theory and seemingly distant
fields, such as thermodynamics, information theory, and quantum theory.

Quantum mechanics and general relativity are the two fundamental pillars of
modern physics. In 1926, the Austrian physicist Schrédinger proposed the following
1
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famous Schrédinger equation in quantum mechanics [13]

d 7
== H(). (1.3)

However, the Schrédinger equation (1.3) is not relativistically invariant, i.e. it is
incompatible with Einstein’s theory of relativity. In 1928, Dirac, a British theoret-
ical physicist, proposed an equation that satisfies the invariance of relativity, that
is, the Dirac equation [9]. Dirac constructed a first order differential operator D,
which is called the Dirac operator

D = "0y, (1.4)

where e are the following 4 x 4 matrices

0 —oY i 0 o
60 = (—O’O 0 ) ’ € = (_O_i O) ’ (15)
and o are the following 2 x 2 Pauli matrices
o (1 0 1 (-1 0
7= (0 1) 7 = \o 1) L6)
0 .

, (01 . i
”‘(10’ A

It is worth mentioning that the matrices e®, a = 0,1, 2,3 satisfiy the following
Clifford relations:

1 0 00 1 0 00
o2_ [0 1 0 0| 1o a2_,32_ |01 00
0 0 01 00 0 1

evef = —ePe (a # B).

By simple calculation, one can know that the square of the Dirac operator D is the
wave operator [, i.e.

D2 =0:=0? - A. (1.8)

Unlike the Schrédinger equation, the Dirac operator D act not on wave functions
but on 4-dimensional vector-valued functions (spinors) W. For arbitrary A € R, the
Dirac equation is defined as follows

(D +i\)¥ =0. (1.9)

It is not difficult to verify that the equation (1.9) is Lorentz invariant, i.e. it
is compatible with special relativity. The Dirac equation describes the dynamics
of particles with half-integer spin in curved spacetime, and the development of
quantum field theory began.

In recent years, many scholars have studied the Dirac equation on curved space-
time, especially the separation of variables, which has been an obstacle to progress
in many desired directions. In 1976, Chandrasekhar [7, 8] proved for the first time
that under the Kerr spacetime background metric

sin® 0
— (

A
ds* = fﬁ(dtfasirf 0dp)? + %dﬁ +UdO* + adt — (r* + a®)de)”, (1.10)
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the Dirac equation (1.9) can be separated into radial equations and angular equa-
tions, where

U=r7r*+a*cos’0, A =7r?—2mr+ad* (1.11)
Subsequently, Page [23] extends the conclusion of separating variables of the Dirac

equation to charged, rotating black hole spacetime, namely Kerr-Newman space-
time.

Regarding the nonexistence of nontrivial time-periodic solutions of the Dirac
equation (1.9), Finster et al. [10] first considers the problem under the non-extreme
and extreme Reissner-Nordstrom spacetime with black holes

2 2, _
as? = —(1- 2, Q—Q)dtQ +(1- L %) L0 12 (d6° + sin? 0d.7). (1.12)
r r r r
For the non-extreme spacetime, they define reasonable conditions to match the
spinors inside and outside the black hole, and prove by reduction to absurdity that
if a nontrivial solution exists, the normalization conditions are not satisfied; For
the extreme spacetime, they obtained the contradiction mainly by analyzing the
asymptotic behavior of the solution of the radial equation near the black hole r = p.

After that, when the spherical symmetry of the original Reissner-Nordstrém
spacetime is altered by changes in the metric and electromagnetic field, Finster el
al. [11] consider the nonexistence of solutions of the Dirac equation (1.9) in the
non-extreme Kerr-Newman spacetime (axisymmetric) with black holes

sin® 6

A dr?

ds?® = -5 (dt —asin® 9d<p)2 + U(T +d92) + (adt—(r® +a2)d<p)2, (1.13)
where

U=r?+da%cos?0, A =r?—2mr+a® + Q? (1.14)
and the parameters satisfy m? > a? + Q2. By choosing the appropriate coordi-
nate transformation, they give reasonable conditions to match the spinors inside
and outside the black hole, and prove that the existence of nontrivial solutions is
contradictory to the normalized conditions. Furthermore, they consider the nonex-
istence problem in the most general stationary axisymmetric metric

dw? dx?
W(w)  X(x)
in which the Dirac equation can also be separated into radial and angular equations
by Chandrasekhar’s procedure, where the conformal factor 7! and the coefficients

of the metric L, M, N, P are functions of z and w only. Moreover, the following
constraints are required [17]

ds* = T2 {(L du + M dv)* — (N du + P dv)? — (1.15)

(1.16)
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For the non-zero (negative) cosmological constant case, Wang and Zhang [29]
consider the nonexistence of LP integrable solutions of the Dirac equation (1.9) in
the non-extreme Kerr-Newman-AdS spacetime with black holes

U

A_(r) asin®f 2
ds* = — dt — d dr? d6?
° 7 7 %) N N

A_(0)sin? 0 (r? +a?) ’ .
where

U=1%+a%cos?0, A_(0) =1 — r%a®cos® 0, (1.18)

—3k2 < 0 is the cosmological constant and the polynomial

A_(r) = (2 +a®)(1 + K22) — 2mr + Q% + P? (1.19)

of r has two unequal positive real roots. After separating the variables, they prove
that there is no L? integrable (on a slice of the spacetime where ¢ is equal to the con-
stant and r is large enough) nontrivial time-periodic solution of the Dirac equation
by analyzing the asymptotic behavior of the coefficients of the radial equation for
sufficiently large r, this method recovers the same result of Belgiorno and Cacciatori
[4] in the case of p = 2 by using the indirect method—spectral method. Moreover,
they also study the nonexistence of L? integrable nontrivial time-periodic solutions
of Dirac equation in general stationary axisymmetric spacetime with negative cos-
mological constant. Similarly, for the positive cosmological constant case, Belgiorno
and Cacciatori [3] convert the nonexistence problem of nontrivial L? integrable (on
the slice of spacetime between the event horizon and the cosmological horizon where
t = const) time-periodic solution of the Dirac equation in the Kerr-Newman-dS
spacetime with black holes

AL(r) asin?6 | \2 U U
ds? = — =2 (dt — d dr? do?
° T B, o) + AT T Ae
A (0)sin26 2+a2) (1.20)
2+\0e " 7 _ TR
+ U (a dt B, dgp)

to the nonexistence problem of quantum bound states of Dirac Hamiltonian and
then give the proof by using spectral methods, where

Ay (0) =1+ k%a® cos? 0, (1.21)

3k2 > 0 is the cosmological constant and the polynomial
AL (r) = (r* + a®)(1 — K%r%) — 2mr + Q? 4 P? (1.22)

of r has 4 unequal real roots (3 positive and 1 negative).
For the existence of nontrivial normalizable time-periodic solutions of the Dirac
equation (1.9), Schmid [24] gave the proof under the extreme Kerr spacetime back-

ground metric where the mass of the black hole and angular momentum satisfy
certain values.

Based on this research background, in this paper, we mainly study the nonexis-
tence of nontrivial L? integrable time-periodic solutions of the Dirac equation in the
non-extreme Kerr-Newman-dS spacetime, and also the necessary conditions for the
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existence of nontrivial LP integrable time-periodic solutions of the Dirac equation
in the extreme Kerr-Newman-(A)dS spacetime. This means that with further per-
turbation of the spacetime background metric, that is, from the zero cosmological
constant to the nonzero cosmological constant, the conclusion that the nontrivial
time-periodic solution of the Dirac equation does not exist still holds, so that the
Dirac particles satisfying the agreed conditions will either disappear into the black
hole or escape to infinity.

The paper is organized as follows. In Section 2, we give the definition of spin
structures on 4-dimensional orientable spacetime manifold M and define the spinor
bundle XM on M by the complex spin representation. Then we show the local
expression of the spinorial connection on the spinor bundle XM and give the defi-
nition of Dirac operator. We also introduce the existence and uniqueness theorem
for solutions of ordinary differential equations. In Section 3, we separate the Dirac
equation in Kerr-Newman-dS spacetime into radial equations and angular equations
by the method of Chandrasekhar [7, 8]. After that, by analyzing the asymptotic
behaviour of the solution of the radial equation near the black hole, we show that
there is no nontrivial L? integrable time-periodic solutions of the Dirac equation in
the non-extreme Kerr-Newman-dS spacetime. In Section 4 and Section 5, by chang-
ing of variables of the radial equations and analyzing the corresponding solutions
near the horizon, we show that if there exist nontrivial L? integrable time-periodic
solutions of the Dirac equation in the extreme Kerr-Newman-dS spacetime and the
extreme Kerr-Newman-AdS spacetime, then the energy eigenvalue w must have cer-
tain equation relations with the horizon radius, the angular momentum, the electric
charge and the cosmological constant. By this, we further give the necessary con-
ditions for the existence of nontrivial solutions. In Section 6, we summarize the full
paper and raise some questions to be further studied.

2. PRELIMINARIES

2.1. Spin geometry on Lorentzian manifold. In this subsection, we mainly in-
troduce the spin structure and spinor vector bundle on Lorentzian manifold. More-
over, we calculate the spinorial Levi-Civita connection on spinor bundle and give
the definition of Dirac operator. For basic facts about spin geometry, we refer to
[19], [16]. For basic facts about the Dirac operator on Lorentzian manifold, we refer
to [31], [12].

2.1.1. Spin structure. Let V be a real n-dimensional linear vector space, gy is a
non-degenerate symmetric bilinear form on V| i.e.

gy :VxV —R (2.1)
satisfying

(1) for any vy, ve € V, there holds gy (v1,v2) = gy (ve,v1) (For the sake of notation,
sometimes we denote <v1, v2> 2 gy (v1,v2);

(2) if for all w € V, we have gy (v,w) = 0, then v = 0.
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Since gy (v, v) might be negative, the norm of v, i.e. |v| is defined as
o] = lgv (v, 0)|/2. (2:2)

A vector v is called a unit vector if |v| = 1, i.e. gy(v,v) = £1. We call a set of
unit vectors orthogonal to each other orthonormal. It is easy to see that for any
symmetric non-degenerate bilinear form on the nontrivial vector space V', there
exists an orthonormal bases ey, ..., e, satisfying

gv(ei, 6j) = 61-]-61-, (23)
where ¢, = £1, i = 1,...,n. Besides, any orthonormal bases in V satisfying (2.3)
have the same sign {¢;} (by different order), the proof can be found in [22]. We ar-
range the symbol ¢; according to the principle of minus sign before (1, ..., €,), and

we say that the number of negative indicators in this permutation is the indicator
of the binary (V, gv).

Definition 2.1. For n > 2, the binary (V,gy) is called a Lorentzian vector space
if the indicator is 1.

A vector v in the Lorentzian vector space V' is spacelike, if gy (v,v) > 0 or v = 0;
a vector v is lightlike if gy (v,v) = 0 and v # 0; a vector v is timelike, if gy (v, v) < 0.

Let g be a smooth tensor field of type (0,2) on a n-dimensional smooth manifold
M such that for every p € M, the binary (T,,M, g,,) is non-degenerate. If each binary
(T, M, gp) is a Lorentzian vector space, then we say that (M, g) is a Lorentzian
manifold. Naturally, the binary (7,; M, g,) is also a Lorentzian vector space for any
p € M, where Ty M is the cotangent space at p.

In this paper, we mainly consider 4-dimensional Lorentzian manifold, thus we
make the following definition:

Definition 2.2. A spacetime is a connected and time orientable (i.e. there exists
smooth timelike vector field) 4-dimensional Lorentzian manifold.

Next, we introduce the spin structure on spacetime. For this purpose, we need
the following algebra preparations.

Let (V,gy) be a 4-dimensional Lorentzian vector space (in order to ensure the
unity of symbols of the spinorial connection and the Dirac operator, we consider
on the cotangent bundle). Let

J(V):= Z@ v (2.4)
i=0

be the tensor algebra of V, Z,(V) be the ideal in J(V) generated by {v ® v +
gv (v,v)1 |v € V}. Then the Clifford algebra with respect to the Lorentzian vector
spac (V, gy) is defined as

CUV.gv) == T(V)/Lg(V). (2.5)

By definition, it is no hard to see that there is a nature embedding from V to
CUV, gy ), L.

V=@ Vo IV) DUV g), (2:6)
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where 7 is the canonical projection.

Remark 2.1. As vector spaces, the Clifford algebra C(V,gv) is isomorphic to the
exterior algebra A*V = @y, A*V of V.. Hence, CU(V,gy) is a finite dimensional
vector space [19].

The Clifford algebra C£(V, gy) can be generated by the vector space V' and the
unit 1, and the elements satisfy the following Clifford multiplication rule, i.e.

vow4w-v=—2gy(v,w) (2.7)

for arbitrary v,w € V. Therefore, if {e" e!,e?,e3} is an orthonormal bases of
(V, gv) satistying

<eo,eo> =1, <el,el> =1, <€2,€2> =1, <63,63> =1, (2.8)
then the correspondinng Clifford multiplication is

Vel =1el el =—1e2- =163 e3 =1, = - . e (a # B). (2.9)

The following example shows a matrix representation of C4(V, gy ).

Example 1.

0 0o -1 0 0 0 -1 0
Oy (0 00 -1 o, |0 0 0 1

-1 0 0 0]’ 1 0 0o 0}’
0 -1 o0 0 0 -1 0 O

(2.10)

0 0 0 1 0 0 0 1
02 s 0 0 1 0 RN 0 0 —i 0
0 -1 0 0]’ 0 —i 0 0
-1 0 0 0 i 0 0 0

It is easy to verify that the above matriz multiplications satisfy the Clifford multi-
plication rule (2.9).

Next we consider the complex Clifford algebra and the corresponding represen-
tation.

Definition 2.3.
CUV,gv) == Cl(V,gv) @R C. (2.11)

By the universal property of Clifford algebra (c.f. Proposition 1.1 in [19]), the
following isomorphism holds

CUV, gv) = CU(V, gv) ® C = CUC*, gv © C) = Cly. (212)
Definition 2.4. Let the C-algebra homomorphism
p: Cly — Homec(W, W) (2.13)

be a complex representation of Cly, where W is a finite dimensional complex vector
space. We say that such a representation is reducible if and only if the vector space
W can be decomposed into the following nontrivial direct sum (over C)

W =Wy & Wy (214)
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such that for any u € Cly, there holds
p(u)(W;) CW;, i=1,2. (2.15)

We say that such a complex representation is irreducible if it is not reducible.

According to Theorem 5.7 of Chapter 1 in [19], since n is even, the complex
Clifford algebra C¢,, has a unique (up to equivalence) irreduciable complex repre-
sentation. Hence, we know that the irreduciable complex representation (2.80) is
unique. The following proposition gives a concrete characterization of the unique
irreducible complex representation of C(V, gy/).

Proposition 2.1. The complex representation
p: Span{eo, el,e?, 63} R C— End(C*) (2.16)

is irreduciable, where e® (a = 0,1,2,3) are the matrices in (2.10), and for any
complex 4-dimensional vector i, there holds

p(e*) := e%. (2.17)

Proof. In order to show that p is irreduciable, we only need to prove that p is
surjective [14]. Since

Span{eo, el,e?, 63} oRpC= CUV, gyv) = A*V, (2.18)
Therefore
dim(Span{eO, el e, 63} AR (C) = dim(A*V)
=24 (2.19)
= dim (End((C4)).
Hence, in order to prove that p is surjective, it is only necessary to show that

p is injective, i.e. p(v) = O implies that v = 0. In fact, choose a base of
Span{eo, el e?, 63} QR C

{1, e . e}, (2.20)
where {a1,...,ax} C{1,...,4} and a1 < ag < -+ < ay, then we have
ap + Qqy,.. o €€ .. e = 0. (2.21)

Substituting (2.10) into the above formula (2.21), by simple calculations, we haveit
follows that

aO = aal,‘..,ak = O‘ (2.22)
This completes the proof of the proposition.

Q.E.D.

Definition 2.5. The Clifford multipulation is defined as the following map
my : (CE(‘/, gv) x C* — c*

() —> o). (2.23)
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Let M4(RR) be the space consisting of 4 x 4 real matrices. The Lorentzian group
0O(1,3) is defined as

-1 00 0 -1 0 0 0
_ o 1 oo, [0 100

01,3 :=3AeM®)A"| = o ol4=1, o 1 o (2.24)
0 00 1 0 00 1

So the Lorentzian group O(1,3) is a matrix Lie group consisting of all norm pre-
serving linear transformation in Minkowski spacetime R*. In particular, we denote

S0(1,3) == {A e 0(1,3)‘ detA = 1} : (2.25)

Since SO(1, 3) has two connected components [15], let SOg(1,3) be the component
containing the identity and so(1, 3) be the corresponding Lie algebra. According to
the closed subgroup Theorem [15], we can deduce that

50(1,3) = {X € My(R) : exp tX € SOy(1,3), vt € R}. (2.26)
Therefore, for any X € so(1, 3), we have
-1 0 0 0 -1 0 0 O
0 1 0 0 0 1 00
(exptX™) | 0 g 1 ol (e=etX)=11 o 1 0 (2.27)
0 0 0 1 0 0 0 1

Taking the derivative of ¢ on both sides of (2.27) and considering the value at ¢ = 0,
it follows that

-1 0 0 0 -1 0 0 O
0 1 0 0 ({0 1 0 0] _
o 01 ol XX 0 o1 ol=0 (2.28)
0 0 0 1 0 0 0 1
By simple calculations, X has the following form
0 x2 213 2us
12 0 23 T24
2.29
r13 —x23 0 @3 (229)

Tig —Tog —w34 O

Thus, the Lie algebra so(1,3) has the following 6 basis matrices:

0 1 0O 0 010 0 0 0 1

1 0 00 0 0 0O 0 0 0O

0 0 0 0} 1 0 0 0f” 0 0 0 0}’

0 0 0O 0 0 0O 1 0 0 O

0 0 0 0 0 0 0 O 00 0 O
0 0 1 0 0 0 01 00 0 O
0 -1 0 0}’ 0O 0 0 0)° 00 0 1
0 0 0 O 0 -1 0 0 00 -1 0

Next, we define the group Pin(1,3) and Spin(1,3) by the Clifford algebra
Cl(V,gy) in order to construct the 2-fold covering space of SOq(1,3). Let the
multiplicative unit group of the Clifford algebra C4(V, gy ) be

Cl(V,gy) :=={v e CUV,gy): Jv " satisfyingv™' o =v-v"' =1}. (2.30)
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Since for all vectors v in V satisfying gy (v,v) # 0, there holds
v

U - —_——
79\/(”7”)

=1, (2.31)

such vectors are contained in C£*(V,gy) and we let P(V,gy) be the subgroup
generated by these vectors. Moreover, C£*(V, gy) is a 24-dimensional Lie group
inheriting the topology of C¢(V,gy) (as vector space), and the corresponding Lie
algebra c[*(V, gy/) is isomorphic to C4(V, gy/).

Definition 2.6. The group Pin(1,3) is generated by the elements in P(V,gy)
satisfying gy (v,v) = £1 (v € V). The group Spin(1,3) is defined as

Spin(1,3) := Pin(1,3) N CL(V, gv), (2.32)

where CLO(V, gv) := {v e CUV,gy) : p(v) =v} and ¢ is the following endomor-
phism

0:CUV,gv) — CUV,gv)

2.33
v— —v (vevV). (2:33)

Remark 2.2. According to Definition 2.6, we can see that
Spin(1,3) = {vy---vr € Pin(1,3) : k =0(mod2)} . (2.34)

Moreover, Spin(1,3) is a simple connected Lie group and the following isomorphism
holds

Spin(1,3) = SL(2,C) = {A € Home (C2,C?) ‘ det A = 1} . (2.35)

Definition 2.7. The complex irreduciable representation p in Proposition 2.1 re-
stricting on Spin(1,3), i.e.

p: Spin(1,3) — End(C?) (2.36)
is called the complex spinor representation. In this case, we call C* the spinor
space.

The following theorem gives the 2-fold covering space of SOq(1,3), for the proof,
we refer to Theorem 2.10 of Chapter 1 in [19].

Theorem 2.1. The following short exact sequence holds

0 — Zy — Spin(1,3) 2% SOy(1,3) — 1, (2.37)

where ;Elv 1s defined as
Y gv
Ady(w) :=w —2———v 2.38
) g (0,0) (233
for all v, w € V satisfying gv (v,v) # 0.

For the purpose of giving the local formula of the spinorial Levi-Civita connection
on the spinor bundle, we calculate the concrete expression of the tangent map

Ad, : spin(1, 3) N $0(1,3). The proposition is as follows:
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Proposition 2.2.

01 00 0 010
A 0.1y _ _ 1 0 0 0 A 0.2y _ _ 0 0 0 O
Adi(e”-e’) =-2 00 0 ol Ad.(e” - e”) = -2 100 ol (2.39)
0 0 0O 0 0 00
0 0 01 000 O
A 0.3y _ _ 0 0 0 O et 1.3y _ 0 0 0 -1
Ad.(e” - e’) = =2 000 ol Ad. (e -e’) =2 000 0l
1 0 0 O 01 0 O
(2.40)
00 0 O 0 0 0 O
A 1.2y _ 00 -1 0 et 2 3\ 0 0 0 0
Ad,(e"-e*) =2 01 o ol Ad,(e*-e’) =2 00 0 —1 (2.41)
00 0 O 001 0

Proof. Due to the particularity of the vector € in the Lorentzian vector space, we

only need to calculate ;fd*(eo -el) and zzlvd*(el -€3), and the remaining terms can
be obtained by completely similar discussions.

(i) Ad, (" - e!):

For © € (—o00,+400), the hyperbolic sine functions and the hyperbolic cosine
functions are defined as follows

sinhz = i, coshz = % (2.42)
Notice that
gv ((cosh x)e? + (sinh x)et, (cosh )€’ + (sinh x)el)
= — cosh z? 4 sinh 22 (2.43)
= 717
hence
1 : (=00, +00) — Spin(1,3)
(2.44)

z— €’ ((coshz)e’ + (sinhx)e')

is an one parameter subgroup of the group Spin(1,3), and its tangent vector at the
identity, i.e. at x =0 is

dx

(coshx + sinh z:¢? - el)

z=0

= (Sinhz + cosh ze? - el) (2.45)

=0

=€ -e.
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Now for any w € V, w = w,e®, by equation (2.38) we have

coshz
A\Zlcosh 2e0tsinh zel W = W + 2 (—wp cosh & + wy sinh z) suguv
0
, (2.46)
wg + (—2wg cosh & + 2w sinh ) cosh
wy + (—2wq cosh x + 2wy sinh ) sinh z
= s
ws
Therefore,
;izl'yl (x)W = A’zfdeo~(cosh zeO4sinh zel)W
wp + (—2wq cosh & + 2wy sinh z) cosh
-~ wy + (—2wp cosh x + 2wy sinh z) sinh
= Ado
w3
w3
wg + (—2wp cosh & + 2w, sinh ) cosh ©
| w1 + (—2wg cosh x + 2wy sinh z) sinh x
= w0y
w3 (2.47)
1
— 2 (wp + (—2wq cosh & + 2wy sinh ) cosh z)) 8
0
—wo + (2wg cosh  — 2wy sinh x) cosh x
| w1 + (—2wp coshz + 2w, sinh z) sinh x
= w5 ,
w3
ie.
—1+2(coshz)®> —2sinhzcoshz 0 0\ [wo
— . . 2
Ad, (oyw = —2sinhzcoshx 1+4+2(sinhz)” 0 0 w (2.48)
0 0 1 0 w2
0 0 0 1 ws
Thus,
0 0
Ad, (e —2sinhazcoshz 14 2(sinhz)® 0 0
0 1 0
0 0 1
(2.49)

(1 +2(coshz)® —2sinhx coshx
1
0
0
0

oS O = O
o O oo
o O oo
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For 6 € R, notice that

gv (—cos(f)e" +sin(0)e?, — cos(A)e' + sin(6)e?)

2.50
=cos?0 +sin?0 =1, ( )

thus
Y2 : (—00,+00) — Spin(1,3)

0 —s e (—cos(f)e' +sin(6)e?) (2:51)

is an one parameter subgroup of the group Spin(1,3), and its tangent vector at the
identity 1, i.e. at # =0 is

die‘e_o(cosﬁ + sin(@)e’ - 63) =e' e (2.52)

For any w € V, w = w,e®, by equation (2.38) we can deduce that the following
holds

0
;[El_ cos(f)el+sin(g)e3W = W — 2(— COS(G)’LUl + sin(@)wg) - C(())S 0
sin ¢
(2.53)
Wo
w1 + 2 cos 0 (— cos(f)wy + sin(0)ws)
= w0y
w3 — 2sin 0 (— cos(f)wy + sin(0)ws)
Therefore,
Ad’yz(e)w = Adel-(—cos(G)el+sin(9)e3)w
wo
v R 2 cos 8 (— cos(0)wy + sin(f)ws)
el W
wg — 2sin @ (— cos(f)wy + sin(0)ws)
Wo
| w1 +2cos O (—cos()wr + sin(B)ws)
wo
ws — 2sin 6 (— cos(§)wy + sin(f)ws) (2.54)
0
—2(wy — 2cos?(O)w; + 2ws sin @ cos §) (1)
0
1 0 0 0 Wo
|0 —1+2cos?26 0 — sin 260 w1
10 0 1 0 Wo
0 sin 260 0 1-—2sin%6/) \ws
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Hence we have

1 0 0 0
—~ d 0 —1+4+2cos? 0 —sin(20)
1.3y _
Ad, (e ~e)—d9 o | 0 0 1 0
0 2sinfcosf 0 1—2sin?6
(2.55)
000 O
_9 00 0 -1
710 0o 0 o |
01 0 O
which completes the proof of the proposition.
Q.E.D.

Next, before defining the spin structure, we briefly introduce some basic facts of
principal fibre bundle. We refer the reader to the references [18, 26].

Let F, F and M be smooth manifolds, given a smooth projection
T E— M (2.56)

and an open covering {U,} of M, a local trivializationl means that for any open
set Uy, there exists diffeomorphism ¢, such that the following diagram commutes

L (U) 2 Uy X F (2.57)

o

where 7 is the projection to the first component. If the above conditions hold, we
say that (2.56) is a fibre bundle with fibre F', E is the total space, M is the base
space, and 7~ !(z) is the fibre at x.

Let G be a Lie group with identity e, G acts smoothly right on M if there exists
a smooth map
R:MxG—M (2.58)

satisfying
(1) R(z,e) = ;
(2) R(R(x,h1),ha) = R(x, hihs).
For any x € M, the stabilizer is defined as
Stab(x) := {h € G|R(z,h) = z}. (2.59)

The right action R is called free, if the stabilizer is trivial for any point.

A fibre bundle 7 : P — M with fibre G (a Lie group) is called a principal
G-fibre bundle, if G acts smoothly right on P and for any «, the local trivialization
éu,, is G-invariant. That is, for any (p,h) € 7=1(U) x G, the following holds

¢u. (R(p, h)) = (b, (p))h, (2.60)
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where
(¢Ua (p))h = (TF(p), h,’l’)h = (W(p), hph)' (2'61)

Let {U,, ¢} be alocal trivialization of the principal G-fibre bundle 7 : P — M.
If Uyg £ U, NUg # 0, then there are two different local trivialization on Uyg, i.e.

Uas x G (2.62)

s T

1 (Ung) —2> Ung % G.
Hence
$a 0 ¢z 1 Usp x G —Uap X G (2.63)
is a smooth, fibre preserving, G-invariant right action, i.e. there exists a map
Gap :Uap — G (2.64)
satisfying
Pa 0 05" (,9) = (2, gap(2)g). (2.65)

We call the functions gog in (2.64) the transition functions. Obviously, for open
sets Uy, NUz N U, # 0, the transition functions satisfy the following
Jap © 9By = Gay- (266)
Example 2. Let M be an oriented spacetime manifold. The frame bundle of the
cotangent bundle T*M of M is defined as
SOW(1,3) == | | Fr(T; M), (2.67)
reM

where Fr(TXM) consists of all orthonormal bases in the cotangent space TxM at
x that are compatible with the given orientation and the given time orientation.

Define
:805,(1,3) — M
" M(* ) (2.68)
Fr(T; M) — z.

It is no hard to see that the frame bundle 7 : SO3;(1,3) — M is a smooth principal
SOq(1, 3)-fibre bundle.

Given principal G-fibre bundle m; : P, — M; and principal Gs-fibre bundle
mo : P, — My, amap f: P, — P5 is called a bundle map if and only if there exist
group homomorphism fg : G; — G2 and a map fp : M; — Ms such that

f(pg) = f(p)fa(g) (2.69)

and the following diagram commutes

p—L-p (2.70)

M1 e MQ.
I
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With the above preparations, we can now give the definition of spin structure
on spacetime manifold.

Definition 2.8. Let M be a orientable spacetime manifold. A spin structure on
M is a binary (SpinM,n) satisfying

(1) SpinM ‘is a principal Spin(1, 3)-fibre bundle;

(2) n : SpinM — SO3,(1,3) is a 2-fold covering map and the following diagram
commutes
SpinM —"—= M (2.71)

| A

SO%,(1,3)

(8) For arbitrary (p,g) € SpinM, there holds

1(pg) = n(p)Ad(g). (2.72)

There exists a spin structure on an orientable spacetime manifold M if and only
if the transition functions on the frame bundle SO}, (1, 3) can be lifted to Spin(1, 3),
i.e. there exists a map gog such that the following diagram commutes

Spin(1,3) (2.73)

.’70&/3 —
Ad

Uaﬁ ?ﬁ 500(1,3)

and gop satisfies (2.66). This condition is equivalent to that the second Stiefel-
Whitney class wo(M) € H?(M;Zs) vanishes. Moreover, if wa(M) = 0, then there
is a one-to-one correspondence between the number of spin structures on M and the
elements in H*(M;Zs) [5, 19]. For more facts about spin structures on manifolds,
we refer the reader to [19]. In particular, we recall the following facts:

Lemma 2.1. (1) Any orientable manifold with dimension less than or equal to 3
18 Spin;

(2) The Cartesian product of two spin manifolds is also a spin manifold.

2.1.2. Dirac operator. First of all, we introduce the connection on principal fibre
bundle and the induced covariant derivatives on the associated vector bundle, we
refer the reader to [16] for details. Let w : P — M be a principal G-fibre bundle,
g is the Lie algebra of G. For any u € P, let GG, be the subspace of T, P which
consisting of the tangent vectors that are tangent to the fibre at u. We say that I'
is a connection on P, if for every u € P, there is a subspace @Q,, (depends smoothly
on u) of T, P satisfying

(1) T.P=G,® Qu?
(2) Qug = (Rg)+«Qn for every g € G.
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Q. is called the horizontal distribution and G, is the vertical distribution. A
tangent vector X € T, P is said to be horizontal or vertical if and only if it belongs to
the subspace @, or G,. In particular, the corresponding components of the vector
X with respect to the direct sum G, & @, are called the vertical and horizontal
components of X, respectively.

For any vector A € g, A induces a vector field on P, i.e. for any u € P,

d
A¥ = — . tA). 2.74

7, expta) (2.74)
We say that A* is the fundamental vector field generated by A. According to the
definition, it is easy to see that the map

g— Gu

A— A%,
is a linear isomorphism. Given a connection I' on P, we define the g-valued 1-form
w on P as follows: for any X € T, P, w(X) is defined as the unique A € g such that
A*,, is equal to the vertical component of X. We call

w:TP — g (2.76)

(2.75)

the connection 1-form on the principal fibre bundle corresponding to I'. Thus, X
is horizontal if and only if w(X) = 0. By definition, it is no hard to see that

w(A*,) = A. (2.77)
Moreover, for any g € G, the following holds [26]
(Ry)*w = ad(g™Hw, (2.78)

where ad is the adjoint representation of G. On the contrary, for any C*>° g-valued
1-form w on P satisfying (2.77) and (2.78), there always exists a unique connection
I" on P such that the connection 1-form corresponding to I' is exactly w. In fact,
the corresponding horizontal distribution can be defined as follows

Qu = {X c TuP’ w(X) = o} . (2.79)

After we define the connection on the principal fibre bundle, we then discuss how
the connection 1-form on the principal fibre bundle induces a covariant derivative
on the associated vector bundle. We first consider the following representation on
the group G

p:G— End(%,), (2.80)
where 3, is a n-dimensional vecotr space. And for any vector v in ¥,,, we denote
by gv £ p(g)v. The group G naturally induces the following action on the space
Px¥

(p,v) — (pg, 9~ "0). (2.81)
The associated vector bundle E := P x, %, of the principal G-fibre bundle 7 : P —
M under the representation (2.80) is defined as the following quotient space

E:=Px,%,=(Px%,)/~, (2.82)
where the equivalence relation is

(p,v) ~ (pg, g~ ). (2.83)
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It is no hard to see that
E:=Px,%, (2.84)

is a vector bundle, where 7/([p,v]) := w(p). Each fibre of F is isomorphic to the
vector space X,, and the transition functions are

Ua[j — GL(ETL)
T — popas(w),

where @, is the transition function of the principal G-fibre bundle 7 : P — M.

(2.85)

Example 3. For the cotangent bundle T*M of orientable spacetime M, the fol-
lowing isomorphism between vector bundles holds

T*M ~ SO},(1,3) x,, R, (2.86)

where po : SO(1,3) = End(R*) is the usual matriz representation.

If there exists a spin struction on a spacetime manifold, the spinor vector bundle
is defined as the associated vector bundle of the principal fibre bundle SpinM with
respect to the complex spin representation (2.36), i.e.

Y M := SpinM x, C*. (2.87)

A section U € I'(XM) is called the spinor. Moreover, according to the definition of
the associated vector bundle, ¥ can be expressed as

wl, = [5,] (2:88)

on any open set U of M, where s € I'yy(SpinM) and ¢ : U — C* is a smooth
vector-valued function.

On the spinor vector bundle, the Clifford multiplication can be defined as follows:

Definition 2.9.
m:T"M XM — XM

X*@U =[s,e] ® [5,¢] — [5,e-1] & X*- T,
where e -1 is exactly the Clifford multiplication defined in (2.23).

Remark 2.3. It is not difficult to verify that the (2.89) does not depend on the
choice of the equivalence classes.

(2.89)

Next we consider the covariant derivative on vector bundle. Let I'( E) be a section
of E. The covariant derivative of the vector bundle E is defined as the following
map

V:T'(FE) —T(E)@T(T*M) (2.90)
which satisfies:
(1) For any ¢ € I'(E), X, Y € T,M
Vxiy®¥ = Vx4 Vyih. (2.91)
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For any smooth vector field Z and smooth function f on M

Vizp = fVzy,

Vx(fo) = X(f)o + fVx0. (2.92)

(2) For 41, 9o € T'(E)
Vx (1 +12) = Vxih1 + Vo (2.93)
According to property (1), V is also a map from I'(TM) @ T'(E) to T'(E), let
Vxy = Vy(X). (2.94)
Let w be a connection 1-form on the principal G-fibre bundle 7 : P — M, and

E := P x, %, is the associated vector bundle. For a local section ¥ = [s,0] on E
and a smooth vector field X, the covariant derivative is defined as

VxV:=[5,X(0) + pu(wo s.)(X)o)]. (2.95)

It is no hard to see that V x U is well-defined (i.e. does not depend on the choice of
equivalence classes) and satisfies the property (2.91), (2.92) and (2.93). Conversely,
taking the cotangent bundle T*M of the spacetime manifold M as an example,
there exists a Levi-Civita connection V under the Lorentz metric ¢g. For any open
set U C M, let {e®}3_, be an orthonormal basis on 7*U which is compatible with
the orientation and the time orientation, for any smooth vector field X, we have

Vxe® = w 3(X)e’, (2.96)

then the connection 1-form w on the frame bundle SO}, (1, 3) satisfies

0 wi(X) wFX) wp(X)
w*O(X) 0 w*z(X) w*S(X)
wis. X)=| .8 . 1 X
B0 et vl 0w
w'3(X) w3(X) w3(X) 0
0 (Vxelel) (Vxele?) (Vxel e?)
[ (Vxelet) 0 (Vxe?el) (Vxedel)
T (Vxele <VX61,62 0 <Vxe , 2> € 50(1,3),
Vxel, el <VX6 ,e3 <VX62,63> 0
(2.97)
where
s: U — SO%,(1,3
ﬂ() (2.98)

is a section of the frame bundle. In order to calculate the spinorial Levi-Civita
connection on the spinor bundle, we rewrite the above formula (2.97) as a linear
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combination of the 6 basis matrices of the Lie algebra so(1,3), i.e.

010 0 0010
1000 000 0
wisnX)=(Vxee) o g g o[ IXNEN T g g
000 0 0000
000 1 0 0 0 0
o s [0 0 0 0 N
+<VX6’6>OOOO+<vxe’e>0—100 (2.99)
1000 0 0 0 0
0 0 00 00 0 0
s o 0 01 s o [0 0 0 0
HVxeheD g g o o HVXEE) g g 0 1]
0 -1 0 0 00 -1 0

With the above preparations, we now define the connection on the spinor vector
bundle. Let U C M be a simple connected open set, then any local section s of
the frame bundle SO3,(1,3) can be lifted to a local section § of the principal fibre
bundle Spin}M, i.e. the following diagram commutes

SpinM (2.100)

T

U~ 803,(1,3)

In order to define the connection on XM, we only need to define a connection 1-
form w on the principal fibre bundle SpinM. To do this, we define @ to be the only

1-form such the diagram

T(SpinM) —=— spin(1, 3) (2.101)

Sy —
e Ad,

TU ¢ TM —=> T(SO%,(1,3)) ~— s0(1,3)

commutes, where w o s, is exactly (2.99). Therefore, for any X € TU, let ¥, =
[3,04) € Ty(XM) be a local section ({04 }2_, is an orthonormal basis of C*), by
the definition of the covariant derivative on the associated vector bundle (2.95) and
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Proposition 2.2, we can deduce that
Vo = [5p.(5 05, (X))o

=[5 (Ad, (w0 5.(X)))o]

1 0 1\, 0 1 1 0 2\, 0 2
=—§<VX6 ,€e >e e -\I/a—§<VXe ,€e >e et ¥,
1 0 30 .3 1 1 2\,1 2
—§<Vxe € >e e ~\I’a+§<vxe , € >€ e W, (2.102)
1 1 .3\,1 .3 1 2 3\,2 3
+§<Vxe el e ~‘I’a+§<vxe et)e? e,
1
=3 {Wm(X)eO ce' +wa(X)e” - e® + woz(X)e’ - €

+wia(X)e' - e? + wiz(X)e! - €3 4 wos(X)e? - 63] U,

Now we give the definition of the Dirac operator on the spinor vector bundle
XM:

Definition 2.10. Let V be the connection on LM given by (2.102), the Dirac
operator D is defined as
D:=moV:I['(EM) —T(XM)

2.1
U e* -V, U. (2.103)

Remark 2.4. Since the signature of the metric in Lorentzian manifold is different
from the Riemannian case, the Dirac operator D is not elliptic.

In the 4-dimensional Minkowski spacetime, the Dirac operator is
3
D=0+ €0y, (2.104)
i=1

Its square is as follows

3 2
D? = <eo~0t+Zei &E)
i=1

60.60.a§+60.at(§ei aL)Jr(gei.a&)(eO 8t)+(ge’ E)L)Q
:a§+23:(60 e@+ei.eo)awiat+(z3:e1 am)Z
i=1 i=1

3

2
_ 52 i
8t+(;e o.)
oy
i=1

=0
(2.105)

Thus, the Dirac operator D is now the square root of the wave operator .
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2.2. Existence and uniqueness. In this paper, the separation method proposed
by Chandrasekhar [7, 8] is used to prove the nonexistence of the nontrivial time-
periodic solution of the Dirac equation, that is, the original Dirac equation is sep-
arated into two first order ordinary differential equations. In this subsection, we
introduce the existence and uniqueness theorem of the solution of a system of
first-order ordinary differential equations, the proof of which can be found in, for
example, [25], [28].

Let D be an open domain in the Euclidean space Rnﬂ, the points on it are
denoted as (t,y), where y € R".

Definition 2.11. A wvector-valued function f = f(t,vy) satisfies the local Lipschitz
condition on D with respect to the variable y, if for any (to,y,) € D, there exists
an open neighborhood U of (to, yo) such that for any (t,y,), (t,y,) € UN D, there
exists a positive constant Ly such that the following inequality holds

Ift, y1) — £t y2)| < Luly; — ol (2-104)

Remark 2.5. In general, the Lipschitz constant Ly in (2-104) can vary depending
on the choice of U.

The existence and uniqueness theorem of the solution is as follows:

Theorem 2.2. Let f(t,y) be a continuous function on the domain D which satisfies
the local Lipschitz condition with respect to the variable y. Then for any fized
(to,yp) € D, the following initial value problem of first order ordinary differential
equation has a unique solution

dy

5 =Sty ylto) = v (2.106)
Moreover, the solution can be extended to the left and right up to the boundary of
the domain D.

Remark 2.6. If the vecter-valued function f(t,y) has continuous partial derivative
with respect to the variable y in domain D, i.e.

of
7y € c(D), (2.107)

then f satisfies the local Lipschitz condition in Definition 2.11.

3. NON-EXTREME KERR-NEWMAN-DS SPACETIME

In this section, we manily consider the nonexistence of time-periodic solutions
of the following Dirac equation

(D +ie*Aleq) +iN) ¥ =0 (3.1)

in the non-extreme Kerr-Newman-dS spacetime, where A € R, A is the electromag-
netic vector potential.

The Kerr-Newman-dS spacetime is an exact solution of the Einstein-Maxwell
equation, which describes a charged rotating black hole with positive cosmological
constant. Kerr-Newman-dS spacetime is the following manifold

MKNdS:Rt XRj ><S2, (32)
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equipped with a Lorentzian metric (in the Boyer-Lindquist coordinate)

2 N2 _ P2
. (6]9 — &3(r?* + a®sin® 0)) dt?
+

V 2 2 2 U 2
+ Odp” + dr® + df
v Y TR T Aw) (3:3)
asin’ 6 (2mr —Q*— p?
B, U

JKNdS = — (1 -

+ r2(r? + a2)> (dt de + de dt),

where the constants k£ > 0, m > 0, and

U =7r%+a*cos?¥,
Ey =1+ k%2,
AL (r) = (r* 4+ a®)(1 — k*r?) — 2mr + Q* + P?, (3.4)
AL () =1+ K%a® cos? 6,
Vi = (2mr — Q% — P}Ha?sin?0 + U(r? + a*)(1 + x%a?).

Moreover, the electromagnetic field is F' = dA, and A is the following electromag-
netic 1-form

. Qr asin® 0 Pcost r2 +a?
A——F(dt— o d(p)— - (adt— - dgo). (3.5)
Let
m* £ \/% ((1 —K%d®) £ \/(1 - 52a2)2 —12k2(a? + Q2 + P2)> )

X (2(1 — r2a%)? /(1 - K202)7 —1262(a2 + Q2 + P2)>.

According to the discussions in [3], if the parameters s, a, and m satisfy the fol-
lowing constraints, i.e.

K2a? <7T—4V3, m™ <m <mt, (3.7)

then the polynomial A (r) of order 4 with respect to r has exactly 4 different real
roots, 3 positive 0 < r. < r— < r4 and 1 negative r,, = —(r. + r— +74). At
this time, we call (M KNdS, gKNds) the non-extreme Kerr-Newman-dS spacetime.
The hypersurfaces corresponding to the 3 roots {r =r.}, {r =r_} and {r = r;}
are called the Cauchy horizon, the event horizon and the cosmological horizon,
respectively. In particular, if m = m™ then r. = r_, i.e. the Cauchy horizon
coincides with the event horizon, at this point we call (M KNdS, 9K NdS) the extreme
Kerr-Newman-dS spacetime. In this section, we only consider the non-extreme case.

Remark 3.1. r = r, and r = r1 are just the coordinate singularities of the metric
JrNds, and the corresponding hypersurfaces are reqular lightlike hypersurfaces [1].
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For convenience, we rerepresent the Kerr-Newman-dS metric in the following
form

A in20 \2 U U
JKNdS = — +m(dt—asm d<p) + dr? + do?

U E+ A-’r (T) A+(9) (3 8)
A, (0)sin? 6 r? +a? 2 .
+ = (a dt — - d(p) .
We require that the solution ¥ of the Dirac equation (3.1) is of the form
U =25,"', (3.9)
where
X_(r)Y_(0)
— 1 X4+ (r)Y,(0)
d—ec i(wt+(k+1)ep) + + 7 3.10
X, ()Y (8) (8-10)
X (1Y, (0)
k € Z and Sy is the following diagonal matrix
(r +iacos )2 0 0 0
1 0 (r +iacosf)2 0 0
= A 4
S+ =18+l 0 0 (r —iacosf)? 0
0 0 0 (r —iacosf)?

(3.11)
We can see that Sy vanishes on the event horizon {r = r_}. By the definition in
[10, 11], a wave function ¥ is called time-periodic with period T, if there exists a
real number 2 such that

U(t+T,7,0,0) = e “TU(t,r,0,0). (3.12)

Hence the ¥ in (3.9) satisfies the above definition.

3.1. SpinorialBk%4%. In this subsection, we calculate the spinorial connection on
the spinor bundle XM in Kerr-Newman-dS spacetime when A4 (r) > 0.

Denote the frame of the Kerr-Newman-dS metric

2 2
o= 9 (a+ 2“E+2a>
UAL(r) ta

/A+

)

(3.13)

€3 =

. Ey
(a sin 00; + Sjﬂg(%) ,

\/7
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and the corresponding 1-form

U +
U
1
e = dr,
Ay(r)
U
2
e’ = do,
A (0)
. AL (0) r? +a?
3 + .
= sinf ( adt — d
e g sindla o w
which satisfy
e” (eg) = d5.
Therefore, the metric gxngs can be expressed as
grnas = €’ @e’ +e' ®e' +e®@e’ +e? ®eP.
By Cartan’s structure equations [21]
de® = —wd Ne! —wine? —wIAed,
det = —wi ne® —wi Ae? —wi ned,
de? = —wi Ne® —w? Ae! —wi A€,
de® = —wdne® —wd Aet —wd Ae?,

the connection 1-forms are as follows:

1 1
0_ 0 0 3 3 0_ 0 0 0,3
wi = Cpe” — =Cpe”, wy = C5pe” + §nge ,

2
0 __ 103 1 100 2 1 _ Cl 1 02 2
W3——§ 10€ D) 23€, Wy = —Lyge —Lrer,
1_1030033 2_100033
W3——§ 106 — Li3€, W3—§ 23¢" — L€,
and
0 0
W) = —Wo1, Wo = —Wo2,
0 1
W3z = —We3, Wy = W12,
1 2
Wz = W13, W3 = Wa3,
where

Ay(r 1
ch=on = oty = VAT

AL (0 A
ct=- Y2000, o = Y5 a0

C3y = —2ar A+(9)U_% sing, CY% = Za\/MU_% cosf,
1 1 AL(9) .
Cis=—v A+(T)arﬁ7 Ccs, = Op < +U( ) sin 9) )

sin 6

25

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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According to (2.102), when Ay (r) > 0, the spinorial connections take the following
form:

1 1
Ve, ¥ =¢e0 (V) — §w01(60)60 el U — §w02(60)60 e?. U
1 . 1
- §w13(60)61 e3 U — §w23(eo)e2 e3. U,
1 1
Ve, U =ce (¥)— —wozler)e’ - U — —wia(eg)e! - e? - 0,
2 2
: ; (3.21)
Ve, U =res(¥)— 5(.&)()3(62)60 ce3 W — 50.)12(62)61 e? .U,
1 1
Ve, U =re3(¥)— §w01(e3)e° el U — 50.)02(63)60 2
1 1
— Eww(eg)el ce3 U — §w23(63)62 s,
We fix the following Clifford representation:
0 0 -1 0 0 0 -1 0
N 0o 0o 0 -1 RUN 0o 0 0 1
-1 0 0 o0}’ 1 0 0 of’
0 -1 0 0O -1 0 O
_ (3.22)
0 0 01 0 0 0 1
JEN 0 0 10 ENN 0 0 —i 0
0 -1 0 0}’ 0 - 0 0
-1 0 0 0 i 0 0 O
then for « = 0, 1,2, 3, we have
Ve U = e (U) + E, - 0, (3.23)
where
09% + g_og% fC%O - gc;;o 0 0
1|-C9 —zxCf, —-Cf,— C: 0 0
N 20 — 2070 10 — 3023 . e |, (324
0 2 0 0 *Co?o +_§ng3 O%o - 5_0130 (3:24)
0 0 C — 501 Cio— 35033
0 —Cl, + 103, 0 0
1|1CH,— Lo 0 0 0
By =—- | 7127 20 . . (325
1T 0 0 0 ~-Cl, - iC%, (3.25)
0 0 Cly + £C3, 0
0 —C% + 10% 0 0
_tfen-de, o 0 0
B2=—3 0 0 0 - icg | (3:26)
0 0 C}, + 202 0
A0l -iCh, b il o :
E3 _ 7& —5023 — ZCIS 5010 + 2023 L 0 s Lo 0 s
2 0 0 ?Cm —iCy 505 —iCys
0 0 309 —iCYy —3C5 +iC3,

(3.27)
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3.2. Nonexistence. With the above preparations, we now separate the variables
for the Dirac equation (3.1) when A4 (r) > 0. Let

(r +iacosf) "z 0 0 0
A 0 (r—l—iacos@)_% 0 0
So - . _1 )
0 0 (r—iacosf)” 2 0
0 0 0 (r —iacosf) =
(3.28)
X_(r)Y_(0)
a | Xu(r)Yi(0)
o= X, (Y. (8) | (3.29)
X (r)Y4(0)
0 0 —C +_%C§3 CSy — %C?O
o A_l 0 0 020—56?0 C?o_%CS:a
1 e A e N Tc of | B0
—C% = 3C%  —Cho — 5055 0 0
0 0 0 Cl, + £C%
~ 4 1 0 0 Cl, + £C% 0
Er=—5 0 ~Cly + £C3, 0 0 » (331)
—Ciy + %Cfo 0 0 0
0 0 C3, + £CY 0
moa 1 0 0 0 ~Cf — %CS?,
) e ) 0 0 0 » (332)
0 C%, — 5083 0 0
0 0 %Cgs +Cf, _%Cf’o - C3y
Bea ll 0o 0 50h-Ch ik -G
=505 +C33  —5C5 + (Y3 0 0
(3.33)
Then the Dirac equation (3.1) is equivalent to the following equation
Lo = —iA\Syo, (3.34)
where the operator £ is defined as
2 2 E 1
Lm0 10 <iw + (ke + )i) So
VuAy(r) r?4+a 2
A 1
+el- #T) <—4A+(r)18T (A+(r))50 + So0, + 8TSO>
AL (0
+ e?. E( ) (3950 + Soag)
1 _ E. 1.
+e3 ———— (iawsinfS —|—,/<J+ZS>
VUAL(0) ( 0 smﬂ( 2) 0
ey Qri i
+ | —-Eo+ E:|Sy—e® ———5;—e* ———Pcot0S,.
; ’ VUAL(r) VUAL(0)

(3.35)
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Substituting (3.22) and E, into (3.34), we can deduce that ¢ satisfies the following
equation

iN(r + iacos )2 0 D3 L4
0 Z)\(T + ta cos 9)_% Los Doy
Dy Ly iNr —iacosf)"2 0
L Dys 0 IA(r —iacos 9)’%
=0,
(3.36)
where
D3 = AE(T) (r —iacos 9)_% —8 —|— T) <w(r +a?)+ (k+ )E+a + Qr)}
A 1
Doy = +U(r) (r—iacos@)_f (w r? 4+ a?) Egz—f—Qr)}
A 1
D3 = _}_J(r) (7“—|—z'acos€)_§ (w r?+a?®) + (k+ = E.m—l—Qr)}
Syt o g (o )|
Dys = r+iacosf) 2 —8T+ r“+4a k+ YEi a+ Qr
= 2 e ] CUR R R R e
AL () . 1 1 E, 1
L= - 0)~ = -— 0 k Pcot 6
14 o (r —iacosf) [89 AL (0) <aw sin 6 + bln9( + 2) co )
Jr} teinzazsinﬁcosﬂ
2 \*° AL (0) ’
A+(9) . _1 1 E 1
Los = — 0) 2 —_— 0+ —(k Pcotd
23 U (r—iacost)™2 |0y + N <aw sin 6§ + sm9( + 2) co >
N 1 ot — k2a?sin 6 cos 0
2 AL(0) 7
L3y = 2| — _— —_— R
32 i (r+ iacosb) [ Oy + AL (0) (awsm@—i— sin&<k+ 2) cot 6

_} te_/iQaQsinecose
2 \*° AL (0) ’

Ly = 4+(0) (r —l—iacos&)_% [— Oy —

1 . E. 1
m (awsln0+ Slﬁ(k"— 5) — PCOta)

B } ot — k2a? sin 0 cos 0
2 Ao )|
(3.37)
Let

+=0F <w(7’2 +a®)+Qr+ (k+ 1)E+a> , (3.38)

Ai(r)
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HE
(kfz)+_p60w>
sin @

+1 ot 8 k2a?sin 6 cos @
2 AL (0) .

Then by equation (3.36) we know that ¢ satisfies

iA(r — iacosf) 0 —/AL(r)Dyry /AL(0)Lgy
0 iANr —iacos®) /AL(0)Lg— Ay (r)D,— 6=0
VAL(r)D,— —/AL(0)Lgs iX(r +iacosf) 0 '
—/AL(O) Lo —/AL(r)Dry 0 iA(r + ia cos0) 5.0

By moving the angular term 6 from the above equation to the right hand side, we
can separate the Dirac equation (3.1) for A4 (r) > 0 into the following equation:

D¢ = Lo, (3.41)

where the matrix operators D and L are

—iAr 0 1\ A+ (T)DT-J’_ 0
D 0 IAT .O VAL (r)D,— L (3.42)
VAL (r)Dy_ 0 iAT 0
0 v A+(T)D,,~+ 0 —iAT

].
l — 8 :F - ) 'n0
0 0 AJ’_(Q) ( ast

(3.39)

and
acost 0 0 AL (0) Loy
I_ 0 —aAcos  —/AL(0)Lo— 0 (3.43)
B 0 VAL(0) Loy aX cos 6 0 ’ '
—/AL(0)Lg— 0 0 —aAcosf
respectively.

Next, we discuss how to obtain the radial equations from (3.41).

Since we are considering the nontrivial solution, there exists 6y € (0,7), such
that Y, (0g) or Y_(6y) is non-zero. Without loss of generality, we assume that
Y_(6p) # 0. According to (3.41), we have

<a)\ cos oY (6o) + A+(90)(L9+Y+)‘0 )

—i)\TXf + \ A+(’I")DT+X+ = Y_ (90) ° X,7
(a/\ cos 0o Y_(6p) + A+(00)<L9+Y+) , )

v A_;,_(T')DT_X_ —+ ’Z;>\7"X+ = Y_ (90) 0 X+.

(3.44)
Let
(a/\ cos 0oY_(6p) + /A+(6o) (Lg+ Y+> )
A o

= eC. (3.45)

€
’ Y_ (o)
Hence, substituting (3.44) into (3.41), it follows that

D¢ =L = ey o. (3.46)
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The following lemma states that the constant e, in (3.45) is actually a real number.
Lemma 3.1. ¢, € R,
Proof. Since we are considering the nontrivial solution, then there exists rg > 0

such that X_(rg) or X (rg) is non-zero. Without loss of generality, we assume
that X_(rg) # 0.

Since Lo = €1 ¢, then

aXcos X _ )+ VAL(O) Lor Y (0)X_(r) = e X_(r)Y_(0), (3.47)
—VAL(O)Lg_Y_(0)X_(r) — aAcos HX_(T)Y+ =e; X_(r)Y.(6).

By taking r = r¢ on both sides of the above equation, it follows that

(- ATz VAL () = () (3.18)

e (AT S) () e

then the equation (3.48) becomes

Let

LY =¢,Y. (3.50)

Since ¥ = S_;lfb, i.e. in the Boyer-Lindquist coordinate we have

12 X_(r)Y_(0)
[ Y2 | (et D)) o1 X (r)Y5(0)
L A S X yo)
v, X_ (1Y, (6) -
(r +iacosf) "2 X_(r)Y_(0) (3:51)
_ omi(wtt D) oL (-3 | (7 iacos )72 X ()Y (0)
‘ +() (r—iacos®) 2 X, (r)Y_(0)
(r —iacos )2 X_(r)Y,(0)
Fixing tg € R, since X_(rg) # 0, then it follows that
iwto 1 1
Y_(0) = LA+(T0)Z( +iacos )2 Wy (tg, 70,0, ),
X_(ro)
o 1 1 (3.52)
Yi(0) = mA-‘r(rO)Z( —iacos )2 Wy(to,10,0,¢),

ie. Yy, Y_, 9pY, and 9pY_ are uniformly continuous on the closed interval [0, 7].

For the n-dimensional complex vector space C", let (-, ) denotes the Hermitian
inner product on C”, i.e. for any =,y € C" we have

) = iny;_ (3.53)
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Hence it follows that

/ (LY,Y) — (Y,LY)dS?
SZ
:/ v
S2
1 k%a? sin 6 cos
— - Y.
+2<COt9 A+(0) )) +
_/ vy
SQ
1 k2a? sin 6 cos
_ / y.
5’2

2,2
Jr% <cot9 K*a 5111000s0> >Y+ 4S2

AL )
* /s Y+ AL (0)

1 k2a%sinfcosf\ \—
1 _ k7a”sinbcost —| 492
—|—2<cot9 ~(0) ))Y ds=,

1

k+35)FE
adcos OY_ + /A (0) (89 N 1(0) (wasin0+ @
+

sin 6

ds?

sin 0

ds?

S

sin 0

ie.

/ (LY,Y) — (Y,LY)dS?
S2

242 sinf cos 6

- /S VAL(0) (ag(ny_) + (cote - FM)YJ_) ds?

242 sin 6 cos @

[ VA (0 T+ (oo - )y 7 s,

1 k+4HE
arcos Y, + /AL ()| Dg + —— (wa sin + H#
AL (0)
__ k+4HE
arcos0Y_ + /AL (0)| Op — b wasin g + %
V A.0) 7

. L+ WhYE
aicos Y, + /AL (0) <89 + LN <wasin0 + %

31

+ —Pcot9>

— Pcot 9)
— Pcot 0)

— Pcot 0)

(3.54)

(3.55)

Next we show that the first integral after the equal sign of (3.55) is zero, and the
second integral is also equal to zero by a quite similar discussion. In fact, let f be

the function and V be the vector field defined as follows

£ VA, VEVYC0,

(3.56)
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then we have
div (fV) =V [ -V 4+ fdivV

sin 0

0 . .
- <69f + Z?§9f> Y\ Y + f05 (Y, Y7)
k2a? sin 6 cos — —
= (—\/m + cot 9\/ A+(9)> Y+Y7 + \/ A+(9)8@ (Y+Y,) s

(3.57)

i.e.
2

div (fV) = /AL (6) (ag (VY7 + (cote - “"QSMCOSQ)YJ) . (3.58)

A4 (0)
Therefore, by the divergence Theorem, it follows that
— k2a?sin 6 cos 0 —
A Y, Y- - Y, Y_ | dS?
52\/ () (ag( . )+(cot9 O ) a )dS
= / div (fV) dS? (3.59)
5’2
=0.
Similarly,
— k2a?sinfcosfy  —
A Y_Y. - V.Y 2
/52\/ () (89( +)+(cot9 A ) +) ds
- / div (fY_Y09) dS? (3.60)
S2
=0.
Thus, according to (3.55) we have
/ (LY,Y)dS? = / (Y,LY) dS?, (3.61)
S2 S2
i.e.
e+/ V| ds? = a/ Y2 ds?. (3.62)
S2 S2
Since the solution is nontrivial, we have
€ =€, (3.63)
i.e. €4+ € R
Q.E.D.

By (3.46), it follows immediately that the radial equations when A (r) > 0 are

dX+ 1 2 2 1 ) i/\T+€+
— r“+a’)+Qr+(k+=)Eia | Xy ——=X_=0,
dr AL(r) (w( ) Qe (ke g)Fea ) Xy AL (r)
dX 1 i (3:64)
_ ) 9 9 AT — €4
+ wr +a)+Qr+ (k+=)Fia ) X + —X, =0.
i m (0T Qs () a) Aot
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According to the radial equation (3.64), we have the following Lemma:
Lemma 3.2. If A, (r) > 0, then

d
e (|X+|2 - |X_|2) =0. (3.65)

Proof. For a complex number z, let R(z) be the real part of z. If A (r) > 0, then

1d dX,— dX_—
(X+|2—|X|2)=sz( tX - X)

5% dr dr
i 2., 2 1 iAr+ e _
::R<(A+(7“) (LU(’I“ +a )+QT+(k+2)E+G)X++A+(T—;X_)X+>
—! 2, 42 1 —iAT 4 € _
_R<<A+(r) (w(r +a%) +Qr + (k + 2)E+a)X—|—A+(T)+X+)X>
(A:(T) (w(r2 +a®)+Qr+ (k+ %)E}_Q) (X4 X5+ X_X_)>
IAT — S
+ R <A+(T)(XXJr + X+X)>
€4 —_— S
+R (A_s_(r)(X_XJr - X+X_)>
=0.
(3.66)
Therefore, .
e (|X+|2 - IX_|2) =0. (3.67)
Q.E.D.

Let r1 € (r—, ;) be some fixed positive constant and M, ..y be the time slice
of non-extreme Kerr-Newman-dS spacetime satisfying {¢ = constant} and r1 < r <
r4. Moreover, by the similar assumptions as in [11] and [29], we assume that
X4+ =0or X_ =0 on the horizons can match the solution inside and outside the
horizons.

The following nonexistence theorem is the main result of this section:
Theorem 3.1. Let ¥ be the solution of the Dirac equation
(D +ie*Aleq) + i)\)\I/ =0 (3.68)

in the exterior region r— < r < ry of the non-extreme Kerr-Newman-dS spacetime,
and it is of the form

U =5, (3.69)
where
o
_ —i(wtt(k+1)e r
P = o i(wtH(kt3)e) XI(T)YJ:(G) , (3.70)
X_(r)Y4(0)
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k €Z, and Sy is the following diagonal matriz

(r +iacosf)2 0 0 0
1 0 (r +iacosf)? 0 0
Sp=AL(r)7
+ +(r)? 0 0 (r —iacos 9)% 0
0 0 0 (r —iacosf)?
(3.71)
Then for arbitrary (A,p) € R x [2,+00), if
velP (M(lehr)) s (372)

then ¥ = 0.

Proof. Since A4 (r) > 0 on r_ < r < ry, by the radial equation (3.64) we have

0 =FE -, (3.73)
where
—i0 0 —if + Y1 0
. 0 100 0 i1+ 7
E= 61 +m 0 100 0 (3'74)
0 —if1 +m 0 —iQ
and
! (r*+a®)+Q +(k+1)E
= T r -
aq AL w a 5 Lal,
AT
B = —F/——, (3.75)
Ay(r)
€+
"=
Ay(r)
Thus, we have
o (|12°) = 0, (@7 - )
0 0 iB1+m 0
0 0 0 —if1+m | =a T
=207 | D £ 20740
- +m 0 0 0
0 8 + Y1 0 0
(3.76)
Notice that
B+t 0 0 0
- 0 B2 +~3 0 0
A A= 0 0 82 442 0 , (3.77)
0 0 0 B+t

Hence, according to the Cauchy-Schwarz inequality and the compatibility of the
matrix norm, the following estimates can be obtained

0, (12%)| = 2[(2,A®)| < 2(@| - |[AD| < 2[|All2 - [®|* < 24/87 +7]@[. (3.78)

Next, we claim that there exists a constant C' > 0 and 71 € (r_,ry) such that for
any r € (r_,r1], the following inequality holds

VB <Clr—r )3, (3.79)
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In fact, taking 1 = "=5"*, it follows that

A2p2 63_
Ay (r)

2,2 1 .2
_ At t el (3.80)
K2(ry —r)(r—re)(r+ry +r- +17¢)

/\22 2
S\/ Ty +eq 20

R (- — s

(r=r )38 97 = (r =)

Combining with (3.78), for any r_ < r < r;, we have
0, (|92)| < C(r —r_)"2|®|2. (3.81)

Therefore, by the Gronwall Lemma [2], for any r— < s < r < r1, we can deduce
that

|®(r)| < |D(s)] exp (c/sr(r—r)—édr) (3.82)

If |®|? has a zero on r € (r_,r; ), then by the existence and uniqueness theorem
for solutions of ordinary differential equations, i.e. Theorem 2.2, we have & = 0.
Hence we can assume that |®|?> > 0 for 7 € (r_,r,). Therefore, deviding by |®|?
on both sides of (3.81) and integrate, it follows that

- /:(r— r)tar < tog(jeP)| < /:(r )y hdr (3.83)

for any r_ < s < r < ry. Therefore, there exists a constant C; > 0 such that for
arbitrary r_ < s <r < rq,

[log(|®(r)[*) —log(|®(s)|*)| < Cilr — s, (3.84)

ie. log(|®(r)|) is uniformly continuous on (r_,r1), which implies that |®(r)| is
uniformly continuous on (r_,r1). Hence we have |®| < oo at r = r_. Moreover,
according to (3.82), if |®| = 0 at r = r_, then |®| is identically equal to zero on
the interval (r_,r1]. On the other hand, by Lemma 3.2, there exists a constant Cy
such that

X2 = |X_2+C (3.85)
on r_ < r < ry. Substituting the expression (3.9) of ¥, now we have
— 1
W2 =0 -0y = —=AL (7)) 2 (Y22 + [V ) (Co + 2| X ). (3.86)

VU

If Cy # 0, without loss of generality, we can assume that Cy > 0. Hnece we have
1

ﬁmw% (VL2 +|Y_?) € LE (M(y, 1)) (3.87)
i.e.
1 1) 2 UV, sin? 6
7A r 2 YP —drd&d <OO7 388
/Mmm(ﬁ +0 ) i ETAL(r)A4(0) 4 (3.88)
where

Vi = (2mr — Q? — P?)a?sin? 0 + U(r? + a*)(1 + k?a?). (3.89)
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By the following relationships between roots and coefficients

1
2

m = k(o) () (re 7o),

1
a2 = ? — (’I’z + 7"% + Ti + rc’r.f + TCT+ + T*T‘F)?

(3.90)
Q*+ P? = k%reryr_(re +ry +1_) —d?,
it follows that
2mr — (Q* + P?) = k%r(ry +7r_)(ry +7)(re +7_)
— K2reryr_(re +ry +r_) +a?
=R (r(ry +7r )y 1) e+ 7)) —rergr_(re+ 14 +7_)) +a?
> K2 (rrirc + rr%r+ + Trzhr — r_rfr+ — r_rirc — rcrghr)

2(r—ro)rire+ (r—ro)r?ry + (r—ro)riry)

(3.91)

onr_ <ry <r<ry. Thus, for r € (rq,r4), we have

IV = T AT )
=/(r2 4 a2 cos? 0)(r2 + a2)(1 + k2a2) (3.92)
> Vit =2,

Since there exists a constant C > 0 such that [YV[* = [V, [*+|Y_|> > C; on [F, 5]
(otherwise ¥ = 0), by (3.88), it follows that

/+ / /OQW (%Am)- ) rsmclr dodp < oo,  (3.93)

i.e.
T4 Z 27 _1l_p : 29
sp=%(A P g dgd . 94
/n /3{/0 r°U <+(r)> A+(9)T Y < 00 (3.94)

Notice that

[N

3 3
PUE = r > = 5 (3.95)
(r2 +a%cos?0)1 — (r2 +a?)1
onr € (r1,r4). Therefore, combining with (3.94) we have
T+ 1
/ ————dr < . (3.96)
1 (T-‘r —r)itz

However, since p > 2, i.e. %—I—% > 1, it is a contraction! Therefore, we have Cy = 0.
Hence

X = x| (3.97)

onr € (r_,ry). Since the limit of |®| exists at 7 = r_ and

| =2 (Y3 + [Y-[?) - [ X4, (3.98)
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we can deduce that the limits of |X | and |X_| also exist at » = r_. Therefore,
according to the matching conditions at r = r_, it follows that

IX,|=|X_|=| lm X_|=o0. (3.99)

r_<r—r_

Hence, |®| vanishes at » = r_. Then by (3.82), we have ® = 0 on r € [r_,r})
which implies that

v

0. (3.100)

Q.E.D.

4. EXTREME KERR-NEWMAN-DS SPACETIME

In this section, we consider the necessary conditions for the existence of nontrivial
LP integrable time-periodic solutions of the Dirac equation

(D +ie*Aleq) +iX)¥ =0 (4.1)

in the extreme Kerr-Newman-dS spacetime. More specifically, we give the equation
relationship between w, the radius of the event horizon, the angular momentum,
the charge, and the cosmological constant, which generalize the conclusion obtained
by [24] in the extreme Kerr-Newman spacetime (zero cosmological constant).

Definition 4.1. The Kerr-Newman-dS spacetime is called extreme, if the polyno-
mial of order 4 inr

A(r) = (r? +a®) (1 — k*?) = 2mr + Q* + P? (4.2)

has exactly 4 real roots, i.e. a double positive Toot v = r_, a simple positive root
r =ry > r_ and a negative root r, = —(2r_ 4+ ry). Moreover, m satisfies the
following equality

2

1 ( 5 9 2
m=—[(1-« ),\/(1,H2a2) 1252(a2+Q2+P2)>
Vi (4.3)

X <2(1 — k%% + \/(1 - /@2a2)2 —12k2(a®> + Q> + P2)>.

In the extreme circumstances, since r = r_ is a double root of A, (r), Ay (r)~2

is not integrable near » = r_. Thus, the method in Chapter 3 when dealing with
the non-extreme case is not applicable at this time. In this section, we mainly refer
to the method of [24] when dealing with the extreme Kerr-Newman spacetime (zero
cosmological constant) and the necessary conditions for the existence of nontrivial
L? integrable time-periodic solutions of the Dirac equation (4.1) in the extreme
Kerr-Newman-dS spacetime are given (considered in the exterior region r_ < r <
r4 of the spacetime).
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When Ay (r) > 0, the radial equations are as follows

d;ﬁ"’ - Aj(r) (w(r2 +a®)+Qr+ (k+ ;)E+a> X4 - M;—i(ﬁ; -=0,
%wL ! (w(r2+a2)+Q7‘+ (k+1)E+a) X_ JFW;EJF)Q =0, Y
r ' AL(r) 2 Ay (r)
where €, € R. Let
X(r) = 6&%3) , (4.5)

then the equations (4.4) are
d o i1 +m
—X = . , X 4.6
dr (—zﬁl +71 —ion ’ (4.6)
where

w(r?+a?)+Qr+ (k+ 3)Eta

a1 = )

Ay (r)
Ar
S A7
b1 JA (4.7)
€4
N VAm

Next, we derive the necessary condition for w in (4.7) if the nontrivial time-
periodic solution

vel? (M(r,,r+)> (48)

exists.

Since r_ is a double root of Ay (r), we have

Ap(r)y=(r—r_)2K%(ry —r)(r+ry +2r_). (4.9)
Let
B(r) & k3(ry — 1)(r 4+ 14 +2r),
1

T2 wr? +d®) + (k + 2) Eia+r.Q, (4.10)

pE2r_w+ Q.
Therefore,

1

w(+r-)?+a®)+Q@+r_)+ (k+ §)E+a =wa’ +7+ 202+ Qr (4.11)

:T+ux+wx2.

We counsider in the exterior region, i.e. r € (r_,r;). For convenience, we define
a new variable z := r — r_ and the function

Fl)=X(@x+r_), z€(0,ry —r_). (4.12)
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According to (4.6) and (4.11), we have

(’9zF1 (CL’) = 3,,X1

T+T_
=tai(z+r-)Xi(z+ro) + (@Bi(@+r-) + (e +ro)) Xo(z+r-)
_ Tt wa?) o Mo +r) € v
= 22B(z +1r_) Fi(@)+ <\/m23(£r+7“) Va2B(z +7r_) Fo(e).
(4.13)
_ ' ‘" i x
azFl(x) - (:EQB(Z‘+T—) + zB(ngrr_) + B(I+7‘_)> Fl( )
€4 +iAr_ 2 (4
: (mem : ¢B<w+r>> P
Similarly,
0. Fo(x) = 0, X5 N
=(=ifriz+r_)+n(x+ro)) Xi(z+ro) —diar(z +r-) Xe(z +7-)
B —iAx +7r) €+ x _iw T
- <\/sz(3;+7“) * \/x2B(m+r)> i) 2Bz +1r_) (@)

€y — IAT_ A

= — F1 X
<x\/B(:E+7"_) \/B(:chr_)) =)

T —U iw
* (sz(m—i—r) + Bz +7r_) * B(x—i—r)) Fy(z).

(4.15)

In the matrix form, we have that F'(z), € (0,74 —r_) satisfying the following
equation

iT ip iw €4 tiAr_ i\
— IZB(I+T_),;\’_ TR t BG4 /Bt | Bt P
T €4 —IAT_ _ i —iT —il —iw :
m\/B(err_) \/B(err_) z?B(z+r_) + zB(z+r_) + B(z+r-)
(4.16)
Now we define the function
W(z): =T -F(x), x € (0,ry —r_), (4.17)
where T is the unitary matrix
-1 =1
T = (\/5 V2 ) . (4.18)
V2 V2

(W(2)| = |F ()] (4.19)
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Moreover, by (4.16), we can deduce that

0, () = —% (0.F (x) + 0, Fa(2))
1 iT i ] €4 +iAr_ A
N (;v2B T B) i)+ <+x\/§ i \/J§> Fal)

€4 —iAr— A (T i iw
(s 7w R0 (F gt 5) B

Hence, by the definition of W (z) we have
-1

0. Wi(@) = - = (R(x) + Fo(w) - \%(£+£+%) (Fy(z) - F3(x))
\} (22=+ =) (Ra(o) - Faa)
_ T kW A A .
- W() <x23+xB+B =B \/§>W2()'
(4.21)
Similarly,
0 Wa(z) = —% (0, F (z) — 0y Fy(z))

T T w
-+ =+ = | F
2B 1B " B) 2(2)

- % (@) - R@) + = (s e+ 2) (R@) + o)

2B B E)F1($)+<6+;ﬁr+?)&()
)me+ (

2\z2B zB B
1 Ar_ A
+—==+—"=)(Fi(x) + F
55 (25 + 25 ) (i) + R
—T =4 —w  AT_ A €+
=l =+—=+=-—F=-—F=|W W-
<x2B +B + B VB \/§> 1(z) + B 2(z)
(4.22)
Therefore, the following equation
+ T+ By e Ar— A
0. W (z) = - wWB oy mE e B VB VB W (g
"2*B zB B VB VB VB
(4.23)

holds for z € (0,74 —r_), where B = B(z +7r_).

For z € (0, 5=], we define a new variable z := 1, 2 € [—2—, +00). Define
the function

V(z) =W <Z> , Z € [ﬁﬁroo). (4.24)
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Thus,
1
0,V(z) = =] ! s (4.25)
Substituting (4.23), we have
1 (E E 1
0.V(z) = L [En) By, () , (4.26)
z Egl(Z) EQQ(Z) z
where
~ €42
Eii(z) = K )
()
~ 722 wz w Ar_z
Eia(2) =
OB B ) (B )
B A
B(L+r)
, (4.27)
7 (2) = TZ wz w Ar_z
21(%2) = — - - -
B+r) BR+) BCE+)  Jp(ir)
A
B(ter)
~ €42
EQQ(Z) = — + .
B(tr)
Sorting (4.26) , V(z) should satisfy the following equation
Ell(Z) E12(2) 2
= 4.2
0.V (z) <E21(2) B (2) V(z), z € |:71+ — 7”,,+OO)7 (4.28)
where
—€
Ei(z) = - )
B+
T I w Ar_
E12(2’) = —
B(1+T—) ZB(%JFT—) Z*B (%JFT—) z B(%Jrr_)
A
+ )
BN
(4.29)
T I w Ar_
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Before proving the main theorem in this section, we need the following lemma
in [24]:

Lemma 4.1. Let a > 0 be a fived constant. Let Y (z) be the nontrivial solution of
the following ordinary differential equation

%Y(z) — (C+ R(2))Y(2), = € [a, +00), (4.30)

where C and R(z) are 2 X 2 matrices satisfying
(i) det C' > 0;
(ii) tr(C + R(z)) = 0;
(#ii) R(z) — 0 when z — 400 and R'(z) is integrable on [a,+00).
Then there exists constant § > 0, such that
Y(2)| =46 (4.31)

on [a, +00).

Let M(,_ ) be the time slice in the extreme Kerr-Newman-dS spacetime satis-

fying {t = constant} and r_ < r < r;. With the above preparations, we can prove
the following theorem:

Theorem 4.1. Let ¥ be a nontrivial solution on the exterior region r— < r < ry
in the extreme Kerr-Newman-dS spacetime of the Dirac equation

(D +ie®Aleq) +iX)¥ =0 (4.32)
which is of the form
U =59, (4.33)
where
X_(r)Y_(0)
i 1 X (r)YL(0)
d—e i(wtt(k+3)e) + + 7 4.34
X4 (r)Y_(6) (4.34)
X_ (1) (6)
k € Z and Sy is the following diagonal matrix
(r +iacosf)2 0 0 0
1 0 (r +iacosf)? 0 0
Sy = A4 () :
* +(r)? 0 0 (r —iacosf)? 0
0 0 0 (r —iacosf)?
(4.35)
If there exists some p € [1,+00) such that
Vel (M, ), (4.36)

then w satisfies the following equality

w(r? +a?) + <k + ;) Eia+r_Q=0. (4.37)
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Proof. We adopt the method of proof by contradiction. Assume that

1
T=w(r’ +ad*) + (k + 2) Eia+r_Q #0. (4.38)
We rewrite the equation (4.28) as follows
9.V(2) = (C+R(2))V(2), z € [r . ,+00), (4.39)
+ - —
where
0 _B(: )
C= - 0 (4.40)
B(r_)
is a constant matrix and the 4 componets of the 2 x 2 square matrix R(z) are
—€
Ryy(z) = ————,
2 /BE+r)

B T T _ H _ w

fﬁ2@)"<30~) B(1+v")> B(Z+r-) ZB(+r-)
Ar_ A

1, 22 1y, ’
VB ) 2 /Bt (4.41)
T H w
<B<; ) B@_)) BT Cor T

N Ar_ i A ,
e

Since 7 # 0, thus

+ +
: )
-

Rgl(z) =

Raa(z) =

2

B(r_)?
By the formula (4.41) of R;;(#), it is no hard to see that the following holds

detC' =0 — > 0. (4.42)

(i) Rj;(2) is integrable on [#, +00);
(if)
Rij(2) — 0, 1<4,5 <2 (4.43)

as z — +o0;
(iii) tr (C+ R) = 0.

Since ¥ is nontrivial, hence V' # 0 (otherwise we can derive X = 0 and thus ¥ = 0).
Therefore, by Lemma 4.1 (or c.f. Lemma 3.1 in [24]) we know that there exists a
constant § > 0 such that for all z € [-—2—,+00), we have

ry—r_"’

V(z)] >8>0, (4.44)

ie. forall x € (0, %]7

[W(z)| > >0. (4.45)
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Since
(W(2)| = [F(z)], (4.46)
which means that for any r € (r_,r_ + “-5=], we have
| X (r)| >d>0. (4.47)
The integrability condition
velP (M(7;,T+)) (448)
means that
1 N\ £ UV, sin? 0
—— AL (r —2> YP|X|Py | =g ———dr df dp < co.  (4.49)
/M«-n-p (J20) WP s (

Combining (5.50) with the fact that there exists constant Cy > 0 such that |Y|? =
Y4 >+ [Y_]*> > C; on [Z,Z] (otherwise ¥ = 0), we can deduce that there exists
constant Cy > 0 such that

e 1
/ PdV > C / . dr = 400, (450)
M(’"—=’"+) r_ (r — r7)§ r—r_—
which is a contraction! Therefore,
1
T=w(r? +d*) + (k + 2) Eia+7r_Q=0. (4.51)
Q.E.D.

Remark 4.1. w is called the energy eigenvalue of the Dirac equation (4.1).

Next, we use the equality (4.37) derived above to further study the necessary
conditions for the existence of nontrivial LP integrable time-periodic solutions of
the Dirac equation (4.1) in the extreme Kerr-Newman-dS spacetime. To do this,
we quote the following lemma in [10]:

Lemma 4.2. Forx >0, let Y(x) be a nontrivial solution of the following equation

-t )y §) e Do o

where a(x), b(x) and c(x) are smooth real functions and a # 0. If near the origin,

b(x)? + c(z)? < a(x)? (4.53)
and the functions % and
that

c(x)

a(x)

are monotone, then there exists constant 6 > 0 such

Y (z)] > 6 (4.54)

near the origin.
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Let 01, 02, 03 be the following constants
o1:=B(r_) >0,

= B'(r_
2 (; )’k 1 (4.55)
=) FE
o3 1= wa +( + 2) +9 + wr_,
—r_
where
B(r) = K22(7"+ —r)(r+ry+2ro). (4.56)

Corollary 4.1. Let ¥ be a nontrivial time-periodic solution of the Dirac equation
(4.1) in the extreme Kerr-Newman-dS spacetime which is of the form (4.33). If
there exists p € [1,+00) such that

Ve Ll (My_ ), (4.57)
then at least one of the following three conditions holds:
(i) (2 + Xr2) oy — 03 > 0;
(ii) o203 — 2woy = 0;
(’LZZ) r_o903 + 20103 = 0.

Moreover, if e, = 0, then at least one of the conditions (i) and (i) holds; if A =0,
then at least one of the conditions (i) and (i) holds. In particular, if A = e; =0,
then Q = —2wr_.

Proof. For r € (r_,ry), the radial function X (r) satisfies the following equation
d i iB1 + 7
—X = . . X, 4.58
dr (—Zﬁ1 + 7 —t0 ( )
where
(w(r?+a®)+ Qr + (k+ 3)Esa)

a1 =

Ay (r) ’
AT
- : 4.59
RV o
__ &+
LRV
Define the function Y
H(r) := 72 (j ]-1) X(r), (4.60)
then for any r € (r_,r,), we have
|H(r)| = |X(r)] (4.61)
and
O, Hy(r) = v (0 X1(r) + 9, Xa(r))

T2

4.62
= —g (i1 Xy + (i1 + 1) X2 + (=if1 +71) X1 — ia Xa) (462

= Hy(r) + (o — B1)Ha(r),
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2
0, Hy(r) = % (—i0, X1 (1) + 0, Xa(r))
2 . . 4.63
= g(ale + 51 Xe —imXo + 51 X1 +imi Xy + i Xo) (4.63)

= —mHa(r) + (—ay — B1)Hi(r),

0, H(r) = [_ " ((1) —01) + ((1) 01) — B (? (1)) ]H(r). (4.64)

Next, we adopt the method of proof by contradiction. Suppose the conclusion is
not true when Ae; # 0, that is, the conditions (i), (ii) and (iii) are not valid. First,
by (4.37) we know that

i.e.

(L +Xr?)oy—05 <0 (4.65)

ie.,

—Tr—

wa2+(k+;)E+a> 2

<w7“_ +
2 2,2

A 4.
A+ A2 < B0 : (4.66)
which means that there exists ¢ > 0 (small enough) such that for r € (r_,r_ +¢)

2 2
<w7’ + wa2+(k+é)E+a) (7‘ i ’]"_)2 <w7‘ + wa2+(k+é)E+a>

—Tr_ —Tr_

2 42,2 _
s B(r) (r = ?B(1)
(w(r2 +a2) + Qr + (k+ ) Eya)®
Ay(r) .
(4.67)
Thus we have
(11)* + (81)* < (an)? (4.68)
for r € (r_,r— +¢).
When condition (ii) is not satisfied, we have
wa? + (k‘ + %) Eia o9
(wr + — . N —Vow #0, (4.69)

— v/ B(r_)w # 0. (4.70)

(wr n wa? + (k + %) E+a> . ( B(r))/

—Tr_ rT=7r_
Therefore, by continuity we can deduce that
B(r) B (r—r_)\/B(r)
wr + wat(k+3)Era (r—r_) (wr + “a2+(’“+§)E+G)
o N - (4.71)
Ay(r)

w4 a?)+Qr+ (k+1)Esa
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is monotone for r € (r—,r_+e), i.e. —— is monotone for r € (r_,r_+e¢). Similarly,
we have :g L is also monotone for r € (r_,r_ + ¢). Therefore, by Lemma 4.2 (or
c.f. Lemma 5.1 in [10]), there exists constant 6 > 0, such that for r € (r_,r_ +€),

[ X(r)| = [H(r)] = 6> 0. (4.72)
Hence, the integrability condition
Ve L? (Mg, (4.73)

implies that there exists constant C' > 0 such that

/M(,.

which is a contraction!

1

r—r_)

dr = 400, (4.74)

r_+e€
W[PaV > c/ _
- ( ) _

)

If dex = 0, by repeating the above discussions we can still deduce that such
contradiction exists, hence completing the proof of the corollary.

Q.E.D.

5. EXTREME KERR-NEWMAN-ADS SPACETIME

In this section, we consider the necessary conditions for the existence of nontrivial
LP integrable time-periodic solutions of the Dirac equation

(D + ie*Aeq) +iN) ¥ =0 (5.1)

in the extreme Kerr-Newman-AdS spacetime. More specifically, we give the equality
between w, the radius of the event horizon, the angular momentum, the charge, and
the cosmological constant, which generalize the conclusion obtained by [24] in the
extreme Kerr-Newman spacetime, i.e. from zero cosmological constant to negative
cosmological constant.

The Kerr-Newman-AdS spacetime is an exact solution of the Einstein-Maxwell
equation, which describes a charged rotating black hole with a negative cosmological
constant. Although it contradicts the recent cosmological observations that our real
universe should have a positive cosmological constant, the negative cosmological
constant case and the results in this section may have some physical implications for
the strongly coupled superconductor theory based on the AdS-CFT correspondence,
see [6]. The Kerr-Newman-AdS spacetime is the following manifold

MKNdS:Rt XRj ><S2, (52)
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equipped with the Lorentzian metric (in Boyer-Lindquist coordinate)

2mr — Q% — P?
JKNAdS = — (1 — % + &2(r? + a*sin® 9))dt2
Vo o, 9 2 u 2
—_— 0d d do
TR MY T AT T A
asin? @ /2mr — Q? — P2
- ( o —/@2(r2+a2)> (dt dp + d dt) (5.3)
-2 2
__ A0 (dt—asgn b4 ) +AU( >dr2+AU(9)d92
_ _(r _
A_(0)sin?0 r?+a? 2
— 0T (adt— o8 dgp) ,

where the constants x > 0, m > 0, and
U =r%+a%cos?0,
E_=1-k%2>0,
A_(r) = (r* + a®)(1 + &%*r?) — 2mr + Q* + P?, (5.4)
A_(0) =1 — K%a® cos? 6,
Vo= (2mr — Q% — P?)a*sin? 0 + U(r* + a®)(1 — x%a?).
Moreover, the electromagnetic field is F' = dA, where A is the following 1-form

r2—|—a2

.2
A:—@(dt— asin 9d<p> B Pcosf

i T (a dt —

dgp). (5.5)

Definition 5.1. The Kerr-Newman-AdS spacetime is called extreme, if the poly-
nomaal of order 4 with respect to r

A_(r) = (r? + a®)(1 + k*r?) — 2mr + Q% + P? (5.6)

has a double real root r =r. > 0 and 2 imaginary roots. Moreover, m satisfies the
following

1 2
m=— 1+ a2k2)” + 12k2(a2 + Q2 + P2 +2a252+2>
NG <\/( ) e )

1 (5.7)
X (\/(1 + a2/£2)2 + 12k2(a2 4+ Q2% + P2?) — a®k? — 1)

If the solution ¥ of the Dirac equation (5.1) is of the form

=5 "1o (5.8)
where
A
O — e—l(wt+(k+§)¢) XI(T)Y—E(Q) , (59)
X_ ()Y, (9)
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k € Z, and S_ is the following diagonal matrix
(r +iacos )2 0 0 0
. 1
S_:A_(r)i 0 (r+iacosf)z ' 0 . 0 7
0 0 (r —iacosf)z 0
0 0 0 (r —iacosf)?
(5.10)

then by the method of separating variables, the radial equations in the extreme
Kerr-Newman-AdS spacetime when A_(r) > 0 are as follows (c.f. [29])
1 .
)E_a) x, - ArEne g,
A_(r)
(5.11)

(w(r2 +a®)+Qr+ (k+ 5
iAT*U+X+ ~0,

ix, i
dr  A_(r)
d)(i_ 77’ w 7"2 a2 T 1 a
ar +A(r)( (% +a%) +Qr+ (k+ 5) B >X‘+ A ()
(5.12)

where 1y € R. Moreover,
d 2 2
—(1x P 1xX ) =0,
S X

Since A_(r) has a positive double root r = r., there exists a quadratic irreducible
polynomial B_(r) > 0, satisfying
A_(r)=(r—r.)?B_(r). (5.13)
(5.14)

Let
2 2 1
w(rs +a®) + (k+ 2) E_a+r.Q,

(1>

£ 9w+ Q,

b
|

then we have
1
w((@+r)?+a®) +Q(z+re) + (k+ i)E_a = wa? + 7_ 4 2wrer + Qx (5.15)
=7+t u_x+ wr?.
We consider the exterior region outside the event horizon, i.e. r € (r.,+00). For
(5.16)

convenience, we define the variable x := r — r. and the function
F_(z):=X(x+r.), x € (0,400).

Let
B (w(r2 +a?)+ Qr + (k + %)E_a)
T AZ(r) |
AT
Be = A0 (5.17)
N+
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then according to (5.11) and (5.15), it follows that

8IF_1($) = 8TX1

T+7re

=idag(x+re)X1(z+ 1) + (iB2(x+ 1) + Y2z + 7)) Xa(z + 7e)

(T— 4 pox 4 wa?) Nz +7e) e
i x?B_(x+r.) 1(w) + <\/x23(x o + \/xQB, o Te)> Fy(z),

(5.18)
_ T [y w
Oy (@) = <xQB_ (x+71e) + xB_(x+ 1) + B_(x+ re)) Foy(a)
Ny +iAr i (5.19)
+ (x\/B(x T + G +T€)> F_y().
In a similar way,
8xF_2(.I) = (97,X2 N
= (=ifa(x+7re) + Yoz + 7)) Xi(z +70) — iaa(x + 1) Xo(x + 70)
_ —iXz +re) Nt 2 — Z_(T_ + p_x + wr?) .
B <\/x23(x+re) \/9523(90-1-7"6)) Foy(x) x2B_(z +r.) Foy(2)
_ Ny —iATe A Pl
<x\/B_(x+re) \/B_(x+re)> -1(@)
—iT_ = —iw
+ (xZB(x +7e) + xB_(x +re) + B_(z+ re)> Foy(@)-
(5.20)

After rewriting it in the matrix form, for z € (0, +00), F_(z) satisfies the following
equation

; iT_ + i + iw N4+ +iATe i\
O.F — 2B (z+re) B (x+r.) B_(z+re) ay/B_(z+re) /B (z+re) Ja
Th = N4 —iATe o [N —iT— + —ip— + —iw -
x\/B_ (z+re) \/B_ (z+7e) z?B_(z+re) xB_(z+re) B_(z+re)
(5.21)
Now we define the function W_(z) as
W_(z):=T F_(z), © € (0,400), (5.22)
where T is the unitary matrix
-1 -1
T=|Y2 ), (5.23)
V2 V2

then for any z € (0, +00) we have

W_(a)] = [F_ (). (5.24)
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Since F_ satisfies the equation (5.21), it follows that

1
0 W_(x) = _\ﬁ (0xF—) + 0. F_,)
1 T Tph— w Ny + tAre A
—— =+ ——+ =] F_ F_
NG (sz_+xB_ +B_> 1+< xy/B_ +\/B, 2
Ny — 1A A iT_ T w

— Fo,—|—== — | F,].

* ( x+\/B_ ,/B_> ! (x?B_ tep T B_> 2

(5.25)
Therefore, substituting (5.22), we obtain that

i -1 1 T_ jI w
— . (F_ F.)— — | — — | (F_, — F_
a'DW*l(x) 1‘\/37, \/i(F 1 + 2) \/5 (1‘2B_ + xB_ + B_> ( 1 2)
1 AT A
- — | (F,— F_
\/5 ((E /737 /7B> ( 2 1)
Ny T_ - woAre A
== B:W,l(x) + (.IZQB_ + B + B o5 %B_> W_,(x).
(5.26)
Similarly,

0W () = —= (0F_, — 0,F_,)

iT_ T— w N4 + 1A, iA
— F_ F_
N <x2B a:BJrB) 1+< o/B_ +N/B_> 2
Ny — AT iA iT_ Tp— w
— — F_ — | F_
( z\/B_ ./B_> 1+( B +ch+B> 2
vt T+

T/ B_
(5.27)
Thus, W_(x) satisfies the following equation
N4 T— M w ATe A2
i
T/ B_ z2B_ zB_ B x/B_
aﬂ?W*(x) = T M= w _ AretAz —N+ W,(LL'%
22B xB B- " 4./B_ z/B_
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For z € (0,1], we take a new variable substitution z := 1, 2z € [1,+00). Define

the function

Vo(2) = W C) 2 € [1,400). (5.29)
Thus,
1 !/
0. V_(z) = —Z—2W7 - (5.30)
Substituting (5.28), we have
1 (E_,(z) E_,(2) 1
AV _(2)=—= [ =1 —=12 w_ -], 5.31)
2 <E21(Z) E_5(2) z (
where
En(z = i )
B (5 +re)
I (2) T_22 Wz w ~ ATeZ
—12 B_(+r) B_(f+4r) B-(f+r.) B_(L+r.)
B A
Bo(+r)
) (5.32)
o () = T_z oz w B ATz
- B_(3+r) Bo(z47r) B-(3+7) B_ (L +r.)
B A
B-(trr)
o Nz

E_1;(2) gm(z)) V_(2), 2 € [1,400), (5.33)
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where
E—ll(z)_ s )
zy/ B (%—i—re)
T . w
E_
T e I C RN RN ) Iy T
+ )
EVTRTESS
T_ . w ATe
E_ =
R Y s I B ) I BN S Ay ey e
A
+ )
224/ B_ (%—H"e)
E_5(2) i
B (Lhn)

(5.34)

Let M, +o) be the time slice in the extreme Kerr-Newman-AdS spacetime
satisfying {t = constant} and r > r.. With the above preparations, we can now
prove the following necessary condition for w:

Theorem 5.1. Let ¥ be the nontrivial solution of the Dirac equation
(D +ie*Aleq) + i)\)\If =0 (5.35)

on the exterior region r > 1. in the extreme Kerr-Newman-AdS spacetime and it is
of the form

U=5_"'9, (5.36)
where
X_(r)Y_(0)
— 1 X+ (MY, ()
d—e i(wt+(k+1)e) + + 7 537
X, ()Y (0) (5.37)
X (r)Y.(6)
k € Z and S_ is the following diagonal matriz
(r +iacosf)? 0 0 0
. 1
g A,(r)% 0 (r+iacosf)z . 0 . 0
0 0 (r —iacosf)z 0
0 0 0 (r—ia 0089 B
5.38)
If there exists p € [1,+00) such that
Ve LP (M, +o0)) 5 (5.39)

then w satisfies the following equality

w(r +a?) + (k+1>E a+r.Q =0. (5.40)
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Proof. Assume that

1

_=w(rl+ad®)+ (k + 2) E_a+7r.Q#0. (5.41)
We rewrite the equation (5.33) as follows

9.V_(z) = (C- + R_(2))V_(2), z € [1,400), (5.42)
where

0 B ”27‘ )
C_ = - e (5.43)
ey O

is a constant matrix and the 4 components of the 2 x 2 matrix R_(z) are

—-n

Royy(2) = ——ee,
NCH TS

+ ;
B 2B () -

Ao A
+ + :
2z /B_ (% + re) 22,/B_ (i + Te)

M+

R_5(2) = —F———.
T aB (b

Since 7_ # 0, we have

2

B_ (re)z

Moreover, according to the expressions (5.44) of R_,.(2), it is no hard to see that:

det C_ =0 — > 0. (5.45)

(i) R_,; () is integrable on [1, +00) L& AT HY;
(i)
R, (z) —0,1<i,j<2 (5.46)
as z — +o0.
(iii) tr (C— + R-) =0.

Since ¥ is nontrivial, we have V_ # 0 (otherwise X = 0 and ¥ = 0). Therefore, by
Lemma 4.1 (or c.f. Lemma 3.1 in [24]), there exists a constant d_ > 0 such that
for all z € [1,400),

[V_(2)| > dé- >0, (5.47)

i.e. for any x € (0, 1] we have
W_(x)] >d_ > 0. (5.48)
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Since
W_(z)| = [F- ()], (5.49)
we have
| X(r)|>6->0 (5.50)
for r € (re,re +1].

On the other hand, the integrability condition

e Ll (Mg, +o0)) (5.51)
implies that

1 e UV_sin? 0
—A_(r)" 2 YP|IX|PA | =——————drdfdp < . 5.52
L (ggaort) we |\/ g rdtde <o (5:52)

Moreover, since there exists a constant C' > 0 such that |Y|> = |V >+ |Y_|> > C

on [F, 5] (otherwise ¥ = 0), we have

e R 2 UV._ sin ¢
— 2 p [ YV=>0 7
/Tﬁ //O ( *UA—(T) > | X| EzAi(T)Ai(e)drd0d<p<oo. (5.53)

Combining with (5.50), we can infer that there exists a constant Cy > 0 such that

ret+1 1 1
/ | PPV > C’l/ 7 dr = 400, (5.54)
My o0 re  (r=me)z T—Te
which is a contraction! Hence we have
1
—=w(rl+ad®)+ (k + 2) E_a+r.Q=0. (5.55)
Q.E.D.

By the similar proceduce as in the proof of Corollary 4.1 in Section 4, combining
with the equality (5.40) obtained in Theorem 5.1, we can further obtain the neces-
sary conditions for the existence of nontrivial L? integrable time-periodic solutions
of the Dirac equation (5.1) in the extreme Kerr-Newman-AdS spacetime.

Let (1, (2 and (3 be the following constants
¢ :=B_(re) >0,

G = BL(re), (5.56)
Gy e wa? + (k + %) FE_a o,
—re
where
(r—71)?B_(r) = A_(r). (5.57)

Corollary 5.1. Let ¥ be a nontrivial time-periodic solution of the Dirac equation
(5.1) taking (5.86). If there exists p € [1,+00) such that

vel? (M(re,-i—oo)) s (558)

then at least one of the following three conditions holds:

(i) (i +Xr2) ¢ — (3 > 0;
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(ii) (23 — 2w(y = 0;
(iii) TeC2(3 4+ 2¢1¢3 = 0.

Moreover, if ny = 0, then at least one of the conditions (i) and (4i) holds; if A =0,
then at least one of the conditions (i) and (i) holds. In particular, if A =ny =0,
then Q = —2wr,.

6. CONCLUSION AND FUTURE WORK

In this paper, we study the nonexistence of nontrivial time-periodic solutions
of the Dirac equation in Kerr-Newman-(A)dS spacetime. For non-extreme Kerr-
Newman-dS spacetime, we prove that there is no LP integrable Dirac particle for
arbitrary (), p) € Rx[2,400). For the extreme Kerr-Newman-dS and extreme Kerr-
Newman-AdS spacetime, we prove that if the Dirac equation has a nontrivial L?
integrable time-periodic solution, then the energy eigenvalue w and the parameters
of the spacetime should satisfy the following equations

1
w(r? +a?) + (k + 2) Eia+Qr_ =0,

6.1
., ) (6.1)
w(rs +a®) + k+§ E_a+Qr.=0,

respectively. Furthermore, by (6.1), we further show the necessary conditions for the
existence of nontrivial LP integrable time-periodic solutions of the Dirac equation.
Combining with the existing works, we list the following problems to be further
studied:

(1): If there exists nontrivial LP integrable time-periodic solution of the Dirac
equation in the exterior region of the non-extreme Kerr-Newman-dS spacetime for
l<p<2?

(2): If there exists nontrivial normalizable time-periodic Dirac particle with mass

less than or equal to § 7
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