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Abstract: In this paper, we extend the analysis of the subcritical approximation of the Niren-
berg problem on spheres recently conducted in [28, 27]. Specifically, we delve into the scenario
where the sequence of blowing up solutions exhibits a non-zero weak limit, which necessarily
constitutes a solution of the Nirenberg problem itself. Our focus lies in providing a comprehen-
sive description of such blowing up solutions, including precise determinations of blow-up points
and blow-up rates. Additionally, we compute the topological contribution of these solutions to
the difference in topology between the level sets of the associated Euler-Lagrange functional.
Such an analysis is intricate due to the potential degeneracy of the involved solutions. We also
provide a partial converse, wherein we construct blowing up solutions when the weak limit is
non-degenerate.
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1 Introduction and main Results

Given a smooth positive function K defined on the standard sphere S, where n > 3, equipped
with its standard metric gg, the Nirenberg problem aims to determine a Riemannian metric g
conformally equivalent to go such that the scalar curvature R, = K. This can be formulated as
solving the following nonlinear problem involving the critical Sobolev exponent:

(Nk) Lyu = Ku™2/=2 " 4,50 on S"

where Ly, := —Ay, + n(n —2)/4 denotes the conformal Laplacian.

This problem has garnered significant attention over the past half-century, with extensive re-
search contributions.. See [3, 5, 6, 10, 13, 14, 15, 16, 17, 18, 21, 22, 25, 26, 32] and the references
therein.

Due to Kazdan-Warner topological obstructions [11, 22], the Nirenberg problem is not solvable
for every function K . Thus, the central inquiry revolves around identifying sufficient conditions
on K for the problem to be solvable.

Regarding existence results, Euler-Poincaré type criteria have been established by Bahri-Coron
[6] and by Chang-Gursky-Yang [14] on S3, and by Ben Ayed et al. [10] and Yanyan Li [26] on
S*. Furthermore, these results have been extended to higher-dimensional spheres under various
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conditions, including flatness conditions near the critical point of K [25], in the perturbative
framework [13], or under pinching conditions [18] and [29].

The Nirenberg problem has a variational structure. Indeed its solutions correspond to the
positive critical points of the functional

1 1 . n+2
IK(U) = §||UH2 — ]m/s K|U|p+1, Wlth p = m7 (1)

defined on H'(S™) equipped with the scalar product

(u,w) :== | VuVw+ W/ uw
N n

n(n — 2
= [ 1 vu S22 [

The functional [k fails to satisfy the Palais-Smale condition and the reason for such a lack of
compactness is the existence of almost solutions of the equation (N ). These almost solutions
called bubbles are defined as follows:

\(n—2)/2
(2 + (A2 —1)(1 — cos dgo(x,a)))(n_m/z’

and its associated norm

g(tm) (x) = ¢ with a € S" and X >0, (2)

where dg, is the geodesic distance on (S", go) and ¢y = (n(n — 2))(n=2/4,
After performing a stereographic projection Il with the point —a as pole, the function J(, y) is
transformed into

\(n—2)/2
5(0,)\)(3/) = CO(l + A2 | y |2)(n—2)/2’

y € R", (3)

which is a solution of the problem [12]

n+2 . n
—Au=wur2,u>0 in R".

One way to overcome the lack of compactness of the functional Ix, which goes back to Yamabe
[36], is to lower the exponent and first consider the subcritical approximation

(Nk.r) Lgu = KulF2/=2)=7 4, >0 on §",

and its associated Euler-Lagrange functional

n—+ 2
n—2

1 1
I (u) = z|Jul|* = ————— [ K™, wec H'(S") with p:=
2 P+ 1—71 S

Thanks to elliptic estimates either the solution u, remains uniformly bounded as 7 — 0 and
hence converges strongly to a solution w of the Nirenberg problem (Nk) or it blows up. In the
latter case, following Schoen [31], Yanyan Li [25, 26], Chen-lin [16, 17] or Druet-Hebey-Robert
[20], one performs a refined blow up analysis. It follows from such a blow up analysis that
on S? only single blow up can occur, whereas on S* multiple blow up can occur, yet they are
isolated simple, see [6, 14, 25, 26]. However, the scenario shifts notably in higher-dimensional
spheres. While on S?, S% blowing up solutions have finite energy [17], Chen-Lin [15] constructed a
sequence blowing up solutions of infinite energy. A fact that underscores the profound challenge
presented by higher-dimensional spheres. Recentyl Malchiodi-Mayer [28, 27] have shown, that
finite energy blowing up solutions having zero weak limit are all isolated simple. Motivated by
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the intricate question of multiplicity of solutions to the Nirenberg problem, we undertake in
this paper a systematic analysis of the scenario where a sequence of energy bounded solution of
(Nk,-) has a non zero weak limit. We point out that such a weak limit is necessarily a solution
of (Nk) and it is known that such a situation does not occur if the dimension of the sphere is
less than six, see [10, 25, 26, 5]. For spheres of dimension n > 7 our main result can be stated
as follows:

Theorem 1.1 Letn > 7,0 < K € C3(S") having only non-degenerate critical points y1,- - - ' Yq
with AK (y;) # 0 for 1 < i < q. Let (u;) be a sequence of energy bounded solutions of (Nk )
converging weakly but not strongly u; — w # 0. Then w is a solution of (Nk). Furthermore
there exists N € N such that ur has to blow up and takes the following form

N ~
- Z (n Tl gy dai A VT

where & is defined in (2) and vy — 0 in H*(S").
Furthermore we have that:

i) air converges to a critical point y; of K with AK (y;) < 0.
i) iy — 00, TIn X7 = 0 and \; +dg,(air,y;) = 0 as 7 — 0.
iii) Fori#j, dg(air,ajr) > %min{dgo (Y, ye) : Yk # yo € K} where

K*®:={yeS": VK(y) =0 and AK(y) < 0}. (4)

iv) There exists a dimensional constant k1(n) > 0 such that

1 K(yi)
— = —k1(n)—=<7(1 + 0-(1)). 5
pra O <L) )
In addition, if w is a non-degenerate critical point of Ix, then u, is a non-degenerate critical
point of Ik » and

N
Morse index(Ik ,u,) = (N + 1) + Morse index(Ix,w) + Z(n — Morse index(K, y;)).
i=1

Regarding the proof strategy of Theorem 1.1, it is essential to provide some insights. While con-
ventional blow-up analysis techniques typically rely heavily on precise pointwise C"-estimates of
the blowing-up solutions u, and extensively employ Pohozaev identities [16, 17, 20, 23, 25, 26, 28,
31], our approach diverges from this path. Our strategy hinges on deriving balancing conditions
governing the parameters of concentration, utilizing refined asymptotic estimates of the gradi-
ent within the so-called "neighborhood at infinity”. These balancing conditions emerge through
testing the equation with vector fields representing the leading terms of the gradient concerning
the concentration parameters. By analyzing these conditions, we can extract all pertinent infor-
mation regarding the blow-up phenomenon. We highlight that the potential degeneracy of the
weak limit introduces an additional challenging dimension to the problem. Estimating parame-
ters within the nontrivial kernel of the linearized operator becomes particularly arduous in such
scenarios. It is worth noting that circumventing the reliance on pointwise estimates and Po-
hozaev identities can be advantageous, especially in the exploration of non-compact variational
problems where non-simple blow-ups may arise, such as in the singular mean-field equation with
quantized singularities [9, 24, 34, 35, 19], and in the Nirenberg problem on half-spheres [2]. The
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presence of non-simple blow-up points significantly complicates the task of establishing pointwise
CP-estimates, making our method particularly valuable in such contexts.

In the next theorem we provide, under generic condition, the following converse of Theorem 1.1.

Theorem 1.2 Letn > 7,0 < K € C3(S"). Let y1,--- ,yn be distinct non-degenerate critical
points of K with AK(y;) < 0 and w be a non-degenerate solution of (Nk). Then, as 7 — 0,
there exists a unique solution Ur .y, ... yn Of (NKT) Satisfying: Ur gy, gy — W develops exactly
one bubble at each point y; and converges weakly to zero in H'(S™) as 7 — 0. More precisely
there exist A1 r,..., AN having the same order as =12 and points a; » — y; for all i such that

2—n <
4
5(11',77)\1',7'

—0 and

N
u7—7w7y17"'7yN —wW = Z K(al)
i=1

n

N
1 1 2-n
I (Urwyn,yn) = EHsz + ES” <Z K(ai)z > )
i=1

as T — 0, where

_ 1
S, = /(=2 / ————dx. 6
" o (1 [z]?)" )
In addition, wr .y, ... gy @S non-degenerate for I ; and
N
Morse index(Ik ryUrwyr...yn) = (N + 1) + Morse index(Ifc,w) + Z(n — Morse index(K, y;)).
i=1

We would like to underscore that our main findings in this paper, namely Theorems 1.1 and 1.2,
serve as fundamental components in our subsequent work [1]. Specifically, they play a pivotal
role in demonstrating the existence of infinitely many solutions to Nirenberg’s problem under
perturbative conditions.

The subsequent sections of the paper are structured as follows: In Section 2, we perform a
finite-dimensional reduction while Section 3 delves into providing a meticulous expansion of
the gradient within the neighborhood at infinity. The refined blow-up analysis of finite energy
approximated solutions to problem (N ;), with a non-zero weak limit, is detailed in Section 4
and Section 5 is dedicated to the proof of Theorem 1.2. Lastly, in the appendix, we gather some
indispensable estimates crucial for substantiating various assertions throughout this paper.

2 Finite dimensional reduction

Let w be a solution of (N) and let No(w) be the kernel of the associated quadratic form defined
by:

2
Qu(h) = |[h|? = & 5 / Ku'/(n=2)p2 for h € H'(S™). (7)
n — sn
Let my be the dimension of Ny(w) and (e, - ,en,) be an orthonormal basis of Ny(w). We set
Hy(w) := span(w) & span(er, - ,em,).

Following M. Mayer, see Lemma 3.6 and Proposition 3.7 in [30], we parameterize a neighborhood
of w by

Uap = c(w+ Y Bies+h(B))  with h(8) L Ho(w); h(8) = O(||BII*) and [[h(8)]c> = 0, (8)

i=1
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where 5 := (81, -, Bm,) € R™2, a close to 1 and the function u, g satisfies

(VIk(uap),h) == (uq g, h) — . Kuf, sh =0 for each h € Ho(w)*. 9)

Next for w a solution of (Ng) whose Kernel is of dimension mgy, N € Ny and p a small positive
constant, we define the so called neighborhood at infinity V(w, N, u) as follows:

V(w, N, p) = {ueﬂl(sn): I, Ay >l Jay, - an €S, with
gij <p; Jag € (1 —p,14+p); 3B eR™ with [|B]] <cp

N
such that ||u — ZK(&Z-)@_”)MEW,)\Z. — Uqgg 8l < ,u}, (10)
i=1
where NooA 1 (2-m)/2
€ij 1= (}\—; )\—Z + §Ai)\j(1 — cos d(ai,aj))> . (11)
Following Bahri-Coron [7] we consider, for u € V(w, N, i), the following minimization problem
N ~
Min {Hu - Zaﬁai,)\i —Uqg glls > 0;8 € R™; N >0, a; € Sn} . (12)
i=1

We then have the following proposition whose proof is identical, up to minor modification, to
the one of Proposition 7 in [7].

Proposition 2.1 For any N € Ny there exists g > 0 such that if p < pg and u € V(w, N, u)
the minimization problem (12) has, up to permutation of the indices, a unique solution.

Hence it follows from Proposition 2.1 that every u € V(w, N, u) can be written in a unique way
as

N

u = Zaigai)\i + Uqy,8 + VU, where (13)
i=1

a; €S i<N, o/"IK(@)=1+0(1)Vi>1, ag=1+o(1), (14)

and v € H(S") satisfying

|| < g, <w,9p>=0, for ¢ € Ej%/\ where (15)
= 90; 06 u .
E,.a, := span{d;, 8—)\1’ 8—@1, Uag, 85 82‘;’5; 1<i<N;; k<ma}, (16)
where §; = Nah A; - Furthermore a refined Struwe energy type decomposition ([33]) has been

proved in [28]. Namely the following result holds:

Proposition 2.2 [[28], Proposition 3.1] Let u, be an energy bounded solution of (Nk ) which
blows up. We assume that there exists a positive solution w of (Nk) such that u, — w (but
ur » w). Then there exists N such that u; can be written as

N
Ur 1= Uq 3 + Zaigai,)\i +v, € V(w,N,p)  with v, € Ej,[m and TIn\; = o-(1) Vi.  (17)

i=1
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In what follows, we assume that u, is decomposed as in (17). Now, we are going to estimate
the remainder term v, in Proposition 2.2. To this aim, we need to give some information about
the second variation of the Euler-Lagrange functional with respect to the infinite dimensional
variable v. First, for a solution w of (M) (not necessary a non-degenerate one), we decompose
H'(S™) as follows:

HY(S™) := N_(w) ® Ho(w) ® Ny(w) where Hy(w) := span{w} ® No(w) (18)

where N_(w), Nyo(w) and N4 (w) are respectively the space of negativity, of nullity and of pos-
itivity of the quadratic form @, (defined by (7)) in span{w}*. Note that these spaces are
orthogonal spaces with respect to (.,.) and the bilinear form B,(.,.) (:= [g. KwP™1..). Further-
more, the sequence of the eigenvalues (denoted by (o;)) corresponding to @, satisfies o; 7 1.
Therefore, there exists a constant ¢ > 0 such that

Qu(h) < —c||h||*> foreach h € N_(w) ; Qu(h)>cl|h||> foreach he Ny(w). (19)
Lemma 2.3 Assume that the ¢;;’s are small. Let v € Eia’)\ (defined in (16)). Written v as
vi=v_+vg+vy with v_ € N_(w); vg€ Hyo(w) ; vy € Ny(w) (see (18)).

Let us define
Quar()i= [0l =p Y [ &7 —p [ K2 (20)
Sn

Sn
Then, Qu.ax 5 a non-degenerate quadratic form on Ej ax - More precisely, there exists a
positive constant ¢ such that

[voll = o([[vl]), (21)
Quapn(v-) = Qu(v-) + o([Jo-|*) < —cllv-]%, (22)
Quan(vs) > clloe]? + o([[v]?), (23)

where Q, is defined in (7).

Proof. First, we remark that, (21)- (23) imply that Q, 4. is non-degenerate on E-

w,a,\"

Second, note that the spaces Hop(w), NN. (w) and N4 (w) are orthogonal spaces with respect to
(.,.) and the associated bilinear form B, ( = fon KwP™L..

We start by proving (21). Since vy € Hp(w ) 1t follows that vg = ’yow+z vie; where (e1, -+« , em,)
is an orthonormal basis of Np(w). Using the fact that v € EZ | (which implies that v L u, g
and v L Ju, 3/0p; for each i), it follows that -

0 = (vo,w) = (v,w) = (1/)(v,uap) = (1/a) Y Bilv,e;) — (v, h(B)) = o(||v])),
Yi = (vo, &) = (v, ei) = (v, € + (Oh(B)/9B;)) — (v, O(B)/9Bi) = o([[v]]) V1 <i<my
(by using the smallness of 3 and h(83) in the C! sense with respect to 3). This ends the proof

of (21).

Concerning (22), we have

Qu,ar(v-) = [lv- Hz—pZ/gPl?_ /Kwp12 Qu (v pZ/éplg

Observe that, since v_ belongs to a fixed finite dimensional space, we derive that ||v_||c < ¢|lv_]|

and therefore
/Sg—lvi < ||v_\|go/5§—1 —o(Jo_|?) for each i.
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Hence the proof of (22) follows by using (19).

It remains to prove (23). Note that, using Proposition 3.1 of [4], there exists a constant ¢; > 0
such that

n -+ 2

2_ 5"2h2>(_: h||> for each h € EX,. 24
1 a,\

where EL)\ is introduced in (16) (Wlth w=0).

In addltlon the sequence of the eigenvalues (denoted by (o;)) corresponding to @, (defined by
(7)) satisfies o; * 1. Let Ni(w) be the eigenspace associated to the eigenvalue oj. These spaces
are orthogonal with respect to (.,.) and the bilinear form B,. Let oy, := min{o; : 0; > 0}.
Hence it is easy to see that N, (w) = ®k>k,Nk(w). Furthermore, for & € N, it holds

Qu(h) > oy |h|? for each h € @j>1N;(w). (25)
Let k1 be such that oy, > 1 — ¢;/4. We decompose N, (w) as follows:
Ny () = (Bry<hi Ne(@)) ® (Bksk, Ne()) = Ny (w) & N ().
Note that Ng’l(w) is a fixed finite dimensional space. Now, since v € Ny (w), it holds that
vy = vy + vf where vy € e N¥ 1( ) and v € Ni(w). (26)

Hence, using the orthogonality of the spaces Nj]_’ (w) and N} (w), it follows that
Quan(vs) = 0§12+ 5 | —pz / + @)+ 20807

—p | K + )7,

Observe that

e |2 / Kwm (07)? = Qu(vd) > or v |2 (by using (25))
~L

/6;,1( PP < [ 353 = ollud 1)

/87 5 e | < i e / 572 Lot | = oo o ) = ol 2 + [0 1)

_4
—p Kwr ()? = Qu(wi) = [ I* = (or, = Dllvi I* = —(cy /4)llvi [

n+ 2

where, for the last formula, we have used (25) and the choose of k;. Combining these estimates,
we get

Quan(v+) = {llvf | —pZ/ Ou o 1)} + on llog 17 — _1||U1 I+ o(llof I + lvg I1%)- (27)

Note that the function Uf_ is not necessarily in EQL)\. For this reason we write Uf_ =Dt + @f
with 9] € EQL)\ where the 1;’s are the functions gj’s and their derivatives with respect to A; and
af. Let v; € {05, \08; /0N, (1/)\2-)85@/8@?}, it follows that

ti + O(Z It|) = <Uf_,7/)z> = (v, ;) — (vo, Yi) — (v_, ;) — <v8’,¢2>
= O( [ B(tol + e +14) = ol + lo-] + 1) = o( 1)
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by using the fact that these functions are in fixed finite dimensional spaces. Thus we derive that
v 17 = 1157117 + o(||v]|?) and therefore, using (24), we get

Il [I* — pZ/ 5;1,22 )? =l II* - pZ/ ;1,22 5)? +o(l |I* + [lv]?)

> sallvf P+ o(llvl]®). (28)

N —

Combining (26), (27) and (28), we get

1
Quar(s) = gellvf I+ arllod 7 + olllof 7 + [lvg %) + o(ll0]1%) = ellos ] + o(flv]*)-

Thus the result follows. m

Next, we prove the following proposition which gives the estimate of the infinite dimensional
part of u,.

Proposition 2.4 Let v; be the remainder term defined in Proposition 2.2. Then there holds:

K ; n
llvr|| < cR(7,a,\)  with R(T,a,)\) +Z VK (i) +ZE2(n 2 (Iney; D) o

Proof. Using (18), v, can be decomposed as follows
vy = vy + 00 4o where 2 € Hy(w) ; v; € N_(w) and v € Ny (w). (29)

Since v, € B using Lemma 2.3, we get that v = o(||v,||). For the other parts, note that

w,a,\’
v} and v> are not necessarily in E-, but they are in Hy(w)" .
T T y a,\ Yy

Now we will focus on estimating v . Since u, is a solution of (N ;), we get
(Vikq(ur),v7) =0

which is equivalent to (by using (46) and (82))
3 3§07} + (o) + o |2 = [ Kup o
— [ Ko wp [ K@ el ooy ) (30)

where T, := u; —v,. Using (81), (14) and the fact that v is in a finite dimensional space (which
implies that ||.||cc < ¢||.||), we derive that

[ i z / Kb 7oz + [ Ko + oo o7 1

—Zo |v7|oo/6p ool ) + /Kwp o2 4 o5 + o Yor + ofllor o)

/ K ()2 + of Jur o) (31)

where we have used the orthogonality of v7, v2 and v with respect to [ KwP~!... Thus (30)
and (31) imply that

—Qu(vy) +ol[lo-llllvz 1) = Y a6, 07 <ua757v¥>—/KU’T’_TUI =) (32)
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|, it holds that

7

Gl <e [z <ol [F <z o [alri< ”7”/ (33)

/Kup v /Ku v_+ZO</U§;515i|UT_|+/5f_T|UT_|>
— /Kugﬂv; +O<Hv;|y(r+2ﬁ)>. (34)

Therefore, combining (19), (32)-(34) and (9), we get

Observe that, using ||[v; || < c|lvy

cllor P < —Qulvr) < cllo; H(T+Z + ol I))- (35)

It remains to estimate the vf-part. Recall that v € Ni(w) and it is not necessarily in EiA.
Note that Eq (30) holds with v} instead of v7. Observe that, using (81) and (14), it holds

/ Kot Z / K (aid)P =" To,0t + / Ku? o0 + ol oyl )

N
=3 [ @ ot 4 [ K00 o et + ol
=1

N
=3 [E e [ R @ ol @)
i=1
by using the fact that [|[v7 || < cllos || < cllvrll, 1900 < cl[vY|| < c|lvr|| and the fact that
[ KwP~lvzvf = [ KwP~10%] = 0 . Hence we obtain
Q@) + ol 1) = = 3 G v) = (o) + [ KW 70F = —t(w?). (37

Using Lemma 2.3, we derive that Qu o (v) > c|vf ||2 + o(||v-]|?), hence it remains to estimate
the linear part £(v}). In fact, using (81), we have

/KupT+—Z KozZZpTJr+/Ku’(;g:_r
+o( 2/55 p/2]v+\+2/5wp/2\v+]>. (38)

i#J

Concerning the remainder terms, it follows that
~~ ~ n+2)/(2n
J@gpr < il ([EHme-) " <ol T T wE G, o9
/2 & N ~in/(n—2)\ (12)/(2n) N In(+2)/Cn) (\))
[ 3w < ([ 500-2) < el 1Pz (40)
where we have used the following estimate (see (E2) of [4])

/ (8,0;)7/ (=2 = / (66872 < e/ D In(ed) Wk £ (41)
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For the other integrals in (38), we recall that v} € N, (w) and therefore it follows that vl €
Ho(w)*. Hence using (9), we derive that

—(ta,p,v7) + - Kug 5ol = —(uag,vf) + SLKUZﬂvi”rO(TIIUf—’II) =O(r vfl).  (42)

Furthermore, using Lemma 6.1, it holds that

Kasdyp~rof =20 K@)

P, + _ NP4yt
3 o [, 8 o [ 1K) - Kl

T T/Sflnp £ 02 =1 — cosd(ai, )]}

o Tei K (a;) ~ VK/(a; 1
= G oot TR ). )

2

Therefore we get

N N PR (a
o (0, v5 ) — [ K ()P "ol =y (1 - O%T%g%)
- GA;

IW;@-)I +%)>
(44)

)@ o)+ O (et (7 +

Finally, using the fact that v, € Ei ) 38 in the computations of (33), we derive that

(51, 01) = (57, v:) — (33,00 — (8;,v7) = O(HUTH/AZ@"—?)/?) V1<i<N.

v Y1

Thus, using (19), (37) becomes

elloF I < Quan?) < olller?) + O(ller | (R(7.a, 1) ). (45)
Thus using (29), (35) and (45), we derive that

o2 = o 12 + o7 I + o) < ellor || (R(r.a, 1))

which completes the proof. m

Next we are going to give some expansions of the gradient of Ik  in V(w, N, u).

3 Expansion of the gradient in the neighborhood at infinity

In this section we perform refined asymptotic expansions of the gradient of the Euler-Lagrange
functional I ; in the neighborhood at infinity V' (w, N, ;). These asymptotic expansions give rise
to balancing conditions for the parameters of the concentration. We first provide the expansions
with respect to the gluing parameter «;’s. Namely we prove:

Proposition 3.1 Let u := uq 3 + Zf\il ;6 +v € V(w, N, 1) with v satisfies (15) and 71n Aj
1s small for each j. For 1 <1i < N, it holds:

n—2 4

(VI (u),5) = @iy (1 - A[Tza;_ZK(ai)> v O(Rai v \|v\|2)

where S, is defined in Theorem 1.2 and Ry, := T + % + Zj# Eij -
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Proof. We first observe that:

(VIk,(u),h) = (u,h) — [ KluP™'"Tuh for each h € H*(S"). (46)
Sn

wa,) We get (v, g,> = 0. Furthermore, using
the fact that u, g is L° bounded, easy computatlons imply that

We take h = &; in (46). Observe that, since v € E-

~ = o 1
<5]751> = /n 5552 = O(elj) v J 7£ 2, uoc Bv / 5 uaﬁ ()\(n_2)/2>7 (47)

~ ~ dx
5ill2 :/ st :/ s = cP“/ =5, 43
” ” Sn i R i 0 " (1 n ’xP)" ( )

For the second part, let @ := v — v then it holds

KuP~'"""ub; = | KuP 76+ (p—71) | Ku*~'"Tvd; + O(||v]]?). (49)
Sn Sn Sn

Concerning the first integral, it holds

s s J#z
Note that
EY Iy N ¢ : p o5 ¢
- 5j51 +0;0; = O(EU) ) /S ua,ﬁé )\(n 22 /n Ua,gfsz < C/n 0; < )\(n 2)/2" (51)
Now, since we assumed that 71n \; is small then expanding K around a;, we get
p+1 —rns2 Tp+1 s —rnz2 o~ g
[ KETT= T | R o AR ) (52)
_pn=2 1
=N 2 Ko +0(7)

R?’L
T(N— 1
= K(a)\ "%, +0(T+A2)

by using (48), Lemma 6.1 and the fact that ¢;” = 1+ O(7). Hence the estimate of the first
integral is complete.
For the second integral in the right hand side of (49), using (85), it follows that

Ko =r0s = o7 [ kG0 0( 3 [ 0lGE 4 [ (ol s)”)
sn -, . JSn S
J;ﬁ

_ O<||U||<7' ’VKiaZ )\2 +Z€2(n ) In"5oe Z—J1)>)

J#i

by using (39), (40) and (43) with v instead of v}. Thus the proof follows. m

Next we provide a balancing condition involving the rate of the concentration A; and the mutual
interaction of bubbles ¢;;.
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Proposition 3.2 Let u = uq 3+ Y0, a0 +v € V(w, N, ) with v satisfies (15) and 1n Aj
is small for each j. For 1 <i < N, it holds:
95;

<VIK7T(u), )\i 8—)\>

-1 1
Oy of "K(aj) oK (ap) ol AK (a;)
_CQZ% ( AT (n=2)/2 B \7(=2)/2 >+)\T(n—2)/2< \2 + 2¢5 K (a;) >
JFi 7 7 i )
In A VK(a; 1 1
+O<Z€” 21H gkj +T +Z n/;’“ ’ ( )’ +F+A(n_2)/2+”v”2>
J#k 1 7
where
1
_ ptl
2= /Rn (1 + |x[2)(n+2) /2d v
_n=2,u [ kPPl (=22, i (Jef? = 1)In(1 + []?)
= T /R QP ®= 1 0 foo Qrlprt

Proof. We take h = \; 85 JON; in (46) and we will estimate each term. Observe that, since
vE Elta’)\, it holds: (7, \;05;/0\;) = 0. Furthermore,

9, [ oy 00
Gorgy) = [ gt =0, (53)
‘8(5 B -1 ‘85; _ P) _ 1
<UQ7B,A28—)\Z> —p/n 51 Za)\l B = O(/n51> - O<A(n_2)/2)

In addition, we have (see Estimate (E1) of [4])

9%, | ey
@’Aaﬂ c2Aigns

+0("/<" 2>1ne;j1) V£ (54)

Concerning the second part, let @ := u — v, we have

90; _ 95; 95
Klu[P~1 " Tu) =~ KuP™ "\~ — : 55
[ gt = [ kAt [ i Ol (55)
For the second integral, let Q; := {z: > ., ijgj + Up g < ;0;/2}, it holds
95; ~ 95; v
—p—1-7,y 9% _ =17,y 00 P15
[ Kol = [ Ked)r g +0(J_§#: /Q 7 ) (56)
+0 / P15 —I—/gf_lua v —I—/giuz_lv )
(g, &S0 slv 1ol)
For the last remainder term, using the Holder’s inequalities, we obtain
ot SiuP | < ! 57
P glol + [ Gl < el (57)

Observe that, since n > 7, it follows that p — 1 < 1. Thus, using the Holder’s inequalities and
(41), we obtain

Z/ #1e; \UH/ 38155 v <CZ/ (8:07)72 o] < cllvlle?/? n(ej;!) 5w .
Sn\Q

J#i J#
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Concerning the first integral of the right hand side of (56), following the same computations in
(43) and using the fact that (99;/0\;,v) = 0, we obtain

95, L IVEG@)| | 1
3 g, = Ol + =25+ )

(58)

which completes the estimate of (56).
It remains to estimate the first integral of the right hand side of (55). Using (83), it holds

99, 99,
K pT K p=T K
K@ >\ X Z (o) gy, [ Kluas) hige (59)
+p—7) [ Ko O ad; +u )A-a—g"

1079 7094 o, za)\z

s i
+ZO(/ (5]45 w3 —l—/(ua’ggk)"n?).

The estimate of the first one of the remainder terms is given in (41). Furthermore, it holds

= s In A
n—2 < n—2 <
Sn 5 @A g ’B ¢ Sn 5[1’)‘ _C)\n/z' (60)

In addition, using (41), (54) and Lemma 6.1, we get, for k # i,

9%;

K
sn “ON;
G ~, . 00; . _ T
- WK(%)/H KN N ( - d(z, ar)oh0; + /Sn 6,7 — WI%’&)

g k

1 i n/(n— 1
:7K(ak)62)\8 k—i—O( /( 2)1118 1+(—

) —1\(n—2)/n
\7(n=2)/2 oN; A +7)ein(Iney) )
k

In the same way, it holds

o ~ 85 1 8 1 n—2
K& T o i = —— K(a; P2 el g (— 2 (Ine; D)5 ).
D . 0; kA o, )\T% (a;)codi—— o, —|—O< e “Ine; + ()\i +7)eir(ne,) )

)

Concerning the first term of (59) for k = i, using Lemma 6.1, we get

i K& gi :;i; ( 3 K&\ gi
42 N K60\ gf n[2 + (A2 = 1)(1 — cos d(z, az))]) +0(7%).  (61)
In addition, using (53), it holds
Ry N Py (@) [ (et +0G)
1 > %(ai) / (2 — di)ié%g—i + O(/\i?)
- %Ai{(al)” o 2$ ! /Rn %c@ + O(A%,),
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o, 9o 1 (242X |y[*)
KoP In2+ A\ —1)(1 - N = [ K& L] i 2
. 6 Ni=— N, 24 (AN —1)(1 —cosd(z,a;))] = . 8.0, i N n| e ] (62)
- 0d0 x
= | Koy Ny 1n(2+2A,2\y12)+0(/ oy (1 + [y*)
R” %
2n 2
o Zmn=2 (1= y)In(+[yP)
= K(a;)¢] 5 /n ESTEEE dy + O(/\z)

which achieve the estimate of (61). Note that, for the estimate of the remainder term in (62)
we used the fact that In(1 + [t|?) < c[t|? for each t € R.

It remains to estimate the integrals which appear in (59) and contain u, g. Using (51), there
hold

[ Koo gi 0(/n 5i> - O(W)

3 K5 Vg phs gi o(/n Sf) :0(@).

Combining the previous estimates, the proof follows. m

Finally, we provide the following balancing condition involving the point of concentration a;.

Proposition 3.3 Let u = uq 3+ >0, a0 +v € V(w, N, ) with v satisfies (15) and 1n Aj
1s small for each j. For 1 <1i < N, it holds:
1 85 VK (a;)

2 9%, _ »
)\iaai> o (c+o(1)) y +O()\3 (n2 +§6w+||v||>

Proof. The proof follows as the previous one. Hence we will omit it here. m

(VIg - (u),

In the next section, we are going to prove Theorem 1.1.

4 Asymptotic behavior of blowing up solutions

The focus in this section is a refined blow up analysis of finite energy solutions of the subcritical
approximated problem (N ;). Namely, our aim is to prove Theorem 1.1. To do this, we need
to fix some important facts.

Let (ur) be a sequence of energy bounded solutions of (N ) converging weakly but not strongly
ur = w # 0. It follows from Propositions 3.1, 3.2 and 3.3 (by taking u, instead of u) that the
following system holds:

_4
=277 a2 K(a)| = O(Rai + R(r,a, )\)2> Vi< N,

8& AK(a ‘
(Ez) _C2Zaj ] ( W(())-l-Q 5T):O(R27)\) Vi<N,
JF#i
|VK((1@ In Az
(F3) T ()\3+Z€’3+R (1ya, ) —i—Z n/2) Vi<N,
J#i
where R(7,a,\) is defined in Proposition 2.4 and
n VK ak
Zek]ﬂnskj +7 +Z 5/2 Z’ . (63)
J#k

Now, we order the A;’s as: Ay < Ay < --- < Ay and we start by the following estimate.
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Lemma 4.1 For each solution u, in V(w, N, T), it holds

VK (a 1
Zei;ﬁ—Z'/\M—l— <cv

ki k
Furthermore, Ry y, defined in (63), satisfies : Ry \ = 0(1//\2(" 1)/(n= 2))

Proof. We first notice that

Oeij Y Oeij
O\ J 0\

Oe ij
O\

-\ >0 foreachi#j and — )\ > gy AN > . (64)

Hence, summing 2'c;(E;), we obtain

1
Zs,k+7 < c<R2>\—|— )\2>
k#1

The result follows by using (F;) and the definition of Ry ) given in (63). m
Lemma 4.2 Fori € {1,--- ,N}, we define

VK (a;)|/\
L, := )\2 ; ‘—
;&? SEREYICL (65)

Let D} :={i:limI'; = oo} and Dy :={1,--- ,N}\ D}.
(i) For each i € D1, there exists a critical point y; of K such that \;|a; — y;| < C.
(i1) If there exists an index i € DY, then it holds that

Z (%—FZEM—iﬂ') —O(W)

Jj>i k#j
(#i1) There exists a critical point y of K such that ay converges to y .

Proof. Let i € Dy, it follows that I'; is bounded and therefore it holds that |VK (a;)| < C/\;
which implies the first assertion. Concerning the second one, let i € D/, summing 2/a;(E;) +
(F)/m for j > i where m is a small constant, it holds that

z(m@%ﬂ):o(wm)
J k£j

J=i

Since i € Df, it follows that 1/A? is small with respect to the left hand side. Thus the proof
follows from the estimate of Ry \ (see Lemma 4.1).

Concerning the proof of Claim (iii), observe that, if 1 € Dy, the result follows from Claim (i),
however, if 1 € D, from Claim (ii), we deduce that |[VK (a1)| = 0()\1_"/("_2)) which implies the
result in this case. Thus the proof of the lemma is complete. m

Lemma 4.3 For each i # j, it holds that : €;; = o(1/)?).

Proof. Observe that, if i or j belongs to D/, then the result follows from Lemma 4.2. In the
other case, that is i,j € Dj, using again Lemma 4.2, there exist critical points y; and y; such
that A\id(ag,yx) < c for k =1i,j. Two cases may occur:
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(a) Either y; # y;, and in this case we get d(a;,a;) > ¢ and therefore the result follows easily,

(b) or y; = y;. Since we have A\gd(ay,yx) < c and ¢;; is small, it follows that A;/A; — 0 or oo.
Taking A; < A; and using the fact that I'; is bounded, it holds

oo N1 o(L) = o()
i T ane TN T
Hence the proof is completed. m

Next we are going to complete the proof of Theorem 1.1. Using the above lemmas, Equations
(E;) can be improved and we get

E)): 2 —= =0(—).
(E)) csT + ¢y K (a:) 0()\%) (66)
Now, we claim that
A
(@-%gc and (b) D) =0. (67)

Arguing by contradiction, assume that Ay/A\; — oo. It follows from (E}) that 7 = o(1/A}).
Putting this information in (F}) and using Claim (7ii) of Lemma 4.2, we derive a contradiction.
Hence all the \;’s are of the same order. Concerning assertion (b), it follows from assertion (a)
and Lemma 4.1. This completes the proof of the claim.

Combining (67) and assertion (i) of Lemma 4.2, we derive that, for each ¢, there exists y;,
such that \;d(a;,y;,) < c. Assume that, for i # k, we have y;, = y;,. Thus we obtain that
Aidgd(a;, ak)2 < ¢. This information and the fact that the \;’s are of the same order contradict
the smallness of €;;. Therefore we derive that d(a;,ax) > ¢ for each i # k which implies that
e = O(1/ /\?_2) for each k # i. Now, putting the previous informations in the right hand side
of (F;) we derive that A\;d(a;,y;,) = 0 as 7 — 0.

Regarding (5), it follows from (E!) and the fact that the \;’s are of the same order.

Finally, concerning the morse index of the solution w,, the result is done for w = 0 in [27].
However, for w # 0 and non-degenerate, it follows that u, g = aw. In this case, we need to add
the contribution of o and w in the morse index formula. Note that, by easy computations, we
see that

Note that D?Ix - (u;)(w,w) < —c < 0 and H%% = 0(1) (see Lemma 6.3). This implies that
the variable o belongs to the negative space. For the contribution of w, using Lemma 2.3, we
see that it is equal to

our Ou
2 dur Our
D e (ur)( oa’ Oa

Ouvyr
Oa

):D%wmm%m+o<u

dim (N_(w)) = morse index (Ix,w).

This completes the proof of the theorem.

5 Construction of blowing up solutions for the approximate
problem

Let n > 7,0 < K € C3(S") and let yi,--- ,yn be distinct non-degenerate critical points of
K with AK(y;) < 0 and w be a solution of (Ng). In Theorem 1.2 we assume that w is non-
degenerate and therefore the variable 8 introduced in the function u, g has to be equal to zero,
that is, uq g = aw.
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As in [8], the strategy of the proof is the following: we will define a set M, whose elements
are some points M := (a, A, z,v) € (Ry)VT x (RN x (S?)N x H'(S™) where v satisfies (15),
the other variables satisfy some conditions and N is the number of the bubbles in the desired
constructed solution. Precisely, let

M, = {M =(ag,, \,z,v) € Ry x (RN x (RN x (YN x HYS") : (68)
v satisfies (15); \a?/("_mK(xi) — 1 <7In®7Vi>1;
]aé/("_2) — 1] <7ln?r; C7lr < )‘;2 < Cr; dzg,y) <CtT Vi> 1},
where C' is a large positive constant.
We remark that, for M := (ap,a, \,x,v) € M., it holds that u := ayw + Zf\il ozig%,\i +v €

V(w, N, ) for some p small.

In addition, we define a function
N ~

U, My Ry M= (ag,0, A\, 2,v) = I (aow + Y aidy, a, + ) (69)

i=1

and we need to find a critical point of W.

Recall that the variable v satisfies some orthogonality conditions. Thus using the Lagrange

multiplier theorem, it is easy to get the following proposition.

Prop051t10n 5.1 Let M = (o, o, \,x,v) € Mr. M s a critical point of V; if and only if
aow + Z —1 @i0g; x, +v 18 a critical point of Ik -, i.e. if and only if there exists (AO,A B C’)
R x RY x RN x (R”) such that the following holds :

ov .. )
(Ea,;) Do (g, 0, A\, z,v) =0, Vi=0,1,--- , N,
o, 925, & 1 0%
E. —_— = Bz iAo Y 3 = 17 : 7N7
(Ey,) o, (g, i, A\, ) (A 8)\? v) ;C’ ()\ 83;J8)\ v), Vi
oV, 925, & 1 8%,
E{E' 5 Uy Ay iy (Sn) = BZ i AN o ) g\ < i~ 2 Y) :17' 7N7
(Ex:) Ox; (a0, 4, U)LT”’ ™) A O\ Ox; ) EZ:CJ<>\1' O] dx; vh V8
oV, & 1 89
(Ey) 8—v(a0,a,/\,x,v) A0w+Z<A :0; + B; )\ ZCU)\ o >

i=1
where 0; := Oy, x,

The results of Theorem 1.2 will be obtained through a careful analysis of the previous equations
on M,. Note that

8;:; (a0, o, A\, x,v) = VIg - (u);
oV,
g T (g, oy Ay z,0) = (VI - (u),w)
and for each 7 > 1, we have
ov, .
Do (oo, o, A\, z,v) = (VIg 7 (u),0i);
v, 90,
8$Z (CY(],CY A z U) LTzi (s™) = <VIK’T(U)’O[28—:EZ>LT11(STL) 7
v, 90;

= (g, a, A\, x,0) = (Vg (u),a

o, oy
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where u := agw + Zfil ozig%,\i + v.
We remark that the last three equations are estimated in Propositions 3.1, 3.2 and 3.3.

Proposition 5.2 Let u := agw + Zfil ozig%Ai € V(w,N,u). Then there exists a unique T €
El’x’)\ satisfying

w

(VI (u+70),h) =0 VheE,,,. (70)

This function T satisfies
I7]| < eR(T,a,A)

where R(7,a,\) is defined in Proposition 2.4.
Proof. To prove (70), we need to expand Ik -(u + v) with respect to v € Ej ax- Recall that
a4 o) = Sflut o] = ———— / Ku+ v
2 p+1—7 Jsn
Note that, for each x,y € R and v € (2, 3), we have
o4+ 91" = lal” +2lal 2y + 2a(y — DIl + O(lyl).

For n > 7 and 7 small, it holds that p +1 — 7 € (2,3) and therefore we get

Klu+oPHT" = KuPt'~"4+@p+1-7) | KuP ' "w
Sn Sn Sn
1
+5p+1-np-7) | K0+ 0(/ KJuft177).
Sn N

Since u € V(w, N, u) with 71n \; is small for each i, it follows that

Sn

N
KlufP~1=70? = Z/ 2 4 [ Kwr? 1 o(ul?).
i 1 Sn Sn

Hence we get

1
Icr(u+ ) = I r(u) = f(0) + 5Quan(v) + of|[v]]*) (71)
where
N ~
f):= [ KuP'"Tuww  and  Quan(v) = |v]? _pZ/ 0 —p [ KWt
sn 2 Js .

Thus (70) follows from Proposition 2.3 (which tells us that Q,, 4 x is non-degenerate on the space
Ei_,a,)\)'
Now it remains to estimate ||7||. Note that, using the Lagrange multiplier theorem, (70) implies

the existence of some constants (Ag, 4, B,C) € R x RY x RN x (R")V such that

Yoo 95 1 96;
Ix + 7)=A A;; Bi)\i—l i — ! 2
VIk +(u+7) ow+;< + 8)\,~+C )\iaxi) (72)
where gz = N% );- Since w is assumed to be non-degenerate, we derive that

HY(S™) = N_(w) ® span{w} ® N4 (w), (73)
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that is Hy(w) (defined in (18)) becomes Hy(w) = span{w}.
As in the proof of Proposition 2.4, we divide ¥ into
T=70_+7Tg+ 0y

and we have ||Tg|| = o(||7||) (by using Proposition 2.3).
Multiplying (72) by v_ and using the fact that (7_,w) = 0, we get

(VI.r(u+7), ZO</S oro-| ) —Z()(A('Lﬁ—_z‘)'n)

)

(since T_ belongs to a fixed finite dimensional space which implies that |[T_|e < ¢|[T—]|).
The left hand side is computed in (30) with v, instead of T. Following the computations done
n (30)-(35), we derive that

_ _ 1 _
-1 < el (7 + 3= s + ol

Now multiplying (72) by 74 and using the fact that (v4,w) = 0, we get

I < 9%; _ 195 _
(VIg, (u+7),74) = Z (A,(é,,v+> + BZ()\Za—)\i,v+> +(C; - )\—ia—ai,v+>>.
The left hand side is computed in (30) with v, instead of v. Recall that 7, does not belong to
but v € Ew . Thus

wzzA

(0, 4) = (63, 0) — (65, 0-) — (33,0) = /5;; [7-] + [7o] ): ( (JJUJ)/ )

The same holds for the other scalar products.
Following the computations done in the proof of Proposition 2.4, we get

[o411* < o(|[o]]*) + c [T R(7,a, X),

where R(7,a,\) is introduced in Proposition 2.4.
Finally, since |7 = |[oL]|? + [[9-]|? + ||9o||* we derive the desired estimate.
The proof of Proposition 5.2 is thereby completed. m

Proposition 5.3 Let u := apyw + Zfil Oéz‘g:cz—,Ai + ©v. For each 1 < i < N, It holds:
1
(Vi (u)w) = aollw]? (1= ™) + O (7 + 01 + Y <577 (n 7+ 51)

Proof. Since 7 satisfies (15), using (46) and (47), it holds

1
— —T—l _ 2 _T_l
(VIg +(u),w) = (u,w) — /K\u!f” uw = ag|lwl||* + ZO<W> - /K\uyi” Uw
Furthermore, let w := ayw + Zfil ozigxi,)\i, we have

K|u|p_1_Tuw = Ku" 7w+ (p—1) K’ ' "ow + O(||EH2)
Nid Nig Nig
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Using (57) and the fact that (w,v) = 0, it follows that

KuP ' " w = o717 Kwp_Tﬁ—FZO(/wp_lgj]ﬁ] —i—/wgg»’_l]ﬁ\)

sn sn =
—o(IFlr+ Y 1))
J

In addition, using (51), it holds

KuP Tw= K(agw)? w+ZO /wp5 +/W5p —O‘OHWH2 +O< Z/\(n—12)/2>'

Sn Sn j>1 J>1 A

Hence the proof follows. m

Proof of Theorem 1.2 Let (ag, o, \,x,0) € M,. The proof goes along the ideas introduced in
[8]. We need to solve the system ((Eq, ), (Ea), (EX), (Ez), (Ey)) introduced in Proposition 5.1.
Proposition 5.2 implies that ¥ is a critical point of Ik ; in the space Euf 2 Thus we get

N
Vik <a0w + Z Qi0g; 2 + v) L =0
i=1

W, T, A

and therefore (by the Lagrange multiplier theorem) there exist some constants (Ao, A, B,C) €
R x RY x RN x (R™)V such that

VI <aw—|—§:a5 w) Aw+Z<A5 +BA85%1+0 1 93, )
K, 0 AT 0 Ti, i PN
i—1 = O\ i 8:EZ

which implies that the equation (F,) in Proposition 5.1 is satisfied.

Next, we estimate the numbers Ao, A, B, C by taking the scalar product of (E,) with w, gi,
A;00;/0A\; and /\_185 /Ox; respectively. Thus we derive a quasi-diagonal system in the variables
Ao, A, B and Cy’s. The right hand side is given by (using Propositions 3.1, 3.2, 3.3 and 5.3, the
fact that (ap,a, A, z,0) € M, and 9%, /dv = VI, (u) with u == apw + S~ 1a,5 +7)

(—(% yw)=0(Tln*1) ; <—(% , i) i O(7In*71);
( av 7>\Za)\l> _O(T) ) ( av ’A_28:EZ> _O(Tln 7-)‘

Hence we deduce that
Ag=0(tIn*1); A;=0(rIn’7); B;=0(r); C;=0(rIn?7) fori=1,---,N. (74)

Furthermore, since (g, a, A, z,0) € M, then Proposition 5.2 implies that ||[v]] = O(7) and
therefore the system ((Eq, ), (Eq,), (E),), (Ez,)) (introduced in Proposition 5.1) is equivalent to

(ij,-r(U),(,Nu> =

(S) : (VI (u),6) fo fori=1,---,N;
(VIkr(u),\i00:/0N) = O(r2In27) fori=1,--- N;
(VIkr(u),\i7190;/0m;) = O(r?In®7)  fori=1,--- N,
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Now we introduce the following change of variables:

Byi=1—ap/ "™ (75)

Bi :zl—a?/(n_z)K(xi), i=1,---,N; (76)

I aK(y) , o ,

2 aarfy (A i L (77)
yi + & . .

;= with & € T,,,(S"), i=1,---,N. 78
|y + &il w(S") 8

Using this change of variables and Propositions 3.1, 3.2, 3.3 and 5.3, the previous system (.5)
becomes

Bi=0O(rInT), fori=0,1,--- N,
(S/) AZ:O(Tl/S)’ fori:l,... ’N’ (79)
D?K (y:)(&,.) = O(|€?] + /" 7+ 71/5), fori=1,--- ,N.

Since the critical points y;’s are assumed to be non-degenerate, then, using the fixed point
theorem, we derive the existence of (5§, 87,£™, A7) such that the system (S’) is satisfied. Hence
the existence of a critical point of I . (by Proposition 5.1).

Note that, for w = 0, the unicity of such a solution is proved in [27]. The same argument holds
for w # 0 non-degenerate.

Lastly, for the Morse index, the same argument used in the proof of Theorem 1.1 holds which
completes the proof of Theorem 1.2. m

6 Appendix

In this appendix we collect various estimates needed through the paper.

Lemma 6.1 [2] Let a € S™ and X > 0 be large.
(i) Assume that TIn X is small enough, then it holds

53 ) =g AT (14 2 2+ (A2 1)(1 - cos d(a. x)))) (80)

a

+ O<7’2 In(2 4 (A2 — 1)(1 — cos d(a,x)))) for each y € S™.

(13) For each v >0 and each B € [0,n/(n —2)), it holds

p+1-03 0 2 _ _ 1
0< /n Gy (z)In (2 + (A = 1)(1 — cos d(a,x)))da: = O<7)\B(n—2)/2>'

Next, we state some elementary estimates needed in the paper. Their proofs follow from Taylor’s
expansion.

Lemma 6.2 i) Lett; >0 and a,b € R, there hold
. 2 .
\(Z ti)7 — ZtZ\ <c Zi#(tzfﬁw f0<y=2 . (81)
doigi bt if v > 2

b]7 + a7 202 if v > 2

a+ bl — la]¥ —~la]"2ab] < ¢ .
la= b7 = Jal? —7la~%ab] < {rw o,
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it) For 1 <~ <3 andty,--- ,tn+1 > 0, it holds

Q) =Y ] =17 Ot < e (taty) 0T (83)

j#1 k)
i11) For v > 1, and x,y > 0, it holds
(z+y) =27 + 0"y +y7). (84)
i) For v <1, and z,y > 0, it holds
(z +y) 'z =27+ O((zy) /), (85)

Finally, we prove a crucial estimate of the derivative of the infinite dimensional variable with
respect to the parameter .

Lemma 6.3 The function v,, defined in Proposition 2.2, satisfies

|5

Proof. Recall that we are in the case where u, = Zf\il ozigaMi + aw + v;.
First, we claim that dv,/0a € E+ -

Indeed, since v, € Ewﬂ’)\, it follows that (gai,xi,vﬁ = 0 for each a. Therefore, taking the
derivative with respect to «, we deduce that <gai,>wf%f /O0a) = 0. The other orthogonality
constraints can be proved in the same way. Hence our claim follows.

Second, note that w, satisfies the problem (Mg ;) and therefore the function v, satisfies the
following PDE

N
—9 ~
Lg,vr = (— A+ %)m = Kul™" — Zaidsi W aKuwP
i=1
which implies that
n(n —2)\ v pr—1 ovr »
(—A—FT)%—(]?—T)KUT < +%>—Kw. (86)

Following the proof of Lemma 5.2 and using (73), we write
8UT aUT aUT 8’07—
T (ZZ -— —) . 87
O <8a)—+<80z>0+<80z>+ &7
Since dv, /0a € Ej’a)\, from (21), we deduce that

(o)l = (5

Concerning the other components, for example (0v,/0«a)4, multiplying (86) by (Jv,/0a)+ and
integrating over S", we get

G = m [ (o4 GENGE), - [ (), o

) . (88)
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Note that, since (0v,/0a); € Ni(w), it follows that the last integral in (89) is equal to zero.
For the other integral, we have

/Kup o aUT
:wﬂgmw%aﬁ;wg@wu+xmw%u>
=o(](32).1) v

p . / Ku p — 181)7- a'UT

-pz/w%z: ). oe [ 5B oI350 o

Since Ho(w), N—(w) and N4 (w) are orthogonal spaces for {.,) and the bilinear form [ KwP~1..

we derive that Do 190 o
/SnKplaof<a—§) Z/SnK’”(a;) (92)
Now, since Hy(w) and N_(w) are finite dimensional spaces, we get
fEA g ().,
= [ Ga) ol G+ 1) 1) L& 1G).)
- LA ol 1), ) o
However, since w is bounded and (9v,/da,w) = 0, the first integral in (89) satisfies

el = [ G o( 32 [ o e )
—of Ovy ).

Do
Thus, using (90)-(93), the equation (89) becomes

5% ’ _p/ Kowp—l 3Ur Z/ 5;: 1 3’07 +O<‘

which implies, by using Lemma 2.3, that

() < @nn((52),) = (5

and therefore

v,

v,

Oa

)

v,

(%), G, 1)

v,

(). 116D

(GGoe) = o+ 5 ) (o4
In the same way, multiplying (86) by (Ov,/d«a)_ and integrating over S™, we get
(Gl = o +o (5] (95)
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Combining (88), (94) and (95), we get that

] =t

Oa

which completes the proof of the lemma. m
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