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Abstract

We consider an n agents distributed optimization problem with imperfect information characterized in a paramet-
ric sense, where the unknown parameter can be solved by a distinct distributed parameter learning problem. Though
each agent only has access to its local parameter learning and computational problem, they mean to collaboratively
minimize the average of their local cost functions. To address the special optimization problem, we propose a coupled
distributed stochastic approximation algorithm, in which every agent updates the current beliefs of its unknown pa-
rameter and decision variable by stochastic approximation method; then averages the beliefs and decision variables of
its neighbors over network in consensus protocol. Our interest lies in the convergence analysis of this algorithm. We
quantitatively characterize the factors that affect the algorithm performance, and prove that the mean-squared error of

the decision variable is bounded by O(ﬁ) +0 (W(+—p)) /% + O(ﬁ),}z, where £ is the iteration count and (1 — p,,)

is the spectral gap of the network weighted adjacency matrix. It reveals that the network connectivity characterized by
(1 - py) only influences the high order of convergence rate, while the domain rate still acts the same as the centralized
algorithm. In addition, we analyze that the transient iteration needed for reaching its dominant rate O(ﬁ) is O(m).
Numerical experiments are carried out to demonstrate the theoretical results by taking different CPUs as agents, which
is more applicable to real-world distributed scenarios.

Keywords: Distributed Coupled Optimization, Stochastic Approximation, Misspecification, Convergence Rate
Analysis

1. Introduction

In recent years, distributed optimization has drawn much research attention in various fields including economic
dispatch[1l 2], smart grids [3l |4} 5], automatic controls[6} 7, [8]] and machine learning [9}[10]. In distributed scenarios,
each agent only preserves its local information, while they can exchange information with others over a connected
network to cooperatively minimize the average of all agents’ cost functions [[11} [12]. There are several approaches
for resolving distributed optimization problems such as (primary) consensus-based, duality-based, and constraint
exchange methods, where the primal approaches characterized by gradient-based algorithms have attracted the most
research attention due to their satisfactory performance and well-scalable nature[[13]. The distributed dual approaches
based on Lagrange method regularly use dual decomposition like the alternating direction method of multipliers
(ADMM)[14]]. Constraint exchange method is another prevalent scheme where the information exchanged by agents
amounts to constraints[/15]].
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However, among various formulations in distributed optimization, a crucial assumption is that we need precise
objective functions (or problem information), i.e., all parameters in the model are precisely known. Yet in many
economic and engineering problems, parameters of the functions are unknown but we may have access to observations
that can aid in resolving this misspecification. For example, in the Markowitz profile problem, it is routinely assumed
that the expectation or covariance matrices associated with a collection of stocks are accurately available, but in reality,
it needs empirical estimates via past data[[16].

This paper is devoted to proposing distributed algorithms for resolving optimization problems with parametric
misspecification, and quantitatively characterizing the influence of network properties, the heterogeneity of agents,
initial states, etc. on the algorithm performance. This work is primarily centered around conducting a comprehensive
theoretical analysis of convergence. We begin by initiating the problem formulation.

1.1. Problem Formulation

In this article, we consider a static misspecified distributed optimization problem defined as follows:
1 n
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where f;(x, 6,) £ E[ f,-(x, 0, &:)] is the local cost function only accessible for agent i € N £ 1(1,2,...,n). Suppose that
foranyie N, & : Q, — R? are mutually independent random variables defined on a probability space (€, F, P,).
Here, 6, € R? denotes the unknown parameter, which is a solution to a distinct convex problem.
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where h;(0) £ E[h;(6, ;)] is the local parameter learning function only accessible for agent i € N, and for any i € N,
g Qy — R™ are mutually independent random variables defined on a probability space (€2y, Fg, Py). Problems in
the form eq. (I)) and eq. (2)) jointly formulate an unknown coupled distributed optimization scheme consisting of both
computational problem and learning problem, where the learning problem is independent of the computational one.
We have depicted the problem setting in fig. [T}

Figure 1: The problem setup: a connected network of communicating agents, where each agent preserving a local learning problem #4; and
computational problem f; correlated with /; through the unknown parameter 6, while they cooperate to solve the distributed coupled optimization
problem.

1.2. Prior Work

We now give a review of prior work for resolving optimization problems with unknown parameters.



Robust optimization approach. Robust optimization considers the optimization problem where the parameter 6
is unavailable but one can have access to its uncertainty set, say Uy[l7]. The key idea is to optimize against the
worst-case realization within this set, i.e.,

e 10
Robust optimization is shown to be a useful technique in the resolution of problems arising from control, design, and
optimization [18]]. However, it usually produces conservative solutions and sometimes is intractable when poor set
Uy is chosen (e.g. the set is given by unexplicit systems of non-convex inequalities)[19].

Stochastic optimization. Unlike robust optimization, in a stochastic optimization scenario one may obtain statis-
tical or distributional information about the unknown parameter. For example, 8 follows a probability distribution
DI20], the optimal solution is gained by minimizing the expectation of cost functions,

min By.p[f(x, 6)].

Stochastic optimization has been widely investigated in telecommunication, finance and machine learning [21]]. In
the scenario of a multi-agent network dealing with large datasets, stochastic optimization has become popular since it
is challenging to calculate the exact gradient while the stochastic gradient is much easier to obtain. A key shortcoming
in using stochastic optimization models for resolving optimization problems with unknown parameters lies in that it
needs the distribution of 6, which might be a stringent requirement when the available data for estimating is limited or
noisy. In such cases, the resulting distribution estimates may be unreliable or biased, leading to suboptimal solutions
or even infeasible solutions[22]]. Alternatively, suppose that 6, can be learnt by a suitably defined estimation problem,
then it brings about the following approach.

Data-driven learning approach. As data availability reaches hitherto unseen in recent years, we can use data-
driven approaches to lessen or even eliminate the impact of model uncertainty. For example, the model parameter 8
can be obtained by solving a suitably defined learning problem /(9) (see e.g., [23]),

min {f(x, 6,) : 0. € argmin l(@)} . 3)
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Computational evidence in portfolio management and queueing confirm that data-driven sets significantly outperform
traditional robust optimization techniques[19].

A natural question is whether this problem could be solved in a sequential method, i.e., first accomplish estimating
6, with high accuracy and then solve the core computational optimization problem with the achieved estimation 6.
However, they have some disadvantages discussed in [23| 24 25]]: on the one hand, the large-scale parameter learning
problem will lead to long time waiting for solving the original problem. On the other hand, this scheme provides an
approximate solution 6, then the corrupt error might propagates into the computational problem. As such, sequential
methods cannot provide asymptotically accurate convergence. Therefore, an alternative simultaneous approach is
designed (see e.g., [23} [26]]), which use observations to get an estimation 6;, of unknown parameters 6" at each time
instant k; then update the upper optimization problem by taking the estimated parameter 6; as “true” parameter. This
simultaneous approach can generate a sequence {(xx, 6;)} that converges to a minimizer of f(x, 8,) and [(6) respectively
[23].

Such data-driven learning approaches for unknown parameter has gradually attracted research attention recently.
For example, the authors of [23] presented a centralized coupled stochastic optimization scheme to solve problem (3)
and showed the convergence properties in regimes when the function is either strongly convex or merely convex. Then
[25] extended it smooth or nonsmooth functions f and presented an averaging-based subgradient approach, but it is
still a centralized scheme. In addition, the authors of [24] divided the optimization problem with uncertainty into two
paradigms: robust optimization and joint estimation optimization, and they exploited these two problem structures in
online convex optimization and gave regret analysis under different conditions. The recent work [[16] investigated the
misspecified conic convex programs, and developed a centralized first-order inexact augmented Lagrangian scheme
for computing the optimal solution while simultaneously learning the unknown parameters. The aforementioned work
[16l 24, 231 [25]] all investigated centralized methods, while there are some other work exploit distributed approaches.
For example, [27] considered the distributed stochastic optimization with imperfect information, while it only showed



that the generated iterates converge almost surely to the optimal solution. Though the work [28]] presented a distributed
problem with a composite structure consisting of an exact engineering part and an unknown personalized part, it
exhibits a bounded regret under certain conditions.

1.3. Gaps and Motivation

Recalling the problem setup in section our research falls into distributed data-driven stochastic optimization
scenario. Taking into account the research that is most pertinent to this paper, the majority of previous studies have
primarily concentrated on centralized inquiries (see e.g. [L6, 24} 23| [25]), while the distributed schemes [27, 28]
mainly investigated the asymptotic convergence. It remains unknown how to design an efficient distributed algorithm,
how does the network connectivity influence the algorithm performance, and whether the rate can reach the same
order as the centralized scheme? To be specific, this paper is motivated by the following gaps: (i) previous work
on unknown parameter learning problems focused on the centralized scheme, the distributed data-driven stochastic
approximation method is less studied; (ii) the discussion of convergence analysis especially how factors such as the
number of agents, the network connectivity, and the heterogeneity of agents influence the rate of algorithm is rarely
studied in details; (iii) the gap between centralized and distributed algorithm under imperfect information need to be
specified, or in other words can we find the transient time when the rate of distributed algorithms reach the same order
as that of the centralized scheme?

1.4. Outline and Contributions

To address these gaps, we propose a data-driven coupled distributed stochastic approximation method to resolve
this special optimization problem and give a precise convergence rate analysis of our algorithm. The main contribu-
tions are summarized as follows, and the comparison with previous works is shown in table [T}

Table 1: Work comparation with previous studies

Paper Distributed | Imperctect Information | Stochastic Rate Factor Influence
24231251 X v X o(1) X
29,301 v X v o(}) v
28] v v X \ v
271 v v v \ X
31 v X X o) X
Our Work v 4 v o ( % ) 4

(1) We propose a coupled distributed stochastic approximation algorithm that generates iterates {(x(k), 8(k))} for
the distributed stochastic optimization problem (T)) with the unknown parameter learning prescribed by a separate
distributed stochastic optimization problem (2). Our model framework builds upon previous research involving deter-
ministic and stochastic gradient schemes. This is particularly relevant for certain studies where waiting for parameter
learning to complete over an extended period is not feasible, or for real-world problems in which parameter learning
and objective optimization are intertwined.

(2) We characterize the convergence rate of the presented algorithm that combined the distributed consensus
protocol with stochastic gradient descent methods. On the one hand, we prove that the upper bound of expected
consensus error for every agent decay at rate O(k%); on the other hand, we also show that the upper bounded of expected
optimization error is O(%). We then give the sublinear convergence rate and quantitatively characterize some factors
affecting the convergence rate, such as the network size, spectral gap of the weighted adjacency matrix, heterogenous
of individual function, and initial values. We emphasize that the mean-squared error of the decision variable is

bounded by O(n—lk) + O(m) k% + O(ﬁ)k%, which indicates that the network connectivity characterized by

(1 — p,) only influences the high order of convergence rate, while the domain rate ()(%) still acts the same as the
centralized algorithm.

(3) We analyze the transient time Ky for the proposed algorithm, namely, the number of iterations before the
algorithm reaches its dominant rate. Specially, we show that when the iterate k > K7, the dominant factor influencing
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the convergence rate is related to stochastic gradient descent, while for small k¥ < K7, the main factor influencing
the convergence rate originates from the distributed average consensus method. Finally, we show that the algorithm
asymptotically achieves the same network-independent convergence rate as the centralized scheme.

The paper is organized as follows. We present the algorithm and the related assumptions in section 2] In sec-
tion [3] the auxiliary results supporting the convergence rate analysis is proved. Our main results are in section []
Experimental results are implemented in section[5] while the concluding remarks are given in section [6}

Notation. All vectors in this paper are column vectors. The structure of the communication network is modeled
by an undirected weighted graph G = (N, &, W) in which N = {1, 2, ..., n} represents the set of vertices. & C N X N
is the set of edges. W = [w;jl.xn € R™ denotes the weighted adjacency matrix, w;; > 0 if and only if agent i and
agent j are connected, w;; = w; = 0 otherwise. Each agent(vertice) has a set of neighbors N; = {jl(i, j) € &E}. The
graph is connected means for every pair of nodes (i, j) there exists a path of edges that goes from i to j. || - || denotes
L-norm for vectors and Euclidean norm for matrices. The optimal solution denote as (x., 6.).

2. Algorithm and Assumptions

To solve this special optimization problem consisting of the computational problem eq. (I) and the learning
problem eq. [2)), we will propose a Coupled Distributed Stochastic Approximation (CDSA) Algorithm and impose
some conditions for rate analysis in this section.

2.1. Algorithm Set Up

As mentioned previously, each agent i only knows its local core computational function f;(x,#) and parameter
learning function /,(6), while they are connected by a network G = (N, &, W) in which agents may communicate and
exchange information with their neighbors N; = {j|(i, j) € &}. Ateachstep k > 0, every agent i holds an estimate of the
decision variable and unknown parameter, denoted by x;(k) and 6;(k), respectively. Suppose that every agent has access
to a stochastic first-order oracle that can generate stochastic gradients g;(x;(k), 8;(k), &(k)) £vy, fi(xi(k), 0:(k), &i(k))
and ¢;(0;(k), £;(k)) £ Vohi(6;(k), {i(k)) respectively (where &;,¢;,i = 1,2,...,n are independent random variables).
Then, every agent updates its parameters through stochastic gradient descent method to obtain temporary estimates
%i(k) and 6;(k). Next, each agent communicates with its local neighbors and gathers temporary parameters information
over a static connected network to renew the iterates x;(k + 1) and 6;(k + 1) based on the consensus protocol. We
summarize the pseudo-code is in algorithm 1]

Algorithm 1 Coupled Distributed Stochastic Approximation (CDSA)

Initialization: W = [w;luxn; (x;(0), 6;(0)), Vi e N

Evolution: fork =0,1,2,..;Vie N
Compute: stochastic gradient ¢; (6;(k), £i(k)) and g;(x;(]), 6;(k), &i(k))
Choose: stepsize @, and y; (To be introduced in section @])
Update according to the following stochastic gradient descent method.

Xi(k) = xi(k) = axgi(xi(k), 0i(k), £i(k))
0i(k) = 6i(k) = yi (0:(k), £i(k))

Gather information Z/(k),ai(k) from its neighbors j € N; and renew the iterates by the consensus protocol
below.

xk+ 1) =)0 wiTik)
bik+1)= ) wif(k)




We can rewrite Algorithm[T]in a more compact form as follows.

xitk+1) = ZjeN, wij(x;(k) — arg j(xi (D), 0i(k), &(K))), @
Ok +1) = Z/ Wi (Hj(k) = Yi; (0:(k), a-(k))) . %)
Define
X2 [x;, %, x0T €eR™P Q20,0 ,0,]" € R™4, (6)
EL£ 66 & R EE LG 5] €RY, )
g(x7 056) é [gl(-xl7 91’51)7 g2(-x25 929 62)5 e ’gn(-xn’ 9}1’ é:n)]T € Rnxp? (8)
$0.0) £ [ (01,0, 6 (02.5) -+, i (0, L] € R™. ©)

Then equation (@) and (5) can be reformulated in the following vector formula.

X(k+ 1) = W (x(k) — arg(x(k), 8(k),£(k))) , (10)
0k + 1) = W(0(k) — awp(6(k), {(K))) . an

2.2. Assumptions

In this subsection, we will specify the conditions for rate analysis of the CDSA algorithm. We need to make
some assumptions about the properties of objective functions in both learning and computation metrics to get the
global optimal solution. Besides, we impose some constraints on conditional first and second moments of “stochastic
gradient”. Last but not least, we inherit the typical assumptions about communication networks as that of distributed
algorithms.

Assumption 2.2.1 (Function properties) (i) For every 6 € RY, fi(x,0),i = 1,--- ,n is strongly convex and Lipschitz
smooth in x with constants p, and Ly, i.e.

(VofixX,0) = Vo fi(x, ) (X = x) > wll¥’ = 2%, Vox, X’ € RP,
IV fi(x',0) = Vi fi(x, Ol < Lyllx" — x|, Vx, x" €€ R”.

(ii) For every x € R?, fi(x,0),i = 1,--- ,n is strongly convex and Lipschitz smooth in 8 with constants ug and Lg
respectively, i.e.

(Vofi(x,6) = Vo fi(x, )" (¢ = 6) = poll6 — 61>, V6,6 € RY,
IV fi(x,6) = Vo f(x,0)ll < Lgll6’ — 6II, V6,6 € R?.

(iii)The learning metric h;(0) for every i € {1,2,...,n} is strongly convex and Lipschitz smooth with constants vy
and C, i.e.

(h(©) — W@ )T (O &) > velld — 11, V6,6 € RY,
(IVA(8) — VI(@)|| < Coll6 — &), V6,6 € RY.

Strong convexity assumptions indicate that both computational problem and learning problem have a unique optimal
solution x, € R? and 6. € R? [32]]. The Lipschitz continuity of gradient functions ensure that the gradient doesn’t
change arbitrarily fast concerning the corresponding parameter vector. It is widely used in the convergence analyses
of most gradient-based methods, without it, the gradient wouldn’t provide a good indicator for how far to move to
decrease the objective function[32]. These assumptions are satisfied for many machine learning problems, such as
logistic regression, linear regression, and support vector machine (SVM).

Next, we define a new probability space (Z,F,P), where Z 20X FEF.xFyand P £ P, x Py. We use
F (k) to denote the o-algebra generated by {(x;(0), 6;(0)), (x;(1), 6;(1)), ..., (x;(k), 6;(k))|i € N'}. Then give the following
assumptions related to the stochastic gradient estimator, which assume that the stochastic gradient is an unbiased
estimator of the true gradient, and the variance of the stochastic gradient is restricted.
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Assumption 2.2.2 (Conditional first and second moments) For all k > 0 and i € N, there exist oy > 0,09 >
0,M, >0, My > 0, such that

(@) Egwlgi(xi(k), 0;(k), ERDIF (B)] = V, fi(xi(k), :;(k)), a.s.,
) Egwmlei6i(k), i(k))IF (k)] = VRhi(0:(k)), a.s.,
©)  Eewlllgixith), 6:(k), &(K)) — V. fixi(k), G RDIPIF ()1,
< 02+ MV, fixi k), Gi(R)IP  as.,
@) Epwlligiik), Litk) — VR@:(k)IPIF (k)] < 05 + MellVRi( @GP, a.s.,

Next, we impose the connectivity condition on the graph, which indicates that after multiple rounds of commu-
nication, information can be exchanged between any two agents. This inherits the typical assumptions on consensus
protocols [33].

Assumption 2.2.3 (Graph and weighted matrix) The graph G is static, undirected, and connected. The weighted
adjacency matrix W is nonnegative and doubly stochastic, i.e.,

wi=1,1"w=17 (12)

where 1 is the vector of all ones.

Next, we state two lemmas that partially explain the practicability of algorithm [I] based on the aforementioned
assumptions.

Lemma 2.2.1 /34 Lemma 10] For any x € R?, define x* = x — aVf(x). Suppose that f is strongly convex with
constant u and its gradient function is Lipschitz continuous with constant L. If « € (0,2/L), we then have ||x* — x.|| <
Allx — x.||, where 2 = max(|]1 — apl, |1 = aLl).

It can be observed from the above lemma that as long as we choose a proper stepsize (0 < @ < 2/L), the distance to
optimizer shrinks by a ratio A < 1 at each step for strongly convex and smooth functions. While the following lemma
reveals that under distributed algorithm with linear iteration, the gap between the current iteration and consensus
optimal solution is decreased by a ratio p,, < 1 compared to the last iteration.

Lemma 2.2.2 [33| Theorem 1] Let Assumption hold, and p,, denote the spectural norm of matrix W — % Thus
pw < 1. Define w* = Ww for any w € R™P. We then have |lw* — 1@ < pyllw — 1@||, where @ £ }llTw.

The aforementioned lemmas show that both the gradient descent method and distributed linear iteration can move
the decision variable towards the optimal solution with linear decaying rates. Thus, our algorithm consisting of both
approaches might find the optimal solution efficiently. We will rigorously prove the convergence rate of algorithm [T]
in the following two sections.

3. Auxiliary Results

In this section, we will present some results to assist subsequent convergence rate analysis. We first give some
preliminary bound which will be used for later proof, then present the supporting lemmas concerning recursions for
expected optimization error and expected consensus error, and finally, we prove that under diminishing stepsize, the
mean-squared distance between the current iterate and the optimal solution is uniformly bounded.

3.1. Preliminary Bound
For simplicity, we denote

Al n _ a1 n
ORI ORI YN0} (13)
Al n
2x(0), 800,£(0) 2 ~ 3" gi(xi(h), 6,(K), £(K)), (14)
1o
VF®O,00) 2 ~ 3 V. f: (k). 6,(K)) . (15)
n i=
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We will show in the following lemma that with Assumptions [2.2.T] and 2:2.2] the conditional squared distance
between the gradient V,F(x(k), 8(k)) and its estimate can be bounded by linear combinations of squared errors |[x(k) —

1x”||?> and ||8(k) — 167 ||>. For completeness, its proof is given in appendix [Appendix A
Lemma 3.1.1 Ler Assumption[2.2.1|and[2.2.2| hold. Then for any k > 0,

E[lIg®x(k), 0(k), £(k)) = V.Fx(k), 8(K))|F (k)]

3M, L2 3M, L2 M
< T x(k) — 1xT | + —=-2110(k) — 167> + —, (16)
n? , n? n
— 3MX '»l, Vx i ET) 0*
where M = Lz IV filee, 6] +02 a7

n

The following lemma shows the gap between the gradient of objective function at the consensual points (¥(k), 8(k)),
denoted by % i VifiEk), 0(k)), and at current iterates % ity Vifixi(k), 6;(k)) can also be bounded by linear com-
binations of |[x(k) — 1x7||> and ||8(k) — 167||>. The precise proof is in appendix [Appendix B

Lemma 3.1.2 Let Assumption hold. Then for any k > 0,
- - S L, =T Ly (T
IV f(x(k), 0(k)) — V F(x(k),8(k)Il < —IIx(k) — 1x(k)" || + —=118(k) — 16(k)" |- (18)
vi vi

The above two lemmas, providing the related upper bounds of functions, are derived by virtue of the Lipschitz
smooth assumption. They are essential for the subsequent convergence analysis.

3.2. Supporting Lemmas

In this subsection, we present some results concerning expected optimization error E[||%(k) — x.||*] and expected
consensus error E[||x(k) — 1%(k)"||?] for core computational problem, while the discussion of parameter learning
problem can be found in [30]]. For ease of presentation, we denote

Ur(k) ZE[I%(k) - x.I”1, Vi(k) £ EllIx(k) - 1x(k)" |1, 19)
Ua(k) ZE[116(k) = 6,11, Va(k) £ E[1I0(k) — 16(k)"|I7]. (20)

Next we will bound U (k + 1) and V;(k + 1) by error terms at iteration k. The precise proof of Lemma[3.2.1]is in

appendix
Lemma 3.2.1 Let Assumption hold, under algorithm|[]

(A) Supposing stepsize ay < -, we have

<L
a2 a?l?
Uik + 1) < (1 - g’ Uy (k) + "n"vl(k>+ "ngvzac)
2L, Lot _
n"ak Eflx(k) — 13" [18(k) — 16k ||]
2ay L, _ _
+ 28 () ) ELIRK) — xlIIx k) — 1G0T
Vi
2a L, _
+ 2820 () — B[R — x.116(K) — 18¢0) ]
v
3M, L2 3M, L2 M
+a,%( Bl ~ 1)+ GE[no(k)—leIuH;), @1)



L\ ywe have

(B) Supposing stepsize ax < min{7-, 2

3 6a, L2 6a,L>
Uk + 1) <(1 = Zag)Us (k) + 2V, (k) + ——2 vy (k)
2 Ny Nty
2

3M, L2 3M. L2 M
+ o | = BIIK®K) = L IPT+ ——EIl9(k) - 16171 + ;). (22)

2

Result B restricts the stepsize to smaller one than that of Result A. It thus simplifies Result A eq. by removing
the cross term to facilitate the later analysis. We can revisit Inequality eq. and reformulate it as U(k + 1) <
a1 - %O/k,ux)U 1(k) + error(ay), where error(a) means an error function that is proportional to @. We should mention
that, since a; > 0 and p, > 0, expected optimization error U (k) roughly shrinks by a ratio (1 — %ak,ux) < 1. Though
there is an error term related to @y, when we choose diminishing stepsize policy and the consensus errors V;(k), V,(k)
as well as E(|jx(k)—1x7||?), E(]|6(k)—167||?) are bounded, the error may decrease to 0, which indicates the convergence
of Uy (k).

We define

V.FX,0) £ [V, fi(x1,600), Vs fo(x2,600), -, Vi fu(xn, 0,)]" € R (23)

In the next lemma, we will show the recursive formulation of expected consensus error V;(k), which is critical for
convergence analysis. For completeness, we give its proof in appendix

Lemma 3.2.2 Let Assumption[2.2.1M2.2.3| hold, and consider algorithm([I| Then for any k > 0, we have

2
+ Oy

3
Vilk+1) < Vi(k) + ajpino? + 3aip? ( + Mx) (LYE[Ix(k) - 1x] ]

1- o2

w

+L3ELI6() — 16711 + IV F(1x!, 16D)|P). (24)

The recursion of expected consensus error can be reformulate as Vy(k + 1) < %Vl k) + error(aip%v). It is worth

2
mentioning that V;(k) can roughly shrink by % < 1 since p,, < 1. Note that the extra error term in the consensus

error is proportional to ai, compared to U;(k) with an error term proportional to @;. We might obtain a qualitative
conclusion that expected consensus error decrease faster than expected optimization error. We will present the precise
proof in the next part that consensus error decrease to 0 at an order O(kiz) while optimization error at O(%).

Remark 1 Recalling recursion of U, (k) in (22) and recursion of V,(k) in (24), we could notice that the expected
consensus error is more related to the network connectivity p,,, which is natural because “consensus” is induced from
the distributed algorithm, while “optimization” mainly comes from original optimization method such as stochastic
gradient descent.

3.3. Uniform Bound

From now on, we consider stepsize policy as follows

o
RS

B

, Yk, 25
Ho(k + K) @5)

A
Yk =

where the (8 is a positive constant , and

N { {3,8(1 + ML 3B(1 + Mg)Lg}w
K = | max s
It It

(26)

with [-] denoting the ceiling function.
Next, We present a lemma that derives a uniform bound on the iterates {6(k)}, {x(k)} generated by algorithm
Such a result is helpful for bounding the expected optimization error and expected consensus error.



Lemma 3.3.1 Let Assumption hold. Consider algorithm[I|with stepsize policy (23). We then obtain from
[30\ Lemma 8] that for all k > 0,

A 9|IVhi(6.)]1% o2
El6K) - 0.7 < ©; £ max {,0) - g2, VN To | @7)
(1 + Myp)L?
Based on @), we can obtain the following result with © £ ha 0,

E[|x(k) — 1x7|*] < X, where (28)
. 11120 11|V, F(1x7,167)|1? Tno?
£ 2 max d Ix(0) — 172 e | HIVaFAe 6)IF - Tnoy | (29)

I I 91 + M)LZ

We will give the proof of (28) in appendix Lemma indicates that although the problem we
consider is unconstrained, the gap between the iterates generated by algorithm CDSA and the optimal solution is
uniformly bounded. It is critical for the analysis of sublinear convergence rates of U;(k) and V;(k). Then based on
this lemma, we will provide uniform upper bounds for the expected optimization error and expected consensus error.

Lemma 3.3.2 Let Assumption2.2.1M2.2.3|hold. Consider algorithm[I|\with stepsize policy (23). We then have U, (k) <
X A
 vy(k) < 4%.

Proof By recalling (28)) and using Cauchy-Schiwaz inequality, we obtain that

1 n 1 n 2
U\K) = ElIF() - x.7) = E [H; PIEICEED }
1 n 2 1 X
= B [|[X0 o x| | < 5 xnBllxo - 1P < 2
Vi(k) = Eflx(k) - 130" IP] = E[Ix(k) - 1] + 1] = 130" |1°]
< 2E[Ix(k) = 111+ 2E (11 (x. - ZH)IP)]

A X A
<2X+2nx — <4X.
n

4. Main Results

In this section, we will make full use of previous results and then give a precise convergence rate analysis of
algorithm |1} The elaboration will be divided into three parts. Firstly, we respectively establish the O(%) and O(kiz)
convergence rate of U;(k) = E[||x(k) — x.]’] and Vi(k) = E[x(k) — 1%(k)"|]*] based on two supporting lemmas
in section Secondly, we show that the convergence rate, measured by the mean-squared error of the decision
variables, is as follows.

_ 1
B*M N O( Wﬂ—ﬂw)) N 0(<1—;1m2>
2B - 1)n/1)2((k+K) (k + K)13 k+K)? "’

1 n
= > Elllxito - xP1 <
n &i=

where the first term is only concerned with the stochastic gradient descent method which is network independent,
while the higher-order depends on (1 — p,,). Finally, we characterize the transient time needed for CDSA to approach

the asymptotic convergence rate is O( 5

(I-pw)* )

4.1. Sublinear Convergence
We first prove that the expected consensus error Vy(k) = E[|[x(k) — 130711 decays with rate V; (k) = O(klz).

10



Lemma 4.1.1 Let Assumption hold. Consider algorithm[I|with stepsize (25). Recall the definitions of K.
Define

VH(0) £ [Vhi(6)), VI(62), - - - Vha(6,)] € R™, (30)
N 16
K, = [max{ZK =5 }-‘ 31

We then obtain from [30, Lemma 10] that for any k > K| — K,

‘72 N A 2 A 182pr4
Vo(k) £ ——= with V, = K0, 32
20 G vith P2 & max (KGO, o) ¢
, 3 A
where ¢, £ 2 ( g Me) (L3O + IVHQAED)) + no. (33)
Furthermore, we achieve that
Vik) < o with V; £ max{4K}X Bt (34)
P k+ k)2 ! -2y
3
where ¢4 £ 3 (1 =+ Mx) (L2X + 136 + |IV.F(1x 16D)|) + no. (35)
“FPw
Proof  We now prove (34). From Lemma 3.2.2]and [3.3.1]it follows that
3+ p? 5 9
Vitk+ 1) < =22V + adples, Yk 20, (36)

We use induction method to show that (]?EI) holds for any k > K; — K. Recall from Lemma that V(k) < 4X.

Then fork = K; — K, V (k) < =%~ 4K] X ;fK})(z <m: 1<)2 by the definition of V; in . Suppose that @) holds for k = k.

It suffices to show that (34) holds fork =k + 1.
Note from (3I)) that k + K > 1122_ for any k > K; — K. We then have

( k+K )2 3+p2% 1 2 . 1 3+p2
k+K+1 4 k+K+1 (k+K+1)? 4
l-ph 2 _1-p)

> = >
4 k+K 8

Divide both sides of above inequality by % Recalling the definition of V; in (34), we have

2 2 7 2 217!
ﬁp¥C4((~k+K ) _3+pwJ L SBpies <0 a7
2 k+K+1 4 w1 -p2) ~
This implies that
3+p2 1 B*plcq 1 < 14
4  (k+K)? 2 (12+K)2‘(7<+K+1)2'

(38)

Then by using (36) and the definition of a; in (23), we derive that Vi (k + 1) < = 1<+1)2’ i.e., (34) holds for k = k + 1.
Then the lemma is proved. O

In light of Lemma and other auxiliary results, we establish the O(%) convergence rate of expected optimiza-
tion error U, (k) = E[||%(k) — x,]|*] in the following lemma.

11



Lemma 4.1.2 Let Assumption[2.2.142.2.3|hold. Consider algorithm[I\with stepsize ([23), where 8 > 2. We then have

U < Bes (K + K)'¥ X
PS8 D2k +K) T (k+ K)'F
382(1.58 — 1)cs 12812V, 12812V, 1

+ + .
(1.58-2np2  (1.58-2mp2  (1.58-2np2| (k+ K)?
forany k > K| — K, where

A 3ML2 . 3MLLY
cs = X + ‘0 + (39)
n

X, K, \72, Vl, M are defined by respectively.

(k o by (23), recalling the definition of K and K; in (26) and (BT), we can see that a; < 'B <
2%( < m < mln{ 30 L L}, Then Lemma 1{(B) holds. Together with 1|it follows that for any k > K1 K

Proof Since oy =

3 6&’ij26 6a Lg a/ic5
Utk+ 1) < - Ea'k,ux)Ul(k) + Vik) + Va(k) + 0 (40
Recalling the definition of a; = /ﬁ we have
38 6BL2V (k) 6BLyV2(k)  BPes 1
Uik+1)<(1 - U . . 41
ik D<=+ f,(k+K)+n,uX(k+K)+ ekt K2 @1
Thus 3
k+K-1
ICES N +K<1 ~ 5 UK
ktK—1 T—k+K— 1 6ﬁL2 Vit-K) 6BLY Vy(t—K) ﬁch 1
+Zt:K|+K j=t+1 B t + nﬂ)zc ' t n,ux t_z !

Recall from [30, lemma 11] that for any V1 < j <k, je Nand 1 <y < j/2, Hf;jl(l -H< ]’(—7 Then we achieve

(Kl +K)1‘5ﬁ
Uik) < ——=—=U (K
1(k) k1K) 1(K1)
Zk+1<—1 (t+ DB (6BL2 Vi(t—K) N 6Ly Vit - K) 5205 1
=Ki+K (k + K)'58 | ny2 t T t nu2 2
(K + K keK-1 (1 + 1)"5"Vz(t—K)
- (k + K)1-8 Ui(Ky) 2(k+K)15ﬁ Zt Ki+K

6ﬂL2 k+K-1 (z+ DBVt - K) k-1 (14 DM 1)155
2 + 2 ~
l’l/,lz(k + K)l 5B =K1+K t I’l/,tz(k + K)l 5B t=K;+K

In light of Lemma , we have Vi(k — K) < % and Vo(k— K) < Zzz for any k > K| — K. Hence

keK-1 (t + 1)'5ﬁ (Ky + K9P

Ui e 2(k+ DI i VKD
6BL2V k-1 (f+ 1)1 6B8L2V: k-1 (f+ 1)IP
_6pLVi Z+ (+) . BL;V> Z+ (+) _ @2)
I’l,l,lz(k + K)l 5B 1=K +K nﬂ%(k + K)LS.B =K +K
By the proof in [30 lemma 12], when b > a > K, we have
b t+1 1.56 bl.SB—l 3(1.58 -1 bl‘Sﬁ—Z b t+1 1.58 Zbl.SB—Z
S (A0S g @ DY @)
1=a 2 1.58-1 1.58-2

= B 158-2

12



Thus

> 2(1.56 -1 1 Ky + K)'¥
Uk < Bcs L BASE-1)es (K1 + K) UK
A58- D2k +K) ~ (15B-2m  k+ K2 (k+ K)I%B )
. 12812V, L, 12812V, 1
A58-2m (k+K?  (158-2m (k+K»
Recalling Lemma [3.3.2] yields the desired result. O

4.2. Rate Estimate

In this subsection, we will discuss the factors that affect the convergence rate of the algorithm, especially the
network size n, the spectral gap (1 —p,,), the summation of initial optimization errors ), |lx;(0) — x.||*> and consensus
errors Y7, [16,(0) — 0.|?, and the heterogenous of computational functions and learning functions characterized by

S IV fix, 00IF and 37, IVAi(6.)|1%. Firstly, we bound the constants appearing in Lemmas andby the
aforementioned factors. We then utilize them to simplify the sublinear rate of the expected optimization error, based
on which, we can improve the convergence rate and derive the main result for Algorithm [T}

Lemma 4.2.1 Denote Ay = Y1, |1x:(0) — x.|%, Bi £ Y1, IV fiCx.; 0%
A 2 2, 116:00) = 0.|%, and B, & pI \Vhi(0.)I. Then the orders of constants’ X , 6 @, Vi , 1) , C4
(33) and cs B9 are as follow.

X=0A;+A+ B, +B,+n), ©=0(A,+ B, +n),

A Al+Ay+ B+ B+ A Ay + By +
oAt men) o rin)
(1 _pw) (1 _pw)
Ai+A,+B +By+n Ai+A+ B +B,+n
C4=0 1 5 6520( )
~ Pw n

Proof  The upper bound of ® and V, deal only with unknown parameter 6, which can be inherited directly from [30,
lemma 13]. As for X, recalling we have

+ X
12 12 9(1 + M,)L? 45)
=0(A| + A, + B1 + B, + n).

~ 11L2® 1V, FQ1 T’19T 2 Tno?
£ <x(0) — 17| + 22 HIVaFx,, 16, nor

From the definition of ¢4 in (33), it follows that

3 o A Al +Ay+ B+ By +
c4=3(1—2+Mx)(L§X+L§®+||VXF(1x§,19§)||2)+na§=0( ! 21 1772 ") (46)
— Pw — Pw
Note from (3T) and (26) that K; :O(#) Then by (34) , we obtain
. . 86707 Al +A+ B +B
Vlzmax{4K%X,—2ﬂp”C‘; }z ( il Ll 2+"). @7)
,ux(l _PW) (1 _pw)
In light of equation (39), we can achieve
3ML2, 3M LG A +A,+ By +B
65 = R4 TG 4 0, = o ST, 48)
n n n
O

The simplification of these constants makes it convenient for later analysis. In light of relation (34), since V; is the
only constant, the convergence result of expected consensus error V;(k) can be easily obtained. While the expected
optimization error U, (k) needs to be reformulated more concisely.

13



Corollary 4.1 Let Assumption[2.2.1M2.2.3| hold. Consider algorithm [I)with stepsize policy (23), where B > 2. Then
we obtain from [30, Corollary 1] that

,826; 1 . c’6
58— (k+K)  (k+ K2

Us(k) < Yk > K| - K,

where ¢ 2 2M:L§ O 4 Mo 27=1’|1‘Vh"(9*)”2 +05, ¢, =0 (;\(2;’_—%:2') . Based on which, we further have that for any k > K, — K,
Bes 1 C6
Ui(k) < . + R 49
10 (158- D2 (k+K)  (k+K)> “9)
where cs is defined in , and cg = O(’%W).
Proof In light of Lemma[#.1.2)and Lemmal4.2.1] we can obtain that
2 K K 1.56-2 X 1
Uik < Bcs +(1+ ) X
158 - D2k +K) - k+ K562 n (k+ K)?
. 362(1.58 — 1)cs . 128L2V, . 12812V, 1
(A56-2m2  (1.58- Dm (158 - Dm2| (k+K)?
_ Bcs 1 (A1+A2+B1+B2+n) 1
(58— Dm2 (k+K) n (k + K)?
Al +A+B+By+n Ai+A+ B +By+n A+ By +n 1
+ O( ) +0
n? n(l = py)* n(l —py)? ]| (k+ K)?
< ﬁ2C5 1 +0 Al +Ay+ B +By+n 1
S UB- e k+K) (1 — py)? k+ K2
O

Based on this corollary, together with Lemma [3.2.1] we further elaborate the convergence result of Algorithm
Especially, we give an upper bound of %Z:‘:I E [lei(k) - x*llz] and formulate it in a way to make an intuitive
comparison with the centralized algorithm.

Theorem 4.1 Let Assumption hold. Consider algorithm [I)with stepsize policy ([23), where B > 2. Then
forany k > K| — K, we have

1 M
- Elllx;(k) — x.1 <
7 ey Bl = P < r
A]+A2+B]+Bz+l’l 1 A]+A2+Bl+32+n 1
0 * . o (50)
nn(l - p,) (k+K)'> n(l - py) (k+ K)
where M is defined in (17).

Proof Fork > K| — K, by recalling Lemma A) and the definition of U, (k), V (k) and U,(k), V> (k) in and
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(20), we have

2 2 2 2 QZ
Uitk+1) < (1 — . L Vit Va(k)
2a Ly 2ayLg
+ "v"ﬁ VU V1K) + ‘i}‘ﬁ «/Ul(k)vz(k)

3M,L? 3M, L2 M
+ ai( P (nU, (k) + Vi (k) + p (U (k) + Va(k)) + 7)
o 5 3M L2 5 3MXL§
= (1 = 2a4u) U1 (k) + aj (5 + o Ui (k) + a7 - U, (k)

212 272 2L, Lo
. akan (1 . 31:1,() Vi) + “/;LH (1 3M, )Vz(k) ng ¢ Vik)Va(k)
2a Ly —_

where the first inequality follows the Cauchy-Schwarz inequality in the probabilistic form and the fact that

Efx(k) - 1] = E[lIx(k) - 1" + 15" - 1x£||2]
< 2F [IIx(k) — 127 |P| + 2E [l - 101 51
= 2R [IIx(k) — 1" |P| + 2R [I1% - x.IP| = 2V1 (k) + 20U, (k).

Thus, due to a; = ﬁ%, we have

28 BU, (k) 3ML2\  3ML2B2Us(k)
U‘(k+1)<(1_k K)U'() (k+K)2( ) )+ w2k + K2
JBL( M Mk BL (| 3M Vol
e (“ )(k+K>2+ e (H )(k+K>2
N 2L LofB* \Vi(k)V,(k) N 2BL, \/Ul(k)Vl(k) 2BLg VUl(k)VZ(k 1
ny2 (k + K)? N k+K \/ﬁ,ux k+K nyx (k+K)2

Denote by ¢7 = 1 + ML and cg =

k+K-1 2B k+K-1 k+K-1 28 IBZM
Ui(k) < l_[tK|+K(1 - —) Ui(Ky) + Zt KAk (l_[, - (1 - T)) [n,u)z(tz

. 3M LB Uy(t - K) ,82L2Cg Vit - K) ﬁ LZcs Vy(t — K) 2LxL9,82 VWit = K)Va(t - K)

. Then in light of [30, Lemma 11], we obtain that

e r nyi r nji r s r
BrerUy(t - K) 2L, VU\(t - K)Vi(t - K) + 2BLy VU\(t — K)Va(t — K)]
2 ‘/_/Jx t _ ‘/ﬁ:ux t (52)

. K+ KP bkl (+ D* [BM BeyUi( = K)
S ke D&+ 2 Ki+K (k + K)Zﬂ[n,ﬂﬂ " 2

L BLasVie-K) B*Lics Va(t — K) , 2Ll NVIE= BV~ K)

i r* nji; r s r
3M LUt - K)  2BL NUG-K)WVi(i—K) 2BLeNU (1 — K)V2(i — K)
np2r? i Vgt ’ Vgt ]
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According to Corollary d.Tand Lemma.T.1] we have

Ui(k) <

2 217 _ 2%
(Ki +K1 UKy + 1 i [ij ijK 1 (t+21)
(k K)2F k+ K% 2 Lurkiek g
Zk+1<—1 t+ ¥ [ B2cs 1 . ﬁ]
(k n K)Zﬁ Kk 2 |(1SB—md 1 2
3MLLGE Zkﬂ(—l (t+ 1)2ﬁ[ By 1 c’G]

n/,t2(k + KB Ld=Ki+K 12 (56— a2 1 t 2
ﬁ2L2c8 e+ -1 (t+ 1)2ﬁ v,
nu2(k + K)? Zt Ki+K t2
B*Lacs kK1 (z+ 1)2ﬁ V2 _LLp k-1 (r+ 1)2ﬁ W
n,u2(k + K)*# Zt Ki+K 2 n,uz(k + K)28 Zt K +K
. L Zkﬂ(—l (t+ 1) \/ Pes 1 c [0
Vi (k + K)2B £-=Ki+K (158-Dnu2 t 2 £

Ly Zk+K—1 t+ 1D Bes 1 Co
\/_u (k + K)#$ &i=Ki+K ¢t (1.5 - 2t 2

@

Since Va +b < +a + \/E, we can achieve

ﬁ265 1 14 esV s . Ves Vi (53)
(1.58 - l)n,ux i 2 = (158 = Dnp2 113 27

_ _ 28 = = _ 25
Uik < BEM i ) , K+ KPUNKD 282 \es(Le NV + Lo Vo) TR B
1 <

then

(k + K)*Pny? (k+ K)*# VIS8 =1 x np(k + K)%#
! Bloser  MpLc; 2PNV + LoyecVo) gt @
T K0P (LB me " (156 — nudl ks KK P
bt N pege 4+ M "Licy | LV + LiVaes 2L LN Vs ZM—I (t+ 1%
k+ Ky |77 nu’ ny’ nu? =K+k

Recall (@3) and note that

28 28 b+1 28-1.5
Zb (t+1) < Zb 2(t+1) < f 2B-25 4 < 2(b+1)
25 ,

1=a =a (t+1)25 7 J,0 - 26-15 ° (54)
b (t+ ¥ b2t + 1) a 2(b + 1)%#3
> e+ D7 > 2 D7 f P G MV
S G Jun 264
Then by noticing that ¢; = ¢ = O(1) and using Lemma[@.2.1] we have
M A +A,+B; +B 1 A +A,+B +B 1
U](k)ﬁ ﬂ - + ( 1 +Ay + Dy + 2+n) 15+ ( 1 +Ay + 1+22+I’Z) .
(2B~ Dk + K) nNn(l—p,) ) k+ K" (1~ pu) (k+K)
Ai+A,+Bi+By+n 1 Al+Ay+Bi+By+n 1
+0 +
n(1 = p,)? (k+ Ky n(—p® )+ K%
B M N (A1+A2+Bl+Bz+n) 1 (A1+A2+Bl+32+n) 1
" 2B Dma(k+ K) N —py) ) Gkt KIS (1= p, 7 h+ K7
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By recalling (51)), we have % S Elllxik) — x.1”1 < 2U; (k) + @ This together with (34)) and the estimate of ¥, in
Lemmal[4.2.1|prove the result. U

In light of relation (50), by recalling the definitions of Aj, A», By, B, in Lemma[d.2.1] we can see that the conver-
gence rate is proportional to initial errors for both computational problem 7, [|x;(0) — x.||* and parameter learning
problem 7, 116;(0) — 6.1%. It is worth noting that the heterogeneity of agents’ individual cost functions, measured by
Bi = Y1 IV fix; 001, By = 31, IIVRi(0,)I1%, also influence the convergence rate in a similar way. Though 6., x,
are respectively the optimal solutions to ming % >, hi(6) and min, % >, fi (x;6%), they are usually not the optimal
solution to each local function %;(8), fi(x, 6). Therefore, the bigger the difference between the local costs, the slower
the convergence rate of the algorithm.

Remark 2 Here we give some comments regerading the influence of the network size n and the spectral gap (1 — p,,)
on the convergence rate. Since Ay, A, By and B, are all O(n), we can simplify the relation (50) as follow.

M
2B~ Dm(k + K)

0( i) , Oley)

k+K)5 " k+ K2 (55)

n

S Bl - xl] <
It is noticed that the algorithm converges faster for better network connectivity (i.e., smaller p,,). For example, a fully
connected graph is the most efficient connection topology since p,, = 0. In contrast, it holds 1 — p,, - 0asn — o
for the cycle graph, which indicates that the algorithm will converge very slowly for large-scale cycle graphs. The
following table taken from [I35] Chapter 4] characterizes the relation between network size n and the spectral gap.
Considering plugging the order concerning n from the table into relation (53)), we may obtain the quantitive influence
of the network size on the convergence rate.

Table 2: Relation between the network size n and the spectral gap 1 — p,,

Network Topology

Spectral Gap(1 - p,,)

Network Topology

Spectral Gap(1l — py,)

Path Graph

o(%)

n<

2D-mesh Graph

o)

Cycle Graph

Complete Graph

1

0(5)

There are other factors such as the strong convexity and Lipschitz smoothness parameters, as well as the variance
of the stochastic gradient, all of which can also affect the convergence rate. We will not include a quantitative analysis
of these factors since the big O constant in the convergence rate is already quite complex and we often use the relation
like 1, < L, for simplicity. While some intuitive property can be naturally obtained from (53): the larger convexity
and Lipschitz smoothness parameters can lead to the faster rate; the higher variance of stochastic gradient descent
leads to a lower convergence rate since term M defined by (T7) gets bigger.

4.3. Transient Time

In this subsection, we will establish the transient iteration needed for the CDSA algorithm to reach its dominant
rate.
Firstly, we recall the convergence rate from [30, Theorem 2] for the centralized stochastic gradient descent,

) '82—M nL
E[Hx(k) Xl ] < (28 - Dk +0(”) k2

Comparing it to (55), we may conclude that our distributed algorithm converges to the optimal solution at a comparable
rate to the centralized algorithm, since they are both of the same order O(%). Besides, our work demonstrates that
the network connectivity p,, does not influence the term O(%), it only appears in higher-order terms O(k,%) and O(kl_2)'
Though our distributed algorithm asymptotically reaches the same order of convergence rate as that of the centralized
algorithm, it’s unclear how many iterations it takes to reach the dominate order O(%) since there are two extra error
terms O(k%) and O(kiz) induced by averaging consensus. We refer to the number of iterations before distributed
stochastic approximation method reaches its dominant rate as transient iterations, i.e., when iteration k is relatively

(56)
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small, the terms other than n and k still dominate the convergence rate[36, Section 2]. The next theorem state the
iterations needed for Algorithm|l|to reach its dominant rate.

Theorem 4.2 Let Assumption(2.2.1 hold, and set stepsize as (253), where B > 2. It takes Kt = O(+-2~ T ') itera-
tion counts for algorithm to reach the asymptotic rate of convergence, i.e. when k > Ky, we have + 2y Elllxi(k) —

351 O

2
%l < (2;3 1)nﬂ X

Proof Recalling relation in eq. 1i we see that for any £ > O ( Topn )2)
B*M 1 1

o8~ om0 - XN —pn) W 0

B? >0 1 1
(28 - Dnz(k + K) —~ ((1 _pw)z) (k+ K)*

d
5. Experiments

In this section, we will provide numerical examples to verify our theoretical findings, and carry out experiments
by Bluefoﬂ It is a python library that can be connected to the NVIDIA Collective Communications Library (NCCL)
for multi-GPU computing or Message Passing Interface (MPI) library for multi-CPU computing[37], i.e., each agent
in our distributed experiment scenario is CPU.

5.1. Ridge Regression
Consider the following ridge-distributed regression problem with an unknown regularization parameter 6.,

C.(0.) : mlnz Eu,v,[u x—v, +6?||)c||2

where 6, can be obtained by the distributed learning problem below,
.o — : n PRV
Ly : 6, = argmin Zi:l 0@ —a)”.
Specially, for agenti € N £ {1, --- ,n}, its local objective functions are specified as
fi(x:0) = minE,, [(u x— v,) + 9||x||2] hi(6) = min(6 - @)’

Here (u;, v;) are data sample collected by each agent i, where u; € R” are the sample features, while v; € R represent
the observed outputs.

Parameter settings. Set p = 5 and suppose that for all i € N, each component of u; € R” is an independent
identical distribution in U(-0.5,0.5), and v; is drawn according to v; = ulT}', + €, where ¢ is an gaussian random
variable specified by N(0,0.01), and x; = (1 3 5 4 9) is a predefined parameter. Set @; = 0.01 x i. It can be
easily calculated that the optimal solutions are 6, = 0.005(n + 1), and x, = [ " Eui(uiuiT) + nG*I] Eui(uiuiT) =
55 +0)7 L L

We compare the performance of Algorithm |lf under the path graph and complete graph topology with different
network size n. In light of the results in table[2] of the path graph and complete graph, convergence rate estimation can
be reformulated.

LS 2 M o™ 0w
Path : ‘Z~- Ells(® - %) < e Y G O T ke B (57)
p*M L 04/ 1
Complete : —Z Efllxi(k) - x.*] < S B el B T G RS T G RR (58)

Uhttps://github.com/Bluefog-Lib/bluefog
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We run Algorithmm where the initial values are set as (x;(0), 6,(0)) = (0s, 1)Vi, and the weighted adjacency matrix
of the communication network is built according to the Metropolis-Hastings rule [12]. According to (25), we choose

the stepsizes as a; = y; = % for any k > 0.

(a.1)n=10 path graph topology (b.1)n=10 complete graph topology
— n=10 — n=10
102 4 —— n=15 102 4 —— n=15
— n=20 — n=20
—— n=25 — n=25
— 10 — n=30 — 10 — n=30
5 =
x x
,L 10° 4 ,L 100 4
< )
X X
W g W 10
<IN sINT
e A
1072 1072
10-3 1072 4
6 10600 20&00 30600 40600 50600 60600 70600 6 10600 20600 30600 40600 50600 60600 70600
k k
(a.2) The performance of path graph (b.2) The performance of complete graph

Figure 2: The performance of CDSA between path graph and complete graph topology. The results are averaged over 200 Monte Carlo sampling.

We demonstrate the empirical results in Fig. 2, where the empirical mean-squared error % " Ellxi(k) — x.?]
is calculated by averaging through 200 sample paths. We can see from the Subfigure (a.2) that for the path graph,
when the iterate k is small, the larger network size n will lead to the higher mean-squared error % 1 Elllxi(k) - X1
However, with the increase of k, we observe a phase transition that a larger network size n will lead to a smaller mean-
squared error % > Elllxi(k) —x,|[*1 (namely faster convergence rate). This phenomenon matches the theoretical result
(57): when k is small, the main factor influencing the convergence rate is the second and third term concerning the
network size n via the distributed consensus protocol, while when k is large, the first term inherited from centralized
stochastic gradient descent dominates the convergence rate.

Compared it to the empirical performance of the complete graph shown in subfigure (b.2), we can find that from
the beginning to the end, a larger network n generates smaller errors, which also matches (58).
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5.2. Logistic Regression

We further consider convex but not strongly convex problem, and use logistic regression to demonstrate that our
algorithm can also leads to asymptotic convergence.
Consider the binary classification via logistic regression with unknown regularization parameter 6.,

c i . i ity . P
Cy(6.) : min Do Z,-:1 In(1+ el + > Il
where 6, can be obtained by a distributed parameter learning problem as follow,
. n
Ly : 0, = argmin Zi:l e ozi)z.
As for agent i, its its own local computational problem and parameter learning problem are as follows.
(0 0) = mi i gl ¢ O oy oo g — )2
S 0) = min 3 n (140 4 P, i(6) = minG6 - ).
In this scenario, we set @; = 0.01 x i and let each agent i € N possess dataset D; e {(xijp lij) © j =1, -my},
where x;; represents a three-dimensional sample feature where the first dimension is 1 and the other two dimension

are selected from N((1,0)7,I) or N((0, DT, I), while /; ; is the related sample label 1 or —1 respectively. Suppose that
every agent holds a number of positive samples and negative samples which only accessible to itself.

0 |
10 —— Cycle Graph

Complete Graph
—— Path Graph
—— 2D-mesh Graph

1000 2000 3000 4000 5000
k

o4

Figure 3: The performance of CDSA of 25 agents under four topologies in tablefor binary classification via logistic regression. The results are
averaged over 200 Monte Carlo sampling.

We now compare the empirical performance of Algorithm [T] under four classes of graph topologies, path graph,
cycle graph, 2D-mesh graph, and complete graph. We set n = 25 and run Algorithm|I]with initial values (7;(0), 6;(0)) =
0, for all i € N, where the stepsize and weighted adjacency matrix are set the same as Ridge Regression. The empirical
results are shown in fig.[3] which shows that the complete graph has best performance, 2D-mesh graph has the second-
best performance, while the path graph displays the worst performance. These empirical findings match that listed in
table 2] where the 2D-mesh graph has a larger spectral gap than the path graph and cycle path, hence leads to a lower
mean-squared error.
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6. Conclusions

In this work, we consider the distributed optimization problem min, % i, fi(x; 8") with the unknown parameter
6" collaboratively solved by a distributed parameter learning problem ming % 2., hi(6). Each agent only has access
to its local computational problem f;(x, 6) and its parameter learning problem /;(6). We propose a coupled distributed
stochastic approximation algorithm for resolving this special distributed optimization, where agents can exchange
information about decision variables x and learning parameter 6 with neighbors over a connected network. We quanti-
tatively characterize the factors that influence the rate of convergence, and validates that the algorithm asymptotically
achieves the optimal network-independent convergence rate compared to the centralized algorithm scheme. In addi-
tion, we analyze the transient time K7, and show that when the iterate k > K7, the dominate factor influencing the
convergence rate is related to stochastic gradient descent, while for small k¥ < K7, the main factor influencing the
convergence rate originates from the distributed average consensus method. Future work will consider more gen-
eral problems under weakened assumptions. It is of interests to explore the accelerated algorithm to obtain a faster
convergence rate.
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Appendix A. Proof of Lemma[3.1.1]

Proof By using Assumption[2.2.2] we obtain that

E[lIg®x(k), 0(k), £(k)) = V F(x(k), 8(K))|F (k)]

1 n 1 n
5 [H; D 810, 00, ER) == > Vi ik, 9,-<k>>1|2|¢<k>]
1 n
= = Dy Elsiath). 6:0). £k = Vfi ik, 0:GDIPIT K|

n (x: . 2
< LS (o M, ) < 2+ M Zin T, 60
n2 i=1 X n }’lz

, (A.T)

where the second equality use the fact that &, Vi are independent random variables. By recalling assumption[2.2.1] we
achieve

IV fi(xi(K), BN = IV fi(xi(K), 6;(K)) = V.o fi(x.., 6:K))
+ Vo fi(xe, 0:(0)) = Vi fi(xe, 02) + Vo fixa, 0|
< 3NV fi(xi(K), 0:(K)) = Vi fi(xas GO + 3NV 1 fi(x., B:K))
= Vo fi(xa, 0N + 3IIV . filx, I
< 3L2xi(k) — x,01* + 3L2N16:(k) — 6.1 + 3V fi(x., B (A2)

Combining (A.2) and (A1) yields the result (I6). O
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Appendix B. Proof of Lemma[3.1.2]
Proof By recalling the definition of X(k), 6(k) and V, F(x(k), 8(k)) in and (15), using Assumption[2.2.1| we have
IV f(5(k), 6(K)) = V. F(x(k), 0(K))|
1 n _ 1 n
=l D, VafiER.860) = = >V fia(k), ()
1 —
<= Z._l IV fi(X(K), 6(k)) = V.. fi(xi(k), G (k)|
=
= Zi:l IV fi(E(k), 8(K)) = V. filxi(k), 8(K)) + V.. fiCxi(k), B(K)) — V.. fiCxi(k), 6: (k)|
I v ~ _ _
< Z IV £i(E ), Bk)) = V.o fiCcei(h), U + 1V fiCxi(K), B)) = Ve fiCei(K), 0,60
i=1

1 ] o

S;’L (L)) xR - xi(lz)ll +Lo > 6 - 00
= 15T A TN,

< \/ﬁllx(k) 1x(k)" || + \/ﬁue(k) 10k)7],

where the last relation follows from Cauchy-Schwarz inequality. (]
Appendix C. Proof of Lemma[3.2.1]

Proof  According to the definitions of X(k) and g(x(k),8(k),&(k)) in and l) together with >, w;; = 1 form
Assumption[2.2.3] we have

1 n n
fet D= > (0w (0106 = g 00, 0,00, £5K)
1 n 1 n
= = D0 = D (R, 0,001, £5(0) = KO - axBR(6), 6K, k). (1)
j=1 j=1

Thus,
I5(K + 1) = %l = 15(6) — cx@ (k). 8k, £(K)) — x|
= [1X(k) — ax V. F(x(K), 8(K)) = x. + @ V. F(x(k), (k) — @ (X(k), O(k), £(K))II
= ||%(k) — V. F(X(k), 0(k)) — x.|I” + a IV F(x(k), B(k)) — gx(k), 6(k), £(K))II*
+ 2a(X(k) — oy V  F(x(k), O(k)) — x.)" (vxF (x(k), 8(k)) — g (x(k), G(k),f(k))) .
In light of Assumption and Lemma[3.1.1] by taking conditional expectation on both sides of above equation, we
have
E[l%(k + 1) = x.IPIF (01| < 15(k) = ¥ F(x(k), 8(K)) = x.]?
2 2 Y
+a; (3A:2Lx||x<k> - 1P + Mﬁ—’;L"HO(k) - 16717 + %] (C2)
Next, we bound the first term on the right side of (C.2).
1%(k) — iV F(x(k), (k) - x| ) )
= [1%(k) = @V f(3(K); 0(K)) = x + Vo f(3(K), 0(K)) — ane V. F(x(k), 6k
= 1X(K) = ax V. f(x(k), 6(K)) — X + oIV f (x(k), 6(K)) — V. F (x(K), (k)|
+ 2a(X(k) — @iV f(X(k), (k) — x) (Vo f (5K, (k) — V. F(x(k), 0(k))
< |IX(k) — ax Vi f(E(K), 6K)) — x> + @IV f(R(k), B(k)) — V. F(x(k), 0(k))|I*

Term 1 Term 2
+ 2a1|IX(k) — @ Vi f(X(k), 0(k)) — x| X ||V f(X(k), O(k)) — V. F(x(k),8(k))| - (C3)
Term 3
As for Term 1, by leveraging the fact that oy < %, Lemma indicates
I15(Kk) = @V f (2R, 0(K)) = xlP < (1 = @) *150k) = x. . (C4)
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By Lemma[3.1.2] Term 2 can be bounded as follow

1T 100 T11\2
IV (XK, BK)) — T Fx(k), ORI S(akaHX(k) Lx(k)" || N ayLg|lB(k) — 10(k) II)
Vn Vn

aszllx(k) Lx(k)"|I? a2L2||0(k)—19(k)T||2 2Lx

“ kll (k) = 1x(k)" 11 x [16k) = 16(K)" I (C5)

n n
Finally, Term 3 can be bounded by invoking the same transformatlon approches used in Term 1 and Term 2:

Term 3 < 2a4(1 — apuo)lIX(k) — lIx(k) — 1x(K)" | \/_IIO(k) —16(k) II)

xll ( N7 ]
< 200 Lo(1 = @) lIX(K) — X (k) — LXGOT]| L 2oLo(l — an)lIX(k) — . [llIBCK) — 19(k)T||'
- Vn Vn

In light of relation (C.3)~(C.6), taking full expectation on both side of relation yields the result (A). Furthermore

by using mean value inequality 2ab < a” + b?, we rearrange (21) and obtain that

(C.6)

2L2 2L2 2L2 2L2

Uitk + 1) < (1 — agp)* Uy (k) + ;xvl<k)+ B0y, k) + 2 *v1<k>+ i "vac)
2 2 2 2

1

Lx 1 L
(1= agaee Ur(k) + & —vl(k>+<1—akﬂx>2c2U1<k>+ il -5 20

3M, L2 3M, L2 M
¥ ak( CSEElx(0 - 171l + — - E[6ck) - 16711 + —]

2 ! iL% iLé
<U+ate)l-aw)’ Uil +Q2+ =) vl(k)+(2+—) Va(k)

M2 y
+ak(3M" 2E[x(k) — 1xI (1] + & "E[no(io 16711 + ﬂ), (C.7)

where ¢;,c; > 0. Take ¢; = ¢, = Gak,ux, thency + ¢ = Sakux Noticing that oy < ie. apuy, < %, we have

3 e’

(I+c1+ )l —ap)’ =1 - ?akux + %aiﬂi + %akﬂx
<Il- Ea’k,u)r : —pe t o X —appy = 1 — gty 9
- 8 12 879 2

and (2 + i)ak < ”%, m = 1,2. Plug them into (C.7) yeilds the result B. O

Appendix D. Proof of Lemma[3.2.2]

Proof  Recalling the definition of g(x,6,£) in (8) and relation X(k + 1) = %(k) — axg(x(k), 8(k), £(k)) in eq. (C.I)), and
using (10), we have

X(k+1) = Lx(k + 1) = W (x(k) — a,g (x(k), 0(k), £(k))) — 1(x(k) — aug (x(k), 8(k), £(k)))
117
=W-—) [x(k) = 1x(k)) — ax(g (x(k), B(k), £(k)) — 1 (x(k), 6(k),£(K)))] - (D.1)

Thus by Lemma[2:2.2] we obtain

IIx(k + 1) — 1x(k + D]
< p2lIx(k) — 1E(k)) — an(g (x(k), O(k), £(k)) — 15 (x(k), B(k), £(K)) |12
= pa [Ix(k) — Lx(K)I* + ofllg (x(k), B(k), £(K)) — 18 (x(k), 8(k), £(K)) |I*
Term 4

20 (x(k) — 1%(k))" (g (x(k), 6(Kk), £(k)) — 18 (x(k), B(K), £(K)) ] (D.2)
Term 5
In the following, we will separately consider Term 4 and Term 5. Note that
=117 /0| < 1. (D.3)
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The by using Assumptions [2.2.2](a) and 2.2.2] (b), we derive
E [ai llg(x(k), 0(k), (k) — 1 (x(k), B(k), £(k)) ||2|7:(k)]
= oK [lleF (x(k), 8(k)) — 1V F(x(k),0(k)) — V. F(x(k), 8(k))
+1V F(x(k), 8(k)) + gx(k), 8(k)), £(k) — 18 (x(k), O(k), £(k)) ||2|T(k)]
= IV F(x(k),6(k)) — 1V FX(k), 0(k))|I* + a; E[[|VF(x(k), 0(k))

— g(x(k), B(K), £(K)) = 1(V . F(x(k), 8(k)) — g(x(k), 8(k))IIF (k)]

(D.3) _
2o IV Fx(k), 6(K)) — 19 F (x(k), 8(K))]*

+E[|IV.FX(k),0(k)) — g(x(k), 0(k), £(K))|*|F (k)]]
< a}|IV F(x(k),8(k)) — 1V F(x(k),0()I* + aino? + ai M, ||V Fx(k), 0(k))|1*. (D.4)
Recalling Assumption (a), we obtain that
E[ - 2ax(x(k) — 1x(k))" (g(x(k), 0(k), £(k)) — 13 (X(k), B(k),£(k))) |F (k)]
= —2a,(x(k) — 1x(k))" (VxF(x(k), 0(k)) - WXF(x(k),O(k))) , (D.5)

In light of (D.2)),(D.4) and (D.5)), we have
1
p—zE[ux(k + 1) = Ltk + DIFIF (k)]

w

< (k) = 1X0)I* + a7 IIV F(x(k), 8(k)) — 1V . F(x(k), 8(k))I[*
+ agnos + ap M|V, F(x(k),0(k)|I*
= 2ay(x(k) — 1%(k))" (V, F(x(k), 8(k)) — 1V F(x(k), 0(k)))
< lIx(k) — LE(k)II* + a}lIV F(x(k),8(k)) — 1V F(x(k), 0(k))|I*
+ a2no? + a2 M|V F(x(k), 6(k))|

1 _
+ csllx(k) — LE(K)|* + ;ai||vxF(x<k),e<k>> - 1V, F(x(k), 0(k))I]*

< (1 + c3)lx(k) — L¥K)I* + aino? + i (1 + M, + Cl) IV, Fx(k),0(k)|, (D.6)
3

where c3 > 0 is arbitrary, and the last inequality also uses the porperty in (D.3).
We then consider the upper bound of ||V F(x(k), 8(k))|* as follow,
IV Fx(k),0()I> = ||V Fx(k),0(k)) — V.F(1x.,6(k))
+ V. F(1xL,6(k)) — V.F(1xT,167) + V. F1xT, 167)|
< 3|IV.F(x(k),8(k)) - V.F(1x],0(k))[>
+ 31V F (1, 0(0) = Vo F (L], 10D + 311V F (1], 1601
< 3L2|Ix(k) — Lx(k)I[* + 3L2[16(k) — 167 11> + 3|V . F(1xT, 167)|. (D.7)

2 . .
Letcs = ITP Combining and 1D we obtain that

1

p—zE[llx(k +1) = Lx(k + DIFIF 0]

v 2
< 3-p 3

2 1-p3

+L3[I6Ck) — 1671 + IV F(1xT, 16D)I) + agno (D.8)

x*

Ix(k) = 1X(R)II” + 37 ( + Mx) (L2Ix(o) - 15|

Note that pﬁ,(%p‘z“) < SJZ)‘Z" by p,, € (0,1). Then by taking full expectation on both sides of and multiplying p?
(]

leads to the result (24).

Appendix E. Proof of Lemma[3.3.1]

Proof Forany k > 0, in order to bound E[|jx(k)-1xT|?], we firstly consider bounding E[||x;(k)—aygi(xi(k), 6;(k), &:(k))—

25



x.||*] for all i € N. By using Assumption (i) and Assumption (c), we have

Elllxi(k) — e gi(xi(k), 0:(k), &) — x.PIF ()] = llxik) — x. — @i V. fixi(k), 6,(K))II
+ B [IVfi (k). 0:0)) = ik, 6,0, ERDIPIF (K]
< lxitk) = .l = 2V fixi(k), 0:(0)) " (xi(k) — x.)
+ @IV fi(xi(k), B:()IP + (s + M|V filxih), 6:(k)I)
< i) = x.1? = 2appaallxi(k) — xlP* + 2|V fi e, (RN lxi(k) — x|
+ a; (1 + M|V fi(xi(k), 6> + azors, (E.1)
Consider the upper bound of the term ||V fi(x;(k), 8;(k))|[* on the right side of above inequality. Using Assumption
[2:2:1] (i) and (ii), we have

IV fi(xik), iGN = IV fixi(k), ,(K)) = Vi filxa, 0:(K)) + Vo filx, 0:(k))
- Vxﬁ(x*, 9*) + Vxﬁ(x*, 0*)”

< 3L2IIxi(k) = x.lP + 3Lgl16:k) — 0.1 + 311V fiCx.., 01 (E2)

We can similarly obtain [[V.. fi(x.. G:(k))II* < 2L216:(k) —6.I +2[[V.. fi(x.., 6)]>. Combining (E.2) and (E.1), it produces
Elllxi(k) — axgi(xi(k), 6;(k), &) — x.IPIF ()] < llxi(k) — x.ll* = 2eallxi(k) — x.|?
+ 030 + 205 RL26.K) — 1P + 2V fi(xe. 0)IPIxh) — .|

+ a2 (1 + MOGBLAxi(k) — x| + 3L216:(k) — 6.1 + 3|V filx.., 017
< (1= 2apu, + 3@ (1 + M) L)lxi(k) — x|

+2a \/2L§||e,~(k> — 0,17 + 201V fi(xe, 0P IIxi (k) — x. ]l
+a[3(1 + MO)L2I6,(k) = 6.1 + 3(1 + M|V, fi(x., 0 + 2]
From the definition of K in li for all k > 0, we have a; <

(E3)

3(1:‘7*%2. Recall the fact that E[||6;(k) — 6,]] < ©; in
@). By taking full expectation on both sides of ii and using E[||x;(k) — x.||] £ VE[||lxi(k) — x.|*], we have

Elllx:(k)—argi(xi(k), 6;(k), £:(K)) = x.II*1 < (1 = ) Elllxi k) — x.]1*]
+ 204 \/2L§®,- + 20V fi (e, OO VE[I1 (k) — x.IP]
/’lXLZ A X XO—)Z(
+ay [L—;](a,- + ‘L‘—zuvxﬁ(x*,e*)uz + ’“‘—]

3(1 + M,)L2
< Efllxi(k) — x./1”T = ak[ﬂxE”xi(k) - xP?

~ 22126, + 2V, f(x.. 6.1 VETIR () - x.IP]

el o gty O ]
- O, + v e 002 + 9],
(Lg L%” filxe, 0l 31+ My)L2

(E4)
Next, we consider the following set:

X 2 {q >0 g -2 \/2L§é)i + 20V, fi(xs, 012 VG

2
Hx 2@ 2 Oy
- 312 (3L9®5 + 3|V fi(xs, OII° + TMX) < 0}. (E.5)

It can be seen that X; is non-empty and compact. If E[||x;(k) — x.||*] ¢ X, in light of (E.4) we known that E[||x;(k) —
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agi(xi(k), 0(k), £i(k)) — x.0P] < Elllxi(k) — x.|P"]. While for Efl|xi(k) — x.I*] € X;, by using a < 55557, we derive
Elllx;(k) — argi(xi(k), 0;(k), &k)) — x.|]
Y . S _ 26). . 2
< max {q 30+ ML [llxq 2\/2L9®, + 2|V filxe, 611 Vg
2
2 V. fi(x, 0P L 2R, .
-3 2(3L®+3|| it 6P+ T || = R (E.6)
Based on previous arguments, we conclude that for all £ > 0,
Efllxi(k) — argi(xi(k), 0,(k), £1(k)) — x.|*] < max {Elllxi(k) — x.IP1. Ri} (E.7)
In light of W1 = 1, by noting from (I0) that
Ix(k + 1) — 1x7|* < [[WIPlIx(k) — axg(x(K), O(k), £(k)) — 1xT |I*
< |Ix(k) — arg(x(k), O(k), £(k)) — 1xT |, (E.8)

This together with (EZ7) produces

E[x(k) - 1] < max {E[uxm) ~1dIPL Y R,} (E.9)

In the following, we will give an upper bound of R;. From the definition of X; in (E.3), we know that the right zero
of the upward opening parabola is

1 N
= 20. : 2
Vqi = s [2 \/ZLQG), + 2|V fi(x, 6l

. 442
+ \/4(2LZ®i + 2|V filx, 612 +

0-2
2A 2 4 X
AL (3L O; + 3|V filx., B> + " )]

Then by using u, < L,, we achieve

< (2 X 4QLEO; + 21V fi(x., 0.)I)

X

24 2 24 2, 4#%”;2(
+ 2(8L 0O; + 8[|V, fi(xs, 01" + 4L,0; +4||V, fi(x., 0 + 320+ M)
X X

qi

_ 10L36: 100V, fiCx.. 0.1 207
2 e 30+ ML
Thus, X; = [0,¢:] € [0, ¢;]. Hence from (E.6) it follows that

KM
3(1 + My)L2

2
L2 v . 2 O%
3L2 (3 i + 3V filx., 60117 + 1+Mx)”

_ 1036, L 01V fiCe 017 2073

/Jx lux 3(] + MJC)L2
2
Mx 2 2 Oy
—_— 3L;0; + 3|V, fi(xs, 0,
T3+ M2 [3L2( 1V:cfilxes 67+ 77 )
2L2 i + 20V fiCxe, 6.11%)
M
_ L6 1V fiCe. 01 7o
e 2 9(1 + M)L%’
where the last inequality has used p, < L.
Combing (EI0) and (E.J9), the lemma holds. O

L

=q;.

Ri<dq - 13 = 22120, + 20V, fix.. 6.1 NG

2120420V f (e 002
- Hx

(E.10)
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