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Abstract

A derangement k-representation of a graph G is a map 7 of V(G) to the symmetric
group Sk, such that for any two vertices v and u of V(G), v and u are adjacent if and only if
w(v)(4) # w(u)(@) for each i € {1,2,3,...,k}. The derangement representation number of G
denoted by drn(G), is the minimum of k such that G has a derangement k-representation.
In this paper, we prove that any graph has a derangement k-representation. Also, we obtain
some lower and upper bounds for drn(G), in terms of the basic parameters of G. Finally,
we determine the exact value or give the better bounds of the derangement representation
number of some classes of graphs.

1 Introduction

All graphs we consider in this paper are simple, finite, and undirected. For a graph G, we denote its
vertex set and edge set by V(G) and E(G), respectively. Also we use the notations p(G), ¢(G), w(G) and
G* for the order, the size, the maximum size of cliques and the complement graph of G, respectively. The
path and the cycle of order n are denoted by P,, and C,,, respectively. From now on, we use the notation
[n] and N>, instead of {1,...,n} and {m € N| m > n}, respectively. We mention some definitions that
are referred to throughout this paper and for other necessary definitions and notation we refer the reader
to a standard text-book [3].

There are many geometric and algebraic representations of graphs, such as intersection graphs, interval
graphs [I1], orthogonal latin square graphs [§], and Cayley graphs. Formally, an intersection graph G is a
graph formed from a family of finite sets F = {S1, Sa,...,S,}, by creating one vertex v; for each set .S;,
and connecting two vertices v; and v; by an edge whenever the corresponding two sets have a nonempty
intersection, that is, E(G) = {{vi,v;} | i # j, SiNS; # 0}. The intersection number of a graph G is
the minimum total number of elements in a representation of G as an intersection graph of finite sets. In
1966, Erdos et al. proved that the intersection number of G is at most "72, where n is the order of G [1].

Replacing the finite sets by open intervals, the interval number of a graph G, denoted by i(G), is the
minimum ¢ such that G is the intersection graph of sets consisting of at most ¢ intervals on the real line
[11]. Such a description of G is called a t-interval representation of G.

An orthogonal latin square graph (OLSG) is one in which the vertices are latin squares of the same
order and on the same symbols, and two vertices are adjacent if and only if the corresponding latin squares
are orthogonal [8]. Erdos and Evans proved that any finite graph can be realized as an orthogonal latin
square graph [6].

A Cayley graph is a graph on a group G with connection set S satisfying 1 ¢ S and S = S~1, denoted
by Cay(G, S), such that the vertices are the elements of G and there is an edge joining g and h if and only



if h = sg for some s € S [2]. This concept was introduced by Arthur Cayley in 1878 [4]. We know that
any Cayley graph is a vertex-transitive graph and so the family of Cayley graphs is a proper subfamily of
the family of all graphs. But Babai and Sos in a probabilistic approach showed that if G is a finite graph,
then every sufficiently large group has a Cayley graph containing an induced subgraph isomorphic to G,
precisely if X is a finite graph of order n and G is a group of order at least ¢;n3, then X is isomorphic
to an induced subgraph of Cay(G, S) for some S C G [1]. Furthermore, in group theory, the Cayley
theorem states that every group G is isomorphic to a subgroup of a symmetric group [4]. Therefore the
study of Cayley graphs on symmetric groups has great importance.

The main objective of this work is to provide an algebraic approach for finding a Cayley graph con-
taining an induced subgraph that is isomorphic to any given graph G. To show that we first, introduce
a new representation of graphs using derangements. A permutation on a finite set X is a bijection on
X and the set of all permutations on X is denoted by Sx. When X = [n], Sx is usually denoted by
Sy. We use the notation (71,...,m,) for the permutation 7 € S,, where 7(i) = m; for each ¢ € [n]. A
derangement o € S, is a permutation that has no fixed points, which means o; # 4 for all i € [n]. The
set of all derangements of S is denoted by Dj.

Definition 1 Let G be a graph and k € N. We say G is a derangement k-representable if there exists an
injective map w : V(G) — Sk, such that for any two vertices v and u of G, v and u are adjacent if and
only if w(v)(i) # 7 (u)(i) for all i € [k]. In other words, w(v)~!on(u) € Dy. In this case, 7 is called a
derangement k-representation of G. The derangement representation number of G, denoted by drn(Q),
is the minimum of k such that G has a derangement k-representation.

Example 2 Figure [1] shows a derangement 4-representation of Py (= Kz — K3). In addition, we
prove that Ps has no derangement 3-representation. Suppose that m : V(P3) — S3 is a derange-
ment 3-representation of P3. So w(v1)~! o w(vy) € D3 and w(ve)~t o m(vg) € D3. In addition D3 =
{0,071}, where o = (2,3,1). Therefore, {m(v1)~" o m(va),m(v2)~t o w(v3)} = {0,071}, So we have
7(v1) "t om(vg) o m(ve) "t o w(vz) = w(v1) "t o w(v3) = 1 which concludes w(v1) = 7 (v3), a contradiction.
Then drn(Ps) = 4.

Figure 1: A derangement 4-representation of P

According to the Definition [I} we can prove the following theorem which shows the relationship between
Cayley graphs associated to the symmetric groups and derangement representation of graphs.

Theorem 3 Let G be a graph. Then G is derangement l-representable if and only if G is isomorphic to
an induced subgraph of T' = Cay(S;, Dy).

As said before, the main result of [I] and Cayley theorem in group theory confirm that any graph has a
deranement [-representation for some [ € N. In the next theorems we will prove this fact by finding some
general upper bounds for derangement representation number of graphs.



Theorem 4 (1) drn(K,,) =n for any n € N.
(2) drn(K,, — K3) = n for any positive integer n > 4.
(3) Let G be a graph of order n and q(G®) > 2. Then drn(G) < (n—1)q(G°).

A clique decomposition of a graph G is a collection of non-trivial cliques which partition the edge set of

G.

Theorem 5 Let G be a graph of order n, D = {C1,Cs,...,Cs} be a clique decomposition of G¢ and
s> 2. Then

S

drn(G) < s(n+1) — Zp(C’i).

i=1

1.1 Structure of the paper

After this introductory section where we established the background, purpose, and some basic definitions
and theorems of the paper, we divide the paper into four sections. In Section [2] we prove Theorems
[4 and [ and some basic lemmas and theorems and introduce the concept derangement representation
matriz of graphs. In Section [3] we determine the exact value of the derangement representation number
for some nearly complete graphs and give the better bounds of the parameter for some classes of graphs.
In Section [4) we present some computations that performed by SageMath [10] and in the last section, we
state some conjectures and open problems.

2 Proofs of Thorems [3], 4 and

At first, we prove Theorem [3]

Proof of Theorem [3| Let G be a derangement [-representable graph and 7 : V(G) — S; be a derange-
ment [-representation of G. Then for each vertex v;, w(v;) is a vertex of Cay(S;, D;) and for every two
vertices v; and v; of G, we have 7(v;)™! o w(v;) € Dy if and only if v; and v; are adjacent. Therefore
is an isomorphism from G to the subgraph of Cay(S;, D;) induced by ©(V(G)).

Now suppose that G is isomorphic to an induced subgraph of Cay(S;, D;) and 7 is this isomorphism.
Easily one can show that 7 is a derangement [-representation of G. g

Lemma 6 Let G be a graph and H be an induced subgraph of G. Then drn(G) > drn(H).

Proof Suppose that drn(G) = k. Hence G is isomorphic to an induced subgraph of Cay(Sk, D) such
as . Let a: V(G) — V(T') be an isomorphism. Therefore, the subgraph of I' induced by a(V(H)) is
isomorphic to H. So H is isomorphic to an induced subgraph of Cay(Sk, Di). Thus H is derangement
k-representable and so drn(H) < k. [

In the next definition, we introduce an equivalent representation of graphs using matrices.

Definition 7 Let G be a graph with V(G) = {v1,v2,...,v,} and 7 is a derangement k-representation of
G. A derangement k-representation matriz of G associated to 7 is defined as follows:



The next definition is used in the proof of Theorem [4

Definition 8 Let L = [l; ;] be a latin square of order n —1 and 1 <r < s <n. Then
L(r,s) = [l£7j]n><(n—1): where
li’j 1< s
7/4"]' - l’r',j Z =S.
l(i—l),j 1>
Note that in L(r,s), l; ; # Ui, ; for all j € [n — 1] when {r,s} # {i,i'} and l; ; = Ui, ; for all j € [n —1]
when {r,s} = {i,'}.

Proof of Theorem [4] (1) Any latin square of order n is a derangement n-representation matrix of K.
So drn(K,) < n. Now suppose that 7 : V(K,) — Sk is a derangement k-representation of K. If i #£ j
then m(v;)(1) # m(v;)(1). Therefore, |{m(v;)(1)|¢ € [n]}| = n. Hence we have k > n and so drn(K,,) = n.
(2) Let G = K,, — Ko, n > 4 and V(G) = {v1,...,v,}. Suppose that v; and vy are two non-adjacent
vertices. Since G — v is a clique of G, drn(G) > drn(G —v1) = n — 1. Now we choose a latin square L
of order n such that the first two rows of L are Ry =[1234 --- nJand Ry, =[2145 --- n 3]. Then we
replace Ry with R, =[124 5 --- n 3]. The resulting matix is a derangement n-representation matrix
of K, ans so drn(K,) < n. We prove that drn(G) > n — 1. In contrary, suppose that A = [a; j]nx(n—1)
is a derangement (n — 1)-representation matrix of K,, — K5 where the corresponding vertex to R; (the
i-th row of A) is v; and vq = ve. The subgraph K,, — v; and K,, — vy are two cliques of order n — 1. So
the resulting matrices obtained from A by removing any row of { Ry, Ra} are latin squares of order n — 1.
In these latin squares, the last n — 2 rows are the same rows, implying that Ry = R, a contradiction.
Therefore drn(K,, — Ks) = n.

(3) Suppose that N = (n — 1)q(G°), V(G) = {v1,...,v,} and E(G°) = {{v;,,v;, }|1 <t <m, i < je}
Also suppose that L), ... L™ are latin squares of order n — 1 with mutually distinct symbols, such
that the union set of all symbols is [N]. Now consider the following block matrix:

L= | LWy, j1) | LP(i2,j2) | -+ | L™ (imn, jim)

We show that L is a derangement N-representation matrix of G associated to the map o« : V(G) — Sy,
where a(v;) is i-th row of the matrix L. Suppose that v; and v; are adjacent. Then {i,4'} & {{is, j: }|1 <
t <m,i; < ji} and so l:(j) # 125’? for all j € [n—1] and all k € [m]. Therefore a(v;)(j) # a(vy)(j) for all
j € [N]. Now suppose that v; and vy are not adjacent. Then {i,4'} = {ix,, jr, } for some ko € [m] and
&) l;g?“) = lgg?) for all j € [n — 1]. Therefore a(v;)(jo) = a(vir)(jo) for some jo € [N]. In addition, since
m > 2, L has n different rows and so « is an injective map. Therefore drn(G) < N. O
Applying Lemma [6] and Theorem [4] we conclude the following corollary.

Corollary 9 Let G be a graph with clique number w(G). Then drn(G) > w(G).

Definition 10 Let L = [I; ;] be a latin square of order n —k+1, S = {s1,...,s1} and 1 < 51 < --- <
sk <n. Then L(S) = [l} ;lnx(n—k+1), where

lshj i6{327"'7sk}
li’j 1< 8o
l(ifl),j So < 1 < 83

/ .
i = \li-2y  s3<i<s

li—kt2),; Sk—1 <1 <S8k

limktr),; sk <



Note that in L(S), l; ; # U, ; for all j € [n — 1] when {i,i'} € S and ] ; = 1j, ; for all j € [n — 1] when
{i,i'} C S.

Proof of Theorem For any i € [s] let N; = n —p; + 1 and L) be a latin square of order
N; where p; = p(C;). Suppose that A; = V(C;) = {vél,...,vjpi}. Then we have s latin squares
LW, ... L") with mutually distinct symbols such that the union set of all symbols is {1,2,...,N}
where N =37 | N; =s(n+1) — >_7_, p;. Now consider the following block matrix:

L=| LOA) [ LO(Ag) [ -+ [ LO(AY) |,

in which L% (4;) is a matrix of order n x (n—p; +1). We show that L is a derangement, N-representation
matrix of G associated to the map « : V(G) — Sy, where a(v;) is i-th row of the matrix L. Suppose
that v; and vy are adjacent. Then {i,7'} € A, for all ¢ € [s] and so l;(;c) # l;gkj) for all j € [n —pg + 1]
and all k € [s]. Therefore a(v;)(j) # a(vy)(j) for all j € [N]. Now suppose that v; and vy are not
adjacent. Then {i,7'} C Ay, for some ko € [s] and so lgff") = l;gﬁ") for all j € [n — pi, + 1]. Therefore
a(v;)(Jo) = a(vir)(jo) for some jo € [N]. In addition, since s > 2, L has n different rows and so « is an

injective map. Therefore drn(G) < N. O

3 Improved results for some classes of graphs

In this section, we will calculate some better lower and upper bounds or the exact amount of derangement
representation numbers for specific families of graphs.
To prove the next theorem, we need the definition of intersecting family of permutations.

Definition 11 A subset S of S, is intersecting if for any two permutations g and h in S, g(i) = h(i)
for some i € [n] or equivalently h~' o g ¢ D,.

In [5], M. Deza and P. Frankl proved that |S| < (n — 1)! for any intersecting family S of permutations of
symmetric group S,,.

Theorem 12 Let n,k € N and (k —1)! < n < k!. Then drn(K,) =k + 1.

Proof Suppose that drn((K,) = t and 7 : V(K,) — S; is a derangement t-representation of K.
Therefore m(V(K,,)) is an intersecting subset of Sy and so |7(V(K,))| =n < (t—1)!. Thus ¢t —1 > k and
hence drn((K,) =t >k + 1.

To complete the proof, we give a derangement (k + 1)-representation matrix of K,,. Let A = (@i, j]nxk
be a matrix that its rows represent n permutations of Si. Then the following matrix is a derangement

(k + 1)-representation matrix of K,:
k41
L(K,) = : A
kE+1
|
we know that drn(K,) = drn(K, — K3) = n. Now we investigate to find the derangement representation

number of nearly complete graphs. A graph is nearly complete if it can be obtained by removing a small
number of edges from a complete graph relative to the size of the graph.



Theorem 13 (1) drn(K, — P3) =n when n € {3,4}, and
(2) drn(K, — P3s) =n — 1 when n € N>s.

Proof (1) Kj is an induced subgraph of K3 — P3. So drn(K3 — P3) > drn(Kz) = 3 by Theorem [12/and
Lemma [6] In addition, the following matrix is a derangement 3-representation matrix of K5 — Ps:

1 2 3
LK;—Py)=| 2 3 1
1 3 2

Therefore, drn(Ks — P3) = 3.
P5 is an induced subgraph of K4 — Ps. So drn(K4 — Ps) > drn(Ps) =4 by Lemma|§| and Example [2| In
addition, the following matrix is a derangement 4-representation matrix of K4 — Ps:

1 2 3 4
4 1 2 3
L(K3 — P3) = 3 4 1 92
1 2 4 3

Therefore, drn(K4 — P3) = 4.

(2) K,—1 is an induced subgraph of K, — P;. So drn(K, — P3) > drn(K,—1) = n — 1 by Lemma
[6l Suppose that A is a latin square of order n — 1 such that the first two rows of A are Ry =
[ 1 2 3 4 5 -~ n-—1 } and Ry = [ 21 n—-1 3 4 --- n-—-2 } Now the following ma-
trix is a derangement (n — 1)-representation matrix of K,, — Ps:

A
1 2 n-13 4 -+ n-2

L(K, — P;) =

Therefore, drn(K,, — P3) =n — 1. [

Theorem 14 (1) drn(K,, — 2K5) = n when n € {4,5,6}, and
(2) drn(K, —2K;) =n —1 when n € N>7.

Proof (1) P; is an induced subgraph of Ky — 2K5. So drn(K3 — 2K3) > drn(P3) = 4 by Lemma@ In
addition, the following matrix is a derangement 4-representation matrix of Ky — 2K5:

LK, — 2K,) =

B e
W o NN
o W
NN o

Therefore, drn(K4 — 2Ks) = 4.
The following matrix is a derangement 5-representation matrix of K5 — 2K5:

L(Ky — 2K;) =

=W W = Ot
S AN VI ]
N O = R W
W o N U
TN = W =

Therefore, drn(Ks—2K,) < 5. We show that drn(Ks—2K5) > 4. In contrary, suppose that A = [a; ;|5x4
is a derangement 4-representation matrix of K5 — 2K5 where the corresponding vertex to the i-th row is



V3, V1 ¢ U2 and v3 » vy. Therefore we have a1 ; = az ; or as; = a4 ; in each column C; of A. In addition
1<[{jelda;=ag;}[ <2and 1 <[{j € 4]l az; = as;}[ <2. So [{j € [4]] ar; = az;}| = [{j €
4] as,j = as;}| =2 and {j € [4]] a1; = az2;} N{j € [4]| as; = as;} = 0. Without loss of generality,
assume that

a b c d
a b d c
A= c d a b
d c a b

as1 as2 G53 Aa54

So as,1 = as,3 = b and a5 2 = a5 4 = a, a contradiction. Therefore, drn(Ks — 2K5) = 5.
The following matrix is a derangement 6-representation matrix of Kg — 2Ko:

2 6 41 3 5
2 143 6 5
345 6 1 2
LiKe=282) = g o | 6 4 o
1 2 3 45 6
436 5 2 1

Therefore, drn(Ks—2K3) < 6. We show that drn(Ks—2K2) > 5. In contrary, suppose that A = [a; j]6x5
is a derangement 5-representation matrix of K¢ — 2Ky where the corresponding vertex to the i-th row is
v, V1 ¢ U2 and vz ~ vy. Therefore we have a1 ; = a ; or as ; = a4 ; in each column C; of A. In addition
1<|Hjel]aj=ua;} <3and 1< |{j€[4]] as,; = as;}| < 3. So there are three cases:

Case 1. [{j € [4]| a1; = ag;}| = {j €[4l as; = aa;}| =3 and {j € [4]] a1; = az;} N{j € [4]] a3; =
as;} = {jo}. Without loss of generality, assume that jo = 3, {j € [4]| a1,; = a2;} = {1,2,3} and
{j €]l as; = as;} = {3,4,5} and

a b c d e
a b c e d
A= | @1 32 X y z
agq,1 Q42 X y 4
as;1 G52 53 As4 0a55
L @6,1 Q6,2 0G6,3 G644 65 |

In this case, we have y,z ¢ {d,e} and hence {d,e} \ {z,y,z} # (. Therefore at least one of numbers
{d, e} must apear in the cells {as 1, a42} or {as1,a32}. But in this case, that number must apear in the
cells {as 3, a6,3}, a contradiction.

Case 2. [{j € [4]| a1; = az;}| =2 and |[{j € [4]| as; = as;}| =3 and {j € [4]| ar; = az;} N {j €
4] as,; = aa,;} = 0. Without loss of generality, assume that {j € [4]| a1; = az;} = {1,2} and
{j €l as; =as;}={3,4,5} and

a b c d e
a b d e c
A= as;1 as2 X y 4
ag1 Q42 X y z
as1 Q52 0453 QA54 455
|l 46,1 06,2 @3 0G4 0465 |

In this case, we have |{z,y,z} N{c,d,e}| =1 and hence |{c,d, e} \ {z,y, z}| = 2. Therefore two numbers
of {¢, d, e} must apear in the cells {a31,a4,2,a4,1,a3,2}. But in this case, that numbers must apear in the



cells {as 3, a6,3}, a contradiction.

Case 3. {j €[] a1 =as;}| =3and |[{j € [4]] as; =as;}| =2and {j € 4]] a1; = az;} N{j €
[4]| as,j = aa,;} = 0. This case is similar to the previous case.

Therefore, drn(Ks — 2K3) = 6.

(2) K,—1 — K5 is an induced subgraph of K,, — 2K5. So drn(K, — 2Ks3) > drn(K,—1 — K3) =
n — 1 by Lemma [6] and Theorem Suppose that A is a latin square of order n — 1 such that the
first three rows of Aare Ry = [1 2 3 | 4 5 -+ n—2 n—1 ] (corresponding to v;), Ry =
[3 1 2] 5 6 -+ n—1 4 ]/(correspondingtovs),andRs=[2 3 1 | 6 7 -+ 4 5]
(corresponding to vs). At first, we replace the second row of A with

Ry=[12 3] 56 -+ n—-1 4]
to achieve a derangement (n — 1)-representation matrix A’ of K, — K3 in which v; and vy are not
adjacent. Now the following matrix is a derangement (n — 1)-representation matrix of K,, — 2K5:
AI
312 1] 6 7 -+ 45 ’

L(K, — 2K>) =

where the second part of the n-th row is the second part of the third row and the corresponding vertex
to the last row is not adjacent to vs. Therefore, drn(K,, — 2Ks) =n — 1. [ |

Theorem 15 (1) drn(K,, — K3) =n when n € {4,5,6}, and
(2) drn(K, — K3) =n — 1 when n € N>7.

Proof (1) P is an induced subgraph of Ky — K3. So drn(Ky — K3) > drn(P;) = 4 by Lemma @ In
addition, the following matrix is a derangement 4-representation matrix of Ky — 2Ks:

4
LKy — 2K,) =

DO =
=W W
— o N W

4
2
3

Therefore, drn(K4 — K3) = 4.
The following matrix is a derangement 5-representation matrix of K5 — Kjs:

L(Ks — K3) =

LN A e
— W N N
N Ot W W W
T = N
e AR

Therefore, drn(Ks — K3) < 5. We show that drn(K5 — K3) > 4. In contrary, suppose that A = [a; j]5x4
is a derangement 4-representation matrix of K5 — K3 where the corresponding vertex to the i-th row is v;,
V1 ¢ Vg, U1 » v3 and vy ~ v3. Therefore we have a1 ; = ag j, asj = asj or az; = a1 ; in each column Cj
of A. Let ™ = |{k € [4]| a;, = ajx}|- So1<a™l <2 forany {i,j} C {1,2,3} and a2 +a?3+a>! > 4.
So a® = 2 for some {i,j} C {1,2,3}. Without loss of generality, assume that a? = 2 and

a b c d

a b d c
A= as;1 as2 as3z a4
(g1 Q42 Q43 QA4.4
as1 as2 as53 G54

8



If (CL373,CL3_’4) = (a173,a274) or (CL174,CLQ73) then az 3 = a34, a contradiction. If (a373,a374) = (C, d), then
as,1 = a or ag 2 = b which force the equality of the first and the third rows, a contradiction. Similarly,
we have a contradiction when (a3 3,as4) = (d, ). Therefore, drn(Ks — K3) = 5.

The following matrix is a derangement 6-representation matrix of K¢ — K3:

L(Ks — K3) =

= B CAN S "G
N Ut O W W
W N = Loy WD
N . = B =)

U W N = =
S Wk = NN

Therefore, drn(Kg — K3) < 6. We show that drn(Ks — K3) > 5. In contrary, suppose that A = [a; ;l6xs
is a derangement 5-representation matrix of Kg— K3 where the corresponding vertex to the i-th row is v;,
V1 % V2, V2 ¢ v3 and vs « v1. Therefore we have a1 ; = ag j, as,; = az; or az; = a1,; in each column Cj
of A. Let ™/ = [{k € [4]] i = ajx}|- So1<a® <3 forany {i,j} C {1,2,3} and a2 +a?3+a>! > 5.
So there are two cases:

Case 1. a*/ = 3 for some {i,j} C {1,2,3}. Without loss of generality, assume that a’? = 3 and
{j € [4]| a1,; = a2,;} = {1,2,3}. Therefore,

a b c d e
a b c e d
A= as,1 ag2 azsz 0az4 0azp
Ag1 Q42 G43 Q44 Q45
as1 G52 G53 Aa54 0455
a1 Q62 0463 Q64 0465

If (az4,a35) = (a1,4,a25) or (a1,5,a2,4) then asq4 = as 5, a contradiction. If (as4,a35) € {(d,e), (e,d)},
then (as1,as32,a33) € {(a,¢,b),(c,b,a),(b,a,c)}. Without loss of generality, assume that (a3 4,a35) =
(d,e) and (as1,as3,2,a33) = (a,c,b). Then

a b c d e
a b c e d
a c b d e
aq,1 Q42 Q43 G444 0Aa45
as1 0as2 53 G54 0455
L 46,1 Q62 a3 A4 G465 |

But in this case we have {b,c,d,e} C {a4,1,a5,1,0a6,1}, a contradiction.
Case 2. a"J = 2 and a’* = 2 where {4, j, k} = [3]. Without loss of generality, assume that a? = a23 = 2
and {j € [5]| a1; = az;} = {1,2} and {j € [5]] az; = as;} = {3,4} and

a b c d e
a b d e c
A | @1 as2 d e asgs
Gg1 Q42 Q43 G444 0Aa45
51 G52 G653 G54 0As55
a1 G2 063 064 065

Since {a1,5, a2,5,a3,5}N{a45, 055,065} = 0 and {a1 5, a2,5, a3 5}U{as 5, a5 5,a6,5} C [5] hence as 5 € {c, e}.
But a3 5 # as.4 = e and so ag5 = ¢, which contradicts by a?3 = 2.



Therefore, drn(Kg — K3) = 6.

(2) K,_2 is an induced subgraph of K,, — K3. So drn(K, — K3) > drn(K,—2) = n — 2 by Lemma [f]
and Theorem (4, We show that drn(K, — K3) > n — 2. In contrary, suppose that A = [a; j], x(n—2) is &
derangement (n — 2)-representation matrix of K, — K3 where the corresponding vertex to R; (the i-th
row of A) is v;, v1 »* v9, v2 % v3 and vz = v;. The subgraphs induced by removing any two vertices of
{v1,v9,v3} are cliques of order n — 2. So the resulting matrices obtained from A by removing any two
rows of {R1, Ra, R3} are latin squares of order n — 2. In these latin squares, the last n — 3 rows are the
same rows, implying that Ry = Ry = R3, a contradiction.

Suppose that A is a latin square of order n — 1 such that the first two rows of A are

Ri=[12 | 34|56 -+ n-2 n—1]
(corresponding tovy) and Ro =2 1 | 4 3 | 6 7 --- m—1 5 ] (corresponding to vs). At
first, we replace the second row of A by R/, = [ 121 43|67 -+ n=-15 ] to achieve a

derangement (n — 1)-representation matrix A’ of K,_1 — K5 in which v; and vy are not adjacent. Now
the following matrix is a derangement (n — 1)-representation matrix of K, — Kj:

A/

L(K, — K3) = :
( 3) 21 34|67 - n—15

where the second part of the n-th row is the second part of the second row and the corresponding vertex
to the last row is not adjacent to vy and vs. Therefore, drn(K, — K3) =n — 1. |

Theorem 16 (1) drn(K4— Py) = 4.
drn(K, — P;) =n —1 when n € N>;.

Proof (1) Obviously, K4 — Py & P,;. Also P; is an induced subgraph of K3 — Py. So drn(Ky — Py) >
drn(Ps) = 4 by Lemma[6] and Theorem

In addition, the following matrix is the derangement 4-representation matrix of K4 — Py and so drn(K4 —
Py) =4.

1 2 3 4
2 1 4 3
LiKs=P) =11 | 3 4
2 3 1 4

(2) Suppose that G = K, — Py, V(G) = {v;| i € [n]}, v1 = va, v2 % v, and v, » v3. G—v, 2 K,,_1 — K>
is an induced subgraph of K,, — P;. So drn(K,, — Py) > drn(K,—1 — K3) = n — 1 by Lemma |§| and
Theorem [l

For n € {5, 6}, the following matrices are the derangement (n — 1)-representation matrices of K, — Py:

L(Ks— Py) = ,L(K¢ — Py) =

N W N W
[ N Y V)
A= RN W
=N W =
W o = NN
T = N B W W
NN W o Ot O
NN Ot W o Ot

= Ot W o= =N

Now suppose that n > 7 and A is a latin square of order n — 1 such that the first three rows of A are

Ri=[1 23] 45 -+ n-2 n-1]
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(corresponding to v1), Ra = [2 3 1 | 5 6 -+ nmn—1 4] (corresponding to vy) and R3 =
[3 1 2 | 6 -+ n—1 4 5] (corresponding to v3). At first, we replace the second row of A
by Rob=[1 2 3 | 5 6 -~ n—1 4 ] toachieve a derangement (n — 1)-representation matrix
A’ of G — v, in which vy and v are not adjacent. Now the following matrix is a derangement (n — 1)-
representation matrix of G:

A/
31256 - n-14 |’

L(K, — Py) =

where the second part of the n-th row is the second part of the second row and the corresponding vertex
to the last row (vy,) is not adjacent to vy and vs. Therefore, drn(K, — K3) =n — 1. [

Theorem 17 drn(K,, — (PsUP,)) =n — 1 when n € N>5.

Proof Suppose that G = K,, — (PsU P), V(G) = {v;| i € [n]}, v1 » va, v, » vz and v, = vy.
G — v, 2 K,,_1 — K> is an induced subgraph of G. So drn(G) > drn(K,—1 — K2) =n —1 by Lemma@
and Theorem Ml

For n € {5,6}, the following matrices are the derangement (n — 1)-representation matrices of G:

L(Ks — (P3UPy)) = JL(Ke — (P3UPy) =

W = W=
W kR =N
NN = WWw
- N0 R
N~ N ot WW
SN CRNGURIT NN
el A IS

N I N R
W Ul W N

Now suppose that n > 7 and A is a latin square of order n — 1 such that the first four rows of A are R; =

[1 2] 3 4 -+~ n—2 n—1] (corresponding tov1), Rz =[2 1 | 4 5 -+ n—1 3]
(corresponding to v2), R3 = [3 4 | 5 6 - (n—1) 1 2 ] (corresponding to v3) and Ry =
[4 3 | 6 -+ (n—1) 1 2 5 ] (corresponding to vs). At first, we replace the second row of A
by Ryb=[1 2 | 4 5 -+ n—1 3] to achieve a derangement (n — 1)-representation matrix A’

of G — v, in which v; and vs are not adjacent. Now the following matrix is a derangement (n — 1)-
representation matrix of G:

A/
34116 - 125 |’

L(K, — (PsUPy)) =

where the second part of the n-th row is the second part of Ry and the corresponding vertex to the last
row (vy,) is not adjacent to vz and vy. Therefore, drn(K,, — (P3U P2)) =n — 1. |

In Theorems and [15] we find the derangement representation number of K,, — Py (for 2 < k <
4) and K,, — C5. In the following theorems, we obtain upper and lower bounds for the derangement
representation number of K,, — P, and K, — C3 for the other values of n and k.

k
Theorem 18 Letn,k € N. Ifn >k > 5, thenn — [2-‘ +1<drn(K, — P;) <n.

Proof Let G = K, — P, V(G) = {v;| i € [n]}, B(G°) = {viviq1| i € [k — 1]}, Vo = {vas] 1 < i < [ 5]}
and V1 = {’Ugi_l‘ 1 S 1 S [g]}
Case 1. k = 2t + 1: The subgraph of G induced by V(G) \ Vp is a clique of order n —t. So drn(G) >

11



k
wG =n—t=n-— {2—‘ + 1
Case 2. k = 2t: The subgraph of G induced by (V(G) \ Vo) U {vi} is isomorphic to K, — Ky where

p=n—t+1. Sodrn(G) > drn(K, - K) >p=n— F;—‘ 1

Now we prove that K, — Pj is derangement n-representable. Consider the latin square L = [li,j]an with
lij=7—i+1whenj>diandl;; =n-+1+j—iwhenj<i.

1 2 3 4 n—1 n
n 1 2 3 n—2 n-—1
n—1 n 1 2 n—3 n—2
L=|n-2 n-1 n 1 n—4 n—3
3 4 5 6 --- 1
| 2 3 4 5 ... n 1]

Let M; ; = {lij,lit1,j+1,li+1,5, lit2,j+1} for any 4, j € [n] (the indices being taken modulo n). We have
l@j = li+17j+1 and l7;+17j = li+27j+1. If we replace together two cells l¢+17j+1 and li+1,j in L, then the result
matix is a derangement representation matrix of K,, — P». We call this change a flip change. Therefore, to
achieve the derangement n-representation matrix of K,, — P, it is enough to do the flip change on M 1,
My, ..., and Mj_s 2,5 where the indices being taken modulo n. In fact, the flip change on M, 5;_1,
remove the edge v;v;11 from E(K,). [ ]

Example 19 As ezplained in the proof of the Theorem[I8, the following matrz is a derangement repre-
sentation matriz of Kg — Pg:

L(Kg — Ps) =

W ks Ut 00 N
B OO N 0NN W
S 00 = W Wk Lt
N 00~ NN OO
(o e L T AN =2 I
=W WUl N

N Wk OO g = =
T O N 00 = = W

Theorem 20 Letn,k € N. Ifn>k >4, thenn — {

N |

J <drn(K, — Cy) <n.

Proof Let G = K, — Cy, V(G) = {vi] i € [n]}, E(G°) = {viviz1] i € [k — 1]} U {vgv1}, Vo = {va] 1 <
i< 5]} and Vi = {vg;q| 1 < i < [E7).
Case 1. k = 2t: The subgraph of G induced by V(G)\ V% is a clique of order n —t. So drn(G) > w(G) =

n—t=n—|=-|.
2
Case 2. k = 2t+1: The subgraph of G induced by V(G) \ V} is isomorphic to K, — Ky where p = n —t.
k
So drn(G) > drn(K, — K2) > p=n— 3|

To prove the upper bound, we consider three cases:

Case 1. n = k: Similar to the proof of Theorem to achieve the derangement n-representation matrix
of K, — P,, it is enough to do the flip change on M; 1, M3, ..., and M,_; 1. In fact, the flip change
on M, ;, remove two edge v;V;41, Vi+1Vi42 from E(K,,).

12



Case 2. n > k =2t > 4: Let A and B be latin squares of order ¢ and n — ¢, with symbol sets [t] and
[n] \ [t], respectively. Also the i-th row of a matrix X is denoted by X;. Obviously,

A1 B1
L= i :
Ay By

is a latin rectangle of order ¢ X n and so by use of Hall’s Theorem, we can extend L to the following latin
rectangle:

~ Al Bl -
At Bt
(&

L Cn72t i

Now easily one can show that the following matrix is a derangement n-representation matrix of K,, — Cj:

A By
Ay By
Ay By
As By
Az By
L// N N

Ay By
At Bt
Cq

On—2t

Case 3. n > k =2t —1 > 5: At first, similar to the previous case we define A, B of order ¢ x t and
tx(n—t),such that 4y =123 --- t], A,=[23 --- t1],and By = [t+1 --- n]. Similarly, we define L
(of order t x n) and then we change the symbols 1 — 2 — t+1 — 1 in the first row of L = [[; ;] such that
l11 = l;1 = 2. Then by use of Hall’s Theorem, we can extend L to the row latin rectangle L’ (of order
(n—t+1)xn) by adding n—2t+1 rows Cy,...,Cp_o11 such that {¢; ;|i € [n—2t+1]}N{l; ;i € [t]} =0
and ¢;; # ¢y j (i # 1) for any j € [n]. Finally, to achieve a derangement n-representation matrix of

13



K, — C}, we define L as follows:

A1 Bl
Ay By
Az B
Ay Bs
Az Bs

A1 By
Ai_q By
Ay By
Ch

Cn72t+1

To prove the next theorem, we need an special type of latin squares.
Definition 21 A latin square is idempotent if every symbol appears on the main diagonal.

It was proved in [9] that there exists an idempotent latin square of order n for any positive integer n # 2,

Theorem 22 drn(C),) < (%] + 1 for any positive integer n > 3.

Proof Let V(C,) ={v1,va,...,0,}, E(Cy) = {v1ve, vovs, ..., v,v1}. We consider two cases:

Case 1. n = 2k:

Suppose that Vi = {v1,vs,...,v2k-1}, and Vo = {va,v4,...,v2}. There is an idempotent latin square
M = [m; ;] of order k. Without loss of generality, we assume that m; ; = i. Also matrices N = [n; j]rxk,
L1 and Ly are defined as follows.

9 k41 3 o k-1 k
1 3 k41l - k-1 k
1
1 2 4 e k=1 k k+1 9
N = Ly = M| L= |~
k41 :
+ 2
1 23 ok ksl
kt1l o2 3 o k-1 1|

L,

} is a derangement
Lo

Now if we assign L1 and Lg to the vertices of V7 and V{, respectively then L = [

(k 4+ 1)-representation of C,.

Case 2. n =2k + 1:

Suppose that Vi = {vs,vs,...,v95-1}, Vo = {v2,v4,...,02x}. We know there is an idempotent latin
square M = [m;;] of order k. Without loss of generality, we assume that m;; = i. Also matrices

14



N = [nijl(k=1)xks L1, Lo, W1 (corresponding to vertex v;), and Wy (corresponding to vertex vary1) are
defined as follows.

(2 k+1 3 e k=1 ko
1 3 k+1 k—1 k

N=|1 2 4 k—1 k 7

| 1 2 3 k k+1 ]

1 k+2

k+2 k+1 9 k42

Ly = : M |,L= ) N |,

k+2 k+1 o1 k42

Wo=1[k+1,11k+2,2,3,--- k|,

Wi = [mg1, k+2|k+1,m12,ma3, -+, mp_1x].
Ly
. . . . Wi | .
Now if we assign Ly and Ly to the vertices of V; and V4, respectively then L = I is a derangement
0
Wo
(k + 2)-representation of C,,. |

Example 23 As explained in the proof of the Theorem the following matrices are the derangement
representations matrices of C1g and Ciy:

L(ClO) -

Ul W N~ OO
DD~ P E NDWOtND e
— O Ot Ot OOt N B =W

N NN WD W U
W Wk O Wk /P W ot N
= OO = N WL

~

—

Q

=

—~

~—

I
Wk W N RO N33
ESEEN BEN BRSNS N e R 2 R R =
S = o= = NN W O N
=D NN WO WOt
LW O W Wk = W ol N
a2 B e I S N I R ey
N O Ot Ot OO Ot N = = W

Theorem 24 Let G be a path graph of order greater than 4, then drn(P,) < fgl + 1.
Proof Let V(G) = {v1,ve,...,v9},E(G) = {v1ve,v2vs3,...,v,_10,}. We consider two cases:

Case 1. n = 2k: Suppose that Vi = {vi,vs,...,v96—1}, and Vo = {va,v4,...,v2k}. There is an
idempotent latin square M = [m; ;] of order k. Without loss of generality, we assume that m; ; = i. Also
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matrices N = [n; jlpxk, L1 and Ly are defined as follows.

9 k+1 3 o k-1 &
103 k41 - k-1 k
1
1 2 4 e k-1 ok k41 ;
N = =] i M| =] | |N
k41 :
* k
1 2 3 k kE+1
12 3 o k-1 k1|

L,

} is a derangement
0

Now if we assign L; and Lg to the vertices of V; and V|, respectively then L = {

(k 4+ 1)-representation of P,.
Case 2. n =2k — 1: Po_1 is an induced subgraph of Pa. So drn(Peg—1) < drn(Pax) < f%} +1=
E+1=[5%]+1 [ |

Example 25 As explained in the proof of the Theorem the following matrices are the derangement
representations matrices of C1o and Ciy:

h

=

Ja

<

\
>~ W N =IO O & & O
== = N W TN R
NN WO~ W Ot N A~
W B O Wk = W ot N
GO B BN B = W Ot
S O O OOt DN B~ =W

~

—~

o~

(e}

S

I
U W N =IO OO D
o= = = N W O DN e

OO WD W Ul
W W O Wk = oW oot
NGNS I NI NG I RSO SO
o = IS NS B IS, S R NS U

Theorem 26 Letn,r € N and 1 <r <n. Then drn(K, — K,) < max{n, 2r}.

Proof Suppose that V(K,, — K,) = {v1,...,v,}. At first, suppose that n > 2r. We give a derangement
n-representation matrix L of G. Let A = [a; j|,xr and B = [b; j](n—r)x (n—r) be two latin squares with
disjoint sets of symbols [r] and {r + 1,...,n}, respectively. Let By be the matrix of order r x (n —r)
that contains the first » rows of B. Now we define the first r rows of L as follows: L = [ A ‘ B ]
Then we extend this latin rectangle to a complete latin square Ly of order n by use of Hall’s Theorem.
Finally, we replace all rows of A with the first row of A in Ly to achieve L = [l; j}nxn. Now l; ; = l; ; for
some j € [n] if and only if 7,7’ € [r] and in other cases, we have [; ; # I/ ; for all j € [n]. Therefore, L is
a derangement n-representation matrix of G.

Now suppose that n < 2r. In this case, K,, — K, is an induced subgraph of Ks,. — K,.. Therefore
drn(K, — K,) < drn(Ks, — K,) < 2r by Lemma [6] |
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4 Computational results using Sage

We can compute the derangement representation number of graphs of small orders. For example, the
following simple code in Sage tests the derangement 4-representability of the fork graph (See the Figure
2): In Table 1, we show the derangement representation number of cycle C,, for any n € {3,...,20}:

G = SymmetricGroup(4)
D = Derangements(4)
L=[]
for j in range(subfactorial(4)):

L.append(Permutation(D.1list() [j]).to_permutation_group_element())
C_5= Graph( [ G.list(), lambda g, h: h*g~(-1) in L])
C_b.subgraph_search(graphs.ForkGraph(), induced=True).show()

(1,4,2,3)

(1,2,4,3)

O O (2545371)
(33 17 27 4)

(17 27 37 4)

Figure 2: A derangement 4-representation of fork graph

Table 1: drn(C,,) for 3 <n <20

In Table 2, we show the derangement representation number of path P, for any 2 < n < 29:

n drn(Py)

2 2
3,...,8 4
9,..., 14 5
15,..., 22 6
93,..., 29 7

Table 2: drn(P,) for 2 <n <29
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In Table 3, we find the derangement representation number of complete bipartite graph K, ; when
r,s € [10]:

T s | drn(K,s)
1 1 2
12 23 4
3 3 5
1...4 4 5
1,....,5 5 5
1...6 6 5
1.4 7 5
5,...,7 7 6
1,....4 8 5
5...,8 8 6
1,2 9 5
3,...6 9 6
7,...,9 9 7
1 10 5
2.6 10 6
7...10 10 7

Table 3: drn(K, ) for r,s € [10]

Suppose that Cay™°*(i) represents the number of graphs of order i which are not induced subgraphs of
Cay(S;, D;). For some small values of i, we compute Cay™°(i) using SAGE, with the following code.
The results for ¢ € [7] have been shown in Table 4.

def Cay~not(i):
G = SymmetricGroup(i)
D Derangements (i)
=1
for j in range(subfactorial(i)):
L.append(Permutation(D.1list () [j]).to_permutation_group_element())
C_i= Graph( [ G.list(), lambda g, h: h*g~(-1) in L])
L = list(graphs(i, lambda G: G.size() <= i*(i-1)/2))

t=0
for G in L:
w=C_i.subgraph_search(G, induced=True) is None
if w == True:
t+=1
return t
i Cay™* (i)
1 0
2 1
3 2
4,7 0

Table 4: Cay™°(i) for i € [7]
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Using the code ”G.subgraph_search(H, induced=True).show()” in Sage, we can identify an induced sub-
graph of G that is isomorphic to H. For instance, in the following code we identify the graphs of order 6
with derangement representation number 6. In fact, Kg, Kg — Ko, Kg — 2K5 and K¢ — K3 are the only
graphs of order six with derangement representation number six: (See Figure [3)).

def De(i):
G = SymmetricGroup(i)
D = Derangements (i)
=]
for j in range(subfactorial(i)):
L.append(Permutation(D.list() [j]) .to_permutation_group_element())
C= Graph( [ G.list(), lambda g, h: h*g~(-1) in L])

return C

C_5=De(5)

C_6=De(6)

L = list(graphs(6, lambda G: G.size() <= 15))

ifeEe (& Thnl 3
w=C_5.subgraph_search(G, induced=True) is None
if w == True:

C_6.subgraph_search(G, induced=True) .show()

(1,2,6,4,5,3) (4,3,6,5,2,1)

(2,1,4,3,6,5) (5,6,1,2,3,4) (2,6,4,1,3,5) (3,4,5,6,1,2)
(1,2,3,4,5,6) (1,2,3,5,4,6) (3,5,1,6,4,2) (2,1,4,3,6,5)
(3747 57 6’172) (1727 374’576)

(3,4,5.6,1,2)

(5,6,1,2,3,4) (2,5,4,1,6,3)

(2,1,4,3,6,5) (1,2,3,4,5,6)

(4,3,675,2,1)

Figure 3: Derangement 6-representations of Kg — K3, Kg — 2K5 and Kg — K»
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5 Further questions

As outlined in Sections [3] and [4 especially in Table 4, we see that the derangement representation
number of any graph which is reviewed in this paper is less than its order, except a finite number of
graphs (F = {K», K3, P3}). So we propose the following conjecture:

Conjecture 27 drn(G) < p(G) for any finite graph G except the graphs of the family F.

We can easily show that the complete graph K,, is derangement k-representable for all £ > n. In fact,
any latin rectangle of order n X k is a derangement representation matrix of K,,. There is a similar result
for the graph K,,.

Problem 28 Characterise all graphs G which are derangement k-representable for any positive integer
k> drn(G).
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