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Abstract

High-temperature superconductors (HTS) have the potential to enable
magnetic fields beyond the current limits of low-temperature supercon-
ductors in applications like accelerator magnets. However, the design of
HTS-based magnets requires computationally demanding transient multi-
physics simulations with highly non-linear material properties. To reduce
the solution time, we propose using Parareal (PR) for parallel-in-time
magneto-thermal simulation of magnets based on HTS, particularly, no-
insulation coils without turn-to-turn insulation. We propose extending
the classical PR method to automatically find a time partitioning using
a first coarse adaptive propagator. The proposed PR method is shown to
reduce the computing time when fine engineering tolerances are required
despite the highly nonlinear character of the problem. The full software
stack used is open-source.

1 Introduction

High-temperature superconductors (HTS) for particle accelerator magnets have
the potential to exceed the magnetic field limits of low-temperature supercon-
ductors. In particular, no-insulation (NI) pancake coils which are coils wound
without turn-to-turn (T2T) electrical insulation are of interest due to their
increased electrical and thermal stability [7]. Numerical tools like the finite ele-
ment (FE) method are crucial to understanding the complex transient behavior
of such HT'S coils to avoid damage and malfunction.



These simulations of transients and specifically quenches, where the coils
locally lose their superconducting properties, are multi-physics problems in-
volving coupled electromagnetism, thermodynamics, and, eventually, solid me-
chanics. A quench is a local, transient phenomenon that generally requires
three-dimensional simulation in time with a high number of degrees of freedom.
Furthermore, as material properties must be considered over a wide temper-
ature range, the problem is highly non-linear. Therefore, quench simulations
are computationally expensive, and parallelization methods in space and time
are desirable for reducing the computation time. This paper describes the use
of Parareal (PR) [8] for the parallel-in-time integration of coupled magneto-
thermal transient phenomena in NI HTS pancake coils.

Section [2] defines the used FE formulation, and Section [3| discusses the PR
method, including the automatic time partitioning. Section [4] introduces the
model problem of an NI HTS pancake coil and summarizes the results obtained
using the FE formulation with PR time integration. The conclusion is presented
in Section Bl

2 Weak Magneto-Thermal Formulation

A magneto-thermal problem is considered on a computational domain €, con-
sisting of a conducting subdomain €2 and an insulating subdomain ;. Denoting
by (X,Y)gq, resp. (X, Y)Q, the integral of the product XY, resp. XY, over Q,
the weak form reads: From an initial solution at time ¢ = ¢g, find the magnetic
field strength H € Hy 1(curl, Q) and temperature T € H, () for t € (to,tn]
such that [10]

(Cv T, T ). + (KT, VT') = (p g j,T/)Q VI € HH Q)

(4(putf), H') 4+ (99 % H,V x H') =0 VH' € Hypg(curl, ).
Herein, x(||B||,T) is the thermal conductivity, Cyv(T") the volumetric heat ca-
pacity, p(||B||,T) the electric resistivity, and p the magnetic permeability. In
particular, the resistivity of the HTS is given by the power law
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where E; is the critical electric field, JC(E ,T) the critical current density with
B= ,uﬁ , n the power law index and fHTS the current density in the HT'S layer.
The function space Hj(fQc) is a subspace of H'(Q.) with Dirichlet condition
g enforced on parts of the boundary; H{(€.) is the special case for g = 0.
The space Hy r(curl, Q) is a sub-space of H(curl, Q) with vanishing curl in ©;
and strongly imposed source currents via cohomology basis functions [9]. Its
subspace with zero current is Hy o (curl, Q). An H —¢ formulation is chosen since
a resistivity-based characterization for HTS is an efficient and robust choice



for systems without ferromagnetic materials [2]. The T2T electrical [13] and
thermal [I1] contact resistance is treated using a magneto-thermal thin shell
approximation [I0]. The HTS coated conductor is homogenized, leading to
anisotropic x and p. All further details are found in [10].

3 Parareal Method with Automatic Partition-
ing of Time

The discretization in space of the strongly coupled weak formulation using lowest
order finite elements yields a monolithic system of the form

M (u(t)) du(t) + K (u(t)) u(t) = f (u(t)) . (1)

To use PR, we define a fine propagator u; = F(¢;,t0,ug), that integrates
from an initial solution ug = u(tg) until time ¢;, e.g., an implicit Euler method
with fine time step. Furthermore, let G denote a coarse propagator of lower
precision, e.g., an implicit Euler method with a larger time step or loosened
tolerances in case of an adaptive scheme.

The total time interval is split into smaller intervals (¢;_1,t;] with to <t; <
... < tyn. In an iterative manner, we solve (1) concurrently on these intervals
(tj—1,t;] with initial conditions Uj; at ¢; using the fine propagator. We impose
continuity at the time interval boundaries t;, that is,

Uo — Up = 0,
U, — F(t1,t0, Up) =0,

Un_1— F(tn-1,tn—2,Un_2) =0.

This non-linear system of equations can be solved with the Newton-Raphson
(NR) method [4], which leads to the explicit update formula for the initial
conditions at iteration k& known from [§]

U = F (45,450,080 ) 46 (5,450,080, ) = 6 (1,450,018

The PR algorithm iterates until err® < tolpr with err(®) the error at iteration
k and tolpgr the tolerance of the PR iteration. We denote the iteration index
at which PR converged by K. Both err®) and tolpg will be discussed in more
detail for the NI coil in Sect. @

The choice of time interval boundaries ¢; is important to ensure load-balancing
of the parallel loop and thus speed-up of the method. For NI coils with non-
trivial transient phenomena, a simple choice of equidistant time steps is not suit-
able. Instead, a black box approach for finding ¢; automatically is desirable for

use by non-experts. To this end, we define an initial coarse propagator (Ij, ’E) =



Q(t N, to, up) that is using an adaptive time integration scheme with large toler-
. < : - A T .

ances. Its M time steps are denoted as t = [fg = to,f1,...,tss = tn] and its

solution at these time steps is denoted as U = [y = ugp, 0y, ..., ﬁM]T. We split

these time steps into time windows of size floor (M/N) or floor (M/N)+1 using
the floor function to transform its rational argument into an integer index, i.e.,

tj = foor (%) for j € [0, ..., N] and assuming M > N. (2)

For iterations k > 1, we use the coarse propagator G with the fixed time steps
t from the adaptive propagator G. The resulting algorithm is summarized in
Algorithm[I} One advantage lies in PR being a non-intrusive method that does
not require direct access to the FE system matrices, thus the FE solver can be
used as a black box [I4].

Algorithm 1 Parareal based on [§] extended with a first adaptive coarse inte-
gration to find the time intervals ¢;.

1: init: U(()k) < ug for all k& € [0, N]; set counter: k < 0;

2: while k < 1 or err® > tolpr do

3:  increment counter: k + k + 1;

4. if k == 1 then

5: solve coarse adaptively: U, ¢ « C;(tN, to, ug);

6 define time windows: ¢; « {5 (35) for all j € [0, NJ;

7: extract first coarse solution at ¢;: U(l) u; ) — Uy ;forall j e
[07 N]?

8 else

9: for j < 1to N do

10: solve coarse: ﬁg-k) — G(tj,tj—1, ng_)l);

11: update: U§-k) — ﬁ;kil) + ﬁ;k) — ﬁ§-k71);

12: end for

13:  end if

14: parallel for j < 1to N

15: solve fine: ﬁgk) — F(tj,tj_a, in)l);

16: end parallel for
17: end while

4 Numerical Example: No-Insulation HTS Coil

A small single three-dimensional NI pancake coil with 10 turns is considered
as shown in Fig. The geometrical and material parameters of the coil are
identical to those in [I0] with two exceptions; the number of turns has been
reduced from 24 to 10, and an additional contact resistance between winding
and terminal has been included as described in [1J.
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Figure 1: (left) The simulated NI coil consists of 10 turns of an HTS coated
conductor surrounded by copper terminals that are used to connect to the source
current. (right) Time evolution of the source current that results in a delayed
central axial magnetic flux density B,. The vertical, dashed lines show the
division of the time intervals ¢; for N = 8 calculated with Algorithm

All software used is free and open-source. The model has been created using
the open-source Pancake3D module [I] of the Finite Element Quench Simulator
FiQuS [I5] developed at CERN. It uses Gmsh [6] for creating FE meshes and
GetDP [3] as the FE solver with the automatically created cohomology basis
for the H — ¢ formulation provided by a Gmsh plugin [9]. The PR algorithm
has been implemented in Python, including MPI-parallel calls to GetDP, can
be found in [I2] and is based on the implementation in [5].

The pancake coil is excited by imposing a current ramping scheme shown in
Fig.[[] The central axial magnetic flux density is also depicted and shows the
typical characteristic delay for NI coils between field and source current [13].

The non-linear equations are linearized using an NR scheme as described
in [I0]. Convergence of the iterative NR scheme is assumed when the absolute
change of maximum temperature between two subsequent iterations is below
a certain tolerance tolyg. This convergence criterion based on the maximum
temperature is suitable for quench simulations as it is a key quantity of interest
and allows for easy physical interpretation [11]. Therefore, the PR, convergence
is also based on the discontinuity of the maximum temperature at the time
window boundaries ¢;, i.e.,

err®) = max; maxTng) — maxpJF (tj,tj_l,U§k71))‘
for all j € [0, N], where maxru extracts the maximum temperature Ty,ax from
the solution vector u.

An implicit Euler scheme with an adaptive time step as implemented in
GetDP is used for the fine propagator F as well as the adaptive first coarse
propagator G. GetDP uses a prediction by polynomial extrapolation based
on past results. The method accepts a time step if the approximated local
truncation error of the maximum temperature is below tol;. Both adaptive
propagators are coded to enforce a time step at a time when the ramping rate
changes (e.g., from linear ramp-up to plateau). All subsequent coarse solves



using G use a fixed time step implicit Euler scheme provided by GetDP with
the same time steps t defined by G.

To ensure a fair comparison of the speed-up achievable by PR, i.e. the
ratio between computational time taken by PR and a sequential reference run
using the fine propagator F from to to ¢ N, it is important to consider the
required engineering tolerance for F. Fig. [4 shows the time evolutions of the
maximum temperature and the absolute error compared to a fine reference for
different tolerances tolyg = tol;. A numerical quench study typically includes
a sensitivity analysis of these tolerances, i.e., solving with finer tolerances to
ensure that all dynamic effects are captured accurately.
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Figure 2: The maximum temperature Ty, .« is shown as a result of a sequential
solve with different tolerances tolyg = tol;. The absolute error € of Tj.x has
been computed using a fine reference run with tolyg = tol; = 0.0l mK. Both
graphs share the same legend.

Table [1| shows the results for PR runs with N € {8,16,24} time windows
for different tolerances tolr = tolygr, 7 = tol; x for the fine propagator. For all
runs, the PR tolerance tolpg = 10mK is used. For G and Q the NR scheme
tolerance is set to tolyr,g = tolNR)g* = 10mK and the time stepping tolerance

for G is toltyg = 50mK. These parameters have led to the highest speed-up
among the parameter sets tried in this study. No speed-up has been achieved
for the highest tolr. For tolr = 1 mK and tolr = 0.1 mK, a maximum speed-
up of 1.59 and 2.74, respectively, has been achieved. In both cases, the best
speed-up has been achieved for 16 time windows.

While considerable speed-up is achieved, it is clearly below the optimal
speed-up of N/K. Fig. 3| shows the cumulative time taken by G and G for
all PR iterations k£ and the minimum, average, and maximum over time win-
dows j for the cumulative time taken by F for all PR iterations k. Furthermore,
the load balancing [, i.e. the ratio between the aforementioned minimum and
maximum, is shown as well. Firstly, we observe that the computational time
for the coarse propagators is not negligible. Quite fine tolerances for the coarse
propagator need to be chosen for PR to converge in a few iterations and to
ensure [ > 0 on the fine level. For example, an initial value far away from the
actual solution will cause many costly corrective steps of the adaptive prop-



Table 1: PR results for different number of time windows and fine tolerances,
for which tolpr = 10mkK, tolxgr,g = tolyg ¢ = 10mK and G tol, ; = 50mK
have been used.

# time windows N 8 16 24

Fine tol. tolyr,7 = tol; 7 in mK| 10 1 1011 10 1 1011 10 1 ]0.1
Convergence after K iterations 2 2 2 4 2 2 3 3 3

Absolute error err™) in mK 5212412558 |51[55|74|15]|1.5
Max. possible speed-up N/K 4 | 4 | 4 4 8 8 8 8 8
Actual speed-up 0.63]1.35(2.13|0.36|1.59(2.74]|0.47(1.03|1.88

agator F. Furthermore, there is overhead for the adaptivity of G. Secondly,
the loads between the time windows of the fine propagator F are not balanced
perfectly, i.e., I < 1. Future work should therefore focus on improving the load
balancing and finding cheaper coarse propagators while maintaining a black box
usage possible.
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Figure 3: Cumulative time taken by G and G for all PR iterations k and the
minimum, average, and maximum over time windows j for the cumulative time
taken by F for all k. The load balancing [, the ratio between the minimum and
maximum, is also shown.

5 Conclusion

The PR method has been used to simulate the magneto-thermal transient be-
havior of a highly nonlinear superconducting pancake coil during a powering
cycle. A first adaptive coarse propagator provided a suitable non-equidistant
time window partitioning without requiring user-defined time window bound-
aries. It has been shown that a speed-up of up to 2.75 for 16 time windows can



be achieved if an accurate solution is required. The whole software stack used
is open-source. Quench simulations are an interesting challenge for parallel-in-
time integration, and future work should address the imperfect load balancing
on the fine level and develop methods to reduce the time taken by the coarse
propagators.
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