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Abstract

Let spex(n, Hyinor ) denote the maximum spectral radius of n-vertex H-minor free
graphs. The problem on determining this extremal value can be dated back to the
early 1990s. Up to now, it has been solved for n sufficiently large and some special
minors, such as {K»3,K4}, {K33,Ks}, K, and K. In this paper, we find some uni-
fied phenomena on general minors. Every graph G on n vertices with spectral radius
p > spex(n,Hyinor) contains either an H minor or a spanning book Ky, V(n — ¥4 )Ki,
where Yy = |H| — oo(H) — 1. Furthermore, assume that G is H-minor free and I"} (H)
is the family of s-vertex irreducible induced subgraphs of H, then G minus its Yy
dominating vertices is F*a(H) .1 (H)-minor saturate, and it is further edge-maximal
if F*a(H) L (H ) is a connected family. As applications, we obtain some known re-
sults on minors mentioned above. We also determine the extremal values for some
other minors, such as flowers, wheels, generalized books and complete multi-partite
graphs. Our results extend some conjectures on planar graphs, outer-planar graphs
and K, ;-minor free graphs. To obtain the results, we combine stability method, spec-
tral techniques and structural analyses. Especially, we give an exploration of using
absorbing method in spectral extremal problems.
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1 Introduction

In the last few decades much research has been done on spectra of graphs, especially,
the eigenvalues of adjacency matrices of graphs; Alon [2], Bollobas, Lee and Letzter [5],
Bollobds and Nikiforov [6], Hoory, Linial and Widgerson [26], Huang [29], Jiang [30],
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Jiang, Tidor, Yao, Zhang and Zhao [31], Lubetzky, Sudakov and Vu [36], Tait [46], Tait
and Tobin [47], Wilf [53].

Given a simple graph H, we define H to be a minor of some graph G if H can be
obtained from G by means of a sequence of vertex deletions, edge deletions and edge
contractions. Given a family of graphs H, a graph is said to be H-minor free if it does not
have any member of H as a minor. Minor plays a very important role in graph theory. We
refer the reader to a survey by Robertson and Seymour [44]. Wagner [51] proved that a
graph is planar if and only if it is {K5, K3 3 }-minor free. The study on planar graphs has a
rich history, such as, the curvature of planar graphs [1, 19, 22, 27, 28], the automorphism
groups of planar graphs [4, 13, 39, 45], the partitions of planar graphs [9, 16, 32], and the
eigenvalues of planar graphs [7, 8, 14, 17, 18, 23, 24, 35, 47].

As a generalization of planar graphs, it is interesting to study problems on graphs with
no K, minor or no K, minor. Mader [38] showed that B,_; ,_,> yields the maximum
number of edges over all n-vertex graphs with no K, minor when r < 7, however this
is not best possible when r > 7. A famous conjecture was posed by Hadwiger [21] in
1943, which stated that for every integer r > 1, every graph with no K, minor is (r — 1)-
colorable. In the 1980s, Kostochka [33, 34] and Thomason [48] independently proved
that the maximum number of edges in a K, minor-free graph G is ©(r/logrn) for large
r and hence G is O(ry/logr)-colorable. In 2001, Thomason [49] found the asymptotic
value of this edge-extremal function. Very recently, Alon, Krivelevich and Sudakov [3]
provided a short and self-contained proof of the celebrated Kostochka-Thomason bound.
Simultaneously, Norin, Postle and Song [43] showed that every graph with no K, minor
is O(r(logr)P)-colorable for B > 1/4. From spectral perspective, Tait [46] determined
the maximum spectral radius for graphs with no K, minor. The next one is K, minor.
Ding, Johnson and Seymour [15] showed that ¢(G) < (é) +n —t for every connected
graph G with no K;; minor. Chudnovsky, Reed and Seymour [11] proved that e(G) <
%(t +1)(n—1) for every graph G with no K>, minor, which confirms a conjecture of
Myers [40]. Zhai and Lin [54] obtained the maximum spectral radius of K ;-minor free
graphs for s = 1 and s > 2 respectively, which solved a conjecture of Tait [46].

Extensive studies have been conducted on the properties of graphs, and exploring the
properties of graphs through minors is a valuable approach, as minor is very useful for
characterizing inclusion relations between graphs. In particular, Mader [37] proved that
for every given graph H, there exists a constant Cy such that ¢(G) < Cy|G]| for any H-
minor free G. Let A(G) denote the adjacency matrix of G and p(G) be its spectral radius.
In this paper, we fundamentally investigate the following extremal problem.

Problem 1.1. Given a graph H or a graph family H. What is the maximum spectral
radius of an H-minor (H-minor) free graph of order n?

For many specific graphs H, Problem 1.1 has gained great popularity and has attracted
the attention of many researchers (see for example, [25, 42, 47, 46, 52, 54]). However, a
unified perspective on Problem 1.1 has not yet been found.



A generalized book, denoted by By, 4, is obtained by joining a y-clique with an
independent set of n — 7y vertices, in other words, By ,_y = K;V(n — y)K;. For a given
graph family H, we define

=|H|—a(H)—1 d ‘= mi
Vi = |H|—a(H) and ¥ 1= min ¥y,

where a(H) (or oy for simplicity) is the independence number of H. In the following,
we use SPEX (n,H,,in0r) to denote the family of graphs with maximum spectral radius
over all n-vertex H-minor free graphs. We shall assume that 7 is sufficiently large and H
contains no member isomorphic to a star. Then ¥y > 1. The first main result for Problem
1.1 is as follows.

Theorem 1.1. Every graph in SPEX (n, Hinor) contains a spanning subgraph By, n—y,.

We now introduce some new notations and terminologies. Choose an arbitrary graph
H < H. We define a family of induced subgraphs of H as follows.

I'\(H)={H[S]: SCV(H) and |S|=s}.

A member H[S] in T's(H) is said to irreducible, if I'y(H) does not contain any member iso-
morphic to a proper subgraph of H[S]. Now let I'; (H) be the family of s-vertex irreducible
induced subgraphs of H and

T(H) = |J Ty _y (H)-
HeH

It is obvious that FTHH,H(H) =17, +1(H) forevery H € H with Yy = .

A graph is said to be H-minor saturated, if it is H-minor free but adding an edge
between a pair of non-adjacent vertices always yields an H minor for some H € H. Let
SAT (n,H,pinor) be the family of n-vertex H-minor saturated graphs. Choose an arbitrary
G* € SPEX (n,H,,inor), and let L be the set of dominating vertices in G*. Then |L| = Y

by Theorem 1.1. One may expect a characterization of G* — L.

Theorem 1.2. The induced subgraph G* — L € SAT (n — Y, I'(H) inor). Particularly, if
H = {H)}, then G* — L € SAT (n— Y1, T, . (H ) minor)-

Let ex(n, Hinor) denote the maximum number of edges in an n-vertex H-minor free
graph, and let EX (n, H,;in,,) be the family of n-vertex H-minor free graphs each of which
has ex(n, Hypinor) edges. If all the members in I'(H) are connected graphs, then we can
obtain a stronger result than Theorem 1.2.

Theorem 1.3. IfT'(H) is a connected family, then G* — L € EX (n — Vi, I'(H) minor)-

Theorems 1.1, 1.2 and 1.3 can be viewed as three fundamental tools on Problem 1.1.
We now show some applications of these theorems.



Example 1. H = {K;}. Then yy = |[H|—oy —1=1t—-2and Iy, . (H) = {Kz}
for H = K;. By Theorems 1.1 and 1.2, G* has t — 2 dominating vertices and G* — L is
{K>}-minor saturated. Thus, G* = B, 3 ;2.

Example 2. H = {K,3,K,12}, where a € {2,3}. Then 5 = a — 1. Consequently,
FTH|*7H-I[(H) = FZ(H) = {K|73,K272} for H = Ka73 and FTH|*7H-I[(H) = F;(H) = {K3} for
H =K_,;>. By Theorem 1.1, G* has a— 1 dominating vertices, and by Theorem 1.2, G* —L
is {K1 3,K> 2, K3 }-minor saturated. Thus, G* — L is a path, and so G* = K, | VP,_441.

To sum up the above discussions, we have the following statements.

Theorem 1.4. i) (Tait, [46]) If r > 3, then SPEX (n,{K,}minor) = {Br—2n—r+2}-
ii) (Tait and Tobin, [47]) Ifa € {2,3}, then SPEX (n,{Kqa 3, Ka12 }minor) = {Ka—1VPa—as1}-

Example 3. H = {K, — E(Hy)}, where Hy C K, and 6(Hy) > 1. Then ay = @(Hy)
and Yy = r— w(Hp) — 1 for H = K, — E(Hy), where w(Hy) is the clique number of H.
By Theorem 1.1, G* has r — @w(Hp) — 1 dominating vertices. Specially, if @(Hp) = 2, then
I%, o1 (H) = {Ps} for Ho= "0k, and T3, . (H) = {K2 UK\ } otherwise.

Recently, Chen, Liu and Zhang [10] characterized the spectral extremal graphs for
(K, — E(Hp))-minor free graphs, where Hy consists of vertex-disjoint paths. Now we
present a result in a slightly stronger form. Let B’sit denote the graph obtained from B,
by adding k isolated edges within its independent set. By Theorems 1.1 and 1.2, we have

the following result.

Theorem 1.5. Let y=r— o(Hy) — 1 and G* be a graph in SPEX (n,{K, — E(Ho) } minor)-

Then G* contains By ,_y as a spanning subgraph. Particularly, if ®(Hy) = 2, then G* =
n—r+3
]

1"
Br—3,n—r+

5 for Hy = |i20|K2, and G* = B,_3 ,_,13 otherwise.

A (k+ 1)-wheel Wy, where k > 3, is defined as Wy, | = K;VC}. Recently, Cioaba,
Desai, Tait [12] obtained a spectral extremal result on Wy, |-free graphs.
Example 4. H = {W;1}. Then oy = | 5| and vy = |H| — oy — 1 = [5] for H = W11

By Theorem 1.1, G* has [%1 dominating vertices. Similarly, we have I';, | (H) = {K,U
(ag —1)K;} for odd k, and Iy, | (H) = {PsU (an —2)K1,2P, U (o — 3)K; } for even

k. By Theorem 1.2, we have the following result on W ;-minor free graphs.

Theorem 1.6. Let y = [5]. Then SPEX (n,{Wi.i1}minor) = {Byn—y} for odd k, and
SPEX (n, {Wis1 }minor) = {B}m_y} otherwise.

At-flower Fy, ., 1s the graph obtained from 7 cycles of lengths s1,...,s; respectively
by identifying one vertex. A ¢-flower is said to be odd, if there exists an odd s; for i €
{1,...,t}. If sy = --- =5, = 3, then it is a friendship graph. Very recently, He, Li and
Feng [20] determined SPEX (n, {F&A.A’s}m,-nor) fors € {3,4}.

Example 5. H = {F;, _} Then |H|=Y!_5;—(t—1), ag =Yi_;|5] and vy =
|H| —ay — 1 =Y;_,[3]—t. If there exists an odd s;, then we define a subset S* C V(H)
by choosing oy independent vertices and an extra vertex in Cs;. Now H[S*] = K, U (o —
1)K;. Clearly, I, ., (H) = {H[S*]}. By Theorems 1.1 and 1.2, G* = By,_,, where

og+1



¥ = 7. If each s; is even, then oy = Yi_; 5. Thus, for every (o + 1)-subset S of V(H),

there exists some i with [SNCy;| > 5 4 1. Hence, H[S] contains either a P; or a copy of

2Py, andso Iy, (H) = {P3U (o —2)K;,2P, U (o — 3)K1 }. By Theorem 1.2, G* — L

contains exactly one edge. Thus, G* = B},n »
Consequently, we have the following result.

Theorem 1.7. Let y=Y"!_ ([3]—t. Then SPEX( {Fsh_,_,s[}mimr) = {By,n—y} for an odd

flower Fy, s, and SPEX( ,{Fsl?.“,s,}mmor) {B! 7,,,7,} otherwise.

As usual, we denote by G the complement of a graph G and K, a complete r-
partite graph with min{r,s1} > 2 and 51 > --- > s,. Let Hy, 5, = (B — 1)K 5, UK} 5,15,
where B(s2+ 1)+ o =51+ 1 and 0 < By < s5,. Obviously, Hy, s, is a star forest of order
s1+1. Let S(Hj, 5,) denote the graph obtained from Hj, 5, by subdividing an edge uv with
minimum degree sum d(u) +d(v). Denote by Pet* the Petersen graph. Set 8 = Li;i“
and n—Y5s;+1:=ps; +q (1 < g <s1). Now we introduce a graph G4, which will play
an important role in our next theorem.

(p_l)KS1US( 51 Sz) if(q,ﬁ) ( )

o (P DE UPe i (g, Busi) = (2,1.8):
(p—q)Ks, UqH, 5,  ifg<2(B—1)and (¢,B) # (2,2);
pKy, UK, if g>2(B—1)and (q,B,51) # (2,1,8).

Example 6. H= {K517~~75r}‘ Then |H| = Z;:] Si, Og = S1 and Yo = |H| —og—1=
Yi,si—1.Ifsp =1, then yy =r—2. If H is not a star, that is, }./_,s; —1 > 1, then
G* contains a set L of 77 dominating vertices. However, it is not easy to characterize the
structure of G* — L. Hence, we present the result here, and give its proof in Section 4.

Theorem 1.8. Let min{r,s1} >2, 51> --->s,>1land y=Y] ,si—1> 1. Then

i) if sp > 2 or sy is even, then SPEX (n, {Kshwsr}m,-nor) ={K,VG*},

ii) if s = 1 and sy is odd, then SPEX (n, {Ksh.u,sr}minor) = {K,VG"}, where every com-
ponent of GV is a cycle for sy = 3, and is either Ky, or Hy, | for s; > 5.

The rest of the paper is organized as follows. In Section 2, we provide some prelim-
inary results. Especially, we give a stability theorem, which is a key tool of this paper.
For the sake of readability of the article, we shall postpone its proof to the last section.
In Section 3, we use the above stability theorem and an absorbing method to prove The-
orem 1.1. Based on Theorem 1.1, we further present the proof of Theorems 1.2 and 1.3,
which give a more refined description of extremal graphs in SPEX (1, Hjpinor)- In Section
4, we will use Theorems 1.1, 1.2 and 1.3 to characterize SPEX (n,H,i0r) for complete
multipartite minors. This extends a conjecture proposed by Tait [46].

2 Preliminary results

Observe that an isolated vertex in a graph H does not work on determining whether
a graph G of order large enough is H-minor free or not. Throughout the paper, let H



be a family of graphs in which every member H is a finite graph with minimum degree
O0(H) > 1. We use |G| and ¢(G) to denote the numbers of vertices and edges in a graph
G, respectively. For a subset S of V(G), let G[S] be the subgraph induced by .

In 1967, Mader [37] proved an elegant result on minors, more precisely, if G is an H-
minor free graph of order n then there exists a positive constant Cy such that e(G) < Cyn.
The following lemma was obtained by Thomason [50].

Lemma 2.1. Every non-empty graph G with e(G) > 25T't|G| has a proper K, minor.

Lemma 2.1 implies a more precise bound for K ; minor. Using it, we can obtain the
following bound for general H minor.

Lemma 2.2. Let G be an H-minor free graph on n vertices. Then e¢(G) < Cy - n, where
Cy =2HH1e(H).

Proof. Let H' be the graph obtained from H by subdividing every edge once. Clearly,
H' is a bipartite graph with |H| + e(H) vertices and it can be embedded in K|g| ¢(x)-
Therefore, K|g) .(z) contains a subgraph H " and thus an H minor.

Now suppose to the contrary that e(G) > 2/#I*1¢(H)n. Then by Lemma 2.1, G has a
K| e(77) minor and thus an H minor, a contradiction. Hence, the result holds. U

The following lemma can be found in [11], and its original version is shown in [15].

Lemma 2.3. ([11, 15]) Lett > 3 and n >t + 2. If G is an n-vertex connected graph with
no Ky, minor, then e(G) < (5) +n—t, and for all n, this is the best possible.

Let S°(K;) be the graph obtained from K; by replacing an edge with a path of length
¢+ 1. As pointed by Ding, Johnson and Seymour [15], the upper bound in Lemma 2.3
is sharp and S"/(K;) is an extremal graph. A natural question is to characterize all the
extremal graphs. If 1 = 3, then §" 7 (K;) is an n-cycle and is clearly the unique extremal
graph. We now consider the case t = 4, which is useful for our main theorem.

Lemma 2.4. Let n > 5 and G be a K 4-minor free connected graph of order n with
maximum number of edges. Then G = S"~*(Ky).

Proof. Since S" *(Ky) is K| 4-minor free for n > 5, we have e(G) > e(S" *(Ky)) =n+2.
On the other hand, for n > 6 we obtain ¢(G) < n+2 by Lemma 2.3, and for n =5 we can
see ¢(G) < L%ﬁj =7 as A(G) < 3. Therefore, ¢(G) =n+2.

Since G is a Kj 4-minor free connected graph, we have A(G) <3 and 6(G) > 1. Now
let U; denote the set of vertices of degree i in G fori € {1,2,3}. Then

2n — ‘U]|—|—‘U3| = |U|‘ —|—2|U2‘ —|—3|U3‘ = Ze(G) =2n+4,

which yields that |Us| — |U, | = 4.
In the following, we show G = §"*(Kj). The proof is proceeded by induction on 7.
If n =5, then combining |U; |+ |U|+ |Us| = 5 and |Us| — |U;| = 4 gives 2|U; | + |U,| = 1.
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Figure 1: The extremal graph G in Case 1.

Thus, |U|‘ =0, ‘U2| =1 and |U3‘ = 4. Assume that U, = {u} and U3z = {V1,V2,V3,V4},
where NG(M> = {VI,V2}. Then, N(;(V3> = {VI,VZ,V4} and N(;(V4) = {VI,VQ,V3}. It follows
that G =2 S'(Ky), as desired.

Assume now that n > 6. We first show that Uy is empty. Suppose to the contrary that
ucUj. Then e(G—{u}) =(n—1)+2and G —{u} is a K; 4-minor free connected graph.
By the induction hypothesis, G — {u} =2 §">(K;). Whether u is adjacent to a vertex of
degree two or degree three in G — {u}, G always contains a Kj 4 minor, a contradiction.
Thus, Uy = @. It follows that |Us3| = |U;|+4 =4 and |Uy| =n—4 > 2. Assume that
Us = {vi,v2,v3,va}. In the following, we distinguish two cases.

Case 1. Every vertex in U, belongs to a triangle.

Recall that |U,| > 2. Choose uy,u, € Up. If uj,up contains two common neighbors
wi and wy, then wiwy € E(G) as uj,u; belong to a triangle respectively. Now dg(wy) =
dg(wa) =3 and G[{uy,up,w;,w,}] is a component of G, contradicting the fact that G is a
connected graph of order n > 6.

Assume now that Ng(u1) "\Ng(uz) = {w}, and w; € Ng(u;) \ {w} fori € {1,2}. Then
wwi,wwy € E(G) and uy,uy, wi,wy € Ng(w), which implies that uju; € E(G) (otherwise,
G contains a K 4). Thus, {u1,us,w} induces a triangle. Since G is connected and n > 6,
we have dg(w) = 3. Let Ng(w) = {uy,up,u3}. Then dg(uz) = 2 (otherwise, dg(u3) > 3,
we will get a K; 4 minor). Let Ng(u3) = {w,us}. Then wus € E(G) as u3 belongs to a
triangle. But now dg(w) > 4, a contradiction.

Now we can conclude that Ng(u;) N Ng(uy) = &. Since u; belongs to a triangle, we
have ujuy ¢ E(G). Let P = uyw) ...wsuy be a shortest path connecting u; and u; in G.
Assume that Ng(u1) = {wy,u3} and Ng(up) = {ws,us}. Then uz,us ¢ V(P) and u3 # ug4.
Furthermore, wiuz, wsua € E(G), as uy,u belong to triangles. Thus, u;,u3 € Ng(w1) and
uz,us € Ng(wy). Contracting the subpath wy ... wy as a vertex, we obtain a copy of Kj 4, a
contradiction. The proof of Case 1 is completed.

Case 2. There exists a vertex u € U, with two non-adjacent neighbors.

Assume Ng(u) = {uj,uz} and ujuy ¢ E(G). Let G’ be the graph obtained from G
by contracting the path ujuu, as an edge uju, (that is, u is absorbed). Then ¢(G') =
e(G)—1=(n—1)+2. Since G is K; 4-minor free, G’ is too. By the induction hypothesis,
G' = §"5(K,). Let P be the induced path of length n —4 in G’. Then both ends are of



degree three in G’ and G. We may assume P = v{wy ...w,_sv2, Where vi,v, € Us.

If ujuy € E(G")\ E(P), then uy,u; are of degree three in G’ and G. Now if {uj,ur} =
{v3,v4}, then G[{vi,v2,v3,v4,wi,u}| has a K; 4 minor (see Fig. 1), a contradiction. Thus
uj € {vi,v2} and up € {v3,v4}. Assume without loss of generality that {u;,ur} = {vi,v3}.
Then G[{vi,v2,v3,v4,wy,u}] still has a K; 4 minor (see Fig. 1), a contradiction. Hence,
ujuy € E(P), and now G = S”_4(K4), as desired. The proof is completed. O

In the following, we introduce some basic notations and terminologies. A generalized
book, denoted by By, _y, is obtained by joining a y-clique with an independent set of
n — vy vertices. Specially, B ,,_» is called a book. Let oy be the independence number of
a graph H, that is, the cardinality of a maximum independent set in H. We now define an
important variation on a given family H which contains no star as a member.

Y := min Yy, where yy =|H|—ay—1. (1)
HcH

A graph H is said to be minimal with respect to Hl, if H € H such that (i) Yy = Yu;
(ii) subject to (i), |H| is also minimal. It is obvious that all minimal graphs have the same
independence number. Thus, we can set Qg := o+ for an arbitrary minimal graph H*.
Moreover, we define Cyy := minCpy+, where H* takes over all minimal graphs. Recall that
Vi = |H*| — o+ — 1 and Cy= = 217"+ 1e(H*). Hence, Y5 + o < Cyr.

An elementary operation on a graph is one of the following, that is, deleting a vertex,
or deleting an edge, or contracting an edge. Clearly, a graph G contains an H minor if
H can be obtained from G by a sequence of elementary operations. A graph is said to
be H-minor free, if it does not contain an H minor for any H € H. Observe that H is a
spanning subgraph of By, ;1 o,. Thus we have the following lemma.

Lemma 2.5. By, 1 ¢, contains an H minor.

Let spex(n, H,,inor) be the extremal spectral radius of graphs in SPEX (n, H,inor)-

Lemma 2.6. By, ,_y, is H-minor free, and spex(n,Hyinor) > \/ Yu(n — Ym).

Proof. Choose an arbitrary member H € H. We first claim that By, ,_, contains no copy
of H. Indeed, otherwise, H C By, ,y,. Let § be the (n— yg)-vertex independent set and
T be the yg-clique in By, ,—y,. Then,

VH)NS| = [V(H)\T| > |H| = Ya = o + 1.

Furthermore, since V (H) NS is also an independent set in H, we have oy > |V(H) N S| >
oy + 1, a contradiction. Therefore, the claim holds.

We now show that By, ,_, is H-minor free. Suppose to the contrary that By, , v, has
an H minor. Then H can be obtained by a sequence of elementary operations on By, ;v
These elementary operations give rise to a graph sequence Hy, Hy, - - - ,H,(= H). From the
structure of a generalized book, we know that every elementary operation on a subgraph
of By, »—y, always gives a new subgraph of By, ,_,. This implies that H is a subgraph
of By, n—y,, contradicting the claim proved above. Thus, By, ,_y, is H-minor free.



In view of (1), ¥y < Yy and hence By, 4, is a subgraph of By, ,_y,. Since By, ,_y,
is H-minor free, By, v, 18 too. Considering the choice of H, we can see that By, v,
is H-minor free, and so spex(n, Hyinor) > P (Bygn—yy). Note that Ky, g C By oy
Therefore, we have spex(n, Hpinor) > P (Kyyn—ys) = v/ Vir(n — i), as desired. O

We end this section with the following stability result. For the sake of readability of
the article, we postpone its proof to the last section.

Theorem 2.1. Let G be a graph of order n large enough. Let X be a non-negative eigen-
vector corresponding to p(G) with x,» = max,cy(g)Xu- If P(G) > \/Yua(n— ), then
either G contains an H minor for some H € H, or G admits a set L of exactly yg vertices

such that x, > (1 — m)xu* and dg(u) > (1— %)nfor every u € L.

(10Cg)?

3 Absorbing method on SPEX (n, H,,,;,)

Choose an arbitrary G* € SPEX (n, Hypinor). Let X* = (x1,...,x,)7 be a non-negative
unit eigenvector with respect to p(G*), and u* € V(G*) with x, = max,cy(g+)Xu- Set

p* :=p(G*). Then, p* = spex(n,Hyinor) > v/ Yu(n — yu) by Lemma 2.6. Furthermore,
by Theorem 2.1 we have the following proposition.

Proposition 3.1. G* contains a set L of exactly Yy vertices such that x,, > (1 -3

S
(10CH)2)XM*
and dg-(u) > (1— U()g,w)nfor every u € L.

In this section, we partition V(G*)\ L into L' UL", where L” = {v: Ng+«(v) =L}. The
key lemma is Lemma 3.3, which will be proved by absorbing method. We shall find an
absorbing set in ", and then use it to absorb vertices in L. To this end, we need some
more definitions and propositions.

Definition 3.1. A path P = viv,...vs (where possibly vi = vy) is called a linear path
in G, if PC G and dg(vi) =2 for each i € {2,...s — 1}. A linear path P is said to be
maximal, if there exists no any linear path P' such that P C P' and P # P'.

By Definition 3.1, every linear path is either an induced path or an induced cycle in G.
Given a connected graph G with |G| > 2. Definition 3.1 also implies the following two
propositions.

Proposition 3.2. Let P be a maximal linear path in G. If P is a path, then dg(v) # 2 for
each endpoint v; if P is a cycle, then dg(v) # 2 for at most one vertex v.

Proposition 3.3. Every non-trivial connected graph has an edge-decomposition of its
maximal linear paths.

For a graph H with V(H) = {vy,...,v;}, a model of H in a graph G is a collection
of vertex-disjoint connected subgraphs G,,, ..., G, such that for any v;v; € E(H), there
exists an edge with one end in G,, and the other end in Gy, It is not hard to see that G has
an H minor if and only if there is a model of H in G. Based on this terminology, we can
further introduce a definition.
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Definition 3.2. Let G be a graph with an H minor and {G,, : vi € V(H)} be a model of
H in G. Then, (V(G,,),...,V(G,,)) is called an H-partition of G.

Note that U, cy 1)V (Gy;) € V(G). Hence, an H-partition of G may not be a partition
of V(G) although its members are vertex-disjoint. An H-partition is said to be minimal,
if Zlﬂ |G,,| is minimum over all H-partitions of G.

By Proposition 3.1, |L| = ¥z = mingep(|H| — oz — 1). Recall that V(G*)\L=L"U
L", where L' = {v: Ng+(v) = L}. Also by Proposition 3.1, every vertex in L has at most

n

o non-neighbors in L. Hence,

n Yan
(10Cy) (10Cy)?

Before proceeding we need some more notations. Given a graph G with u € V(G) and
S CV(G), we write Ng(u) := Ng(u) NS and dg(u) := |Ng(u)|. Let GUG' be the union of
two vertex-disjoint graphs G and G'. Specially, we use kG to denote the disjoint union of
k copies of G. For two disjoint subsets S, T C V(G), let G[S, T] be the bipartite subgraph
obtained from G[SUT| by deleting all its edges within S and within 7. We use ¢(S) and
e(S,T) to denote the numbers of edges in G[S] and G[S, T, respectively.

[y @

Lemma 3.1. d;»(v) < ay for eachv € L' UL" and G*[L"] is (K} gg+1 U YK )-minor free.

Proof. We first show dy»(v) < ogg for v € L' UL". Suppose to the contrary that dy»(vg) >
o+ 1 for some vo € L'UL". Let L = {uy,...,uy, } and {wo,...,wey } C Ny (vo).

In view of (2), we have |L”| =n—|L|—|L'| > i+ oz + 2 for n large enough. Thus we
can choose ¥ vertices vi,va, ..., vy in L”\ {vo,wo, w1, ..., wey }. Note that G*[L,L"] =
Kz}, )z Now let G be the graph obtained from G* by contracting each edge u;v; as a new
vertex %; for i € {1,...,ym}. Then, {uy,...,uy,} is a clique in G and %; € Ng(w;) for
ie{l,...,ya}and j € {0,..., 0q1}.

Furthermore, let G’ be the graph obtained from G by contracting the edge vow as
a new vertex #o. Recall that u; € Ng(wo) for i € {1,..., 7} and w; € Ng(vo) for j €
{1,...,0m}. Thus, u;,w; € Nor(up) forie {1,...,yg}and j € {1,..., o}

Now, we can see that G'[{w;,w; : 0 <i <y 1 < j < ogg}] contains By, 1 oy as a
spanning subgraph. By Lemma 2.5, G’ contains an H minor for some H € H and thus G*
too, a contradiction. Therefore, dy»(v) < oy foreachv € L' UL".

Next suppose that G*[L”] contains an Hy-minor, where Hy 2 Ki o +1 U ymKy. Let
G" be the graph obtained from G* by replacing G*[L"] with a copy of Hy. Then for
G", |L"| = |Ho| = Y + ogg + 2 and there exists a vertex vy € L” with dy»(vg) > ogg + 1.
By the above discussion, G” contains an H minor for some H € H and thus G* too, a
contradiction. Therefore, the lemma holds. O

4x w*
100Cy

Lemma 3.2. x, < foreachve ! UL".

Proof. Choose an arbitrary v € L’ UL”. Then di(v) < |L| = g, and by Lemma 3.1
dr»(v) < ogg. Recall that Y5 + ogp < Cyg. Thus

de-(v) =dpop(v) +dp(v) < (Ya+am) +dp(v) < Ca +dp (v).
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Since p*xy = Lyeng. (v) Xu < do= (v)Xy, we have

Y o' < Y (Cu+dpy(v)xe = (Cull'|+2e(L))x,

vel! vel!

where ¢(L') < Cy|L'| by Lemma 2.2. Combining (2) gives p*Y ./ xy < 3Cu|L |x,» <

3 .
1()7(/)[H[c_7;ﬂ X+ Again by dy rn(v) < vg + o < Cyg, we have

% 3Yan
prlrv= Y xw= Y xu+qu§Cqu*+me~ (3)

UENGx (v) uEN 11 (v) uel!

Dividing both sides of (3) by p* and combining p*? > ¥ (n — Y1), we obtain that x, <
4XM*

1000y for n sufficiently large, as desired. ]

Now we are ready to show a key lemma, which states that L’ is empty. We proceed
the proof by contradiction and absorbing method. To make the proof readable, we divide
it into some claims and present a sketch as follows.

i) Construct a graph G’ such that p(G’') > p(G*) and G'— L' = G* — L. Then G’
admits an H' minor for some H’ € H, and thus an H’-partition ¥'.

ii) Using the H'-partition ¥, we find an absorbing set P* in G’[L"], which should be a
maximal linear path of length sufficiently large.

iii) Based on G’, we construct a graph G” by using P* to absorb vertices in L'. Now
we obtain a new maximal linear path P of order |P*|+ |L'| in G"[L' UL"].

iv) Prove p(G") > p(G*). Then G” contains an H” minor for some H” € H, and thus
an H" -partition 7. Based on ¥, we shall construct a graph G””, by contracting P in G”
as a new path of order r < 2|H"”| + 1, such that G"” also contains an H” minor.

v) Contract P* in G* — L as a new path of order r. The resulting graph is isomorphic
to G"”’. Hence, G* contains a G"” minor and thus an H” minor, a contradiction.

Lemma 3.3. L' is an empty set.

Proof. Suppose to the contrary that L' # &. Let G’ be the graph obtained from G* by
deleting all edges incident to vertices in L’ and joining all edges from L’ to L.

Claim 3.1. Let p' := p(G'). Then p' > p*.

Proof. Since e(L") < Cy|L'|, there exists v; € L’ with dj/(vy) < %,L'/) <2Cy. Set L :=L
and L) := L} \ {v1}. Then we also have ¢(L}) < Cy|L}|, and thus there exists v, € L}
with dpy (v2) <2Cy. Repeating this step, we obtain a sequence L’l,...,L" 1| such that
Li = L;\{vi} and d(v;) < 2Cp for each i. Now we can decompose E(G*[L']) into [L'|

subsets {vjv: v € Np/(v;)}, where i = 1,...,|L|. Thus,

L

p/_p* ZX*T(A(G/)—A(G*))X* > ;vai(qu— Z xv). 4)

uel VEN, o (Vi)
l
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Recall that ¥ + oy < Cy. Moreover, by Proposition 3.1, we have |L| = ¥y and

1 1

On the other hand, for each v; € L', we have d.(v;) < |L| — 1 = yg — 1 by the definition
of L', d»(v;) < ayg by Lemma 3.1, and dL;(v,-) < 2Cy by the choice of v;. Moreover,

Lemma 3.2 gives x, < lg)(c)‘gH forve L’UL". Thus,

4X* 4-_X*

< (M — )X +(0‘H+2CH)m,

Z Xy < dL(Vi)xu* +dL”UL§(vi)m <

VENL 1t (vi)

which implies that Yey, /() % < (Vi — )X, as o +2Cp < 3Cy. Combining with

(4) and (5), we obtain p’ > p*, with equality if and only if X* is also an eigenvector
corresponding to p(G’) and x,, = 0 for each v; € L’. Observe that G’ is connected. If X*
is an eigenvector corresponding to p(G’). then X* is positive by the Perron-Frobenius
theorem. Hence, p’ > p*, as desired. 0

In view of Claim 3.1 and the choice of G*, G’ must contain an H' minor for some
H' € H. Let ¥ = (V1,...,Vjg) be a minimal H'-partition of G'. A set V;, where i €
{1,...,|H'|}, is called a good set if both V; N L and V; \ L are non-empty. Since |L| = g
and V1, ..., Vg are vertex-disjoint, there are at most ¥ good sets in ¥". We now give a
precise characterization for good sets.

Claim 3.2. Every good set has exactly two vertices.

Proof. By the definition, we have |V;| > 2 for each good set V;. Now, suppose that there
exists a good set V; with |V;| > 3. Choose u € V;NLand v € V;\ L. Note that G'[L, L' UL"] =
Ky jorr)- Thus L'UL" C Ng(u) and L € Ng(v). Thus, if we contract the edge uv as a
new vertex w in G', then w is a dominating vertex in the resulting graph. Let V/ = {u, v}
and 7" = (V1,...,V/,...,Vig). Then, ¥ is also an H'-partition of G', contradicting the
fact that 7 is minimal. Therefore, the claim holds. O

Claim 3.3. Fori € {l,...,|H'|}, every induced subgraph G'[V;N (L' UL")] is connected
provided that V;N (L' UL") # @.

Proof. Suppose to the contrary that G'[V; N (L' UL")] is not connected for some i. Then
[Vin(L'UL")| > 2. However, G'[V]] is connected by the definition of model. Thus V;NL #
2. This implies that V; is a good set and |V;| > 3, contradicting Claim 3.2. O

In the following, we further assume that " = (Vy,..., V) is a minimal H '_partition

!
of G’ such that |[L'N (Ul.]:{l|‘/,~)| is also minimal. Moreover, assume that G’[L"] have ¢
connected components G, ..., G,.

Claim 3.4. L" C U™V, and c < |H').
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Proof. Note that G*[LUL"] = G'[LUL"]. If U‘H |V C LUL", then ¥ is an H'-partition
of G*, contradicting the fact that G* is H’-minor free. Hence, L' N (Ul-]:{1|Vi) #* D.

Now suppose to the contrary that there exists a vertex u € L'\ (ULZ]‘V,) Choose a
vertex ve L'N (UlZlJV,) We may assume without loss of generality that v € L' NV;. Then,
set Vi == (Vi \{v}) U{u} and ¥" := (V{,Va,...,V|p|). Note that Ng:(v) = L C Ng(u).
Then, ¥ is also an H'-partition of G’, contradicting the assumption that |L' N (Uy:{/l'V,ﬂ is
minimal. Thus, L” C Ulﬂ'Vi.

In the following, we show ¢ < |H'|. On the one hand, szlV(Gj) =1"C UEZ/JVZ-. On
the other hand, by Claim 3.3 we can see that for each V; (where 1 <i < |H’|), there exists
at most one G; with V(G;) NV; # @. Therefore, ¢ < |H'|. O

Claim 3.5. Let |G| = max << |G,|. Then e(G) < |G|+ t/n.

Proof. Recall that |L| = y. It follows from (2) that [L”| =n—|L| — |L'| > 5. Combining
Claim 3.4, we have

| n
- 2|H/‘7

|L//

which implies that |G| > Yy~ + oy~ + 3 (where H* is minimal with respect to H). Now

1
|G1| > ;|LH| > (6)

|H'|

using a spanning tree of G, we can find a vertex subset S C V(G| ) such that |S| = yy+ and
G — S is also connected. Observe that G*[L"] = G'[L"]. Set := o« + 1. Then by Lemma
3.1, Gy is (K14 U yg+ K )-minor free and thus G| — S is K ;-minor free. Since G| —Sis a
connected graph of order at least 7 42, it contains a Kj ». This implies that # > 3. Now
using Lemma 2.3, we obtain (G — ) < (3) +|G1 — S| — . Moreover, Lemma 3.1 also
gives dy#(v) < oy foreach v € L. Consequently,

e(G1) <e(Gr—8)+ Y dp(v) —z (t—1)+ |G| —|S] —t +|S| o+
ves
It follows that ¢(G1) < |G| + 6\/ﬁ for n large enough. O

Claim 3.6. Let U, be the set of vertices of degree one in Gy. Then |U;| < |H'|.

Proof. We first show |[V;NU;| < 1 foreachi€ {1,...,|H’|}. Suppose to the contrary that
|V;NU;| > 2 for some i. Note that V;NU; C V;\ L. Then |V;\ L| > |V;NU;| > 2. Now if
ViNL # &, then V; is a good set, and thus |V;| = 2 by Claim 3.2, a contradiction. Hence,
VinL =@, thatis, V; C L' UL".

Since G'[V;] is connected and |V;| > |V; NU;| > 2, there exist ug € V;NU; and wy €
Ny, (up). Recall that L C Ngr(v) for each v € L'UL". Consequently, L C Ng/ (1) N"Ng (wp),
as ug,wo € V; C L'UL". Since G is a component of G'[L' UL"] and uy is a vertex of degree
one in G|, we can see that wy is the unique neighbor of ug in L' UL", and thus Ngr (uo) \
{wo} € Ng'(wo) \ {uo}. Hence, (V1,...,Vi\{uo},...,Vjg)) is also an H'-partition of G,
contradicting the minimality of #". Hence, |V;NUj| § 1 for each i, as desired.

Note that U C V(Gy) C L”. Moreover, L € U [V; by Claim 3.4. Thus, Uy € U v;.
Since |V;NU;| < 1 foreachi€ {l1,...,|H’'|}, we obtain |U;| < |H'|. O
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Vi
20ET

Proof. Let U, = {v € V(Gl) : dGl(v) = 2} and U; = V(Gl) \ (Ul UU2). Then, 3‘G1‘ —
2|U1 | — ‘U2| = ‘U] ‘ —|-2|U2‘ —|-3|U3‘ < Ze(Gl), which yields that e(Gl) — |U2| < 3(6(G1) —
|G1]) +2|U;|. Combining Claims 3.5 and 3.6 gives that

Claim 3.7. G| admits a maximal linear path P* of order at least

(1)~ U] < 5VA+ 2| < Vi )

Assume now that there are ¢(G) maximal linear paths in G;. If G itself is a cycle,
then ¢ (G;) = 1 by Definition 3.1. If G| is not a cycle, then by Proposition 3.2, two ends of
every maximal linear path occupies exactly two degrees of vertices in V(Gy) \ U,. Thus,

2¢(G1) = Lyev(G,)\t» 4G, (v). Combining (7) gives

0G)=5 ¥ do(v)=e(G)~|Ua] < Vi

veV (G1)\Uz

But in view of (6), we have |G| > ﬁ Moreover, by Proposition 3.3, G| admits an

edge-decomposition of its maximal linear paths. Therefore, there exists a maximal linear

x e(G1) | ~ €(G1) Gi] - Vi
path P* of length at least 7=, and thus |P*| > ocn 12 3G = am O

Note that V(P*) C L” and L' is an independent set in G'. Now we use P* to absorb
vertices in L. Assume that P* =wywy...w, and L' = {v,vy,...,v;,}. Let G” be the graph

obtained from G’ by replacing the edge wiw> with a path wiviva...vpws.
Claim 3.8. Let p” := p(G"). Then p” > p*.

Proof. Recall that p(G’) =p’ > p* by Claim 3.1. It suffices to show p” > p’. Note that G’
is connected. By the Perron-Frobenius theorem, there exists a positive unit eigenvector

Y = (y1,...,yn)" corresponding to p(G'). Set 0y, := ¥,cryu and y}, := maX,er Yw-
For every v; € L', since N (v;) = L, we have p’y,, = or. Consequently, y,, = y,, = %.
Moreover, by Lemma 3.1, d;»(w) < o foreach w € L”. Thus, p’y}, < o7+ oggy; », which

yields y7, < p,f—LaH. By Lemma 2.6, p* > \/¥u(n— Y1), and thus p’ > /7 (n — w) >

20qg. Combining these inequalities, we obtain

Oy, 207,
max{yy,,Yw, } <y < o om < o = 2yy, = 2y, (8)

On the other hand, one can see that

p"—p'> 20wy Yy T Ywa Vv, = YwrYwa) = Ywy (200 = Ywy) + Ywa (200, = Yw)-
Combining (8), we have p” > p’, and so p” > p*. O

We are ready to complete the proof of Lemma 3.3. Note that G”[L' UL"] has a maximal
linear path P = wvivy...vpwy ... We_1W,. In view of Claim 3.8 and the definition of G¥,
G" contains an H" minor for some H” € H. Let #" = (V1,...,V|y») be a minimal H"-
partition of G”. Applying Claim 3.3 on G” and ¥, we know that either V;N (L' UL") = &
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or G"V;n(L'UL")] is connected for every i € {1,...,|H"|}. This implies that V;N\V (P) =
g, G"[V;NV(P)] is a subpath of P, or G”[V;NV(P)] consists of two subpaths P, P’
such that wy € V(P') and w, € V(P"). Now let P(i) = G"[V,nV(P)], i=1,...,|H"].
Then P(1),...,P(|H"|) separate P into r subpaths, where r < 2|H”|+ 1. Let G"” be the
graph obtained from G” by contracting each of these r subpaths as a vertex. Then by the
definition of model, G"”" also has an H” minor.

On the other hand, recall that G*[L"] = G'[L"] and P* C G'[L”]. Hence, P* is also a
maximal linear path in G*[L”]. By Claim 3.7, |P*| > ZI—\I/‘I’Z’I > 2|H"| + 1. One can observe
that if we contract the path P* as a new path of order r in G* — L, then the resulting
graph is isomorphic to G". Hence, G* contains a G"”" minor and thus an H” minor, a

contradiction. Therefore, L' = &. This completes the proof of Lemma 3.3. O
In the following, we complete the proof of Theorem 1.1.

Proof. Now, we know that |L| = ¥ by Proposition 3.1 and V(G*) = LUL" by Lemma
3.3. Thus, G* contains Ky, , v, as a spanning subgraph. To prove Theorem 1.1, that is,
G* contains By, ,_y,, it suffices to show G*[L] = Ky,.

Suppose to the contrary that L is not a clique in G*. Then we can find u;,u, € L with
uiuy ¢ E(G*). Since [L”| = n—|L| > maxyey(|H| + 1), we can choose a subset L € L”
with |L”'| = maxgep (|H| 4+ 1). Now set L := L\ L"". By Lemma 3.1, d;»(w) < oy for
each w € L”. Tt follows that

e(L")—e(L") < Y dpr(v) < max(|H|+ 1) o < v/n.
" HeH
vel
Moreover, let x}, := max,,cz7x,. Then we have p*xj, < ¥,c; X, + Omx},, Recall that
p* > +/vm(n— ym). Hence,

X Xy 2
< Y e Xu < YHXu < MHIXM*.

Cpf—am pr—om oV on

*
X L

Now let G be the graph obtained from G* by deleting all edges in E(L")\ E(L"") and

adding an edge ujuy. By Proposition 3.1, min{x,,, x4, } > (1 — 3

W )Xu* , and thus

PO =p(G) = 2(nre— X mx)
wiwp€E(L"\E (L")

SR A
> 2(01 20cr) VT )
> 0,

which implies that G contains an Hy minor for some H, € H.

Now let 7" = (V1,...,V|g,|) be a minimal Ho-partition of G. Observe that Ng(v) = L
for each vertex v € L. Applying Claim 3.3 on G and ¥/, we can see that |V;NL"| < 1
fori=1,...,|Hy|. Since |L""| = maxgyeu(|H|+ 1) > |Hp| + 1, there exists a vertex v €
L\ Ul.ilol"/i. Consequently, 7 = (Vi,...,V|y,) is also an Ho-partition of G — {v}. In other
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*

words, G — {v} contains an Hy minor. Now let Gy, ,

be the graph obtained from G* by
contracting the edge u1v as a new vertex %;. Then ujuy € E(Gy,,), and thus G — {v} is
isomorphic to some subgraph of Gy, ,. This implies that G, , also contains an Hy minor.
Correspondingly, G* contains an Hy minor, a contradiction. Therefore, L is a clique in

G*. This completes the proof of Theorem 1.1. 0J

Having Theorem 1.1, we shall focus on the characterization of G* — L. We now recall
some notations and terminologies. For a member H € H, I';(H) denotes the family of
s-vertex irreducible induced subgraphs of H and I'(H) = Uy cq FTHI*YH(H ), where 5 =
minHeH Yu and Yu = |H| —oyg—1.

Lemma 3.4. Let G be a graph with a set L of i dominating vertices. Then, G is H-minor
free if and only if G — L is T'(H)-minor free.

Proof. Firstly, assume that G — L contains an Hy minor for some Hy € I'(H). Then there
exists an H € H such that Hy is an (|H| — yg)-vertex induced subgraph of H. Combining
this Hy minor with ¥g dominating vertices in L, we obtain an H minor in G.

Conversely, assume that G contains an H minor for some H € H. Then by Definition
3.2, G has an H-partition ¥ = (V1,...,V|g|). We may assume that ¥ is a minimal H-

partition such that |[LN (UlﬂVl)| is maximal. Then there exist exactly ¥y members of 7/,

say Vi,...,Vy,, suchthat |V;| = [LNV;| =1 forie {1,..., v }. Consequently, UEL/HHV,- -
V(G)\ L. This implies that G — L contains an Hy minor, where Hy € I'|gj|_y, (H). It follows

that G — L has an H| minor with H; € F\*H\anI(H)' O

In the following, we give the proof of Theorem 1.2.

Proof. Theorem 1.1 gives that G* has Yy dominating vertices, which implies that G*
is connected. Hence, adding an arbitrary edge within its independent set increases the
spectral radius. Furthermore, by Lemma 3.4, G* — L is I'(H)-minor free. Thus G* — L is
['(H)-minor saturated, that is, G* — L € SAT (n — Y, I'(H) minor)-
Particularly, if H = {H }, then [H| — yg = ay + 1. Hence, I'(H) =T7,, , | (H), and thus

G*—L e SAT (n— Vi, Uy (H ) minor)- This completes the proof of Theorem 1.2. O

A subset R of V(G*) \ L is called a component subset, if G*[R] consists of some con-
nected components. Furthermore, R is said to be small, if |R| < C for a constant C. To
prove Theorem 1.3, we need some more lemmas. We always assume that I'(H) is a family
of connected graphs in the following lemmas.

Lemma 3.5. If R is a small component subset of V(G*)\ L, then e(R) = ex(|R|,T'(H) minor -

Proof. Let H be a minimal member in H. Recall that Yy = vy and oy = ag. Then |H| —
Y = o + 1, and thus Iy, (H) CI'(H). By Lemma 3.4, G* — L is 'y, | (H)-minor
free. Now, choose an (ogg + 1)-subset S of V(H) such that it contains oy independent

vertices of H. Then H[S] C K| o, and hence G* — L is K ¢, -minor free.
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Similarly to the proof of Theorem 1.1, we let L"” = V(G*) \ L and x}, = max,,c /X,
We also set Y1 x, := or. Clearly, x,, > % for each w € L”. Since G*[L"] is K| g5 -minor
free, we have p*x7, < or + (ogg — 1)x},, which gives x7, < p*_‘fﬁ.

Now suppose to the contrary that there exists a small component subset R of L” such
that e(R) < ex(|R|,T'(H)minor). Then we can find a I'(H)-minor free graph G} on the
vertex set R with at least e(R) 4 1 edges. Let G be the graph obtained from G* by replacing
E(G*[R]) with E(GY). Since I'(H) is a connected family, G[L"] is still I'(H)-minor free.
By Lemma 3.4, G is H-minor free. Let p = p(G). Then

1" ~2 2
(p—p") = Z XuXy — Z XyXy 2 e<Gi*)26L - *e(R>GL 5
weE(G!)  weE(G*[R)) p (p*—om+1)

1
= 9
> ©)
Since R is small, e(R) is also bounded by a constant. Recall that ¢(G!) > e(R) + 1

and p* > /ym(n — ). Itis clear that p(G) > p* for n sufficiently large, a contradiction.
The proof is completed. [

Let G be the family of connected I'(H)-minor free graphs on at most n — gy vertices.
In fact, the proof of Lemma 3.5 implies that every member in G is Kj g-minor free.
Given a member G; € G, we denote by d; its average degree, and we say that G; is small
if |G;| < ¢ for some constant ¢ (in other words, |G;| is independent of n). Now, let Gy be a
member with dy = maxg,ccd;, and let Gy,. .., G, be all the non-isomorphic components
in G* — L. We may assume that m(Gy) > --- > m(Gs), where m(G;) is the number of
copies of G; in G* — L. By Lemma 3.4, G; € G forevery i € {1,...,s}.

Lemma 3.6. If all the members are small in {G;:i=0,1,...,s}, then we have d| = d
and m(G;) < |G| for every G; with d; < dy.

Proof. In view of the choice of Gy, we know that d; < dy forevery i € {0,1...,s}. Since
max|<;<s |G| = ¢ for some constant integer ¢, we have s < Yo 2(9 , that is, s is constant.
However, |G* — L| is sufficiently large, thus m(G) is a function on n.

We first prove that d; = dy. Otherwise, d| < do, then we define G to be the graph
obtain from G* by replacing |G| copies of G| with |G| copies of Gy in G* — L. The com-
ponent subset V (|Go|G1) is small and G — L is I'(H)-minor free. However, |Gole(G) —
|G1]e(Go) = 1|Go||G1|(dy — do) < 0, contradicting Lemma 3.5. Hence, d; = do.

Now suppose that there exists a component G; with d; < dy but m(G;) > |Gy|. Then
we define G to be a new graph obtain from G* by replacing |G| copies of G; with |G|
copies of Gy in G* — L. Clearly, |Gy |e(G;) — |Gile(G1) = 3|G1]|Gi|(d; — do) < 0, and we
similarly get a contradiction. Hence, the lemma holds. O

Now, let G* be a graph of order n with a set L of dominating vertices such that G* — L €
EX(n— |L|,I'(H)minor). Moreover, assume that G;,...,G;, are all the non-isomorphic
components in G* — L. Clearly, G;; € G forevery j € {1,...,t}.

Lemma 3.7. If all the members are small in {G;:i=0,1,...,s} and {G;;: j=1,...,t},
then we have G* — L € EX (n— |L|,T(H) minor)-
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Proof. Suppose to the contrary, then e(G* — L) < e(G* —L). Since max<;< |G;;| is a
constant, ¢ is too. The proof of Lemma 3.6 also implies that m(G;;) < |G| for every G;,
with d;; < dp. Recall that m(G;) denotes the number of copies of G; in G* — L. We now
define m'(G;;) to be the number of copies of G;; in G* — L. Write m; = m(G;)( mod |G|)
forie {1,...,s} and mgj =m/(G;;) ( mod |Gy]) for j € {1,...,¢}. Then, we can see that
m; = m(G,’) if d; < dy and m;j = m(G;j) if dij < d.

Now we denote G| = G* —L—U_,V(m;G;) and G5 = G* — L — Utjle(mng,-j) for
simplicity. Then, both |G| and |G}| are divisible by |G|, which gives that

| Ujm1 Vmi,Giy)l = [ Uiy V (miGi) | = |Gy | = |G| = r|Gy| (10)

for an integer r. Moreover, since both [ U';_, V(mng,-j)| and | U_, V(m;G;)| are finite, r
is too. Note that every component in G and G has average degree dyp. Combining (10)
and dy = dy, we have e(G}) — e(G}) = 3do(|G}| — |G}|) = re(Gy). Consequently,

Zt: e(m; Gi;) — Z e(m;G;) = e(G*—L)—e(G*—L) +re(Gy) > re(Gy). (11)

Recall that m(G ) is a function on n. If r > 0, we define R = (U_,V (m;G;)) UV (rGy).
Then R is a small component subset of V(G*)\ L, and |R| = |U;_, V(m; Gj,)| by (10).
However, (11) gives e(R) < Y;_, e(mgj Gi;), contradicting Lemma 3.5.

If r <0, we define R = U;_,V(m;G;). Then R is still a small component subset of
V(G*)\ L, and by (10) |R| = |U_, V(méjGij)| + |V(—rGy)|. However, by (11) we have
e(R) <Y, e(mgj Gi;) + (—r)e(G1), also a contradiction. Hence, the lemma holds. (I

Lemma 3.8. If there exists a member in G which contains a bicyclic subgraph, then all
the members are small in {G; :i=0,1,...,s} and {G;; : j=1,...,t}.

Proof. Recall that every member in G is K ¢, -minor free. If some member in G contains
a bicyclic subgraph, then it has an Hy minor, where Hy € {K,V2P,,K|VP;}, and thus a
K 3 minor. This implies that ogg > 4.

Let G’ be the subset of G in which any member is not small. Suppose to the contrary
that G’ is non-empty and G;, € G'. Since Gj, is K| o -minor free, by Lemma 2.3 we
have e(Gj,) < (%) +|Gj,| — am. Thus, d;, = 2¢(Gj,)/|Giy| = 2 (|Giy| — =), and hence
d;, < 2.2 as |Gj,| is sufficiently large. Now we know that d; < 2.2 for every G; € G'.

Since a member in G contains an Hy minor, Hy is I'(H)-minor free. A simple calcula-
tion gives that 2e(Hp)/|Hop| > 2.4. By the definition of Gy, we have dy > 2e(Hy)/|Hp| >
2.4. Since d; < 2.2 for every G; € G/, it is clear that Gy ¢ G'.

Now suppose that G;; € G for some j € {1,...,t}. thatis, |G; | is sufficiently large.
Then d;; < 2.2 and |G;;| = a|Hy| + b, where 0 < b < |Hy| and a depends on n. Hence,
e(Gi;) < 1.1(a|Ho| +b). Now define G} = aHo UbK). Then G; is T'(H)-minor free, and
e(Gg_’]_) = ae(Hy) > 1.2a|Hy|. Thus, e(Gg_’]_) > e(Gj,), contradicting the fact that G* — L €
EX (n— |L|,T(H)minor). Hence, G;; ¢ G’ forany j € {1,...,t}.
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Finally, suppose G; € G’ for some i € {1,...,s}. Thend; < 2.2 and |G;| = d'|Hy| + 1/,
where 0 < b’ < |Hp| and @' depends on n. Thus, e(G;) < 1.1(d'|Hy| +b'). Now define
G! = d’'HyUV'K;. Then G/ is I'(H)-minor free, and e(G}) = d’e(Hp) > 1.2d'|Hp|. It is
easy to see that e(G') > 1.05¢(G;). Let G be obtained from G* by replacing E(G;) with
E(GY). By Lemma 3.4, G is H-minor free. Choosing R =V (G;) in (9), we have

l(p(G>_p*)Z Z XuXy — Z XyXy =

2
2 uveE(GY) uweE(G;) p*

e(Gl)op ___e(Giop
(p*—am+1)>

Combining e(G}) > 1.05¢(G;) yields that p(G) > p*. This contradicts the fact that G* €
SPEX (n,H,inor). Therefore, G; ¢ G’ forany i € {1,...,s}. O

Given a rooted tree T. A branching vertex in T is a vertex of degree at least three.
An edge-switching on T means that we construct a new tree 7/ =T — {uyv } + {uzv> },
where ujv; € E(T) and upv, is a non-edge in 7. A pruning on T is an edge-switching
T' =T —{uyvi} + {viv2}, where u; is a branching vertex, v; is its son and v, is a leaf
(which is not a descendant of v{). We end this section by proving Theorem 1.3.

Proof. Combining Lemmas 3.7 and 3.8, we can see that if all the members in G are small
or some member has a bicyclic subgraph, then G* — L € EX(n — |L|,T'(H)yinor) and we
are done. Thus we may assume that every member in G is either a tree or a unicyclic
graph, and there exists a member G;, € G such that |G;,| is sufficiently large.

Let G; be an arbitrary member in G and V(G;) = U;_, Uy, where Uy = {v € V(G)) :
dg,(v) =k} for k € {1,2} and U3 =V (G;) \ (U1 UU>). Recall that every member in G is
K oy-minor free. Then max{A(G;), |U;|} < ag. Since G; is a tree or a unicyclic graph,
we have e(G;) < |G| = X3_, |Ux|. Moreover, e(G;) > %(|U1| +2|U,| +3|U3]). Combining
the above three inequalities, we can deduce that |Us| < |U;| < o.

On the one hand, the inequality max{A(G;),|Us|} < ag implies that every G; can be
transformed to a path or a lollipop graph by at most g steps of pruning. On the other
hand, since |U;|+ |U3| < 20y for Gj, but |G;,| is sufficiently large, we can see that Gj,
contains a path of length large enough. Note that G, is I'(H)-minor free. Thus, P, ¢ I'(H)
for any positive integer k.

Recall that G* — L contains s non-isomorphic components Gy, ..., G;, each of which
is a tree or a unicyclic graph. Suppose that G* — L contains at least two tree components,
say G1 and G,. Then for i € {1,2}, G; can be transformed to a path PG, by at most o
steps of pruning. This implies that P, = G; — E] +E]', where E] C E(G;), E{ is set of
non-edges of G; and |E]| = |E]'| < o*. Let PG, g,| be a path obtained from Pg,|U P,
by adding an edge. Moreover, denote by G the graph obtained from G* by replacing
E(G1UG,) with E(Pg,uc,|)- Since P, ¢ I'(H) for any positive integer k, G — L is still
I'(H)-minor free. However, similarly as (9), we have

" 1" 2 / I ~2
pG)-p)> Y xn— Y x> (|[EYUE)[+1)op  |EJUEj|of (12)

uveE(P) uveE(G1UG,) p*2 (p*_aH—i_l)z,

| =
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which yields that p(G) > p*, a contradiction. Therefore, G* — L contains at most one tree
component. If every component in G* — L is unicyclic, then ¢(G* — L) = |G* — L| and
thus G* — L € EX(n — |L|,T(H) minor), as desired.

Now, we may assume that G* — L has exactly one tree component G|. We first consider
the case that G admits a unicyclic member G;,. Then G}, contains an {y-cycle for some
¢y < n— vy, and thus C; ¢ I'(H) for any positive integer £ > ¢y. Now if |G| > o, then
we define a new G to be the graph obtained from G* by replacing £(G) with E(C|g, ),
where Ci,| denotes a |G1|-cycle obtained from P, | by adding an edge. Then G — L is
still T'(H)-minor free. But similarly as (12), we have p(G) > p*, a contradiction. Hence,
|G| < €op < n— ¥, which implies that G* — L contains another component G, and G,
is a unicyclic graph. Recall that G| can be transformed to a path P, | by at most o
steps of pruning, and G, can be transformed to a lollipop graph by at most o> steps of
pruning. Obviously, G| UG, can be transformed to a cycle Cig,ug,| by adding an edge
and switching at most 20gg% + 1 edges. Let G be the graph obtained from G* by replacing
E(G1UG,) with E(Cig,uc,|).- We can similarly see that G — L is I'(H)-minor free and
p(G) > p*, a contradiction. Therefore, every member in G is a tree. Now G* — L = G
and thus G* — L € EX(n— |L|,I'(H) ninor ), completing the proof of Theorem 1.3. O

4 Complete multi-partite minors

In this section, we will use Theorems 1.1, 1.2 and 1.3 to characterize SPEX (n, H,inor)
for H = {Kj, . s }. Above all, we shall recall some notations. Let G be the complement
of a graph G and Pet™ be the Petersen graph. Let Hy, 5, = (B — 1)K} 5, UK 4, g,, Where
B(s2+1)+Bo=1s1+1and 0 < By < s5. Obviously, Hy, s, is a star forest of order s; +
1. Moreover, H, | = “;]Km for odd s and Hy, | = %Ku UK, for even sq. Let
S(H, s,) denote the graph obtained from Hy, , by subdividing an edge uv with minimum
degree sum d(u) +d(v). Particularly, one can observe that S(Hy 1) = S?(Ky).

For (s1,52) € {(2,2),(3,2),(3,3)}, SPEX (n,{K, s, } minor) Was determined in [41, 42,
52, 55]. In [54], the authors characterized SPEX (n,{Kj, s, }minor) for s; > 4 and s, > 2.
These results solved a conjecture proposed by Tait [46]. In fact, the above results can be
rewritten as a slightly stronger version (see Theorem 4.1).

Theorem 4.1. Assume thats| > s, >2, 3 = Lj;i“ Y>landn—y=psi+q(1 <qg<s).

Let G be the join of a copy of Ky and an (n — y)-vertex Iy, ,|(Ks, s,)-minor free graph.

N

Then p(G) < p(KyVG*), with equality if and only if G = KyVG*, where

(p— DK, US (Hy,sy) if (:8) = (2,2);

oh _ ) (= 1Ky UPer if (q,B,51) = (2,1,8);
(P—CI)KS1U‘]HS1,52 ifqg<2(B—1)and (q,B) # (2,2);
pK,, UK, iFq>2(B— 1) and (¢.B.s1) # (2.1.8).

Now we characterize SPEX (n,{H }yinor) for H =Ky, ., where sy > --- > s, and n
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is sufficiently large. Clearly, ay = sy and I}, _,(H) =T

o+1 s 1 (H). We first consider the
case sp > 2. Now we have Y 5 s; — 1 > 1.

Theorem 4.2. Let s > 2, B = L;IU, y=Y5si—landn—7y=ps;+q (1 <q<sp).

Then SPEX (n, {Kshwsr}m,-nor) = {KyVG*}, where G* is defined as in Theorem 4.1.

Proof. Let U/_,S; be the r-partite partition of V(H), where |S;| =s; for i € {I,...,r}.
Given an arbitrary (o + 1)-subset S of V(H). We first claim that there exists an (o + 1)-
subset S’ such that 8’ C S US, and H|[S'] is isomorphic to a subgraph of H[S].

Lett; = |S;NS| forie {1,...,r}. Up to isomorphism of H[S], one can assume that ; >
-«» > 1. If t3 = 0, then we choose S’ = S, as required. Suppose now that z3 > 1. Then 1, >
1. Note thath:l = |S‘ =s1+1. Thus, 2;2311' =s1+1—-tH—-n6n<si—t1 = ‘Sl \S‘ Now
let S be obtained from S by replacing Y'/_5#; vertices in S\ (S; US2) with Y.I_5# vertices
in S;\ S. Then §' C §; US>, and it is easy to see that H[S'] is isomorphic to a subgraph of
H([S]. Hence, the claim holds, which further implies I, (H) = I +1(Kj, 5, )-

Note that yy = |[H| —ayg —1 =Y} s;— 1. By Theorem 1.1, the extremal graph G* has a

set L of dominating vertices, where |L| = Y5 s;— 1. By Theorem 1.2, G* —Lis 'y, . | (H)-
minor free, that is, I'y, +1(Kj, 5,)-minor free. Now setting ¥ = Y5 s; — 1 in Theorem 4.1,
we obtain that SPEX (n,{Kj, .5, tminor) = {KyVG*} immediately. O

mined by Tait (see Theorem 1.4). If r = 2, then H = K 5, and SPEX (n,{K] s, } minor) Was
determined in [54]. In the following, we may assume that min{r — 1,s;} > 2. In fact, we
have H = B,_; ;,. Moreover, o =51, Yy = |H| —ag —1 =r—2 and

ou+1(H) =I5 1 (Broisy) = {Ki s }- (13)

Assume that G* € SPEX (n,{By_1,5, }minor), and X* = (x1,...,x,)7 is the positive unit
eigenvector corresponding to p* := p(G*). Let L be the set of dominating vertices in G*.
Then |L| = Yy = r—2 by Theorem 1.1. In the following, we set y:= |L| = r —2.

Lemma 4.1. Assume that s; > 2 and y > 1. Then we have

P —(si+y—2)p" <y(n—7y)— (y—1)(s1 - 1), (14)

with equality if and only if G* — L is an (s1 — 1)-regular K s, -minor free graph.

Proof. By Theorem 1.2 and (13), we can see that G* — L is a K| ;,-minor saturated graph.
Hence, G* — L is K| s, -minor free.

By symmetry, x, is constant for u € L. Choose u* € L and v* € V(G*) \ L with x,» =
max,cy(g+)\zXv- Since G* — L is Kj 5, -minor free, we have A(G* — L) <51 — 1. Note that
P*Xu = Lveng. (u) Xv for each u € V(G*). Thus,

P xy < x4 (51— Dxy and poxe < (Y— Dxgs + (n— ) x5 (15)
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Combining the two inequalities in (15), we obtain (14) immediately.

Next, we characterize equality case in (14). If the equality holds, then both inequalities
in (15) become equalities. Hence, dg+_1.(v) =51 — 1 foreach v € V(G*)\ L, thatis, G* —L
is (s1 — 1)-regular. Conversely, if G* — L is (s; — 1)-regular, then G* is the join of two
regular graphs, which implies that both X* || and X* [|y(g+\, are constant vectors. Hence,
both inequalities of (15) hold in equality, and thus (14) too. [

Given an arbitrary v € V(G*) \ L. Then p*x, = ¥xy* + Lyen,. (v)\z%w- Clearly, p*x, >
¥x,+, and by (15) we have (p* —s1 + 1)x, < yx,+. Hence, p—};xu* <x, < p*+1+1xu*. Recall
that A(G* — L) < s1 — 1. We can further deduce that

Xy < Xy (16)
for any two vertices u,v € V(G*) \ L with dg+(u) < dg+(v).

Lemma 4.2. Assume that s1 > 4 and G is a connected K s -minor free graph. If G is
(s1 — 1)-regular, then either G = Ky, or G = Hy, | only for odd s.

Proof. We shall first note that both K, and fll are Kj s, -minor free. Indeed, recall that
Hsl,l = %KIJ for odd S and Hsl,l = SIZ_ZKL] UK|72 for even S1. Thus, ‘Hsl,l‘ =5 +1
and A(Hy, 1) = s1 — 1. Therefore, Hy, | is K; 5, -minor free, and K, is obviously too.

Since G is (51 — 1)-regular, we have |G| > s;. If |G| =51, then G= K. If |G| =51 +1,
then G can only be obtained from Kj, 4 by deleting a perfect matching, which implies
that s; is odd and G = *1L K | = H;, ;. Consequently, G = Hj, ;.

Next assume that |G| > s; 4 2. Since G is connected and K| s, -minor free, by Lemma
2.3 we have ¢(G) < (%) + |G| — s1, which implies that e(G) < 1(s; — 1)|G]| for 51 > 4.
Thus, G is not (s; — 1)-regular, a contradiction. Hence, the lemma holds. O

The following theorem follows immediately from Lemmas 4.1 and 4.2.

Theorem 4.3. Let s > 3 be odd and y > 1. Then SPEX (n,{Br_1 5, }minor) = {KyVG" },
where GY takes over all the (n— y)-vertex (s — 1)-regular K s,-minor free graphs, more
precisely, every component of GY is a cycle for sy =3, and is Ky, or Hy, 1 for s; > 5.

Remark 4.1. In view of Theorem 4.3, SPEX (n, {Br_1, }minor) is an infinite family for
odd sy > 3. Indeed, assume that sy > 5 andn—7y = ps; +q (1 < g < s1), then GY can be
constructed as the disjoint union of p —c — (¢s1 +q) copies of Ky, and cs| + g copies of
Hy, | for an arbitrary non-negative integer c.

Next, we consider the case that s; is even. Let G; denote the family of i-vertex com-
ponents in G* — L, and |G;| be the number of components in G;.

Lemma 4.3. Assume that s1 > 4 is even and y > 1. If G; # &, then we have s1 — 1 <i <
s1+3, where i € {s; +2,s1+3} only for s; = 4.
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Proof. We first claim that G; = @ for each i > 3s;. Indeed, otherwise, G* — L contains
a component Gy with |Gg| = as; + b, where a > 3 and 0 < b < 51. Then ¢(Gp) < (52‘) +
|Go| —s1 < (SZ') +as by Lemma 2.3. Now let G, = aKy, UbK;. Clearly, Gj, is K| 5,-minor
free and e(G()) = a(’)). A straightforward calculation gives that e(Go) < e(Gj) fora >3
and sy > 4, which contradicts Theorem 1.3.

Secondly, we claim that |G;| < sy — 1 for i # s;. Otherwise, there exists some i] # s
with |G;,| > s;. Let Gy be a union of s; components in G;,. Then A(G;) <s; — 1 as G is
K| s, -minor free. Moreover, G| is not (s; — 1)-regular (otherwise, G| = 51Ky, by Lemma
4.2). Thus, e(Gy) < 3(s1 — 1)|G1| = e(i1 Ky, ), also contradicting Theorem 1.3.

The above claims implies that Y, ., i|G;| is constant. Thus s1|Gy, | =n—y—Y, 4, iG]
> 2le For an arbitrary ip € {1,2,...,3s1 — 1} \ {s1,s1 + 1}, we set i = as| + b, where
0<a<2and0<b<s. If G;, # @, we choose a subgraph G, in G* — L, which consists
of b components in Gy, and one in G;,. Then e(G2) < b-e(Kj,) +e(K}) for a =0, and by
Lemma?2.3,e(Gy) <b-e(Ky, )+ (%) + (io—s1) fora € {1,2}. Now let G, = aKy, UbH, ;.
Then |G| = |G,| and e(G)) = a-e(K,) +b- 3(s7 —2). Straightforward calculations give
e(G2) < e(G)), with equality if and only if iy = s; — L orip € {s; +2,51+3: 51 =4}.

On the other hand, recall that both K, and Tll are K g, -minor free, then G’2 is too.
By Theorem 1.3, ¢(G>) > e(G%). Hence, e¢(G2) = e(G)). Consequently, i» = s; — 1 or
i € {s1+2,s1+3: 51 =4}. In view of the choice of iy, we completes the proof. O

Lemma 4.4. Assume that s; > 4 is even and y > 1. Then |Gy, _1| < 1 and |Gy, 41| < s51—2.
Moreover, if |Gy, 1| = 1, then G; = @ unless i € {s; —1,s}.

Proof. We first assume that there exists a Gy € Gy, —1. By Theorem 1.2, G* — L is K 4, -
minor saturated. Hence, Gy = K, _;. Choose another component G arbitrarily in G* — L.
We now claim that |G| = s;. Indeed, otherwise, |G| # s1. Then by Lemma 4.2, G| is not
(51 —1)-regular, and thus there exists v € V(G1) with dg, (v) <s; —2. Let G be the graph
obtained from G* by replacing Go U G with K, U(G| — {v}). Since K;, and G| — {v}
are Kj 5,-minor free, G is B,_; ;,-minor free by Lemma 3.4. Note that e(Ky,) —e(Go) =
s;—1bute(Gy)—e(Gy —{v}) <s1—2. Then, e(G) > e(G*), contradicting Theorem 1.3.
Therefore, |G| = s1, as claimed.

Now we know that if there exists Gy € Gy, 1, then every component in G* — L other
than Gy can only belong to Gy,. This implies that |Gy, —;| < 1, and if |Gy, ;| = 1, then
Gi=@ unlessi € {57 —1,s}.

It remains to show |Gy, 41| < s1 —2. Suppose to the contrary that |Gy, 41| > s1 — 1,
and let G, be a component in Gy, ;1. By Theorem 1.3, e(G2) = ex(s1 + 1, {Ki s, } minor)-
Thus, G; can only be the complement of %Kl,l UK 2, thatis, Go = Tll Now let G
be the graph obtained from G* by replacing (s; — 1)G, with (s; — 1)K, UKy, 1. Then, G
is B,_1 5,-minor free by Lemma 3.4.

Since G, = slgsz UK, we may assume that V(G2) = {vo,v1,...,vy, } such that

{vovi,vova } U{v3v4,vsve,...,vs,—1Vs, } is the set of non-edges in G,. Then by symmetry,
Xy, =Xy, foreachie {3,...,s}. Furthermore, since dg,(vo) = s1 —2 and dg, (v3) =51 — 1,
we have x,, < x,, by (16).
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Observe that (s; — 1)Ky, UK;, 1 can be obtained from (s; — 1)G, by replacing the
edge set {vov; : i =3,...,51} with {v3v4,vsve,..., Vs, _1Vs, } in every copy of G, and then
forming s; — 1 copies of v into a copy of K, _;. Thus, ¢(G) = ¢(G*) and

51/2 51
Z 2X,Xy — Z 2x,x, = 2e(Ky,—1 )x%o +2(s— 1)( Z Xy Xy — vaoxvl.)
uveE(G) uveE(G*) i=2 i=3
= (51— 1) (51— 2) (x5, a5, — 2x53,).
Since xy, < x,,, we have p(G) > p*, a contradiction. Hence, |Gy, 11| < s1—2. O

Lemma 4.5. Assume that sy =4 and y > 1. Then Gy, 43 = @ and Y112} |Gy il < 1.

Proof. Let Gy be an arbitrary component in G* — L. Then |Gy| < 51 + 3 by Lemma 4.3.
Furthermore, by Theorem 1.3, e(Go) = ex(|Go|,{ K1 s, }minor). Now s1 = 4. By Lemma
2.4, every member in Gy, ;; is isomorphic to S'(Kj, ) fori € {1,2,3}.

We first show Gy, +3 = . Suppose to contrary that there exists Gy € Gy, +3. Then Gy =
S3(Ky), that is, Gy is obtained from K, by replacing an edge v v, with a path viw waw3v,.
Now let G| = Gy — {viwi,vows} + {viv2,wiw3}. Then G| = K4 U K3, and obviously G|
is K 4-minor free. Define G to be the graph obtained from G* by replacing Gy with Gy.
Then G is B,_; 5, -minor free by Lemma 3.4. Moreover,

P(G) = P™ = 2(xy, Xy, + Xy Xy ) — 2 (X0, Xy + X0y Xip3).-

By symmetry, we have x,, = x,, and x,,, = x,,. Thus p(G) —p* > 2(x%1 —l—xgv1 — 2%y, Xy, )-
Note that dg,(w1) =2 and dg,(v1) = 3. By (16) we obtain x,,, <x,,, and hence p(G) >
p*, a contradiction. Thus, Gy, 13 = @.

Secondly, we claim that |Gy, 4| <1 for i € {1,2}. Indeed, if |Gy, 42| > 2, then we
replace two copies of S?(Ky) in Gy, » with three copies of K. Now, 2¢(S?(Ky)) = 16 <
3e(Ky), contradicting Theorem 1.3. If |Gy, 41| > 2, we choose Gy, G € Gy, ;. For j €
{0,1}, G; = S'(K4) and thus G; is obtained from K4 by replacing an edge u;w; with
a path Ujviw;. Now let G, = (G() U G]) - {Lt]\/],V]W] , u()v()} + {u1w1 , u()V1,V1V()}. Then
Gy, =2 KU S2(K4), and G is clearly K; 4-minor free. Define G to be the graph obtained
from G* by replacing Go U G| with G,. Then G is B,_; 5, -minor free and

p(G> —P* > 2(xM1xW1 —I—XMOXVI +xv1xvo> - 2(xu1xv1 +xv1xW1 +xu0xvo>'

By symmetry, x,, = X,,, Xy, = Xy, = Xy, = Xw,, and thus p(G) — p* > 2(x,%0 —I—x%O —
2XuyXv, ). Since dg,(vo) = 2 and dg,(up) = 3, By (16) we similarly have x,, < x,, and
p(G) > p*, a contradiction. Therefore, the claim holds.

Now we are ready to prove Ye(_1 12} |Gy +i| < 1. If Gy, -1 # @, then we are done by
Lemma 4.4. Next, assume that Gy, _1 = @. It suffices to show Z%:] |Gy, +i] < 1. Suppose
to the contrary, then by the above claim, there simultaneously exist G| € Gy, 41 and G> €
Gs1+2, where G; = Si(K4) fori e {1,2}. Let G = (G1 U Gz) — {uluz,u2u3,V1V2,V3V4} +
{uiuz,viva,upvy,upv3}, where ujupus is the induced path of length two in Gy and vivovsvy
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is the induced path of length three in G,. Then G3 = 2K4 U K3, and thus it is Kj 4-minor
free. Define G to be the graph obtained from G* by replacing G| U G, with G3. Then G
is B,_1 5,-minor free. By symmetry, x,, = x,,, x,, = Xy, and x,, = x,,. Thus,

P(G) —Pp" = 2(3u; Xuz + Xy Xy + Xy Xy + Xy Xy ) — 2(Xuy Xy Xy Xz Xy Xy + X031
= 2()651 +x12,] + 22Xy, Xy, ) — 2( 20, Xy, + 22y, Xy, )

= z(xul _xv1)2+4(xu1 _xVZ)(xVI _xuz)'

Note that dg, (u2) = dg,(v2) =2 and dg, (u1) = dg,(v1) = 3. In view of (16), we get that
max{x,,,x,, } <min{x,,,x,, } and hence p(G) > p*, a contradiction.
This completes the proof. U

We now determine SPEX (1, {By_1 5, }minor) for even sj.

Theorem 4.4. Let s| > 2 be even, Yy > 1, and n—7y = ps; +q (where 1 < g <s1). Then
SPEX (n, {Br—l,sl}minor) = {K,VG*"}, where
(p—l)KslUS(Hshl) if(q,s1)=(2,4);
G* = (P—q)K,UgH;, 1 ifg<s1—2and (q,51) # (2,4);
pKs, UK, ifqg>s;—2.

Proof. By Theorem 1.1, G* has a set L of y dominating vertices, where ¥ = r — 2. Fur-
thermore, by Theorem 1.2 we know that G* — L is K| s, -minor saturated.

Let Gy be a component in G* — L. By Theorem 1.3, e(Go) = ex(|Go|, {K1 s, }minor)-
Therefore, Go = K|g,| if |Go| € {s1 —1,s1}, and Go = Hj, 1 if |Go| = 514 1. If | Go| = 51 +
2 = 6, then Gy = S?(K4) by Lemma 2.4, and one can further see that S?(Kj,) = S(Hj, 1)
for s1 = 4. In the following, we distinguish the proof into three cases.

If sy =2, then g € {1,2} = {51 — 1,51} and G* — L is K >-minor saturated. It is easy
to see that G* — L = pK, UK, as desired.

If sy =4, then 1 < g <4, and by Lemmas 4.3 and 4.5, |G| € {s1 +i: -1 <i<2}.
Lemma 4.5 also gives that Y;c(_ 12} |Gy, +i| < 1. Consequently, if g = 1= s — 3, then
|Go| € {s1,s1+ 1}, and Gy € {K;,,H;, 1} as stated above. Now G* —L = (p — 1)K, U
H; 1. If g =2 =151 —2, then |Gy| € {s1,s1 +2}, and Gy € {K;,,S(Hy, 1)} as discussed
above. Hence, G* — L= (p — 1)K, US(Hy, 1). If g € {3,4} = {51 — 1,51}, then |Go| €
{s1 —1,s1}, and thus G = K|G,- It follows that G* — L = pK UK.

If 51 > 6, then by Lemma 4.3, we have |Gg| € {s; +i: —1 <i<1}. From Lemma4.4,
we know that |Gy, 1| < 1, |Gy, 41| < s1—2, and Gy, 41 = @ provided that |Gy, _1| = 1.
Thus, if g € {s1 — 1,51}, then |Go| € {s1 — 1,51} and so Gy = K|g,|, which implies that
G*— L= pK,, UK. If g <s1—2, then |Go| € {s1,51 + 1} and thus Gy € {K;,,H;, 1},
which implies that G* — L = (p — q)K,, UgHj, 1.

This completes the proof. U

We end this section with the proof of Theorem 1.8.
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Proof. Let H = Ky, 5, .5, Where s1 > s> --->s,>1,and y =Y ,5;—1 > 1. Let

B = Li;iﬂ If s, > 2, then Theorem 1.8 holds by Theorem 4.2. If s, = 1 and s is odd,

then Theorem 1.8 holds by Theorem 4.3. If s, = 1 and s is even, then 8 = Li;iﬂ =3,

and so 2(8 — 1) = s; — 2. Moreover, the case (g, ,s1) = (2,1,8) never occurs. Hence,
G® = G*, and Theorem 1.8 follows from Theorem 4.4. This completes the proof. U

5 Proof of Theorem 2.1

Let G be a graph of order n sufficiently large, and X be a non-negative eigenvector
corresponding to p(G). Choose u* € V(G) with x,+ = max,cy¢)Xu, and assume that G

is an H-minor free graph with p(G) > +/Yu(n — ¥a). To prove Theorem 2.1, it suffices
to find a set L of exactly ¥y vertices in G such that x, > (1 — m)xu* and dg(u) >

(1 — U()éT)Z)" for every u € L. To this end, we define a subset of V(G) as follows:
={ueV(G): x,> (10CH) *x,1,

where A is a positive constant. We now establish some lemmas on L*.

Lemma 5.1. |L*| < (10Cy)*~'n.

Proof. Given an arbitrary u € L*. Then p(G)x, > /¥u(n — ) (10Cx) *x,+, and thus
p(G)x, > 2Cw(10Ck)'*~*x, for n large enough. On the other hand, p(G)x, =¥, O
< |Ni (1) |x,+. Combining the above two inequalities gives that 2C(10Cs) 0% < [Ny (u)).
Summing this inequality over all vertices u € L*, we obtain

20u(10CH) "ML < Y IM@)[ < Y INi(u)] =2¢(G).
ucl? uevV(G)
Note that ¢(G) < Cyn by Lemma 2.2. Thus |L}| < (10Cg)*~0n. O

Now we introduce some notations. For a vertex u € V(G) and a positive integer i, let
N;(u) be the set of vertices at distance i from u in G. We will frequently use N;(u) and
N, (u). Furthermore, we use L} and Z?L to denote N;(u) NL* and N;(u) \ L*, respectively.
We also denote Ll?f = 'y L} and Zl'% = Z?L U Z;L for simplicity.

Lemma 5.2. For every u € V(G) and every positive constant A, we have

Xyp- 17
veZ%,weNLA (v)
12

ZCHn ZCHn ) . Z

Wﬂ(n_ 7"H)xu < |N1(”)‘xu+<(1OCH)10—A (10CH)'1

Proof. Set p := p(G). Recall that p > /Y (n — ¥). Then

Yia(n — i) xu < px, = Z pxy = |Ny (), + Y Xy (18)
vEN] (u) veN; (u),weN; (v)\{u}
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For a given u € V(G) and each v € N (u), since Ny (v) \ {u} C U2_|N;(u) and N;(u) =

Ll’-1 UZ?L, we have N1 (v) \ {u} =N, (v) UN, (v). Moreover, by the definition of L*, we
12 12
know that x,, < (10Cg) %, for each w € Ziz.

We now decompose Ny (u) = L{“ UZ'} , and further decompose Y., (v)\ {u} Xw 100 tWO
subitems according to Ny (v) \ {u} =N, (v) UN (v). Consequently,
1,2 1,2

Y w< Y xwe+ Y (10CH) Mxe

veL%,weN] (m\{u} VEL%,WENLA (v) VEL%,WEN_A (v)
12 L1o
A _
< (2e(L})+e(L},L3))x +e(LT,L1,) (10Ck) tx. (19)
Similarly as above, we have

Y  x< Y xt(2e@) +e@I5))(10CH) Pxe.  (20)
veZ%,wENl(v)\{u} veZ%,weNL%z(v)

By Lemma 2.2, we obtain 2e(L}) + e(L},14) < 2¢(L*) < 2Cy|L*| and e(L%,Ziz) +
2e(LY) +e(L},I%) < 2¢(G) < 2Cyn. Furthermore, |L*| < (10Cy)*~'%1 by Lemma 5.1.
Combining (18-20), we get the inequality (17) immediately. U

We now choose A = 4 to get a better bound of |L)‘ |, which only depends on Cyy.
Lemma 5.3. |L*| < (10Cy)°®.

Proof. We first show |N;(u)| > (10Cg) >n for each u € L*. Suppose to the contrary that
there exists ug € L* with | Ny (ug)| < (10Cy) >n. Set u = ug and A = 5 in (17). Then

4CHn
Vi (n— Yia)xuy < |N1(u0) g + oo + )Y x (21)
( H) VEZ?,WENL? 2(v)
Recall that Z; C N (ug) and L3, CL°. By Lemma 2.2, we have e(Z?,L? ») < e(Ny(ug)U
L) < Cu (N1 (uo)| + |L°|), where [Ny (up)| < (10Cg)>n by the assumption. By Lemma
5.1, we also have |L°| < (10Cg) ~>n. Hence,

< (1 —|—2CH)n

+5
Nkt Y xw < (1N (o)l +e(L,17,) ) v :
(10Ck)

5
veL) 7W€NL? 2(v)

Xy .

Combining this inequality and (21) gives that J(n — ¥ir)xu, < (14 6Cx)(10Ck) “nx,:.

On the other hand, recall that 7 > 1 and x,,, > (10CwH) ~*x,+ as ug € L*. Thus, Y (n —
Vo) Xuy > Mg > 7Cu(10Cy) " nx,+, a contradiction. Therefore, [Ny (u)| > (10Cx) n
for each u € L*.
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Summing the above inequality over all vertices u € L*, we obtain

ILY(10Ck) n< Y M) < Y INi(u)] = 2e(G) < 2Cyn,
ucl# ueV(G)
which yields that |L*| < (10Cg)®. O

Lemma 5.4. For each vertex u € L*, we have | Ny (u)| > (2= > (102‘7131)3)”'

Proof. Choose an arbitrary vertex u € L* and a minimal graph H* with respect to H. Then
Y = Y- = |H*| — o+ — 1. Recall that L} = Nj(u) NL*, L} = Ni(u) \L* and L} , = L} ULS.
Let Ly be the subset of ZZ: in which each vertex has at least yy+ neighbors in L‘i2

We first claim that |Ly| < @|H*|, where ¢ := (‘;if') Indeed, if |L‘1‘72| < vy~ — 1, then
Ly = @ and we are done. Now consider the case \L‘iz\ > Yu+. Suppose to the contrary that

|Lo| > @|H*|. Since there are only ¢ options for vertices in Ly to choose Yy« neighbors
from Léll,z’ we can find yg+ vertices in L‘tz with at least |Ly|/@ > |H*| common neighbors
in Ly. Furthermore, u ¢ L‘iz and Ly C Z? C Ni(u). Hence, up and those yy+ vertices
have |H*| common neighbors, which implies that G contains a bipartite subgraph G|S, T
isomorphic to Ky, .| 5+|- As noted earlier, |[H*| — (Yu+ + 1) = ag+. Then, contracting
Y+ + 1 independent edges in G[S,T], we obtain a new graph isomorphic to By, . 11.a,,.-
By Lemma 2.5, G has an H* minor, a contradiction. Thus, |Lo| < ¢|H*|.

By Lemma 5.3, we have |L},| < |L*| < (10Cy)®, which implies that ¢ is constant.
Combining |Ly| < @|H*|, we obtain e(LO,L‘l"Z) < |L0HL‘]‘72\ < (10Cy) ~*n for n suffi-

ciently large. On the other hand, by the choice of Ly we know that e(ZAIl \LO,L‘I‘Q) <
—4
|Li \ Lo|(ym+ — 1) < |Ni(u)|(yar — 1). Consequently,

e(Ly,L} 5) < [Ny ()| (i — 1) + (10Cx) ~n. (22)

. —4 . . .
Notice that Zvei‘,‘ Yooe N ) xw < e(Ly, LT )%, Now, setting A = 4 in (17) and combin-
ing (22), we obtain that

2Cyn 2Cyn n
— ) < (IN N — 1)+ ot e
waln =y < (M09 + {odss + iogaye + N 10— 1)+ e v
3CHn
< m<|N1(M>|+W)xu
Thus, [Ny (u)| > (n— %) 3 — (]3(%“")4, where ¥ 7 < ¥ < (17(%1}[41")4 for n large enough. It
follows that [Ny (u)| > (3~ > (IOC 7 5 )n, as desired. O

Now, choose A = 1. By the definition of )z , it is clear that u* € L' and L! C L.

Lemma 5.5. For every vertex u € L', we have x, > (1 — )Xy and |Ni(u)| >

1
2(10Cy)?
(1- m)n. Moreover, we have |L'| = v
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Proof. We first show the lower bounds of x, and |N;(u)|. Suppose to the contrary that

there exists uy € L' with Xyy < (1 — « According to the definition of L', we

o)

know that x,, > Toe-- By Lemma 5.4, we get

C

1 I
10Cy  (10Cg)3’"

IN; ()] > (1 —m)n and |Ni(uo)| > (

Now let L} = N;(u*) NL* and f4 = ( *)\L*. By Lemma 5.3, we have |L*| < (10Cg)® <

2
(lOC 7 5 for n large enough. Hence, |L1\ > Ny ()| — L4 > (1— W)n, and thus
1 3 On
LI NN ( L+ Vi o) | = > (o - Jaz 23
200 o) > [E ]+ Vi ()| = > 10Cz  (10Gg)3 /" = 100Cy 23)

In view of (23), ug has neighbors in ZA]‘. Since ZZ: C N;(u*), we can observe that uy is
of distance at most two from u*, that is, ug € U7_, N;(u*). Recall that ug € L' C L*. Then
ug € L} ,, where L} , = LT UL3. Now setting u = u* and A = 4 in (17), we can see that

Yo (1 — Yo )X
” ZCHn 2CHn —4 —4
< (mel+ (106 " (10Cia)? e\ {uo)) Jae +e(EL o)
N 2.5Cyn —4 —4
= (|Nl(” I+ (10C)* +6(L17L?72))x“*+6(L17{“0}) (Yup —Xur ),
where x,; — X, < — W by the previous assumption.
From (22) we know that e(Ll,L‘lt 5) < (v — DN ()] + oz 10C ) . Moreover, it is easy
to see ?’I%H < (01 SgH)” for n large enough. Hence,
—4 —4
. ACun  e(Ly,{uo}) ACun  e(Ly,{uo})
< wlN _ < _ ,
van < YN (W)l + 70051~ 2i0cr2. < T (loce )~ 2(10Cx)2
which yields that e(Tfl‘, {u0}) < toue » contradicting (23). Hence, x, > (1— Z(Tlcmz)xu*

for each u € L. Furthermore, it follows from Lemma 5.4 that for each u € L!,

Ni(w)] = (1 - 2(101cH)2 B (10éH)3)” Z (1 - (miéﬂ)z)"

It remains to show |L!| = y. We first suppose that |L'| > ¥ + 1. Then |L'| > y+ + 1,

where H* is minimal with respect to H. Notice that every vertex u € L' has at most

(’)/ *+1)
(102" =

|H*| common neighbors, as Cyy > |H*| > yy+. Hence, G contains a bipartite subgraph
G[S, T] isomorphic to Ky, . ;1 g+ Note that [H*| — (yu+ + 1) = o+ Contracting Y+ + 1
independent edges in Ky, , | 1|5+, We geta copy of By, .11 o,.. By Lemma 2.5, G contains
an H* minor, a contradiction. Therefore, |L'| < Y.

n/(10Cg)? non-neighbors. Hence, every vy« + 1 vertices in L! have at least n —
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Next suppose |L!| < g — 1. Since u* € L'\ L} 2> we have L ﬂL‘l‘Q\ < Y — 2, and thus
e(Ll 7L?,2 ML) < (v —2)n. On the other hand, by Lemma 2.2 we have e(flt,L‘lﬂ2 \L') <
e¢(G) < Cyn, and by the definition of L' we know that x,, < ISMC*H 12 \L'
Now, setting u = u* and A =4 in (17), we can see that

Y (n — 7"H)xu
2 SCHI’Z
('N ! (10Cx )

n
By A
< (n—i— + (Y )n+10 X

Y — )nxu*

4 14 1 -4
tnL ) . (L LA\L )
7 +e(Ly, LioaNLY) )xw+e( Ly, LY 5 \ 10Cy

I
—~

This gives }/ﬁ 5n a contradiction. Therefore, |L'| = y. The proof is completed. U

Recall that, to prove Theorem 2.1, it suffices to ﬁnd a set L of exactly ¥ vertices in G
such that x, > (1— chmz)x“* and dg(u) > (1— (lOC 7 »)n for every u € L. By Lemma
5.5, we immediately obtain the desired result by choosing L = L!.
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