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Abstract

The interrelation between the concepts of self-consistency, relativism and many-particle
systems is considered within the framework of a unified consideration of classical and quantum
physics based on the first principle of the probability conservation law. The probability
conservation law underlies the Vlasov equation chain. From the first Vlasov equation, the
Schrédinger equation, the Hamilton-Jacobi equation, the equation of motion of a charged particle
in an electromagnetic field, the Maxwell equations, the Pauli equation and the Dirac equation are
constructed. The paper shows with mathematical rigor that quantum systems with a time
independent function of quasi-density probability in phase space are not capable to emit
electromagnetic radiation.

It is shown that at the micro-level a quantum object may be considered rather as an
«extended» object than a point one. And the hydrodynamic description of continuum mechanics
is applicable for such an object.

A number of exact solutions of quantum and classical model systems is considered,
demonstrating a new insight at the quantum mechanics representation.

Key words: quantum mechanics, Dirac equation, Pauli equation, Schrédinger equation,
electromagnetic radiation, Maxwell equations, Vlasov equation, rigorous result

Introduction
The historical retrospective of the paper’s topic goes back to time when the Maxwell
system of equations was written:
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where chiz(,)a?—Ar, 1€, =1/c*; p is the density of electric charges; J is the density of

electric currents; ¢,A are the scalar and vector potential of the electromagnetic field E,B
respectively:
Fo_9A_ V.o, B=curl A. (i.3)
ot
The Maxwell equations have the form (i.1) subject to the condition (i.2). Since there is
some freedom in the choice of potentials ¢, 4, the Lorentz gauge condition (i.2) is acceptable. In



the limiting case ¢ — oo, the condition (i.2) goes into the Coulomb gauge div, A =0, and the
d’Alembert’s operator transforms into the Laplace operator o— —A.

The natural question of the invariance of the Maxwell equations when transforming a
coordinate system led to an update of the very concept of a coordinate system. Time ¢ had to be
introduced as coordinate axis ct (the Minkowski space-time). The Lorentz transformation was
the simplest linear transformation of the coordinates in 4-dimensional space-time x“, conserving
the invariance of the d’Alembert’s operator o=0d, . In fact, the Maxwell equations (i.1) can be

2
represented as a single oscillation equation in which the d’Alembert’s operator D:_28_2_
c” ot

contains a non-Euclidean metric 8 (+, -, —,—) . The replacement of the Galilean
transformations with the Lorentz transformations served as the starting point for the construction
of the special theory of relativity (STR), in which Einstein postulated the maximum velocity ¢
(the velocity of light in a vacuum) of the propagation of interaction in the Universe.

The finiteness of the velocity of interaction propagation directly follows from the
Maxwell equations (i.1). Indeed, the solution to the equations (i.1) can be constructed from the
solutions to the Poisson equation, where the change of variable ¢, = t—|17 - 77'| / ¢ 1s made. Time

t . takes the retarded time |17 —77'| / ¢ of the interaction into account. At ¢ — o, there is no

ret

retarded time and the interaction propagates instantly. Taking into account the retarded time
leads to the Lienard-Wiechert potentials for ¢(7,#) and A(F,t). It turned out that time-

dependent electric E(7,¢) and magnetic B(7,¢) fields arise when a point particle (using the

Dirac J -function representation) with charge ¢ moves along a classical trajectory, determined

at each moment of time ¢,,, by the radius vector 7;

s

(¢.,) and velocity v (z,,):

1

B [(ﬁs—&)(l—w'?; b 6. ) |
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B(F,t):lﬁx xE(7,1), (i.4)
C

where B, =v,/c, @, =(F=7)/|F -7

included in scalar potential ¢(7,¢), and the information on velocity v, (z,,) is included in vector

. Note that the information on coordinate 7 (¢, ) is

potential A(7,¢). Knowing potentials ¢(7,¢) and A(F,t), using the formulas (i.3) one can

obtain expressions (i.4).
The terms in expression (i.4) can be divided into two groups: with coefficients 1/ |17 —77S|2

and 1/ |17 —Z| At large distances |17 —17S| > 1, the main contribution to expression (i.4) will be

made by terms with the factor 1/ |77—FS . In the nonrelativistic approximation (/3 <1),

expression (i.4) for field E(7,t) will take the form E= g — lﬁ ﬁsx(*sx[i), which
4re,c |r —7

indicates orthogonality E L7, . Thus, the vectors B, E and 7, are mutually orthogonal. The

particle will emit electromagnetic energy, characterized by the Poynting vector §:4i]:3><]§,
T

which in the indicated approximations will take the form

2



e 2
S=—4% . (i.5)
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This result is known as the Larmor formula, which relates the power of electromagnetic

radiation to particle acceleration p,. The Larmor formula turned out to be the «cornerstone» in
the construction of the theory of the atom. After the works of Rutherford, which showed the
presence of a nucleus in an atom, a question arose about the stability of the movement of an
electron around the atomic nucleus. According to the Larmor formula (especially in the general
(1.4) case), an electron moving with acceleration should radiate electromagnetic energy. The
electron's loss of energy would lead to its «fall» onto the atomic nucleus. However, experimental
data indicate the stability of the atom.

Bohr first attempted to «save» the classical model of the atom. His approach made it
possible to describe the spectrum of the hydrogen atom, but the spectra of the following atoms
from the Mendeleev table caused serious difficulties.

The second attempt was the formulation of a probability model of the micro-world laws,
which led to the introduction of the concept of the wave function ¥ and the Schrodinger
equation for it. The Heisenberg uncertainty principle Ax,Ap, >7/2, k=1..3 removed the very

concept of a trajectory in the micro world from consideration. The absence of the concept of a

deterministic classical trajectory (7,7.) in the micro world made the acceleration B, and

electromagnetic radiation in the Larmor formula (i.5) unnecessary to be considered.
The Larmor formula (i.5), expressions (i.4) and the Maxwell equations themselves (i.1)

were a macroscopic description. The very concept of charge density p, current density T,
included in the Maxwell equations, are macroscopic quantities. Charge density p requires the
introduction of the operation of averaging the charge over a certain small volume Jow. A similar
procedure is required for current density J = pv. Quantum mechanics describes micro-world
systems and the averaging operation must be introduced in a different way. Another problem is
the Heisenberg uncertainty principle, according to which it is impossible to measure the
coordinate and velocity simultaneously with proper accuracy. From the standpoint of the
Maxwell equations, the coordinate corresponds to the macroscopic parameter of density p, and
the momentum (velocity) corresponds to current density J=pv. Thus, the Heisenberg
uncertainty principle leads to the fundamental impossibility of solving Maxwell equations (i.1)
for quantum systems, since the input data p,J are both immeasurable/non-existent.

Note that at the micro level it is impossible to describe a particle through a ¢ — function,
since in this case its coordinate and momentum would be strictly defined, which would
contradict the uncertainty principle and the presence of a wave function, which indicates the
probability distribution of coordinates and momentum.

Thus, in the micro world a particle is rather an «extended» object than a point one, having
uncertainty by the coordinate and momentum. In a sense, the particle becomes a «macro» object.
For example, an electron in an atom may be represented by an s — orbital which is the probability

density |‘P|2 of observing the electron at certain points in space. Mass m, and charge g of the

electron can be represented as the density of mass/charge m|‘P|2/ q|‘}‘|2 distributed in coordinate
space. The question naturally arises about the electric field of such a macro object. From the
position of the Maxwell macroscopic equations, electric field Eq, must correspond to charge

density q|‘P|2. But density q|‘{’|2 is not the classical charge density. Density q|‘{’|2 is a
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probabilistic/statistical quantity. In macroscopic electrodynamics, charge density o is formed by
a large number of particles. Electric field E , of such a system is a superposition of the fields of

all charged particles from distribution p . At the micro level, the statistical density of distribution
q|‘{’|2 is the density of the same particle, the coordinate of which is not determined.

In a sense, due to uncertainty 67, of the electron coordinate 7, + Jr, , value div, E, =0 at

some point 7. Indeed, &, div, E, =¢d [F —(17(1 tor, )J and the probability that we accidentally
hit the electron itself, which has a «zero» size [1, 2], by choosing an arbitrary point 7 is zero.
Let us clarify that the electron is a point particle, but at the micro level it is described by a wave
function, and the measurement of its coordinate is subject to the Heisenberg uncertainty
principle. Speaking about an electron as a macro object we mean rather its probabilistic size — for

example, 20, (o, is the standard deviation of function |‘I’|2) than its geometric size (in this
case it is infinitely small).
The eigenfield ]:Zq, of such a macro object does not have to obey the Maxwell

macroscopic equations. As a result, there is a need to construct a statistical analogue of the
Maxwell equations at the micro level, in which the values of the density of charge p and current
2 —

J are of a statistical/probabilistic nature ( Py =q |‘P Jo = Py <\7 > ). The procedure for averaging

the Maxwell statistical equations should lead to the known macroscopic Maxwell equations.

From the above it follows that the question of the existence or absence of electromagnetic
radiation in an atom cannot be resolved from the standpoint of the Maxwell macroscopic
equations and classical electrodynamics. The answer to this question requires the construction of
field equations on probability principles.

In this paper, the construction and analysis of statistical field equations is carried out
based on the first principle — the probability conservation law. The probability conservation law
underlies the infinite self-linking chain of the Vlasov equations for probability density function

f. (F,ﬁ,\;/,..,t) in infinite-dimensional generalized phase space €_ (GPS) [3].

The work has the following structure. Section 1 briefly provides basic information on
distribution functions, mean kinematical values and the Vlasov equation chain. The laws of
conservation of motion and energy are written for the first two equations of the Vlasov chain. In
§2 we consider the first and second Vlasov equations. From the first equation of the chain the
Schrodinger equation taking into account the Lorentz gauge, the equation of motion of a charged
particle in an electromagnetic field as well as the Hamilton-Jacobi equation are obtained. The
concept of the self-consistent system is introduced, which makes it possible to construct the
Maxwell equations both for external fields and for probabilistic (quantum) fields of a particle.
The connection is shown between the second Vlasov equation and the Moyal equation for the
Wigner function of the quasi-density probabilities of a quantum system in phase space.
Paragraph 3 is devoted to obtaining the Pauli equation and the Dirac equation from the first
Vlasov equation by increasing the amount of kinematic information about the quantum system.
The basis is the Helmholtz decomposition (§1) for the vector field of probability flow, in which
the transition is made from a complex function to a spinor and a bispinor. An analogue of the
Helmholtz theorem for a vector field defined in 4D space-time is considered. In §4 we consider
self-consistent and many-particle systems and the methods of their description in the relativistic
and non-relativistic limit. A theorem is proven about the absence of electromagnetic radiation in
a self-consistent, time-independent (in phase space) quantum system. The exact solutions of self-
consistent, non-relativistic quantum and classical model systems are analyzed in detail. The
interrelation between the self-consistency and the many-particle system is described. The
Conclusions paragraph contains a description of the main work results. The proofs of the
theorems are given in Appendix A, B and C.
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§1 First principle
In the middle of the 20th century Vlasov invented the first principle — the probability
conservation law in the generalized phase space Q_ [4]:

%fm+div§(fwﬁ§):o, (1.1

det =
where div, =div,+div, +div,+divi+...; [, («f,t) is a distribution function or probability

det . T
Ug ={v,v,v,,...} is a generalized velocity. For

. T
density function; fz{r,v,v,v,v,...} eQ_;

oo 9

. . T
each point &, = {770,170,\70,...} € Q_ there is a corresponding generalized phase trajectory [5]:

E(t)=ePE =M _(1)&, (1.2)

i, =", , iiy =", , iiy ="l ,.. (1.3)
1 ¢ 22 £/3.
SO P2

M, ()=]0 0 1 . | M_=lim M, detM =1 (1.4)
0 01

where M is the Taylor evolutional matrix in GPS, and M, is an evolutional matrix N, XN,

with order of approximation or averaging N,; D is the differentiation operator along the

det det

generalized phase trajectory u, =155 ={v,§,§,...}r. Note that point fo € Q_ defines the one-

parameter group of the Lie transformations.
Continual integration of equation (1.1) over phase subspaces leads to the infinite self-
linking chain of the Vlasov equations:

%f‘ +div, ('(7),)=0,
g 55 i 23] )0
9 133 iy, (11295 +div, (/1279 +div, (f O ) =0,

ot

(1.5)

where

=N = [ FEOdr=[ [ 2 FE)Erdv=[ [ [ 275,56 drd v =...

Q! Q' Q? Q' @}



SRET(E)(F0,0)= [ £ (F,5,5,6)vd™, (1.6)

Integration in (1.6) is carried out over the corresponding phase subspaces
Q =Q'xQ°x.... Value N (¢) corresponds to the number of particles in the system when f

stands for the distribution function and it corresponds to a normalization factor when f is the
probability density. Depending on the interpretation of function f, the average vector field

<\7> | (7,t) determines the velocity of the continuous medium in point 7 at time ¢ or alternatively
the velocity of the probability flow. Similarly, <§>1 , is the acceleration field, and <\7>1 s is the

second-order acceleration field. Note that the integration of the third Vlasov equation (1.5) over
acceleration space Id >y will give the second equation (1.5) for the function /", and integration

of the second equation over velocity space j d’v will lead to the first equation for function 1.

If one multiplies the second Vlasov equation by the velocity v and integrate over space
Q?, we obtain the equation of motion in the hydrodynamic approximation:

A 9 3 1P, .
A (v) :(y(vﬂ)ax_kj@k):_?l B v, (1.7)
F,= J;fl’z (Vk _<Vk>)(",1 _<V4>)d3"a (1.8)

where P, is a pressure tensor. Multiplying the second Vlasov equation by v*, and integrating it

over velocity space Q°, we obtain the law of conservation of energy for continuum mechanics:

%Ew +%Tr3{k}+a%{f?‘<\7>‘z (v2) + 20y TeR, () %Trpm} - [ e
P (00 )= )5~ ) 19

The first term in (1.9) determines the change in energy density over time, the second term
corresponds to the divergence of the energy current density, and the right-hand side represents
the work of external forces.

The chain of equations (1.5) can be written in a compact and physically clear form [6]:

A S ==0 ., neN, (1.10)
where
al a = = Zn+l
7, —§+VV,~+VVV+---+<5 >1 Ve (1.11)
det det -
Sl,“,n — Ln fl,“,n’ Ql’”,n — le§,, <é:n 1>1’“’n ] (112)



Operator (1.11) corresponds to the total derivative with respect to time in phase subspace
of n kinematical values. Values O, , (1.12) determine the density of dissipation sources. As a
result, from equations (1.10) it follows that the change in the probability density along the phase

trajectory (1.2) is equal to the sources of dissipation. The first Vlasov equation (n =1) is known

as the continuity equation in continuum mechanics and the field theory. If there are no sources of
det

dissipation Q, =div, <17>1 =0, then the probability density f' =const along the trajectory of
motion (1.2) in the coordinate space. The second equation (n=2) is used in plasma physics,
astrophysics, solid state physics, statistical physics [7-13] and is known as the Vlasov equation.

If there are no sources of dissipation Q,, =div, <17>1 ) 0,, =0, then the second Vlasov equation

turns into the Liouville equation [14]. Therefore, density function f"* =const along the phase
trajectory (1.2).
The chain of Vlasov equations (1.10) can be written via the Boltzmann H"~" —functions:

det

H"™" (1) =% j j S (f""’”,t)Sl"""lildf"f = (") (1), (1.13)

which satisfy the evolutionary equations:
A SOH" | ==£°(Q, ), n€ N, (1.14)

where operator 7, =d/dt . In statistical physics, the most known is the Boltzmann H -function

corresponding to (1.13) H"*. According to equation (1.14), the evolution of Boltzmann H"“"-
function is determined by the average sources of dissipation <Q1“_n >0 .

§2 Schrodinger equation

The Schrodinger equation was known to be originally obtained using a phenomenological
method [15]. In [16] the Schrodinger equation, the Hamilton-Jacobi equation, the equation of
motion of a charged particle in an electromagnetic field and the Maxwell system of equations are
obtained from the first Vlasov equation (1.10), which is based on the first principle of the
probability conservation law (1.1).

When obtaining the Schrodinger equation for a scalar particle in an electromagnetic field

[16], the Coulomb gauge was used div, A=0. Note that an analogue result may be obtained for
the Lorentz gauge div, A=y, where gc’y=-0U /ot . For clarity of notation, we omit the
indices of functions and fields indicating the type of phase subspace.

The first Vlasov equation (1.5) contains two unknown functions f'=f (7,t) and
<\7> = <17>(r,t) . Such an equation is possible to be solved in two cases: either function <\7> or f

is known, or there is a mathematical relationship between functions <\7> and f . From a physical

point of view, the Vlasov equation describes a certain physical object, therefore functions <\7>
and f must correspond to the same object. Therefore, it is logical to consider the second case,
when there is a mathematical relationship between <17> and f in addition to the Vlasov

equation. As the simplest mathematical object that combines two quantities, one can take a
complex function. A complex function is known to have two components: a real and an

7



imaginary part. On the complex plane it is convenient to work with the Euler representation of a
complex number in the form of its modulus and phase.
Based on the above, we will use complex function We C as a representation that

combines two real functions f and <\7> included in the first Vlasov equation. Let us set the
modulus of complex number ¥ equal to |‘I‘|2 = f >0. The positivity property of probability
density f will be satisfied automatically. We relate scalar phase ¢ =argV with vector field <\7>

via the Helmholtz theorem [17] on the decomposition of the vector field (1.6) into vortex A\{,
and potential V @ fields:

(V) (F.t)=—aV, @ (7,t)+ 7 A, (7,1), div, A, = 7, (2.1)

where ¢,y are some constant values, and ¥ is some free function. Let us transform expansion
2.1

P

(¥)=i’aV ®+yA, =ioN, (0+iD)+yA, =idV, (ln ¥

+iCI>J+ YA, (2.2)

N7 \ N7 ~ det
v =e’? = Arg v =2¢(F,t)+2mk =®(F,1), ke Z. (2.3)

Taking into account definition (2.3), the representation (2.2) of average velocity takes the
form:

*

(V)(F,1)=iaV, (m ke

+iArg[l§: D+ YA, =iaV, Ln[;l*}+7ﬁw,
or
1(7.t)= £ (F.0) () (Fot) =ia ¥V, ¥ =WV, ¥ |+ ¥ A, ¥,
V' =—a¥0'o¥ +y ¥V ALY, k=1..3, (2.4)

where 3(77 ,t) is the current density and it is taking into account that |‘I’|2 =f.

Definition 1 Representation (2.4) of vector field (v)(7,t) or field J(F,t) for ¥e C will be

called the Helmholtz ¥ C — decomposition with gauge div, A, = .

Theorem 1 If the vector field (vV)(F,t) of the probability flow admits a Helmholiz WC—

decomposition with gauge div. A, =y, then the first Vlasov equation (1.5) for function
' =YY" becomes the Y -equation:

2
i 0¥ . Y =
= -———A Y+UVY, 2.5
5o aﬂ[p wj (2.5)
det l

203
where D =—EVr and f#0, Be R, is a constant value; U (F,t)€ R is some function.



The proof of Theorem 1 is given in Appendix A.

If constant values «, S,y are chosen as:
N (26)
m

then equation (2.5) will take the form of the Schrédinger equation for a scalar particle in an
electromagnetic field

v 1. -\
ih—=—-I|p—qAy) Y+UY, 2.7
3% 2m ( q \y) (2.7)
where p=—ifV, corresponds to the momentum operator. Note that, despite the presence of free
function J, the equation (2.5)/(2.7) does not depend on it explicitly. Let us show that function
U corresponds to the potential energy.

Theorem 2 Function U (7,t)€ R from equation (2.5) corresponds the equation:

det
_ldp_ 1 (ﬁ)‘2+V:H, 2.8)
B ot 4o
where
A Y
v=U+Q, Q=% | (2.9)
B |¥

and vector field <\7 >(17 ,t) of the probability flow satisfies the equation of motion:

L d o = D

# <v>=E<v>=—y(Ew+<v>xBT), (2.10)
where

. det A . det N

E, =—%—%V,V, B, =curl A, . (2.11)

4

The proof of Theorem 2 is given in Appendix A.

When replacing (2.6), equation (2.8) becomes the Hamilton-Jacobi equation

_haa—(f :% <\7>‘2 +V=H, and expression (2.9) determines the quantum potential
n ALY ' ' |

Q= _2_—|‘P| from the de Broglie-Bohm «pilot-wave» theory [18-20]. Note that potential V
m

in the Hamilton function H differs from potential U in the Schrédinger equation by the value of
the quantum potential Q. In classical limit 7 <1 we can assume that V=U . Value 7i¢p=S

determines the action.



Definition 2 We will call the relationship between vortex field AT component (2.4) and scalar
potential V (2.9) using the equation (2.9)

20 1 0V

T =0, (2.12)

div, A, +—=

r

Lorentz WY -gauge.

Without loss of generality, vortex field A\P can be represented as the sum of classical

vector potential A and some «quantumy» vector potential AQ, that is, (2.11)

det _

A, =A+ AQ, B, =curl, A+curl, AQ =B+ EQ. (2.13)

In the classical approximation (% < 1) for Q=0 and AQ =6 according to (2.11), (2.12)
and (2.6), the Lorentz ¥ -gauge (2.12) turns into the usual Lorentz gauge

div, A+L8—U:0, (2.14)

gc® ot
or

10
div, A+ =92 =g,
¢’ ot
In the general case, when taking into account quantum potential Q and the vector

potential AQ, Y —gauge (2.12) splits into Lorentz gauge (2.14) and quantum gauge

div, A+ 9Q_, (2.15)
gc® ot

Electric field ]:Z\{, (2.11) takes the form:

. dA,
E., =—a—A—lV U————V Q=E+E,, (2.16)
ot g o ¢

where E,B are classical electromagnetic fields; and EQ , EQ are electromagnetic fields caused by

the probability distributions of the quantum system. The charge p and current J densities are

determined for classical fields E,B. For a quantum system located in external classical fields,
according to the uncertainty principle, charge density gf (related to the coordinate) and current
density gfv (related to velocity v ) are not determined. The indicated densities are not classical

electrodynamics characteristics, they are probabilistic by nature. For example, field EQ (2.16)

includes the quantum potential Q, expressed in terms of density \/7 = |‘I’| as (2.9). Dependence
(2.9), in the general case, does not agree with the Coulomb representation A, Q =—gf /¢, .

10



Definition 3 We will say that the system is self-consistent if the condition (2.17) is satisfied for
det det

Py =&, div, E, =div, D,

,OqJZQf- (2.17)

Lemma 1 For a self-consistent system, the following field equations are valid:

div, D, = p,, div, B, =0, (2.18)
. B - .
curl, E, =— aat\*' , %Dqﬁ Jy =curl H,, (2.19)

. det - . det _
where Jy = py <17> a Hy are some field, for example, u,H, =B,,. In this case, the Lorentz

Y —gauge condition (2.12) brings the system of equations (2.18)-(2.19) to the form:

apy =2, oAy =1, (2.20)
0
Py =0+0,, j\P :j+jQ, (2.21)
det det
V=494, Q=q0,, U=q0, Py =P+ Py, (2.22)

det det

where p, =g, div, EQ =div, ﬁQ :
The proof of Lemma 1 is given in Appendix A.

Remark 1 In the classical limit (7 <1) at Q=0 and A, =6 equations (2.18)-(2.19) for a self-

consistent system transform into the well-known Maxwell equations for classical
electromagnetic fields E,B:

div. D=p, div, B=0, (2.23)
curl, E=- B , 3Iﬁ)+j =curl, H, (2.24)
ot ot

where J = p<\7> and g, H=B. In this case, the Lorentz gauge (2.14) can be performed. In the
general case, when taking into account «quantumy fields EQ , BQ , and having classical Maxwell

equations (2.23)-(2.24) being true for fields E,B, we obtain an analogue of the Maxwell
equations for fields EQ , BQ :

div, D, = p,, div, B, =0, (2.25)
. 9B, 9. - B,
curl, E, =T, EDQ+ Jo=curl, Hy, (2.26)
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where J, = p, <\7> and 4, ﬁQ =]§Q. In this case, for equations (2.25)-(2.26) quantum gauge
(2.15) can be performed.

Remark 2 Note that field equations (2.18)-(2.19) for self-consistent systems are obtained only
on the basis of the first Vlasov equation (1.5), which is a consequence of the first principle — the
probability conservation law. Equations (2.18)-(2.19) in the form (2.20) are representable

through 4-potential 4“, £ =0...3

ad" = ", 2.27)
o
a 14 : 14
where 0=00,, 9, = 0" =g""0,. Metric tensor g =(+,—,—,—) corresponds to the
x

d’Alembert operator (2.27). Equation (2.27) is invariant under the Lorentz transformation, thus it
is a relativistic equation. The problem of integration (averaging) over the velocity space (1.3) is
solved rather by momentum than velocity. Indeed, with v — ¢ momentum p — oo. In this case,
equation (2.27) is uniquely related to the «Schrodinger equationy» (2.7). Note that equation (2.7)
is not invariant under Lorentz transformations, since it contains derivatives of different orders.
The question arises: «How can a relativistic theory follow from the non-relativistic Schrodinger
equation?» The answer to this question has two points.

First, equation (2.27) was obtained for self-consistent systems (2.17). Condition (2.17) is
very rigorous. As it is shown below in §4, nonrelativistic quantum systems, as a rule, do not
satisfy this condition, although there are exceptions (depending on the type of gauge). The
problem is that density p, contains both classical charge density p and quantum (probability)

density p,. Density p, is not the charge density in the usual sense. It is the classical
«equivalenty of the charge density that induces field EQ (2.16). Field EQ is determined by
quantum potential =V _Q, which is related to probability density f = |‘P|2 not by the Coulomb
AGR) |

Vi . A . . . . . .
“2d’r", but by expression (2.9) ——— . A somewhat similar situation arises in the

|77 ¥
Dirac equation (see §3, 4).
Secondly, equation (2.7) is not exactly the Schrodinger equation. In the general case,

law j

there is a vector potential Aq, that differs, according to (2.13), from the classical vector potential
A . A similar remark concerns the field equation itself (2.27), in which, in addition to vector
potential A, there is a scalar potential ¢, (2.21) associated with the quantum potential Q
(2.9). In the nonrelativistic approximation, only external fields E,B that satisfy the Maxwell
equations remain, and the relation with particle fields (quantum fields) EQ,EQ disappears. The
classical Schrodinger equation does not contain the particle’s own fields. There are only external

potentials A and U= qo¢ . The influence of the particle’s own «field», for example, in the form
of spin, is manifested in the equations of Pauli and Dirac (see §3).

Let us consider in more detail the physical meaning of probabilistic («quantumy) fields,
E 0> BQ . For this we will compare the two equations of motion (1.7) and (2.10). Equation (1.7) is

obtained from the second Vlasov equation (see § 1). A special case of the second Vlasov

12



equation (1.5) for function f** is the Moyal equation for the Wigner function W(7,p,t) ofa

quantum system in phase space [21, 22]

W (F,p.t)= (2;;1)3 [ (F—%,tj‘l’(ﬁrg,t)ehwd%, (2.28)
R3

where function W(F , D,t) is written for the coherent state. The chain of equations (1.5) is self-

linking, so to solve it a cut-off at some equation is necessary. The chain can be cut off by
dynamic approximation of the average kinematical value (1.6). In [23, 24] the Vlasov-Moyal
approximation was proposed

ey (=) (w2 o
f <Vk>1,2 _z m21+1(2l+1)! axk(

=0

Vv, (229)

where f'?(7,v,t)=m’W (7, p,t). Substituting approximation (2.29) into the second Vlasov
equation (1.5), we obtain the Moyal equation for the quasi-density probabilities [25]

too (1} 21
a—W+iﬁ-V,4W—V,U-VpW=ZM

— — 2141
uwv,v) w. 2.30
o m = (20+1)! (V.¥,) (2:30)

Note that the probability conservation law (1.1) does not impose conditions on the sign of
function f . Consequently, negative values of the Wigner function W (7, p,¢) do not contradict
the presented approach.

Averaging the Vlasov-Moyal approximation (2.29) over the space of velocities leads to
an analogue of Newton’s second law, which is present in the hydrodynamic equation of motion

(1.7):

. 1 oU
<Vk>l :—Zax—k. (231)

Approximation (2.31) was originally used in a phenomenological manner by Vlasov in
his theory. Here it is obtained using the quantum mechanics in the phase space. The peculiarity
of expression (2.31) is the presence of Schrodinger potential U instead of V (2.9) from the
Hamilton-Jacobi equation. Let us discuss this peculiarity in more detail. Since the Moyal
equation (2.30) was obtained without taking into account the magnetic field, the corresponding
equation of motion (2.10) will take the form

mox*  m ox

0 d 1oV 1JdU 19Q

—+(v,)— |[(v,)=———F="———7F———. 2.32
BRI IV : 23)
Equation (2.32) is an analogue of the equation of motion (1.7), therefore, taking into

account (2.31), we obtain

19Q_128,
mox*  f ox*

(2.33)
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Expression (2.33) shows that quantum potential Q creates quantum pressure. That is, a
quantum system allows for a «macroscopicy description.
Indeed, pressure tensor F,; determines the covariance matrix when averaged over

velocity space (1.8). On the one hand, a quantum system is a microscopic description, and on the
other hand, it is a macroscopic description when averaged over higher kinematical values.
If we assume that function f corresponds to the distribution function of particles of the

same type, then in the macroscopic description ¢gf this is the charge density o and equations
(2.18)-(2.19) transform into the classical Maxwell equations (2.23)-(2.24). Let us illustrate this
statement using the example of single-velocity distribution function £ :

127 9,0) = p(r,0) 8] v —ii (7,1) ], (2.33)

where L?(F,t) is the vector velocity field of the continuous medium. Substituting (2.33) into

(1.6), we obtain u =<\7>1 and f'=p. Pressure tensor (1.8) P, =0 corresponds to distribution

9B

function (2.33), that is, pressure force 1 p

1
pressure according to (2.33) is equal to zero Q=0. The absence of quantum potentials Q and

in equation (1.7) is absent and the quantum

A, according to equations (2.13) and (2.16), gives a trivial solution to equations (2.25)-(2.26)

Q ’
for quantum fields EQ ,BQ. As a result, the hydrodynamic equation of motion (1.7) transforms
into the usual Euler equation, in which there is only an external force (2.31). Such a system is
self-consistent (2.17) and corresponds to the Maxwell electrodynamics (2.23)-(2.24), but each
particle is a point particle, which is acted upon by an external force (2.31). The intrinsic
microscopic nature of the particle in the form of quantum pressure (2.33) is absent here.

Let us consider distribution (2.33) in more detail. If a phase volume of the phase space

{F,p=mv} corresponds to the physical system, then for each point with coordinate 7 there is

an uncertainty by velocity VvV, described by the probability density function

f(v,0)= J.fl’2 (7,9,¢)d’r . The same consideration is true for GPS, in which the infinite set of
Q]

kinematical values u c= {V,\;/,{f,...}T corresponds to point 7, and these kinematical values
determine the form of the generalized phase trajectory (1.2). The uncertainty by velocity u. (due
to the probability density) leads to the uncertainty by trajectory & () (1.2), which is consistent

with the Heisenberg uncertainty principle. Due to the uncertainty by velocity, for some small
volume Jw (macroscopic description) there is a spread of velocities (determined by f7),
leading to pressure £, #0 and Q #0.

If the physical system is represented by a phase hypersurface (not by a phase volume) in
the phase space then each point 7 has its certain velocity v . This situation is described by

distribution (2.33). In this case the system consists of streams of particles interacting through the
self-consistent potential U .

Remark 3 It should be noted that distribution (2.33) in the general case is not a solution to the
Moyal equation (2.30). At p=0 (or p<0), the distribution (2.33) will be either positive or
negative, which contradicts the Hudson theorem for the Wigner function (2.28). According to the
Hudson theorem and its generalization to the 3D case [26, 27], the only positive (negative)
Wigner function is the Gaussian distribution in the phase space. Nevertheless, it is possible to

14



construct a limiting transition from the Wigner function, which contains information about
quantum pressure, to distribution (2.33), in which this information no longer exists. As an
example, let us take the Wigner function for the ground state of a quantum harmonic oscillator
with frequency @ [28]:

1 —&(x,p) 2 x2
W (x,p)=—e ", e(x,p)= +—, 2.34
o(vp)=20 (xp) wia? | 207 (2:34)
0.0, :i, % -, (2.35)
2m O,

Expression (2.35) corresponds to the Heisenberg uncertainty principle. In the case of
(2.34), potential U = mw’x’ / 2 in the Vlasov-Moyal approximation (2.29) gives only one non-

—ia—U As a result, the Moyal equation (2.30) and the second Vlasov

m ox
equation (1.5) will take the form:

zero term, that is <1>>1’2 =

(a, +§ax —aanPJWO =0, (2.36)

where " (x,v)=mW (x,mv). According to (2.33) and (1.8), the quantum pressure has the form

hZ

- X +E, (2.37)

P(x)=07f"(x), {(v}=0, Q(x)=-

2
X

1 B

/ (X):\/%O'xe ’

where & =ha)/2 is the energy of the ground state. Equation of motion (2.32) corresponds to the

equilibrium system:

LU _9Q_, (2.38)
ox ox
. U . 0Q
that is, external force o is balanced by force of quantum pressure o In terms of
2 X

hydrodynamics, a quantum particle is not a point particle. This particle is an object which is
determined by a certain probability distribution density f', or a certain medium. Compression of

this medium by an external field in the form —a—U leads to a reaction of this medium in the form
X

of quantum pressure a—Q .
X

The limiting transition of distribution (2.34) to distribution (2.33) is possible at 0, = 0.
Value o, characterizes the uncertainty by momentum. The reduction of this uncertainty by

momentum o, — 0 results in transition to a single-velocity distribution (2.33):
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fim ()= 5 7 im e T = 2 e)=p (900, @9
p(x)= lim —2—¢ > =0, (2.40)
oo 2 TTO

where the Heisenberg uncertainty principle (2.35) plays the role of normalizing the probability
density function. Passage to the limit o, — 0 leads to an increase in 0, — +eo, which is known

as the dispersion of the wave packet (2.40). For a harmonic oscillator, this means that its
frequency (2.35) w=0,/0, > 0. Quantum potential Q (2.37) and quantum pressure
9Q
ox
external potential U — 0, which localized the particle inside the potential well. As a result,
according to (2.38), the force of quantum pressure decreases. From the position of continuum
mechanics, passage to the limit o, — 0 allows the following interpretation. The gas, localized in

=—ma’x also tend to zero. Indeed, passage to the limit 0, — 0 leads to a weakening of the

the pressure vessel, was released outside, which led to its distribution throughout the space
(dispersion of the wave packet o, — +e< ) and a drop in pressure P(x) (2.37).

Now let us move from the physical interpretation of quantum potential Q to quantum

(probabilistic) vector potential ;&Q included in the «Schrdodinger equation» (2.5). As mentioned
above, equation (2.5) differs from the classical Schrodinger equation by the presence of term AQ

(2.13). If probabilistic vector-potential AQ can be neglected, then Aq, = A and equation (2.5)

transforms into the usual Schrodinger equation for a scalar particle in an electromagnetic field.
Such an equation does not take into account the particle’s own «fields», such as spin effects.
Note that the original equation (2.5) for self-consistent systems leads to the relativistic Lorentz
transformations (see Lemma 1) and the Maxwell equations. Consequently, the presence of

probabilistic potentials Q and AQ may contain the interpretation of «relativistic» effects, for

example, spin (note that the Pauli equation is not invariant).
Indeed, equation of motion (2.10) contains an analogue of the Lorentz force for a particle

in a magnetic field q<\7>><]§\1,. According to (2.13), field E\P is a superposition of fields
B, =B+B,,
Consequently, in the well-known experiment of Gerlach and Stern [29-31] on detecting the

where B is an external field, and BQ is a probabilistic field of a particle.

electron spin, in addition to the Lorentz force from external field q<17>><]§ according to (2.10),
there will be additional force q<\7>><]§Q determined by the probabilistic vortex potential AQ.

Depending on vortex potential AQ, there will be a different type of solution to equation (2.5),
that is, the possibility of taking the spin effect into consideration. Thus, the right-hand side of
equation of motion (2.10) can be represented in the form of a classical F and probabilistic
(quantum) FQ force acting on the particle

(2.41)
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Classical force F gives a non-probabilistic trajectory, and the probabilistic force FQ

specifies the quantum uncertainty of the trajectory in the Heisenberg principle. Term FQ gives a

probabilistic trajectory, that is, the probability that the force has such a value. As a result, there is
an infinite number of trajectories along which movement can occur, but each has its own
probability. This interpretation is similar to the well-known formulation of quantum mechanics
through the path integral by Feynman.

Recall that according to the Helmholtz WC —decomposition (2.4), the velocity of

probability flow <\7> is related to phase ¢ of the wave function ¥ . Probabilistic fields EQ,BQ
provide probabilistic solutions to equation of motion (2.10) for flow <\7> , and therefore also for

phase ¢, the incursion of which is present in Feynman’s path integrals.

§3 Pauli and Dirac equations
Let us consider a possible option for taking into account additional kinematic information

(vortex field AQ) of the particle itself located in external fields. When obtaining an analogue of

the Schrodinger equation (2.7), the system was described by a complex function We C.
Complex function ‘P=|‘P|exp(i(p) contains two free parameters: modulus |‘P| and phase ¢.

These two parameters were used to describe two unknown functions in the Vlasov equation
(1.5): probability density f = |‘P|2 and probability flow velocity <17> =-20V .o+ ;/Aq,. At the
same time, in order to describe the vortex field, it was necessary to introduce another free
parameter A\y, which, according to (2.13), in addition to the vector-potential A (external
magnetic field), contains the probabilistic vortex field of the particle AQ. From equation (2.7) it
is impossible to explicitly obtain the form of field AQ, which is included there as a parameter.

Of course, field AQ satisfies the gauge expression (2.15), but according to the Helmbholtz

theorem, the field cannot be reconstructed from divergence (div,) only [23]. Field AQ can be
found from the system of equations (2.25)-(2.26), but for this it is necessary to know probability
density p, and current jQ , which is expressed through field AQ itself.

Thus, usual complex function We C does not have a sufficient number of free
parameters to describe the particle’s own kinematic characteristics. To solve this problem, we
increase the number of free parameters by considering a 2D complex space C* with elements
(spinors):

W=v'y, v, eC 3.1)

w=(me Cut=(u ) =(v)

Spinor 1, unlike complex function ¥, has four instead of two free parameters. By

analogy with the Helmholtz WC —decomposition (2.4) for the function ¥ e C, we define the
decomposition for spinor e C”.
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Definition 4 Let us denote the representation of current density field j(? , t) for ye C?
J=ia(W'V =V )+ A, (3.2)
as the Helmholtz C* — decomposition with gauge div, A=y.

Theorem 3 Let the vector field of the current probability density T admit a Helmholtz $C* —
decomposition, then the first Vlasov equation (1.5) will take the form:

él%—f:—aﬂ{a(p—ﬁ‘ﬂ ¥ +1U7, (3.3)
or
Ly a—=—aﬂl( ——ATLU+IUw+l(6'-]§)LU, (3.4)
) 208 2B

2 - . . . . . .
where |1Lr| =f'; & =(0'1 o’ 63) are the Pauli matrices; o' =1 is an identity matrix.

_, det -
B=curl A, p= —V U e R is some function, and o, B,y are some constant values.

B’

The proof of Theorem 3 is given in Appendix B.

When choosing constant values ¢, 3,y according to (2.6), equation (3.3)/(3.4) transforms

into the well-known non-relativistic Pauli equation for a particle with spin in an external
electromagnetic field [32].

o 1 . —\2 R
hlgzﬁl(p—qA) w+IU1jJ—2—(0'-B)w. (3.5)

From a comparison of equations (2.7) and (3.5) one can see the appearance of a new term
qn

5 (5‘- ]§) responsible for the spin of the particle.
m

Equations (2.5) and (3.3) were obtained from the first Vlasov equation (1.5) using
Helmholtz WC — and {C* — decomposition, respectively. Both equations (2.5) and (3.3) are not

relativistic, since they do not have invariance under the Lorentz transformation. Note that the
original Vlasov equation (1.5) is invariant. The first problem in invariance violation appears

when using the Helmholtz decomposition for 3D vector field <\7> or in 3D coordinate space J.

Indeed, time ¢ is included in decompositions (2.1), (2.4) and (3.2) as a parameter. In the
Helmholtz decomposition there are derivatives only along coordinate axes d,, and there are no

derivatives along the time axis d,. To solve this problem, it is necessary to extend the Helmholtz
decomposition to 4D space-time.
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T u . —\T 0 A\
Lemma 2 Let 3D vector field F (x ) be defined on a 4D space-time x" =(ct F) = (x x)

and admit the representation

F(x*)=-V,+curl, 5—%1@, (3.6)

then functions TLR and S satisfy the equations:

_izaa_f:uﬁ, div, F =oll, curl, F=0oS, (3.7)
c
with gauges:
Lza—H'Fler ]_é = O, Lza—S-FCurlr R = 0, din 5; = 0
¢ ot ¢ ot
(3.8)

The proof of Lemma 2 is given in Appendix B.

In the nonrelativistic limit at ¢ — oo, gauge conditions (3.8) give div, R=0, curl R=0,

and (3.7) leads to oR=0. Thus, field R is constant, that is, the term BOR =6 in decomposition

(3.6). As a result, expansion (3.6) transforms into the Helmholtz decomposition. A similar
transformation occurs if we assume that the fields are time independent. In this case, all

derivatives with respect to time are equal to zero.
- - _, det _, -
Instead of two vector fields R and S we can introduce field 7 =S —cR . According to

(3.7), field J is represented in terms of quaternions:

uj:la—F+cuﬂ,F’:(ao;ak)(o;ﬁ’). (3.9)
c ot

Scalar potential IT and field J define four-vector A* = (H,j ) satisfying the equation

oA* =[div, ﬁ‘,l%—};+curlrﬁj. (3.10)
C

Equation (3.10) is a 4D form of the Lemma 1. Knowing the right-hand side, we can write
the solution to the d’Alembert equation (3.10) in terms of the Lienard-Wiechert potentials and

find four-vector potential A* from which it is possible to restore field F according to (3.6). In
the non-relativistic case at ¢ — oo, the right-hand side of equation (3.10) contains only div, F
and curl, F,and operator 0— —A, which reduces to the Helmholtz theorem for the 3D region.

Note that the right-hand side of decomposition (3.10) is similar to the Maxwell equations
through the Riemann-Silberstein vector (RS-vector) F = \/g E+i M, H:

J;O(cp,—j)z(divr F,%aa—fﬂ'curlr FJ (3.11)
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On the one hand, decomposition (3.6) gives hope for a transition to relativism, but on the
other hand, when substituting it into the Vlasov equation, a second problem arises: different
orders of derivatives with respect to coordinate and time. There are two ways to solve this
problem. The first is to increase the order of the derivatives in term d,f from the Vlasov

equation. This approach is actually implemented in the Klein-Gordon equation. The second way
is to lower the order of derivatives in the first term of decomposition (2.4):

J =%‘P*a"(p‘l’, (3.12)

This expression (3.12) takes the relation (2.3) into account for the phase of wave function ¢.
The Helmholtz WC —decomposition (2.4) used a complex wave function'¥ :|‘P|exp(z’(p)

characterized by modulus |‘P| and phase ¢@. For We Cthe phase ¢ specifies the angle of

rotation in the complex plane. When transiting to the Helmholtz {C* —decomposition (3.2),

spinors re C* were considered instead of W e C. Spinors  can be acted upon by complex
matrices M of size 2x2, that is My . The indicated matrices can be decomposed into basis

matrices — the Pauli matrices o, u#=0...3. The Pauli matrices correspond to the four basis

elements L7, j,k in the quaternion decomposition q =(a;u ) = a +iu, + ju, +ku,

1 0_10- -3_-1 0 . .2_.0_i .1_.01
|—>O‘—01,1|—>10—10_1,]|—>10—1i O,kHlO'—ll o (3.13)

Quaternion algebra (Q) was originally constructed by Hamilton and further developed

by Clifford in the form of hypercomplex numbers [33], for example, octaves (O ) and sedenions
(S). Quaternions can be represented in the form of complex matrices 2x2 (3.13), or in the form

of real matrices 4x4. Each 3D vector 7 =(x,,x,,x,) in Euclidean space can be associated with

a 2x2 matrix according to the rule

6-7:akxk=[ % x‘_’xz} (3.14)

X +ix,  —Xx

Representation (3.14) is used in the Pauli equation (3.3) for the momentum operator.
According to spinor algebra, matrix (3.14) specifies the rotation of the spinor. Rotating a spinor
from one position to another is an ambiguous operation. There are two possible rotating
operations, differing only in sign. Thus, it is logical to take rotation matrices & -7 as phase ¢.

. . . A\ .
Since it is necessary to take all axes of 4D space-time x* :(x0 x) into account we define

rotation matrix ¢ for bispinor € C* (two directions of rotation) as follows:

0 Ky 0 s
ox, O'x, I 0 ox, O'x, .
FoE O T ) o
o'x, 0'x, 0 -I,)\-0o'x, -0ox,
0 P —
. ox, —-0-X
ole)=(57% 07
6-X —0x,
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The rotation phase matrix (3.15) is defined at points of 4D space-time, that is, each point
x* has its own rotation (phase). Note that from the Hamilton-Jacobi equation (2.8) the phase is
related to the concept of action 7¢ =S . From a geometric point of view, action S corresponds to

the length of the trajectory (in the case of quantum mechanics — the Feynman path integrals) in
curved space with the indicatrix £=1, where £ is the Lagrange [34]. Thus, for each point in 4D
space-time the «trajectory length» S is determined by rotation matrix (3.15).

The Vlasov equation in 4-component form will take the form:

9

actcf+;7[f<vk>]:0 = 9,/ =0, (3.16)

where

P S =(chf T) L =wy

Let us transform representation of the current density (3.12) for bispinor ye C*and the
phase matrix (3.15):

n
m

T = ok ow o ety .
m

J'=—¥'Y¥ ey, (3.17)

where, in contrast to (2.4), density f = |1]J|2 is a dimensionless value. Let us calculate expression

0*@ from (3.17). The following expression will be obtained:

0 o I, 0
akA: , aOA: 2 ,
Y (_O'k 0 J Y (0 _Izj

“p=v", (3.18)

where y* are the Dirac matrices. From a physical point of view, expression (3.18) can have the

following interpretation. The partial derivative of the phase (action) with respect to time 9°@ in

accordance with the Hamilton-Jacobi equation (2.8) determines the energy of the system. From
expression (3.18) it follows that there are positive and negative values of the system energy (a
particle and an antiparticle). In accordance with the Helmholtz decomposition (2.1) the

derivative with respect to coordinate space from the phase (action) 0@ is associated with the

potential component of the momentum < ﬁ> =hV ¢ . From expression (3.18) it follows that the

momentum is related to the Pauli matrices o*, which corresponds to the Pauli equation (3.3)

Gp.
Taking expression (3.18) into account the representation (3.17) for current density J*
will take the form:

J* =y, (3.19)

_dEt . . . . . .
where U ="y’ is a dual wave function and y’y* =1 is an identity matrix.
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Theorem 4 Let the probability current density J* admit the (3.19) representation, then the
Vilasov equation (3.16) will take the form:

ihcd i =y’ [cyk(f)k—qu)+mc2 I:Il]]+q(pllj, (3.20)
or

[y” (ih8# - qAﬂ) - mcl]w =0,
where m,q,h are constant values, p, =—ihd, ,and A" = ((0/ C,A) is some four-vector field.

The proof of Theorem 4 is given in Appendix B.

Equation (3.20) is known as the relativistic Dirac equation for a particle (and an
antiparticle) in an electromagnetic field [35].

§4 Self-consistency, relativism and many-particle system

Let us consider the relationship between the concepts of self-consistency, relativism and
many-particle system. We start with the concepts of self-consistency and many-particle system.
Firstly, we should make it clear which systems satisfy and unsatisfy the condition (2.17). There
are two types of systems described by the equations of mathematical physics. The first type is
when there are external fields acting on the «particle», and the action of the «particle» on the
external fields is negligible. The second type of the system is when there is self-consistency
between the particle’s fields and external fields. In this case the equations describing the system
contain the action of the entire system on itself.

Lemma 3 For a self-consistent system with external potentials U =q¢, A, gauges (2.12),
(2.14), (2.15) the solution to equation (2.7) can be represented as
W (7,t) =¥ (F.t)|exp| ig(7.1) ], where |¥

, @ and AQ satisfy the equations:

R A MEEL) Y 1
= Y0 +af L =—U(7.1), (4.1)
goA, = mlcz [th¢—q(A+ AQ)]DQ, (4.2)

/ c; Ko =h/mc is a reduced Compton wavelength, and o.= q / (4rme,hc) is

where t =t —|F —F

the fine structure constant.

The proof of Lemma 3 is given in Appendix C.

The solution to equation (4.1) is |‘I’ , by which Q is defined. Equation (4.2) contains two

unknown quantities: phase ¢ and probabilistic potential AQ , S0 it cannot be solved. If we make
some assumptions about the type of phase, then equation (4.2) can be written with one unknown
value A o- Let us consider one of these options. Let the phase admit the following representation
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E
Qp=——t, 4.3

where £ is some constant value, then equation (4.2) will take the form:
mc’oA ,+(A+A,)oQ=0. (4.4)

Vector equation (4.4) breaks down into a system of three partial-differential linear
equations with three unknown functions A(Q)‘),A(Qy),AS). The Hamilton-Jacobi equation (2.8)

under condition (4.3) allows us to find the value £ :

|:|A
oQ

qz‘A+AQ‘2=2m(V—5) = E£= V——C

(4.5)

Let us note once again that expressions (4.4) and (4.5) are valid under assumption (4.3),
which in the general case is not satisfied.

Theorem 5 Let 9, 1> =0, then for a self-consistent system 9, AQ =0 and 9,Q=0.

The proof of Theorem 5 is given in Appendix C.

It should be noted that the Wigner function (2.28) can be used for function .
When the condition of Theorem 5 is met, it follows that “the system does not emit an
electromagnetic wave”. Indeed, the time-independent nature of quantum potentials Q(7) and

AQ (7) leads to solutions of the Maxwell equations (2.25)-(2.26) that do not contain radiation.

For non-self-consistent systems the question of the presence of radiation disappears, since due to
the failure of condition (2.17) it is impossible to construct a system of the Maxwell equations
(2.20-2.22), allowing a solution in the form of an electromagnetic wave.

Note that for self-consistent systems with the Coulomb gauge, equation (2.20) becomes

. . 1 . .
the Poisson equation A ¢, = , Where q|‘I’|2 can be interpreted as the charge density.

0
The use of charge density terminology leads to a connection with many-particle systems. We can
give an example of a self-consistent system that has both a classical many-particle solution and a
quantum one-particle solution.
Let us consider a space charge problem for the initial charge density distribution

P, (r)=p(7,0). In the Coulomb gauge the evolution of such a system is described by the

equation [36]:

pR(r1).1]=— lr A7) . @)
SO petoy- JPIE@ T L35
c(r)=r"22(r), z(r)=—8—70 x°py () d.



Function P is the inverse of function G

G (x)=/x(x—1) +arcoshx, (4.8)

The solution (4.7) is constructed under the assumption that the charged spherical layers
do not intersect. The equation of motion of the charged layer is described by the characteristic
equation

R(r,t)=rP[g(r)t], (4.9)

where P(0)=1. The charge is conserved inside a sphere with radius R(r,t). Depending on the

type of initial distribution p,(r), the characteristics (4.9) may intersect over time. The

intersection of the characteristics (4.9) leads to a shock wave [37, 38] (the Coulomb explosion).
Fig. 1 shows the characteristic equations for two types of initial distribution:

P, (r)=const, (4.10)
py(r)=desl o (21), p, (1) =—m—expl———[In(r)-p, T}, @11)
2t " " \/Eo'rr 20° '

where u , o, are the mean value and the standard deviation of the lognormal distribution (4.11)
respectively. Value ¢, ., specifies the total charge of the system. On the left, Fig. 1 shows the

characteristics for distribution (4.10), and on the right — for the distribution (4.11). The
characteristics equations have the form:

¢, (R)t=G[x(1)], £=12, (4.12)
gl(r)= ’_23L£I‘000, gz(r):\/%‘:;{l+erf{%}}, ]((t):JR(RO,l‘)/RO,

where R, =R(R,,0).In Fig. | it is seen that the characteristics for the distribution (4.10) do not

intersect, but for the distribution (4.11) an intersection occurs at the moment of time ¢,
indicating a shock wave.
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Fig.1 Characteristic equations for the two types of initial distributions (4.10)-(4.11)
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Indeed, Fig. 2 shows graphs of the evolution of density (4.7) at successive times
t,, k=0..4 for two initial distributions (4.10) and (4.11). In Fig. 2, on the right at moment of

time 7, a «gradient catastrophe» occurs (the derivative of the solution goes to infinity). On the
left in Fig. 2, the distribution density remains constant along the radius. For density p,
corresponding to (4.10), solution (4.7) has a simple form.

Po
pR(t).t]=—7—. (4.13)
P’ (gt)
! 20
P Ps
0.8 16
0.6 12
0.4 8
tc
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Fig.2 Evolution of charge density for the two types of initial distributions (4.10)-(4.11)

Fig. 3 shows graphs of potential energy U, (7,t) from the Schrodinger equation (2.7) and
graphs of quantum potential Q, (F,t) (2.9). It can be seen that the quantum system is time-
dependent and a shock wave arises in it. The similarity of the graphs of potentials U, and Q, in

Fig. 3 has a clear physical interpretation. A quantum particle is in external potential U,, which
exerts a force on it. Earlier (2.33) it was noted that a quantum particle, described by a wave

function W, (7,t)=./p, (F.t)exp|ig, (F,t)], creates quantum pressure Q, that counteracts
external potential U, . Quantum pressure force =V, Q, according to (2.33), counteracts external

force -V, U, .
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Fig.3 Evolution of potentials U, (r,7) and Q, (r,t)
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At initial moments of time #, and ¢ the distance between the characteristics remains
unchanged (see Fig. 1), therefore the quantum pressure is close to zero (see Fig. 3 on the right).
At moment of time ¢, (and subsequent ones f,,,), the distance between the characteristics
decreases sharply (see Fig. 1 on the right), which leads to an increase in density (see Fig. 2 on
the right) and force of the external influence —V U, on the particle (see Fig. 3 on the left). The
particle tries to compensate for the pressure exerted on it by counteracting in the form of
quantum pressure -V, Q, (see Fig. 3 on the right).
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Fig.4 Evolution of resultant force —V, V, ckopoctu (ﬁ)l (7.t)

In Fig. 3, it can be seen that derivatives =V U, and -V Q, have the opposite signs on
the interval (0.6;0.9). The interval (0.6;0.9) clearly shows an abrupt jump in the derivatives at
times t,,¢, . These instants of time are close to instant of time 7, of the shock wave, so the force
of external —V U, and quantum pressure -V, Q, is great.

Quantum pressure force —V_Q, does not completely compensate for external force
~V.U, therefore resultant force -V, V, ==V, (U, +Q,)=F, is not zero (see Fig. 4 on the left)
and the system expands with radial velocity <v> (see Fig. 4 on the right) according to equation of

motion (1.7) or (2.10). Fig. 4, the right side, shows that instant of time ¢, is close to the gradient

catastrophe, indicating a shock wave.

Despite the fact that the problem statement was originally written for the space charge
problem, its solution (4.7), due to the results of §2, is also a solution to the time-dependent
Schrodinger equation (2.7). Phase ¢, of the wave function has a more complex form than (4.3),

: : .. . o : . h -
since it contains information about the probability flow velocity (charge) <V>1 =;V,(p2 (F,t).

Moreover, the energy of this system is not a constant value, that is %cd,@ # const , according to

the Hamilton-Jacobi equation (2.8). The considered system is self-consistent (condition (2.17) is
satisfied for it).

The simplest case (4.13) with a constant initial density (4.10) will have zero quantum
pressure Q, =0 inside the ball, since p, only depends on time (4.13). In this case, the external

potential has a quadratic dependence

U, (7.t)=——L p, (1), (4.14)
and the phase
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m .
@ (r,1) =Eg(t)r2 + const, s+g’ = 31380 0. (4.15)

Wave function ¥, (r,t)=./p,(¢) exp[i(pl(r,t)] is a solution to the time-dependent

Schrédinger equation (2.7) with the external potential (4.14) and zero vector potential A}, =4.

Note that solution (4.7) corresponds to a non-relativistic system, since equation of
characteristics (4.8)-(4.9) reduces to the Cauchy problem for Newton’s second law:

Rit=v=-L .., (k). R0)= R, £(0)=0 19

0

In the relativistic case, the sphere expansion rate will be less, since radial currents J are
attracted to each other under the action of the Ampere force. The Ampere force acts as a surface
tension force on the sphere, slowing down its Coulomb expansion.

Since solution (4.7) for case (4.11) has non-zero quantum potential Q,, then according to

(2.22) it will have probabilistic (quantum) charges p, = £, div, E —iA, Q,, which induces a
q

Q =
quantum pressure force counteracting the external pressure force induced by external charges

—— & . . .
p=¢,div.E=——"A U, . The emergence of quantum pressure is caused by the inhomogeneity

of the initial density distribution (4.11), leading to an increase in the pressure of one layer on
another and, as a consequence, quantum pressure.

Solution (4.13) has a uniform initial distribution (4.10), which persists over time. The
spherical layers do not press on each other and quantum pressure does not arise Q, =0. The

density of probabilistic (quantum) charges is zero p, =0, and there are only external charges
P =—iArU1 =p,(t) (4.14), which determine the probability density |‘P|2 for a quantum
q

system.

A specific feature of a self-consistent system is its many-particle nature. For a quantum
system consisting of one particle in an external field, self-consistency is possible if the external
field “feels” the field of the particle itself. In the example considered, external potential U 1is the
potential of a many-particle system. Such a many-particle system consists of particles of the
same type, and each contributes to total potential U . Each particle “perceives” potential U as
external. If a self-consistent system consists of only one particle, then there are no external
fields. Indeed, any external field has its sources — particles, which means such a system does not
consist of one particle. Consequently, a self-consistent system of one particle is a free particle.
As a rule, such a system resembles the system considered within the problem of the wave packet
dispersion (see §2).

Note that solution (4.13) is related to a non-self-consistent quantum system — a harmonic
oscillator. Let us consider a one-dimensional quantum harmonic oscillator with variable

frequency [39] Q(¢) and external potential

mQ? (z‘)x2

U, (x,1)= (4.17)
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Potential (4.17) differs from potential (4.14) in sign. Indeed, external potential U,

«expanded» the system, while potential (4.17), on the contrary, tries to keep the quantum system
in the vicinity of the origin. The following wave function corresponds to potential (4.17)

_ 1 L | -5 90 o P
T"(x,t)_\/2”n!\/\/ﬂo'(t) p( 40° (1)  4ao(1) ﬁgn(t)JHn[\/EO'(l)}’

Q’ (t)d;tl(a—z—d'], Sn(t)it—L(n+lj, (4.18)

o\o Bo? () 2

where n is the number of the quantum state, H, are the Hermitian polynomials. Function o (¢)

defines the mean-square deviation for probability density f, = “Pn‘z. Equation of motion (2.32)

for this system has the form:

2

d 9U,+Q,), Q, (x,t)=——" L[ =207 (1+2n) . (4.19)

o 1
AL

0
ox 8mo

2
From (4.19) it follows that the system is not self-consistent, since oV, ;r&q—|‘1’n|2 . In the
0

nonrelativistic limit, source density p,, can be represented as:

g 0° me, &
f)=—=0 V. =02 4.20
IO‘P() q axz 3 q o ( )

Charge density (4.20) is an analogue of density (4.13). Both functions determine a
density that is constant along the coordinate, the value of which changes with time. It turns out

that the density of external sources (4.20) inducing field Eq, in which the oscillator (4.19) is
located is the same as the density in the self-consistent problem (4.13).

Note that the self-consistency (2.17) allows us to write the system of the Maxwell
equations (2.20)-(2.22), which contains the Lorentz transformations for the relativistic theory.
Moreover, equation (2.7) itself is not invariant. However, equation (2.7) contains additional

information in the form of quantum density p, and potential AQ. For time-independent

nonrelativistic self-consistent quantum systems, there is no radiation (see Theorem 5). Time-
dependent self-consistent quantum systems in the Coulomb gauge also cannot contain
electromagnetic radiation. If the system is not self-consistent, then the system of the Maxwell

equations (2.25)-(2.26) is not satisfied for probabilistic fields EQ,EQ. The Maxwell equations

are satisfied only for the external fields (2.23)-(2.24).

As was seen in §3, the invariance of the equation for the wave function is possible with
an increase in the volume of kinematical information about the system. In the non-relativistic
approximation, a quantum system (due to the Heisenberg uncertainty principle) does not have
the concept of a trajectory, without which it is impossible to talk about producing
electromagnetic radiation by the electric current. When transitioning to relativism, the

Heisenberg uncertainty principle takes the form Ax~@ (or Ax~ﬁz/1 is the de Broglie

€ p
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wavelength, €= pc), where € is the particle energy. As a result, at high energy the uncertainty
along the trajectory decreases and we can talk about a trajectory (Dirac electric current) that

produces electromagnetic radiation. In this case, current J* (3.19) in the Dirac equation
becomes close to the electric current, since it has a smaller probabilistic contribution. The
problem of describing compound particles by the Dirac equation is partly contained in the
violation of the self-consistency of the system.

Conclusions

Quantum mechanics, like no other branch of physics, contains a large number of
postulates, correspondence rules and principles that were introduced in a phenomenological
manner. This construction of quantum theory is caused by the strong «dissimilarity» of the
behavior of the micro and macro worlds. Historical attempts to “understand” the quantum world
are well illustrated by the examples of dialogues between Einstein and Bohr, the EPR paradox,
the theory with hidden parameters, and many others. The fatigue from fruitless attempts to
understand the micro world nature called into existence Feynman’s famous phrase «!I think I can
safely say: no one understands quantum mechanicsy.

Over the last century, quantum theory has made significant progress, but despite this, the
physical nature of the micro world remains unclear. From the position of theoretical physics, it is
important not only to know the rules, laws and equations, but also to build a mathematical
model, to find some first principle which can explain the behavior of the system. For example,
Newton’s second law was obtained phenomenologically, but the principle of least action (PLA)
made it possible to interpret it as the shortest distance between two positions of a system in some
curved space, where the curvature is caused by an external influence. Feynman's path integral
gave us a classical interpretation of the quantum dynamics of a system from the perspective of
PLA.

The beauty of a theory is determined by the number of postulates, rules, and axioms
contained in it. The more rules, the more hidden the principle of the physical system is. In this
paper, an attempt is made to outline a method for constructing some equations of classical and
quantum mechanics based on one single first principle — the probability conservation law. The
central object of this approach is the function of distribution or density of probabilities that
satisfies the probability conservation law. An expanded version of the theory presented is given
in [40-43], herein its application to the description of quantum systems and their relation with
classical systems is shown.
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Appendix A

Proof of Theorem 1
Let us make intermediate transformations

L aa—‘f+ ‘P—ag; +iadiv, {‘P*V‘P ~yvy i Ly A\le =0. (A1)

taking into account that
div, [ W'V, ¥ WV, ¥ |=W'A ¥ -WA Y,
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div, [ W A, [= ¥ A, V,P+¥A, V¥ + Py,

we obtain

‘P*[%+iaA+7AP-V+ 7/;(}‘P+‘P{%—icm+ ;/A\P-V+g;(}‘l’* =0,

2
or
1a . 2 VXA Y
———i ——A,pl+—y|¥+
{,Bat lﬂ(p op wp) 257
+¥|—Z tigB| p?--LA, P |l+-L y|¥ =0
[ ot - FA F o I
We take into account the ratios:
2
AT P Y 1z P_._ 7
— LA, p=|p-—L=A, | ——L—|A,[ - :
p of Y (p 20 ‘I’j 40(2ﬂ2‘ ‘P‘ l2a'ﬂ2;(
2
o Vg e [ ¥ % Y (i Pai Y
Sy N Y S iy Y [ S N -
op? ( 203 WJ 40{2,82‘ \P‘ 205 ¥
Substituting (A.5) into equation (A.4), we obtain
2
| L9 i 5oL R, | +i A [ L g+ Ly |
S ot 208 4o 27 28
2
T 1y ) [B S 2 L A g )
B ot 208 4o 27 2B

*18,A7/~2 la,ﬂ*7~2*_
¥ {Eg—laﬁ(p—wm,j }P+‘P{E§+1aﬁ(p _@ATJ }P =0,

For convenience, we introduce operator L :

1 a . A 7/ e 2 *
L=—2 _iaB|p-—L_A, |, L=
l ﬁ(p 200 w)

B ot

10

2

. A K 7/ e
A - A, .
pat ' (p a j

Let us rewrite equation (A.6) using the operator (A.7):

YIV+YLY =0 = A+A =0, A=V'LVY.

from here

ReA=0= A=iu,ue R.

From expressions (A.8) and (A.9), we obtain the equation

VIV =iy = LY =i

u .
— =1
b

®
¥

L
b 4
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¥

Y =—UY, UeR,

(A2)

(A3)

(A.4)

(A.5)

(A.6)

(A.7)

(A.8)

(A.9)



LY =—iUV. (A.10)

Substituting the form of operator (A.7) into (A.10), we obtain the equation:

za‘P N ?
YT ,B(p oy ‘”j YUY, (A.11)

Theorem 1 is proved

Proof of Theorem 2
Using (A.11) and (A.5), we obtain an expression for function U :

N o LY -
Uy =LY % gy AV‘I’+—A P4+ —Z‘I’ (A.12)
po BB ARG
Let us calculate A W
AW =€ A, *+i(2V,0-9, 9)| (A.13)
We substitute (A.13) into (A.12), we obtain
yo i 0¥ aA¥ vil A,V Wy ‘A‘ bl ot 8| | il |
Ypo p Y VB 4o 8% ﬂl |
- 2V, 9V, \Y%
ﬂ|w|[ e Ot o
‘ ‘ ! a|‘P| z 2 V.-V, +z 7 A V.,
40P 2,3 IR
. }/ 1 8(0 2 Y=
+i V =A,V + A A.14
285 Fa e Tp el T ‘ o (A.14)

From expression (A.10) it follows that the imaginary part (A.14) must be equal to zero.
Indeed, expression (A.14) takes the form:

ailnf—aV oV lnf—aAr<I>+y&y-Vrlnf+}9{=0,

2

1 S B
———aVO - yA+——|yA,| —U =0,
203 4 40:,8‘7/ W‘

or

"2V, @y A, +[rA, \ ) =0.

from here
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(A.15)

The first equation in (A.15) coincides with the first Vlasov equation, and the second leads
to the Hamilton-Jacobi equation.

LT S T\

T (#) +V=H, (A.16)

V=U+Q, Q=ZA’\P|. (A.17)
B ¥

We obtain the equation of motion from equation (A.16):

wg(_a ) ):mg v = V. [G) +V,V, (A.13)

200 " 4o
taking into account that (<\7> vV, )<\7> ==V, ‘<\7>‘2 - 7<\7>><cur1,, A, , then (A.18) takes the form:

Z0)+ ()9, )(7) = 2= ()< 208, V =

:_7(_3&? _208y V+<v>>d§"“]’

d,. ==\ = dA, 2
E{v}——y(E\P+<v>XBT),ET:— v 208y

Theorem 2 is proved.

Proof of Lemma 1
From the condition (2.17) and the first Vlasov equation (1.5) it follows that:

%div, Dy +div, (py (¥))=0 = div, (%D\U +Lj= 0,

Dy +1J, =curl Hy, (A.19)

”

SAEE

where H,, is some field, since div, curl H,, =0. The definition of vortex field B, (2.11) leads

to the equation
div, B, =div, curl A, =0. (A.20)

Calculating operator curl from expression (2.11) ]::\{, gives (2.17):
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curl E,, = —%curlr A, = —%B.{, . (A.21)

Resulting equations (A.19)-(A.21) prove the validity of equations (2.16)-(2.17). We
obtain equations (2.18)-(2.20) under the condition of Lorentz ‘¥ —gauge. Calculating the
operatordiv, from expression (2.11) and taking into account the gauge condition (2.12), we

obtain

2
div B, =P =~ div &,~2%P A V_zo‘ﬁ LIV _av]=tav. (A.22)
& ot 14 ¢ or q

Using representations (2.11) in equation (2.17), we obtain the equation:

2° <

—&, FY Ay,-¢,V, —V+ I, = 1 curl_curl, A\P ,

9
ot Hy
2
Lo AoV [CL%VMW A jm,l&\y =4ty Ty

c’ o
1 0° ~ =
c—zy—Ar A‘P = ,uo J\{_, . (A23)

Expressions (A.22) and (A.23) are consistent with equations (2.18)-(2.20). Lemma 1 is
completely proved.
Appendix B

Proof of Theorem 3
Substituting the Helmholtz {/C* —decomposition (3.2) into the first Vlasov equation
(1.5), we obtain

aw oy’
:
v a

. . . etV
) — U +iadiv, |:L|JTIVrl]J—L|JTIVrl|J —ilw'AlLr}zo, IVrd:[ i j (B.1)
a r

Let us perform intermediate transformations:

oy oy’

w*— t= s 10,0, +030,0, + 0,0, 0 +11,0,0; =
(9 0y 9, 0\
o fl 3o ol )
i
AL —U=v"10,y+y" 19,4, (B.2)
ot ot
I A P A L v, 0\
YV, =4 IV, = (1 wz)(o Vr](wzj (v, wz)[o V]{J
VIV =" IV, =0V, +0, V0, =,V iy =0,V 0, (B.3)
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div, [ IV, 0= IV |= V0V 0, Ui A 0 + V05V 0, +10A,10, -
VAV =AU =V ALV = U,A = WA A, — A —U,A Y =

. oA 0)N(u A, 01U . .
=(v %)(o A][wj_(wl %)(0 AJ[wi}wA,w—wTA,w,
r r 2

div, (W' IV, y =" IV, 4" ) =y 1A y— " TA Y, (B.4)
div, (¢ Ay = |l div, A+ A- (V0] + 0V, 0, + 0,V 05 0V, ) = 0 g+

AV 0 )y . [(AV. 0 wlj
+ . + . ,
(¥, wz)( . A-V,)LwZJ (¥ wz)[ . A_VJ[%

div, (v Av) =y pu+ 9" TA-V 4 + 0T TAV . (B.5)
Substituting expressions (B.2)-(B.4) into equation (B.1), we obtain:

V10 + 0" 100" +ioy" 1A y—iecy” TA " + 6 i+ 0" TA-V 4" + T TA-V =0,

1]1*1(8, +ioA, + YAV, +§ij+wTI[a, —ioA, + YAV, +§Z)lli* =0,

or
1o . SO A 4 1o . T y
Il —=—- L AD [+ U I ==+ AP |+ =0,
¥ [ﬁaz laﬂ(p op p] wz}h v {,Bat laﬂ(p op pj wzw
(B.6)
Let us transform the terms in equation (B.5):
4 v 3\ 7P 4
I pP——Ap|=1p-—=A| -1 Al =il =
(p af p} (p 203 j 40{2,82‘ ‘ ap ¥
(B.7)

{a N T ¥ ap
= O'(p——Aj + (6-curl, A-Tiy)-1 ‘A ,

a3’ 4o B

2
) 7/ A oax | . _ }/ e 7/ = - . _ 7/2 -2
I[p —a—IBA-p ]—[0' [p _ZOlﬂ Aﬂ + 2o (0' curl A+Iz;() 1—40{2ﬂ2 ‘A‘ .

where, in accordance with expression (6‘ : Zz) (6‘ : Z;) = I(d - Z;) +i0- (szl;) , 1t 1s taken into

account that

NN | A T A
{0' (p ZaﬂAﬂ I(p ZaﬂAj 20{,820- curl A. (B.8)

Substituting (B.7) into equation (B.6), we obtain
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2
1 o0 . [~ ¥ = Y = V=P
wf[_l—t—zaﬂ{o'-(p——Aﬂ —lﬁo'.B+zI4aIB‘A‘ Jw+

or
112 ol 6 (6ot &) et LI
m [Elgzaﬂ[a [p MﬂAﬂ + I4aﬂ‘A‘ }H (B.9)
TIB,H*A*7~2,;/Z~2*,;/TA*~* L o=
b (zlgﬂaﬂ{a '(p —MAH —114aﬂ\A\ Jw +zﬁ[¢ (6"-B)u —M(a-B)ﬂzo.

Let us simplify the third term in equation (B.9):

. B B, —lB
6-B=0'B +0’°B +0’B. = : ,
x ’ *~|B,+iB, B,

~—

—(v v

U} | B, +(B,—iB, )u, |- 05| (
+i ) (B,+iB, ) -0, (B, +iB, )+ U, (B,—iB, ) - Uy, (B,—iB, ),
¥ (67-B)Y —v'(6-B)y=0. (B.10)

B,+iB,)U, ~B. U, |=0 By -4 By, -0, B.w, + 0, By, +

X

Taking into account expression (B.10), equation (B.9) will take the form

[t o

rf 190 . e
+r {EIE—HO{'B{ (p _ﬁAH ]w =0. (B.11)

The second term in equation (B.11) is equal to zero, indeed

A (v 1= 1)+

U =" Ty ==y = fuf el =0,

from here
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o' (%I%—iaﬂ{é(ﬁ—ﬁf&ﬂ }wwr (%I%Haﬁ[&*(ﬁ*—ﬁﬁﬂ Jw”eo. (B.12)

For convenience, we introduce operator L :
w1 9 ’ 19 ’
L:—I——iaﬂ{ﬁ-(f)—ifxﬂ , L*:—I—+ia,8[6'*-[f)*—LAH . (B.13)
t Q t 20,

Let us rewrite equation (B.12) using operator (B.13)

det

VLY +y Ly =0 = A+A =0, A=y'Ly. (B.14)
Since Ae C*? from here A+ A’ =2ReA
ReA=0= A=iu,ueR. (B.15)
From expressions (B.14) and (B.15) we obtain the equation

ULy =—i[U[ U =iy 10Uy = ¢" - (Ly+i1U%) =0, UeR,
Ly = -i IU. (B.16)

Substituting the form of operator (B.13) into (B.16) we arrive at the equation:

LR I GO 2 |
515 aﬂ{a (p ZaﬁAﬂ ¥+ 1U. (B.17)

Theorem 3 is proved.

Proof of Lemma 2
Let us calculate the derivatives with respect to time and coordinates from expression (3.6)
and take into account gauges in (3.8), we obtain:

div,ﬁ:-A,H—ﬁdiv,Liza—H—A,H:un, (B.18)
ot c” ot
= s 0 - — = 10’ S
curl, ' =curl, curl, S—gcurlr R=V, div, S-AS +—2? =os, (B.19)
c

From the first gauge in (3.8), we calculate V, and from the second — curl, :

izﬁvrn +V div, R=0,
0

c” ot 10 N R=
:>c—2$(curlr S—V,,H)—AFR— 0,

izﬁcurlr S+V, div, R—A R=0
¢’ ot
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19 p R\ koot _ R
¢’ ot ot g 2

B.20
c” ot ( )

where the last equation takes into account expansion (3.6). Lemma 2 is proved.

Proof of Theorem 4
Bispinor { can be represented in terms of two spinors ¢ and 77:

1]}2(1.9 n)T:(wl Ll'[z L|'[3 ¢4)T’l9:(w1 wz)ran:(¢3 w4)T,
ol = v =[d" + ][,

— - + I O * * * *
eov=tr )3 0)-0 )
2

(B.21)

Let us write expressions for density of current J*:
J% =y = by Y w = b = e (U, U0, F U + U, ), (B.22)
0 of )\ o'n
T = cufvov = (8 =nf =c(yf —n' ,
AR )[—cfk 0]@ S )(—0"19}
" =c(do'n+n'c"s). (B.23)

Hence,

T . (0 1)U e (0 1Y
=c(z90'177+7f0'119):c(¢1 wz)(l Oj(wj+c(¢3 1114)(1 O](wj:

= (U0, + U3, + U0, + 050, ) = 2¢Re (Y, + U5 ),

2 _ ) 72_**0_1.1]]3 : O—ZIIJ_
P =c(do'n+n'o’d)=c(v, llJz)(i OJ(¢4J+C(¢3 ‘”4)[ 0](11;2}_ (B.24)

(
= ic (W30, - U, + U5, - U, ) = —2¢Im (Wl - Uy, ),

N A .10
don+n'od)=c(y; wz)(o _lmzjw(m ‘“4)[0 _JG;}

(
= (U0 - Wi, + U3, - U, ) = 2¢Re (U1, - W3, ).

P=c

Let us substitute the expressions for bispinors (B.22) and currents (B.24) into the first
Vlasov equation (3.16)

llilaollif +¢Iao1~|ﬁ + llfzaollf; +¢;a0w2 + w3ao¢; + ‘U;aoq% + 1lj4ao1~|'[: + wzao‘% +

+3, (10, + U, U, U, )+, (Wi, - U, + W, - U, ) +

+9., (W - W, + U, - Uiy, ) =0,

or
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U, 00Uy +U,00, + U050, + 30,0, +U0g0; + 30,05 + 0,0, + 00, +
00 Uy + 0,0, 07 +U,0 Uy + 0,0 0 + 050, U + 050,05 + 030 0, + 1,0,
+il1,0 Wy + 1030 .05 - i,0 U, - 10,0 Uy +i,0 Uy +il,0 by - 030 U, - il,0, 0% +
01005 + U300y - 130,10, - 0,00, + 30,0, + 1,005 - 150,10, - 0,01, =0,

Uy () +0 0% +id, 0 +0.05 )+ Ay, +9, 0, -id, U, +9.0)
U, (aow; + ax]‘l’[; - iay]‘l’[; - azlliz ) + WZ (aowz + axw3 + iaylljz - az]‘l’[4)

. . . o (B.25)
1 (00U +0,5 +i0 U5 +0.y ) +U3 (90 +9,r, 10,1, +0,,)
1, (O +0,) -0 Uy - 0,073 )+, (g, +0,, +i0 W, - 9,1, ) =0.
We take into account that
JEA, =T A, =0,
1 * . * .
ij A= (A, -0 A U+ A )+ (A Uy +iA Uy - A, )+ 526

0 (AL U, =T A U, + A )+ U (AL 0 +iA U - ALY, ).
where A, is some vector field. Substituting (B.26) into equation (B.25), we obtain

U, (Qgy +0 .05 +i0, 0, +0.0% )+ (Og, +0,U, =10, U, +0. 0 —ik A U, — KA U, —iKA_,)
+1, (O 0,5 -0 U5 - 0., )+ (QgU, +0 U +i0 Uy - 0,0, =ik A Uy + KA Uy +ik A, )
1 (90U +0,05 +i0 05 +0,1, )+ (s + 0,3, -0, U, + 0,0, —ik A b, — KA, b, —ik A, )
+, (O +0,) -0, W) - 0055 )+, (g, +0,0, +i0 U, - 0.0, —iKA U, + KA U, +iKA U, )
iKWy (A Uy -0 A Uy + A )ikl (A U+ A Uy - A, ) +ikys (A u, -iA U, + A, )+
+HiKky, (A, U +iA ¥ - AL, ) =0, (B.27)

where ix’is some coefficient. Let us rearrange the terms in expression (B.26)

1 . * * * * . * *
—Jt Ak =(lAy U, +A, U +Axw4)w1 +<Ax s _lAy LE - A, 1114)1“2 +
c (B.28)

+(A U+ A W +A ) U (AU -iA U - ALY ),
We substitute expression (B.28) into equation (B.27)

U, (907 +0,0; +i0 W, +0.Us +ik A Uy — KA U, +ik A, U5 )+

+, (U +0,05 - 10,5 - 0., +iKA UL+ KA, U - ik AU )+
U (QpU3 +0,05 +0 0, +0.U, +ik AUy —KA U +ikA ) )+
+, (oW, +0,0y -0, Uy - 9.U5 +ik A Uy + KA ] - ik AU )+
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+07 (QgU, +0,0, -0, U, + 0,5 —iK A U, — KA U, —ik A, )+
+) (O, +0,055 +i0 Uy - 0, —iK A Uy + KA Uy +iK A1, )+
U5 (QgUs +0,, -0 U, +0., —iKA U, —KA U, ik A1, )+
+U0; (Qgr, +9,0, +19 U, -0, —iKA U, + KA U +iKA_, ) =0, (529

Let us write equation (B.29) in a quadratic form. The first four terms of equation (B.29)
have the form

U, (O} +0,07, +i0 Wy +0,Us +ik A U, — kA W, +ik AUy )+
1, (0gUy +0,073 -0 Uy - 0,0, +ik A, Uy + KA U - ik AL} )+
1 (00 +0,055 +10 U, +0., +ik A, U — KA W) +ikA )+
+, (O} +0,) -0 Uy - 0,U, +iK A W) + KA ) -ik A, ) =
¥ oo, oA N
— ﬂr T d + ﬂT T k ik ﬁT T k _
C A ST A R i

k

k* . k* 19*
=& 7" .. L9, Lo duFiko AT (B.30)
o' 9d,+iko" A, L9, n

Let us transform the second four terms of expression (B.29), we obtain

Uy (Og, +0, 0, -0 0, +0.Us —ik A U, —KA Y, —ik A1, )+
5 (Oglr, +0,05, +10 Uy - 0,0, —iK A Uy + KA Uy +ik A1, )+
+;

(0
7, (O, +0,, +i0 0, - 0,0, —iK A Uy + KA U, +iK A1, ) =

R 00 ot o' A
= (o' n')ao( j+(19* ") 0 (o ) 7 T
n "9, o' A,
(& ) 1,9, o'd, —ikc" A, \( ¥ .
0'0, —ixo" A, 1,9, n
Taking into account expressions (B.30) and (B.31), equation (B.29) takes the form

(1}7 77T) 1,9, c"'0, +ikc"" A (& N
00, +ikc" A, 1,0, n

k ) k 19
+(?9T UT) . 12?0 k 00, —iko" A, _o.
L —IKO" A, L9, n

Let us introduce the matrix operator

oU3 0,0, -0 U, +0,0, ik A, — KA U, —iK AU )+

(B.31)

(B.32)
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- 1,9, 0’0, —iko* A, _
0'0, —iko" A, 1,9,
(B.33)
(L, 0 1,0, o', —iko" A, o
0 -L )l -0, +ixo" A, ~1,9, [
Let us write equation (B.32) through operator (B.33)
VLY Y Ly =0,
det
A=U"Ly, A +A=0=ReA=0= A=iu,ucR. (B.34)

Real function u can be represented as a quadratic form

R G A Ay, T

where 4, € R are some functions. Substituting representation (B.35) into equation (B.34), we

obtain

VLY =—iu=—-iy"Vy= ¢ - (Ly+iVy) =0,
Ly = -iVy. (B.36)

Taking into account (B.35), (B.33), equation (B.36) in the matrix form takes the form:

v 1,0, o’d, —iko" A, 1}1:_1,/1112 0 \(?
00, +ixo* A, -1,9, n 0 AL)n)

1,0, 00, —iko" A, 19__1./?112 0 (&
~0"0, +ixo" A, -1,9, n 0 -AL)\n)

0,0+0"0,n—ikc* A, n+iAd _(Oj
—9,1—-0'9,0+ikc* A, ¥—iAn) \0)

RN (SRR o B (O el

(B.37)

or

Let us make a change of variables

det 1

* " he (B.38)

where #,c,m are some constant values, and U € R is a function. Substituting (B.38) into
equation (B.37), we
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I 0 1% I 0 \(¢ (L, 0)\(® 2
AT, :E 2 +mc 2 zﬂyowﬂw
0 -AL)\n) he\O0 -LL\n) hc\O0 1,)\n) hc he
ihcd yy" U +ihey*d y + hekyt A, U - Uy - me* Ty =0,
ihcy’d V= [cyk (P, -nKx A, )+ Uy’ +mc’ I] . (B.39)

or

If U =qo¢ and hx =g, then the equation coincides with (B.39) and will take the form

ihcd b = y° [cyk (py—qA,)+mc’ I:|1]J +qou. (B.40)

Let us write equation (B.40) in another form
ifc(y°9, +v'9, ) - CIC(YOE—YI{ Ak]w -mc* 1y =0,
c
ihey" U - qe(Y' Ay +y* 4, )b - me® Ty =0,
[y” (ihaﬂ —qAﬂ)—mcI]w=O, (B.41)

where the relation 4, =—A, between the covariant components of four-vector 4, and the

components of 3D vector A, is taken into account. Theorem 4 is proved.

Appendix C

Proof of Lemma 3

Let the system be self-consistent, that is, condition (2.17) is satisfied, then it is possible
for it to construct the Maxwell equation system for external (2.23)-(2.24) and probabilistic
eigenfields (2.25)-(2.26). The self-consistency condition for equation (2.7) means (2.20)-(2.22):

2
D(PlP:lDV:p_\F:qi: DV:q_|\P25 (Cl)
q 80 80 80
2
2 A | (7,t 2 W (Fe)| dr
n A, Er )\+ q J‘ (rf)a‘, r:U(?,t)’ (C.2)
2m “P(r,t)‘ 4re, r—=r

where ¢, =t—|}7—17'|/ ¢ and the representation for the Lienard-Wiechert potential is used.
Expression (C.2) is an integro-differential equation for the modulus of wave function|‘P|.
Knowing |‘P

, one can find quantum potential Q and potential V (2.9). From equations (2.20)-
(2.21) probability density p, :%DQ is determined, as well as vector potential

oA, = ,p, (V) during calibration (2.15):

C]EIAQ = mlcz [th(D—q(A+ AQ )j|E|Q, (C.3)
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where Helmholtz decomposition (2.1) is taken into account. Lemma 3 is proved.

Proof of Theorem 5
According to (1.6), it follows from the condition 9, /"> =0 that

SHF) = [ £ (7)Y, (C.4)
1
V) (F)=—7= Y2 (F,9)vd>. (C.5)
O ()= 1/ 0)

Since f' (F)= |‘P * then from expression (C.4), we obtain the stationarity of the quantum

potential (2.9):

d,Q(7)=0. (C.6)

From expressions (2.20)-(2.22) and (C.6) it follows that
DQ(?):—AFQ(F):gin = Py =Py (7). (C.7)
0

In Helmholtz decomposition (2.1) for the field (C.5), fields ~aV,®(7,t) and yA,, (7,t)

are independent, since they correspond to the potential and vortex components. Hence,

(7)(F) = oV, @ (F.0) + Ay (7). o(7.1) :g(F)—%t, (C.8)

where £ is a constant value, and g(7)is some function. According to expressions (C.4) and

(C.8), wave function has the form
- = oy L€
W(F,t)=4f (r)exp{zg(r)—z%t}. (C.9)
Taking into account (C.5)-(C.6) and (C.8), we write Hamilton-Jacobi equation (2.8)-(2.9)
5=%K\7>1(F)‘2+U+Q(F) = U=U(F). (C.10)

Current density (2.26) according to (C.5) and (C.7) is also stationary:

Jo (7) = po (F)(¥), (7)),

hence (2.27),

- - - I,(7)dy - L
oA, =T, = A, =40 j%:zx = &, (7). (C.11)

Theorem 5 is proved.
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