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METRIC OPERATOR AND GEODESIC ORBIT PROPERTY FOR A
STANDARD HOMOGENEOUS FINSLER METRIC
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ABSTRACT. In this paper, we introduce the metric operator for a compact homogeneous
Finsler space, and use it to investigate the geodesic orbit property. We define the notion
of standard homogeneous (a1, -+, as)-metric which generalizes the notion of standard ho-
mogeneous (a1, az)-metric. We classify all connected simply connected homogeneous man-
ifold G/H with a compact connected simple Lie group G and two irreducible summands in
its isotropy representation, such that there exists a standard homogeneous (a1, g )-metric
which is g.o. but not naturally reductive on G/H. We also prove that on a generalized
Wallach space which is not a product of three symmetric spaces, any standard homogeneous
(a1, a2, a3)-metric F' with respect to the canonical decomposition is g.o. on G/H if and only
if F'is a normal homogeneous Riemannian metric.

Mathematics Subject Classification (2014): 22E46, 53C30.

Key words:compact homogeneous Finsler space, geodesic orbit Finsler space; metric
operator ; standard homogeneous (a1, azg, - - - as) metric; generalized Wallach space.

1. INTRODUCTION

A homogeneous Finsler space (G/H, F) is called geodesic orbit (or g.o. in short), if any
geodesic (of positive constant speed) is the orbit of the one-parameter subgroup generated by a
Killing vector field X € g = Lie(G). This notion was first introduced in Riemannian geometry
by O. Kowalski and L. Vanhecke in 1991 [21]. There are many research works on this subject.
See [1, 3, 4, 5, 15, 16] and the references therein for some recent progress. Meanwhile, the
geodesic orbit property was studied in Finsler geometry [27]. It is well known that weakly
symmetric Finsler spaces, which included all globally symmetric Finsler spaces, are g.o. [9].
Normal homogeneous Finsler spaces [24] and §-homogeneous Finsler spaces [25] are also g.o.,
and they have many interesting curvature properties, for example, their flag curvatures are
non-negative and their S-curvatures vanish.

In this paper, we only consider the homogeneous manifold G/H with a compact connected
semi simple G. Let g and h be the Lie algebras of G and H respectively, and we choose the
Ad(G)-invariant inner product Q(-,-) = —B(-,-) on g, where B(-,-) is the Killing form. With
respect to @), we have an orthogonal reductive decomposition g = h+m (here the reductiveness
implies [h, m] C m). We can identify m with the tangent space T,(G/H) at the origin o = eH,
such that the isotropy representation coincides with the Ad(H )-action on m.

Any homogeneous Riemannian metric g on G/ H is determined by some positive Q-symmetric
Ad(H)-equivariant metric operator A : m — m by the formula gy (X,Y) = Q(AX,Y), VX, Y €
m. Proposition 1 in [4] and Proposition 2 in [20] show that (G/H, g) is g.o. if and only if for any
X € m, there exists Z € b such that [X +Z, AX] =0, and (G/H, g) is naturally reductive with
respect to the given orthogonal reductive decomposition if and only if [X, AX] =0, VX € m.

Now we generalize the notion of metric operator to homogeneous Finsler manifold. There
is a one-to-one correspondence between the G-invariant Finsler metric F on G/H and the
Ad(H)-invariant Minkowski norm, which is still denoted by F for simplicity [9, 11]. Let g, with
y € m\{0} be the fundamental tensor of the Minkowski norm F. Then we define the metric
operator of (G/H, F) as

Ay m—m, gy(u,v) = Q(Ay(u),v), Yy € m\{0},u,v € m.
1
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Obviously, the metric operator A, is positive definite and Q-symmetric for each y € m\{0}.
Generally speaking, it depends on y and it is not Ad(H )-invariant, but we can still use it to
describe the g.o. and naturally reductive properties (see Lemma 3.3 and Lemma 3.4).

In this paper, we use this Finsler metric operator to study the g.o. property. Our first main
theorem generalizes Theorem 2 in [8] to Finsler geometry.

Theorem 1.1. Let G/H be a connected simply connected homogeneous manifold such that
G is a compact connected simple Lie group, and the isotropy representation is the sum of
two rreducible summands. Suppose that G/H admits a standard homogeneous (aq, ag)-metric
which is g.o. but not naturally reductive. Then there exists a compact subgroup K such that
HCKCG,dimH <dimK <dimG, G/K is symmetric, and the triple (H, K,G) coincides
with one of the following in the Lie algebraic level:

Go C Spin(7) C Spin(8);

SO(2) x Gy C SO(2) x SO(7) € SO(9);

U(k) C SO(2k) C SO(2k + 1) for k > 2;

SUQ2r+1)cU@2r+1) C SO4r +2) forr > 2;

Spin(7) C SO(8) C SO(9);

SU(m) x SU(n) C S(U(m)U(n)) C SU(m +n) form >n>1;

Sp(n)U(1) c S(U@2n)U(1)) Cc SU(2n+ 1) forn >2;

Sp(n)U(1) C Sp(n) x Sp(1) C Sp(n+ 1) forn >1;

Spin(10) C Spin(10)SO(2) C Eg.

Conversely, if G/H coincides with one in the list in the Lie algebraic level, then any standard
homogeneous (a1, ae)-metric F' on G/H is g.o..
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The notion of (o, az)-metric was introduced in [14]. In [26], we defined the notion of
standard homogeneous (a1, as)-metric, and in particular, studied those which have exactly two
irreducible summands in their isotropy representations. Theorem 1.1 provides a classification
for these homogeneous manifolds.

Standard homogeneous (aq, ag)-metric, with respect to an Ad(H)-invariant @Q-orthogonal
decomposition m = mj + mg, is an analog of the standard deformation of normal homogeneous
metrics in Riemannian geometry. This notion can be further generalized when there are more
summands in m. Let G/H be the compact homogeneous manifolds mentioned above, and
m = my+---+m, be an Ad(H)-invariant decomposition. Then we call (G/H, F') a homogeneous
(a1, -+, ag)-metric with respect to this given decomposition, if F' can be presented as F =

L(a2,---,a2), i.e., the Minkowski norm F on m has a block-diagonal linear O(my) X - -+ x
O(mg)-symmetry. In particular, when the decomposition m = m; + - - - + my is Q-orthogonal,
and each orthogonal group O(m;) is with respect to Q|m;xm;, we call (G/H,F) a standard
homogeneous (aq, - -+, as)-space (or standard homogeneous Finsler space in short). See Section
3.2 for more details.

For example, any (compact) generalized Wallach space G/H admits a canonical decomposi-
tion, i.e., an Ad(H )-invariant Q-orthogonal decomposition m = m; +mg 4+ mg, with [m;, m;] C b
for each b [6]. So this G/H admits standard homogeneous (aq, ag, a3)-metrics with respect to
this canonical decomposition. We prove

Theorem 1.2. Let G/H be a generalized Wallach space, and F a G-invariant standard homo-
geneous (a1, e, ag)-metric, with respect to the canonical decomposition. Suppose that G/H is
not a product of three symmetric spaces and F is g.o. on G/H, then F is a normal homogeneous
Riemannian metric.

Because the Wallach spaces SU(3)/T?, Sp(3)/Sp(1)® and Fy/Spin(8) are generalized Wal-
lach spaces, Theorem 1.2 refines Theorem 6.2 in [26] (see Corollary 5.2). It reveals the phe-
nomena that sometimes the g.o. property is more algebraic than geometric, i.e., it depends on
the homogeneous manifold, not the invariant metric.
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This paper is scheduled as follows. In Section 2, we summarize some basic knowledge in
homogeneous Finsler geometry. In Section 3, we introduce the notions of Finslerian metric
operator and standard homogeneous (a1, -+ , a)-metric. In Section 4, we discuss the metric
operator of a standard homogeneous (1, az)-metric and prove Theorem 1.1. In Section 5, we
discuss the standard homogeneous (a1, aa, ag)-metric on a generalized Wallach space and prove
Theorem 1.2.

2. NATURALLY REDUCTIVE AND GEODESIC ORBIT FINSLER SPACES

Throughout the paper, we work with a homogeneous Finsler space (G/H, F') with a compact
connected semi simple G. On its Lie algebra g, we fix the Ad(G)-invariant inner product
Q(-,-) = —B(-,-) where B is the Killing form of g. With respect to @), we have the orthogonal
reductive decomposition g = h +m. The G-invariant Finsler metric F' is one-to-one determined
by F = F(eH,-), which is an arbitrary Ad(H )-invariant Minkowski norm on m = T,y (G/H).
we denote by g,(-,-) the fundamental tensor of the Minkowski norm F'. See [9, 11] for more
details.

We call (G/H, F) G-naturally reductive with respect to the orthogonal reductive decomposi-
tion g = h+m if for each nonzero u € m, ¢(t) = exp tu- H is a geodesic, or equivalently speaking,
gu(u, [, v]m) = 0, Vv € m, in which the subscript m means projecting to m with respect to the
given reductive decomposition [12]. Notice that a different definition for naturally reductive
Finsler space was proposed in [19]. It turns out that the definition in [11] is more convenient
and both are equivalent [28].

We call (G/H, F) geodesic orbit (or g.o. in short) if any geodesic ¢(t) is homogeneous, i.e.,
c(t) = exptX - x for some X € g. The following equivalent descriptions for the Finsler g.o.
property is well known [23, 27].

Lemma 2.1. Let (G/H, F) be a homogeneous Finsler space, with a reductive decomposition

g = b+ m, and denote [-,-|m the m-factor in the bracket operation [-,-]. Then the following are
equivalent:
(1) Fis G-g.0.;

(2) for any x € M, and any nonzero y € T, M, we can find a Killing vector field X € g
such that X (x) =y and = is a critical point for the function f(-) = F(X(-));

(3) for any nonzero vector u € m, there exists v’ € b such that g,([u + v, M)y, u) = 0;

(4) the spray vector field n(-) : m\{0} — m is tangent to the Ad(H)-orbits.

Here the spray vector field n(-) was defined by L. Huang [18], and it satisfies g, (n(y),v) =
gy(y, [va]m), Yu € m.

3. METRIC OPERATOR AND STANDARD HOMOGENEOUS FINSLER METRIC

3.1. Metric operator for a homogeneous Finsler metric.

Definition 3.1. For each nonzero vector y € m, the metric operator of (G/H,F) is the g,-
symmetric, positive definite linear endomorphism A, onm determined by g,(u,v) = Q(Ay(u),v),
Yu,v € m.

In particular, when F' is Riemannian, A, is irrelevant to y and coincides with the Riemann-
ian metric operator. Notice that each A, may not be Ad(H)-equivariant as in Riemannian
geometry, but the Ad(H )-invariance of the Minkowski norm F' can still imply

Lemma 3.2. The metric operator of (G/H, F) satisfies:
(1) Ad(g) © A’U © Ad(g)_l = AAd(g)y7 Vg S H; RS m\{o}z
(2) [Ay,ad(w)](y) =0, Yy € m\{0},w € b.
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Proof. Since the Minkowski norm F' on m has the Ad(H)-invariance, so does its fundamental
tensor, i.e.,

gad(gyy(Ad(g)u, Ad(g)v) = gy(u,v), Vge H,y € m\{0},u,v € m. (3.1)
So we have for any g € H and u,v € m,

Q(Anag)y(Ad(g)u), Ad(g)v) = gaa(e)y(Ad(g)u, Ad(g)v)
gy(u,v) = Q(Ay(u),v) = Q(A ( )( y(w)), Ad(g)v)
= Q((Ad(g) o Ay o Ad(g)™")(Ad(g)u), Ad(g)v),
which proves (1).
Input g = exptw with w € h and v = y into (3.1), differentiate it with respect to ¢, and take
t =0, we get

gy([wvy]vv) + gy(yv [wa v]) + 2Cy([wa y]a y,’U) = gy([wa y]a 1)) + gy(ya [’LU,’U]) =0. (32)
So for any w € h, y € m\{0} and v € m,

Q((Ay o ad(w))(y), v) = gy([w, yl, v) = —gy(y, [w, v])
= —Q(Ay®y), [w,v]) = Q[w, Ay(y)], v) = Q(ad(w) ° Ay)(y), v),
ie., [Ay,ad(w)](y) = (A, ocad(w) — ad(w) o A,)(y) = 0, which proves (2). =
We can use the metric operator to describe the naturally reductive and geodesic orbit prop-
erties in Finsler geometry. For the g.o. property, we have

Lemma 3.3. (G/H,F) is g.o. if and only if for any nonzero vector u € m, there exists v’ € h,
such that [u’ + u, A, (u)] = 0.

Proof. First, we assume that (G/H, F) is g.o.. Let u be any vector in m\{0}. By Lemma 2.1,
there exists u’ € b, such that g, (u, [u+ v/, m]) = 0. Then we have

Q(mv [u+ u/aAu(u)]) = Q([mau+ u/]vAu(UJ)) = gu([m7u+ u/]mau) =0,

e, [u+u, Ay(u)] € 5.
On the other hand, (3.2) implies g, ([u, h],u) = 0. So we have

Q([u, Au(u)]; ) = Q(Au(w), [u, b]) = gu([u, b],u) = 0,

e., [u, Ay(u)] € m. Together with the obvious fact that [u', A, (u)] € [h,m] C m, we get
[u+u, Ay(u)] € m.
To summarize, above argument proves [u + u’, A, (u)] = 0, i.e., it proves one direction of
Lemma 3.3. The other direction can be proved similarly. m
For the natural reductiveness, we have

Lemma 3.4. (G/H,F) is naturally reductive if and only if [u, A,(u)] = 0. for any nonzero
vector u € m.

We skip its proof, which is similar to that of Lemma 3.3.

3.2. Standard homogeneous (aj, a9, - ,as)-metric. Now we generalize the standard ho-
mogeneous (aj,ag)-metric in [26]. Suppose that m has an Ad(H)-invariant Q-orthogonal de-
composition m = m; + -+ + m,;. We have quadratic functions a;(y) = ;i (y;) = Q(yi,yi), with
y=1uy1+- - +ys and y; € m; for each i. Since each a; is Ad(H)-invariant, a Minkowski norm
on m, which is of the form F = \/L(a?, - ,a?2)), is also Ad(H )-invariant. It induces a homo-
geneous Finsler metric F on G/H, which is called a standard homogeneous (a1, - - , a)-metric
(or simply a standard homogeneous Finsler metric). The function L = L(6y,---,6) here is
a positive smooth function on [0,400)*\{(0,---,0)}. Obviously it must satisfy the positive
1-homogeneity:

L(t01,t02,--- ,t0s) =tL(01,04,--- ,05), Vt>0,0; >0,---65 > 0.
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Further more, L must satisfy certain differential inequalities for F' = y/L(a%, - ,a2) to be
strong convex (see [14, 22] when s = 2).
Using the form F = \/L(a?,---,a2), we may more generally define non-standard homoge-

neous (ag,- - ,ag)-metrics and non-homogeneous (aq, - - , ag)-metrics.

Remark 3.5. Any standard homogeneous Finsler metric is reversible because the Minkowski
norm has a canonical block-diagonal linear O(my) X - -+ x O(myg)-symmetry, where each orthog-
onal group O(m;) is with respect to Q|m,xm;- This linear symmetry characterizes (o, -, a)-
metrics. If we replace it by the weaker SO(my) x -+ x SO(mg)-symmetry, then irreversible
standard homogeneous Finsler metrics may be defined (for example, standard homogeneous
(a, B)-metric, etc.).

3.3. Metric operator of a standard homogeneous (a1, - - - , a5)-metric. Assume that F' =

L(a?,--- ,a?) is a standard homogeneous (a1, ag, - - - , as)-metric on G/ H with respect to the
decomposition m = my + - -+ + mg. Denote by {e},V1 <1 < n;} be a Q-orthonormal basis in
m;, where n; = dimm;. Any y € m can be presented as y = > ;_, y; with y; = > ylel € m,.
When y # 0, the fundamental tensors at y are

- o’°L , . OL o
gy(eg,e) = 26—93%‘% + 8—9(15”’ Vi<a<s,1<14,j <ng,

0*L .
a by __ 1.7 . .
vy =2 iyl V1<a#£b<s,1<i<ngl<j<nm,
gy(ez e]) aeaaebyayb _CL# =S ST MNg DN N 12
where the partial derivatives of L are evaluated at (a?(y1), - ,a2(ys)) (same below). Then
the Hessian matrix of %FQ can be presented as (G, xn, )1<i,j<s
where
o ()78L 1 Lo PL | Yala Ya¥a YaYa*
Mg XNg y _69a aeg
1 YaYa YaoVa® o Yaova
for 1 <a<s, and
Yaly  Ya¥s 0 Yaly'
n
G () —20F VaVh  Ya¥s e
me ) 0,00, SR
VeV YaoUp® o Yaouy”

for1 <a#b<s.
Now we discuss the metric operator A, for (G/H, F) with u € m\{0}. The previous calcu-
lation for the fundamental tensor implies

Lemma 3.6. For any nonzero vector u = ui +ua + - - - + us with u; € m; for each i, v,v" € my,
wemy and 1 < j #k <s, we have

0%L
Q(A,(v),w) = QMC?(Uij)Q(Uk,w)
and ,
QL)) = 2L Q0,0 + 22 L Qus,0)Qus ).

00, 067

Let I = {iy, -+ ,ir} be any subset of {1,---,s} and m;y = m;; +--- + m;,. Obviously the
Q-orthogonal complement of my is my for J = {1,---  s}\I.

Lemma 3.7. For each nonzero vector u = uy + -+ + us with u; € m; for each i, we have
Ay(u) =30, %ui. In particular, we have A, (u) € my for uw € m\{0}.
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Proof. Let u; = ", uleé To prove the first statement in Lemma 3.7, we only need to verify
Q(Ay(u),e,) = gTLuk forany 1 < j <sand 1<k <n; By Lemma 3.6,

5SS WA (el), ) = 2l + 352,28 (u

i=1 [=1 i=1 [=1

2
= frul+2uf Yy g af (w). (3.3)

Q(Au(u),e])

Since the partial derivatives of l; in (3.3) are evaluated at (a3(ui),---,a2(us)) and g_eLk is
positive 0-homogeneous, Y7, 8(99 0, a?(u;) = 0. The first statement in Lemma 3.7 is proved.

The second statement follows 1mmed1ately. [

4. COMPACT HOMOGENEOQUS SPACES WITH TWO ISOTROPY SUMMANDS

4.1. Some easy observations and useful results. Throughout this section, we assume that
G/H is a connected simply connected homogeneous manifold with a compact connected simple
G (then H must be connected as well), and an Ad(H )-invariant Q-orthogonal decomposition
m = my + mg, in which each m; is H-irreducible. The classification of all these G/H (in
the Lie algebraic level) is given in [13] (see also Table 1-2 in [8]), which can be sorted into
two subclasses, either H is maximal in G, or we can find a compact connected subgroup K
satisfying H C K C G.

Fortunately, we will not essentially use this classification. Instead, the following two theorems
in [8] are crucial for proving our Theorem 1.1.

Theorem 4.1. Let G/H be a connected simply connected homogeneous manifold which isotropy
representation is the sum of two irreducible summands, and G is a compact connected simple
Lie group. Then G/H admits a G-invariant g.o. Riemannian metric which is not normal
homogeneous, if and only if there exists a compact connected Lie subgroup K such that H C
K C G, G/K is symmetric, and (H, K, G) belongs to the list in Theorem 1.1 in the Lie algebraic
level.

Theorem 4.2. Keeping all assumptions and notations in this section. The following statements
are equivalent:
(1) the metric AQ|m, xm; + Q| maxm, @S g.0. for some X\ # u;
(2) the metric AQ|myxm; + 1Q|maxm, @S g.0. for any A, u;
(3) for any X € my and Y € my, there is a unique Zx € Cy(X +Y)NCy(X) and a unique
Zy € Cy(X +Y)NCy(Y) such that [X,Y] = [Zy, X] + [Zx,Y].

For any U € m, Cy(U) = {ulu € b, [u, X] = 0} is the centralizer of U € m in h. By Cy(U),
we denote the @Q-orthogonal complement of Cy(U) in the normalizer Ny(Cy(U)) = {ulu €
b [u, Co(U)] € Gy (U)}-

We will also use Lemma 4 in [8] (see also Lemma 7 in [17]), i.e
Lemma 4.3. In the above assumptions, we have [my, ms] # 0.

4.2. Descriptions for g.o. and naturally reductive properties. Let G/H be the ho-
mogeneous manifold described in the previous subsection, and F = \/L(a4,a3) a standard
homogeneous (aq, ag)-metric on G/H with respect to the given decomposition m = m; + mo.

Lemma 4.4. F = \/(a2,0a3) is g.o. on G/H if and only if, for any u = wuy + us with
up € m\{0} and us € ma\{0}, there is u' € b satisfying
oL 0L oL ., oL

(3_91 392)[“17“2] 90, [u',u1] + 892[U , Usp). (4.4)
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Proof.
By Lemma 3.3, F' is g.o. on G/H if and only if for any nonzero vector u = uq + us with
up € my and ug € ma, there exists v’ € b such that [v' + u, A, (u)] = 0. By Lemma 3.7,

W +u, Ay(u)] = [u +us + ug, g—ngul + g—ém]
Sl un] + S ug] + (S — 550)[ua, ug].

So [u' + u, A, (u)] = 0 is equivalent to (4.4). Finally, we notice that (4.4) is always valid when
u € my Umg, because we can choose v/ = 0 in this case. The proof of Lemma 4.4 is finished. m

As in [26], we alternatively present F' = \/L(a?,a3) as F = ap(0), Where a?(u) = o3 (u1) +
ad(uz) = Q(u,u), L(1 — 6%,0%) = ©?(0), and 0 = az(uz)/a(u). Then, we have

02
L(61,605) = (61 + 62)52(0), 0 = 1/ ,
(01,02) = (01 + 02)p~(0) 01 0,

g—i = ¢%(0) = 00(0)¢'(0), g—é = () — (0 - %)cp(ﬁ)so’(@). (4.5)

Hence Lemma 4.4 can be translated to

and

Lemma 4.5. Let (G/H,F) be a standard homogeneous (a1, as)-space with respect to the de-
composition m = my + ma. Then F = ap(as/a) is G-g.o. if and only if for any u; € my\{0}
and ugy € mo\{0}, there exists u' € b, such that

IO s ) = (p16) ~ 0 O ) + (20) — 0~ D) Ol el (46)

where 6 = as(uz)/a(u) € (0,1).

Remark 4.6. Lemma 2.4 in [26] indicates that the coefficients p(0) — 0¢'(6) and ¢(0) — (6 —

$)¢'(0) in the right side of (4.6) are always positive.

When v = 0 is always taken, Lemma 3.4 and similar calculation provide

Lemma 4.7. F' = ap(az/«a) is naturally reductive on G/H if and only if it is a normal
homogeneous Riemannian metric.

Proof. Assume that F' is naturally reductive on G/H. Lemma 4.3 provides v; € m; and
vy € mg such that [vy,ve] # 0. Take u; = v1 and ug = Avg with A > 0, then 6 = ag(us2)/a(u)
can exhaust all numbers in (0,1). By Lemma 3.4, Lemma 3.7, and similar calculations as for
Lemma 4.5, we get —#[ul,uﬂ = 0. Since [u1,us] = Avy,v2] # 0, ¢(#) must be a constant
function, i.e., F' is a normal homogeneous Riemannian metric.

To summarize, above argument proves one side of Lemma 4.7. The other side is obvious. m

4.3. Proof of Theorem 1.1.

Lemma 4.8. Keeping all assumptions and notations for G/H, then the following conditions
are equivalent:

(1) any standard homogeneous (aq,as)-metric F = ap(0) on G/H, with respect to the
given decomposition m = my + Msa, IS ¢.0.;

(2) there exists a standard homogeneous (aq, az)-metric F = ap(8) on G/H, with respect
to the given decomposition m = my + my, which is g.o. but not naturally reductive;

(3) for any uqx € my and uy € my, there exist Z,, € Cy(ur + u2) N Cy(u1) and Z,, €
Ch(u1 + u2) N Cy(u2) such that [ur, us] = [Zu,, u1] + [Zu, , u2].

Moreover, Z,, and Z,, in (3) are unique.
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Proof. First, we prove the statement from (2) to (3). Choose any u; € my and uy € mg. If
one of them vanishes, Z,, = 0 and Z,, = 0 satisfy the requirement in (3). So we may further
assume u1 # 0 and ug # 0. Since F is not naturally reductive, i.e., ¢ is not constant on (0, 1),
we can find A > 0, such that 6 = as(uz2)/a(Aus + uz) € (0,1) satisfies ¢’'(0) # 0. Applying
Lemma 4.5 to Auy and uq,we get v’ € b satisfying [uy, us] = a[u’, u1] + bu', us], in which
a= 79%,(;{)(;)9%(9) and b= —(9271)/{";52;9@(9). (4.7)

By Remark 4.6, both a and b are nonzero.
Claim A: we can choose v/ from Cy(u1 + us).

To prove Claim A, we first verify v’ € Ny(Cy(ur + uz)). For any v € Cyus + uz) =
Chy(u1) N Cy(uz), we have

al[v,u'], u1] + b[[v, u'], uz] = [v,alu’,u1] + blu’, us]]
= [U7 [ulv u2]] = [[Uvul]v u2] + [ulv [U7u2]] =0,

in which the two summands in the left side belong to m; and my respectively. So we get
[[’U,’U/], ul] = [[’U,’U/], U‘Q] = Oa i-e-a [’U,’U/] € Ch (ul) n Ch (U’Q) - Ch (ul + U’Q)' Sou' € Nh (Ob (ul +
UQ))

Notice that the vector v’ provided by Lemma 4.5 for Au; and wus is not unique. It can be
replaced by any vector in u'+Ch(u1 +u2). In particular, we can choose it from the Q-orthogonal
complement Cf(u3 + ug) of Cp(u1 + u2) in Ny(ug + uz), which proves Claim A.

We can also apply Lemma 4.5 to Au; and —us, and then get u” € Cy(u1 —u2) = Cy(u1 +u2),
such that —[u1,u2] = a[u”,u1] — blu”, us]. Notice that a and b here are also given by (4.7),
because as(us) = as(—u) and a(Auy + uz) = a(Auy — uz).

Adding the two equalities containing u’ and u” respectively, we get a[u’ + u”, uq] + b[u’ —
u” uz] = 0, in which the two summand in the left side belong to m; and my respectively. So
u' +u” € Cy(uy) and v’ — u” € Cy(uz). Define Z,, = (v + u”) € Cy(uy + uz) N Cy(uy) and
Zuy = 5(u" —u") € Cy(ur + u2) N Ch(uz). Then v’ = %Zul + %ZW and

[ula U‘Q] = a[u/v ul] + b[u/v u2]
— [%Zul,ul] + [ZuQ,ul] + [Zul,UQ] + [%ZU2,U2]
= [Zug7u1] + [Zu17u2]-

The proof of the statement from (1) to (2) is finished.

Next, we prove the statement from (3) to (1). Choose any uq € m1\{0} and us € m2\{0},
then we have Z,, and Z,, provided by (3). If ¢/(6) # 0 for § = O‘;EZ§) € (0,1), we choose
u' = $Zy, + ~Zy,, in which a and b are given in (4.7). Otherwise, we choose v/ = 0. In
both cases, (4.6) is satisfies, and then Lemma 4.5 provides the g.o. property. The proof of the
statement from (3) to (1) is finished. The proof of the statement from (1) to (2) is obvious.

Finally, we prove the uniqueness of Z,, and Z,, in (3). Assume Z, € Cpy(ui + ug) N
Cy(u1) and Z;, € Cy(ur + ug) N Cy(ug) satisfy [ug,ug] = [Z,,,u1] + [Z],,,us]. Then we

U1
have [Zy, — Z,,,u1] + [Zu, — Z,,,,u2] = 0. By earlier argument, Z,, — Z{; € Cy(ur), ie.,
Zuy — 7y, € Cy(u1) N Cy(uz) = Cy(ur +ug). On the other hand, Z,, — Z,, € C (u1 + us). So
Zy, — Z,,, = 0. For the same reason, Z,, — Z; = 0, which ends the proof. m
Proof of Theorem 1.1. First, we prove Theorem 1.1 with the additional assumption
(g,h) # (D4,G2). Then the two summands in the isotropy action for G/H are inequivalent
H-representations. So the given decomposition m = m; + my is the only nontrivial Ad(H)-
invariant decomposition for m. In this case, any homogeneous Riemannian metric on G/H is
a standard homogeneous (a1, ag)-metric, and any standard homogeneous (aq, az)-metric on
G/H must be with respect to m = my + ma.

Assume that G/H admits a standard homogeneous (a1, az)-metric which is g.o. but not nat-
urally reductive. Then Lemma 4.8 indicates that it satisfies (2) in Theorem 4.2. By Theorem
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4.2, G/H admits a homogeneous Riemannian metric which is g.o. but not normal. Theorem
4.1 tells us that G/H belongs to the list in Theorem 1.1, in the Lie algebraic level. Conversely,
assume that G/H belongs to the list (except the first one) in Theorem 1.1. It admits a homo-
geneous Riemannian metric which is g.o. but not normal. Then Theorem 4.2 indicates that
G/ H satisfies the requirement in (3) in Lemma 4.8, and Lemma 4.8 tells us that any standard
homogeneous (aq, as)-metric F' = ap(as/a) on G/H is g.o.. We may choose a non-constant
function ¢(#) here. Then by Lemma 4.7, we see that this F' is not naturally reductive. The
proof of Theorem 1.1 when (g, ) # (D4, G2) is finished.

Next, we consider the case (g, ) = (D4, G2). In this case, G/H coincides with Spin(8)/Gz in
the Lie algebraic level, so any homogeneous Finsler metric is locally isometric to a homogeneous
Finsler metric on Spin(8)/G2. Because Spin(8)/G> is weakly symmetric [10], any homogeneous
Finsler metric on Spin(8)/G> is g.o. [9]. So any homogeneous Finsler metric on G/H is g.o.
as well. This ends the proof of Theorem 1.1. m

5. STANDARD HOMOGENEOUS (ajq, g, a3)-METRICS ON GENERALIZED WALLACH SPACES

5.1. Classification of generalized Wallach spaces. Throughout this section, we assume
that G/H is a simply connected homogeneous manifold, such that the compact connected semi
simple G acts effectively on G/H, and we have an Q-orthogonal decomposition m = m;+mg+ms
(we call it the canonical decomposition), where each m; is an Ad(H )-invariant nonzero space on
which the H-action is irreducible, and [m;, m;] C h for each ¢. This G/H is called a generalized
Wallach spaces. Theorem 1 in [6] classifies generalized Wallach spaces, which consist of the
following three subclasses:

Type I: if [m;, m;] = 0 when {¢,7,k} = {1,2,3}, G/H is the product of three irreducible sym-
metric spaces of compact type;
Type II: if [m;,m;] = my when {i,5,k} = {1,2,3} and G is simple, the pair (g,h) is one of the
pairs in Table 1;
Type IIL: if [m;, m;] = my, when {i,7,k} = {1,2,3} and G is not simple, G = K x K x K
and H = diag(K) C G, where K is a connected simply connected compact simple
Lie group, m; = {(X, X, —X,—X),VX € £}, my = {(X, - X, X, —X),VX € ¢}, m3 =
{(X,-X,-X,X),VX € t} and ¢ = Lie(K). This G/H is called a Ledger-Obata space
in some literatures.

TABLE 1. (g,h) for the generalized Wallach space G/H with a simple G

g b g b
so(k+1+m) | so(k)® so(l)® so(m) | er | so0(8)® 3sp(1)
su(k+14+m) | s(u(k) ®u(l)®u(m)) | er | su(6)® sp(l)d R
sp(k +1+4+m) | Sp(k) @ sp(l) ® sp(m) | ez s0(8)

su(2l),1 > 2 u(l) es | so(12) ® 2sp(1)

so(20),1 >4 u(l)@ul —1) es s0(8) @ so(8)
€6 su(d)®2sp(L)® R | fa| so(b)®2sp(l)
€6 so(8) ® R? fa s0(8)

€6 sp(3) @ sp(1)

Let F' = \/L(a?, a3, a3) be a standard homogeneous (v, v, a3 )-metric on G/ H with respect
to the canonical decomposition. We will discuss the g.o. property of (G/H, F). Type I is easy,
because when G/ H is of Type I, we have [m,m] C b, and then any homogeneous Finsler metric
F on G/H is naturally reductive.

To discuss Type II and Type III, we need the following criterion.
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Lemma 5.1. Keeping all assumptions and notations in this section, then the homogeneous
metric F = \/L(a?,a3,a3) is g.o. on G/H if and only if for any nonzero vector u = uy +us+ug
with w; € m; for each i, there exists u' € b satisfying

far ' wl + (s — 57 Mz, us] =0,
S [ ual + (5 — ), us] = 0, (5.8)

Selu’ us) + (552 — 85 )[wr, ua] = 0.

Proof. Assume that F is g.o. on G/H. Choose any nonzero vector u = uj + ug + uz with
u; € m; for each ¢. By Lemma 3.7, A,(u) = Ef 1 geL u;. Lemma 3.3 provides u’ € b, which
satisfies [u +u', A, (u)] =0, i.e.,

oL oL OL
(g_eLl[Ulaul] + (g_gl; - g_é)[U%US]) + (8—92[u/,U2] + (8_93 — 8—91)[U1,U3])
oL oL 9L B
(893 [, us] + (8_92 - 8—91)[1117112]) =0. (5.9)

Notice that the three summands in (5.9) belong to the three distinct m; respectively, we get
(5.8) in one direction. Reversing above discussion, the other direction can also be proved. m

5.2. Discussion for Type II and Type III. When G/H is of Type II or Type III, [m;, m;] =
my, for {4, 7,k} = {1,2,3}. We can find v; € m;\{0} for each 4, such that Q([v1,ve],vs) # 0. By
the bi-invariant property, Q([vs, v3], v1) and Q([vs, v1],v2) are also nonzero. For any 61, 02, 65 >
0, we can find A1, As, A3 > 0, such that u; = \;v; satisfies a2(ul) = @, for each i. By Lemma
5.1, there exists u’ € b, such that 2& “[u',w] + (55 OL _ OL)[yy uz) = 0, and then

905 — 003
(g—é - 3—92))\1)\2)\362(?11, [v2, v3]) = (2= — $a2)Q(ua, [ua, us]) = —g—éQ(ul, [u',u1]) = 0.
So g—QLQ = 8—03 at (01, 02,03). For the same reason, we also have geL = ﬁ at (01, 02,03).
Now, let

Q = {(01,02,05)]0; > 0,i = 1,2,3}\{(0,0,0)},
and the interior of ) is denoted by
00 = {(61,05,05)|0; > 0,i=1,2,3}.
To summarize, we have

OL _ OL _ OL 0.
20, — D0, — 905" V(91,92,93) =29 ;

L(t01, 02, t03) = tL (01,05, 05).

the level sets of L are the planes 61 4+ 05 + 03 = const. Together with the positive 1-
homogeneity of L, we see that L(f;,60s,603) is a linear function on Q°. By the smoothness of L
on 2, we have L is a linear function on €, that is L(61,02,03) = (01 + 02 + 03) on Q for some
A > 0. The proof of Theorem 1.2 is finished.

As a direct corollary of Theorem 1.2, we have

Corollary 5.2. Any standard homogeneous (a1, as, as)-metric is g.o. on a Wallach space
U(3)/T?, Sp(3)/Sp(1)? or Fy/Spin(8) if and only if it is a normal homogeneous Riemannian
metric.

Remark 5.3. For most generalized Wallach space G/H of Type II, the three summands in
its isotropy representation are pairwise non-equivalent (see Theorem 3.18 in [7]), and then any
homogeneous (a1, s, as)-metric on G/H must be a standard homogeneous (aq, aa, as)-metric
with respect to the canonical decomposition. On the other hand, for a generalized Wallach space
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G/H of Type III, the Ad(H)-action on each m; is equivalent to the adjoint representation, so
there exists many more homogeneous (041, ag, ag)-metrics.

Acknowledgement. This paper is supported by Natural Science Foundation of Shandong
Province (No. ZR2020QA001), Beijing Natural Science Foundation (No. 1222003), and Na-
tional Natural Science Foundation of China (No. 12131012, No. 11821101).

REFERENCES

(1] A.Arvanitoyeorgos, Y.Wang, Homogeneous geodesic in generalized Wallach spaces, The Belgian Mathemat-
ical Society 24 (2) (2017), 257-270. 1
[2] D. Bao, S.S. Chern, Z.Shen, An Introduction to Riemann-Finsler Geometry. Springer, New York (2000).
[3] V.N. Berestovskii and Yu.G. Nikonorov, Riemannian Manifolds and Homogeneous Geodesics, Springer
Monogr. Math., Springer, Cham, 2020. 1
[4] D.V. Alekseevsky , A. Arvanitoyeorgos, Riemannian flag manifolds with homogeneous geodesics, Trans.
Amer. Math.Soc. 359(8), 3769-3789 (2007). 1
[5] D.V. Alekseevsky, Yu.G. Nikonorov, Compact Riemannian manifolds with homogeneous geodesics, SIGMA
Symmetry Integrability Geom. Methods Appl., 5, 093, 16 pages,(2009). 1
[6] Yu.G. Nikonorov, Classification of generalized Wallach spaces, Geom. Dedicata, 181(1), (2016). 2, 9
[7] Z. Chen, Y. Kang and K. Liang, Invariant Einstein metrics on three-locally-symmetric spaces, Comm. Anal.
Geom. 24 (4) (2016), 769-792. 10
(8] Z. Chen, Yu.G. Nikonorov, Geodesic orbit Riemannian spaces with two isotropy summands. I. Geom Ded-
icata. 203, 163-178, (2019). 2, 6
S. Deng, Homogeneous Finsler spaces, Springer Monographs in Mathematics, Springer, New York, 2012. 1,
3,9
[10] S. Deng, Z. Hou, Weakly symmetric Finsler spaces, Commun. Contemp. Math., 12(2) , 309-323, (2010). 9
[11] S. Deng, Z. Hou, Invariant Finsler metrics on homogeneous manifolds, J. Phys. A 37, 8245-8253, (2004). 1
3
[12] S. Deng, Z. Hou, Naturally reductive homogeneous Finsler spaces, manuscripta math. 131, 215-229 (2010).
3
[13] W. Dickinson and M. Kerr, The geometry of compact homogeneous spaces with two isotropy summands,
Ann. Glob. Anal. Geom. 34 , 329-350,(2008) . 6
[14] S. Deng and M. Xu, (a1, a2)-metrics and Clifford-Wolf homogeneity, J. Geom. Anal. 26 (3) (2016), 2282-
2321. 2, 5
[15] C.S. Gordon, Homogeneous Riemannian manifolds whose geodesies are orbits,155-174, Topics in Geometry:
In Memory of Joseph D’Atri (Ed. S. Gindikin), Progress in Nonlinear Differential Equations 20, Birkhauser-
Verlag, Boston, Basel, Berlin, (1996). 1
[16] C.S. Gordon , Yu.G. Nikonorov, Geodesic Orbit Riemannian Structures on R™. J. Geom. Phy. 134, 235-243,
(2018). 1
[17] Yu.G. Nikonorov, Killing vector fields of constant length on compact homogeneous Riemannian manifolds,
Ann. Glob. Anal. Geom., 48(4), 305-330, (2015). 6
[18] L. Huang, On the fundamental equations of homogeneous Finsler spaces, Differential Geom. Appl., 40,
187-208. 3
[19] D. Latifi, Homogeneous geodesics in homogeneous Finsler spaces, J. Geom. Phys. 57, 1421-1433 (2007). 3
[20] N. P. Souris, Geodesic orbit metrics in compact homogeneous manifolds with equivalent isotropy submod-
ules, Transform. Groups. 23(4), 1149-1165, (2018). 1
[21] O. Kowalski ,L. Vanhecke, Riemannian manifold with homogeneous geodesics, Boll. Unione Math. Ital.
B(7) 5,189-246 (1991). 1
[22] J. Tan and M. Xu, Naturally reductive (a1, a2) metrics, Acta Math. Sci., 43B(4), 1547-1560, (2023). 5
[23] M Xu, Geodesic orbit spheres and constant curvature in Finsler geometry, Diff. Geom. Appl., 61(2018),
197-206. 3
[24] M. Xu , S. Deng, Normal homogeneous Finsler spaces, Transform. Groups, 22(4), 1143-1183, (2017). 1
[25] M. Xu , L. Zhang, §-homogeneity in Finsler geometry and the positive curvature problem, Osaka J. Math.,
55 (1) , 177-194, (2018). 1
[26] L. Zhang, M. Xu, Standard homogeneous (a1, a2)-metrics and geodesic orbit proberty, Math. Nachr 295(7),
1443-1453, (2022). 2,4, 7
[27] Z, Yan , S. Deng , Finsler spaces whose geodesics are orbits, Differ. Geom. Appl., 36, 1-23, (2014). 1, 3
[28] S. Zhang, Z. Yan and S. Deng, Naturally reductive homogeneous («, 3) spaces, Publ. Math. Debrecen,
102(3-4), 415-427 (2023). 3

=)

)



12 LEI ZHANG AND MING XU

(Lei Zhang) SCHOOL OF MATHEMATICAL SCIENCES AND INFORMATION SCIENCE, YANTAI UNIVERSITY, YANTAI
City 264005, P.R. CHINA
Email address: 5465028710qq.com

(Ming Xu) CORRESPONDING AUTHOR, SCHOOL OF MATHEMATICAL SCIENCES, CAPITAL NORMAL UNIVERSITY,
BELING 100048, P.R. CHINA
Email address: mgmgmgxu@163.com



	1. Introduction
	2. Naturally reductive and geodesic orbit Finsler spaces
	3. Metric operator and standard homogeneous Finsler metric
	3.1. Metric operator for a homogeneous Finsler metric
	3.2. Standard homogeneous (1,2,, s)-metric
	3.3. Metric operator of a standard homogeneous (1,,s)-metric

	4. Compact homogeneous spaces with two isotropy summands
	4.1. Some easy observations and useful results
	4.2. Descriptions for g.o. and naturally reductive properties
	4.3. Proof of Theorem 1.1

	5. Standard homogeneous (1,2,3)-metrics on generalized Wallach spaces 
	5.1. Classification of generalized Wallach spaces
	5.2. Discussion for Type II and Type III

	References

