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Stability of the Abstract Thermoelastic System with Singularity *

Chenxi Deng!, Zhong-Jie Han! Zhaobin Kuang? Qiong ZhangTl

Abstract

In this paper, we analyze an abstract thermoelastic system, where the heat conduction follows
the Cattaneo law. Zero becomes a spectrum point of the system operator when the coupling and
thermal damping parameters of system satisfy specific conditions. We obtain the decay rates of
solutions to the system with or without the inertial term. Furthermore, the decay rate of the system

without inertial terms is shown to be optimal.
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1 Introduction

In this paper, we study an abstract thermoelastic system in which the heat conduction follows the
Cattaneo law. The Cattaneo law ([4, 17]) describes finite heat propagation speed in a medium, which
resolves the paradox of infinite speed of heat transfer in Fourier law and characterizes the wave-like
motion of heat, known as the second sound in physics. The abstract thermoelastic system reads as

follows: )

Uy + mA uy + o Au — A0 =0,
0r — qu + A% = 0,

, (1.1)
Tq+q+ A20 =0,

| ©(0) = up, ut(0) =1, 6(0) =0, ¢(0)= qo,

where A is a self-adjoint, positive definite operator with compact resolvent on a Hilbert space H

equipped with inner product (-, -) and the induced norm | - ||. Parameters «, (3, - represent coupling,

thermal damping, and inertial characteristics, respectively. Here we assume («a, 8, v) € @, where

Q= {(a, B, ) €0,1] x [0,1] x (0,1] ’a> %}
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We further assume m is non-negative. In fact, m > 0 and m = 0 indicate the system includes and
excludes inertial term, respectively. Note that we omit the case v = 0 since it can be encompassed
within the case m = 0. Let 0 > 0 denote wave speed, 7 > 0 denote the the relaxation parameter of
heat conduction. Particularly, the heat conduction follows Cattaneo law when 7 > 0, and Fourier law
when 7 = 0.

There are several studies investigating the long time behavior or regularity of thermoelastic system
(1.1) under the Fourier heat conduction mechanism, i.e., when 7 = 0 in (1.1). We refer the readers to
[1, 9, 10, 11, 12, 13] for the case m = 0 and [2, 5, 14, 16] for the case m # 0. As for the system (1.1)
with Cattaneo’s type heat conduction, Fernandez Sare, Liu, and Racke [7] investigated the exponential
stability region of the system (1.1) when parameters «, (3, v satisfy certain assumptions. Recently,
[6, 8] investigated the exponential stability and optimal polynomial stability of (1.1) with and without
inertial term when (o, B, 7) € Q° := [0,1] x [0,1] x (0,1] \ @. More precisely, the region Q°
was divided into several subregions. Within each subregion, comprehensive spectrum analysis and
resolvent estimation were conducted under varying conditions, such as when the inertial parameter m
is greater than zero or equal to zero, and when the wave speed is the same (o7 = 1) or not (o7 # 1).

For the case where (o, 3, 7) € Q, it is easy to know that zero is a spectrum point (see Section
2). We shall use the results in [3] to obtain the polynomial stability of the system by proving the
estimation of the resolvent of the corresponding semigroup generator both at infinity and near zero.
Our analysis includes the polynomial decay rate for the corresponding semigroup when the system is
with and without inertial term (m > 0 and = 0), respectively.

The paper is organized as follows. In Section 2, the preliminaries and the main results of this
paper are given. We prove our main results for cases including and excluding the inertial term in

Section 3 and 4, respectively. Section 5 is dedicated to presenting applications to our results.

2 Preliminaries and main resuls

Define a Hilbert space

X
2

H:=D(A2) x D(A%) x H x H (2.1)

with the inner product
<U1, U2>H = U(A%ul, A%UQ) + m(A%vl, A%’Ug) + (1}1, 1}2) -+ (91, 92) + T(ql, QQ),
where U; = (u;,v;,0;,q;) € H, i = 1,2. Define an operator A : D(A) CH — H as

v
—(I+mAY) "o Au — A%0)
—A% + qu ’
L(—g - A%0)

T

(2.2)

_R D e =

with domain

D(A) = {(u,v,@,q) € H |veD(AD), cAu— A% € D(A™3), —A% + ASqe H, ¢+ A0 ¢ H} .
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Figure 1: The region of @ (blue triangular prism).

Then system (1.1) can be written as an abstract first-order evolution equation:

d
SU) = AUW), t>0, (2.3)
U(O) = Upe H.

The closedness of A is not obvious, we thereby have the following Lemma.

Lemma 2.1. Let m > 0 and (o, B,7) € Q, H and A be defined by (2.1) and (2.2), respectively. Then
A is closed.

Proof. Assume that there exists U,, = (un, Vn, 0n,qn) ' € D(A) such that U, — Uy := (ug,vo,00,q0) "
in H, AU, - W = (wl,wg,wg,w4)T in H, i.e.,

Un

w1
—(I +mA) Yo Au, — A%0,)
. s S| "], inD(A%) x D(AT) x H x H.
—A%y, + A2¢q, ws
1
7(_qn - Agen) Wy
-

It suffices to show Uy € D(A) and AUy = W.

By the assumption we have v, — w; in D(AY?), v, — vg in D(AY/?), then vy = w;.

Since U,, € D(A), which implies —g,, — AP/29, € H, then B, := —AP/2q, — 0, € D(AB/Q).
Recalling that A is a self-adjoint, positive definite operator on H, ¢, — qo in H, therefore, A=%/2¢,, —
A=P/2¢y in H, which together with 6, — 6y in H implies

B, — —A_ﬂ/zqo — 00 in H.

Moreover, by the assumption we have A%/2B,, — 7w, in H. Note that AP/2 is closed, we get —qy —
]
A260) = Tw;,.

.. 8
By a similar argument as above, we can prove that —A%vy+A2qgq = w3 and —(I+mAY) " (o Aug—



A%0y) = we. In conclusion,

Vo w1
—(I + mAV)_l(oAuo — AC“HO) W
— A%y + quo - w3 € H,
1 8
—(—qo — Az0p) wy
-
which further implies that Uy € D(A). The proof is complete. O

The well-posedness of the system (2.3) is stated as follows.

Theorem 2.2. Let m > 0 and (o, 3,7) € Q, H and A be defined by (2.1) and (2.2), respectively.

Then A generates a Cy-semigroup (T'(t))e>0 of contractions on H.

Proof. We have shown in Lemma 2.1 that A is a closed operator. Note that D(A) D Dy := D(A'"2) x
D(A%) x D(AO‘_%) X D(Ag), and Dy = H, thus A is densely defined on H. Furthermore, for any vector
U= (u,v,0,q)" € D(A), we have

Re(AU, U)y = —|lq|f?, (2.4)

indicating that A is dissipative. By direct calculation, one gets A* : D(A*) — H is dissipative as well.
By [15, Corollary 1.4.4], A is the generator of a Cy-semigroup (7'(¢));>0 of contraction on H. O

We now show that 0 is the unique spectral point of A on the imaginary axis when o > %

Theorem 2.3. Let m > 0 and (o, 3,7) € Q, H and A be defined by (2.1) and (2.2), respectively.
Then o(A) NiR = {0}.

Proof. We first claim that A is not surjective, then 0 € o(A). Otherwise, for any G := (g1, g2, 93,94) | €
H, there exists U = (u,v,0,q)" € D(A) such that AU = G. Solving the equation gives

B8 B8 B
v=g1, O0=—-A"z2(tga+A"2(93+A%1)), q=A"2(g3+ A%),

and
u=0tATHAY — (I + mAY)gs).

However, from the equation of ¢, one has A5 g1 € H, which is in contradiction with the arbitrariness
of g1 € D(A%). Therefore, A is not surjective.

We proceed to prove iR\{0} C p(A). Suppose that there exists a A € R\{0} such that i\ € o(A).
Then there exists a sequence U, = (Un, U, On, qn) ' C D(A) with

[Unll =1, YneN, (2.5)

such that
[GA — A)Up|ly = o(1), n — oo,



i.e.,

iNA2u, — A2v, = o(1) in H, (2.6)
A77 (idvp + idmA v, + 0 Au, — A%0,) = o(1) in H, (2.7)
Ny + A%, — A2gp = o0(1) in H, (2.8)
IANTQn + Gn + Agﬁn =o(l) in H. (2.9)
By a direct calculation we get
lgnl|* = —Re{AU,, Up)y = Re((iA — A)Up, Un)y = o(1). (2.10)
Combining (2.9) and (2.10), one has
1426, = (1), (1] = o(1). (2.11)
Note that o > %, we obtain the following identity from (2.8):
INATTG, 1+ ATy, — AT, = o(1). (2.12)
We deduce from (2.10)-(2.12) that
[AZvn]l = o(1), lon] = o(1). (2.13)
Taking the inner product of (2.8) with 6, yields
N0l + (A%, 0,) — (A% g, 00) = o(1).
It is easy to see from (2.10) and (2.11) and the above that
(A%, v,) = o(1). (2.14)
Taking the inner product of (2.7) with Azv, on H, combining with (2.6), we get
iMonl)? + idm||AZv,||2 — MGHA%unH2 — (A%, vy) = 0o(1),
which together with (2.13) and (2.14), yields
| AZu, || = o(1). (2.15)

Therefore, we arrive at the contradiction that ||U,|% = o(1) according to (2.10),(2.11), (2.13), and
(2.15). The proof is complete. O

By the same argument as above, we can prove the well-posedness of system (1.1) without inertial

term, i.e., when m = 0.

Theorem 2.4. Let H and A be defined by (2.1) and (2.2) with m = 0 and (o, 3) € Q*, where the
region Q* is defined by (see Figure 2)
.. g+1
Q._ﬁmmemuxmu@>—?}.

Then A generates a Co-semigroup (T(t))¢>0 of contractions on H. Furthermore, o(A) NiR = {0}.
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Figure 2: The region of Q*.

In this paper, we explore the long-time behavior of the solution T'(-)Up of system (2.3) for initial
values Uy belonging to D(A) N R(A). Note that since A generates a Cp-semigroup (7(t))¢>0 of
contractions on H, —A is a sectorial operator and thereby R(A*(I — A)~(+1)) = R(A%) N D(A?) for
s,t > 0 by [3, Proposition 3.10]. The main results are stated as follows.

Theorem 2.5. Let m > 0 and (o, 5,7) € Q, H and A be defined by (2.1) and (2.2), respectively.
Suppose that (T (t))e>0 is the Co-semigroup of contractions generated by A. Then as t — oo,

IT()A( - 4~ HEE2) )~ o), (2.16)
and
|T(6)AT - A)~%| = 0@ =), a:max{l, W} (2.17)

Moreover, the decay rate of (2.17) is sharp if a > 5+ 3.

Remark 2.6. It is obvious that (2.17) is a consequence of (2.16) if a < 34 3, the optimal decay rate
of (2.17) in this case is unclear.
The following theorem gives the stability of the abstract coupled thermoelastic system (1.1) without

inertial term.

Theorem 2.7. Let m = 0 and (o, 5) € Q*, H and A be defined by (2.1) and (2.2), respectively.
Suppose that (T (t))e>0 is the Co-semigroup of contractions generated by A. Then

IT)AI - A) 2| = 0 =7), t— oo (2.18)
Moreover, the decay rate of (2.18) is sharp.

We shall prove Theorems 2.5 and 2.7 by estimating the norm of the corresponding resolvent
operator along the imaginary axis, especially at zero and infinity on the imaginary axis. Our proof is

based on the following result on frequency characteristics for polynomial-stable semigroup.



Lemma 2.8. (/3, Theorem 8.4]) Let (T'(t))t>0 be a bounded Cy-semigroup on a Hilbert space H with
generator A. Assume that o(A) NiR = {0} and that there exist I > 1, k > 0 such that

ol - A1 — O(|s|™), s — 0,
|(isT — A)7H| = Ols), 15| = oo, (2.19)

Then
|T() AT — A)~ R = 0@™), t — oo,
and
IT()AT - A) 72| = Ot =), t — oo, (2.20)

where a = max{l, k}.
Conwversely, if (2.20) holds for some a > 0, then (2.19) holds for | = max{a,1} and k = a.

At the end of this section, we present the following interpolation lemma, which will be utilized in

subsequent sections.

Lemma 2.9. Let A : D(A) C H be self-adjoint and positive definite, v, p ,q € R. Then

|APz|| < || A% o= |ATz]|i=, ¥ <p<gq, xeD(AY). (2.21)

3 Stability of system with inertial term (Proof of Theorem 2.5)

In this section, we focus on analyzing the polynomial stability of the system (1.1), considering m > 0,
specifically aiming to prove Theorem 2.5. According to Lemma 2.8, it is sufficient to show that for

k= 220022 | =1, the following holds:

|s(isI — A)~t| =0O(1), s—0,

IAFGAL = A)7H = 0(1), A oo, (3.1)

If (3.1) fails, there exists a sequence (1n, A, Ut n, Usn)n>1, where n, = s; 1\, € R,U;, =
(Wjns Vjm, Ojn, qjm)T € D(A),j = 1,2 satisfying

HU‘,n

‘H = H(U’j,naUj,n79j7n7qj7n)THH = 17 .7 - 1727 (32)
such that as n — o0, n,, A, — 00, and
(il — 0 AUy, = o(1), Ao (idd — AUz, = 0(1) in H. (3.3)

Equivalently, we have

Z'A%ul,n — nnA%vl,n =o(l) in H, (3.4)
A3 (tv1,n +imA V1, + o Aur p — N A%01,) =0(1)  in H, (3.5)
101 5 — nnquLn + np A%, =0(1)  in H, (3.6)
ITqun + TGin + A2 01, = 0(1)  in H. (3.7)

7



and

A (iApAZug,, — AZvgy) =o(1)  in H, (3.8)
)\QA*% (tApv2n + iAymA vy + 0 Aug,, — A% ,) =0(1)  in H, (3.9)
N (iAo — AZgop + A%s,) = 0(1)  in H, (3.10)
N (i Tom + qam + A202,) = o(1)  in H. (3.11)

We shall prove ||Uj,| = o(1), j = 1,2, which contradicts to the assumption (3.2). The proof is
structured into two steps.

Step 1. We claim that ||U; | = o(1).

By (2.4) and the first identity of (3.3), it is easy to see

N

a1l = nn 20(1). (3.12)
According to (3.7) and (3.12), we get
B 1
[A201,n]| = nn *o(1). (3.13)
Therefore,
161,01l = o(1). (3.14)

Combining a > 3 and (3.2), one has |A~%"7v; || is bounded. Thus, taking the inner product of
(3.6) with 1, * A= vy ,,, we have

- _ 8 _ o
i (01,0, AT 010) = (A2 g1, AP T01) + [[A2 010> = 0(1). (3.15)

The first term of (3.15) tends to 0 because of (3.14) and the boundedness of ||A~*"7v; ,||. The second
term of (3.15) tends to 0 because of (3.12) and —a + g + 7 < 3. Therefore,

|AZv1 || = 0(1), and then [vp,|| = o(1). (3.16)
_1 1 1
From (3.6), we see iny, 2A_§917n — N qin+ 00 Aa_gvljn = o(1). Thus, by (3.12) and (3.14), we get
5 qa—8
[ A2 010 = o(1). (3.17)
Taking the inner product of (3.5) with A%vlm on H yields
. : bt 1 1
Honnl + iml| A3 vy + (0Ab s, 10 AS010) — (10 A1 010) = 0(1). (3.18)
By (3.4) and (3.18), we get

. 1 o
\2 — wHA?uLnH2 — (M A“O1 1, v10) = 0(1). (3.19)

iloinl® +im| Az oL,
Recalling (3.13) and (3.17), one has

18 i 8
(0 A1, v1.0) < 03 A2 015|107 A 2010 = o(1).



Combining this, (3.16) and (3.19), we obtain
A2y ,|| = o(1). (3.20)

In summary, by (3.12), (3.14), (3.16) and (3.20), we conclude ||Uin|n = ||(w1,n, Vi, 010, @i0)l|ln =
o(1).

Step 2. We claim that ||Usz |y = o(1).

By (2.4) and the second identity of (3.3), it is easy to see

_k
2

lg2.nll = An *o(1). (3.21)
According to (3.11) and (3.21), we get
8 1-%
|A262,| = A 20(1). (3.22)

Since o > %, (3.10) implies
8
M ATOF 30y, — AT g ATy, = A Fo(1).

n

Recalling (3.2) and (3.21), we obtain from the above that
A A= 205,] = O(1). (3.23)
By interpolation we deduce from (3.22) and (3.23) that

20—y

B
18a.n]| < | A2 05, | 7577 | A=0F3 0y || Z7577 = o(1). (3.24)

Taking the inner product of (3.9) with )\;kA_aJr%Gg,n, (3.10) with A, ¥ A=%(I +mA")vy,, and then
adding them, we get

Re(0‘92,na Al_auln) - Re(‘]&m Ag_a(I + mAW)UQ,n) - ”‘92,71”2 + ”UQ,HHQ + mHA%UZnHQ = /\;ko(l)-
(3.25)
The first two terms in (3.25) tend to 0 because of (3.21), (3.24) and the boundedness of HA%UQnH and
|AZvy,,||. These, along with (3.24) and (3.25), imply

[osall, 1A% 2]l = of1). (3.26)
One can deduce from (3.9) that
iA_%Ugm + imAV_%Ugm + O—)\;lA%U/Zn — A;lAa_%Ggm = )\;k_lo(l),
which along with (3.26) and the boundedness of \|A%u27n\|, yields
1A LAY 26, || = o(1). (3.27)
Now, taking the inner product of (3.9) with )\,r:kA%'UQ’n on H, along with (3.8), one has

X 1
~lozal* = ml A2 v20|* + 0| A2 ug,ul|* = (A2, uz,0) = 0(1). (3.28)



Note that by (3.8) and (3.27), we have

(Aaez’n, UQJL) = i()\;lAO‘GQ,n, U27n) + 0(1)

= Z'(Agegm, )\;IA"“%UQ,”) + o(1). (3.29)
Furthermore, by (3.10), we see
AT A By, = —iA 500, + A lgen + AT L0(1). (3.30)
Substituting (3.30) into (3.29) yields
(4020, uz2) = (B2l +i0" 45020, g2 = 0(1),
where we use (3.21), (3.22) and (3.24). Combining this, (3.26) and (3.28), we obtain
1AZuz ]| = o(1). (3.31)

Recalling (3.21), (3.24), (3.26) and (3.31), we get ||Uz |l = o(1), which contradicts (3.2). Therefore,
by the above two steps, we have proved that the assumption (3.1) holds with k& = 2(2;1&;;8;7), =1
As a result, thanks to Lemma 2.8, the semigroup 7'(¢) satisfies (2.16)-(2.17) when ¢t — oc.

At the end of this section, we show that the decay order is sharp if « > 3+ 3, ie., & > 1 by
analyzing the eigenvalues. Noticing that A is a self-adjoint, positive definite operator with compact
resolvent. Thus, there exists a sequence of eigenvalues {ji, }n>1 of A such that

0<m<pa<- <pp<-en, lim i, = oo.

- n—00

Using the same method in [6], we know that the eigenvalues A, of operator A satisfy the following

quartic equation:
(7, + XS+ (7 + DS+ (o + f T+ 2pm + )X + (2% + 2pm) A + 20,70 =0, (3.32)

where p,, n = 1,2,--- are the eigenvalues of the operator A. By [6, Section 5.1], we get that the
solutions to (3.32) when (o, 8,7) € @ are as follows:

Mo = =5 PR+ (1)) + i (1+0(1),
Mo = = (L o(1) i F(1-+o(1),
Aan = =24, TP (1 + 0(1)),
M = —1(1+ o(1)).
It is easy to see from A, and Ay, that
ReAsn| = %\zmxi,nrk, when (a, 8, 7) € Q, i = 1,2. (3.33)

The following proposition gives the sharpness of the decay rate.

Proposition 3.1. Let the conditions in Theorem 2.5 hold. Suppose o > 5 + % Then the decay rate
in (2.17) is sharp.

10



Proof. By the proof of Theorem 2.5, estimation (2.19) in Lemma 2.8 holds with k = 2(23&;&7), =1
If > 3+ 7, then k > 1. Consequently, we have

IT()AI — A2 = Ot ), t — oco.

We only prove the case when k > 1, the case when k = 1 is similar. If the decay rate can be improved,
in other words, there exists ¢ > 0 small enough such that k—¢ > 1 and || T(t)A(I —A) 2| = O(t_ﬁ)7

then by Lemma 2.8, one has

O(AN%), A=,

1AL = A7 =
O(AF=9), Al = oc.

In particular, there exists a constant C' > 1 such that
[GAT = A1) < CIAE=2, A = oo, (3.34)

Let Sy := {r + i\ } Ir| < W, r, A € R\{0}}, then for any s € S,

I(sT = A)~H = [GAT = A) T + (M = A)7H 7Y
1

1 — |r(GA — A)~L|

< 2[|(GiA] = A) 7|

< 2CIAF7E) A = oo,

< [IGEAL = A)7H|

which implies that Sy C p(.A) for |A| big enough.

On the other hand, recalling that there exists a sequence (\,)p>1 C 0(A), |A\p| — oo such that
(3.33) holds. For the constant C' in (3.34) and an arbitrary positive constant e, we choose A, such
that |Zm\,|~¢ < &, then

1 1
Ren| = ~|Tmdn| ¥ < v
[Redal = SIEmAl ™ < S

Thus, A, € Sy, which contradicts A, € c(A). O

4 Stability of system without inertial term (Proof of Theorem 2.7)

In this section, we shall analyze the polynomial stability of system (1.1) without inertial term, i.e.,
prove Theorem 2.7. By Lemma 2.8, it is sufficient to show that (2.19) holds with k = 2a=B =1,

«

Similar to the argument in Section 3, we still prove this theorem by contradiction. Suppose (2.19)
fails, then there at least exists a sequence {n,, An, Urn, U2 }52; C R? x D(A)? such that (3.2)-(3.3)

hold with m = 0. In other words, we have

iA%uLn - nnA%an =o0(1) in H, (4.1)
i1 + onpAuyy — A%, =0(1)  in H, (4.2)
000 — A2 qun + A1, =o0(1)  in H, (4.3)
iITqUn + i + MnAZ 01, = 0(1)  in H. (4.4)

11



and
)\fl(i/\nA%uQm - A%vg’n) =o(l) in H,
M (iMvgn + 0 Aug, — A%,) = o(1)  in H,
N (iAnbam — A% go + A%s,) = 0(1)  in H,

. B .
A (iAnTqom + Gom + A202,) = 0(1)  in H.

(4.5)
(4.6)
(4.7)

(4.8)

We are devoted to showing that |U;||% = o(1), j = 1,2, which contradicts the assumption (3.2).

We first prove ||Uj ,||% = o(1). Recalling that A is dissipative, (3.3) and (4.4), we see

_1 il _1
| =mm?0(1), [[Az201n] = nn*o(1).

1q1,n

Therefore,
1010l = o(1).

Taking the inner product of (4.3) with 7,1 A=%v; ,,, we have

. _ B _
iy (O, A 010) = (AZqun, A1) + lural® = o(1).

By Cauchy-Schwarz inequality and (4.9)-(4.11), we get
[o1n]l = o(1).

Repeating the proof of (3.17), we can deduce from (4.3) and (4.9) that

(ST

_B —
||Aa ZUI,nH = Tn

o(1).

Taking the inner product of (4.2) with v, on H, along with (4.1), one has

‘ . 1
illvinl® = io| AZurnl* = (1A 010, v10) = o(1).

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

By (4.9) and (4.13), the last term of (4.14) goes to 0 as n — oo. This together with (4.12) implies

A7 U1 0] = o(1).

(4.15)

In summary, by (4.9), (4.10), (4.12) and (4.15), we obtain ||U1,|l% = ||(¥1n, V10,010, @1.0) |l = o(1).

We proceed to prove ||Usp|ln = o(1). We obtain from (2.4) and (4.8) that
_k B 1—k
lg2.nll = An *o(1), [[A202n[| = An *o(1)
as in Section 3. Note that —a + g < 0, then by (3.2) and (4.7), we get
|A™02,0]l = A O(1).

Combining this and (4.16) yields

/B «
1020l < || A=02,0]| 7577 A% 05,2257 = o(1).
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(4.16)

(4.17)



It follows from (4.6) that
I A™ Yoy + aAlfo‘qun — 0y = )\;ko(l).
Since a > %, combining the above, (3.2) and (4.17), one has
[AnA™ Y| = O(1). (4.18)
Taking the inner product of (4.7) with A\;*A=%y ,, yields
(iAo, A 02) — (A3 %o, v,0) + 020]|2 = o(1). (4.19)

We see the first term of (4.19) tends to 0 because of (4.17) and (4.18), the second term tends to 0
because of (4.16). Thus,
[v2,n]] = o(1). (4.20)

Moreover, by taking the inner product of (4.6) with A\, *~lvg,, together with (4.5), we get
. Al _
i||va.nll? — io||A2ugpn | — (B2.n, A, P A%0,) = o(1).

By (4.7), we have A\, 1A%»q,, = —if, + )\;lqugm + A\;17%o(1). Substituting this into the above
equation yields

. 1 . —1 48
[ — iol| A2upl* = illO2n]® = (A1 A2 020, g2,0) = 0(1). (4.21)

Z-||U2,n
Therefore, we conclude from (4.16), (4.17), (4.20) and (4.21) that
1AZuz ]| = o(1). (4.22)

Recalling (4.16), (4.17), (4.20) and (4.22), we get ||Uz,
fore, the assumption (2.19) holds with k = 2a=f =1,

«

| = o(1), which contradicts to (3.2). There-

Finally, we shall prove the decay order is sharp by a similar argument as in Section 3. Note that
k= # > 1 always holds. Suppose fin, Ap, n =1,2,--- are the eigenvalues of operators A and A,

respectively. Then we have the following quartic equation using the same method in [6, Section 5],
Ao+ X%+ (2% 2pn + )N+ (12" + 2p) A + 20,77 = 0. (4.23)

The solutions to (4.23) when («a, 5) € Q* are the following:

1
A = —§u§_2a(1 +0(1)) +ips(1 + o(1)),
1 -
Aoy = —Quﬁ‘h(l +0o(1)) —ipy (1 +o(1)),
A3 = —2uy 22 TPHL(1 4 0(1)),

An = —1(1+ o(1)).

It is clear that .
|ReXin| = 5|ImAZ-,ny—’€, when (a, 8) € Q%, i=1,2. (4.24)

Therefore, by the same argument as Proposition 3.1, one can obtain that the decay rate in (2.18) is

sharp.
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5

Examples

Assume that € is a bounded open subset of R” with smooth boundary I'. Let A = A2 be the bi-Laplace
operator on ) with domain D(A) = {u € H*(Q) |u|r = Aulr =0}, H =L*(Q),a=1,8=0, 7= 1.

Then the abstract system (1.1) can be written as follows:

(

gy — mAuy + o A%u — A% = 0, x€N,t>0,

0, —q+ A%u; =0, reN,t>0,

T +q+60=0, z e t>0, (5.1)
u=Au=60=qg=0, rzel,t>0,

u(0) = ug, u(0) = u1, 0(0) = o, q(0) = qo, =€ Q.

By Theorems 2.3, 2.4, 2.5 and 2.7, we obtain that zero belongs to the spectrum of the generator of

semigroup associated with (5.1) and the semigroup decays polynomially with optimal order =3 for
m > 0.
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