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Latent Schrodinger Bridge Diffusion Model
for Generative Learning
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Abstract

This paper aims to conduct a comprehensive theoretical analysis of current dif-
fusion models. We introduce a novel generative learning methodology utilizing the
Schrédinger bridge diffusion model in latent space as the framework for theoretical ex-
ploration in this domain. Our approach commences with the pre-training of an encoder-
decoder architecture using data originating from a distribution that may diverge from
the target distribution, thus facilitating the accommodation of a large sample size
through the utilization of pre-existing large-scale models. Subsequently, we develop
a diffusion model within the latent space utilizing the Schrédinger bridge framework.
Our theoretical analysis encompasses the establishment of end-to-end error analysis for
learning distributions via the latent Schrédinger bridge diffusion model. Specifically,
we control the second-order Wasserstein distance between the generated distribution
and the target distribution. Furthermore, our obtained convergence rates effectively
mitigate the curse of dimensionality, offering robust theoretical support for prevailing
diffusion models.

KEY WORDS: Diffusion models, Schrodinger bridge, Encoder-decoder, Curse of
dimensionality, End-to-end error analysis.

1 Introduction

Generative models, designed to generate data approximately distributed according to the
target distribution, have emerged as a cornerstone in the realm of machine learning. In re-
cent years, their adoption has proliferated across diverse sectors, catalyzing the evolution of
various methodologies, including generative adversarial networks (GANs) [GPANMT 14]; vari-
ational autoencoders (VAEs) [[KXW13], normalizing flows [DSDB16, RM15, PNR™21], and
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notably, diffusion models [HJA20, SDWMG15, ND21, SE19, SE20, SSDIK"20]. Distinctly,
diffusion models, leveraging stochastic differential equations (SDEs), have established them-
selves as a pivotal and mainstream approach in the generative model domain. In applications,
diffusion models have been instrumental in driving progress in fields like image and audio syn-
thesis, text-to-image generation, natural language processing, and text-to video generation
[DN21, HSC*+22, RBL*22, SCS*22, ZRA23, HZZ22, AJH'21, LTG+22, LZL*24]. Their
proficiency in modeling and generating complex, high-dimensional data distributions sets
them apart, particularly in scenarios where conventional models are inadequate.

Recently, there has been a significant focus on exploring the theoretical guarantees of
diffusion models, with the aim of demystifying their underlying principles from a theoretical
standpoint. Specifically, this primarily centers on error analysis with accurate score estima-
tors or end-to-end aspects. The study of known estimated errors in score estimation has
prompted investigations [CLL23, CDS23, LIJT22, LIJT23, BDBDD23, LWCC23, GNZ23].
Additionally, [OAS23, CHZW?23] have provided an end-to-end error analysis, incorporating
the theory of score estimation into their considerations. While both [OAS23] and [CHZW23]
delineated end-to-end convergence rates and attempted to address the formidable challenge
posed by the curse of dimensionality by presuming a low-dimensional space for the target dis-
tribution, their theoretical findings fail to fully capture the characteristics of the prevailing
stable diffusion model [RBL722] and Sora [LZ1.724]. These works incorporate encoder-
decoder structures in pre-training within diffusion models. However, the existing theoretical
analyses remain inadequate in explaining this augmentation.

In this paper, we advance the theoretical analysis of diffusion models with latent space by
incorporating a thorough exploration of the encoder-decoder structure. We propose a novel
latent diffusion model based on the Schrédinger bridge [Sch32, Jam75, DP91, Léol4d] as the
framework for theoretical exploration in diffusion models. Currently, a distinct line of inquiry
in diffusion models has emerged, rooted in the Schrodinger bridge [Sch32, Jam75, DPII,
Léol4], substantiated by pertinent literature references [WJX 21, DBTHD21, HHLP23,
LVHT23, CHZ723], wherein the SDEs are defined in a finite time horizon. This differs
from diffusion models predominantly based on [SSDI{"20], wherein the adopted SDEs, such
as Ornstein-Uhlenbeck (OU) and Langevin SDEs, are defined over an infinite time hori-
zon [0,00). The diffusion models grounded in the Schrodinger bridge, as evidenced by
[WIXT21, DBTHD21, HHLP23, LVH 23, CHZ 23], have demonstrated exceptional per-
formance in practical applications, surpassing existing diffusion models. Additionally, from
both sampling and optimization perspectives [[HJIKX ™21, JIKLZ21, DJIKX 23], the Schrodinger
bridge has demonstrated its superiority over Langevin SDE methods. Furthermore, in
[WJX721], a convergence analysis is conducted for the Schrodinger bridge generative model,
and [DBTHD21] provided a theoretical analysis under an accurate score estimation and some
regularity assumptions. However, these assumptions warrant further verification, and their
frameworks do not consider the pre-training encoder-decoder structure. In our method, we
first train an encoder-decoder structure separately, a process which can be conducted with
domain shift. Then, we construct an SDE defined over the time interval [0, 1] in the la-
tent space, where the initial distribution is the convolution of the encoder target distribution
and a Gaussian distribution, and the terminal distribution is the encoder target distribution.
Thirdly, we derive the deep score estimation of the score function corresponding to the initial
convolution distribution using score matching techniques [HD05, Vinl1]. Finally, we employ
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the Euler-Maruyama (EM) approach to discretize the SDE corresponding to the estimated
score, thereby obtaining the desired samples by implementing the early stopping technique
and the trained decoder. See Section 3 for a detailed description of our proposed latent
diffusion models. It is imperative to acknowledge that within our method, a salient obser-
vation arises regarding the decoupling of the pre-training procedure from the formulation of
the latent diffusion model. Moreover, the pre-training process is endowed with the capacity
to accommodate distributional shifts diverging from the target distribution. Consequently,
this approach facilitates the seamless incorporation of pre-existing large-scale models into
the pre-training phase, thus guaranteeing an abundant supply of samples for training en-
deavors. Theoretically, we systematically establish rigorous end-to-end Wasserstein-distance
error bounds between the distribution of generated data and the target distribution.
Our main contributions can be summarized as follows:

e Building upon the Schrédinger bridge, we introduce a novel latent diffusion model for
generative learning. Our method incorporates a separate encoder-decoder structure,
which can be utilized to accommodate domain shift. This can be accomplished by
integrating pre-existing large-scale models into the pre-training phase, ensuring the
availability of an ample corpus of samples essential for comprehensive pre-training
procedures. We formulate an SDE defined on the time interval [0, 1], transitioning
from the Gaussian-convoluted distribution of the encoder target distribution to the
encoder target distribution. Leveraging score matching techniques [HD05, Vinll], EM
discretization, early stopping technique, and the trained decoder, we derive samples
that are approximately distributed according to the target distribution.

e We rigorously establish the end-to-end theoretical analysis for latent diffusion models.
Specifically, through a combination of pre-training, score estimation, numerical analysis
of SDEs, and time truncation techniques, we deduce the Wasserstein-distance error
bounds between the distribution of generated samples and the target distribution,

~ 1
quantified as O (n_6<d*+3)>. Here, n denotes the sample size used to train latent

diffusion model, and d* represents the dimension of latent space. This rate mitigates
the curse of dimensionality inherent in raw data, thereby illustrating the effectiveness
of latent diffusion models from a theoretical perspective. Moreover, the framework of
our theoretical analysis is also applicable for analyzing other diffusion models.

e Our theoretical results have improved the existing theoretical findings of Schrédinger
bridge diffusion models [W.JX 21, DBTHD21], as it extends beyond mere convergence
analysis or a theoretical analysis with an accurate score estimation. To the best of
our knowledge, this represents the first derivation of an end-to-end convergence rate
for latent diffusion models based on the Schrodinger bridge. In contrast to the end-
to-end analysis in [OAS23, CHZW23], our results integrate the error analysis of the
pre-training encoder-decoder structure rather than directly assuming a low-dimensional
space for the target distribution. Consequently, our theoretical findings provide a more
comprehensive explanation for mainstream diffusion models [RBL722 LZ1724].



1.1 Related work

In this section, we undertake a comprehensive review of pertinent literature, with a primary
focus on existing generative models, including GANs, VAEs, normalizing flows, diffusion
models, and Schrodinger bridge diffusion.

GANs [GPAMT14] consist of two neural networks—the generator and the discrimina-
tor—trained simultaneously through a competitive process. The generator aims to produce
data indistinguishable from real-world data, while the discriminator tries to distinguish be-
tween real and generated data. This adversarial process leads to the generation of highly
realistic and diverse outputs. Despite their commendable capabilities, GANs confront chal-
lenges that warrant careful consideration. Predominant among these challenges are training
instability, mode collapse, and hallucination. In a concerted effort to gain a comprehensive
understanding of the intricate dynamics and limitations of GANs, theoretical analyses have
been conducted in recent works [HJL 722, JWY23, H523].

VAEs [KW13] are based on an autoencoder architecture, comprising an encoder that
compresses data into a latent space and a decoder that reconstructs data from this latent
representation. The key feature of VAEs is their use of probabilistic latent variables and
Bayesian inference, enabling them to not just replicate input data but to also generate new
data that is similar to the input.

Normalizing flows [DSDB16, RM 15, PNRT21], especially those guided by ordinary differ-
ential equations (ODEs), provide a robust framework for transforming a simple probability
distribution, such as a standard normal distribution, into a more complex form through a
sequence of invertible and differentiable mappings. The essence of normalizing flows lies
in their ability to capture complex dependencies and structures within data by iteratively
applying invertible transformations. These transformations facilitate the modeling of sophis-
ticated probability distributions, enabling practitioners to navigate through the intricacies of
high-dimensional data and capture latent features. Recently, [(DD23, CCL"23] undertook
a theoretical analysis of ODE flows, specifically introducing the accurate score estimation.
However, this assumption warrants further verification. Very recently, [CD.J"24, GHJZ24,
JLWY24] provide end-to-end convergence rates for ODE-based (conditional) generative mod-
els.

In diffusion models, the fundamental architecture comprises both forward and backward
processes. The primary objective of the forward process is to systematically add Gaussian
noises to the dataset, thereby resulting in the limiting distribution being a Gaussian dis-
tribution. Conversely, the backward process assumes the role of a denoising mechanism,
undertaking the formidable task of reconstructing data in a manner that closely approxi-
mates the characteristics of the original samples. Within the denoising step, a critical step
emerges in the form of training a score neural network. This neural network is meticu-
lously crafted to approximate the underlying score function, the gradient of the log density
function of the underlying distribution. This synthesis of forward and backward processes,
coupled with the sophisticated training of a score neural network, encapsulates the essence
of diffusion models. Furthermore, within practical applications, datasets frequently exhibit
inherent low-dimensional structures. The derivation of their low-dimensional representations
within latent spaces is consequently pursued. A noteworthy advancement within this domain
is the stable diffusion model, introduced by [RBL"22]. The integration of an autoencoder



architecture within the stable diffusion model emerges as a pivotal mechanism, facilitating
the discernment of the intrinsic low-dimensional essence of raw data. By executing diffu-
sion processes within the latent spaces, the model excels in encapsulating the underlying
distribution. This capability is particularly advantageous within complex data distributions.
In addition, analogous studies have investigated the effective capture of data distributions
through the utilization of latent spaces. Reference can be made to [VIXK21, RDNT22]. In
summary, these diffusion models can be generally classified into three categories: denoising
diffusion probabilistic models, score-based generative models, and score SDEs. A thorough
examination of diffusion models can be found in the specialized review paper [Y75723]. The
theoretical analysis of diffusion models primarily focuses on error analysis with accurate
score estimators [CLL23, CDS23, LLT22, LIT23, BDBDD23, LWCC23, GNZ23] or end-to-
end error analysis [OAS23, CHZW23]. However, these theoretical results did not consider
the theoretical analysis of pre-training encoder-decoder structures, a crucial step in contem-
porary mainstream diffusion models. Consequently, these findings are unable to provide
further insights into the underlying mechanisms of diffusion models. In contrast, our theo-
retical results include the theoretical analysis of pre-training encoder-decoder architectures,
thereby offering a comprehensive explanation.

Recently, generative learning based on the Schrodinger bridge has attracted much at-
tention [WJX 21, DBTHD21, LVH*23, HILP23, CHZ23]. In [WJX*21], the authors
developed two Schrédinger bridges, namely, one spanning from the Dirac measure at the
origin to the convolution, and the other advancing from the convolution to the target distri-
bution. Subsequently, they constructed a generative modeling framework by incorporating
the drift term, estimated through a deep score estimator and a deep density ratio estima-
tor, into the EM discretization method. Theoretical analysis was then employed to estab-
lish the consistency of the proposed approach. [DBTHD21] presented diffusion Schrédinger
bridge, an original approximation of the iterative proportional fitting procedure to solve
the Schrodinger bridge problem, and provided theoretical analysis under an accurate score
captures the temporal dynamics of the time series. They showed some numerical illustrations
of this method in high dimension for the generation of sequential images. [L.VH 23] proposed
image-to-image Schrodinger bridge, a class of conditional diffusion models that directly learn
the nonlinear diffusion processes between two given distributions. These diffusion bridges
are particularly useful for image restoration, as the degraded images are structurally in-
formative priors for reconstructing the clean images. In [CTZ 23], the Schrodinger bridge
diffusion models were introduced within the specific context of text-to-speech (TTS) syn-
thesis, denoted as Bridge-TTS. This novel framework, Bridge-TTS, surpasses conventional
diffusion models when applied to the domain of TTS synthesis. Specifically, the effectiveness
of Bridge-TTS is empirically substantiated through experimental evaluations conducted on
the LJ-Speech dataset. The results underscore its prowess in both synthesis quality and
sampling efficiency, positioning Bridge-TTS as a notable advancement in the domain of T'T'S
synthesis. As discussed above, a multitude of generative learning methods, implementing the
Schrodinger bridge, have been proposed. Nonetheless, these works frequently suffer from a
deficiency in rigorous theoretical underpinning necessary to support practical utility. In this
work, we bridge this gap by furnishing an exhaustive theoretical framework, incorporating
the encoder-decoder paradigm.



1.2 Notations

We introduce the notations used throughout this paper. Let [N] := {0,1,---, N — 1}
represent the set of integers ranging from 0 to N — 1. Let NT denote the set of positive
integers. For matrices A, B € R¥9 we assert A < B when the matrix B — A is positive
semi-definite. The identity matrix in R%*¢ is denoted as I;. The £?-norm of a vector x =

{21,...,24} " € R is defined by [|x|| := \/Zle x?. Simultaneously, the operator norm of a

matrix A is articulated as [|Al| := supj,<; [|Ax]|. The function space C*(R?) encompasses
functions that are twice continuously differentiable from R? to R. For any f € C?(R%), the
symbols Vf, V2f, and Af signify its gradient, Hessian matrix, and Laplacian, respectively.
The L*(K)-norm, denoted as || f||ze(k) 1= Supyex |f(X)|, captures the supremum of the
absolute values of a function over a set K C R? For a vector function v : R — R?, the
L*(K)-norm is defined as ||V||ze(x) := sSupyeg ||[V(X)||. The asymptotic notation f(x) =
O (g(x)) is employed to signify that f(x) < Cg(x) for some constant C' > 0. Additionally,
the notation (5() is utilized to discount logarithmic factors in the asymptotic analysis.

1.3 Outlines

In Section 2, we provide an exposition of the background related to Schrodinger bridge
problems, along with definitions of deep neural networks, Wasserstein distance, and covering
number. Section 3 elaborates on the detailed formulation of our proposed latent diffusion
models. The end-to-end theoretical analysis for the generated samples is presented in Section
4. Concluding remarks are provided in Section 5. In Appendix, detailed proofs of all lemmas
and theorems in this paper are presented.

2 Preliminaries

Schrodinger Bridge Problems: To commence, we introduce some notations. We
denote by Q = C([0, 1], R?) the space of R%-valued continuous functions on the time interval
[0,1].  We further denote P(2) as the space of probability measures on the path space
Q. Within this context, let W, € P(Q2) represent the Wiener measure, characterized by
its initial marginal distribution dx. Then, the law of the Brownian motion is defined as
P = [Wydx. The Schrodinger bridge problem (SBP), originally introduced by [Sch32],
addresses the task of determining a probability distribution within the path space P(2) that
smoothly interpolates between two given probability measures v, € R?. The objective is
to identify a path measure Q* € P(2) that approximates the path measure of Brownian
motion, with respect to the relative entropy [Jam75, Léol4]. Specifically, the path measure
Q" minimizes the KL divergence

Q" € argmin Dk, (Q||P),

subject to

Qo =1, Q1= p.
Here, the relative entropy Dk (Q||P) = flog(%)dQ if Q < P (i.e. Q is absolutely
continuous w.r.t. P), and Dk (Q||P) = oo otherwise. Q; = (Z,)4Q = Qo Z; 't €
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[0, 1], denotes the marginal measure with Z = (Z;):c(0,1) being the canonical process on 2.
Additionally, this SBP can be formulated as a Schrodinger system [[.¢ol4], as shown in the
following proposition.

Proposition 2.1. [Léol)] Let £ be the Lebesgue measure. If v, u < £, then SBP admits
a unique solution Q" = f*(Zy)g*(Z1)P, where f* and g* are £-measurable nonnegative
functions satisfying the Schrodinger system

{ [*(x)Ep (9" (Z1) | Zo = x] = C?{'}(X), &L —a.e.
g (YV)Ep [f*(Z0) | Z1 = y| = 35(y), £ —ae

Furthermore, the pair (Qf,v;) with

Vi (x) = VxlogEp [9" (Z1) | Z; = X]

solves the minimum action problem

1
min / By [[v2(2)|2)dt
0

K, Vi

{ Ot = =V - (pyvy) + %, on (0,1) x R4
Ho =V, 1 = H.

Let K(s,x,t,y) = [2m(t — 5)] "% exp (— ||2’z;flgz) represents the transition density of the

Wiener process. Furthermore, let ¢(x) and p(y) denote the densities of v and p, respectively.
We denote

fo(x) = f1(x), a1(y) =9"(y),
() = En [f* (Zo) | Zi = y) = / K(0,%1,y) fo(x)dx,

go(x) = Ep [g° (2) | Zo = x] = / K(0,% 1, y)1(y)dy.

Then, the Schrodinger system in Proposition 2.1 can also be characterized by

q(x) = fo(x)g0(x), p(y) = fi(y)o(y)

with the following forward and backward time harmonic equations [CGP21],

0; fi(x) = 5 fulx),
{ Drgi(x) = _%gt(x)> on (0,1) R

Furthermore, SBP can be characterized as a stochastic control problem [DPP91]. Specifi-
cally, the vector field

Vi = Valogax) = Valog [ K(t.x1y)(y)dy )
solves the following stochastic control problem.
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Proposition 2.2. [DP91] Let V consist of admissible Markov controls with finite energy.
Then,

1
1
vite) e arguip | [ Jlvilal

{ dXt = tht + dBt,
xg ~ q(x), X1~ p(x).

(2)

With Proposition 2.2, the SDE (2) with a time-varying drift term v} in (1) can transport
the initial distribution v to the target distribution p on the unit time interval. This enables us
to devise a diffusion model with an estimated drift term. Roughly speaking, if we designate
the initial distribution v as ¢(o,x), as defined in (4), then the diffusion process (5) outlined
below serves as a solution to (2), transporting ¢(o, x) to the target one.

Definition 2.1 (ReLU FNNs). A class of neural networks NN(L, M, J, K, k) with depth L,
width M, sparsity level J, boundness K, weight x, is defined as

NN(L, M, J, K, k) = {(s(t, x) : (W ReLU(-) + bg)o---0 (W;ReLU(:) + by)([t,x]") :

W, € Réixdi e R+t j=0,1,...,L—1,
the width is M := max{d,...,d.},

< . . <
Sup Is(t,x)|| < K, lrg%{ﬂbzﬂoo, [Willoo} < &,

> (IWillo + [[bsllo) < J}.

i=1

Definition 2.2 (Wasserstein distance). Let u and v be two probability measures defined on
R? with finite second moments, the second-order Wasserstein distance is defined as:

1/2
Waluov) = int / / Ix— yl21(dx,dy) )
YED(1,v) JRd JRd

where D(ju,v) denotes the set of probability measures 7 on R?? such that their respective
marginal distributions are p and v.

Definition 2.3 (Covering number). Let p be a pseudo-metric on & and S C Y. For any
0 >0, aset A CU is called a j-covering number of S if for any x € S there exists y € A
such that p(x,y) <. The d-covering number of S, denoted by N (4, S, p), is the minimum
cardinality of any d-covering of S.

3 Method

In this section, we articulate our proposed latent diffusion model grounded in the Schrodinger
bridge. Firstly, our method commences with the pre-training of an encoder-decoder archi-
tecture in Section 3.1, which utilizes a dataset characterized by a distribution that may



differ from the target distribution under consideration. Secondly, we formulate the latent
diffusion model in Section 3.2. Specifically, we introduce an SDE in the latent space, and
utilize the score matching method [HDO5, Vinll1] to estimate the score function associated
with the convolution distribution. We then proceed to define the SDE corresponding to the
estimated score, and employ the EM discretization technique to numerically solve this equa-
tion in the latent space. This computational approach facilitates the generation of desired
samples through the utilization of the decoder component of our trained encoder-decoder
architecture, culminating in the acquisition of data aligned with the target distribution.

3.1 Pre-training

In this section, we construct a framework for pre-training an encoder-decoder structure. This
foundational step serves as a cornerstone, delineating our proficiency in data compression
and the extraction of its low-dimensional structure. Such strategic advancement aligns with
the principles advocated in [RDNT22, RBLT22, LZ1724].

Let pgata denote the distribution of the pre-trained data, which may diverge from the
target distribution. Then, on a population level, the encoder-decoder pair (E*, D*) can be
derived by minimizing the reconstruction loss, defined as:

(B'.D")carg, min  H(E.D)i= [ |(DoE)y) -yl uay)dy.
E,D measurable R4

where the minimum is taken over all measurable functions E : R — R? and D : R — R?
with d* < d being a predetermined integer. It is observed that the existence of the pair
(E*, D*) within the set of measurable functions is guaranteed, as there exists a pair for which
their composition equals the identity operator. Subsequently, in Section 4.1, we confine this
pair to specific classes of Lipschitz continuous functions, as delineated in Assumption 4.1.

In practice, our access is limited to the i.i.d. pre-training data Y := {y;}*,, sampled
from the distribution pgu., where M denotes the sample size utilized during the pre-training
phase. Subsequently, we can establish an estimator through empirical risk minimization:

M
(B,D) e arg iy A(E,D)i= -3 (Do B)yi) — il )

Ec&,DeD

where £ and D represent two neural network classes mapping R? to R and R?" to R,
respectively. R

We observe that the derivation of (E, D) as defined in (3) can be facilitated through
the utilization of pre-existing large-scale models. This approach permits accommodation for
distributional shifts that may deviate from the target distribution. As a result, it guarantees
an abundant supply of samples essential for pre-training endeavors, enabling us to obtain
convergence rates that circumvent the curse of dimensionality, as discussed in our theoretical
development in Section 4.2.4 and Section 4.3.

3.2 Latent Diffusion Modeling

With the trained encoder-decoder structure established in Section 3.1, we can subsequently
construct the diffusion model in the latent space. We denote by X := Ex € RY with x ~



Pdata(+). Let pi... () and ph.,.(+) represent the density functions of E*x and X, respectively.
Additionally, let ®,(-) denote the density of the normal distribution A(0,0%I4). Let X :=
{x;}"_, beii.d. from pyua, then we have access to the encoder data X = {X;}7, = {Ex;}",.
We denote the convolution of pj,,, and ®,(-) as ¢(-,-), defined as follows:

0(0:%) = [ B 9120 ¥)dy. g
Subsequently, the diffusion process can be formulated as a forward SDE:
dx; = 0*Vlog q(v/1 — to,x;)dt + odwy, t € [0,1], % ~ q(0, x), (5)

where w; represents a d*-dimensional Brownian motion. Consequently, x; follows the distri-
bution pj,,, as established in [WJX 21, Theorem 3]. This formalization provides a coherent
and rigorous foundation for our generative framework.
Score Matching. The SDE provided in (5) offers a pathway for constructing a gener-
ative model through the application of EM discretization, contingent upon access to the
target score denoted as s*(t,x) := Vlogq(v/1 — to,x). However, in practical scenarios, this
score function remains elusive due to its intricate connection with the target density p*(-).
Consequently, we resort to score matching techniques [HD05, Vinll] employing deep ReLU
FNNs.

Verification reveals that s* minimizes the loss function £(s) across all measurable func-
tions, with £(s) expressed as

1 /T
L(s) := —/ (Equ( /_1—ta,x)||s(tﬁxt) — Vliogq(v1 —to, xt)||2) dt,
0

T

where 0 < T" < 1. We notice that the deliberate selection of T" is motivated by the necessity
to preclude the score function from exhibiting a blow-up at 1" = 1, concomitantly facilitating
the stabilization of the training process for the model. A meticulous exposition regarding the
determination of 7T is provided in Section 4.2.4. Furthermore, the application of this time
truncation technique extends beyond our work and has found utility in both model training
and theoretical analyses in diffusion models [SE20, VIKIK21, CHZW23, CLL23, OAS23].

In alignment with [HDO05, Vinll], we alternatively consider a denoising score matching
objective. With slight notational abuse, we denote this objective as

T 2
L(s) =% /0 (Eﬁ;m(x)EN<Xt;x7<1—t>azl> ) dt

1 (T Z 2
S Es  oEn(s —_— dt.
T A pdata( ) N( 7071) /1 . tO’

Given n ii.d. samples {X;}i, from pj,,,(-), and m iid. samples {(t;,2;)}L, from U[0,T]
and N (z;0,1;), we can employ the empirical risk minimizer (ERM) to estimate the score
s*. This ERM, denoted as 8, is determined by

1

Xy — X

S(t, Xt) + m

s(t,x +ov1—tz)+

n 2

R S 1 & - '

S € argmin L(s) := — E s(tj, Xi + 0/1 —t;z;) + Z]
o

i=1

e

SENN mn

i=1
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where NN refers to ReLU FNNs defined in Definition 2.1.
EM Discretization. Given the estimated score function s, as defined in (6), we can for-
mulate an SDE initializing from the prior distribution:

dx, = 0%8(t,%X,)dt + odw,, Xo =% ~ q(0,x), 0 <t <T. (7)

We observe that the SDE represented by (7) is well-defined. More precisely, it possesses a
unique strong solution attributed to the Lipschitz continuity of the score function s(t, x) with
respect to x, as substantiated in (11). Now, we can employ a discrete-time approximation
for the sampling dynamics (7). Let

O=ty<ti <---<tn=T, NEN+,
be the discretization points on [0, 7]. We consider the explicit EM scheme:
dX; = 0”8(tx, Xy, )dt + odwy, Xo = %o ~ q(0,X), t € [tk, trr1), (8)

for k=0,1,---, N — 1. Subsequently, we can utilize dynamics (8) to generate new samples
by using the trained decoder in Section 3.1.
In summary, the specific structure of our proposed method is outlined in Algorithm 1.

Algorithm 1 The Proposed Latent Diffusion Model
L. IHPUt: g, N> d*a {Xi zn:l ~  Pdata; {YZ}.ZA;Il ~ ﬁdataa {(tj> Zj) g'nzl ~
U[0,T] and N (z;0,14).

2. Obtain encoder E and decoder D via (3).
3. Score estimation: Obtain S(-,-) by (6).
4. Sampling procedure:
Sample € ~ N(0,1;), y € {X;}1;
io =Yy + o€
for all k=0,1,...,N —1do
Sample ¢, ~ N (0,14);
b(%) =3 (/1 - 4o.%);
~ ~ 2 ~
X1 = X + Fh(Xe) + Frer;
end for R
5. Output: D(Xy).

In Algorithm 1, the process involves three primary steps: the initial pre-training, score
estimation, and the subsequent sampling procedure. We separately train the encoder-decoder
structure and execute the diffusion model in the latent space. This procedure also mirrors
the approach described in [RDN 22 RBL 722, LZL"24]. Therefore, this pre-training phase
can be effectively completed by implementing pre-existing large-scale models, owing to its
inherent capability to accommodate distributional shifts. This enhances the flexibility of our
method, empowering it to navigate diverse data landscapes with agility and adaptability. In
contrast to existing diffusion models [SSDIX"20], our approach eliminates the necessity of
an additional step involving the introduction of Gaussian noises, particularly in the forward
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process. This efficiency stems from the inherent nature of our algorithm, where the input
directly represents the convolution of the encoder target distribution and a Gaussian noise.
Consequently, there is no requirement to construct a separate forward process for the addition
of Gaussian noise, as is common in traditional diffusion models. This characteristic and the
latent space highlight the computational efficiency inherent in our approach. Furthermore, in
comparison to the diffusion model based on the Schrédinger bridge presented in [W.JX " 21],
our method does not necessitate the construction of a bridge extending from the origin to
the convolution distribution, and we introduce a pre-training procedure to further enhance
flexibility.

4 Theoretical Analysis

In this section, we establish comprehensive error bounds for the samples generated by Algo-
rithm 1. Our focus lies in quantifying the end-to-end performance through the second-order
Wasserstein distance, measuring the dissimilarity between the distributions of the generated
samples and the target distribution. This entails conducting error analyses for both the
pre-training and latent diffusion model. Therefore, we commence by elucidating the pre-
training theory in Section 4.1, followed by the exploration of error analysis in the latent
diffusion model in Section 4.2. Subsequently, we integrate insights from these two analyses
to establish our desired error bounds, as delineated in Section 4.3.

4.1 FError Bounds in Pre-training

In this section, we derive the error bound for the trained encoder-decoder established in
Section 3.1. To this end, we introduce two fundamental assumptions.

Assumption 4.1 (Bounded Support). The pre-trained data distribution pga, i supported
on [0, 1]¢.

Assumption 4.2 (Compressibility). There exist continuously differential functions E* :
0,1]¢ — [0,1]" and D* : [0,1]* — R? such that H(E,D) attains its minimum. The
minimum value is denoted by €compress—noise := FH(E™, D*) < &y, where &g > 0. Furthermore,
E* € Lip(ég), D* € Lip(£p) respectively.

Remark 4.1. When the data is perfectly compressible, implying the existence of D*, E* such
that D* o E* =1, then §y = 0.

Theorem 4.1. Suppose that Assumptions 4.1-4.2 hold, then we have
EyEys0r|l(D 0 E)(y) — y||> = O(M @2 4 5y).

4.2 FError Bounds in Latent Diffusion Modeling

To obtain error bounds in latent diffusion modeling, we systematically deconstruct the error
term into three distinct components, as expressed in the following inequality:

Ex y[Wa7r, Diara)] < Ex y[Wa(Tr, nr)] + Ex p[Wa(7r, 7r)] + Ey[Wa (77, Diara)]- (9)
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Here, m;, 7, T; denote the distributions of x;,X;, X; correspondingly. Subsequently, we pro-
ceed to establish individual bounds for the three terms on the right-hand side of (9) in
Sections 4.2.1-4.2.3. The integration of these three analyses culminates in the oracle in-
equality for Ey y[Wa(Tr, Paata)], which is expounded upon in Section 4.2.4. To facilitate this
analysis, we first introduce two necessary assumptions.

Assumption 4.3 (Bounded Support). The target distribution pgaa is supported on [0, 1]%.

Assumption 4.4. The distribution p,,, in the latent space is twice continuously differen-
tiable and satisfies —alg < V2 10g Dle < g with ac? > 1.

These two assumptions assume a paramount role in providing a solid underpinning for the
following analytical frameworks. The bounded support assumption (Assumption 4.3), is also
elucidated in [LI/T23, Assumption 2], [LWCC23], and [OAS23, Assumption 2.4], emerging
as a foundational pillar in the scrutiny of diffusion models. Shifting our focus to the smooth-
ness assumption (Assumption 4.4), a meticulous examination unveils a nuanced exploration
across multiple works. Contributions from [LLT22, Assumption 1], [CLL23, Assumptions
3-4], [LLT23, Assumptions 3-4], [GN7Z23, Assumption 1], [OAS23, Assumptions 2.4, 2.6],
and [CHZW23, Assumption 3| collectively contribute to a multifaceted comprehension of
this smoothness assumption. Moreover, [CHZW23, Assumptions 1, 2| introduced analo-
gous conditions. Their Assumption 1 delineates the representation of data points X ~ pgata
as a product of an unknown matrix A with orthonormal columns and a latent variable
z following a distribution P, with a density function p,. Meanwhile, their Assumption 2
supposes the density function p, > 0 is twice continuously differentiable. Moreover, there
exist positive constants B, Cy, Cy such that when ||z||2 > B, the density function p.(z) <
(2m)2Cy exp (~Co | ]3/2).

Under Assumptions 4.3-4.4, we can further establish the Lipschitz continuity property
for the convoluted score function, as demonstrated in the following two lemmas.

Lemma 4.2. Suppose that Assumption 4.3 holds and let T € (0,1). Then Vlogq(v/1 — to, x)

is &-Lipschitz continuous w.r.t. x on [0,T] x RY | where £ < max 04(1d:T)2, 02(11—T)

Lemma 4.3. Suppose that Assumption 4.4 holds and letT € (0,1). Then Vlogq(v/1 — to,x)
is £-Lipschitz continuous w.r.t. x on [0,T] x RY | where £ = a(1 + ad*).

4.2.1 Bound Ey y[Wy (77, 77)]

In this section, our aim is to establish an upper bound for Ex y[Ws(7r, 77)]. Employing
coupling techniques, it follows that this error emanates from the score estimation. Conse-
quently, we commence by obtaining an error bound for the estimated score s in Theorem 4.6.
Following this, we proceed to derive the upper bound for Ex y[Ws(7r, 77)] as delineated in
Theorem 4.7.

Let T = {t;}J,, Z := {z;}.,. Denote

_ 1l e— .
Ly(s) =~ D Uu(R), and Ly 7 4(s) ==

i=1 i=1
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where )

1 (T Z
l(X) :i= = E, ||s(t,x +o0V1—tz)+ dt,
®) T/O (03 + oV T fa) + — 2
and )
L(R) == |Is(t;, R+ 0\/1—tjz)) + — 22—
mjzl U\/l—tj

Then, for any s € NN, it yields that
L(8) = L(s") = L(3) = 2L(8) + L(s") +2 (L5(8) — £(s")

= £(3) = 2L5(3) + L(5") + 2 (£3(8) ~ L7 26)) +2 (Lg7.26) - £("))
r2®) +2(Lara(s) - L)

Taking expectations, followed by taking the infimum over s € NN on both sides of the above
inequality, it holds that

27
27

< L(8) - 2L5(8) + L(s7) +2 (Zf(/s\) -

ot
Bero (7 [ Balbtx) - Vioga(vI=iox) )

~Ez ., ,L(E) — L(s")
Bz (L)~ 2Lgl6) + £(s") + 2B 5 (L26) — Lepz(®) +2 inf (£(5) — L().

In the above inequality, the terms

Eg.r.z (£6) = 2Z26) + £(7) + 27 2 (L26) ~ Lo226))

and

inf (L(s) — L(s"))

seNN
denote the statistical error and approximation error, respectively. Leveraging the tools of
empirical process theory [VW23, VdV00] and deep approximation theory [LSYZ21, PVI18,
Yarl7, CLZZ20, JSLH23], we can bound these errors, as expounded in the following two
lemmas.

Lemma 4.4 (Approximation Error). Suppose that Assumption 4.3 holds. Given an approx-
imation error € > 0 and T € (0,1), we can choose a neural network s with the following
structure:

5 * d*2+3 * *
1 42 (lOg 6(1d_ )) gd 6_(d +1)
Lz(’)(logz—ird),M:O A=T7) ,
; d*2+3
s (g gity) T eren o8
c(1-T) 1 e(1=T)
= log = + d* K=0|Y+——~
J=0 1=T) <og€+d) , O T ,
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3

* d* 2
k=01[¢ loge(l_T>\/ A1)y :

such that for any t € [0,T], we have
Ey,|Is(t,x;) — Viogq(v/1 —to,x,)||* < (1 + d*)é?,
where & is the Lipschitz constant for Vlogq(y/1 — to,x) w.r.t. x.

Lemma 4.5 (Statistical Error). Given an approzimation error ¢ > 0 and T € (0,1), the
score estimator's defined in (6), with the neural network structure introduced in Lemma 4.4,
satisfies

N _ d* —(d*+1)
B (66~ 2226) + £67) =0 (5 S )

and

SN N (1 he
E??,T,Z (52?(5) - 2?,7’,2(5)> =0 (W : fl 6_ T)§> .

By combining the approximation and statistical errors presented in Lemmas 4.4-4.5, we
can now derive the upper bound for the score estimation, as detailed in the following theorem.

Theorem 4.6 (Error Bound for Score Estimation). Suppose Assumption 4.3 holds and let
T € (0,1). By choosing € = n~ @5 in Lemmas 4.4-4.5, the score estimator § defined in (6)
satisfies

Lo
Berz (7 [ Balbitx) - Vioga(VT=to x| )

d* * 1
= 6 ((15777)5 <n_d*i+3 —|—n%m_%>) .

Remark 4.2. In the theoretical analysis of existing diffusion models, a substantial number
of inquiries prominently espouse the Ls-accuracy of the score estimator. This is evident in
a spectrum of assumptions articulated by the literature, including [C'1.1.23, Assumption 1],
[CDS23, Assumption H1], [LLT22) Assumption 2], [LIT23, Assumption 1], [BDBDD23, As-
sumption 1], [LWCC23, Assumption 1], and [GN7Z23, Assumption 3|. Despite this pervasive
reliance on such assumptions, there exists a dearth of research endeavors that have under-
taken a rigorous theoretical consideration of score estimation. Noteworthy among the limited
investigations in this domain is [WJX 721, Theorem 5], which scrutinizes the convergence

paradigm, neglecting considerations of time discretization and presuming the feasibility of
resolving integrals over the time interval [0,7]. In contradistinction, our results meticu-
lously incorporate considerations of time discretization, offering a convergence rate within
the discretized time.
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With Theorem 4.6, we can bound Ey y[Ws(7r, 77)] as the following theorem.
Theorem 4.7. Suppose that assumptions of Theorem 4.6 hold, then we have

. ~ 602\/[?*715% e )
EX’y[W2(7TT’7TT)] =0\ —/——7 (n eE + nA@&F B m~ Z) )
(1-T)>

where 1 = 10d*€.

4.2.2 Bound Ey y[Wy(7r, 77)]

Recall that the distribution of X; is denoted by 7;. The error bound between 7r and 7r
stems from the EM discretization. By employing numerical techniques of SDE, this error
can be characterized through the elucidation provided in the following theorem.

Theorem 4.8 (Error Bound for EM Discretization). Suppose that Assumption 4.3 holds.
Given T € (0,1) and an approzimation error € > 0, let {tx}n_y be the partition for [0,T],
then we have

N—-1
Ex y[Wa(Fr, 7r)] = O | (MK +72) eV |3 " (b — 1)? |
k=0

(1-7)

*1o d* %
'thE’f’e Y1 = 10d*€ and Yo = O <10(d log s(llfT)) ) )

4.2.3 Bound Ey[Ws (77, Pl

In this section, we present the upper bound for Ey [Ws (77, D, )]- This error originates from
the process of early stopping. From the definition of w7, it is observed that 7w converges
t0 paata as T approaches 1. Consequently, the characterization of Ey[Ws(mr, ph..)] can be
expressed in terms of 7', elucidated in the following lemma.

Lemma 4.9. Given T € (0,1), we have
Ey[W2(7TT7ﬁ,:lam>] <o \% d*(l o T)

4.2.4 Oracle Inequality

By amalgamating the analyses articulated in Theorem 4.7, Theorem 4.8, and Lemma 4.9,
we derive upper bounds for Ex y[Wa(7r, Pla.)] through the meticulous determination of a
suitable score neural network and the optimal stopping time 7'. The end-to-end convergence
rates are shown in the following two theorems.

Theorem 4.10. Suppose that Assumption 4.3 holds, and the score estimator § defined
in (6) is structured as introduced in Theorem 4.6. By choosing the mazimal step size
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Matg—01... N-1 |tes1 — te] = O (n_di+3 + n 2@ +3) m_%) and the early stopping time T =

1— (logn)~t, we have

*5/2 a*+1
Exy[Wa(Fr, Bl )] = O ((log n)E 4 oMz VioEn (n—ﬁ | i m-%)) .

In Theorem 4.10, the consistency of the generated samples is established. Specifically, it
*5/2 a* 41
is demonstrated that Ex y[Wa(7r, D)) — 0 as e VI (s | paEmi) o 0

and n — oo. Moreover, this logarithmic rate can be improved with the introduction of the
smoothness condition (Assumption 4.4).

Theorem 4.11. Suppose that Assumption 4.3 and Assumption 4.4 hold, and the score
estimator § defined in (6) is structured as introduced in Theorem 4.6. By choosing the

_77 . .
mazimal step size matg—oq,.. N—1 |tkr1 — k] = O <n S(d*+3)> and the early stopping time
1
T =1—n 3@+ we have

- _ 1 3d*+13 1
By Walfr, Fo)] = 8 (17059 + et

, a5
Moreover, if m > na+3, then
- ~ 1
EX,)}[W2(7TT7mam)] =0 (n 6(d*+3)> )

Remark 4.3. Theorem 4.11 rigorously establishes the end-to-end theoretical guarantees for
the diffusion model within latent space. This is achieved through the seamless integration of
score estimation, EM discretization, and early stop techniques. Furthermore, this analysis
is independent of the pre-training theory, rendering our theoretical framework applicable to
other diffusion models, irrespective of considerations regarding pre-training encoder-decoder
structures. This characteristic underscores the independent validity of our theoretical frame-
work. Importantly, the convergence rate O (n_m> in Theorem 4.11 mitigates the curse

of dimensionality of raw data, primarily attributed to the implementation of the encoder
component.

4.3 Main Result

In this section, we present our fundamental theoretical findings, elucidating end-to-end con-
vergence rates. To facilitate our analysis, we introduce Assumption 4.5 to characterize the
distribution shift between the pre-training and target distributions. Specifically, in Assump-
tion 4.5, €p,.,. 5., = 0 denotes the absence of any shift.

Assumption 4.5. There exists €, 5,.,. > 0 such that Wa(Daatas Ddata) < €pyura bante -

Then, by combining Theorem 4.1, Theorem 4.11 and Assumption 4.5, we obtain our main
result.
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Theorem 4.12. Suppose that Assumptions 4.3-4.5 hold, and the score estimator § defined
in (6) is structured as introduced in Theorem 4.6. By choosing the maximal step size

7 1
Maty—o1,... N—1|tit1 — t| = O <n_3(d*+3>> and the early stopping time T = 1 —n 3@+3)
we have

~ ~ 3d*+13 1
E;\gy[Wg(D#ﬂ'T,pdam)] =0 <n 6(d’“r3) + @)1 + €pantaPiata + M~ 2(d+2) + 51/2>

where IA)#%T denotes the distribution of IA)(BZN) in Algorithm 1. Moreover, if m > n®5 and
M > n3<5ﬁ3>, then

E‘)(vy [W2(13#%T’ pdata)] = O <n 6(d*+3) + epdatavpdata + 51/2)

Remark 4.4. In Theorem 4.12, the convergence rates of IA)#%T are established by simul-
taneously considering pre-training encoder-decoder structures and latent diffusion models.
This represents an end-to-end result. Recall that m denotes the sample size of Gaussian
noises in the latent space, and M represents the sample size of pre-training. These two
terms can be chosen sufficiently large, as Gaussian noises are readily obtainable, and the
pre-training phase can be manipulated separately by resortmg to pre-existing large-scale

models. Therefore we can set m > ne3 and M > nTETT to obtain the convergence
rate of O <n T 4 €pvaraFanra 51/ 2) Additionally, if the distribution shift €, ,, 5, and

1
pre-training quantity 50/ are both smaller than n &@+3  then the convergence rate re-
~ 1
duces to O (n_ 6(@*+3) ) This finding circumvents the curse of dimensionality inherent in raw

data, thereby demonstrating the effectiveness of latent diffusion models from a theoretical
perspective.

Remark 4.5. In Theorem 4.12, the theoretical analysis framework is universally applicable to
the broader spectrum of general diffusion models, thereby asserting its independent validity.
In the existing theoretical analyses of diffusion models, [CL.L23, CDS23, LIT22, LIT23,
BDBDD23, LWCC23, GNZ23] furnish theoretical guarantees concerning total Variation,
Wasserstein distance, or KL divergence, contingent upon predetermined bounds on score
estimation errors. Within the end-to-end convergence analyses, [W.JX " 21] only delivered a
convergence, while both [OAS23] and [CHZW?23] delineated convergence rates. Furthermore,
[OAS23] and [CHZW?23] mitigated the curse of dimensionality by imposing a low-dimensional
structure assumption on the target distribution. In contrast, our contribution lies in the
introduction of a pre-training encoder-decoder framework. This framework not only aligns
with prevailing generative learning methods but also demonstrates operational practicality.
As a result, it advances the landscape of diffusion models with a balance of theoretical rigor
and real-world feasibility.

5 Conclusion

In this work, we introduce a novel latent diffusion model rooted in the Schrédinger bridge,
facilitated by pre-training an encoder-decoder structure. An SDE, defined over the time
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interval [0, 1], is formulated to effectuate the transformation of the convolution distribution
into the encoder target distribution within the latent space. The synergy of pre-training,
score estimation, EM discretization, and early stopping enables the derivation of desired
samples, manifesting an approximate distribution in accordance with the target distribution.
Theoretical analysis encompasses pre-training, score estimation theory, and comprehensive
end-to-end convergence rates for the generated samples, quantified in terms of the second-
order Wasserstein distance. Our theoretical findings provide solid theoretical guarantees for
mainstream diffusion models. The obtained convergence rates predominantly hinge upon
the dimension d* of the latent space, which mitigates the curse of dimensionality inherent in
raw data. However, the dimension d* is prespecified in practical applications. Therefore, the
development of an adaptive approach for selecting it can be regarded as future work. Ad-
ditionally, extending our theoretical framework to analyze diffusion models based on SDEs,
such as OU processes and Langevin SDEs, defined over an infinite time horizon [0, c0) can
also be considered as future work.

Appendix

In this appendix, we provide the detailed proofs of all lemmas and theorems in this paper.
Specifically, in Section A, we establish the Lipschitz continuity of the true score function.
Moving on to Section B, we derive the error bound for the pre-training procedure. Subse-
quently, in Sections C-F, we obtain error bounds for the latent diffusion modeling. Finally,
in Section G, we present the proof of our main result.

A Properties of true score function

In this section, we establish the Lipschitz continuity of the true score function by leveraging
the properties inherent in the target distribution. We first derive the Lipschitz constant
for Vlogq(v/1 — to,x) with respect to x in Lemmas 4.2-4.3. Then we derive the Lipschitz
continuity concerning V log g(v/1 — to, x) with respect to ¢ in Lemma A.4 with x belonging
to a compact set.

A.1 Lipschitz Continuity Regarding Spatial Variable
Proof of Lemma 4.2.  Let

_ Hx;yn2 .
e % (17t)pdata<y)
_ lx—yl2

f]Rd* € 202(171&)%(11&1 (y)dy

px,t,a(y) =

Y
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then we have ,
Ax=yl?>

\V4 . 202(1 t) d
\V4 10g q(\/mo-7 X) fRd ‘ Ix—y 2 pdata( ) Y
Joar € "aT- 27200 D (Y)Y

2
lIx=yl

fRd* %e 27700 Dl (Y)dy
Jra € zlox%l”f)pdam(}’)dy
- _mﬂsz,t,o (x-y),
and . X
V2log q(v/1 —to,x) = m(}ovpxyt,a(x —-y)— mId

Under Assumption 4.3, we have
0 < Covp,,.,(y) < dTg.

Therefore, for any ¢ € [0, 7], we have

d* 1
2 V1— < .
|V=log q(vV1 — to,x)|| _max{a4(1—T)2’a2(1—T)}

This completes the proof.
To prove Lemma 4.3, we firstly introduce two auxiliary lemmas.

Lemma A.1 (Brascamp-Lieb inequality). Let u(dx) = exp(—U(x))dx be a probability mea-
sure on a convex set Q C RY whose potential U : Q — R is twice continuously differentiable
and strictly convex. Then for every locally Lipschitz function f € L*(u),

Var,(f) < E,[(Vif, (VXU) ™'V f].

Remark A.1. When applying the functions of the form f :x + (x,v) for any v € S* !, the
Brascamp-Lieb inequality yields an upper bound of the covariance matrix

Cov,(x) < Eu[(VRU(x)) ']
with equality if x ~ A (m, X) with X being positive definite.

Lemma A.2 (Cramér-Rao inequality). Let p(dx) = exp(—U(x))dx be a probability measure
on a compact set Q C R whose potential U : Q0 — R is twice continuously differentiable.
Then, for every f € C1(Q),

Var,(f) = (Eu[Vxf], (Bu[VIUD) T Eu[Vif]).

Remark A.2. When applying the functions of the form f : x +— (x,v) for any v € S* !, the
Cramér-Rao inequality yields an lower bound of the covariance matrix

Covp(x) = (E.[ViU(x)])

-1
with equality if x ~ N (m, X) with X being positive definite.
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Proof of Lemma 4.3. Under Assumption 4.4, we have

1
— I, — V?logp: .
02(1 - t) d V ngdata(y)

_V2 lOg px,t,a (Y) =
Therefore,

1 1
_— — I*%— 21 x.t.o < I*-
(a?(l—t) “) ¢ < =V logPreo(y) (azu—t)*“) ‘

By Cramér-Rao inequality,

1 - o*(1—1)
C >f. - I x = * .
V.o (Y) (02<1 " O‘) T v a1 —1)

Thus, we have

!
Vilogq(v1—t = — I = —aly..
By Brascamp-Lieb inequality, when 1 — a%Q <t<l1,
1 - o?(1—1t)
VrasoY) <a2(1 —1) O‘) I ac(l-1)
Then, we have
Q@
V21 V1—t < | P
qu( U7X) 1_a02(1—t) d
Let #(1—0 and 04(?*—1&)2 — 02(}_” be equal, we get
)
1 —ao?(l—t)
Solving the above equation yields
* 1
t=t":=1 d - —
o%(1 + ad*) ao?

Based on the discussion above, we obtain
VZlogq(V1 = to,x) < g(t)1a,
where

Toas? A t € (0,t"]

04(il—t)2 - 02(1—@7 te (1)

By taking the derivative of g(t), we can see that ¢(t) is increasing on (0,¢*] and decreasing
on (t*,1). Therefore, we have

g(t) < g(t*) = a(1 + ad*) > «a,

which implies Lemma 4.3 holds.
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A.2 Upper Bound for Derivatives with Respect to Time ¢
Lemma A.3. The partial derivative of V log q(v/1 — to,x) with respect to time t satisfies:

0, Vlogq(v1 —to,x)
1
= —mEzﬂx,t,g(X -y)
1

- 204(1 —t)3 (

Epero (= )lIx =¥1%) = Ep, o (x = ¥)Ep,,, lx = ¥]%) -

_ _lx=yl|
Proof. To ease notation, we define p;(x) = fy e 2°0-np* . (y)dy, which is the unnormalized

version of ¢(v/1 — to,x). Note that Vlog ¢:(x) = Vlog ¢(v/1 — to,x). By using the product
rule of the derivatives, we have

AV _ D)Vl

0V log pi(x) = _
. () ()
We first compute % as follows:
eylbeyl?) 23S o g
Vi (x) o fy 02(1 t)2 + 201(1-1)3 ) © Piiata(¥)dy
pi(x) Pr(x)
1 1
=———F — — - —vl?).
0-2(1 _ t)2 'Dx,t,o (X Y) + 20_4(1 _ t)3 D t,0 ((X y)HX y|| )

By same calculus, we have

2 B v,
and Vi (x) 1
22 T U
Combining these three terms, we obtain
0,V log v (x)
= B (=)
+ oot e (= V)= 31P) = By (5= YEpn i = y17).

r 3/2(p41)3
Lemma A.4. sup,co1)SUDxe[—r,2[|0:V log ¢(v/1 — to, x)|| < z(f JFTI))Q d04(1(_+Tl))3 .
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Proof. From Lemma A.3, we have

10:V 1og (V1 — to, x)|

1
< - E _
= O'2<1 - t)2 || px,t,o(x y)”

1
* oot 8 [Bre (5= 9 = YI7) = By (6 = 9) B I =y I

By applying the Cauchy-Schwartz inequality, we obtain
Epeeo (= Y| < (Bpoo lIx = yII*)2 < Vd(r +1),
and

1
[Epis (¢ =3)lx =3 17) | < (B llx = y]1%)* < d?2(r + 1),

[Eperr (= ¥)Ep,, lIx = 317 < dlr + 1)?| By, (x = y)| < d*2(r+1)°.
The above inequalities imply

Vd(r+1) @2+ 1)
21 -T2 " oi(1—T)p"

SUP¢e0,775UPxe[—r,r]d ||atV IOg Q( V1-—to, X) H <

B Pre-training

In this section, we prove Theorem 4.1. We first decompose the excess risk error into the
approximation error and the statistical error. Then, we bound these two terms separately.
Finally, we balance these two terms to derive the error bound.

Proof of Theorem 4.1. We decompose the proof into the following four parts.
Error Decomposition. For each Ey € £ and Dy € D, we have
H(E, D) — H(E*, D*)
= H(E, D) - H(E, D) + H(E, D) — H(Ey, Dy) + H(Ey, Dy) — H(Es, D)
+ H(Ey, Dy) — H(E", D)
< sup H(E,D)—H(E,D)+ sup #H(E,D)—H(E,D)
Ec&,DeD Ec€,DeD

+ H(Ey, Dy) — H(E", D),

~

where the inequality is due to the fact that H(E, D) < H(E,, Dy). Then taking infimum
over By € £ and Dy € D yields
H(E, D) — H(E*, D"

< . 7 : . * * .
<2 sw  [H(B,D)~H(B.D)+  inf  H(E.D)~HED)

(10)
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The first and second terms in (10) are called the statistical error and approximation error
respectively. Next, we bound these two terms separately.

Approximation Error. Since E* and D* are continuously differential on [0,1]¢, [0, 1]¢
respectively, then there exist Bg and Bp such that

sup [|[E*(y)|| < Bg, sup [[D*(y)ll < Bp.

y€[0,1]¢ y€[0,1]4

For any given 0 < € < 1, there exists a neural network E € £ with configuration
1 1
Lg=0 (log . d) Mg =0 (d*¢ge) , Jp =0 (d*nge—d (log -+ d)) ,
€ €

KE = O(BE),FLE = O(max{l,gE}),

such that
sup [|[E(y) — E*(¥)[lw <€

y€l[0,1]¢
Moreover, the network FE is Lipschitz continuous with Lipschitz constant vg = 10d¢g, mean-
ing that for any yi, y» € [0, 1]¢, it satisfies

1E(y1) — E(y2)|leo < vElly1 — ¥l

Similarly, there exists a neural network D € D with configuration

1 * * * * 1
Lp=0 <1ogE +d*) ,Mp =0 (dhe ), Jp=0 (dg;ge—d (1ogE +d*)) ,

KD = O(BD),FLD = O(max{l,fp}),

such that

sup || D(y) — D*(y)| <,
ye[o,1)4

and the network D is Lipschitz continuous with Lipschitz constant yp = 10d*¢p, i.e., for
any yi, yo € [0,1]7, it satisfies

I1D(y1) = D(y2)lleo < vpllyr = yall

Therefore, for any y € [0, 1], we have

(Do E)(y) =yl = (D" o E)(y) - y|*

((DOE)( )+ (D" o E*)(y) — 2y, (Do E)(y) — (D" o E*)(y))

(Kp + Bp + Vd)|(D o E)(y) - (D*OE*)()’)H

(Kp + Bp + Vd) (|(D o E)(y) = (D" 0 E)(y)[| + (D" 0 E)(y) — (D" 0 E")(y)]})
(Kp + Bp + Vd)(Vde + ¢p || E(y) — E*(y)]))

(Kp + Bp + Vd)(Vde + Vdetp)

=Vde(Kp + Bp + Vd)(1 +&p).

VA A VAN VAN
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This implies
inf H(E,D)—-H(E*, D)

Ec&,DeD

_ing /[ (D B)Yy) =y I = (D" 0 B)(3) —yIF) Pua ()Y

Ec&,DeD

<Vde(Kp + Bp + Vd)(1+¢p)
=0(e).

Statistical Error. For convenience, we denote (g p(y) := ||[(D o E)(y) — y||?>. We denote
the d-covering of D with minimum cardinality N'(d, D, || - || 1o ((o,1j¢%)) as Ds and the d-covering
of £ with minimum cardinality N'(6,E, || - | oopo,1)2) as Es. N(8, D, ||| o j0,174+)) and N'(6, €, || -
| zo<(j0,1]4)) are bounded as follows:

LpMpk
log N'(0, D, || - [l = o.y)) S Jp L log (%) |
and LgM
K
log N'(6, &, ||+ |z oy)) S JeLElog (%) '

For any E € £, D € D, there exist Es, Dg such that
IE(y) = Es(y)|| (o) < 6,

and
ID(y) — Ds(y) |l oo (o,170) < 0.

Therefore, we have

[le,D(y) — lEs,Ds (Y)]
<(Bp + Kp +2Vd) (||(D o E)(y) — (Ds o E)(y)|| + ||(Ds o E)(y) — (Ds o Es)(y)l|)
<(Bp + Kp + 2Vd)(6 + Vdyph)
=(Bp + Kp +2Vd)(1 + Vdyp)d.
For simplicity, we denote Np := N(,D, | - || p(o1y2))> Ne = N (6, &, - || L(o,1y2)) and
C(8) := (Bp + Kp + 2Vd)(1 + Vdyp)d, then

|'H(E,D) — H(E,D)| < 1205

Z €E5 Dg yl Ey [£E57D(5<yi)]>

max + 2C5.

~ Esc&s5,DseD;

ﬁ Z (Ce; Ds(Yi) — Ey [lEs.Ds(¥i)])

Taking supermum over E and D on both sides, we get

sup |H(E,D)—-H(E,D)|<  max

Ec&,DeD Ese&s,DseDs

+ 2C5.

1 M
M Z <€E6,D6 (y2> - Ey [£E5,D(5 (yZ)])
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Thus, for any t > 2Cs, we have

IP’y< sup |’H(E,D)—”H(E,D)|>t>

Ec&,DeD

>t—205>
>t—205>.

Uy, () < 2 ([(Ds o Es)(y)|I* + [lylI*) < 2(Bp +d),
by Hoeffding’s inequality, we obtain

m(

Therefore, for any t > 2Cjy, we have

| M
o Z (e, s (Yi) — Ey [lEs.Ds(¥i)])

<Py ( max

Esc&s,DscDg

oo

DseDs Esels

(Ues,0;(¥i) — Ey [lE; D, (yi)])

i<

1
M

Since

M
3 2 (05001 (59) = By (5] ST

_ 2
>t —205) < 2exp (—M) )

Py ( sup |H(E,D)—H(E,D)| > t) < 2NeNp exp (—

Ec&,DeD

M(t — 205)2
2(Bp +d)? ) ’

Integrating both sides with respect to ¢, for any a > 0, we get

Ey( sup \?:[(E,D)—H(E,D)|)

Ec&,DeD

“+oo
:/ IP’y< sup |”H(E,D)—7—[(E,D)|>t)dt
0

DeD,EcE

+o00 2
<a+2Cs+ 2NDN5/ exp (—%) dt

B} +d
NG Ma2  \ 2(B% +d)
< 2 2 - — — .
<a+20Cs + NDNg 5 exp 2(B%+d)2 \/W
Taking a = 2(B% + d)+/ % and § = 4, we obtain
By (, s [A(E.D) - 1(E, D)
Ee€,DeD
<a(B +4) Vg NoNe + 7 2(Bp + Kp + 2v/d) (1 + \/E'YD).

V2M M

Substituting the values of Ng and Np, we obtain

R [ d/2
E H(E,D)—-H(E,D)|) =0 .
v (E;?;;@' (E, D) = 3( >') (m)
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Balancing Error Terms. Combining the approximation error and the statistical error,
we have

H(E,D) - H(E*,D*) =0 (e + i;j\;) .

By choosing € = ./\/l_ﬁ, we finally obtain

which implies
H(E,D) =0 (M—ﬁ + 50) .

The proof is complete.

C Bound Ey y[Ws(7r, 7))

In subsection C.1, we prove Lemma 4.4, which gives an upper bound for the approximation
error. This proof is structured into two parts. In subsection C.2, we prove Lemma 4.5, which
provides an upper bound for the statistical error. In subsection C.3, we prove Theorem 4.6.
In the last subsection C.4, we prove Theorem 4.7.

C.1 Approximation Error

Approximation on [0,7] x K. We choose K = {x]|[|x]lc < 7}, where r > 0 will be
determined later. On [0, 7] x K, we approximate i—coordinate maps of V log¢(v/1 — to, x),
and then obtain an approximation of V log ¢(1/1 — to, x) by concatenation.

We first rescale the input by x’ = %(X+r1) and t' = %, so that the transformed space is
[0,1] x [0,1]%". We defined the rescaled function as Q(#',x’) = Vlog q(v/1 — Tto,2rx' —rl),

then Q(#',x’) is 2£r-Lipschitz in x’. We denote

7(r):= sup sup [|0;Vliogq(v1—to,x)|.

t€[0,T] xe[—rr]d*

By Lemma A.4, we have 7(r) = O (%), then Q(#',x’) is T'7(r)—Lipschitz over t'.

Now our goal is to approximate Q(t',x’) on [0, 1] x [0, 1]".
Second, we partition the time interval [0, 1] into non-overlapping sub-intervals of length
e1. We also partition [0,1]¢" into non-overlapping hypercubes with equal edge length ey. €

and ey will be chosen depending on the desired approximation error. We denote N; = [ 2]

and Ny = [L]. 1

€ o
Let m = [my, mg, -+ ,mg]" € [N3]¢ be a multi-index. We define Q(#',x’) as

a) / AN ] m / / . %
Q’L(t7x)_ Z d*Qi<E’ﬁ2>\1}j7m<t7x>7l_1727.'.7d7

JE[N1],me[Na]
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where U, o, (#,x') is a partition of unity function which satisfies that

Y Yt x)=1

JE[N1],me[No]d*

on [0,1] x [0,1]4". We choose W, , as a product of coordinate-wise trapezoid functions:

ot (oo ) (4 5).

where 1) is a trapezoid function,

L <,
P(a) =< 2—|a|, |a| €]1,2],
0, la| > 2.

We claim that
e Q,(t',x') is an approximation of Q;(#,x’);

e Q;(t',x') can be implemented by a ReLU neural network S;(#, x') with an approximat-
ing error small enough.

Both claims are verified in [CLZZ20, Lemma 10|, where we only need to substitute the
Lipschitz constant 2¢r and T'7(r) into the error analysis. By concatenating S;(t',x’),i =
1,2,---,d* together, we construct S =[Sy, Sy, -+, S4]". Given € > 0, we have

sup [[S(¢,x) = Q(f, X))o < €,

v, x'€[0,1]x[0,1]4*

where the neural network configuration is

1 5 5
L=0 <10g T d*) M = O (d*7(r)(&r) e @) |

1=0 (s g +a))

K=0 <%) sk = O (max{l,&r, T7(r)}).

Here, we set e; = O (%(T)) and e; = O (g%) The output range K is computed by

sup |V 1og q(v1 —to,x)| < x| + [y < Vi (r+1)

< =: K.
t€[0,T],x€[—r,r]d* 02(1 - T) 02(1 - T)

Furthermore, S(#',x’) is Lipschitz continuous in x', i.e., for any x}, x, € [0,1]¢ and ¢’ € [0, 1],
it holds
IS(t',x1) — S(t', x3)[loc < 20d7Er|[x| — X5
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S(#',x') is also Lipschitz continuous in ¢, i.e., for any t;,t, € [0,1] and x’ € [0,1]%", it holds
IS(t1,x') = S(t5, x')|oo < 10T7(r)[t) — 15].
%, %(xjtrl)), then for any x;,x, € K and t € [0,77, it holds
I, x1) = s(£,%2)[lsc < 10d"E][x1 — Xa|. (11)
And for any t1,t, € [0, 7] and x € K, it holds

(1, %) = 8(t2, X)[|oc < 107(7)[t1 — 1.

We denote s(t,x) =S (

Global Lipschitz. In order to ensure global Lipschitz continuity of s(¢,x) with respect to
x, we introduce the following lemma.

Lemma C.1. For K = {x € R¥|||x||oc <7}, there exists an 1-Lipshitz map T : RY — K,
which satisfies Tic(x) = x, for any x € K. And Tx can be expressed as an 2-layer ReLU
network with width order O(d*).

Proof. We consider the following univariate real-valued function
r,  xT>Tr
fr(x)=qx, x€[-rr]
—r, x<-—r

and define the map Tx(x) = (f,(z1), fr(z2), -+, fr(z4:))". Then, for any x € K, Tr(x) = x,
and for any x € K¢ Tx(x) € OK. By a simple calculation, we have

Tl = Ty low = _max 1£:(2) = £ (30)

< max ) 7 =y = [x =yl < [x =Y.

i=1,2,d
And it is easy to check
fr(x) = ReLU(z) — ReLU(—z) + ReLU(—z — r) — ReLU(x — r).
The proof is complete. O

We now consider the neural network s(¢, T (x)). It preserves the approximation capability
of s(t,x), i.e.,

sup [|s(t, T (x)) = Vlog¢(V1 = t0,%) ||

t,x€[0,T]xXK
= sup |Is(t,x) — Viogq(V1 —to,x)||« < €.
t,x€[0,T]xK
And it holds the upper bound, i.e.,
sup [|s(t, Te(x))[| = sup  [Is(t,x)|| = K.
t,x€[0,T] xR t,x€[0,T]xK

For any x1,xy € RY and ¢ € [0, 7], it holds
Is(t, Tie (x1)) = 8(t, Tie(x2)) [0 < 10d7E| Tie(x1) — Tie(%2)|

S 10d*£||X1 - X2||.

Therefore, s(t, Tc(x)) is global Lipschitz continuous with respect to x. For notational con-
venience, we still use s(t,x) to denote s(t, Tx(x)).
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L? approximation error. The L? approximation error can be decomposed into two terms,
E||s(t,x;) — Vg q(v/1 — to, x,)]?
= E [|Is(t,x:) = V1og g(V1 — 10, %) | Tyjixs <)) (12)
+E [|s(t,x;) — Vlog q(v1 —to, X0 ) || P L oo 57} -
Then, it suffices to bound the two terms on the right hand of (12). The first term satisfies
E [[s(t,x:) — Viogq(v1 — to, %) Lo <r]
<d" sup Is(t,x;) — Vlogq(v/1 —to,x,)||%

te[0,T],x¢€[—r,r]4"
< d*é.
The second term satisfies
E [[ls(t, %) — Viogq(v'1 — to, %) "L oc>r}]
<2E [(f@ +[[Viogg(v1 —to, Xt)llz)ﬂ{uxtnm»}]
< 2K°P(||xello > 1) + 2B [||V log (v = t0, %) [T s e 51}
< 2RP([xlc > 1) + 2 [Envmgqm——ta, %)l Pl > 1),

Vlog q(vI—to,x)|| < e,

I

where K = SUPxe[—r,r]d*

Now, we estimate E||V logq(v/1 — to, xt) Some algebra computations show that

BV log (VT =T x| < —rsr (] + V)]
8

< 4 *2 ]

Since x; 4 X1 + 0cBi_;, we have
Eljx|[* < 8E||x:* + 8o E[|B1—|*
< 8d** + 8ot (1 — t)2d*(d* + 2).
Therefore,
8(9d*? + 80 (1 — t)%d*(d* + 2))
o8(1 —1t)* ’

E||V log (v — fo, x)|* <

Then, we estimate P(||x;||cc > 7). It holds that

P(lx¢[[cc > ) =P(|lx1 + 0B1—t[|oc > 1)
d*
< ZP(|$1,i + 0B > 1)

1-t, r—1
e (|2 o)
: (r—1)
=2 exp(‘m)-
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Thus, the second term can be bounded by

ow2ds | K2 +

\/B(9d7% + 801(1 — t)2d*(d" +2)) (r— 1)
(1= 1) o <‘4 >)

By substituting K into (13) and setting it to be less than €2, we obtain

d*
r:O( logm>,

Ells(t,x,) — Vloga(v1—fo,x,)[2 < (14 d*)¢’

Substituting r into network configuration yields that

and

a*+3
d*2 (log ) 2 gd*e—(d*—i-l)
1 (1-T)
L= log — )M =
O(oge—l—d), O 1=T) ,
d*2+3
d*> (log ) £ e (@4 d*log
e(1-T) 1 6(1 T)
= log — ¥ K = -_—
J=0 1=T) <og€+d) , O T ,
3
T (v0e )
k=0 [ & [log d Vv «(-T)

e(1—T) 1-T1)3

C.2 Statistical Error
Upper bound for /4(X). Now we derive the upper bound for /4(X). It holds that

2
|z
<o K%y 70
= ( TR

i)

_ d*log (1 —T)
gs(X) S CT = <K2 — T) .

E, ||s(t,x+o0V1 —tz) +

Z
ov1—t

Thus, we have
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Lipschitz continuity for /5(X). Now we derive the Lipschitz continuity for f5(X). We
have

S1 + S2 + Hdt

s, (X) — ¢ (A>|<1/TEH | 2

s\ X) =L (X)| S = z||S1 — S

: 2 T Jo L o1 —t
1 [T 1 27
< = E,|ls1 —s2||?)? | E, S
_T/0< Is: = s2?) ( e

1
2\ 2
) "
1T b ek + 12d* 3
SfA (Ez||SI_S2H 2 (6K t)) dt

1 [T 124 1 2
<= E, ||s; — dt 6K? + dt
< (7 [ Ell ) (om0 5 [ i)
S\/6K2 t2d log(] T>( / E, 51 — sal dt)

0

124 log(l ~T)
< Jore = 2B e

12d*log(1 —T)
- \/6K2 N To? Is1 = 2|l Lo o1y (rr1)-

S1 + so +

N[ |

For convenience, we let

12d" log(1 — T)
Bp:=1/6K2 — )
T \/ To?

Covering number evaluation. The covering number of the neural network class is eval-
uated as follows:

log N (NN, &, || - [ oo oy re ) = 10g N (NN, G, || - [l oo (0,77 ¢ =017
LM
< JLlog ( TKJ)

gd —(d*+1)
. O > - ,
(1-T)?
where we choose r = O (, /log (1 — ) larger than 1. The details of this derivation can be
found in [CJ1.Z22, Lemma 5.3].

Upper bound for statistical error. Let {(s,X) = s(X) — ls-(X) and X' = {X},- -+ ,X/

Y n

be an independent copy of by , then

(01, R) = €(55,%)| = s, (R) = s, (R)] < Brllst — o] oo o,y
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We first estimate Ez ;- - (L(S) — 2L5(8) + L(s*)). It follows that
Eg 7z (L) —2Lz(8) + L(s"))

=Ep T2 (Ef' % Z (fﬁ(ig) — L (i;))] - %Z (la(X;) — Lo (iz))>

E,, [ZG ]

where G(8,X) = Ey, [((5,X) — 2((s,X)] .
Let Cs be the d-covering of NN with minimum cardinality N := N (NN, 6, [||| 0o (0,77 xr4"))
then for any s € NN, there exists a s; such that

|£(s,X) — U(s5,X)| < Brlls = ss|| o< 0,1)xre7) < Brd.

Therefore,
G(8,X) < G(ss,X) + 3B70.

Since |((ss,%;)| < 2Cr, we have |((ss,%X;) — El(ss,%;)| < 4Cp. Let V? = Var[{(ss, X;)], then

V? <Egll(ss, %))
< BZE s [ls;(Ri) — ls- (X))
= BFE 3[((s5, %))

We obtain

By Bernstein’s inequality, we have
o .
Pf,’T,Z ﬁ ZG(S(S,XZ') >t
Es, [ Zes5, ] ——Ze S5, %) > = +IEX,
=1
Es —ZE(Sg,ii) - —ZE (8, %) > 5 +IE

~ &
E)? —Zﬁ S(;,XZ —526(85,Xi)>§+ﬁ>
i=1

( 2vg 8uCT )

<exp< 8B:2p+ 160T>

]
Eemal]

I

=
=)
\]
AN

I

~
=)
\“
N

[\
s}
><>
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where u = + 2‘;2 , and we use u > & 5 and V2 < 2BZu. Hence, for any t > 3Brd, we have

XTZ[ ZG >t] <IP’XTZ Sselll\%EZGsxl >t]

<Ps max — G(ss,X;) >t —3Bro
=S XT,2 S(;GC(;?’LZ g ) T

< NmaxPs
maxXtaTz

n(t — BBT(S)
< Nexp (‘W :
T 3

and 0 = %, then we obtain

E Z G(S5,§i) >t — 33715
=1

(832 + 1GCT) log N

1 < o © n(t — 3BT5)
Es 7z [; ZG(s,xi)] <a +N/ exp <—W> d
i1 a 3
c
_ (8B% + 11 (log N + 1) + 3By

Setting a = 3Brd +

n
=~ 1 gd* (d*+1)
(i)

Next, we estimate Ez - - (Z)?(/s\) — A)?m Z(§)> Recall that

We decompose £ 37" ( 5(X;) — Zg(i,)) into the following three terms:

runc 1 - runc runc 1 - runc
—Z — E(R) D () — BOR) Y (R — (),
i=1 i=1
(4) (B) (©)
where
1 (7 2
ﬁgunc(ii) =E, | = / §(t, X, +ov1— tZ) + dt - I{Ilzllooéro} ,
T 0 ov1—t
and
1 & Z: ’
Egunc(ii) = - Z g(tj, Xi+oy1— thj) + ﬁ I{IIZjllooSTo}'
j=1 J
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We estimate these three terms separately. Firstly,

S(t,%: + oI —tz) +

1 & 1 [T z
(4) = E;Ez (f/o ov1—1t
1

2 T
<2K%P(||z|| s > ~E Tl > / ———dt
< (Ilzlleo > 70) + ZE (121" Tgjefoc>r0}) (=)

2
de - I{||z||oo>ro}>

210g(1 —T) 1 1
< 2K°P(|l2]lo0 > ro) = —— s [E(ll2|)]*P(|[z]lc > 70)?
2log (1 — T)+/d*(d* + 2 1
< <2K2 - 2losl a)zT ( )> P(]|z]lo > 70)?
2log (1 — T)+/d*(d* + 2 2
< | 2K? — o8 ( Jvdr(d +2) V2d exp | —0 ).
o?T 4
Therefore,
1 - o runc /<>
Es 7z (5 > (i) — 2 (x,-))>
i=1
2log (1 — T)/d*(d* + 2 2
< | 2K?— o8 ( ) (& +2) V2d* exp _To))
o?T 4
Let hs(t,X;,z) = ||s(X; + o1 —tz) + m/%HzI{HZHooST’O}’ then
hs(t,X;,2) < E (r)'—2K2+d*7rg
S Y 19 — T 0) -— 0_2(1 - T)

For any s € NN, there exists a s; € Cs such that

Iho(t, %1, 2) — h, (. %1,2)] < 0 ||s + 85 +

27 H I
U\/l——t {llzllcc <70}
2\/%7’0 ) 5

< | 2K +
_< ov1-T

Then, for fixed X;, we have

I _ 1 —
T/O Ezhg(t,xi, Z)dt — a ; hg(tj,xi, Zj)

1 /7 1 &
< sup —/ E,hs(t,X;,z)dt — — hs(tj,X;,2;)
(3 TYSOER

seNN
< ma <T/0 L ;:1: hsé(tj,xz,zj)) 44 <K = T) 5.
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Let b=4 (K + @) 0. For t > b, using Hoeffding’s inequality implies

0

17 - 1 & -
< Prz (glggj (f/o E,hs,(t,X;,z)dt — - Zhsé(tj,xi,zj)> >t — b)

J=1

1 /T R 1 & N
Prz (T/ E,hs(t,X;, z)dt — E;hg(tj,xi,zj) > t)

1T N 1 & N
< NmaxPr z (T/ E,hs, (t,X;, z)dt — . Zhsd(tj,xi,zj) >t — b)

ss€C
s€Cs 0 =

Therefore, by taking expectation over T, Z, we deduce that (B) satisfies
ET,Z (ggrunc(gi) _ ggunc(ﬁi)> — / ]P)T,Z (@:S\runc(ﬁl) _ gtrunc( ) > t) dt
0

+o00 2mt2
<b —— |dt
< +CO+N/CO exp( E%(ro))

\/7_1' < 2mc(2) ) ET(’T’Q)
<b+c+-——Nexp|— .
= 0 9 p E%(’l"()) /—2m

Thus, we have

n

R
:_ZE [ET (etrunc( D — Zgunc(ﬁi))]

2me: \ B
<b+00+§N’exp(— mco) T<T0).

BIH

The last term can be expressed as

-3

=1 j=1

2

Ljiz;ec>ro} < 0,

s(tj,x; +o01— tzj)+L
o

T—¢

which implies
1 - runc
Egrz (;Z(ﬁz &)~ (% >)>so.
i=1

Combining the above inequalities, we have

n

Errz [% Z (fg(i,) - ?g(i,))] < by +co+ g/\/exp (— 2mes ) Er(ro)

i=1
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where by = (2K2 _ 2loe(mDy d*(d*”)) V2d* exp (—j%) +4 (K 4 My ) 5.

2T oVI-T
Setting ¢y = ET(TO)\/%[, ro = 2y/logm, and § = %, we obtain

(2K2 B 21og(1_T),/d*(d*+2)) Ny <K+ 2@@)

2T o/ 1-T
<
m
4d* logm log N +1
+ | 2K?
( 2(1- T)) V2m
4+

C.3 Error Bound for Score Estimation

Proof of Theorem 4.6. By combining the approximation and statistical errors, we
obtain
I ~ 2
Bers (7 [ EulSleon) — Vioga(vI=iox) et
0

5 1 gde—(d+1) . 1 5%6—% Lo
n (1-T7)> /m (1—T)%

_ g —(d*+1) E—% ,

(@) <(1 — T - + NG +e :

By setting € = n_d*;ﬁ, it holds that

LTt
Berz (7 [ Balbltx) - Vioga(VT=to x| )
0
» d* *41
_5 ((1 fT>s (s +n—m)) |

C.4 Sampling Error

Proof of Theorem 4.7. Let
Rt = EHXt — itHZ.
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Deriving R; with respect to time ¢, we have

% = 202E [<V lqu( V 1-— tU, Xt) —/S\ t it),xt — §t>i|

=20"E [(Vlogq(v1—to,x;) —§
+20°E [(8(t,x;) —S(, %), % — X)) -

Using the inequality 2(a, b) < 2||al|||b]| < ||al|* + ||b]|?, we obtain
2<V logq( V 1 — tU, Xt) —§(t,xt),xt — §t>
< [Vlogq(V1 —to,x,) = 8(t,x,)[I* + [Ix; — %%,

and
2(s(t,x;) —8(t,X;), % — Xy)
< 2[[s(t, %) — (¢, Xo)[[[[x¢ — X |
< 2Vd oy [[x — %o,
where the last inequality follows from (11) with v; = 10d*¢. Thus,

dR .
d_tt <o? {(1 + 2Vd* )R, + E||V log ¢(v/1 — to, x;) — s(t,xt>!|2]

= g2 [(1 + 2\/d_*71)Rt +Es 1z (ExtHVlog q(V1—to,xy) —§(t,xt)||2)] .
By Gronwall’s inequality, we have

6—02(1+2\/d_*71)TRT — Ry

T
< o2 / e NI (B, ||V ogq(v/T — to, %) — 8(t,x,)||?) dt
0 b 9
1 [T N
S TU2E??,T,Z (T/ EXtHleg Q( V 1- tUa Xt) - S(taxt)||2dt) .
0

Since Ry = 0, we finally obtain

: e — -
RT S TU2602(1+2\/(T’Y1)TE2?,7—7Z (T/ Ext ||V lOg q( 1- tO’, Xt) - S(ta Xt)||2dt) )
0

which can be expressed as

" 620'2 \/d_*’*{l gd* _% 215*—+13 1
Ry = 0| e (W 40T )

Then, Theorem 4.7 holds by the inequality (Ex y[Wa(rr, 77)])? < Ex y[Wi (77, 77)] < Rr.
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D Bound E}(‘jy[WQ(%T7 %T)}
Proof of Theorem 4.8. Let

Lt - EHﬁt - it||2.
Deriving L; with respect to time ¢, we have

dL " ~ ~
—L = 20%E [(8(t, %) — S(tk, Xy, ), Re — X4)]

dt (
=20"E [(3(t,%,) —8(t,%,), %X, — X;)]
+20°E [(8(t, %) — S(tr, Xy), Xy — X,)]
+ 20°E [(8(t, X¢) — S(th, X1, ), X¢ — X)) -
Estimating each term on the right hand side of the above equality separately, we obtain
2(s(t, %) —8(t,X4), X0 — %) < 271\/01_*”2& - it||2,
2(8(t, X)) — S(te, X¢), Xy — X)) < d*ya(t — t)* + ||1% — X%,

and o o
2<S(tk7 Xt) - S(tk7 th)7 Xt — Xt>
< A% — X, |17+ 1% = %)
< dg (¢ — 1) I8 (e, X II” + 1% — X
< dp(t— 1) K2+ (IR — X,
3
10(d* log &~ )2
where v = 107(r) = O ( (15;;;”)
Combining the above inequalities, we have
dL
<0 VI + 2) Lo+ d (K +3) (¢~ 1)’

By Gronwall’s inequality, we have
e VA 42t Li,, — o0 VA 42t Ly,

tet1
S/ e~ @V d n+2)t 2d*( fK2+7§)(t—tk)2dt

tht+1
< o?d* (VK? + 3)(t — t)%dt
1
< SO (R 4 ) (e — )"
Since Ly = 0, we finally obtain

N1
1 e
LT§§U2CZ*( VIK? 4 73) 7 V&N +2) E (thar —t)®,
k=0

that is,

N—1
Ly=0 <(7%K2 + 722) 2V Em Z(tk+1 - tk)g) -

k=0
Then, Theorem 4.8 holds by the inequality (Ex y[Wa(7r, 77)])? < Ex y[WE(7r, 7r)] < L.
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E Bound Ey [W2 (WT7 ﬁcklata)}

Proof of Lemma 4.9. Consider the process
X = Ko+ 0Wy, Xo ™~ Daara(X), X1~ q(0,%),
where w; is a standard Brownian motion. Then %, ~ ¢(v/to, x) also satisfies the reverse SDE
dx, = 0?Vlogq(v/1 — to,x,)dt + odw,.
Thus, x1_ 4 X;, and

E [ — xr[%1] = E [|%0 ~ %irl*1Y] = Ellow,_rP = 0*a*(1 - T).

Therefore,
1
Ey[Wa (7, Biata)] < (EyE [[Ix1 — x7[I*1Y])? < o/d*(1 - T).
F Oracle Inequality
Proof of Theorem 4.10. By Assumption 4.3, we have
Ex y[W2(Tr, Pata)]
N N-1 02\/d7,y1 a* .
=0|VvV1-T+ (’71K + ’7 e’ Wdrm Z tk+1 — tk Tjﬁ;(n_ﬁ —+ nél(dd*itrl&‘)m_i)
k=0 — 1)

By the choice of neural networks, we have v, = O (%) Let maxg—o1,... N—1 |tkt1—tk| =

1

O (n—%ﬁ + n%m_§> and T'=1— (logn)_%, then

~ *5/2 *
Ex y[Wa (71, Djara)] = O ((10g n)E e oz ViEn (n T 4 T i)) .

Proof of Theorem 4.11. By Assumption 4.3 and Assumption 4.4, we have

Ex y[Wa(7Tr, Diata)]

=

-1

~ 1 * 1
:O \/1—T+(K+72) (tk+1—tk)3+m<n d+3 —|—’)’L4((fi++13)m Z)
— 2
0

e
i

T 1
By setting maxg—o1,... n—1 |tk+1 — t| = O (n 3<d*+3)> and T'=1—n 3@+ we have

. ~ 3d*413 1
B y[Wa(Fr, D)) = O (0”505 4 nT@m 1)

. d*+5
Moreover, if m > n@=+3, then
~ ~ /1
EX,)}[W2<7TT7mam)] =0 (n 6(d*+3)> )
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G Main Result

Proof of Theorem 4.12. In our framework, we have the following total error decompo-
sition:
Ex,y[Wz(ﬁ#%T,pdam)]
< Ex y[Wa(D4r, (D o B)4puaa)] + Ey[Wa((D © E)4paata; (D © E) 4Paara)
+ Ey[Wz((ﬁ o E’)#ﬁdata, Pdata)] + W2(Pdata, Pdata)
< 0B yWa(Fr, Piwa)) + (v07E + D) Wa(Piata: Pdata) + Ey[H(E, D)]'2,

where the second inequality follows from
Ey[Wa((D 0 E)yaatar Paata)] < Ey[H(E, D)'?] < Ey[H(E, D)]'/>.

Therefore, under Assumptions 4.3-4.5, we obtain

3d* 413 1

1 1
T 6(dF a* —1 ~ T 2(d
(n B + n12( Y m o4 _I_ Epdatavpdata + M ) + 60) '

Eva[WQ(I/\)#%T>pdata)] =0

. d*45 _d+2
Moreover, if m > ne+s and M > n3@*+3 then

~ ___ 1
EXJ[W?(D#WT’pdaw)] =0 (n OLd™H5) 4 €pdataPdata + 50) :
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