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Abstract

This paper presents a new boundary-value problem formulation for quantifying uncertainty
induced by the presence of small Brownian noise near transversally stable periodic orbits (limit
cycles) and quasiperiodic invariant tori of the deterministic dynamical systems obtained in the
absence of noise. The formulation uses adjoints to construct a continuous family of transver-
sal hyperplanes that are invariant under the linearized deterministic flow near the limit cycle or
quasiperiodic invariant torus. The intersections with each hyperplane of stochastic trajectories
that remain near the deterministic cycle or torus over intermediate times may be approximated
by a Gaussian distribution whose covariance matrix can be obtained from the solution to the
corresponding boundary-value problem. In the case of limit cycles, the analysis improves upon re-
sults in the literature through the explicit use of state-space projections, transversality constraints,
and symmetry-breaking parameters that ensure uniqueness of the solution despite the lack of hy-
perbolicity along the limit cycle. These same innovations are then generalized to the case of a
quasiperiodic invariant torus of arbitrary dimension. In each case, a closed-form solution to the
covariance boundary-value problem is found in terms of a convergent series. The methodology is
validated against the results of numerical integration for two examples of stochastically perturbed
limit cycles and one example of a stochastically perturbed two-dimensional quasiperiodic invariant
torus in R?, R? x S', and R? x S!, respectively, for which explicit expressions may be found for
the associated covariance functions using the proposed series solutions. Finally, an implementation
of the covariance boundary-value problem in the numerical continuation package CcOCO is applied
to analyze the small-noise limit near a two-dimensional quasiperiodic invariant torus in a nonlin-
ear deterministic dynamical system in R* that does not support closed-form analysis. Excellent
agreement with numerical evidence from stochastic time integration shows the potential for using
deterministic continuation techniques to study the influence of stochastic perturbations for both
autonomous and periodically excited deterministic vector fields.

1 Introduction

Asymptotically stable equilibria [3, 17, [35], limit cycles [9} [13] B1], invariant curves [6], and transversally
stable quasiperiodic invariant tori [T} [8, 23] of deterministic dynamical systems continue to organize
the local flow over intermediate times also with the addition of noise of small intensity. There results
metastable dynamics near the deterministic limit sets with stochastic trajectories characterized over
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such time scales by approximately stationary Gaussian probability distributions of intersections with
hyperplanes transversal to the local vector field. Knowledge of these distributions allows the investiga-
tor to predict the noise-induced spread of uncertainty about the deterministic limit set [3, 10} [19] 20]
and the likelihood of transitions between different metastable objects [22] 26l 27, [38], (39, 4T, [42].

Given a stochastic differential equation that appends noisy excitation to an underlying determin-
istic dynamical system, numerical integration of solution trajectories is a commonly deployed brute-
force approach for the characterization of noise-induced uncertainty, especially for global analysis [25].
While computationally expensive and necessarily limited to particular choices of parameter values and
noise models, the results of such analysis provide an important reality check for theoretical predic-
tions [10]. For local analysis—of primary interest here—a more affordable alternative is the direct
computation of covariance ellipsoids [4, [37] in each hyperplane through the solution of an associated
Lyapunov equation [IT], 12| 24] for a covariance tensor function. Indeed, as shown by Kuehn [2§] (see
also [2 29 30]) in the case of equilibria, such a computation may be embedded within a numerical
continuation framework in order to investigate the parameter dependence of the metastable dynamics
and the probabilities of noise-induced transitions between metastable objects (see, e.g., [5]). One goal
of this paper is to extend such a methodology, compatible with a numerical parameter continuation
framework, also to the case of limit cycles and transversally stable quasiperiodic invariant tori.

To achieve such an outcome, we expand on our preliminary treatment of limit cycles in [I] to
formulate a smooth, regular boundary-value problem, such that pairings of parameter values, deter-
ministic limit sets, and associated covariance tensor functions span a smooth manifold in a suitably
defined variable space. Such a formulation then supports simultaneous continuation of limit sets
and covariance functions using well-established software packages, e.g., AUTO [I6] and coco [14],
including the possibility of monitoring or constraining the geometry of the covariance ellipsoids dur-
ing parameter variations. In this paper, we rely on an implementation in COCO to enable numer-
ical validation of the theoretical predictions, and make the corresponding code freely available at
https://github.com/hdankowicz/covariance-bvp2023-scripts. Although we leave the utility of
such a combined framework largely to future work, a natural application is to problems in optimal
robust design of noise-disturbed engineering systems.

Several features distinguish our treatment from that in most of the existing literature. Foremost
among these is the construction of transversal hyperplanes using projection operators defined in terms
of the solutions to appropriately defined adjoint boundary-value problems with integral constraints as
described in [I5]. Notably, this construction is invariant under local coordinate transformations. The
resultant foliation of hyperplanes is also invariant under the linearized flow near the limit set, which
contracts the corresponding transversal deviations exponentially fast to 0. Neither of these properties
hold for the typical construction (for autonomous systems) of transversal hyperplanes that are chosen
arbitrarily [34, 43] or required to be orthogonal to the local vector field [7) 33], as this construction
is not invariant under local coordinate transformations, the resultant hyperplanes are not invariant
under the linearized flow, and deviations tangential to the limit set must be eliminated, for example,
by projection onto a local set of coordinates in each hyperplane (as in [33] and [43]; see also [21] for
an analysis of phase diffusion along a limit cycle). Such a coordinate projection is not required by the
proposed construction which proceeds to make predictions in the original coordinates. Furthermore,
as is demonstrated here through several examples, for non-autonomous, periodically excited dynamical
systems, the proposed construction automatically generates hyperplanes in stroboscopic sections (the
a priori choice in [10]). Finally, in our computational implementation, we benefit from the existence
of automated support for the construction of the adjoint boundary-value problems using the staged
construction paradigm in coco [32].

As a consequence of these choices, we obtain a Lyapunov equation that conserves the scalar-valued
image of the covariance tensor function on any pair of adjoint vectors. We restrict attention to the
intersection of the zero-level sets of all such images by appending a corresponding set of boundary
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conditions and augmenting the Lyapunov equation with a regularizing damping term that must vanish
on solutions to the full covariance boundary-value problem (see [18, B6] for a general methodology).
Using the invariance of the foliation under the linearized flow and exponential contraction, we obtain
a unique solution for the covariance tensor function in terms of an exponentially convergent series.
The result is a function whose value at each point of the limit set is a positive semi-definite matrix
with as many nonzero eigenvalues, generically, as the co-dimension of the limit set.

That the analysis for limit cycles may be extended also to the case of quasiperiodic invariant tori
is demonstrated already in [7, 23] 43]. In our formulation, this extension results in several coupled
partial differential equations on a cylindrical domain with characteristics parallel to the time axis and
with boundary conditions, integral constraints, and regularizing terms enforcing quasiperiodicity, non-
degeneracy, and uniqueness. In our numerical implementation, we rely on a problem discretization
in terms of Fourier series in the non-temporal variables and continuous, piecewise-polynomial func-
tions along characteristics, and show how the discretized adjoint integro-differential boundary-value
problems may be obtained from a variational formulation, as also implemented in COCO.

The remainder of this paper is arranged as follows. Section 2| considers the influence of noise on the
dynamics near limit cycles. Rigorous derivations for systems of arbitrary dimension are there validated
against the predictions of numerically integrated stochastic trajectories for two examples where the
sought covariance functions may be obtained in closed form, viz., an autonomous, deterministic vector
field in R? obtained from the Hopf normal form and a harmonically excited, damped, linear oscillator
with dynamics in R? x S'. Section [3| generalizes the construction of families of local projections to the
case of transversally stable quasiperiodic invariant tori of arbitrary dimension in problems of arbitrary
dimension and shows that a unique covariance matrix may again be associated with each correspond-
ing hyperplane. Here, validation is delivered first using a two-dimensional torus of a deterministic
vector field in R? x S, for which closed-form analysis of the covariance function is possible, and then a
two-dimensional torus of a deterministic vector field in R*, which is not amenable to such analysis and
for which an approximation must be obtained from a discretization of the governing boundary-value
problem using the software package coco. This latter implementation also illustrates how uncer-
tainty quantification may be appended to or integrated with parameter continuation of limit cycles or
quasiperiodic invariant tori. Appendix [A] collects important results that enable automated problem
construction and approximate analysis in COCO of the various adjoint boundary-value problems, in-
cluding a choice of discretization in terms of finite sets of characteristics in the case of quasiperiodic
invariant tori that can be used analogously for finding the tori in the first place and analyzing the
associated covariance functions. A concluding discussion in Section {4| reflects on directions for further
study.

2 Periodic Orbits

In this section, we derive the set of adjoint and covariance boundary-value problems (previously stated
without derivation in [I]) whose combined solution, for a given limit cycle of an autonomous dynamical
system, characterizes the metastable dynamics in the limit of small noise intensity. The theoretical
predictions are validated against two examples for which closed-form expressions may be compared to
the results of stochastic numerical integration.

2.1 Theoretical derivations

Let v(t) € R™ be a periodic solution with period 1 of the smooth dynamical system defined by the
ordinary differential equation (ODE)

d
d;: =& =Tf(x), wherexz:=z(t)eR", (1)



for some positive scalarﬂ T. Let X(t) denote the solution to the corresponding variational initial-value
problem .
X =TDf(v)X, X(0)=1Iy, (2)

where D f denotes the Jacobian of f and I, is the identity matrix of size n x n. By periodicity of v, it
follows that X (t+1) = X (¢)X(1). Furthermore, X ~1(¢)f(v(t)) = f(7(0)), since equality holds at t = 0
and differentiation shows that the left-hand side is constant. As a special case, again by periodicity
of v, it follows that f(y(0)) is a right nullvector of X (1) — I,, and f(v(¢)) is a right nullvector of the
linear operator
D(t) = X (1) (X(1) = 1) X '(1). (3)
Following [15], assume next that v is hyperbolic in the sense that there exists a 1-periodic, smooth
family of projections of the form

Q(t) == X()(In — F(+(0)w") X~ (t) (4)

for some vector w, such that I'(¢) is a bijection on the image of Q(¢). As shown below, this is
equivalent to the standard definition of hyperbolicity in terms of the eigenvalues of the monodromy
matrix X (1). Importantly, the family Q(¢) and the complementary family I, —Q(t) respect the spectral
decomposition of I'(¢) + I,,.

2.1.1 The adjoint boundary-value problem

The following sequence of lemmas and corollaries culminate in the formulation of the adjoint boundary-
value problem in Lemma[2.5 and a projection of the local dynamics onto transversal directions relative
to the limit cycle in Corollary The discussion is adapted from [I5] and organized to set up a
point of departure for the subsequent analysis of noise-induced transversal dynamics.

Lemma 2.1. The vector w satisfies the normalization condition
w' f(7(0)) = 1. (5)
Proof. Since Q(0) is a projection, it is idempotent, i.e., @*(0) = Q(0) or, by (4),

2
I = fO)w” = (I~ F((O)wT) . (6)
Algebraic manipulation shows that this holds if and only if is satisfied. O

Lemma 2.2. Let ImQ(t) and ker Q(t) denote the image and kernel of the projection Q(t). Then,

ImQ(t) = {X 1T ()w} and ker Q(t) = span{X(t) f(7(0))}. (7)
Proof. By it suffices to show this for ¢ = 0. If v € ker Q(0), then
0= (I = FrO)wT) v =0v— FO)wTv, (8)

i.e., that v € span{f(v(0))}. That ker Q(0) = span{f(7(0))} then follows from Lemma Similarly,
if v € ImQ(0), then there exists a vector u such that

v=(In = f((0)w")u (9)

!We obtain the form of (1) from a dynamical system of the form y'(n) = f(y(n)) with periodic orbit v(n/T) of period
T by letting t = n/T and z(¢) = y(T't). For an autonomous vector field, T" is not typically known a priori and is, instead,
solved for simultaneously with v by appending a suitable phase condition to the periodic boundary-value problem in
z, e.g., h(z(0)) = 0 for some smooth scalar-valued function h. Throughout, we omit explicit dependence on problem
parameters to reduce the notational complexity.




and, by Lemma [2.7]
AR (wT - wa(y(O))wT) u =0, (10)

i.e., ImQ(0) € {w}*. Equality then follows from the rank-nullity theorem. O

Lemma 2.3. The vector \(t) :== X~V T(t)w is the unique left nullvector of T'(t) for which

AT f(v(1) = 1. (11)

Proof. By it suffices to show this for ¢ = 0, where reduces to (5). To show that w is a left
nullvector of T'(0) = X (1) — I,,, note that the left nullvector property w'I'(0) = 0 holds if and only if
wTX (1) = w'. But the latter follows by 1-periodicity of @, since Q(0) = Q(1) implies that

X(1)(In = F(y(0)w )X (1) = I, — f(4(0)wT, (12)

which reduces to f(7(0)w" = f(v(0))w' X (1) by direct algebraic manipulation and use of the fact
that X (1)f(v(0)) = f(v(0)). Finally, suppose that w is any left nullvector of I'(0) and let v denote
an arbitrary vector in Im Q(0). Since I'(0) is onto Im Q(0), there exists a u such that I'(0)u = v and,
consequently, w'v = @' I'(0)u = 0. By Lemma w € span{w} and the uniqueness claim follows as
well. .

Corollary 2.4. The right nullspace of T'(t) consists of vectors tangential to the curve s — ~(s) at
s =1t.

Proof. By it suffices to show this for ¢ = 0. By substitution from and , it follows that

PO)Q) = (X(1) ~ 1) (I — F(x(0)w") =T(0), (13)

where we again used the fact that X (1)f(v(0)) = f(7(0)). Now suppose that v is a right nullvector of
I'(0). It follows that I'(0)Q(0)v = I'(0)v = 0. Since I'(0) is one-to-one on the image of Q(0), Q(0)v =0
and, by Lemma v € span{ f(v(0))}. O]

Conversely, suppose that the eigenspace of the monodromy matrix X (1) corresponding to the
eigenvalue 1 is given by span{f(v(0))} and choose w in the construction of Q(t) as the unique left
nullvector of I'(0) such that holds. Then, by (13, v € ImQ(0) and I'(0)v = 0 imply that v = 0.

Similarly, since
QOT(0) = (I = F((0)wT) (X(1) = L) = T(0), (14)

it follows from the rank-nullity theorem that if v € Im Q(0) then there exists a © € Im Q(0) such that
I'(0)0 = v. We conclude that I'(0) is a bijection on the image of Q(0) and, consequently, that I'(¢) is
a bijection on the image of Q(t).

Lemma 2.5. The function A(t) := X~V T(t)w is the unique solution to the adjoint boundary-value
problem

1
0= T —Tu™Df(7), 0=puT(0) —uT(1), 1= /0 WTF((9)) dt. (15)

Proof. Let p denote an arbitrary solution to this boundary-value problem. It follows that u" ()X (t) =
w' and u'(t)f(y(s)) = 1, since i) differentiation and use of (2) and shows that the left-hand sides
are constant, ii) the integral condition implies that the second constant equals 1 and, consequently,
©(0)f(v(0)) = 1, iii) periodicity shows that p'(0)X (1) = u'(0) and, by the proof of Lemma that
1T (0) is a left nullvector of T'(0) that iv) by Lemma [2.3| must equal w. O



Corollary 2.6. In the notation of the previous lemma,

Q(t) = I — f(v(s)AT(t) (16)
and projects along f(v(s)) onto a co-dimension-one hyperplane orthogonal to A(t).

Lemma 2.7. The family of operators P(t) = Q(t) is the unique periodic family of projections onto
co-dimension-one hyperplanes which satisfies the invariance condition

X(t)P(0) = P(t)X (¢) (17)
and such that T'(t) is a bijection on the image of P(t).

Proof. For any such family of projections, there exist two periodic functions ¢ and p, such that
P(t) = I — (O™ (), 1T (H)6(t) = 1 and, by invariance, 6(t) = X(£)6(0) and p(t) = X~ 1T(H)u(0).
By direct algebraic manipulation and periodicity, we obtain

(0)P(0) = T(0) = P(0)I(0). (18)

It follows from the first equality that P(0)f(v(0)) is a nullvector of I'(0) and, by injectivity of I"(0)
on Im P(0), that P(0)f(v(0)) = 0. Without loss of generality, we conclude that ¢(0) = f(v(0)). From
the second equality, we obtain 7 (0)T'(0) = 0. By surjectivity of I'(0) on Im P(0), as in the proof of
Lemma [2.3] then p(0) = w. O

Corollary 2.8. The stable and unstable eigenspaces of I'(t) + I, lie in the image of Q(t).

We proceed to investigate the local geometry on a neighborhood of = characterized in terms of
the projections (). These provide a local decomposition into state-space displacements tangential and
transversal to the periodic orbit. When convenient, we perform formal calculations with differentials
in order to capture leading-order effects.

Lemma 2.9. For x sufficiently close to v(t) for some t, there exists a unique time T (with T = t)
such that
x =Y(T) + Ty, (19)

where \(T) T2y = 0 and, consequently, Q(7)xy = T
Proof. Let H(x,7) = AT(7) (x — (7). Tt follows that H(vy(t),t) = 0 and

OrH((1),1) = =TAT(1)f(+(s)) = ~T. (20)
The claim follows from the implicit function theorem. O

Corollary 2.10. For the differential dz, the result of Lemma[2.9 implies the existence of differentials
dr and dxy,, such that
z +de =y(7+d7r) + x4t + dagy, (21)

where AXT(7 + d7) (x4 + dag) = 0 and, consequently,

It follows that
dzy — TDf(y(7))zedr = Q(7) (dz — TD f(y(7))xedT) (23)



Proof. Eq. implies that

dzy, = doe — Tf(y(7))dr. (24)
Similarly, from , we obtain .
dzy = Q(T) x4 dT + Q(7)d sy (25)
From the definition of @) it follows that
Q(r) = =TDf(+(7)) f(Y(T)AT(7) + Tf(7(r))AT(1)D f (7(7)) (26)
and, consequently, that .
Q(T)zer = T(In — Q(7))Df (¥(7))Ztr, (27)
since AT(7)zy, = 0. Substitution of and into the right-hand side of yields (23)), since
QI ((m) =0, .

2.1.2 The covariance boundary-value problem

In lieu of the deterministic dynamics in , now consider the 1t6 SDE
dz = Tf(z)dt + oVTF(z)dW, (28)

in terms of the noise intensity ¢ and a vector Wy € R™ of independent standard Brownian motions.
We consider the limit of small noise intensity and are concerned only with leading-order expansions
in ¢. In the notation of the preceding lemmas, we continue to calculate with differentials. Since we
are only interested in first-order terms in o, we drop any It corrections arising from the It6-formula.
The following proposition is then relatively straightforward.

Proposition 2.11. For x sufficiently close to ~(t) for some t, to first order in ||z || and o,
day = TDf(y(7))wudr + oVTQ(T)F (y(7))dW-. (29)
Proof. For xy, =0 and 0 = 0, we have 7 = t and dx, = 0. In this limit, and imply that
0=TF(y(r)) (dt — dr), (30)

from which it follows that d7 = dt to zeroth order in ||z¢,|| and o. To first order in ||z || and o,
then yields
Q(7) (dz = TDf (3(r))wudr) = oVTQ(T)F(y(r))dW, (31)

and substitution in yields the claimed result. O

The Ornstein-Uhlenbeck process in is a leading-order approximation of the local dynamics
near v that neglects the cumulative effects of higher-order terms in ||zt.|| and o. Given an initial
condition z,(0), may be solved explicitly to yield

() = X (7)26:(0) + o VT X (7) /OT X (s)Q(s)F(v(5)))dW,
= X(r)20:(0) + oVTQ(r)X(r) /0 " G(s)AWs, (32)

where G(s) = X~ !(s)F(v(s)) and the invariance condition with P(t) = Q(t) was used twice. It
follows that ATz =0 provided that wT:ntr(O) = 0. The rescaled covariance matrix

1

Ci= 5E s (33)



is then given by
O(r) = X(NCO)XT(7) + TQ(7) ( [ e >ds) XT(QT(7), (34)

where we used the stochastic equalities [25]

[ / V(s dW] 0 (35)
U Y (s dW/ ZT(s dW} /Y(S)ZT(s)ds. (36)

It follows that ATCA = w'C(0)w and that ATC\ = 0 if and only if wTC(0)w = 0.

and

Lemma 2.12. Let

_ /0 ' G(s)GT (5)ds. (37)

Then, for arbitrary C(0) and k € N U {0},
Clk+1)=X1CHEXT(1)+TQO)X(1)ZXT(1)QT(0). (38)

Proof. By (34),

Ch) = XMCOXT0) + 7eOX (W) ([ 6666 ) XTI, (30)

Moreover, by the definition of G, we have
T=X(k) ( :H G(S)GT(S)ds> XT(k). (40)
The claim follows by substitution. =

We proceed to assume that the unstable eigenspace of X (1) is empty, such that
X(k) = f(4(0)w" + O (exp(—k/ 7)) (41)

for some positive constant 7, and large k (here, the asymptotics is with respect to large times so that
the O(-)-term becomes negligible as k becomes large).

Proposition 2.13. Given a non-negative constant b, there exists an initial condition C(0) with
wTC(0)w = b, such that C(k) = C(0) for all k.

Proof. The previous lemma shows that C(1) = C'(0) = C(k) = C(0) for all k. Suppose that
C(0) = bf(v(0)) f ) + TZ Q(0)X (n)ZXT(n)QT(0). (42)

The series converges by the assumption on X(1). By substitution and use of periodicity and the
invariance condition

X(1)C(0) TZQ (m)IXT(n)QT(0) (43)
and the claim follows by evaluation of (34]) at 7 = 1. O

8



Corollary 2.14. The function C(1) in with wTC(0)w = b converges to the periodic function
obtained with C(0) given by as T — 00.

Proposition 2.15. Let Cper denote the function in obtained with C(0) given by when b = 0.
It follows that, when a = 0, Cper 18 the unique periodic solution of the periodic Lyapunov equation

(. [12)
C =T (DF(H)C+CDIT(7) + QFHFT()QT +af(1)fT()). (44)

for which wTC(0)w = 0 and that no periodic solution exists otherwise.

Proof. 1t follows from that

%)\TC)\ =aT (45)

Thus, C' is periodic only if a = 0. The transformation C' = XCXT then implies that
C' = TQO)GGTQT(0) (46)
and the conclusion follows by integration. O

Corollary 2.16. Let vec denote the vectorization operator that turns a matrix into a column vector.
Then, vec (Cper(0)) may be obtained from the first n? components of the image of the column vector

(Uec (QO)X(1)TX T(l)QT(O))> (47)

under multiplication by the matriz

<hw%WU®Xﬂ)fW®D®ﬂ%®»A

wl @w’ 0

where the inverse exists since no pair of eigenvalues of X (1) are reciprocal numbers.

2.2 Numerical examples

An analytically tractable example (a version of which was considered in [I]) is given by the periodic

solution
cos 27t
)= (Goomt) (48)

sin 27t

with period 1 of the dynamical system with

fa) = (xl —z9 — a1 (22 + m%)) (19)

T1 4 9 — zo(2F + 23)

and T = 2, such that

—sin 27t
rom) = (). (50)
Since ot
e ™ cos2nt —sin 2wt
X(t) = <€4”t sin 2wt cos 27t ) ’ (51)



the eigenvalues of the monodromy matrix X (1) equal 1 and e #" with eigenspaces spanned by

F((0)) = (0,1)T and (1,0)7, respectively. Then, w' = (0,1) and, by definition,

_ yv-1,T [ —sin2mt
At) =X (Hw = < cos Ot > . (52)
and )
7 T/ cos” 2t cos 27t sin 27t
QU =1L = JOIATD) = <cos 27t sin 27t sin? 27t ' (53)

It follows that .
100 [ G @mo = (7 ). (54)

where Z(0) = 0. The result of Proposition then implies that every periodic solution of is of
the form

_ Z(1) cos? 2mt cos 27t sin 27t
8mt
C(t) =e (I(t) + 687r ) ( )

-1 cos 27t sin 27t sin2 27t
.. 9 .
sin” 27t — sin 27t cos 27t
+ <— sin 27t cos 27t cos? 27t ) (55)

for some b, such that ATCA = b. We obtain a periodic rescaled covariance function provided that

b = 0. Its eigenvalues equal
(1
e 8t (I(t) + egw(_) 1) (56)

and 0 with eigenvectors (cos27t,sin27t)" and (— sin 2nt, cos 2mt) T, respectively. With the noise de-
fined in terms of the matrix
122
F) = (715 57)
2

and a single standard Brownian motion, we obtain

8™ (5 — dcosdmt — 2sindnt) — 1
T(t) = " (59)

and the nonzero eigenvalue of the periodic rescaled covariance function equals

5 —4cosdnt — 2sin4nt
40 '

We compare the analytical predictions with the approximate results obtained from an imple-
mentation of the periodic boundary-value problem in the software package COCO using continuous,
piecewise-polynomial interpolants for «(t), A(¢), and C(t) with base points on a uniform mesh and
constrained by a discretization of the governing differential equations at collocation nodes associated
with each mesh interval. Figure [I| shows the non-trivial eigenvalue of the covariance matrix obtained
using cOCO and the analytical expression . The results are in excellent agreement.

Finally, we validate our leading-order analysis by comparing the predictions with direct numerical
simulation of the original It6 SDE. To generate the stochastic trajectories, we use an explicit Euler
Maruyama integrator in MATLAB with time-step d¢ = 10™%, noise intensity ¢ = 0.1, and Brownian
increments generated using the randn command. The system is integrated for a duration of 500 periods
of the underlying limit cycle. In Fig. [2, we show the resultant stochastic trajectories projected along
the normalized radial eigenvector e(7) = (cos 277,sin2w7)T corresponding to the nonzero eigenvalue
of the covariance matrix C(7). Specifically, for each point on the stochastic trajectory x(t), we use

(59)
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Figure 1: Comparison of the non-trivial eigenvalue of the covariance matrix function for the vector field
in Eq. obtained from a discretization of the governing boundary-value problem in Propositionm
in the software package coco and from the analytical expression reported in , respectively.

the hyperplane definition to compute the corresponding value of 7(t) and project the perturbation
x(t) — y(r(t)) onto e(r(t)). These results are compared with the one and two standard deviation
predictions computed from o times the square root of the eigenvalue given in . We observe good
qualitative agreement between the predicted variations and those obtained from direct integration.
In the case of periodically excited deterministic dynamics, the analysis in the previous section
carries over in its entirety by assigning the identity matrix to @ in and . Consider, for

example, the periodic solution
sin 27t
(1) = (cos 27rt) (60)

with period 1 of the linear 1-periodic dynamical system

i =2rf(t,x), where f(t,z):= < w2 > , (61)

—2x9 — 11 + 2 cos 27t

such that 7' = 27 and

cos 27t
) = (55 (62)
In this case
_ —ont 1 + 27Tt 27Tt
X(t)=e ( -2t 1 —2mt (63)

with the (sole) eigenvalue of the monodromy matrix X (1) equal to e~2". Since the vector field is

non-autonomous, it is not the case that X1(¢)f(t,v(t)) = f(0,7(0)), but this property is also no
longer needed for the construction of Q.
Now suppose that F(z) = (0,21)". Substitution in then yields

C(0) = 3% < _51 —11> (64)
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Figure 2: Comparison of leading-order theoretical predictions and a numerical time history describing
the influence of small Brownian noise on the dynamics near a limit cycle of the deterministic vector
field Eq. in cartesian (upper panel) and polar (lower panel) coordinates. Stochastic trajectories
(red dots) were obtained using an Euler-Maruyama scheme with o = 0.1 and dt = 10~ for 500 periods
of the limit cycle. Dashed curves represent the deterministic limit cycle while solid curves represent
predicted deviations from the limit cycle equal to one and two standard deviations, respectively,
computed using . In the lower panel, the vertical axis equals the radial deviation from the limit
cycle, since the normalized radial eigenvector e(7(t)) = ~v(7(t)) and A(7(t))T (z(t) — v(7(¢))) = 0.
There, filled circles represent the statistical mean (blue) and standard deviation (black) of simulated
data collected in bins of width A7 = 1/40.
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and from ,

1 (44 cosdnt — sindnt —cosdnt — sin 4t
) = 32 ( —cosdnt —sindnt 4 — 3cosdnt — sin 47rt> (65)
with pair of positive eigenvalues
4 — cosdnt — sindnt + /3 + 2 cos 87t + sin 87t (66)

32

The panels in Fig. [3] demonstrate excellent agreement between the density clouds of points of in-
tersection of stochastic trajectories with several constant-phase sections and ellipses spanned by the
eigenvectors of the corresponding covariance matrix and with radii given by the square roots of the

eigenvalues in .

3 Quasiperiodic Tori

A natural generalization of limit cycle dynamics is quasiperiodic motion on a transversally stable
invariant torus, which we treat in this section. As in the previous section, we first derive a quasiperiodic
covariance boundary-value problem to describe small fluctuations around a deterministic skeleton
solution to leading order in the noise intensity. Next, we validate our approach against the results of
stochastic numerical integration.

3.1 Theoretical derivations

Let S ~ [0, 1]. For some positive scalaxﬂ T, suppose that v(¢,t) € R™ denotes a family of quasiperiodic
solutions of the smooth dynamical system

z=Tf(z), where z := z(t) € R", (67)

on an invariant torus, i.e., such that is satisfied for z(t) = (¢, t) for all ¢ € S™, and there exists
a function u : S™*! — R™ and vector p € R™ so that 77p # 1 for all rational vectors r € R™ and
v(¢,t) = u(p+ pt, t). In particular, v(¢,t+1) = v(¢p+p, t) for all t. When m = 0, the analysis reduces
to the case of a periodic orbit.

Let X (¢,t) denote the solution to the corresponding variational initial-value problem

X =TDf(\)X, X(-,0)=1I,. (68)

By quasiperiodicity of v, X (¢,t+1) = X (¢+p,t) X (¢, 1). Furthermore, it follows that X (-, #)9yy(-, ) =
Oy(-,0) and X 1(-,£)04,7(-,t) = 04,7(+,0), i = 1,...,m, since equality holds at ¢t = 0 and differen-
tiation with respect to t followed by substitution of and shows that the left-hand sides are
constant. As a special case, again by quasiperiodicity of v, it follows that 0;y(:,0) and Jg,7(:,0),
i=1,...,m, are right nullvectors of the operator

Lo:6() = X(-=p,1)é(- = p) —0(") (69)
and that 0;(-,t) and 9g,7(-,t), ¢ = 1,...,m, are right nullvectors of the operator

Ty :6(:) = X ()0 [X (- 1)8()] - (70)

2 As in the previous section, for an autonomous vector field, 7' is not typically known a priori and is, instead, solved
for simultaneously with v by appending suitable phase conditions to the quasiperiodic boundary-value problem in x for
fixed p, e.g., hi(7(0,0)) = 0 for some smooth scalar-valued functions h;, ¢ = 1,...,m + 1. As before, we omit explicit
parameter dependence for notational simplicity.
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Figure 3: Comparison of leading-order theoretical predictions and a numerical time history describing
the influence of small Brownian noise on the dynamics near a limit cycle of the harmonically excited,
damped, linear oscillator in Sec. The top and bottom panels show samples (red dots) in sections
of constant excitation phase (¢ = 0.1 and t = 0.9, respectively) obtained using an Euler-Maruyama
scheme with ¢ = 0.1 and dt = 10~ for 1,000 periods of excitation. Solid (black) curves represent
deviations from the intersection of the limit cycle (centered black dot) in terms of one and two standard
deviations predicted using and . Dashed (blue) curves represent the one-standard deviation
curve predicted from the statistical covariance matrix for the simulated data.
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Analogously with the periodic case and again following [I5], assume next that v is normally hy-
perbolic in the sense that there exists a quasiperiodic, smooth family of projections of the form

Qo)1) := X (¢, 1) (I — 9rv(6,0) Zf% (¢, 0)wg, (¢)> X~ Ho,t) (71)

for some periodic functions wy(¢) and we,(¢), ¢ = 1,...,m, such that Iy is a bijection with bounded
inverse on the space of functions ¢ — Q(¢,0)d(¢) for arbitrary smooth functions § on S. As before,
the family Q(¢,t) and the complementary family I,, — Q(¢,t) respect the spectral decomposition of
I'y +1Id.

In further analogy to the periodic case, we formally derive conditions on the nullspaces of ['g; the
calculations are formal since we operate with transposition and integration instead of duality pairings.
In particular, we let

/ w6 do (72)

denote a linear functional on the space of continuous functions on S in terms of some continuous,
periodic function w(¢). Then, the left nullspace of T'y are all functions w(¢) such that

| wT@rds)ao —o (73)

for arbitrary 6(¢). Claims about uniqueness should be understood in this context as limited to spaces
in which such representations are possible.
3.1.1 The adjoint boundary-value problem

We mirror the treatment in the previous section by deriving the adjoint boundary-value problems
in Lemma and a projection of the local dynamics onto directions transversal to the torus in
Corollary The discussion is adapted from the treatment of two-tori (m = 1) in [15] .

Lemma 3.1. The linear functionals

[ af@ 1o and [ wl @) dei=1.m (74)
are the unique elements of the left nullspace of Iy such that
wf (0 (-0) = 1, wl ()95, 0) = 0 = w, (-)9(-, 0) (75)
fori=1,...,m and
wg, (-)9g;7(-, 0) = &y (76)
fori,j=1,...,m, where 6;; =1 when i = j and 0 otherwise.

Proof. Let * represents either ¢ or ¢;. Then, quasiperiodicity Q(¢,1) = Q(¢ + p,0) holds if and only
if w](¢)XH(¢,1) = w] (¢ + p). But,

| T @rolsen as = [ wlte)(X(o=p.1)d0 = p) = 5(6)) o

= [ (wT@+px 0.0 - ul(0) 6640 (77)
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for an arbitrary periodic function §(¢). It follows that quasiperiodicity is equivalent to [, wl(¢)[] do
lying in the left nullspace of I'g. The conditions and follow by examining the equality
Q?(¢,0) = Q(6,0). Finally, to show uniqueness, suppose that

| o as (18)

is any left nullvector of I'g and let v(¢) = Q(¢,0)d(¢) for an arbitrary continuous, periodic function
d(¢). Since I'y is onto functions of this form, there exists a periodic function u(¢) such that I'g [u(¢)] =
v(¢) and, consequently,

/ BT (B)Q(6,0)5() dé = / &7 (B)(6) d = / 27 (6)T [u(6)] do = 0. (79)
m sm Ssm

But since § is arbitrary, this implies that @ (¢)Q(¢,0) = 0 and, consequently, that 1 (¢) € span{w:(¢), wy, (¢), ..., w
for each ¢. The claim follows with the imposition of and . O

Corollary 3.2. The right nullspace of I'y consists of functions that are tangential to the manifold
(¢,t) — (o, t) at every ¢ and t = 0.

Proof. In the same notation as in Lemma (3.1
X(¢ = p, 1)2y(¢ — p,0)w] (¢ — p) = 0ur(¢, 0)w] ($)X (¢ — p,1) (80)

and, consequently, I'; [Q(¢,1):] = Q(¢,t)T'¢[-]. Now suppose that §(¢) is a right nullvector of T'g. It
follows that T'g [Q(¢,0)d(¢)] = Q(¢,0)Tg [0(¢)] = 0. Since I'y is one-to-one on the space of functions

¢ Q(¢,0)0(¢), Q(¢,0)6(¢) = 0 and, consequently,

5(¢) = Span{at'Y(qbv 0)7 8¢1’y(¢7 0)’ cee 78¢m7(¢7 0)}a (81)
for each ¢. O

Lemma 3.3. The functions

(1) = (X7) (6, 0wi(9) and Ag,(6,1) = (X) " (6, )y, (9) (82)
fori=1,...,m are the unique solutions to the adjoint boundary-value problem
0=—0u" —Tu'Df(y), 0= p(¢+p,0) — u(¢, 1) (83)
where
1= [ aT(6.000(6,0) dtds (34)
sm+1
and
0= [ HT(6.100,7(61)d6 G = 1,....m (55)
in the case of \¢, and
0= [ WTenan(e0dtd (56)
sm+1
and

in the case of Ay, .

16



Proof. Let u denote an arbitrary solution to the boundary-value problem. It follows that u' (¢, t)0yy(h,t) =
ve(9), 1T (9,8) 0,y (b, ) = 0y, (¢), i =1,...,m, and u' (¢, )X (¢,t) = V(¢) for some periodic functions
ve(@), vy, (@), i = 1,...,m, and V(¢), since differentiation with respect to ¢ followed by substitution

of , , and shows that the left-hand sides are independent of ¢. By quasiperiodicity,

vi(¢ — kp) = 1" ($,0)0,7(¢,0) and v, (¢ — kp) = " (¢,0)0,7(¢,0) (88)

for any integer k. Since p is irrational, v; and vg, must be independent of ¢. Additionally,

VI(op+p)X(6,1) =V (¢)=pn"(¢+p,0)X(,1) — p" ($,1)X($,1) =0 (89)

and it follows that
VT(¢)[] do (90)

Sm,
lies in the left nullspace of I'y. O

Corollary 3.4. In the notation of the previous lemma,

Q(9,1) = In = Dev(6, N (9,8) = D 05,7(6, AL, (9,1) (91)

=1
is a projection along span{0;y(¢,t), 0y, Y(¢,1),...,04,,7(0,t)} and onto a hyperplane orthogonal to
Ae(@,t) and Ay, (p,t) fori=1,...,m.

We again investigate the geometry on a neighborhood of v in terms of the projections (. These
provide a local decomposition into state-space displacements tangential and transversal to the corre-
sponding invariant torus.

Lemma 3.5. For x sufficiently close to v(¢,t) for some ¢ and t, there exist unique v (with ¥ ~ ¢)
and T (with T =~ t), such that

=5, 7) + o, (92)
where \i(1, 7) T2 = 0 and Ao, (U, )T 24 = 0 and, consequently, Q(v, 7Tt = Tty.

Proof. Let

H(w,,7) = : (93)
)‘; (1/}7 T) (.%' - 7(w7 T))
It follows that H(v(¢,t),$,t) =0 and
0 -1
a¢77—H(7(¢, t)v b, t) = I, 0)° (94)
The claim follows from the implicit function theorem. O

As in the previous section, we perform formal calculations with differentials in order to cap-
ture leading-order effects in the derivation of a suitable covariance function and the corresponding
boundary-value problem.
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Corollary 3.6. For the differential dz, Lemma[3.5 implies the existence of differentials AT and dxi,,
such that
x+dr =5+ dy, 7 +d7) + x4y + dxgys (95)

where A} (¥ + dab, 7 + d7) (24, + daye) = 0 and )\; (Y + do, 7+ dr)(at + dage) =0 fori=1,...,m,
and, consequently,

QY + dvo, 7 + d7)(x4y + dxgy) = T4y + dvyy. (96)
It follows that
Az — TDf(y(3), 7)) pedT — Z 0 Q(0, T)Terdth;
=Q,7) (dz — TDf( (1, 7)) dT) . (97)
Proof. Eq. implies that
dwy = da — Oy (¢, 7)dT = > 0y (, )iy (98)
i=1

Similarly, from , we obtain
day = 0Q(¢, T)wudr + Y 05, Q(1h, T)zedty; + Q(v, 7)dy,. (99)
i=1

From the definition of Q) it follows that

8tQ(¢aT) = 7TDf(’7(’¢’T)) (8{7(’9[)7 ))‘t 1/}’ + Zad’z 1/}’ )‘qb (1/)7 )>

T (amw, TIAL (9, 7) + Z 0o,y (1, TIAL, (¢, ﬂ) Df(v(¥,7)) (100)

i=1
and, consequently, that
atQ(¢7 T):‘Ctr = T(In - Q(wv T))Df(W(ﬂ% T)):Etl"v (101)

since A/ (¢, 7)x, = 0 and )\T (1, )xtr =0 for i = ,m. Substitution of (98)) and ( into

1,..
the rlght hand side of (99) ylelds (97), since Q(v, 7)o, ( 7) = 0 and Q(¢, 7 )(’9¢Z (2, ) = 0 for
1=1,. . O

3.1.2 The covariance boundary-value problem
In lieu of the deterministic dynamics in , consider again the Itd SDE

dz = Tf(z)dt + oVTF(z)dW, (102)

in terms of the noise intensity o, and a vector Wy € R™ of independent standard Brownian motions.
In the notation of the preceding lemmas, and as before under a small noise assumption and up to
leading-order terms, the following proposition holds.

Proposition 3.7. For x sufficiently close to v(¢,t) for some ¢ and t, to first order in ||x| and o,

Az = TDf(v(4, 7)) aedT + oVTQ(), T)F (y (1), 7)) AW (103)
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Proof. For xy; = 0 and 0 = 0, we obtain 7 = ¢, ¢ = ¢, and dzy, = 0. In this limit, (102) and
imply that

0 = Oy (¢, 7)(dt — d7) = Y D, y(w, T) e, (104)
i=1

from which it follows that d7 = dt and dy; = 0,7 =1,...,m, to zeroth order in ||z || and o. To first
order in ||z || and o, (102) then yields

Q(¢,7) (dz = TDF((¢), 7))zudr) = oVTQ(, T)F(y(), 7))dW- (105)
and substitution in yields the claimed result. O

The Ornstein-Uhlenbeck process in approximates the local dynamics near ~ for orbits that
remain near v to leading order but neglects cumulative effects of higher-order terms, e.g., differences
between dt and d7 and higher-order terms in di. Given an initial condition x,(1,0), may be
solved explicitly to yield

£ (,7) = X (1, 7)2es (1,0) + oVTX (36, 7) /O "X W, QW ) F(1(¢, 5))) AW,

= X (¢, 7)xe(1),0) + oVTQ(¢h, 7) X (4, 7) /OT G (¢, 8)dW,, (106)

where G(1,s) = X1y, s)F(y(3,s)). With
A, 7)== (MW, 7) A (7)o A, (1, 7)) (107)

and
Q) = (we(y) wg, () - we,, () (108)
it follows that AT(¢), 7)z4, (1, 7) = 0 provided that QT (1))x4,(1,0) = 0. The rescaled covariance matrix
1

Ci= 5E s (109)

is then given by
O, 7) = X (. 7)C a0, 0)X T (46, 7)
L TQ. )X (1.7) ( [ cwsemw. s)ds) XTw, QT wr),  (110)

It follows that AT (¢, 7)C(¢, T)A(¢, T) is independent of 7 and equals 0 if and only if Q()TC (1, 0)Q(x)) =
0.

Lemma 3.8. Let .
1(0) = [ G867 (0.5)ds (1)
Then, for arbitrary C(1,0),

C(h, k+1) = X (¢ + kp, )C (4, k)X T (¢ + kp, 1)
+TQ( + kp, V)X (¥ + kp, VI(¢ + kp) X T (¢ + kp, 1)QT (¥ + kp, 1). (112)

19



Proof. By ,
C(, k) = X (1, k)C (1,00 X T (¢, k)

+TQY, k)X (¥, k) ( /O k G, 5)GT (¢, s)ds) XT(, B)QT (0, k). (113)
Moreover, by the definition of G,

I(¢ + kp) = X (¢, k) ( :H G, 5)GT (¢, s)ds) XT(, k). (114)
The claim follows by substitution. ]

We proceed to assume that the quasiperiodic orbit is transversally stable, such that
X (4, k) = 8ey(4 + kp, 0))wf ()

+ ) 0,70 + kp,0))wf (1) + O (exp(—k/7ir)) (115)

=1

for some positive constant 7, and large k. Then,

Proposition 3.9. Given a constant matriz B, there exists an initial condition C (1, 0) with Q(¢)TC (1), 0)Q(¥)

B, such that C(¢, k) = C(¢ + kp,0) for all k.
Proof. The previous lemma shows that C(¢,1) = C(¢¥ + p,0) = C(¢, k) = C(¢ + kp,0) for all k.
Suppose that
C(,0) =T Q(,0)X (¢ —np,n)Z() — np) X" () — np,n)Q" (1, 0)
n=1
+V(¥,0)BVT (1,0). (116)

where
V(l/),T) = (8757(1/)77-) 8¢>17(va) T 8¢>m’)’(1ﬂ77)) (117)

The series converges by the assumption of transversal stability. Moreover,

X, 1D)C%,0XT(,1) = C(¢ + p,0)

~TQ + p, 0)X (4, NI(H)X T (1, 1)QT (¥ + p, 0) (118)
and the claim follows by evaluation of (110f) at 7 = 1. O

Corollary 3.10. Given a constant matriz B, the function C(3,7) in (T10) with Q(v)TC(1,0)Q(p) =
B converges to the function obtained with C(1,0) given by (116) as T — oo.

Proposition 3.11. Let Cyper denote the function in (110) obtained with C(1,0) given by (116|) when
B = 0. 1t follows that, when the matrix A = 0, Cyper s the unique quasiperiodic solution of the
quasiperiodic Lyapunov equation (cf. [24)])

C =T (DF(H)C +CDFT(7) + QF(FT(1QT + VAVT), (119)

for which Q(1))TC(,0)Q(x)) = 0 and that no quasiperiodic solution exists otherwise.
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Proof. 1t follows from that

d
T )TC(W A, 1) = AT (120)
Thus, C is quasiperiodic only if A = 0. The transformation C' = XCXT then implies that
2C(,1) = TQ(, 0)G (¥, )G (¥, )QT (¥,0) (121)
and the conclusion follows by integration. O

We conclude by noting that
Q(0)7C(0,0)02(0) = 0 = AT(0,k)C(0,k)A(0, k) = 0 (122)
Assuming quasiperiodicity, it follows that
Qkp) " C(kp, 0)kp) = 0 (123)
for every k. Since p is irrational and by continuity, it follows that Q(¢)TC(#,0)Q(¢) = 0 for all ¢.

3.2 Numerical examples

As a first example, we take inspiration from the second example in Sec. and consider the non-
autonomous, two-dimensional system of SDEs

2 2

dz; = — <—Qx2 + z1 <1 + /22 + z3(cos 2mt — 1))) dt + o4/ jxleth (124)
w w
2T ) 2 27 2

deg = — ( Q@ + 22 [ 1+ /27 + a5(cos2nt — 1) | ) dt + o/ —z5d W, (125)
w w

of the form (102)) with 7' = 27 /w, f given by the 1-periodic vector field

—Qra + 11 (1 + v/} + x3(cos 27t — 1))
Qzq + 9 (1 + /2% + z3(cos 27t — 1))

and F(z) = (z122,23)7. Rather than consider the suspended autonomous state space obtained by
appending a third component to the vector field equal to 1, we retain the two-dimensional description
but omit w; and A; in the definition of Q).

A quasiperiodic solution of the deterministic dynamics is given by

1+ w? cos 27 (¢ + pt)
t) = . 127
v(9:1) 1+ w? — cos 2wt — wsin 27t (sm 27 (¢ + pt) (127)

R

f(t,z) = (126)

provided that p = Q/w is irrational. With the notation b := 1 + w? — cos 27t — wsin 27, Copt =
cos 2m(¢ + pt), and sg := sin 27 (¢ + pt), we obtain

w? (729w 0cq 1 + bsg 564
b2 \e 2m/902c, 0551 — bsgoces €

such that, in particular, 0y7(¢, t) = X (¢, t)0s7(¢,0) while it no longer holds that 9;y(¢,t) = X(¢,t)0sy(¢,0),
since f is non-autonomous. It is now straightforward to verify the equalities w;(gb)X “(p,1) =

wl(6+ p) and w](9)dy(,0) = 1 for

w? —sin 2mw¢
we0) = o w®) < cos 2o ) (129)

e—27rt/w
—27t/w

2 —
)((QZ§7 t) = w S¢7OC¢’t bc¢)708¢,t> (128)

w28¢708¢7t + by ocet
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and we obtain the family of projections

C2 S tCh t
Qovt) = X(6.0) (1= 910,00 (0) X0y = B0 ") (130)

2
SptCot  Spt

onto the radial direction at each point of the corresponding torus. Substitution in (116 (with B = 0),
followed by extensive algebraic manipulation using MATHEMATICA, then yields the family

(1 + w2)4 (1 + 02 — C2¢,0 — 982@0)

Cle,0) = 4w® (14 Q2)

Q(4,0). (131)

In Fig. [l we compare this prediction to density clouds of points along stochastic trajectories sampled
at t € Z and observe excellent agreement.

As a second example, this time not amenable to closed-form analysis, we consider the four-
dimensional SDE obtained by adding noise to two coupled Van der Pol oscillators:

Y2 0
dy = —e i =)=+ 6 —y) dg+o | W] (132)
Y4 0
—e(y3 -1 ya— (1L+0)ys+ B (y1 —y3) AW, 2

Here €,6, 8 are the problem parameters and W, € R? is a vector of independent standard Brownian
motions. Quasiperiodic invariant tori of the deterministic drift vector field have been investigated by
Schilder et al. [40].

In the limit of small € and 8 = 0, a quasiperiodic solution of the rescaled deterministic dynamics
with T' = 27 is approximately given by

2sin 27t
2cos2mt
2sin 27 (¢ + pt)
2p cos 27 (¢p + pt)

v(g,t) = (133)

for irrational p = /1 + 9. We may use this expression and corresponding value of T' to construct an
initial solution guess for quasiperiodic solutions of the rescaled deterministic dynamics for nonzero e
with 8 = 0. Parameter continuation may then be used to track a family of such solutions for fixed p
and simultaneous variations of  and §. An example of such a family for p = 140/62v/2 and € = 0.5
(computed with coco using the discretization algorithm described in the appendix with N = 14
and individual trajectory segments approximated by continuous piecewise-polynomial functions on 20
mesh intervals) together with a projection of the invariant torus obtained for 5 = 0.5 are shown in
Fig.

In the absence of closed-form analysis, we use built-in support in coco for the corresponding
discretization of the adjoint boundary-value problem (see the Appendix) to compute numerical ap-
proximations of A\i(¢,t), A\y(¢,1t), and Q(¢,t) for the torus obtained for f = 0.5. Finally, we derive
a corresponding discretization of the linear boundary-value problem in Proposition [3.11] and solve for
the covariance matrix function C(¢,t). We use the norm of the computed matrix A to verify the
accuracy of the computation, as this is predicted to equal 0 in the original boundary-value problem.
The results of this analysis are visualized in Fig. @ In this case, the 2-norm of A equals 9 x 107,
giving us confidence in the validity of the analysis.

As in the previous examples, we use points along numerically integrated stochastic trajectories to
validate the theoretical predictions. For points on such trajectories, we first use the constraints in
Lemma to identify the corresponding values of 1) and 7. We then proceed to locate “intersections”
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((t) =y (0 (1), 7(1))" e((t), 7(2))

Figure 4: Comparison of leading-order theoretical predictions and a numerical time history for the
first example in Sec. with = 7 and w = 1 in cartesian (upper panel) and polar (lower panel)
coordinates. Stochastic trajectories sampled at integer values of the excitation phase (red dots) were
obtained using an Euler-Maruyama scheme with ¢ = 0.1 and dt = 10~* for 10,000 periods of the
excitation. Dashed curves represent the intersection of the deterministic quasiperiodic invariant torus
while solid curves represent predicted deviations from this curve of intersection equal to one and two
standard deviations, respectively, computed using . In the lower panel, the vertical axis equals
the radial deviation from the (circular) curve of intersection, since the normalized radial eigenvector
e(1,0) || v(,0) and wy()T (x — v(1,0)) = 0. There, filled circles represent the statistical mean
(blue) and standard deviation (black) of simulated data collected in bins of width Ay = 1/40.
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Figure 5: (Upper panel) Family of quasiperiodic invariant tori for the deterministic limit of the
SDE under simultaneous variations in 8 and J computed using coco. Here, ¢ = 0.5 and
the rotation number p is fixed at 140/62v/2. Each torus is represented by a finite collection of equal-
duration trajectory segments coupled through all-to-all boundary conditions in terms of the rotation
number. (Lower panel) The quasiperiodic invariant torus obtained for 8 = 0.5 represented in terms of
29 trajectory segments, each of which is approximated by a continuous, piecewise-polynomial function
on 20 mesh intervals.

with 7 = 0.5 by finding consecutive trajectory points on opposite sides of this section and use linear
interpolation through these points to capture a point on 7 = 0.5 and compute the corresponding value
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Figure 6: Surfaces of the two nonzero eigenvalues for the covariance matrix function C(¢,t) corre-
sponding to the quasiperiodic invariant torus obtained for the deterministic limit of the SDE ([132)) for
e =0.5, 5 =0.5, § = 1.9422 and the rotation number p = 140/62\/5.
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of ¢ (see Fig. [7)). Finally, we project the resultant deviations z, onto the predicted eigenvectors of
the corresponding covariance matrix associated with the two nonzero eigenvalues (see Fig. . The
agreement between the statistics for the resultant point clouds and the predicted standard deviations
is excellent.

T 3
)

Figure 7: A point cloud of 5,800 “intersections” (blue) along a numerically integrated stochastic
trajectory of the SDE with the section 7 = 0.5 overlaid on the quasiperiodic invariant torus for
the corresponding deterministic dynamics obtained for 8 = 0.5 (see the lower panel of Fig. |5)) and the
corresponding points (1, 0.5) (red). Stochastic trajectories were obtained using an Euler-Maruyama
scheme with o = 0.1 and dt = 10~* and associated with points on the torus per the method described
in the text.

4 Conclusions

The results derived here provide a computationally attractive alternative to and generalization of the
earlier work by Bashkirtseva and Ryashko [7], Guo et al. [23], and Zhao et al. [43]. Where these
references rely on projections onto hyperplanes orthogonal to the vector field, transversal to the vector
field but otherwise arbitrary, and stroboscopic sections in a case of periodically excitations on top of an
existing limit cycle motion, the proposed boundary-value problem formulation is closely integrated with
a foliation of transversal hyperplanes that may be defined invariantly through a defining boundary-
value problem, without the need for an explicit coordinate basis or additional approximation. From
the invariance of this foliation under the linearized deterministic flow, there further follows a closed-
form solution for the covariance function in the form of a rapidly convergent series for autonomous as
well as periodically excited systems.

A further advancement is the explicit recognition of the existence of (m +1)? conserved quantities
for the forward dynamics of the covariance differential equation with unique periodic or quasiperiodic
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Figure 8: Comparison of leading-order theoretical predictions and the results of analysis of the point
cloud in Fig. Elobtained for the SDE ((132)). For each point z in this cloud, the deviation —~(¢(z),0.5)
is projected onto the normalized eigenvectors e (1(x),0.5) and e2(¢(z),0.5) corresponding to the two
nonzero eigenvalues of the predicted covariance matrix C(¢(z),0.5). Dashed curves represent points
on the deterministic quasiperiodic invariant torus while solid curves represent predicted deviations
from this curve of intersection equal to one and two standard deviations, respectively, obtained by
multiplying the square roots of the eigenvalues by ¢ = 0.1. Filled circles represent the statistical
mean (blue) and standard deviation (black) of the projected simulated data collected in bins of width
Ay =1/29.
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solutions in each corresponding level surface. Following a recipe analogous to that developed by
Munoz-Almaraz et al. [36], we removed this degeneracy by imposing a finite set of transversality
constraints and including symmetry-breaking parameters collected in a matrix A (scalar a for the
periodic orbit case) which must equal 0 on the sought solution. As described in conjunction with an
implementation of a suitable discretization of the covariance boundary-value problem in the software
package COCO, the norm of A provides a useful measure of the truncation error. Notably, this is not
available in our alternative implementation that relies on the Moore-Penrose pseudo-inverse to solve
the overconstrained boundary-value problem with A set to 0 a priori.

The availability of three examples for which analytical expressions may be found for the adjoint
variables and covariance matrix functions is another useful contribution of this paper. As the authors
can attest, such analytical expressions are invaluable for debugging computational software that seeks
to make predictions about problems with uncertainty, especially for eliminating various sources of
systematic bias. In the present study, they highlighted an early erroneous assumption about the sym-
metry of the matrices B and A, and led to the final imposition of the full set of (m+1)? transversality
conditions Q(0)TC(0,0)Q(0) = 0.

A numerical solver for the covariance boundary-value problem was strictly only needed for the
second example in Section Nevertheless, our cocO implementation relies on a general-purpose
routine for one- (limit cycles) and two-dimensional tori that is compatible with and may be appended
to the corresponding nonlinear continuation problem for the torus together with the associated adjoint
boundary-value problems. Although the final implementation solves for the covariance function only
after the torus and the adjoint functions have been obtained, it is possible to embed the covariance
boundary-value problem with the full continuation problem. This comes at the expense of a larger
problem dimension but with the benefit that conditions may be imposed on its solution. For example,
it might be of interest to track families of local maxima of the eigenvalues of the covariance function
under variations in problem parameters or to hold such local maxima fixed during continuation.

Finally, although the covariance boundary-value problem has been investigated here as a means to
characterize noise-induced statistics near transversally stable periodic orbits of quasiperiodic invariant
tori, we expect that it may serve a useful, but different purpose also in the unstable, but normally
hyperbolic case. For such a periodic orbit or quasiperiodic torus, a solution to the corresponding
covariance boundary-value problem no longer captures the statistics of trajectories that remain near
the deterministic limit cycle over long times, since none do. With suitably chosen noise, however, we
expect that such a solution could be used as an alternative means of quantifying the stability of the
deterministic object. We are particularly interested in exploring this in the quasiperiodic case, as a
substitute for analysis of the solution to the variational problem.
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A Adjoint Conditions and Problem Discretization

It is, of course, the rare exception when a closed form analysis is both possible and expeditious. In
all other cases, the boundary-value problems in the main body of this paper must be implemented
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numerically in order to compute «, A or A, and C and explore variations in C' along continuous families
of such solutions.

Of the three boundary-value problems, the one for the adjoint A and A stand out in that the differ-
ential equation and periodic or quasiperiodic boundary conditions are supplemented by normalization
conditions involving integrals. We show here that the adjoint boundary-value problems, including
the integral conditions, may be obtained in stages from a calculus-of-variations approach applied to a
suitable constraint Lagrangian (as discussed in [32]). We rely on this when using the built-in problem
constructors in COCO to derive regular zero problems for discretized approximations of v and A or A.

The following two propositions and subsequent corollary review results from [15]. Original to this
paper is Proposition [A.6] which translates directly to the coco implementation used to compute v, A,
and C for the second example in Sec.

Proposition A.1. Suppose that h(v(0)) = 0 and d,h(~(0))f(v(0)) # 0 for some function h. Then,

the boundary-value problem

1
0=—p" —=Tu'Df(7), 0= pu(0) — p(1), 1= /0 p' f(v)d (134)

1s equivalent to the adjoint conditions obtained by imposing vanishing variations of
1
L=5+ / W (@ — SF(@)) dt + wT (@(0) — 2(1)) + rh(z(0)) (135)
0

under variations in x and S, when evaluated at x =~ and S =1T.

Proof. The integral condition results directly from vanishing variations with respect to .S. Vanishing
variations with respect to x yield the differential equation and the additional conditions

0=p(1)T —w, 0= —u(0) +w + kdyh(x(0)) (136)

Multiplication of both equations by f(7(0)) and use of periodicity and the constancy of " f(y) then
yields ¥ = 0 and the claim follows. O

Recall the notation

V(g,t) = (07(d:t) 0pv(d:t) - 0p,,7(0,1)) (137)

from the section on quasiperiodic orbits.

Proposition A.2. Suppose that hi(7(0,0)) =0,i=1,...,m+ 1 and that the matriz

9zh1(7(0,0))0¢v(0,0)  -++ Oxhimt1(7(0,0))0:7(0,0)
: : (138)
9:h1(7(0,0))0,,7(0,0) -+ Ouhm41(7(0,0))0s,,7(0,0)
1s invertible. Then, the boundary-value problem
0=—@" =Tu'Df((¢,1)),0 = u(¢ + p,0) — (6, 1),
(rt o - O):/m,uTqub (139)
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1s equivalent to the adjoint conditions obtained by imposing vanishing variations of

lnS—i—/m/ (& — Sf(z)) dtde
m+1

# [ WO+ 0.0) ~ o6, D)0+ 3 whils (140

under variations in x, S, and o, when evaluated at x =, S =T, and o = p.

Proof. Vanishing variations with respect to « yield the differential equation and the additional condi-
tions

= p' (1) —w'(¢) (141)
and
m+1
= 1" (¢,0) + w' (¢ — p) + 6p(¢ Z ki0zhi(7(0,0)) (142)

in terms of the Dirac delta function dp. Multiplication of the first condition from the right by V(¢, 1),
of the second condition from the right by V(¢,0), addition of the results using the constancy of u'V
with respect to ¢ to eliminate terms including p, and integration over S using quasiperiodicity of V
then yields k; = 0,7 =1, ..., m+1, thus establishing the quasiperiodicity of p. The integral conditions
now follow from variations with respect to S and p. O

Corollary A.3. By replacing the term In S in the expression for L by —p;, one obtains the integral
conditions associated with Ay, .

One notes, in the quasiperiodic case, the absence of partial derivatives with respect to compo-
nents of ¢ in either of the differential equations for v, A, or C. As described in [14], this suggest a
discretization of all ¢-dependent unknowns in terms of truncated Fourier series such that, e.g.,

N
Y, t) = ao(-1,t) + > ar(p-1,t) cos 2key + br(¢-1, ) sin 27wk (143)
k=1
for some integer N and where ¢_j denotes the argument sequence ¢gy1, ..., Om.

Lemma A.4. Let ¢1j:=(j —1)/(2N + 1) and define the notation
B(¢1) = (1 cos2mpy sin2wgpp -+ cos2Nwey sin 2N7r¢1) (144)

and

Y1(h-1,1)
G(p-1,t) := : , (145)
Yon+1(¢-1,1)

where vj(¢p—1,t) := v(¢1,j,6—1,t). Then, there exists an invertible (2N + 1) x (2N + 1) matriz F such
that

Y(p,t) = (B(¢1)F @ I,) G(p-1,1) (146)

and

1/2 1
Fr . F = 2N+112N+1- (147)

1/2
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Proof. By inspection, F~! =

1 COS 2Ty 1 sin 2wy 1 . cos 2r N ¢y 1 sin 27N g1 1
: : : - : : (148)
1 cos2mproni1 sin2mgrony1 -+ cos2wN@1ant1 SIn2r NP1 on 11
and the claim follows by properties of the trigonometric functions. O
Corollary A.5. Let
1
cos2mwp;  sin2wpq
—sin2mwp;  cos2mp;
R(p1) := . (149)
cos2mNpy sin27Np;y
—sin2nNp; cos2wNp;
and
0
0 1
-1 0
D :=2m . (150)
0 N
-N 0
Then, B'(¢1) = B(¢1)D, R'(p1) = R(p1)D, and
V(¢ +p,1) = (B(¢1)R(p1)F @ In) G(¢p-1 + p-1,1), (151)
Proposition A.6. Let
M(¢l,l) d)*la t)
M(po1,t) = : (152)

M(¢1,2N+‘1, ¢_1,t)

The discretized form of the adjoint boundary-value problem in Proposition consists of the differ-
ential equations

Df(m)
0=—-0M" —TMT (153)
Df(v2n+1)
the boundary conditions
0= (F&In) M(¢-1,1) = (R(p1)F @ In) M(¢-1 + p-1,0), (154)
and the integral conditions
1
1= MT8,Gdg_ 1
OIN + 1 Jsm %G do-1, (155)
(p— / MT9,,Gde (156)
TON A1 Jono o TETEOD

31



fori=2,...,m, and

1/2
0= MT | FTDT / , Fol, | Gdo_, (157)

sm—1

1/2

These are equivalent to the adjoint conditions obtained by imposing vanishing variations of
1
L:(2N+1)ln5+/ / MT (8,2 — SF) dtd¢_,
sm—1Jo

N / W (61) ( (R(01)F & L) 261 + 0-1,0) — (F © L) Z(-1. 1)) do+
Sm—l
m-+1

=1

where

l‘(gbl,l’qb*lat) f(l‘(gbl,b(b*lat))

E<¢—1at) = : ) F(¢—17t) = .
z(p12N+1, P—1,1) f(x(p1on4+1,0-1,1))

under variations in =, S, and o, when evaluated at 2 =G, S =T, and o = p.

(158)

Proof. The form of the discretization is an immediate consequence of the results of the preceding
lemma and corollary. Variations of L with respect to = yield the differential equations as well as the
conditions

0=M"(¢p-1,1) —w'(¢p-1) (F® I) (159)
0=-MT"(¢_1,0) +w' (¢p_1 — p-1) (R(e1)F ® I,)
m+1
+op(p-1) (1 0 -+ 0)® Y Kidehi(11(0,0)) (160)
=1

in terms of the Dirac delta function. Invertibility of the matrix in ((138]) again implies that x; = 0 for
i=1,...,m, these yield the discretized boundary conditions since FF' = R(p1)FF R (p1). O

Corollary A.7. The discretized form of the integral conditions obtained from Corollary[A-3 follows
by replacing In S in the expression for L by —o;.
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