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METRIC OPERATOR AND GEODESIC ORBIT PROPERTY FOR A

STANDARD HOMOGENEOUS FINSLER METRIC

LEI ZHANG AND MING XU

Abstract. In this paper, we introduce the metric operator for a compact homogeneous
Finsler space, and use it to investigate the geodesic orbit property. We define the notion
of standard homogeneous (α1, · · · , αs)-metric which generalizes the notion of standard ho-
mogeneous (α1, α2)-metric. We classify all connected simply connected homogeneous man-
ifold G/H with a compact connected simple Lie group G and two irreducible summands in
its isotropy representation, such that there exists a standard homogeneous (α1, α2)-metric
which is g.o. but not naturally reductive on G/H. We also prove that on a generalized
Wallach space which is not a product of three symmetric spaces, any standard homogeneous
(α1, α2, α3)-metric F with respect to the canonical decomposition is g.o. on G/H if and only
if F is a normal homogeneous Riemannian metric.
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1. Introduction

A homogeneous Finsler space (G/H,F ) is called geodesic orbit (or g.o. in short), if any
geodesic (of positive constant speed) is the orbit of the one-parameter subgroup generated by a
Killing vector field X ∈ g = Lie(G). This notion was first introduced in Riemannian geometry
by O. Kowalski and L. Vanhecke in 1991 [21]. There are many research works on this subject.
See [1, 3, 4, 5, 15, 16] and the references therein for some recent progress. Meanwhile, the
geodesic orbit property was studied in Finsler geometry [27]. It is well known that weakly
symmetric Finsler spaces, which included all globally symmetric Finsler spaces, are g.o. [9].
Normal homogeneous Finsler spaces [24] and δ-homogeneous Finsler spaces [25] are also g.o.,
and they have many interesting curvature properties, for example, their flag curvatures are
non-negative and their S-curvatures vanish.

In this paper, we only consider the homogeneous manifold G/H with a compact connected
semi simple G. Let g and h be the Lie algebras of G and H respectively, and we choose the
Ad(G)-invariant inner product Q(·, ·) = −B(·, ·) on g, where B(·, ·) is the Killing form. With
respect to Q, we have an orthogonal reductive decomposition g = h+m (here the reductiveness
implies [h,m] ⊆ m). We can identify m with the tangent space To(G/H) at the origin o = eH ,
such that the isotropy representation coincides with the Ad(H)-action on m.

Any homogeneous Riemannian metric g onG/H is determined by some positiveQ-symmetric
Ad(H)-equivariant metric operator A : m → m by the formula geH(X,Y ) = Q(AX, Y ), ∀X,Y ∈
m. Proposition 1 in [4] and Proposition 2 in [20] show that (G/H, g) is g.o. if and only if for any
X ∈ m, there exists Z ∈ h such that [X+Z,AX ] = 0, and (G/H, g) is naturally reductive with
respect to the given orthogonal reductive decomposition if and only if [X,AX ] = 0, ∀X ∈ m.

Now we generalize the notion of metric operator to homogeneous Finsler manifold. There
is a one-to-one correspondence between the G-invariant Finsler metric F on G/H and the
Ad(H)-invariant Minkowski norm, which is still denoted by F for simplicity [9, 11]. Let gy with
y ∈ m\{0} be the fundamental tensor of the Minkowski norm F . Then we define the metric

operator of (G/H,F ) as

Ay : m → m, gy(u, v) = Q(Ay(u), v), ∀y ∈ m\{0}, u, v ∈ m.
1
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Obviously, the metric operator Ay is positive definite and Q-symmetric for each y ∈ m\{0}.
Generally speaking, it depends on y and it is not Ad(H)-invariant, but we can still use it to
describe the g.o. and naturally reductive properties (see Lemma 3.3 and Lemma 3.4).

In this paper, we use this Finsler metric operator to study the g.o. property. Our first main
theorem generalizes Theorem 2 in [8] to Finsler geometry.

Theorem 1.1. Let G/H be a connected simply connected homogeneous manifold such that

G is a compact connected simple Lie group, and the isotropy representation is the sum of

two irreducible summands. Suppose that G/H admits a standard homogeneous (α1, α2)-metric

which is g.o. but not naturally reductive. Then there exists a compact subgroup K such that

H ⊂ K ⊂ G, dimH < dimK < dimG, G/K is symmetric, and the triple (H,K,G) coincides

with one of the following in the Lie algebraic level:

(1) G2 ⊂ Spin(7) ⊂ Spin(8);
(2) SO(2)×G2 ⊂ SO(2)× SO(7) ⊂ SO(9);
(3) U(k) ⊂ SO(2k) ⊂ SO(2k + 1) for k ≥ 2;
(4) SU(2r + 1) ⊂ U(2r + 1) ⊂ SO(4r + 2) for r ≥ 2;
(5) Spin(7) ⊂ SO(8) ⊂ SO(9);
(6) SU(m)× SU(n) ⊂ S(U(m)U(n)) ⊂ SU(m+ n) for m > n ≥ 1;
(7) Sp(n)U(1) ⊂ S(U(2n)U(1)) ⊂ SU(2n+ 1) for n ≥ 2;
(8) Sp(n)U(1) ⊂ Sp(n)× Sp(1) ⊂ Sp(n+ 1) for n ≥ 1;
(9) Spin(10) ⊂ Spin(10)SO(2) ⊂ E6.

Conversely, if G/H coincides with one in the list in the Lie algebraic level, then any standard

homogeneous (α1, α2)-metric F on G/H is g.o..

The notion of (α1, α2)-metric was introduced in [14]. In [26], we defined the notion of
standard homogeneous (α1, α2)-metric, and in particular, studied those which have exactly two
irreducible summands in their isotropy representations. Theorem 1.1 provides a classification
for these homogeneous manifolds.

Standard homogeneous (α1, α2)-metric, with respect to an Ad(H)-invariant Q-orthogonal
decomposition m = m1 +m2, is an analog of the standard deformation of normal homogeneous
metrics in Riemannian geometry. This notion can be further generalized when there are more
summands in m. Let G/H be the compact homogeneous manifolds mentioned above, and
m = m1+· · ·+ms be an Ad(H)-invariant decomposition. Then we call (G/H,F ) a homogeneous

(α1, · · · , αs)-metric with respect to this given decomposition, if F can be presented as F =√
L(α2

1, · · · , α
2
s), i.e., the Minkowski norm F on m has a block-diagonal linear O(m1) × · · · ×

O(ms)-symmetry. In particular, when the decomposition m = m1 + · · · + ms is Q-orthogonal,
and each orthogonal group O(mi) is with respect to Q|mi×mi

, we call (G/H,F ) a standard

homogeneous (α1, · · · , αs)-space (or standard homogeneous Finsler space in short). See Section
3.2 for more details.

For example, any (compact) generalized Wallach space G/H admits a canonical decomposi-
tion, i.e., an Ad(H)-invariant Q-orthogonal decomposition m = m1+m2+m3, with [mi,mi] ⊂ h

for each h [6]. So this G/H admits standard homogeneous (α1, α2, α3)-metrics with respect to
this canonical decomposition. We prove

Theorem 1.2. Let G/H be a generalized Wallach space, and F a G-invariant standard homo-

geneous (α1, α2, α3)-metric, with respect to the canonical decomposition. Suppose that G/H is

not a product of three symmetric spaces and F is g.o. on G/H, then F is a normal homogeneous

Riemannian metric.

Because the Wallach spaces SU(3)/T 2, Sp(3)/Sp(1)3 and F4/Spin(8) are generalized Wal-
lach spaces, Theorem 1.2 refines Theorem 6.2 in [26] (see Corollary 5.2). It reveals the phe-
nomena that sometimes the g.o. property is more algebraic than geometric, i.e., it depends on
the homogeneous manifold, not the invariant metric.



METRIC OPERATOR AND G.O. PROPERTY FOR STANDARD HOMOGENEOUS FINSLER METRIC 3

This paper is scheduled as follows. In Section 2, we summarize some basic knowledge in
homogeneous Finsler geometry. In Section 3, we introduce the notions of Finslerian metric
operator and standard homogeneous (α1, · · · , αs)-metric. In Section 4, we discuss the metric
operator of a standard homogeneous (α1, α2)-metric and prove Theorem 1.1. In Section 5, we
discuss the standard homogeneous (α1, α2, α3)-metric on a generalized Wallach space and prove
Theorem 1.2.

2. Naturally reductive and geodesic orbit Finsler spaces

Throughout the paper, we work with a homogeneous Finsler space (G/H,F ) with a compact
connected semi simple G. On its Lie algebra g, we fix the Ad(G)-invariant inner product
Q(·, ·) = −B(·, ·) where B is the Killing form of g. With respect to Q, we have the orthogonal
reductive decomposition g = h+m. The G-invariant Finsler metric F is one-to-one determined
by F = F (eH, ·), which is an arbitrary Ad(H)-invariant Minkowski norm on m = TeH(G/H).
we denote by gy(·, ·) the fundamental tensor of the Minkowski norm F . See [9, 11] for more
details.

We call (G/H,F ) G-naturally reductive with respect to the orthogonal reductive decomposi-
tion g = h+m if for each nonzero u ∈ m, c(t) = exp tu ·H is a geodesic, or equivalently speaking,
gu(u, [u, v]m) = 0, ∀v ∈ m, in which the subscript m means projecting to m with respect to the
given reductive decomposition [12]. Notice that a different definition for naturally reductive
Finsler space was proposed in [19]. It turns out that the definition in [11] is more convenient
and both are equivalent [28].

We call (G/H,F ) geodesic orbit (or g.o. in short) if any geodesic c(t) is homogeneous, i.e.,
c(t) = exp tX · x for some X ∈ g. The following equivalent descriptions for the Finsler g.o.
property is well known [23, 27].

Lemma 2.1. Let (G/H,F ) be a homogeneous Finsler space, with a reductive decomposition

g = h+m, and denote [·, ·]m the m-factor in the bracket operation [·, ·]. Then the following are

equivalent:

(1) F is G-g.o.;

(2) for any x ∈ M , and any nonzero y ∈ TxM , we can find a Killing vector field X ∈ g

such that X(x) = y and x is a critical point for the function f(·) = F (X(·));
(3) for any nonzero vector u ∈ m, there exists u′ ∈ h such that gu([u+ u′,m]m, u) = 0;
(4) the spray vector field η(·) : m\{0} → m is tangent to the Ad(H)-orbits.

Here the spray vector field η(·) was defined by L. Huang [18], and it satisfies gy(η(y), u) =
gy(y, [u, y]m), ∀u ∈ m.

3. Metric operator and standard homogeneous Finsler metric

3.1. Metric operator for a homogeneous Finsler metric.

Definition 3.1. For each nonzero vector y ∈ m, the metric operator of (G/H,F ) is the gy-
symmetric, positive definite linear endomorphism Ay on m determined by gy(u, v) = Q(Ay(u), v),
∀u, v ∈ m.

In particular, when F is Riemannian, Ay is irrelevant to y and coincides with the Riemann-
ian metric operator. Notice that each Ay may not be Ad(H)-equivariant as in Riemannian
geometry, but the Ad(H)-invariance of the Minkowski norm F can still imply

Lemma 3.2. The metric operator of (G/H,F ) satisfies:

(1) Ad(g) ◦Ay ◦Ad(g)
−1 = AAd(g)y, ∀g ∈ H, y ∈ m\{0};

(2) [Ay , ad(w)](y) = 0, ∀y ∈ m\{0}, w ∈ h.
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Proof. Since the Minkowski norm F on m has the Ad(H)-invariance, so does its fundamental
tensor, i.e.,

gAd(g)y(Ad(g)u,Ad(g)v) = gy(u, v), ∀g ∈ H, y ∈ m\{0}, u, v ∈ m. (3.1)

So we have for any g ∈ H and u, v ∈ m,

Q(AAd(g)y(Ad(g)u),Ad(g)v) = gAd(g)y(Ad(g)u,Ad(g)v)

= gy(u, v) = Q(Ay(u), v) = Q(Ad(g)(Ay(u)),Ad(g)v)

= Q((Ad(g) ◦Ay ◦Ad(g)
−1)(Ad(g)u),Ad(g)v),

which proves (1).
Input g = exp tw with w ∈ h and u = y into (3.1), differentiate it with respect to t, and take

t = 0, we get

gy([w, y], v) + gy(y, [w, v]) + 2Cy([w, y], y, v) = gy([w, y], v) + gy(y, [w, v]) = 0. (3.2)

So for any w ∈ h, y ∈ m\{0} and v ∈ m,

Q((Ay ◦ ad(w))(y), v) = gy([w, y], v) = −gy(y, [w, v])

= −Q(Ay(y), [w, v]) = Q([w,Ay(y)], v) = Q((ad(w) ◦Ay)(y), v),

i.e., [Ay, ad(w)](y) = (Ay ◦ ad(w) − ad(w) ◦Ay)(y) = 0, which proves (2).
We can use the metric operator to describe the naturally reductive and geodesic orbit prop-

erties in Finsler geometry. For the g.o. property, we have

Lemma 3.3. (G/H,F ) is g.o. if and only if for any nonzero vector u ∈ m, there exists u′ ∈ h,

such that [u′ + u,Au(u)] = 0.

Proof. First, we assume that (G/H,F ) is g.o.. Let u be any vector in m\{0}. By Lemma 2.1,
there exists u′ ∈ h, such that gu(u, [u+ u′,m]) = 0. Then we have

Q(m, [u+ u′, Au(u)]) = Q([m, u+ u′], Au(u)) = gu([m, u+ u′]m, u) = 0,

i.e., [u+ u′, Au(u)] ∈ h.
On the other hand, (3.2) implies gu([u, h], u) = 0. So we have

Q([u,Au(u)], h) = Q(Au(u), [u, h]) = gu([u, h], u) = 0,

i.e., [u,Au(u)] ∈ m. Together with the obvious fact that [u′, Au(u)] ∈ [h,m] ⊂ m, we get
[u+ u′, Au(u)] ∈ m.

To summarize, above argument proves [u + u′, Au(u)] = 0, i.e., it proves one direction of
Lemma 3.3. The other direction can be proved similarly.

For the natural reductiveness, we have

Lemma 3.4. (G/H,F ) is naturally reductive if and only if [u,Au(u)] = 0. for any nonzero

vector u ∈ m.

We skip its proof, which is similar to that of Lemma 3.3.

3.2. Standard homogeneous (α1, α2, · · · , αs)-metric. Now we generalize the standard ho-
mogeneous (α1, α2)-metric in [26]. Suppose that m has an Ad(H)-invariant Q-orthogonal de-
composition m = m1 + · · ·+ ms. We have quadratic functions αi(y) = αi(yi) = Q(yi, yi), with
y = y1 + · · ·+ ys and yi ∈ mi for each i. Since each αi is Ad(H)-invariant, a Minkowski norm

on m, which is of the form F =
√
L(α2

1, · · · , α
2
s)), is also Ad(H)-invariant. It induces a homo-

geneous Finsler metric F on G/H , which is called a standard homogeneous (α1, · · · , αs)-metric

(or simply a standard homogeneous Finsler metric). The function L = L(θ1, · · · , θs) here is
a positive smooth function on [0,+∞)s\{(0, · · · , 0)}. Obviously it must satisfy the positive
1-homogeneity:

L(tθ1, tθ2, · · · , tθs) = tL(θ1, θ2, · · · , θs), ∀t ≥ 0, θ1 ≥ 0, · · · θs ≥ 0.
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Further more, L must satisfy certain differential inequalities for F =
√
L(α2

1, · · · , α
2
s) to be

strong convex (see [14, 22] when s = 2).

Using the form F =
√

L(α2
1, · · · , α

2
s), we may more generally define non-standard homoge-

neous (α1, · · · , αs)-metrics and non-homogeneous (α1, · · · , αs)-metrics.

Remark 3.5. Any standard homogeneous Finsler metric is reversible because the Minkowski

norm has a canonical block-diagonal linear O(m1)× · · · ×O(ms)-symmetry, where each orthog-

onal group O(mi) is with respect to Q|mi×mi
. This linear symmetry characterizes (α1, · · · , αs)-

metrics. If we replace it by the weaker SO(m1) × · · · × SO(ms)-symmetry, then irreversible

standard homogeneous Finsler metrics may be defined (for example, standard homogeneous

(α, β)-metric, etc.).

3.3. Metric operator of a standard homogeneous (α1, · · · , αs)-metric. Assume that F =√
L(α2

1, · · · , α
2
s) is a standard homogeneous (α1, α2, · · · , αs)-metric on G/H with respect to the

decomposition m = m1 + · · · + ms. Denote by {eil, ∀1 ≤ l ≤ ni} be a Q-orthonormal basis in
mi, where ni = dimmi. Any y ∈ m can be presented as y =

∑s
i=1 yi with yi =

∑ni

l=1 y
l
ie

i
l ∈ mi.

When y 6= 0, the fundamental tensors at y are

gy(e
a
i , e

a
j ) = 2

∂2L

∂θ2a
yiay

j
a +

∂L

∂θa
δij , ∀1 ≤ a ≤ s, 1 ≤ i, j ≤ na,

gy(e
a
i , e

b
j) = 2

∂2L

∂θa∂θb
yiay

j
b , ∀1 ≤ a 6= b ≤ s, 1 ≤ i ≤ na, 1 ≤ j ≤ nb,

where the partial derivatives of L are evaluated at (α2
1(y1), · · · , α

2
s(ys)) (same below). Then

the Hessian matrix of 1
2F

2 can be presented as (Gni×nj
)1≤i,j≤s,

where

Gna×na
(y) =

∂L

∂θa




1
1

. . .

1


+ 2

∂2L

∂θ2a




y1ay
1
a y1ay

2
a · · · y1ay

na
a

y2ay
1
a y2ay

2
a · · · y2ay

na
a

...
...

. . .
...

yna
a y1a yna

a yn2

a · · · yna
a yna

a




for 1 ≤ a ≤ s, and

Gna×nb
(y) = 2

∂2L

∂θa∂θb




y1ay
1
b y1ay

2
b · · · y1ay

nb

b

y2ay
1
b y2ay

2
b · · · y2ay

nb

b
...

...
. . .

...
yna
a y1b yna

a yn2

b · · · yna
a ynb

b




for 1 ≤ a 6= b ≤ s.
Now we discuss the metric operator Au for (G/H,F ) with u ∈ m\{0}. The previous calcu-

lation for the fundamental tensor implies

Lemma 3.6. For any nonzero vector u = u1+u2+ · · ·+us with ui ∈ mi for each i, v, v′ ∈ mj,

w ∈ mk and 1 ≤ j 6= k ≤ s, we have

Q(Au(v), w) = 2
∂2L

∂θj∂θk
Q(uj , v)Q(uk, w)

and

Q(Au(v), v
′) =

∂L

∂θj
Q(v, v′) + 2

∂2L

∂θ2j
Q(uj, v)Q(uj , v

′).

Let I = {i1, · · · , ik} be any subset of {1, · · · , s} and mI = mi1 + · · · + mik . Obviously the
Q-orthogonal complement of mI is mJ for J = {1, · · · , s}\I.

Lemma 3.7. For each nonzero vector u = u1 + · · · + us with ui ∈ mi for each i, we have

Au(u) =
∑s

i=1
∂L
∂θi

ui. In particular, we have Au(u) ∈ mI for u ∈ mI\{0}.
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Proof. Let ui =
∑ni

l=1 u
l
ie

i
l . To prove the first statement in Lemma 3.7, we only need to verify

Q(Au(u), e
j
k) =

∂L
∂θj

uk
j for any 1 ≤ j ≤ s and 1 ≤ k ≤ ni. By Lemma 3.6,

Q(Au(u), e
j
k) =

s∑

i=1

ni∑

l=1

ul
iQ(Au(e

i
l), e

j
k) =

∂L
∂θj

uk
j +

s∑

i=1

ni∑

l=1

2 ∂2L
∂θi∂θj

(ui
l)

2uk
j

= ∂L
∂θj

uk
j + 2uk

j

s∑

i=1

∂2L
∂θi∂θj

α2
i (ui). (3.3)

Since the partial derivatives of L in (3.3) are evaluated at (α2
1(u1), · · · , α

2
s(us)) and ∂L

∂θk
is

positive 0-homogeneous,
∑s

i=1
∂2L

∂θi∂θj
α2
i (ui) = 0. The first statement in Lemma 3.7 is proved.

The second statement follows immediately.

4. Compact homogeneous spaces with two isotropy summands

4.1. Some easy observations and useful results. Throughout this section, we assume that
G/H is a connected simply connected homogeneous manifold with a compact connected simple
G (then H must be connected as well), and an Ad(H)-invariant Q-orthogonal decomposition
m = m1 + m2, in which each mi is H-irreducible. The classification of all these G/H (in
the Lie algebraic level) is given in [13] (see also Table 1-2 in [8]), which can be sorted into
two subclasses, either H is maximal in G, or we can find a compact connected subgroup K
satisfying H ( K ( G.

Fortunately, we will not essentially use this classification. Instead, the following two theorems
in [8] are crucial for proving our Theorem 1.1.

Theorem 4.1. Let G/H be a connected simply connected homogeneous manifold which isotropy

representation is the sum of two irreducible summands, and G is a compact connected simple

Lie group. Then G/H admits a G-invariant g.o. Riemannian metric which is not normal

homogeneous, if and only if there exists a compact connected Lie subgroup K such that H ⊂
K ⊂ G, G/K is symmetric, and (H,K,G) belongs to the list in Theorem 1.1 in the Lie algebraic

level.

Theorem 4.2. Keeping all assumptions and notations in this section. The following statements

are equivalent:

(1) the metric λQ|m1×m1
+ µQ|m2×m2

is g.o. for some λ 6= µ;
(2) the metric λQ|m1×m1

+ µQ|m2×m2
is g.o. for any λ, µ;

(3) for any X ∈ m1 and Y ∈ m2, there is a unique ZX ∈ C̃h(X + Y )∩Ch(X) and a unique

ZY ∈ C̃h(X + Y ) ∩ Ch(Y ) such that [X,Y ] = [ZY , X ] + [ZX , Y ].

For any U ∈ m, Ch(U) = {u|u ∈ h, [u,X ] = 0} is the centralizer of U ∈ m in h. By C̃h(U),
we denote the Q-orthogonal complement of Ch(U) in the normalizer Nh(Ch(U)) = {u|u ∈
h, [u,Ch(U)] ⊂ Ch(U)}.

We will also use Lemma 4 in [8] (see also Lemma 7 in [17]), i.e.,

Lemma 4.3. In the above assumptions, we have [m1,m2] 6= 0.

4.2. Descriptions for g.o. and naturally reductive properties. Let G/H be the ho-

mogeneous manifold described in the previous subsection, and F =
√
L(α2

1, α
2
2) a standard

homogeneous (α1, α2)-metric on G/H with respect to the given decomposition m = m1 +m2.

Lemma 4.4. F =
√
(α2

1, α
2
2) is g.o. on G/H if and only if, for any u = u1 + u2 with

u1 ∈ m1\{0} and u2 ∈ m2\{0}, there is u′ ∈ h satisfying

(
∂L

∂θ1
−

∂L

∂θ2
)[u1, u2] =

∂L

∂θ1
[u′, u1] +

∂L

∂θ2
[u′, u2]. (4.4)
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Proof.

By Lemma 3.3, F is g.o. on G/H if and only if for any nonzero vector u = u1 + u2 with
u1 ∈ m1 and u2 ∈ m2, there exists u′ ∈ h such that [u′ + u,Au(u)] = 0. By Lemma 3.7,

[u′ + u,Au(u)] = [u′ + u1 + u2,
∂L
∂θ1

u1 +
∂L
∂θ2

u2]

= ∂L
∂θ1

[u′, u1] +
∂L
∂θ2

[u′, u2] + ( ∂L
∂θ2

− ∂L
∂θ1

)[u1, u2].

So [u′ + u,Au(u)] = 0 is equivalent to (4.4). Finally, we notice that (4.4) is always valid when
u ∈ m1 ∪m2, because we can choose u′ = 0 in this case. The proof of Lemma 4.4 is finished.

As in [26], we alternatively present F =
√
L(α2

1, α
2
2) as F = αϕ(θ), Where α2(u) = α2

1(u1)+
α2
2(u2) = Q(u, u), L(1− θ2, θ2) = ϕ2(θ), and θ = α2(u2)/α(u). Then, we have

L(θ1, θ2) = (θ1 + θ2)ϕ
2(θ), θ =

√
θ2

θ1 + θ2
,

and
∂L

∂θ1
= ϕ2(θ)− θϕ(θ)ϕ′(θ),

∂L

∂θ2
= ϕ2(θ) − (θ −

1

θ
)ϕ(θ)ϕ′(θ). (4.5)

Hence Lemma 4.4 can be translated to

Lemma 4.5. Let (G/H,F ) be a standard homogeneous (α1, α2)-space with respect to the de-

composition m = m1 + m2. Then F = αϕ(α2/α) is G-g.o. if and only if for any u1 ∈ m1\{0}
and u2 ∈ m2\{0}, there exists u′ ∈ h, such that

−
ϕ′(θ)

θ
[u1, u2] = (ϕ(θ) − θϕ′(θ))[u′, u1] + (ϕ(θ) − (θ −

1

θ
)ϕ′(θ))[u′, u2], (4.6)

where θ = α2(u2)/α(u) ∈ (0, 1).

Remark 4.6. Lemma 2.4 in [26] indicates that the coefficients ϕ(θ) − θϕ′(θ) and ϕ(θ) − (θ −
1
θ
)ϕ′(θ) in the right side of (4.6) are always positive.

When u′ = 0 is always taken, Lemma 3.4 and similar calculation provide

Lemma 4.7. F = αϕ(α2/α) is naturally reductive on G/H if and only if it is a normal

homogeneous Riemannian metric.

Proof. Assume that F is naturally reductive on G/H . Lemma 4.3 provides v1 ∈ m1 and
v2 ∈ m2 such that [v1, v2] 6= 0. Take u1 = v1 and u2 = λv2 with λ > 0, then θ = α2(u2)/α(u)
can exhaust all numbers in (0, 1). By Lemma 3.4, Lemma 3.7, and similar calculations as for

Lemma 4.5, we get −ϕ′(θ)
θ

[u1, u2] = 0. Since [u1, u2] = λ[v1, v2] 6= 0, ϕ(θ) must be a constant
function, i.e., F is a normal homogeneous Riemannian metric.

To summarize, above argument proves one side of Lemma 4.7. The other side is obvious.

4.3. Proof of Theorem 1.1.

Lemma 4.8. Keeping all assumptions and notations for G/H, then the following conditions

are equivalent:

(1) any standard homogeneous (α1, α2)-metric F = αϕ(θ) on G/H, with respect to the

given decomposition m = m1 +m2, is g.o.;

(2) there exists a standard homogeneous (α1, α2)-metric F = αϕ(θ) on G/H, with respect

to the given decomposition m = m1 +m2, which is g.o. but not naturally reductive;

(3) for any u1 ∈ m1 and u2 ∈ m2, there exist Zu1
∈ C̃h(u1 + u2) ∩ Ch(u1) and Zu2

∈

C̃h(u1 + u2) ∩ Ch(u2) such that [u1, u2] = [Zu2
, u1] + [Zu1

, u2].

Moreover, Zu1
and Zu2

in (3) are unique.
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Proof. First, we prove the statement from (2) to (3). Choose any u1 ∈ m1 and u2 ∈ m2. If
one of them vanishes, Zu1

= 0 and Zu2
= 0 satisfy the requirement in (3). So we may further

assume u1 6= 0 and u2 6= 0. Since F is not naturally reductive, i.e., ϕ is not constant on (0, 1),
we can find λ > 0, such that θ = α2(u2)/α(λu1 + u2) ∈ (0, 1) satisfies ϕ′(θ) 6= 0. Applying
Lemma 4.5 to λu1 and u2,we get u′ ∈ h satisfying [u1, u2] = a[u′, u1] + b[u′, u2], in which

a = θ2ϕ′(θ)−θϕ(θ)
ϕ′(θ) and b = (θ2−1)ϕ′(θ)−θϕ(θ)

λϕ′(θ) . (4.7)

By Remark 4.6, both a and b are nonzero.

Claim A: we can choose u′ from C̃h(u1 + u2).
To prove Claim A, we first verify u′ ∈ Nh(Ch(u1 + u2)). For any v ∈ Ch(u1 + u2) =

Ch(u1) ∩ Ch(u2), we have

a[[v, u′], u1] + b[[v, u′], u2] = [v, a[u′, u1] + b[u′, u2]]

= [v, [u1, u2]] = [[v, u1], u2] + [u1, [v, u2]] = 0,

in which the two summands in the left side belong to m1 and m2 respectively. So we get
[[v, u′], u1] = [[v, u′], u2] = 0, i.e., [v, u′] ∈ Ch(u1) ∩ Ch(u2) = Ch(u1 + u2). So u′ ∈ Nh(Ch(u1 +
u2)).

Notice that the vector u′ provided by Lemma 4.5 for λu1 and u2 is not unique. It can be
replaced by any vector in u′+Ch(u1+u2). In particular, we can choose it from the Q-orthogonal

complement C̃h(u1 + u2) of Ch(u1 + u2) in Nh(u1 + u2), which proves Claim A.

We can also apply Lemma 4.5 to λu1 and −u2, and then get u′′ ∈ C̃h(u1−u2) = C̃h(u1+u2),
such that −[u1, u2] = a[u′′, u1] − b[u′′, u2]. Notice that a and b here are also given by (4.7),
because α2(u2) = α2(−u) and α(λu1 + u2) = α(λu1 − u2).

Adding the two equalities containing u′ and u′′ respectively, we get a[u′ + u′′, u1] + b[u′ −
u′′, u2] = 0, in which the two summand in the left side belong to m1 and m2 respectively. So

u′ + u′′ ∈ Ch(u1) and u′ − u′′ ∈ Ch(u2). Define Zu1
= b

2 (u
′ + u′′) ∈ C̃h(u1 + u2) ∩ Ch(u1) and

Zu2
= a

2 (u
′ − u′′) ∈ C̃h(u1 + u2) ∩ Ch(u2). Then u′ = 1

b
Zu1

+ 1
a
Zu2

and

[u1, u2] = a[u′, u1] + b[u′, u2]

= [a
b
Zu1

, u1] + [Zu2
, u1] + [Zu1

, u2] + [ b
a
Zu2

, u2]

= [Zu2
, u1] + [Zu1

, u2].

The proof of the statement from (1) to (2) is finished.
Next, we prove the statement from (3) to (1). Choose any u1 ∈ m1\{0} and u2 ∈ m2\{0},

then we have Zu1
and Zu2

provided by (3). If ϕ′(θ) 6= 0 for θ = α2(u2)
α(u) ∈ (0, 1), we choose

u′ = 1
b
Zu1

+ 1
a
Zu2

, in which a and b are given in (4.7). Otherwise, we choose u′ = 0. In
both cases, (4.6) is satisfies, and then Lemma 4.5 provides the g.o. property. The proof of the
statement from (3) to (1) is finished. The proof of the statement from (1) to (2) is obvious.

Finally, we prove the uniqueness of Zu1
and Zu2

in (3). Assume Z ′
u1

∈ C̃h(u1 + u2) ∩

Ch(u1) and Z ′
u2

∈ C̃h(u1 + u2) ∩ Ch(u2) satisfy [u1, u2] = [Z ′
u2
, u1] + [Z ′

u1
, u2]. Then we

have [Zu2
− Z ′

u2
, u1] + [Zu1

− Z ′
u1
, u2] = 0. By earlier argument, Zu2

− Z ′
u2

∈ Ch(u1), i.e.,

Zu2
− Z ′

u2
∈ Ch(u1) ∩Ch(u2) = Ch(u1 + u2). On the other hand, Zu2

−Z ′
u2

∈ C̃h(u1 + u2). So
Zu2

− Z ′
u2

= 0. For the same reason, Zu1
− Z ′

u1
= 0, which ends the proof.

Proof of Theorem 1.1. First, we prove Theorem 1.1 with the additional assumption
(g, h) 6= (D4, G2). Then the two summands in the isotropy action for G/H are inequivalent
H-representations. So the given decomposition m = m1 + m2 is the only nontrivial Ad(H)-
invariant decomposition for m. In this case, any homogeneous Riemannian metric on G/H is
a standard homogeneous (α1, α2)-metric, and any standard homogeneous (α1, α2)-metric on
G/H must be with respect to m = m1 +m2.

Assume that G/H admits a standard homogeneous (α1, α2)-metric which is g.o. but not nat-
urally reductive. Then Lemma 4.8 indicates that it satisfies (2) in Theorem 4.2. By Theorem
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4.2, G/H admits a homogeneous Riemannian metric which is g.o. but not normal. Theorem
4.1 tells us that G/H belongs to the list in Theorem 1.1, in the Lie algebraic level. Conversely,
assume that G/H belongs to the list (except the first one) in Theorem 1.1. It admits a homo-
geneous Riemannian metric which is g.o. but not normal. Then Theorem 4.2 indicates that
G/H satisfies the requirement in (3) in Lemma 4.8, and Lemma 4.8 tells us that any standard
homogeneous (α1, α2)-metric F = αϕ(α2/α) on G/H is g.o.. We may choose a non-constant
function ϕ(θ) here. Then by Lemma 4.7, we see that this F is not naturally reductive. The
proof of Theorem 1.1 when (g, h) 6= (D4, G2) is finished.

Next, we consider the case (g, h) = (D4, G2). In this case, G/H coincides with Spin(8)/G2 in
the Lie algebraic level, so any homogeneous Finsler metric is locally isometric to a homogeneous
Finsler metric on Spin(8)/G2. Because Spin(8)/G2 is weakly symmetric [10], any homogeneous
Finsler metric on Spin(8)/G2 is g.o. [9]. So any homogeneous Finsler metric on G/H is g.o.
as well. This ends the proof of Theorem 1.1.

5. Standard homogeneous (α1, α2, α3)-metrics on generalized Wallach spaces

5.1. Classification of generalized Wallach spaces. Throughout this section, we assume
that G/H is a simply connected homogeneous manifold, such that the compact connected semi
simpleG acts effectively onG/H , and we have anQ-orthogonal decompositionm = m1+m2+m3

(we call it the canonical decomposition), where each mi is an Ad(H)-invariant nonzero space on
which the H-action is irreducible, and [mi,mi] ⊆ h for each i. This G/H is called a generalized

Wallach spaces. Theorem 1 in [6] classifies generalized Wallach spaces, which consist of the
following three subclasses:

Type I: if [mi,mj ] = 0 when {i, j, k} = {1, 2, 3}, G/H is the product of three irreducible sym-
metric spaces of compact type;

Type II: if [mi,mj ] = mk when {i, j, k} = {1, 2, 3} and G is simple, the pair (g, h) is one of the
pairs in Table 1;

Type III: if [mi,mj ] = mk when {i, j, k} = {1, 2, 3} and G is not simple, G = K × K × K
and H = diag(K) ⊆ G, where K is a connected simply connected compact simple
Lie group, m1 = {(X,X,−X,−X), ∀X ∈ k}, m2 = {(X,−X,X,−X), ∀X ∈ k}, m3 =
{(X,−X,−X,X), ∀X ∈ k} and k = Lie(K). This G/H is called a Ledger-Obata space

in some literatures.

Table 1. (g, h) for the generalized Wallach space G/H with a simple G

g h g h

so(k + l +m) so(k)⊕ so(l)⊕ so(m) e7 so(8)⊕ 3sp(1)
su(k + l +m) s(u(k)⊕ u(l)⊕ u(m)) e7 su(6)⊕ sp(1)⊕R
sp(k + l +m) Sp(k)⊕ sp(l)⊕ sp(m) e7 so(8)
su(2l), l ≥ 2 u(l) e8 so(12)⊕ 2sp(1)
so(2l), l ≥ 4 u(1)⊕ u(l − 1) e8 so(8)⊕ so(8)

e6 su(4)⊕ 2sp(1)⊕R f4 so(5)⊕ 2sp(1)
e6 so(8)⊕R2 f4 so(8)
e6 sp(3)⊕ sp(1)

Let F =
√
L(α2

1, α
2
2, α

3
3) be a standard homogeneous (α1, α2, α3)-metric onG/H with respect

to the canonical decomposition. We will discuss the g.o. property of (G/H,F ). Type I is easy,
because when G/H is of Type I, we have [m,m] ⊂ h, and then any homogeneous Finsler metric
F on G/H is naturally reductive.

To discuss Type II and Type III, we need the following criterion.
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Lemma 5.1. Keeping all assumptions and notations in this section, then the homogeneous

metric F =
√
L(α2

1, α
2
2, α

2
3) is g.o. on G/H if and only if for any nonzero vector u = u1+u2+u3

with ui ∈ mi for each i, there exists u′ ∈ h satisfying




∂L
∂θ1

[u′, u1] + ( ∂L
∂θ3

− ∂L
∂θ2

)[u2, u3] = 0,

∂L
∂θ2

[u′, u2] + ( ∂L
∂θ3

− ∂L
∂θ1

)[u1, u3] = 0,

∂L
∂θ3

[u′, u3] + ( ∂L
∂θ2

− ∂L
∂θ1

)[u1, u2] = 0.

(5.8)

Proof. Assume that F is g.o. on G/H . Choose any nonzero vector u = u1 + u2 + u3 with

ui ∈ mi for each i. By Lemma 3.7, Au(u) =
∑3

i=1
∂L
∂θi

ui. Lemma 3.3 provides u′ ∈ h, which

satisfies [u+ u′, Au(u)] = 0, i.e.,

( ∂L
∂θ1

[u′, u1] + ( ∂L
∂θ3

− ∂L
∂θ2

)[u2, u3]) + (
∂L

∂θ2
[u′, u2] + (

∂L

∂θ3
−

∂L

∂θ1
)[u1, u3])

+(
∂L

∂θ3
[u′, u3] + (

∂L

∂θ2
−

∂L

∂θ1
)[u1, u2]) = 0. (5.9)

Notice that the three summands in (5.9) belong to the three distinct mi respectively, we get
(5.8) in one direction. Reversing above discussion, the other direction can also be proved.

5.2. Discussion for Type II and Type III. When G/H is of Type II or Type III, [mi,mj] =
mk for {i, j, k} = {1, 2, 3}. We can find vi ∈ mi\{0} for each i, such that Q([v1, v2], v3) 6= 0. By
the bi-invariant property, Q([v2, v3], v1) and Q([v3, v1], v2) are also nonzero. For any θ1, θ2, θ3 >
0, we can find λ1, λ2, λ3 > 0, such that ui = λivi satisfies α2

i (ui) = θi for each i. By Lemma
5.1, there exists u′ ∈ h, such that ∂L

∂θ1
[u′, u1] + ( ∂L

∂θ3
− ∂L

∂θ2
)[u2, u3] = 0, and then

( ∂L
∂θ3

− ∂L
∂θ2

)λ1λ2λ3Q(v1, [v2, v3]) = ( ∂L
∂θ3

− ∂L
∂θ2

)Q(u1, [u2, u3]) = − ∂L
∂θ1

Q(u1, [u
′, u1]) = 0.

So ∂L
∂θ2

= ∂L
∂θ3

at (θ1, θ2, θ3). For the same reason, we also have ∂L
∂θ1

= ∂L
∂θ2

at (θ1, θ2, θ3).
Now, let

Ω = {(θ1, θ2, θ3)|θi ≥ 0, i = 1, 2, 3}\{(0, 0, 0)},

and the interior of Ω is denoted by

Ω0 = {(θ1, θ2, θ3)|θi > 0, i = 1, 2, 3}.

To summarize, we have




∂L
∂θ1

= ∂L
∂θ2

= ∂L
∂θ3

, ∀(θ1, θ2, θ3) ∈ Ω0;

L(tθ1, tθ2, tθ3) = tL(θ1, θ2, θ3).

the level sets of L are the planes θ1 + θ2 + θ3 = const. Together with the positive 1-
homogeneity of L, we see that L(θ1, θ2, θ3) is a linear function on Ω0. By the smoothness of L
on Ω, we have L is a linear function on Ω, that is L(θ1, θ2, θ3) = λ(θ1 + θ2 + θ3) on Ω for some
λ > 0. The proof of Theorem 1.2 is finished.

As a direct corollary of Theorem 1.2, we have

Corollary 5.2. Any standard homogeneous (α1, α2, α3)-metric is g.o. on a Wallach space

SU(3)/T 2, Sp(3)/Sp(1)3 or F4/Spin(8) if and only if it is a normal homogeneous Riemannian

metric.

Remark 5.3. For most generalized Wallach space G/H of Type II, the three summands in

its isotropy representation are pairwise non-equivalent (see Theorem 3.18 in [7]), and then any

homogeneous (α1, α2, α3)-metric on G/H must be a standard homogeneous (α1, α2, α3)-metric

with respect to the canonical decomposition. On the other hand, for a generalized Wallach space
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G/H of Type III, the Ad(H)-action on each mi is equivalent to the adjoint representation, so

there exists many more homogeneous (α1, α2, α3)-metrics.
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