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The primary objective of this paper is to develop a well-behaved class of Heintzmann IIa [H.
Heintzmann, Z. Physik 228, 489-493 (1969)] solution in the context of f(R, T ) gravity. In the
f(R, T ) framework, the gravitational action includes both the Ricci scalar (R) and the trace of the
energy-momentum tensor (T ). We chose a particular f(R, T ) model s.t. f(R, T ) = R+2χT , where
χ is known as the coupling parameter. This solution describes a novel isotropic compact fluid sphere
with positively finite central pressure and density in this extended theory of gravity. The results
obtained analytically are better described by graphical representations of the physical parameters
for various values of the coupling parameter χ. The solution for a specific compact object, Vela X-1,
with radius R = 9.56+0.08

−0.08 km and mass M = 1.77 ± 0.08 M⊙ [M. L. Rawls et al. ApJ, 730, 25
(2011)], is shown here. We analyze the fundamental physical attributes of the star, which reveals
the influence of the coupling parameter χ on the values of substance parameters. This helps us to
make a fruitful comparison of this modified f(R, T ) gravity with the standard GR and notice that it
holds good for stable compact objects. In this framework, the star under our consideration exhibits
a stable structure consistent with the Heintzmann IIa ansatz. From all of our obtained graphical
and numerical results, we can ultimately conclude that our reported model is physically admissible
and satisfies all the physical criteria for an acceptable model.

Keywords: Isotropic; Ricci scalar; Heintzmann IIa solution; f(R, T ) gravity; TOV equation.

I. INTRODUCTION

The creation of truly compact configurations that satisfy the Einstein field equations (EFE) under a broad range
of physical conditions remains a major challenge. The study of compact star structures in relativistic astrophysics
depends significantly on precise solutions to the EFEs, and that is why the goal of astrophysicists has been to
model superdense objects. In 1916, Schwarzschild developed the first solution to Einstein’s field equations [1]. This
suggested solution shows the vicinity of a static, compact, spherically symmetric stellar object with vanishing pressure
and density. Gravitational collapse, neutron stars, black holes, and quark stars are examples of mechanisms that
belong to the class of systems with spherical symmetry, which makes spherically symmetric problems crucial to
general relativity. In this context, the analysis of static configurations with spherical symmetry composed of isotropic
pressure distributions and ideal fluid distributions (i.e. pr = pt) is the most straightforward scenario. Subsequently,
to make the resulting set of field equations easier to solve, Tolman suggested adding an extra equation that is required
to give a determinate problem in the form of an ad hoc relation between the metric tensor components, rather than
using the equation of state of matter to close the system of the field equations [2]. This technique was used to obtain
eight solutions of the field equations, and it is currently regarded as one of the key techniques for locating precise
interior solutions of the gravitational field equations for fluid spheres. In this connection, the renowned constraint
relation on the mass-to-radius ratio for stable general relativistic spheres, 2GM

c2R ≤ 8
9 was obtained by Buchdahl, who

made a significant contribution to the research of fluid spheres (where G is the gravitational constant, M is the object
mass, R is the radius of the star and c is the speed of light). Based on a specific selection of the mean density within
the star, an exact non-singular solution was also acquired.
In this connection, it should be mentioned that scientists are stumped by the idea that the universe is growing faster
than expected because of some sort of secret energy that has existed since the Big Bang. There may be a link between
large-scale alteration of gravity and this late-time accelerated expansion of the cosmos [3, 4]. Both the acceleration of
expansion and the modification of gravity compared to General Relativity (GR), are caused actually by the presence of
dark energy (DE), dark matter(DM), or a new form of matter, and interestingly these two scenarios are not in any way
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related, leading to numerous stellar models [5, 6]. Dark energy can be best understood in terms of the cosmological
constant, which satisfies cosmic data and represents a constant energy density of the vacuum. An in-depth search
has been conducted for alternative theories of gravity that extend Einstein’s theory of gravity, due to the problematic
nature of the cosmological constant [7]. Several researchers have suggested various modified theories of gravity,
such as f(R)-gravity, f(Q, T )-gravity, f(G, T )-gravity, f(R,G)-gravity, unimodular gravity, teleparallel gravity, etc.
[8–16]. where R indicates the Ricci scalar, T denotes the trace of the stress-energy tensor and G indicates the Gauss-
Bonnet invariant. T. Harko and his associates proposed f(R, T ) gravity theory in 2011 [17]. A generalization of the
gravitational Lagrangian of the f(R) gravity serves as its foundation. An arbitrary function of the Ricci scalar R and
the trace of the energy-momentum tensor T determine the gravitational Lagrangian of the standard Hilbert-Einstein
action in the f(R, T ) theory of gravity.
Such a reliance on T could result from taking into account quantum effects (conformal anomaly) or from an exotic
imperfect fluid. The f(R, T ) theory of gravity, which is predicated on the non-minimal curvature matter coupling,
can be regarded as a helpful formulation among the other modified gravity theories. Without adding new spatial
dimensions or introducing an exotic dark energy component, this f(R, T ) gravity offers an alternate explanation for
the current cosmic acceleration. Due to the matter and geometry coupled together, this gravity model relies on a
source term that is nothing more than the variation of the matter stress-energy tensor.
Consequently, the motion of the test particle deviates from the geodesic path because there is an additional force
perpendicular to the four-velocity directions. In this updated f(R, T ) hypothesis, the cosmic acceleration arises from
both the matter content and the geometrical aspect [18]. The shift from a matter-dominated era to an accelerated
phase is explored by Houndjo [19], who picked f(R, T ) as f1(R)+ f2(T ), where f1(R) is a function of the Ricci scalar
and the f2(T ) can be considered as a matter correction term to f(R) gravity. The trace of energy-momentum tensor
disappears for ultrarelativistic fluids; consequently, these constituents of matter do not affect the function of f(R, T ).
To address this shortcoming, a generalization of this theory has also been developed, incorporating a new invariant,
or RαβTαβ [20–22]. Functions of f(R, T ) that are distinguishable either minimally or non-minimally, into arbitrary
functions of the trace of the energy-momentum tensor, h(T ), and an arbitrary function of the Ricci scalar, g(R), like
g(R)+ h(T ), g(R)h(T ), g(R){1+ h(T )}, etc. The cosmological solution to the second type of assumption (g(R)h(T ))
cannot be consistent.
Numerous fields have already seen impressive outcomes from the f(R, T ) gravity such as massive pulsars [23, 24],
dark energy [25], dark matter [26], wormholes [27–31], gravitational waves [32, 33], bouncing cosmology [34, 35] etc.
In their discussion of the non-static spherically symmetric line element, Sharif et al. addressed the stability of a
collapsing spherical body of an isotropic fluid distribution [36]. However, to solve the instability problem, Noureen et
al. created a perturbation scheme for determining the collapse equation and a constraint on the adiabatic index for the
Newtonian and post-Newtonian periods [37] and additionally, the range of instability for an anisotropic background
confined by zero expansion under the f(R, T ) theory has been developed by them [38]. Using the analytic solution
of the Krori and Barua metric to the spherically symmetric anisotropic star, Zubair et al. examined the prospect of
the development of compact stars in the f(R, T ) theory of gravity [39]. The spherical equilibrium configuration of
strange and polytropic stars under the f(R, T ) theory of gravity has been studied by Moraes et al [24]. Ahmed et
al. examined how gravitational lensing is affected by f(R, T ) gravity and contrasted their findings with the standard
outcome of GR [40].
In this work, we have considered the Heintzmann IIa ansatz for the particular f(R, T ) = R+2χT framework, where

χ is some constant to explain a static, spherically symmetric arrangement connected to an isotropic fluid substance. H.
Heintzmann [41, 42] derived a method to derive new exact EFE solutions for an ideal isotropic fluid from the solutions
obtained previously. Later, researchers discovered that it could be useful in a variety of astrophysical experiments.
Heintzmann’s solution is so simple, making it easy to study general relativistic stars. Pant et al. [43] introduced
a well-behaved class of charged analogs of Heintzmann’s relativistic solutions. Thirukkanesh et al. [44] presented a
generalized algorithm for EFE solutions that can be reduced to the Heintzmann IIa solution. Anisotropy and charge
were added to the Heintzmann solution by Singh and Pant [45] to simulate dense compact objects. By using the
gravitational decoupling technique, Estrada and Tello-Ortiz [46] were able to obtain the new anisotropic solution by
using this solution as an interior solution. Morales and Tello-Ortiz [47] developed charged anisotropic solutions to
the EFEs by extending the Heintzmann solution by utilizing gravitational decoupling. Zubair et al. [48] extended
the well-known charged isotropic Heintzmann solution to its anisotropic domain by using the gravitational decoupling
approach. This Heintzmann solution has been taken into consideration in several other research projects [49–51] (and
further references therein).
This paper is organized as follows: In Section II, f(R, T ) gravity is defined mathematically in terms of isotropic

matter distributions. A conceivable f(R, T ) gravity model is displayed in Section III. Section IV deals with boundary
conditions; right here, we compare the interior and Schwarzschild’s exterior metrics to determine the values of the
unknown constant for the selected values of our model parameters. Section V executes graphical analysis to investigate
various physical properties and viability of compact stars. The last section is devoted to the conclusions. Throughout
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the investigation, we will mostly utilize a negative metric signature (+,−,−,−), and we will select natural units as
c = 1 = G.

II. INTERIOR SPACETIME AND BASIC FIELD EQUATIONS

Here, we focus on f(R, T ) gravity, a more comprehensive modified theory of gravity that incorporates geometry
and matter coupling. For f(R, T ) gravity, Harko et al. [17] suggested the Hilbert-Einstein action term such as,

I =
1

16π

∫

f(R, T )
√−gd4x+

∫

Lm

√−gd4x, (1)

where f(R, T ) represents arbitrary function of trace T as well as Ricci scalar R, g = det(gµν) and Lm being the
lagrangian matter density which suggests the possibility of a non-minimal coupling between matter and geometry.
The stress-energy tensor of the matter (Tµν) can be obtained from the matter Lagrangian density Lm as [52],

Tµν = − 2√−g

δ
√−gLm

δ
√
gµν

. (2)

Trace of the matrix is given by T = gµνTµν . This can be further simplified by assuming that Lm does not depend on
its derivatives but solely on gµν . So, eqn.(2) becomes,

Tµν = gµνLm − 2
∂Lm

∂gµν
. (3)

We now employ a typical outcome, which is

δR = Rµνδg
µν + gµν�δgµν −∇µ∇νδg

µν , (4)

and the variation of the above action(1) can be written as:

δI =
1

16π

∫

[fR(Rµνδg
µν + gµν�δgµν −∇µ∇νδg

µν) + fT
δ(gαβTαβ)

δgµν
− 1

2
gµνf(R, T )δgµν

+
16π√−g

δ(
√−gLm)

δgµν
]
√
−gd4x, (5)

where, fR = ∂f(R,T )
∂R , fT = ∂f(R,T )

∂T .

∇ν represents the covariant derivative associated with the Levi-Civita connection of gµν , Θµν = gαβ
δTαβ

δgµν and

� ≡ 1√
−g

∂µ(
√−ggµν∂ν) represents the D’Alembert operator.

The field equations of f(R, T ) gravity theory are now obtained by performing by parts integration to the second
and third terms in the r.h.s. of Equation (5) as,

fRRµν − 1

2
f(R, T )gµν + (gµν�−∇µ∇ν)fR = 8πTµν − fTTµν

−fTΘµν . (6)

It is now possible to acquire the divergence of the stress-energy tensor Tµν by taking the covariant divergence of
(6)[17, 53] as

∇µTµν =
fT

8π − fT
[(Tµν +Θµν)∇µ ln fT +∇µΘµν ] . (7)

From eqn.(7), we can check that ∇µTµν 6= 0 if fT (R, T ) 6= 0. Shortly thereafter, equation (7) demonstrates that
the energy-momentum tensor is not conserved for the f(R, T ) theory of gravity, in contrast to general relativity.
Moreover, when f(R, T ) = f(R), from eqn. (6) We derive the f(R) gravity field equations.
We consider the energy-momentum tensor in this study to be that of a perfect fluid i.e.

Tµν = (p+ ρ)uµuν − pgµν , (8)
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where p denotes isotropic pressure under modified gravity and ρ denotes matter density. The fluid velocity, uµ, fulfils
the following equations: uµuµ = 1 and uµ∇νuµ = 0. As proposed by Harko et al. [17], we have taken the matter
Lagrangian that can be taken as Lm = −p and the expression of Θµν = −2Tµν − pgµν .
Here, we take a look at a static, spherically symmetric line element in curvature coordinates (t, r, θ, φ) provided to
comprehend the internal geometry of compact star objects such as:

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2dΩ2, (9)

where dΩ2 ≡ sin2 θdφ2 + dθ
2

. The metric coefficients ν(r) and λ(r) are purely radial functions.
In this paper, we assume the form of f(R, T ) as we choose

f(R, T ) = R+ 2χT, (10)

where χ is the coupling parameter, which varies based on the physical characteristics of our current model.
Using (10) into (6), the field equations in f(R, T ) gravity is given by,

Gµν = 8πTµν + χTgµν + 2χ(Tµν + pgµν), (11)

where Gµν is the Einstein tensor. With the help of equation(1), we can find the non-zero components of the Einstein
tensors G0

0, G
1
1, G

2
2 = G3

3 and finally get the field equations in modified gravity as,

G0
0 : 8πρeff =

λ′

r
e−λ +

1

r2
(1 − e−λ), (12)

G1
1 : 8πpeff =

1

r2
(e−λ − 1) +

ν′

r
e−λ, (13)

G2
2 = G3

3 : 8πpeff =
1

4
e−λ

[

2ν′′ + ν′2 − λ′ν′ +
2

r
(ν′ − λ′)

]

. (14)

Here ρeff and peff are respectively the density and pressure in Einstein Gravity and

ρeff = ρ+
χ

8π
(3ρ− p), (15)

peff = p− χ

8π
(ρ− 3p), (16)

the prime indicates differentiation with respect to ‘r’. Using Eqs. (12)-(14), we get,

ν′

2
(ρ+ p) +

dp

dr
=

χ

2χ+ 8π
(p′ − ρ′). (17)

We obtain the Einstein gravity conservation equation for χ = 0 in equation(17).

III. EXACT SOLUTION OF OUR PROPOSED MODEL FOR ISOTROPIC STARS

There are numerous methods available in the literature for characterizing the inner area of a compact star structure.
Also, our objective is to solve the system of equations (12)-(14) to obtain a model of a compact star. The well-known
Heintzmann IIa ansatz [41, 42] is utilized, which includes nearly all of the solutions known for the static Einstein
equations with a perfect fluid source, as provided by,

eλ =
1

[

1− 3Br2

2

{

1+ C√
1+4Br2

1+Br2

}] , (18)

and,

eν = A2(1 +Br2)3, (19)
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in which the constants A and C are dimensionless and B is with a dimension of length−2. From the matching
conditions, they can be evaluated.
Utilizing the following metric potentials, one can compute the effective density and pressure as:

ρeff =

3B

{

(3 +Br2)(1 + 4Br2)3/2 + C(3 + 9Br2)

}

16π(1 +Br2)2(1 + 4Br2)3/2
, (20)

peff = −
3B

{

C + 7BCr2 + 3(−1 +Br2)
√
1 + 4Br2

}

16π(1 +Br2)2
√
1 + 4Br2

, (21)

The physical parameters, like as effective pressure and density, must be obtained before so that we can investigate
the full structure of stellar models.
By utilizing the peff and ρeff expressions from equations (15) and (16), we can derive the matter density and pressure

expressions ρ, p in modified gravity as,

ρ =
3B

[

(1 + 4Br2)3/2
(

3χ+ 2π(3 +Br2)
)

+ C
{

6(π + 3Bπr2) + χ
(

2 +Br2(4− 7Br2)
)}]

4(χ+ 2π)(χ+ 4π)(1 +Br2)2(1 + 4Br2)3/2
, (22)

p = −
3B

[

(1 + 4Br2)3/2
(

− 3(χ+ 2π) + 2B(χ+ 3π)r2
)

+ C
{

2π + 2B(3χ+ 11π)r2 + 7B2(3χ+ 8π)r4
}]

4(χ+ 2π)(χ+ 4π)(1 +Br2)2(1 + 4Br2)3/2
. (23)

IV. EXTERIOR LINE ELEMENT AND MATCHING CONDITIONS

In addition to the fact that there should be no pressure on the surface of a celestial structure, fundamental junction
conditions ensure harmonious matching at the boundary for the exterior and interior solutions of a static stellar
object. The Schwarzschild exterior solution at the boundary, or r = R (Radius of the star), will match our internal
spacetime at r = R of the star. In addition, the asymptotically flat aspect of the Schwarzschild vacuum solution
makes it significant for astrophysics. Corresponding to the interior spacetime,

ds2− = −A2(1 +Br2)3dt2 +
1

[

1− 3Br2

2

{

1+ C√
1+4Br2

1+Br2

}]dr2 + r2(dθ2 + sin2 θdφ2), (24)

the exterior line element is stated as follows:

ds2+ = −
(

1− 2M
r

)

dt2 +

(

1− 2M
r

)−1

dr2 + r2
(

dθ2 + sin2 θdφ2
)

, (25)

The term ’M’ indicates the entire mass within the boundary of a compact star.
Since the metric potentials at the boundary surface (r = R) of the strange star are continuous, the following formu-
lations arise such as:

g+rr = g−rr, and g+tt = g−tt ,

where (−) and (+) sign represent interior and exterior spacetime, respectively. The above two relationships imply,

(

1− 2M
R

)−1

=
1

[

1− 3BR2

2

{

1+ C√
1+4BR2

1+BR2

}] , (26)

1− 2M
R

= A2(1 +BR
2)3, (27)

It is also required that the isotropic pressure ‘p’ vanishes at the boundary R i.e., p(r = R) = 0, implies the following
equation:

(1 + 4BR
2)3/2

(

− 3(χ+ 2π) + 2B(χ+ 3π)R2
)

+ C
(

2π + 2B(3χ+ 11π)R2 + 7B2(3χ+ 8π)R4
)

= 0. (28)
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TABLE I: The numerically derived values of the constants A and C for the compact star Vela X-1 for different values of coupling
constant χ(Taking B = 0.001 km−2).

Objects Estimated Estimated χ A C
Mass (M⊙) Radius

Vela X-1 [54] 1.77 9.56 0.00 0.590838 1.94257
0.25 0.590838 1.99677
0.50 0.590838 2.04961
0.75 0.590838 2.10115
1.00 0.590838 2.15142
1.25 0.590838 2.20048

We obtain the expressions for A and C as a function of B by solving the equations (26)-(28) simultaneously,

A =

√

−2M+R

R(1 +BR2)3
[Considering only +Ve sign],

C =
(1 + 4BR

2)3/2
(

3χ+ 6π − 2B(χ+ 3π)R2
)

2π + 2B(3χ+ 11π)R2 + 7B2(3χ+ 8π)R4

By selecting a preferred value of B (= 0.001 km−2), the constant values of A and C, which are listed in Table I for
various values of χ, are determined using the approximate mass and radius of the compact star Vela X-1. Interestingly,
the table shows that the value of A remains unchanged, meaning that it is independent of χ throughout our model.
On the contrary, the values of C increase as χ increases.

V. PHYSICAL PROPERTIES OF THE ASTROPHYSICAL STRUCTURE IN f(R, T ) GRAVITY
THEORY

In this section, we will test physical highlights of the stellar structure in the context of f(R, T ) theory to investigate
the Modified TOV equation, energy conditions, the status of the sound speed within the stellar system, compactness
and gravitational surface redshift, the adiabatic index, and so on for different values of the coupling constant χ.

A. Regularity of the metric potentials

For the model to be physically viable and stable, the metric potentials inside the compact stellar structure should
be positive, monotonically increasing, singularity-free, and regular. So, to find out if there are singularities, we now
study the behavior of both potentials within the range (0, R).
From equation (18-19) we get eλ = 1 and eν = A2, at the center of the star. Also, their derivatives are given by,

(eλ)′ =
12Br{C + 2BCr2 − 2B2Cr4 + (1 + 4Br2)

3
2 }√

1 + 4Br2{−2
√
1 + 4Br2 +Br2(3C +

√
1 + 4Br2)}2

, (29)

(eν)′ = 6Br(A+ABr2)2, (30)

The derivatives of the metric coefficients vanish at the center of the star, implying that the metric coefficients are
regular at the center of the star. It is found that both metric potentials are consistent with the previously indicated
requirements. The properties of metric coefficients are illustrated in FIG. 1. Both metric potentials have minimum
value at the center and a nonlinear increase in value until they reach their maximum at the boundary of the surface,
as shown by the graphical behavior.
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FIG. 1: eλ and eν are shown against ‘r’.

B. Nature of pressure and density

For various values of χ, the matter density and isotropic pressure profiles are shown in FIG. 2. These pictures
further demonstrate the absence of physical and mathematical singularities in our framework by exhibiting positive
and regular energy densities and pressures at the origin. It is evident that the two physical variables reach their
maximum at the origin and then fall monotonically to their minimum values at the surface. It is also seen that at
the boundary(r = R), pressure vanishes but density remains positive i.e. p(r = R) = 0, ρ(r = R) 6= 0. So ultimately,
these indicate that the proposed stellar model is conceivable.
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FIG. 2: (left) Matter density and (right) isotropic pressure are plotted against radius for different values of the coupling constant
mentioned in the figure.

Also, we can calculate the central pressure and central density as,

ρc = ρ
∣

∣

∣

r=0
=

3B

4

[

C

χ+ 2π
+

3 + C

χ+ 4π

]

, (31)

pc = p
∣

∣

∣

r=0
=

3B{3χ− 2(−3 + C)π}
4(χ+ 2π)(χ+ 4π)

. (32)

Clearly, ρc and pc are obviously finite.
The expressions of ρ and p given in equations (22 - 23) can be differentiated to obtain the pressure and density
gradient. This provides,

dρ

dr
= − f1(r)

(χ+ 2π)(χ+ 4π)(1 +Br2)3(1 + 4Br2)
5
2

, (33)

dp

dr
=

f2(r)

(χ+ 2π)(χ+ 4π)(1 +Br2)3(1 + 4Br2)
5
2

. (34)
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where

f1(r) = 3B2r

[

(1 + 4Br2)
5
2

{

3χ+ π(5 +Br2)
}

+ 3C
[

π
{

5 +Br2(23 + 30Br2)
}

+ χ
[

2 +Br2
{

9 +Br2(9− 7Br2)
}]

]

]

and

f2(r) = 3B2r

[

−3C(χ+π)−3BC(4χ+3π)r2+9B2C(χ+6π)r4+21B3C(3χ+8π)r6+(1+4Br2)
5
2

{

−4χ−9π+B(χ+3π)r2
}

]

.
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FIG. 3 illustrates the behavior of the pressure and density gradient for various values of χ. From the figure FIG. 3,
one can note that dρ

dr ,
dp
dr < 0 which illustrates how density and pressure fall as the radius of the compact object

increases. Furthermore, it has been shown in FIG. 4 that the central density and pressure can reach their maximum

at r = 0, suggesting that dρ
dr = dp

dr = 0 and d2ρ
dr2 < 0, d

2p
dr2 < 0.
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TABLE II: Numerically computed values of central density(ρc), surface density(ρs), central pressure(pc) for the compact star
Vela X-1 for different values of coupling constant χ (Taking B = 0.001 km−2).

χ ρc (gm cm−3) ρs (gm cm−3) pc (dyne cm−2)

0.00 7.10911 × 1014 5.23607 × 1014 7.66415 × 1034

0.25 7.03851 × 1014 5.16959 × 1014 7.67245 × 1034

0.50 6.96879 × 1014 5.10477 × 1014 7.6778 × 1034

0.75 6.89999 × 1014 5.04156 × 1014 7.68033 × 1034

1.00 6.83214 × 1014 4.97989 × 1014 7.68019 × 1034

1.25 6.76524 × 1014 4.91972 × 1014 7.67752 × 1034

C. Energy Conditions

Since the solutions to the EFEs indicate the presence of ordinary and exotic matter within material objects, it is
anticipated that any solution, whether in improved gravity or Einstein gravity, must meet all energy criteria to show
the existence of material objects. The null energy condition (NEC), the weak energy condition (WEC), the strong
energy condition (SEC), and the dominant energy condition (DEC) are characterized as energy restrictions and are
crucial to investigate the existence of a realistic matter distribution. Depending on the energy-momentum tensor Tµν

the Energy conditions are described as:

• Strong Energy Condition (SEC): (Tµν − 1
2Tgµν)U

µUν ≥ 0 i.e. ρ+ p ≥ 0, ρ+ 3p ≥ 0,

• Weak Energy Condition (WEC): TµνU
µUν ≥ 0 i.e. ρ+ p ≥ 0, ρ ≥ 0,

• Null Energy Condition (NEC): Tµνk
µkν ≥ 0 i.e. ρ+ p ≥ 0,

• Dominant Energy Condition (DEC): TµνU
µUν ≥ 0 i.e. ρ− p ≥ 0, ρ ≥ 0.

Here, kν is a null vector and Uµ is a time-like vector. In this connection, it is to be mentioned that where Uµ is a
time-like vector but TµνU

µ not spacelike.
So, we will need the following expressions to validate the energy criteria given earlier.

ρ+ p =
3B

[

− C(−1 +Br2 + 14B2r4) +
√
1 + 4Br2

{

3 +Br2(11− 4Br2)
}]

2(χ+ 4π)(1 +Br2)2(1 + 4Br2)
3
2

, (35)

ρ+ 3p = −
3B

[

(1 + 4Br2)
3
2

{

− 6(χ+ 2π) +B(3χ+ 8π)r2
}

+ C
{

− χ+B(7χ+ 24π)r2 + 7B2(5χ+ 12π)r4
}]

2(χ+ 4π)(1 + Br2)2(1 + 4Br2)
3
2

,(36)

ρ− p =
3B

{

C +Br2(1 + 4Br2)
3
2 +BCr2(5 + 7Br2)

}

2(χ+ 2π)(1 +Br2)2(1 + 4Br2)
3
2

. (37)
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FIG. 5: The energy conditions are shown against ‘r’.

Our suggested f(R, T ) model is physically viable for all indicated values of the model parameter, as demonstrated
graphically in FIG. 5 by the consistency of these energy bounds.
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D. Causality condition

The stability of a physical structure under external oscillations can be used to assess its consistency. Checking the
causality requirement allows us to examine the stability of our candidates for isotropic compact stars. To meet the
causality criterion, the square of the sound speed V 2 throughout the fluid sphere has to correspond to the limitation
0 < V 2 < 1. Here

V 2 =
dp

dρ
=

f3(r)

f4(r)
, (38)

where,

f3(r) = −
[

− 3C(χ+ π)− 3BC(4χ+ 3π)r2 + 9B2C(χ+ 6π)r4 + 21B3C(3χ+ 8π)r6 + (1 + 4Br2)
5
2

{

− 4χ− 9π

+B(χ+ 3π)r2
}]

,

f4(r) = (1 + 4Br2)
5
2

{

3χ+ π(5 +Br2)
}

+ 3C

[

π
{

5 +Br2(23 + 30Br2)
}

+ χ
[

2 +Br2
{

9 +Br2(9 − 7Br2)
}]

]

.
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FIG. 6: (left) The square of the sound velocity and (right) relativistic adiabatic index are plotted against the radius inside the
stellar interior.

For this suggested stellar structure, we depict the evolution of the sound speed for different values of χ and find
that the condition specified above has been fulfilled, as FIG. 6 illustrates. Our suggested compact star model is hence
stable.

E. Relativistic adiabatic index

The adiabatic index, which is used to describe the stiffness of the EoS for a given energy density, is crucial when
talking about the stability of both relativistic and non-relativistic compact objects [55]. According to the assessments
of some researchers, within a dynamically stable stellar object, the adiabatic index value is expected to be greater
than 4

3 [56–58]. The relativistic adiabatic index Γ can be expressed as follows:

Γ =
ρ+ p

p
V 2,

=
f5(r)

f6(r)
(39)
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where,

f5(r) = −2(χ+ 2π)
[

− 3C(χ+ π)− 3BC(4χ+ 3π)r2 + 9B2C(χ+ 6π)r4 + 21B3C(3χ+ 8π)r6

+(1 + 4Br2)
5
2

{

− 4χ− 9π +B(χ+ 3π)r2
}

][

(−3 +Br2)(1 + 4Br2)
3
2 + C(−1 +Br2 + 14B2r4)

]

,

f6(r) =
[

(1 + 4Br2)
3
2

{

− 3(χ+ 2π) + 2B(χ+ 3π)r2
}

+ C
{

2π + 2B(3χ+ 11π)r2 + 7B2(3χ+ 8π)r4
}

]

×
[

(1 + 4Br2)
5
2

{

3χ+ π(5 +Br2)
}

+ 3C
[

π
{

5 +Br2(23 + 30Br2)
}

+ χ[2 +Br2{9 +Br2(9 − 7Br2)}]
]

]

.

The adiabatic index Γ is illustrated in FIG. 6. This concept indicates that even with greater curvature terms present
in the f(R, T ) functional form, our considered isotropic stellar model stays within the stability range.

F. Modified TOV Equation

Any celestial object experiences equilibrium, or dynamical balance, when many internal forces act simultaneously.
This condition is characterized by the generalized Tolman-Oppenheimer-Volkoff (TOV) equation. For our current
isotropic stellar model in the f(R, T ) gravity system, the equilibrium condition is given by the following modified
TOV equation.

−ν′

2
(ρ+ p)− dp

dr
+

χ

2χ+ 8π

(dp

dr
− dρ

dr

)

= 0, (40)

From the above equation (40), the equilibrium condition under the combined behavior of various forces namely
gravitational (Fg), hydrostatic (Fh), and the additional force due to the modified f(R, T ) gravity (Fm) for our
compact star candidate can be checked. Equation (40) can be written as

Fg + Fh + Fm = 0 (41)

where,

Fg =
9B2r

{

(−3 +Br2)(1 + 4Br2)
3
2 + C(−1 + Br2 + 14B2r4)

}

2(χ+ 4π)(1 +Br2)3(1 + 4Br2)
3
2

, (42)

Fh =
3B2r

(χ+ 2π)(χ+ 4π)(1 +Br2)3(1 + 4Br2)
5
2

[

(1 + 4Br2)
5
2

{

4χ+ 9π −B(χ+ 3π)r2}+ 3C{χ+ π

+B(4χ+ 3π)r2 − 3B2(χ+ 6π)r4 − 7B3(3χ+ 8π)r6
}

]

, (43)

Fm =
3B2χr

[

(−1 +Br2)(1 + 4Br2)
5
2 + 3C

[

1 +Br2
{

5 + 2Br2(6 + 7Br2)
}]

]

2(χ+ 2π)(χ+ 4π)(1 +Br2)3(1 + 4Br2)
5
2

. (44)

Ultimately, FIG. 7 allows us to conclude that our present model remains in stable equilibrium because the gravita-
tional force counterbalances the combined behavior of hydrostatic force and modified gravity force.
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FIG. 7: Different forces acting on the system are plotted against the radius inside the stellar interior for different values of χ.

G. Equation of state (EoS)

An essential astrophysical tool that could help us comprehend the basic principles of matter dispersion is the EoS
parameter. The EoS illustrates how matter is influenced by a suggested set of physical specifications. The relationship
between pressure and matter density is simply explained by the equation of state. While several researchers used
linear, quadratic, polytropic, and other EoS to represent the compact object. But we did not make any particular
assumptions about EoS in this work. Consequently, ω = p/ρ is denoted as EoS parameter, which is commonly
represented as a dimensionless number that may be used to characterize the relationship between matter density and
pressure.
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FIG. 8: The pressure and density relation are shown inside the stellar interior.

Its different values correspond to different stages of the entire cosmos. In terms of Zeldovich’s criterion, any fluid sphere
with a positive pressure-to-density ratio smaller than unity is regarded as physically acceptable [59, 60]. Accordingly,
ω must always be continuous and fall between 0 and 1 throughout the stellar medium and this is satisfied by our
solutions. Moreover, it provides the radiation phase when ω is between 0 and 1 and so describes also the radiating
nature of our proposed compact objects. We have used a parametric plot to show the changes in pressure with respect
to matter density in FIG. 8. For various values of χ, the variation in pressure-to-density ratio (ω) is also shown in
FIG. 8.
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TABLE III: Numerically computed values central relativistic adiabatic index (Γc) and central EoS parameter (ωc = pc/ρc) for
the compact star Vela X-1 for different values of coupling constant χ (Taking B = 0.001 km−2).

χ Γc ωc = pc/ρc

0.00 4.06030 0.119786
0.25 4.04261 0.121119
0.50 4.02599 0.122416
0.75 4.01035 0.123677
1.00 3.99560 0.124903
1.25 3.98164 0.126094

H. Effective mass-radius relationship, effective compactness and effective surface redshift

The effective mass function of the present system can be found as :

meff(r) = 4π

∫ r

0

ξ2ρeff(ξ)dξ =
3Br3

{

1 + 4Br2 + C
√
1 + 4Br2

}

4(1 + 5Br2 + 4B2r4)
. (45)

It is simple to verify that the effective mass of a compact star is simply proportional to its radius, but it depends
on the parameter χ. The effective mass function at the core is regular, as seen in FIG. 9. Also, we can see that the
maximum mass is attained at the boundary of the star. The effective compactness factor (ueff) is expressed as:

ueff(r) =
meff(r)

r
(46)

assigns the compact objects into the following groups: normal star (ueff ∼ 10−5), white dwarfs (ueff ∼ 10−3), neutron
star (10−1 < ueff < 1/4), ultra-compact star (1/4 < ueff < 1/2), and black hole (ueff ∼ 1/2). Moreover, the effective
surface redshift (zeffs ) can be computed using the formula below:

zeffs (r) =
1√

1− 2ueff
− 1, (47)

TABLE IV: Numerically estimated values of effective mass, effective compactness factor, and effective surface redshift at the
surface r = R correspond to the compact star Vela X-1 for different values of coupling constant χ (Taking B = 0.001 km−2).

χ meff(R) ueff(R) zeffs (R)

0.00 1.59851 0.167208 0.225741
0.25 1.62636 0.170122 0.231142
0.50 1.65351 0.172962 0.236476
0.75 1.67999 0.175731 0.241746
1.00 1.70582 0.178434 0.246952
1.25 1.73103 0.18107 0.252096
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FIG. 9: (left) The effective mass, (middle) the effective compactness and (right) the effective surface redshift are plotted against
the radius inside the stellar interior.
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FIG. 9 displays the profiles of effective compactness and effective surface redshift. It is shown that they are all
monotonically increasing with respect to r confirming the viability of our presented model.

VI. DISCUSSION

Our main work has consisted of building an isotropic star in the f(R, T ) gravity with baryonic matter which is
static, symmetric, and free of singularities, and then we have studied its nature. For this theoretical investigation, we
have chosen a particular compact star, Vela X-1, and we have given our findings conceptually as well as pictorially in
this study. We make the following assumptions throughout the work: p(r = R) = 0 and the continuity of the metric
functions gtt and grr over the boundary surface r = R. The Heintzmann IIa metric coefficients contain constants
that one must find by matching the exterior Schwarzschild metric with the interior metric. Furthermore, the physical
attributes are plotted for values of the coupling parameter χ = 0.00, 0.25, 0.50, 0.75, 1.00, and 1.25. The graphical
representations and tables that conform to point out the main remarkable conclusions which can be listed as follows:

• The Heintzmann IIa metric functions, which rely on arbitrary constants A,B, and C, have been selected as the
basis for the development of this star model. The values of these above arbitrary constants can be correctly
inferred from the boundary conditions, which are given in Table I, using the estimated mass and radius of the
star under study. Interestingly, with the increase of χ, A remains unchanged, that is, independent of the choice
of χ, but C increases.

• The graphic depictions of eν(r) and eλ(r) in FIG.1 indicate that they are finite and non-singular over the radius
of stars for variable χ which promises that within the context of f(R, T ) gravity, these metric potentials are
appropriate for producing a non-singular model for celestial compact stars.

• FIG. 2 shows that, across a range of χ values, the energy density ρ(r) and pressure p(r) inside the star remain
continuous, positively finite, and exhibit a smooth decreasing tendency towards the surface for varying χ. So,
this compact star structure has well-defined pressure and density as physical characteristics. At the boundary
of the stellar structure, the pressure disappears, while the density remains positive. Moreover, while χ increases
from 0 to 1.25, the values of ρ(r) and p(r) decrease, meaning that compact stars have higher pressure and energy
density in standard Einstein’s gravity than in modified f(R, T ) gravity. Hence, compared to ordinary Einstein’s
gravity, modified f(R, T ) gravity is more suited for providing ultimate stable compact stars in Heintzmann IIa
spacetime. In addition, we evaluated the values of ρc, ρs, and pc, which rely on χ, as shown in Table II. We
conclude that ρc, ρs, and pc are all positive in the stellar medium based on this table.

• As the value of r goes from center to border, the gradient components of matter-energy density and pressure in
FIG. 3 show a negative and monotonically decreasing trend, moving from zero to a negative region for various
values of χ.

• As illustrated visually in FIG. 5, our consequent model satisfies all four energy criteria, namely the NEC, WEC,
SEC, and DEC, for various values of χ. Moreover, these are constantly positive throughout the entire star,
indicating that our proposed approach is viable.

• Next, we examine the causality criterion, one of the essential stability mechanisms, to ensure the consistency of
the model. From FIG. 6(Left), we can see that the square of the sound velocity V 2 lies within (0, 1) within the
stellar body, indicating that the model is physically stable.

• We analyze the behavior of the adiabatic index, Γ, in FIG. 6 (Right). The graph illustrates that it takes values
greater than 4/3 throughout the fluid sphere, indicating that the stability requirements are met. Moreover,
Table III displays the numerical values of the central relativistic adiabatic index Γc which allows us to verify
that Γ > 4/3.

• In the context of f(R, T ) gravity, the isotropic matter configurations always remain in equilibrium in the system
for every given value of χ, as demonstrated by the forces related to the TOV equation in FIG. 7. In this scenario,
the additional force resulting from modified gravity (Fm) and the hydrostatic force (Fh) are repulsive, while
the gravitational force (Fg) is attractive. As a result, the matter configurations represented by the solutions
are in an equilibrium condition that prevents gravitational collapse and causes the formation of stable compact
objects.

• For a compact stellar object to be stable, determining the equation of state, i.e. the relationship between
pressure and density, is very significant. The change in pressure with respect to density and the pressure-density
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ratio (ω) for various values of χ are shown in FIG. 8. This illustration shows that our fluid model satisfies
the Zeldovich condition, that is, the pressure-to-density ratio falls between 0 and 1 [60]. In Table III, we have
tabulated the values of the central EoS parameter (ωc) to verify this fact.

• FIG. 9 displays the variations of the effective mass function, effective compactness factor, and effective surface
redshift for different values of χ within compact object formations. From figure, we see that they are all well-
behaved, increasing steadily with r and attain their peak values at the boundary. We have estimated the values
of effective mass, effective compactness factor, and effective surface redshift at the stellar surface in Table IV.

In summary, our suggested strange star model, derived from the isotropic Heintzmann IIa metric solution in
f(R, T ) gravity theory, is singularity-free and meets all the requirements of a stable and acceptable model
scientifically. In the astrophysical scenario, it seems that our representation could be successful in playing a
greater extent.
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