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On the local solvability and stability of the partial inverse problems
for the non-self-adjoint Sturm-Liouville operators with a discontinu-

ity
Xiao-Chuan Xul , Chuan-Fu Yanéa and Natalia Pavlovna Bondarenkd]

Abstract. In this work, we study the inverse spectral problems for the Sturm-Liouville oper-
ators on [0, 1] with complex coefficients and a discontinuity at x = a € (0,1). Assume that
the potential on (a,1) and some parameters in the discontinuity and boundary conditions are
given. We recover the potential on (0,a) and the other parameters from the eigenvalues. This
is the so-called partial inverse problem. The local solvability and stability of the partial inverse
problems are obtained for a € (0,1), in which the error caused by the given partial potential
is considered. As a by-product, we also obtain two new uniqueness theorems for the partial
inverse problem.
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1. INTRODUCTION

Consider the following Sturm-Liouville problem

—y"(x) + q(x)y(z) = My(z), =z €(0,a)U(a,1), (1.1)
with the boundary conditions
y'(0) = hy(0) =0, ¥'(1)+ Hy(1) =0, (1.2)

and the jump conditions
yla+0)=ay(a—0), y'(a+0)=a;'y(a—0)+ayla—0), (1.3)

where ) is spectral parameter, the complex-valued potential ¢ belongs to L?(0,1), h, H,as €
C, a1 >0 and a € (0,1).

Inverse spectral problems for the Sturm-Liouville operators consist in recovering the coeffi-
cients of the operators from their spectral characteristics. The basic results of inverse Sturm-
Liouville problems can be found in, e.g., the monographs [13, 24-26]. The Sturm-Liouville
problems with discontinuities inside the interval arise in mathematics, mechanics, radio elec-
tronics, geophysics, and other fields of science and technology. Such problems are usually
connected with discontinuous material properties, for example, the transmission eigenvalue
problem with a discontinuous index of refraction [15], the geophysical models for oscillations of
the Earth [2, [17] and the electromagnetic and elastic inverse problems for media with discon-
tinuous material properties [23].
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The Sturm-Liouville problem (LI))-(T.3]) has attracted much attention of scholars (see, e.g.,
[, 111, 117, 29-33, 136, 137, |40, 41] and the references therein). In order to uniquely recover the
potential on [0, 1] and all the coefficients, one needs to know two spectra [29, 40, 41]. However,
when partial information on the potential and a part of coefficients are known a priori, then
only a part of two spectra are needed (see, e.g., [17, 130, 32, 33, 136]). In particular, roughly
speaking, if ¢(x) is known a priori on a half interval, then only one spectrum is sufficient; if
q(z) is given on a subinterval more than one half, then only a part of one spectrum is enough.
An overview of classical and modern results on partial inverse Sturm-Liouville problems is
presented in [6]. Without the jump conditions, the uniqueness for solutions of partial inverse
problems was considered in |10, 14, [18-20] and other works.

In this paper, we consider the local solvability and stability the partial inverse problems
for the problem (LI)—(L3]) with complex coefficients, in which, generally speaking, a part of
coefficients and ¢(z) on (a, 1) are known a priori. It is known [37] that the problem (LT])—(L3])
is equivalent to the following problem B; = B(dy,ds, q1,q2, h, H, a1, a3) :

—y; (x) + gj(2)y;(z) = Ay;(z), 0<wz<d;, j=12, (1.4)
y1(0) = hy1(0) = 0, y5(0) — Hy(0) =0, (1.5)
y1(dy) — 01_1?/2(612) =0, ?A(dl) + [alyé(dz) + azy2(dz)] = 0, (1.6)

where dy =a, dy=1—a, ¢ (x) =q(z) for x € (0,d;) and ¢(z) = q(1 — ) for = € (0,ds) .

Since the coefficients are complex, the problem (LI)—(L3]) is non-self-adjoint. Thus, there
may exist multiple and non-real eigenvalues. The asymptotic behavior of the eigenvalues is the
same as that in the self-adjoint case. So, the appearance of non-real eigenvalues cause almost no
difficulty in studying the inverse problems. However, the appearance of multiple eigenvalues will
cause the main difficulties in the non-self-adjoint cases when we study the inverse problems,
especially, for the local solvability and stability (see, e.g., [3-8, I7, I8, 22, 27]). In order to
overcome the difficulties caused by multiple eigenvalues, we shall develop the methods and
techniques of [3-5, 17, 22, 27]. Let {\1,,}n>0 (counted with multiplicities) be the eigenvalues of
the problem B; .

Inverse Problem 1. Assume that a € (0,1/2], and let I be the subset of Ny := NU{0}.
Given {Mntner, a1, a2, H, wy = h+%f0a q1(z)dx and qo, find ¢1 and h.

In the self-adjoint case, the local solvability and stability of Inverse Problem [I] are proved
in [37], where, in particular, if @ = 1/2 then I = Ny and the coefficients as,w; can be
recovered from the spectrum. In this paper, we consider the local solvability and stability for
the non-self-adjoint case. Moreover, we shall also study the case a € (1/2,1). It is known that
if a € (1/2,1) and ¢(x) on (a,1) is given, then one spectrum is not sufficient to uniquely
determine the potential on the whole interval. One should add some other eigenvalues. Consider
the problem By = B(dy, ds, q1, 2, h, 00, a1, az) which means that 3'(1)+ Hy(1) = 0 is replaced
by y(1) = 0. Let {Aon}n>0 (counted with multiplicities) be the eigenvalues of the problem
By . Let us consider the following Inverse Problem

Inverse Problem 2. Let I; (i = 0,1) the subsets of No. Given {N\in}ner, (1 = 0,1), ay,
az, H, wi:=h+1 [ q(z)de and g, find ¢ and h.

Note that, since a € (0,1) in Inverse Problem ] it includes Inverse Problem [I] as a special
case. For example, if a € (0,1/2], then we can put I; = I and Iy = (). The local solvability
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of Inverse Problems 2] depends on the index sets I; (i = 0,1). We will give the descriptions
of these index sets in the corresponding main theorems. For convenience of formulation, we
shall renumber the sequences {\;,}ner, by letting {1tk tiso0 = { Nintnern, With |g k1] > |kl
1 = 0,1. Our results can also be generalized into the partial inverse problems from parts of
N + 1 spectra of the problems with different boundary conditions at = = 1, where N > 1.
But the proportion of the needed eigenvalues should remain the same (see Remark [3)).

Another motivation of this paper is that, in the local solvability and stability, the error caused
by the given potential ¢ and the parameter H should be considered. In [37], the authors
gave the local solvability and stability for Inverse Problem [l by assuming that only the given
subspectrum contains e-error and the given potential ¢, and the parameter H contain no
error. However, as one of the input data, the given potential ¢ or the parameter H may also
contain e -error. Therefore, for Inverse Problem [I], it is natural to consider the local solvability
and stability with the subspectrum, the potential ¢o and H containing e-error. For Inverse
Problem [2], since partial eigenvalues of the problem B, are a part of the input data, the given
parameter H is assumed to contain no error, and the subspectra and the potential ¢, contain
€ -erTor.

Let us discuss the essential novelties of our results comparing with the previous studies. First,
consider the case of real-valued potential ¢;(z) and simple eigenvalues {);,}. In this special
case, Inverse Problem [2] can be treated as the problem of Horvath [19] (see Remark [2), which
consists in recovering ¢; and h from the eigenvalues {\,},>1 of the following problems

—y" +q(x)y=X\y, v'(0)—hy(0)=0, y(d)cosa,+y(d)sina, =0, n>1. (1.7

We mean that the eigenvalues are taken from different spectra: A, € o(q,hi, o), n > 1,
where o(q1, h, ay,) is the spectrum of ([IL7)). In the case of hy = oo (i.e. the Dirichlet boundary
condition at x = 0), Horvath [19] gave a necessary and sufficient condition for the uniqueness
of the inverse problem solution. In the case of h € R, Horvath has separately obtained
a necessary condition and a sufficient one for the unique determination of ¢; and h. The
necessary and sufficient conditions of [19] are formulated in terms of the closedness for some
exponential systems. Latter on, in the case of h = oo, Horvath and Kiss studied the stability
for the self-adjoint case in |21] and for the non-self-adjoint case in [22]. However, in this paper,
we investigate the local solvability of the inverse problem, which was not considered by Horvath
and Kiss. Moreover, in the case of multiple eigenvalues, our problem statement is different from
[19, 121, 22], so it requires a separate investigation. Also, we obtain a necessary and sufficient
condition for the uniqueness of solution for Inverse Problem [2in terms of the completeness for
a sequence of two-element vector functions. This condition is different from that in [19].
Second, the boundary value problem (4))—(L6) can be represented in the following form:

—y"(2) + qi(2)y(z) = My(x), 0<x<d, (1.8)

y'(0) —hy(0) =0, ANy (d) + f2(N)y(di) =0, (1.9)
where fi(A) and f2(\) are some entire analytic functions, which are constructed by the known
data ¢o(x), H, a1, ay (see Remark [2l for details). Thus, Inverse Problem [ is reduced to the
recovery of ¢; and h from a subspectrum of (L8)—(L9), while the entire functions f;(\) and
f2(A\) are known a priori. The inverse spectral theory for the problems of form (L8)—(L9) has
been created in [3-5, 138] and subsequent studies (see the overview [6]). In particular, the case
of multiple eigenvalues was considered and local solvability and stability of inverse problems
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were proved. However, Inverse Problem [2] cannot be represented as (IL8)—(L.9), since it implies
different functions f{(\) and fi(\) for the problems B; with ¢ = 0 and 7 = 1. Therefore,
the methods of [4, 15, 138] cannot be directly applied here. Moreover, an important feature of
our local solvability and stability analysis is that not only eigenvalue perturbations but also
perturbations of ¢ and H are taken into account. In the papers [4, 15, 38] the functions f;(\)
and fo(A) remain fixed, so the results of |4, 15, 38 do not give us an opportunity to study
perturbations of ¢ and H . It is worth mentioning that, for the case without discontinuity
(ag =1, a3 =0, h = H =00, a = 1/2), the local solvability and stability of the inverse
problem for the first time was proved in [3], during the investigation of the inverse transmission
eigenvalue problem. In [3], perturbations of the both subspectrum and the known potential were
considered in the case of multiple eigenvalues. Nevertheless, the presence of the discontinuity
causes additional difficulties and so requires a separate investigation. In this paper, we develop
the ideas of the previous studies [3-3, 22, 138], since we cannot directly apply their methods to
our problems.

The paper is organized as follows. In Section 2, we derive the main equations and introduce
the main results in this paper, including two uniqueness theorems, a reconstruction algorithm,
a theorem of the local solvability and stability, and two corollaries. In Section 3, we study the
asymptotic behavior of the vector functional sequence in the main equations. In Section 4, we
provide the proofs of the uniqueness theorems for Inverse Problem 2l In Section 5, we prove
the theorem for the local solvability and stability of Inverse Problems [I] and 2. In particular,
we first consider the general case a € (0, 1), namely, Inverse Problem 2, in which the given ¢,
contains ¢ -error. Then, we consider the case a € (0,1/2], namely, Inverse Problem [, in which
the given H and ¢ contain e-error. In Appendix, some auxiliary propositions of complex
and functional analyses are provided.

2. MAIN RESULTS

In this section, we first derive the main equations for solving Inverse Problems [Il and [2] and
then present the main results of this paper.

Let ¢(z,A) be the solution of (4 for j = 1 satisfying the initial conditions (0, \) =
1,¢'(0,\) = h. Let 9g(z,\) and 91(z,A) be the solutions of (I4]) for j = 2 satisfying the
initial conditions

%(07 )‘> = 07 ¢(/)(Ov )‘) = 17 ¢1(07 )‘) = 17 %(07 )‘> = H7 (21)

respectively. Then, in view of (.G), the eigenvalues {\;,},>o of the problem B; (i =0,1),
respectively, coincide with the zeros of the characteristic functions

_ | wla,A) —a; ' Pi(da, N) — | ©o(A) gin(A)
Aid) = :00/(@7 A) - ari(da, A) + agihi(da, A) ‘ ._‘ 221()\) gi,l()‘) ‘ (22)

Let A\ = p%. It is known [25, 26] that ¢(x, \) has the expression

o(x, \) = cos px +/ K(z,t)cosptdt, 0<z<a, (2.3)
0
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where the kernel K(z,t) is a function of two variables, which has the first partial derivatives
Kx(x> ')? Kt(za ) € L2(0’ ZE') ) and

w = K(a,a) = h+ % /Oa q(t)dt. (2.4)
The relation (2.3]) together with (2.4)) yield
©wo(\) = cos pa + w; sinpa. _ /a Kl(t)smptdt, (2.5)
P 0 P
©1(\) = —psin pa + wy cos pa + /Oa K (t) cos ptdt, (2.6)

where Ki(t) := Ki(a,t) and Ks(t) := K.(a,t). The set {Ki(t), K5(t),w;} is called the
Cauchy data for ¢; and h.
Substituting (2.5]) and (2.6) into (2.2)), we get

) =g [ Kale)sinptdt 4 0(0) [ Kalt)cos
0 0

9i1(A) + gio(A) [wy cos pa — psin pal . (2.7)

— [cos pa + wiempa pa}

Introduce the Hilbert space of vector-valued functions H := L*(0,a) x L*(0,a) with the inner
product (-,-) defined by

(h,p) = /Oa hy(x)p1(z) 4+ he(z)pa(x)de, Vh:= (hy, he),p = (p1,p2) € H. (2.8)

Rewrite (2.7) as

—Ai(A) = (K(), Ui(-,A)) — fi(A), i=0,1, (2.9)
where
sin pa )
N = feospa 2] ,403) = a0 o cospa — psin (2.10)
Ui(t, A) := (Ui1(t,N), Usa(t, N),  K(t) := (K;(t), Ka(t)), (2.11)
in pt

Uir(t,0) == gii(\)s(tN),  s(t,\) == S“;p L Uia(t,\) = gio(Ne(t, N), e, \) == cos pt.
(2.12)
Recall {pt; >0 = {Nintner,, i =0,1. Let m!, be the multiplicity of the value u;,, in the
sequence {fiinn>0. Without loss of generality, assume ji;,, = fins1 = -+ = i pimi 1. Note

that m’ =1 for n > n; for some large n;. Consider the set
Si = {nEN::U“i,n#,ui,n—bnz ]-}U{O}? ZZO,]_

It is obvious that the sequence {fi;,}nes, consists of elements of {f;,}n>0 being taken only
once. Denote
1d”f(\

_ 1ovPt,\)
Tyl dyw ‘

PY(t, \) = v

Define

UL ) =U"t ), neS, v=0mi—1, i=01, (2.13)



and
7= i), neS, v=0mi—1, i=0,1 (2.14)
Together with (2.9)—(2.14]), we get the main equations of Inverse Problem
(K(1),U,(-))=7., n>0, i=0,1. (2.15)

Let us formulate the uniqueness results for the solution of Inverse Problem 21 Firstly, using
the given data ay, ay, H and go, we can uniquely recover the functions U;(t,A\) (i =0,1)

with the help of ([2.2), (.1I), and (2.12). Then, using the given eigenvalues {1 n}n>0,i=01, We
can construct the system of functions {U’ (¢)},>0i=01 by 2I3).

Theorem 1 (Uniqueness 1). Assume that Inverse Problem [ is solvable. Then the solution
of Inverse Problem Rl is unique if and only if the system {U'(¢)}n>0i=01 defined in 2I3) is
complete in H .

In Theorem [ the condition depends on the system of functions {U? (¢)},>04=01 which,
visually, relies on not only the subspectra but also the data a;,as, H and ¢o. In the following
uniqueness theorem, the condition, visually, only depends on the subspectra. Denote

1 0" cos pt

¢ () =t i) = S RIVER ., neS, v=0mi—1, i=0,1. (2.16)
: )‘:;U'i,n

Theorem 2 (Uniqueness 2). Assume that Inverse Problem lis solvable. The solution of Inverse
Problem B is unique if the system {c (t)}n>0i=01 defined in [ZI6) is complete in L*(0,2a).

Remark 1. Theorem [0 gives the necessary and sufficient condition for the uniqueness of the
solution of Inverse Problem 2l Theorem [2 only gives the sufficient condition. From Lemmas [II
and 2 in Section 4, we know that the condition in Theorem 2 implies the condition in Theorem
0. Howewver, the condition in Theorem Bl seems easier to verify in some special cases (see the
proof of Corollary B). In general, if {U’(t)}n>0i=01 is complete in H , it not clear whether
{8 () }n>0.4=01 1s complete in L?*(0,2a) .

Remark 2. The eigenvalues {\,}n>1 and coefficients cosc, and sincy, in (LT), and the
entire functions f1(\) and fo(X) in ([L9) can be constructed from the given data in Inverse
Problems 2 and [, respectively. Indeed, in (LT), {An}tn>1 = {loks t1xteso and {an}n>1 =
{0k, 01k ti>0, where a;y (i =0,1) satisfy

—Gi0(1i ) )
\/9i,1(/£i,k)2 + gio(pik)?

gi,l(ﬂi,k)
\/gi,l(,ui,k)2 + gio(pik)?

Cos v f, =

sin oy, =

and in (L9),
fildN) = g11(A), fo(A) = —g1,0(N).

where the entire functions g; j(A\) are defined in [2.2). In view of this observation, for the real-
valued potential ¢ and simple eigenvalues, Theorem 2] can be viewed as a variant of Theorem
1.2 4n [19]. Furthermore, for Inverse Problem [, Theorem [ can be obtained from Theorem 2.1
in [38]. Howewver, for Inverse Problem [2 in the non-self-adjoint case with possible eigenvalue
multiplicities, Theorem [2 does not follow from previously known results.
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Remark 3. The above results can be easily generalized to the partial inverse problems from parts

of N+1 subspectra, where N > 1. Indeed, consider the problems B; = B(dy,ds, q1,q2, h, H;, a1, as)
(i =0,N) with Hy=o00,H, = H and H; # H; for 1 # j. For i =0,N, let {tin}n>0 be a
subspectrum of the corresponding problem B;. Similarly to the definitions of U’ (t) and c(t)
for i = 0,1, we can also define Ui (t) and ¢ (t) for i =2, N by {pin},>0i37- LThen we
have the generalized result: qi and h are uniquely determined by ai, as, ég , 7w1 , H; and
{Hintn>0, @ = 0,N, if and only if {Ui(t)}mo,i:o,_zv is complete in H (or if {Ci(t)}wo,i:o,_N

is complete in L*(0,2a) ).

The next result is the algorithm for recovering the solution of Inverse Problem 2. It is known
that, in the self-adjoint case, one can use the Cauchy data {K;(t), K2(t),w;} to recover ¢; and
h directly (see [28]). In the non-self-adjoint case, one can first use the Cauchy data to recover
the functions ¢q(\) and ¢;(\) defined in ([2.5]) and (2.6]), and then recover the complex-valued
potential ¢; and h by the method of spectral mapping (see, e.g., |8, 12]). Therefore, we only
need to recover the Cauchy data. The solution of Inverse Problem [2] can be found by the
following algorithm under the assumption that {U? (¢)},>0i=01 defined in ([ZI3)) is a basis in
H.

Algorithm 1. Let {p;n}n>0 (¢ = 0,1) be the given subspectra of the corresponding problems
B;. We have to find ¢ and h from ay, as, H, wy, and q .

(1) Find the solutions ¥;(x,\) (i = 0,1) of equation (L4)) with j = 2 wunder the initial
conditions (2.1)) and then determine the functions g;; by 2.2) from g2, H, a1, and as,
where i =0,1 and j=0,1 .

(2) Construct the basis {U" },>0 (1 =0,1) by @II), @I2), and [2I3).

(3) Construct {7i},>0 (i =0,1) by ZI0) and [2.14).

(4) Determine K = (K1, K3) € H by the following formula

K(t) =) Uy (1) + ) miU (),
n>0 n>0
where {UY(t) }n>0U{ UL (t) }aso is the basis, biorthonormal to { U2 (t) },50U{ UL (t) }nso -
(5) Construct the functions po(A) and @i1(X) by Z0) and 26).

(6) Recover the potential ¢1 and h from @o(X) and p1(\) by using the method of spectral
mappings (see [8,12]).

The next result is a theorem on the local solvability and stability of Inverse Problem 2l This
theorem takes the error caused by the given partial potential into account.

Theorem 3. For i = 0,1, let {\in}tner, (= {lik}r>0) be a subspectrum of the corresponding
problem B; = B(dy, d2, q1, g2, h, H;, a1, az) with the complez-valued potentials q; € L*(0,d;), h, Hy,
as € C,a; >0 and Hy = oo . Suppose that the system of functions {+/(|to.n| + 1)UL(t) }nso U
{UL(t)}nso constructed in [2.13)) is a Riesz basis in H . Then there exists € > 0 (depending on

the problem By ) such that, for arbitrary sequences {S\M}nel and any function G € L*(0,dy)
satisfying

A= Y Pon = Aoal?+ D an = Aal? <o, (2.17)

nelp nel;



and
d2 d2
| = [ wwd Q=g eleew <= (2.18)
0 0

respectively, there exist unique §, € L2(0,dy) and h € C such that h + %fodl q1(x)dx = wy
and, for i = 0,1, {Nin}tner, is a subspectrum of the problem B, := B(dy,ds, q1,Go, hy Hy a1, az) .
Moreover,

G — a1l 20,0 SCA+Q), |h—h| < CA+Q), (2.19)

where C > 0 depends only on the problem By .

Remark 4. From Lemma B in Section /, we know that, in Theorem [, the condition that

the system of functions {\/(|on] + 1)UL(#) }uso U{UL(t) }nso constructed in [213)) is a Riesz

basis in H, can be replaced by the stronger but easier to werify condition that the system
{c;(t)}nzo,izo,l defined in [2.16)) is a Riesz basis in L*(0,2a) .

As a corollary, we also give the local solvability and stability result for Inverse Problem [I], in
which the error caused by ¢, and H is taken into account.

Corollary 1. Assume that a € (0,1/2]. Let {\n}tner(= {p1x}tr>0) be a subspectrum of the
problem By = B(dy,da, q1, G2, b, H,a1,as) with complez-valued potentials q; € L*(0,d;),h, H,
as € C and a; > 0. Suppose that the system of functions {UL(t)},>0 constructed in [2I3) is
a Riesz basis in H . Then, there exists ¢ > 0 (depending on the problem By ) such that, for
arbitrary sequence {S\M}ng, any Go € L*(0,ds) and H e C satisfying

A= D = a2 <e (2.20)
nel
and
-1 [ 1 [® -
H + 5/ gg(t)dt = H + 5/ QQ(t)dt, Ql = |H — H‘ + H@ — q2||L2(0,d2) S g, (221)
0 0

respectively, there exist unique ¢ € L?(0,d;) and h € C such that h+ 1 fo Gi(z)dr = wy,
and {Aln}nej is a subspectrum of the problem By := B(dl,dg,(]l,QQ,h H &1,&2) Moreover,

a1 — a1l 20,01y < C(AL+ Qn), |h —h| < C(A + @), (2.22)
where C > 0 depends only on the problem By .

Furthermore, in the case of the half inverse problem (i.e., d =1/2), we do not need to require
the Riesz-basis property of {U}(¢)},>0 and so obtain the following result.

Corollary 2. Assume that a = 1/2. Let {An}n>0 be the spectrum of the problem B, =
B(%, %, Q1. q2, hy H, a1, az) with complez-valued potentials q; € L*(0,1/2),h, H,as € C and a; >
0. Then, there exists € > 0 (depending on the problem Bi ) such that, for an arbitrary sequence

{Mantnso, any Go € L*(0,1/2) and H € C satisfying

Al = Z|)\l,n_5\1,n|2 §57

n>0



and
.1 [3 1 [3 .
H+ 5/ Go(t)dt = H + 5/ @(t)dt, Qi:=|H — H|+ ¢ — q2llz200,1/2) <€,
0 0

respectively, there exist unique ¢ € L*(0, 2) and h € C such that h+ 1 fo Gi(z)dr = wy, and
{)xm}nzo is the spectrum of the problem B := B(z, 5+ Q15 G2, h, H,al,ag) . Moreover,

a1 — a1l 20,1/2) < C (A1 + Q1), |}~l —h| <C(A + @),
where C' > 0 depends only on the problem B .

Remark 5. Under the requirement Q1 = 0, Corollaries Il and 2 can be obtained by the method
Of [357.

3. SOME ASYMPTOTIC ESTIMATES

In this section, we investigate the asymptotic behavior of the functions {U(t)},>0.i=01

defined in (2.13).
Note that v (d2, \) and ¥ (ds, ) have expressions similar to (Z.5) and (2.6) with a and

wy replaced by dy and wsy := H + = fo qo(t)dt , respectively. Then, we obtain

dy 1 [ .
g10(A\) = —ay " cos pdz — ay lwzsmp 2 + —/ Pro(t)edt, (3.1)
p P J—d,
do .
g1.1(A) = —aypsin pdy + (aiws + ag)cos pda + / Py a(t)e?dt, (3.2)
_d2

where Py ;(-) € L*(—dy,d3). Using the transformation operator expression for tg(z,\), we
also have

sin pd cos pd 1 [% -
o) = —atSP% o §2+—?/.%meﬁ, (3.3)
p p P ) a,
sin pd 1 [% .
Go1(A) = aq cos pdy + (arwo + as) ' : 2 4 ;/ Py (t)erdt, (3.4)
do

where Py € L*(—dy,ds) and wy = 3 fo q2(t)dt . Substituting (2.5)—(2.6) and BI)—([3.4) into
(2.2) and using the Paley-Wiener Theorem (see e.g., [39, p.101]), we calculate

1
A1(N) = AYN) + 14 cosp+n_cosp(2a — 1) + / Py (t)e*dt, (3.5)
-1
. . . 1 .
Bo(3) = A +6, 2L 1 AXZD L2 [ pgenar (3.6)
-1

where P € L*(—1,1), i=0,1, and

AY(N) := —p[bysinp —b_sinp(2a — 1)], AJ(N) := by cos p + b_ cos p(2a — 1),
ay £ apt
5
For i = 0,1, let {)\), }n>0 be the zeros of AJ()), which are real and simple, since a; > 0.

a a
by = %zMwimig,g:@mi%ﬁg.

Denote p?vn = 1/}, . Using a similar method to Lemma 1 in [1}, it is easy to get that for
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each fixed i = 0,1, the sequence {p{,} is separated, namely, |p?, — p},,| > co > 0 whenever
n # m. Using the standard method involving the Rouche Theorem together with (B.5) and
([3.6), one can prove the following proposition (see, e.g., |1, 13, 40]).

Proposition 1. The eigenvalues {\;,}n>0 of the problem B; have the asymptotic behavior

972 n Rin .
Pin = >‘i,n = p?,n T pd + T” {Hi,”} < 127 1=0,1, (3’7>
where
cosp?. +mn_cosp? (2a —1 sinpl, +(¢_sinp? (2a —1
91771 _ N+ pl,n n pl,n( )’ 90771 _ _C-i- pO,n C pO,n( )’ (38)

2A9(X),.) 200, AB(AS)

here A?()\) = dAC?(/\) . Moreover, for each © = 0,1, there is n; € Ny such that the sequence

{pintn>n; is separated.

Using B.1), (32) in 2I2) and (33), (34) in (ZI0), we obtain the following relations for

large |p|:

oIt (da-+1)

Ul,l(t, >\) = Ul,l(t, )\) -+ O ( |p|

oltmpl (da-+1)
) y Ul,g(t, >\) = Ul,g(t, )\) + O (T) y (39)
eltmpl(d2+) elmpl (da+)

Up1(t, A) = up1(t, A) + O < ) , Uoa(t,\) = uga(t,\) + O < ) . (3.10)

|p|? |p|?

where

—1
w1 (t, ) = %[cos p(da+t)—cosp(da—t)], wia(t, ) = g[cos p(dy—t)+cos p(da+t)], (3.11)
1

up1(t,\) = g—;[sin p(do+t)—sin p(da—1t)], up2(t,\) = [sin p(da—t)+sin p(de+1)]. (3.12)

2a1p
Denote w;(t,A\) = (ui1(t, A),ui2(t,A)), ¢ = 0,1. From B.II) and (3.12), and recalling
dy =1 — a, we have
2 a
(uy,uy) :% / [cos p(da — t) — cosp(dy + t)][cos p(dy — t) — cos p(da + t)]dt
0

a

1
+ 12 [cos p(dy — t) + cosp(ds + t)][cos p(da — t) + cos p(da + t)]dt
1J0

2 -2 -2 2
_uta —ay

1 1
/ cos(pt) cos(pt)dt + i B / cos(p(2dy — t)) cos(pt)dt
4 1—2a 4 1-2a

2, —2 ol
:MT% / [cos(p — p)t + cos(p + p)t]dt
1—2a

-2 9 1
O T 2 il / [cos(2dap — (p+ P)t) + cos(2dap — (p — p)t)]dt (3.13)
1-2a
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ai [t _ o . :
(ug, ug) :m / [sinp(de — t) — sin p(dg + t)][sin p(dy — t) — sin p(dy + t)]dt
0

1 a
+ PR, / [sinp(de — t) + sinp(ds + t)][sin p(dg — t) + sin p(dy + t)]dt
1Al Jo

-2 _ 2

2 —2 1 1
_ it a / sin(pt) sin(pt)dt + L4 / sin(pt) sin(p(2dz — t))dt
4|\ 1-2a 4 1-2a

2 -2 gl
_Gta / [cos(p — p)t — cos(p + p)t]dt
8‘)‘| 1-2a

-2 9 1

+ % / [cos(2dap — (p + D)) — cos(2dap — (p — D)) dt (3.14)
1-2a

By Proposition [l we know that Im4/\;,, = 0 and Re\/\;,, = 0o as n — oco. Using (3.9) and

(B.I0) in 2I3)), together with ([B.I3) and (B.I4), and with the help of the mean value theorem,

we obtain

||U,11||72Ll = W[l +o(1)] + w [COS(QM(l —a))+ 0(1)] , n— o0, (3.15)
op _ baida (o —ada R
U = 2 o) — A feos2y (L @)+ o(D] 0. (310

By virtue of the eigenvalue asymptotics, we know that |cos(2,/f;.(1 —a))| <1, i=0,1, for
sufficiently large n. It follows from (B.15]) and (816) that

(af +a;°)a

UL |13, = .
H n||7—[ 4|,U0,n|1_2

[1+cn+o(l)], i=0,1, n— oo, (3.17)

where {c¢;,} is a sequence bounded by a constant less than 1.

4. PROOFS OF THE UNIQUENESS THEOREMS

In this section, we give the proofs of Theorems [Il and 2l In order to prove the necessity
in Theorem [II we need the following proposition on the local solvability and stability of the
inverse problem by the Cauchy data.

Proposition 2 (See [34]). Let qi(z) be a fized complez-valued function from L*(0,a), and let
h € C be a fived number. Denote by {Ki, Ka,wi} the corresponding Cauchy data. Then there
exists € > 0 (depending only on q1 and h ) such that, for any functions {Ki, Ky} satisfying

== max{HK'l — K1HL2(0,a)7 HRQ — K2HL2(0,¢1)} < g, (41)

there exists a unique function G € L*(0,a) such that {K'l, f(g,wl} are the Cauchy data for ¢
and h =wy — 3 [ qi(x)dx . Moreover,

G — a1 llr20.0) < CZ,  |h—h| < CE, (4.2)

where C depends only on ¢, and h.



12

Proof of Theorem [Il. Firstly, note that the given data in Inverse Problem 2l implies the unique
determination of U(t,\), f(A), {UL(t)}ns0i=01 and {7:},>0i=01. Due to the condition
that Inverse problem [ is solvable, assume (qi,h) is the solution such that {p;,}n,>0 are
the subspectra of the corresponding problems B(dy,ds, q1, g, h, H;,a1,a2) (7 = 0,1), where
Hy =00 and H; = H. Let {K;, Ky,w} be the Cauchy data for ¢; and h.

(Sufficiency). 1If the system {U!(f)},>0i=01 defined in ([ZI3) is complete in H, then
there is at most one K(¢) satisfying the main equations (2I5). It is obvious that K(t) =
(K4(t), Ko(t)) . Note that there is at most one pair (g, h) corresponding to the Cauchy data
{Ky, K3,w;} . Hence, the sufficiency is valid.

(Necessity). If the system {U!(t)},>0:=01 defined in (ZI3)) is not complete in #H, then

there exists a solution K(t) = <K1(t), Kg(t)) (1K |l # 0) satisfying

<K,U;> —0, n>0, i=0,1. (4.3)

Due to the linearity of {3) for K, we can choose K such that ||K|jy < & for ¢ from
Proposition [2 Define

K:: <k_17k_2)7 kl = K1+K17 KQ = K2+K2’

Then using Proposition 2, we know that there is a unique ¢; € L2(0,1) such that {K;, Ka,w}
are the Cauchy data for ¢; and h = w; — % foa ¢1(x)dx . Define the functions

i a . "
()50()\) 1= COS pa + w1 s pa _ / Kl (t) s P dt’
p ; P

P1(A) := —psin pa + wy cos pa + / K,(t) cos ptdt,
0

Ai(\) = <I~{(-),UZ~(-, )\)> — £\, i=0,1. (4.4)

It is easy to get that functions AZ(AZ defined in ([@4) have the expressions A;(A) = @o(X)gi1(A)—
¢1(N)gio(A), i = 0,1. Thus, A;(\) are the characteristic functions of the correspond-

ing problems B(dy,ds, ¢1,q2, h, Hi,a1,a2), ¢ = 0,1. Due to (ZI3), (£3) and (£4), we get
that i, (n € S;) are zeros of A;(\), i = 0,1, with the corresponding multiplicities m?, .
Thus, {ftin}n>0 are the subspectra of the problems B(dy, ds, G1, g2, h, H;, a1, as) , respectively,
i =0,1. We have proved that the solution of Inverse Problem 2lis not unique if {U? (¢)},>0.i=0.1
defined in (2I3) is not complete in H . The proof of necessity is complete. O

Now, let us prove Theorem 2 by proving two lemmas. Similar to (212) and (2.I3]), define
V(t,A) == (Vi(t, A), Va(t, A), - Vit A) s= @u(A)s(t, A), - Valt, A) i= @o(A)e(t, A),  (4.5)

and
Vi () =Vt pin), n€S, v=0m,—1, i=0,1 (4.6)

Lemma 1. The system {U’ (t)}n>0i=01 is complete in H if and only if {V'(t)}n>0i=01 18
complete in H .
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Proof. Let h = (hy, hy) € H . It is sufficient to show that
(h,U:)=0, n>0, i=0,1 (4.7)

is equivalent to
(h,Vi)=0, n>0, i=0,1. (4.8)

Consider the functions

<%Q):(MJJMwM%:A%Mﬁmmﬂﬁﬁﬂf+m@Mka@ADﬁ,iZOJ, (4.9)

FO) = (). VEA) = [ (nO0a0stN) +haOpet V)i (410
By the definitions of Ut (t) and Vi(t), we know that (A7) and (48) are equivalent to
G (win) =0, neS;, v=0,mi—1, i=0,1, (4.11)
and
Fun) =0, neS;, v=0mi—1, i=01, (4.12)

respectively. Therefore, it is sufficient to show that (£I1)) is equivalent to (AI2). Let us first
prove that (AI1)) implies (£I2)). Note that ¢o(A\) and ¢;(A) have no common zero, and so do
gio(A) and g;1(N\), ¢ =0,1. From (Z2)) and Proposition [A.T], we have

(i) 2: $e0l T (i), eS8, v=0,m,—1, j=0,1, (4.13)
where M) , are constants. Using ([9) and (£I3), we obtain

F® (j15,) :Z / (PO (1) (8, i) + ha() P (1) (8, pi) |

—ZZ /[ 092 (i) (8, prn) + P9 (i) (1 i) |

7=01=0

v—l g
=ZM:;,IZ | 0008 00151 )+ a9 i) 1)
j=0 0

_Z lGVl (i) = 0.

Similarly, one can also prove that ([£12) implies (ZIT)). O

Lemma 2. If the system {c'(t)}n>0i=01 is complete in L*(0,2a), then {Vi(t)}n>0i=01 iS
complete in H .

Proof. Substituting (2.5) and (2.6) into (4.5), we get

e2a|Imp|
) . Va(t,A) = va(t, \) + O (

€2a\1mp|

4

Vit ) = (e )+ 0 ). ol @)

14
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where

vi(t,\) = %[COS pla+t) —cospla—1t)], wvt,\) = %[cos pla—1t)+cospla+t)]. (4.15)
Substituting (2.5]) and (2.6) into (£I0) and taking (4.14)) and (AI5) into account, we obtain

2a
FO\) = / bo(t) cos ptdt + Fi(p), (4.16)
0
where
hi(a —1t) + ho(a—1t) O<t<g
WO= byt o) i —0) ’
2 a4 5 L a, a <t<2a,

and the function Fj(p) is an even and entire function of exponential type < 2a, moreover,
Fi(p) =O0(pl™), ol =00, peR.

It follows from the Paley-Wiener Theorem and the evenness of F(p) that there exists by (f) in
L*(0,2a) such that

2a
F(\) = / [bo(t) + by (t)] cos ptdt. (4.17)
0
Let h = (hy, hy) € H such that (ZJ) holds, or equivalently, (ZI2) holds. From ([&I7), [Z.I6)

and the completeness of {c’ (t)},>0.i=01, we get that by(t) +by(t) = 0 in L*(0,2a). Therefore,
F(\) = 0. Using (4I0) and Proposition [A.2] in Appendix, we conclude that hs(t) = 0 and

hi(t) =0 in L*(0,a). O
Proof of Theorem 2. Using Lemmas [I] and 2, together with Theorem [II, we immediately finish
the proof of Theorem O

In the end of this section, let us prove the following lemma, which indicates that the Riesz-

basicity H for the functional sequence {+/(|to.n| + 1)UL(¢)} >0 U {UL(¢)}n>0, constructed in
(2.13)), is reasonable. This lemma is also useful in the proof of Corollary 2

Lemma 3. If the system {c},(t)}n>0i=01 is a Riesz basis in L*(0,2a) then: (1) {V(t)}n>0i=01
is a Riesz basis in H ; (i) {/(|pon] + 1) U2(#) }so U{UL(t)}uso is a Riesz basis in H .

Proof. (i) Note that m! =1 for n > n; for some large n;. Let {a,},>0 be the numbers such
that oy # oy and oy # ag for all k #1[ and

{an}nsngsn, = {\/ ,UO,n}nzno U {\/ Nl,n}nznr

Since {c!(t)}n>0i=01 is a Riesz basis in L*(0,2a), then {cosa,t},>o is also a Riesz basis
in L?(0,2a). From Proposition [A.3]in Appendix, we have that {(v(¢,a?),va(t,a?))}nso is a
Riesz basis in H , where v;(t,\) (j = 1,2) are defined in (£.15]). By (£.14) and (4.6]), we know
that {V.(t)}n>0i=01 is quadratically close to {(vi(t,a2),va(t,a?))}ns0. Using Proposition
1.8.5 in [13], together with Lemma 2, we conclude that {V? (#)},>0=01 is a Riesz basis in H .

(ii) Using Proposition [AJ] together with the definitions of U’ and V' we obtain that
Ui(t) = CiVi(t) for n > n;, where C! are nonzero constants. Note that {U? (¢)},>04=01 18
complete in H by (i) and Lemma[Il In view of (BIT), we get the conclusion (ii). O
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5. PROOFS OF THE LOCAL SOLVABILITY AND STABILITY

In this section, we prove Theorem B as well as Corollaries [land[2l For i = 0,1, let {i;n}n>0
be a fixed subspectrum of the problem B;. We shall use the data {fi;,}n>0, G2, Hy, a1, as
and w; to construct ¢ and h by Algorithm [II We agree that, if a certain symbol §; denotes
an object related to the problem B;, then §; will denote an analogous object related to the
sequence {fi;n}n>0, G2 and lffl. In Theorem B, we assume H; = ]:Il. The notation C' may
stand for different positive constants.

Let ¢;(z,\) be the solution of the equation —y” + a(x)y = Ay under the initial conditions

120(07 >‘) = 07 QZ(/)(Ov >‘) = 17 7&1(07}0 = 17 1%(07 >‘) = I:Il-

Lemma 4. (i) If [2.I8) is fulfilled for some ¢ < 1, then there exist functions W{ € L*(0,ds) (i =
0,1) such that

- 1 [
wo(dg, )\) — @Do(dg, )\) = E W(g)(t) COS ptdt, (51)
0
~ 1 da2
(2, ) = oo, N) = | W (8)sin prel. (5.2)
0

Moreover, ||Wll 1204 < CQ, i =0,1, where Q is defined in (2I8) and the constant C' > 0
depends only on ||ga]|12(0,dz) -
(ii) If @21) is fulfilled for some € < 1, then there exist functions Wi € L*(0,dy) (i =0,1)
such that
- 1 [%

U1(dy, N) — ¥y (dy, \) = P WY (t) sin ptdt, (5.3)
0

do
O (dgy N) — 0 (da, N) = WL (t) cos ptdt. (5.4)
0

Moreover, |[Wil|r204) < CQ1, @ = 0,1, where Qq is defined in (Z21)) and the constant
C >0 depends only on ||q2||r2(0,a,) and |Hy|.

Proof. According to the theory of transformation operators [25,35], there are functions M°(z,t)
and M*(z,t), having the first partial derivatives, such that

Dol \) = to(w, A) + /0 MO, (8 Nt o \) — Smp’””+ /0 ’ Ml(x,t)Sir;ptdt. (5.5)

Moreover, M'(x,t) (i =0,1) satisfy that M!(z,-), Mi(z,-) € L*(0,x) for each fixed z € [0, dy]
and

M(e, ) = 3 / [ialt) — ao(0)dr, M (2) = 3 / Cw(de, Miz.0)=0,  (5.6)
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Substituting the second equation in (5.5 into the first one, integrating (5.5)) by parts, and
taking (5.6) and the first equation in (2.I8)) into account, we obtain

5 1 do T
o(da, ) — Yo(da, N) :E i M°(dy, ) {—Ml(x, ) cos px + /0 M} (z,t) cos ptdt | dx
I
+— M (ds, t) cos ptdt
P Jo
L[
= i Wy (t) cos ptdt, (5.7)
with )
2
WO(t) = M (dy, t) — M°(do, t) M (t, 1) + M°(dy, s)M} (s, t)ds. (5.8)

t
Using the estimates for M*(z,t) (see, e.g., Proposition 2.1 in |35]), we have that, for each fixed
x € [0, dy], there hold
max | M°(z,1)] < CQ, M, (x, )20 < CQ M (2, )] 2200.0) < CQ, (5.9)

r>t>

where the positive constant C' depends only on the sum of ||ga||z2(0,45) and ||| z2(0,45) - Note
that [|G2||20,42) < l|@2]22(0,02) + @ and, by ZI8), @ < e < 1. Therefore, we have that the
constant C' depends only on ||g2||12(0,4,) - Using (£.9) in (E.8), we get that ||[W||12(0,4,) < CQ .

Similarly, using (B.5]) and (5.9), we arrive at (5.2)) with
da

Wy (t) = M2(dy,t) + M)(dy, s)M* (s, t)ds, [[W|lz2(0.a0) < CQ. (5.10)
t
Note that there are also functions N°(z,t) and N*'(z,t), having the first partial derivatives,
such that

Uy (2, \) = (@, \) —|—/ NO(z,t)y(t, \)dt, (2, ) = cos px +/ N'(x,t) cos ptdt. (5.11)
0 0
Moreover, Ni(x,t) (i =0,1) satisfy Ni(z,-), Ni(z,-) € L*(0,x) for each fixed z € [0, dy] and

~ 1 [ 1 [
NO(ZIZ,ZL’) = H1 - H1 + 5/ [ng(t) - QQ(t)]dt, Nl(l',l’) = Hl + 5/ QQ(t)dt, (512)
0 0
Similarly, using the estimates for N°(z,t) from Proposition 2.1 in [16], we get that, for each
fixed = € [0, ds], there hold
max | N°(z,1)] < CQu, [|N(@,)llr200) < CQu 1IN (@)l z20.0) < CQ1, (5.13)

r>t>

where the positive constant C' depends only on the sum of ||ga|[12(0,a,) and |H;|, since @ <
e <1 by (Z2I). Using (5.I1), integrating by parts, and taking (5.12), (5.13) and the first
equation in (2Z2]) into account, we can get (5.3) and (5.4) with
da
WP(t) = N°(do, )N (t,8) = N (do, t) — | N°(da, s)N/ (s, 0)ds,  [[W?]|12(0.45) < CQ1, (5.14)
t

and
da

Wi (t) = NX(do, t) + [ NJ(da, s)N'(s,t)ds, [|[W}| 1200, < CQ1, (5.15)

t



respectively. The proof is complete. O

Denote 5 -
gzO()‘) = —ay ¢z(d2, ), §z’,1()\) = @1¢§(d2, )\) + a2¢i(d2, )\)- (5-16)

Similarly to (ZI0)-(212), define
ﬁi(t, )\) = (Ui71(t, )\), 0¢72(t, )\)), 0¢71(t, )\) = §i71()\)8(t, )\), Ui72(t, )\) = f]i,o()\)c(t,

sin pa

fi(A) = [cos pa + wy } Gia(A) — Gio(A) [wi cos pa — psinpa), i=0,1.

Lemma 5. If the condition (218) is fulfilled for some ¢ < 1, then

0
n

S0 _ i) ? 2
> (rtoal +1) D ||(TF = Ut po,) (k)| < 0@ (5.19)
neSy v=0 neSy v=0 H
> ol + DDA = 1) (o) | <c@ (520

neSy v=0 neS; v=0

where C depends only on the problem By .

Proof. Using Lemma [ with H, = H, , together with definitions of U (¢, \), Ui (t,\), fi(\)
and f;(A), we have that for » >0 and ¢ = 0,1 there hold

[mp|
v (v) e .
ij (t,A) — Ui,j (t, A)‘ < CQWv J=12, (5.21)
) W eltwle | (% i
fi ) = 1 (A)\ < O | [, Wilerdt), IWillia g < CQ; (5:22)
—a2

where C' depends only on ||g||2(0.4,) - Note that m! =1 for n >n;, ¢ =0,1. In particular,
|/ Him — /Fin| > ¢co > 0 for m,n > n; and m # n, and |Im,//1;,] < ¢; < co. Using the

estimate (5.21) in (ZI1) and (5.17), we obtain (5.19). Using (5.22)), together with Proposition
A we get (5.20). O

Note that multiplicities of p;, and fi;, may be distinct. However, by virtue of ([2.17)), we
have that S; C S; for sufficiently small ¢ > 0. In particular, m! =1 for n > n;. Denote

Ul () = Ut i), 7= ), ned, v=0,m —1, i=01 (523)
Consider the system of equations

K(),Ul()) =7, n>0, i=0,1, (5.24)
{ )

where K = (K7, K,) is the unknown element in % .
For each i = 0,1, fix k € [0,n;) NS;, and assume that the value p;j with the multiplicity
mj, corresponds to the numbers {fi;,}nens » Where M = {k,k+ 1,k +mj — 1}. Define

Si:= S, N Mj . Then the relation (524) for n € Si can be rewritten as
<K()a I~J§V>('>ﬁi,")> - fi<y> (ﬁi,n), n < Slzc’ v =0, m% -1, i=0,L (5'25)



18

For each fixed t € [0,a] and i = 0,1, let Ej;;(t,\), Fis()\) be the unique polynomials of

degree at most mj — 1, respectively, interpolating U;;(t,\) (j = 1,2) and f;(\) and their
derivatives in the usual way at the points {/iin}nep - Namely,

BVt i) = U (4 i), B (i) = £ (in), neSi, v=0m,—1  (5.26)
Denote Ey;(t,\) == (Eg1(t, ), Erio(t, \). Egs. (5.25) and (5.26) imply that
(ROLBCia)) = B ng), €S v=0u—1, i=01  (527)
Since Eji (t,\), Fri(\) are the polynomials of degree at most mj — 1, we have
<K('>7Ek,i('7 A)> =E.()\), MNeC, neSi, v=0m,—1, i=0,1 (5.28)
In particular, we have
(RO)BY o)) = B (), v =0m =1, i=0,1. (5:29)
Define the sequences {I:J%}nzo and {7'},>¢ for i = 0,1 as follows

U, =BVt i), Tiyy = EX (1), n € Sin[0,1,), v =0,mi, — 1,

n

! B o (5.30)
U, () =U,(t), 7=7, n=n.
Then the system (0.24) is equivalent to
(R(),Oi()) =7 n=0, i=0,1, (5:31)

Lemma 6. There exists € > 0 such that, if (ZI1) and 2I8) are fulfilled, then the following
estimates hold

i+ HU,g—fj,g ) <C(A+Q), (5.32)

2
H

5= (o + 1) U2 - 0
n>0

> ((ronl + D)0 = 39" + |72 = 74") < C(A + Q). (5.33)
n>0
Proof. From the theory of the transformation operators [25], we know that

oItmplz oItmplz

PN < C WY N < C——— v >0, 5.34
B T e H R (TR .
Using (5.34) in (Z12) and (2.10)), together with the definitions of g; j(A), we obtain the estimates
[mp|
() <C—" >0, i=0,1, j=1,2
|UZ,] (t’ )\)| —_ C1(|p| —l— 1)I/+1—Z’ v — 07 ? 07 ) ] Y ) (5.35)
) eltmpl
< >0, i=0,1. (5.36)

_— V>
(Ipl + 1)
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In view of (B.2I)) and (5.22]), and noting @ < e <1, we also have

. [Tmp|
T4t )] < CW v>0, i=01 j=12 (5.37)
) eltmpl »
|f2 ()\)| SCW, I/ZO, ZIO,l. (538)

Since

~ - Min
U (¢, 115,0) — UL (¢, fii) = (v + 1) / OY 0, wydp, v>0, i=0,1, j=1,2,

it follows from (5.37)) that
|,U/z n ,uz n|

>
\/W+1u+21 v

(v (v)
Uiy (& pin) — U J(t i) < C
Similarly, we get

F ) = F ()| < Ot — fli v>0, i=0,1. (5.40)

\/W+1y+lz -

Note that
Ut fuin) — UM, i) < T8 (8, fiin) — UM (1, Ut i) — UM (E, i)
| i, (t, ftin) i, (t, pim)| < | ij (t, ftin) ij (t, pin)| + | i, (t, tin) i, (t, pin)l,

7 i) = £ )| < VT i) = i) | 15 i) = £ i)
Using (5.39), (5.40) and Lemma [5, and noting m!, =1 for n > n;, i = 0,1, we obtain

S (noal + 0 03 -0+ ST [Ui-0 <cmrep (5.41)
n>ng n>ni
> (lpon] +1) |70 - %,?}2 + > |- %,{\2 < C(A+ Q)2 (5.42)
n>ng n>ny

Now let us consider n € [0,n;), i =0,1. Fix ¢ =0,1. By the definitions of Em-,j(t, A) and
F,.is(\), using Proposition [A.0] we have that for each fixed k € [0,n;) N S;,

B30 ) = 032 (0 o) | < Cmat i — gl v =0 =1, (5.43)
neoy
‘Fé?(m,k) ~f (:ui,k)‘ < Cffg?f i — pigl, v =0mj—1, (5.44)
neoy

for sufficient small € > 0. Note that
’E]i’,/i>,j(ta k) — U¢<,';> (t, ,Ui,k)’ < )E;i,”f,j(t,m,k) - Ué’;) (t, ,ui,k)‘ + ~i<,1;>(t,,ui,k) - Ui<,1;>(t>m,k) ;

~2<V> (Mzk) - fi<y> (Mzk)) )

)F,ﬁ? (tik) — fi<y> (:U’zk)‘ < ‘F;il? (i) — JE;V> (,U/zk)‘ +
Using Lemma [l and (543)), (5.44]), we obtain

Z HUZ Ul

nEMZ

< C (Q +max |, — Mz‘,k|> , ke&Sn0,n), i=0,1,
neS;,
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Y E-m<cC <Q+ma~x|ﬁi,n—m,k\> , keS&no,n), i=0,1.
neS;

neM;
Hence
no—1
(ol + 1) U3~ T3 L+ Z o - L <C+Qr, (5.45)
n=0
no—1 I ny—1 -
Z(\uon|+1 R Y - F < o+ Q) (5.46)
n=0
Using (5.41]), (m (IBEE) and (5.40), we arrive at (5.32) and (5.33)). O

Proof of Theorem [3l Using Lemma [l and Proposition [A.5 we get that, for sufficiently small
e > 0, there is a unique K = (Kl,Kg) € H satisfying GB_:{[I) that is equivalent to (5.24)).
Recall the definitions (5.16])-(E.18) of U;(t,\) and f;(\), i =0,1. Define the functions A;(\)
(i=0,1) with K(t), Ui(t,\) and f;(\)

A == (R(), Tl ) + £V, i=0,1 (5.47)

Then Eq.(5.24) together with (5.23) imply
A i) =0, neS, v=0mi—1, i=01.

7

Note that Proposition [A5] also implies ||K — K|z < C(Q+ A). Thus, using Proposition 2, we
conclude that there exists a unique G € L*(0,a) such that {K;, Ky,w;} are the Cauchy data
for ¢; and h = w; — 3 Jo @ (x)dx, and the estimate (2I9) is valid. Define the functions ¢g(A)
and @1(A) by the Cauchy data {Kl,Kg,wl}

a ~ : t
Fo(\) = cos pa + wy SPY / Foe) s (5.48)
P p

@1(A) := —psin pa + w; cos pa + / K, (t) cos ptdt, (5.49)
0

Then Eqs.(5.47), (5.48) and (E49), together with (E17) and (.I8), imply that the functions
A;(N) (i=0,1) defined in (5.47) have the expressions

Ai(A) = G0(M)Gi1(A) — B1(A)Gio(A)- (5.50)
The proof is complete. O

Proof of Corollary [Il. The proof of Corollary [I] is similar to the proof of Theorem Bl Letting
{1t0.n}n>0 = 0 and using only (ii) of Lemma @ in the proof of Theorem [3, we complete the proof
of Corollary [II O

Proof of Corollary 2. If a =1/2, then Ay, has the following asymptotics (cf.(3.7))

Ny +n-(=1)"  Kin )
VA= i el 51
1, nm -+ o + - {kin} € (5.51)




21
Using Proposition 1 in [7] with (55I), we get that {c"(t, M) nes,w—omi=1 15 a Riesz basis
in L*(0,1), where we have assumed g, = A;, for all n > 0, and ¢(¢,\) = cospt. Then,
using Lemma [Bl and Corollary [, we get Corollary OJ
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Appendix

In Appendix, we provide a few auxiliary propositions. One can also find partially similar
results in [3, 4]. For convenience of readers, we summarize them in Appendix.

In Propositions [A1l and [A.2] we consider a sequence of complex numbers {z,},>o with
finite multiplicities. Let m,, denote the multiplicity of the value z, in the sequence {z,},>0.
Without loss of generality, assume that z, = 2,.1 = -+ = 2,4, -1 and denote

S:={neN:z, #z,.1,n>1} U{0}.

Proposition A.1. Assume that {z,},>0 (counted with multiplicities) are the zeros of the
function

D(2) := ¢o(2)91(2) — ¢1(2)g0(2),
where the functions ¢;(z) and g;(z) are analytic at z, (n>0), j = 0,1. If the vectors
(90(2n),91(2n)) # (0,0) # (¢0(2n), ¢1(2n)) for n € S, then there exist constants C,, M, ,
neS, v=0,m,—1 such that C,o#0, M,o# 0 and

5 1 d"g;(2) - v—k N
g§ >(Zn> - JT;V 2=z - §C”7k¢§ >(zn)7 nesS, v=0m,—1, j=01 (A1)
0 () = Y Mupg! M(z), mes, v=Om—L j=01 (A2
k=0

The proof of Proposition [A 1l repeats the proof of Lemma 1 in [3], so we omit it.

Proposition A.2. Let ¢o(z) and ¢1(z) be nontrivial entire functions and

/0 ’ <h1(t)¢1(z)sm\/\_ft + ha(t)o(2) cos \/Et) dt =0, hihe e L20,a).  (A.3)

Assume that ¢1(z) has the zeros {zn}n>0 (counted with multiplicities) satisfying the asymp-
totics

\/Z: %“'/{na {KH}EF‘
If ¢o(2,) #0 for all n, then hy =0 and hy =0 in L*(0,a).

Proof. Define

10 t _
c<”>(t,zn): —'CaL\/E , v=0m,—1, nes.
V! i

2=2n
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It follows from (A.3)) that

> 6 (zn) / ha()c” M (t, z)dt =0, v=0,m, —1, neSs.
k=0 0

From the asymptotics of z,, there is only a finite number of multiple values in {z,}n>0.
Without loss of generality, assume m,, > 2 for 0 < n <mng—1 for some nyg € N, and m, =1
for n > ng. Since ¢g(z,) # 0 for n € S, we have

/a ho(t)c(t, z,)dt = 0, nes, (A.4)

/Ohg( [ t,zn) XV: R, zn)]dt:(), v=1m,—1, neSn|0,ngy). (A.D)

e Ozn

It is known that {c"(t,2,)}nes—o7m=T 1 @ Riesz basis in L*(0,a) (see Appendix in [7]).
Hence, by replacing the finite functions {c"(t, 2,) },,c Sn[0,m0)w=Tmn=1 With the functions

v (k)
N (t, 2,) + Z ng((zzg) ARt z), v=T,m,—1, necSNI0,ng), (A.6)
k=1 "

we know that the system of the functions in (AJ6) and {c(t, 2,) }nes is also complete in L2(0, a) .
It follows from (A4) and (A5) that he(t) =0 in L?(0,a). Returning to (A3]), we have

$1(2) /0“ hl(t)sm\/\ggtdt =0, zeC,

which implies hy(t) =0 in L?*(0,a) since ¢;(z) is a nontrivial entire function. O

Proposition A.3. Assume that {a,}n>1 are complex numbers satisfying oy # a; and oy # &
for all k # 1. Denote v,(t) = (vi(t,a2),va(t,a?)), where v;(t,\) (j = 1,2) are defined in
(AI5), where X\ = p*. Then the following assertions are equivalent:

(i) {cosant},>o is a Riesz basis in L*(0,2a) ;

(ii) {vn(t)}n>o0 is a Riesz basis in H := L*(0,a) x L*(0,a), the inner product of which is
defined in (2.8).

Proof. By Theorem 9 in [39, p.32], we know that a system of functions {f,(¢)},>0 is a Riesz
basis in some Hilbert space H if and only if it is complete and satisfies the two side inequality

N N N
ClZ|6n|2 S Zﬁnfn §C2Z|6n|27
n=0 n=0 H n=0
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where {5,} is an arbitrary sequence, and N > 0 is an arbitrary integer, C; and C, are some
fixed constants. In view of (4.I5]), we have that

(Vi, Vi) :i /Oa[cosa_j(a —t) — cos;(a+ t)][cos ay(a — t) — cos ay(a + t)]dt

1 a
+7 /0 [cos@j(a —t) + cos@j(a + t)][cos ay(a — t) + cos ay(a + t)]dt

a 1 2a
/ cos(a;t) cos(ayt)dt + 5 / cos(a;t) cos(ayt)dt
0 a

N~

2a
/ cos(a;t) cos(ayt)dt.
0

N —

Hence, we have
2

N N o 1
=D Biblvivi) =3
H j=0 k=0

In view of ([AT), it only remains to show that {cosa,t},>o is complete in L?(0,2a) if and
only if {(v,(t)}n>0 is complete in H .

Assume that {cosa,t},so is complete in L?(0,2a). Let h = (hy,hy) € H such that
(h,v,) =0 for all n> 0. Then the function

Fo(N) ::/ (ha(t)v1(t, ) + ha(t)va(t, X)) dt (A.8)
0
has zeros {ay}n>0. By the definition of v;(¢, \) (cf.(ZIH)), we get

hi(a —t) + ha(a — 1) 0<t<a

2a
Fy(\) = /0 bo(t) cosptdt, bo(t) =, o 2 Mt —a) (A.9)
5 , a<t<2a.
Since {cos a,t},>o is complete in L?*(0,2a), we have by(t) = 0 in L?*(0,2a). Hence hy(t) =
he(t) =0 in L*(0,a).
Assume that {v,(t)},>o is completein H . Let b € L*(0,2a) such that f02a b(t) cos aptdt =0
for all » > 0. Namely, the function Fy(\) = f02a b(t) cos ptdt has zeros {ay,}n>0. Note that
the function Fy(A) also has the form of (A.§]) with

hi(t) =bla —t) —bla+1t), ho(t)=0bla—1t)+bla+t), te(0,a).

Since {(v,(t)}n>0 is complete in H, then hi(t) = hy(t) = 0 in L?(0,a) and so b(t) = 0 in
L*(0,2a). O

2

(A7)

N
> Buva
n=0

N
Z B cos(a,t)
n=0

L2(0,2a)

Proposition A.4. Let {p,} be separated complex numbers with bounded imaginary parts,
namely, |pn — pm| > co > 0 whenever n # m and sup,, [Imp,| < c; < oco. If W € L3(=b,b),

then
b
> / W (t)e'ntdt
n —b

where Cy > 0 depends only on b, ¢y and c; .

2

< CollWlZzbpy: (A.10)
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Proof. Define f(p) = f_bb W (t)e''dt. Then f(p) is an entire function of exponential type < b.
By the theory of the Fourier transform, we know that ||f||%2(_oo7oo) = 27r||W||%2(_b7b) . Since

{pn} are separated complex numbers with bounded imaginary parts, from Theorem 17 and its
Remark in [39, p.96-98], we have

Z \f(ﬂn)\2 < CleH%z(—oo,oo) = 27TCIHWH%2(—b7b)7

which implies (A.I0). Another proof of Proposition [A.4] can be obtained from Lemma 1 in
[9]. O

Proposition A.5 (See, e.g., |38]). Let {v,} be a Riesz basis in a Hilbert space H. Then there
exists € > 0, such that every sequence {0,}, satisfying

1/2
V= (ZH%—%H%) <€,

is also a Riesz basis in H . Furthermore, for some T € H, denote 1, := (7,v,)u, where (-, )m
is the inner product in H , then for any sequence {7,} satisfying

1/2
Q:= <Z T — %n|2> <e,

there exists a unique T € H , such that 7, = (T,0,)m for all n, moreover,
|7 = 7lla < C(V+9),
where the constant C' depends only on {v,} and T.

To deal with the multiple eigenvalues in the local solvability and stability, we need the
following proposition.

Proposition A.6 (See [27]). Assume that f(z) is an entire function, and z,..., z, (not
necessarily distinct) are in the disc {z: |z —zo| <1 < 1/2}. Let p(z) be the unique polynomial
of degree at most m—1 which interpolates f(z) and its derivatives in the usual way at the points
zj, j = 1,m: namely, if z; appears m; times, then p™(z;) = f®)(2;) for n =0,m; — 1.

Then for each j =0,m —1,
[fD(z0) = pD(20)| < Cr™ 7 sup |f(2)], (A.11)

|z—z0|=1

here the constant C' depends only on m .

REFERENCES

[1] R.Kh. Amirov, On Sturm-Liouville operators with discontinuity conditions inside an interval. J. Math.
Anal. Appl. 317 (2006) 163-176 .

[2] R.S. Anderssen, The effect of discontinuities in density and shear velocity on the asymptotic overtone
structure of tortional eigenfrequencies of the Earth. Geophys. J. R. Astr. Soc. 50 (1997) 303-309.

[3] N.P. Bondarenko, S.A. Buterin, On a local solvability and stability of the inverse transmission eigenvalue
problem. Inverse Problems 33 (2017) 115010.

[4] N.P. Bondarenko, Inverse Sturm-Liouville problem with analytical functions in the boundary condition,
Open Mathematics 18 (2020) 512-528.



[5]

[26]
[27]

28]
[29]
[30]

[31]

25

N.P. Bondarenko, Solvability and stability of the inverse Sturm-Liouville problem with analytical functions
in the boundary condition. Math. Methods Appl. Sci. 43 (2020) 7009-7021.

N.P. Bondarenko, Partial inverse Sturm-Liouville problems. Mathematics 11 (2023) 2408. (44pp).

S.A. Buterin, M. Kuznetsova, On Borg’s method for non-selfadjoint Sturm-Liouville operators. Anal. Math.
Phys. 9 (2019) 2133-2150.

S.A. Buterin, On inverse spectral problem for non-selfadjoint Sturm-Liouville operator on a finite interval.
J. Math. Anal. Appl. 335 (2007) 739-749.

S.A. Buterin, On the uniform stability of recovering sine-type functions with asymptotically separated
zeros, Math. Notes 111 (2022), no. 3, 343-355.

R. del Rio, F. Gesztesy, B. Simon, Inverse spectral analysis with partial information on the potential, III.
Updating boundary conditions. Int. Math. Res. Not. 15 (1997) 751-758.

G. Freiling, V.A. Yurko, Inverse spectral problems for singular non-selfadjoint differential operators with
discontinuities in an interior point. Inverse Problems 18 (2002) 757-773.

G. Freiling, V. Yurko, Inverse problems for Sturm-Liouville equations with boundary conditions polyno-
mially dependent on the spectral parameter, Inverse Problems 26 (2010) 055003, (17pp).

G. Freiling, V.A. Yurko, Inverse Sturm-Liouville Problems and Their Applications, NOVA Science Pub-
lishers, New York, 2001.

F. Gesztesy, B. Simon, Inverse spectral analysis with partial information on the potential, II. The case of
discrete spectrum. Trans. Amer. Math. Soc. 352 (2000) 2765-2787.

D. Gintides, N. Pallikarakis, The inverse transmission eigenvalue problem for a discontinuous refractive
index. Inverse Problems 33 (2017) 055006.

Y. Guo, L.-J. Ma, X.-C. Xu, and Q. An, Weak and strong stability of the inverse Sturm-Liouville problem,
Math. Meth. Appl. Sci. 46 (2023), 15684-15705.

O.H. Hald, Discontinuous inverse eigenvalue problem. Commun. Pure Applied Math. 37 (1984) 539-577.
H. Hochstad,t B. Lieberman, An inverse Sturm-Liouville problem with mixed given data, STAM J. Appl.
Math. 34 (1978), 676-680.

M. Horvéth, Inverse spectral problems and closed exponential systems. Ann. Math. 162 (2005) 885-918.
M. Horvath, On the inverse spectral theory of Schrédinger and Dirac operators. Trans. Am. Math. Soc.
353 (2001) 4155-4171.

M. Horvath, M. Kiss,Stability of direct and inverse eigenvalue problems for Schrédinger operators on finite
intervals. Inter. Math. Research Notices, 2010 (2010), 2022-2063.

M. Horvath, M. Kiss, Stability of direct and inverse eigenvalue problems: the case of complex potentials.
Inverse Problems 27 (2011) 095007.

R.J. Krueger, Inverse problems for nonabsorbing media with discontinuous material properties. J. Math.
Phys. 23 (1982) 396-404.

J. Poschel, E. Trubowitz, Inverse spectral theory, Academic Press, London, 1987.

B. M. Levitan, Inverse Sturm-Liouville Problems, Nauka, Moscow, 1984 (Russian); English transl., VNU
Sci. Press, Utrecht, 1987.

V. Marchenko, Sturm-Liouville Operators and Applications, Publisher Birkhiiser, Boston, 1986.

M. Marletta, R. Weikard, Weak stability for an inverse Sturm-Liouville problem with finite spectral data
and complex potentia, Inverse Problems 21 (2005) 1275-1290.

W. Rundell, P.E. Sacks, Reconstruction techniques for classical inverse Sturm-Liouville problems. Mathe-
matics of Computation 58 (1992) 161-183.

M. Shahriari, A.J. Akbarfama, G. Teschl, Uniqueness for inverse Sturm-Liouville problems with a finite
number of transmission conditions, J. Math. Anal. Appl. 395 (2012) 19-29.

C.-T. Shieh, V.A. Yurko, Inverse nodal and inverse spectral problems for discontinuous boundary value
problems. J. Math. Anal. Appl. 347 (2008) 266-272.

Y.P. Wang, Inverse problems for discontinuous Sturm-Liouville operators with mixed spectral data, Inverse
Probl. Sci. Eng. 23 (2015) 1180-1198.

C. Willis, Inverse Sturm-Liouville problems with two discontinuities. Inverse Problems 1 (1985) 263-289.
X.-C. Xu, C.-F. Yang, Inverse spectral problems for the Sturm-Liouville operator with discontinuity. J.
Differential Equations 262 (2017) 3093-3106.



26
[34]
[35]
[36]
[37]
[38]

[39]
[40]

[41]

X.-C. Xu, N.P. Bondarenko, Local solvability and stability of the generalized inverse Robin-Regge problem
with complex coefficients. J. Inverse Ill-Posed Probl. 31 (2023), 711-721.

X.-C. Xu, L.-J. Ma, C.-F. Yang, On the stability of the inverse transmission eigenvalue problem from the
data of McLaughlin and Polyakov. J. Differential Equations 316 (2022) 222-248.

C.-F. Yang, Inverse problems for the Sturm-Liouville operator with discontinuity. Inverse Probl. Sci. Eng.
22 (2014) 232-244.

C.-F. Yang, N.P. Bondarenko, Local solvability and stability of inverse problems for Sturm-Liouville op-
erators with a discontinuity. J. Differential Equations 268 (2020) 6173-6188.

C. F. Yang, N.P. Bondarenko, X.-C.Xu, An inverse problem for the Sturm-Liouville pencil with arbitrary
entire functions in the boundary condition. Inverse Problems and Imaging, 14 (2020) 153-169.

R.M. Young, An Introduction to Nonharmonic Fourier Series, Academic Press, INC, New York, 1980.
V.A. Yurko, Integral transforms connected with discontinuous boundary value problems. Integral Trans-
forms Spec. Funct. 10 (2000) 141-164.

R. Zhang, N.P. Bondarenko, C.-F. Yang, Solvability of an inverse problem for discontinuous Sturm-Liouville
operators, Math. Meth. Appl. Sci. 44 (2020) 124-139.



	1. introduction
	2. Main results
	3. Some asymptotic estimates
	4. Proofs of the uniqueness theorems
	5. Proofs of the local solvability and stability
	References

